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Abstract

The quadratic complexity of self-attention prevents transformers from scaling1

effectively to long input sequences. On the other hand, modern GPUs and other2

specialized hardware accelerators are well-optimized for processing small input3

sequences in transformers during both training and inference. A natural question4

arises: can we take advantage of the efficiency of small transformers to deal with5

long input sequences?6

In this paper, we show that transformers with long input sequences (large trans-7

formers) can be efficiently simulated by transformers that can only take short input8

sequences (small transformers). Specifically, we prove that any transformer with9

input length N can be efficiently simulated by only O((N/M)2) transformers10

with input length M ≪ N , and that this cannot be improved in the worst case.11

However, we then prove that in various natural scenarios including average-case12

inputs, sliding window masking and attention sinks, the optimal number O(N/M)13

of small transformers suffice.14

1 Introduction15

The transformer architecture [VSP+17] has revolutionized modern machine learning, natural language16

processing and computer vision. It achieves state-of-the-art performance on various tasks such as17

language reasoning [Dee21, Ope20], image recognition [KDW+21, CMS+20] and many others. At18

the core of the transformer architecture is the attention mechanism, which captures correlations19

between all pairs of tokens. However, this is also a major bottleneck for transformers, as the quadratic20

complexity (in both time and memory) of the attention mechanism prohibits effective scaling of21

transformers as the sequence grows in length. Moreover, it has been theoretically proved that the22

quadratic complexity cannot be avoided (under popular complexity-theoretic assumptions) [AS24].23

To address this fundamental issue, there has been a fruitful literature on the design of “subquadratic24

alternatives" to transformers, where researchers come up with mechanisms that replace the attention25

mechanism and take subquadratic amount of time [KKL20, CLD+21, DFE+22, KMZ24, BPC20,26

GD23]. However, their performances are usually worse than standard transformers, especially on27

downstream tasks and translation [VPSP23, JBKM24, AY25].28

In the meantime, modern GPUs are increasingly optimized for handling short-to-moderate transformer29

contexts [WXQ+21, DFE+22]. Some companies are even producing specialized hardware for30

efficient transformer inference that have superior performance on inputs of length between 128 to31

2048 [Kim24, Etc24]. This approach motivates the following questions:32

Can we use small transformers to perform tasks more efficiently than large transformers? Are33

(multiple) small transformers inherently capable of dealing with long contexts?34
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In this paper, we give positive answers to these questions through the lens of representational strength,35

which studies whether one can select parameters for transformers so that they can perform certain36

tasks of interest. The representational strength of transformers has been studied broadly in recent years37

[BHBK24, SHT23, LAG+23], and it is believed that it is one of the core reasons why transformers38

outperform previous architectures such as RNN and LSTM [WDL25, AET+24, SHT23].39

Our problem can be stated as follows. Suppose that we have all the parameters of a large transformer40

T with input length N , as well as an input X that we would like to evaluate T on. However, to41

evaluate T (X), we are not allowed to perform any particularly complicated computations; we are42

restricted to simple operations, and to making use of a small transformer O (as an oracle) that can43

only take input sequences of length M ≪ N . We can input into O any sequence and parameters that44

we can easily compute, and obtain its output. Our goal is to minimize the number of calls to O that45

we need to obtain T (X) for arbitrary input X of length N .46

Our main results show that roughly O((N/M)2) oracle calls suffice, which we show is optimal. In47

addition, our algorithm requires minimal processing outside of the oracle calls, and it has properties48

needed for efficient training and inference, including that the gradients of its parameters are easily49

computed, and that its oracle calls can be computed in parallel in only O(L) rounds of adaptivity,50

where L is the number of layers in the large transformer T .51

In addition, we show that in many scenarios arising in practice, such as when certain masking52

schemes are used, or when the data is not “worst-case” and satisfies some boundedness guarantees,53

the information-theoretically optimal O(N/M) oracle calls suffice.54

Our results provide a new way to deal with long input sequences for transformers, as we prove that55

any computation performed by large transformers can be decomposed into computation that only56

uses smaller transformers. Our algorithm still takes quadratic amount of floating-point operations,57

but if modern GPUs enable faster transformer inference with respect to the “wall-clock" time58

when the input sequence is short-to-moderate, then our algorithms allow faster wall-clock time59

inference. For example, if the oracle can compute the output using O(M) wall-clock time compared60

to the standard O(M2) time, then the total wall-clock running time of our algorithms will be61

O(N2/M). Our approach is fundamentally different from designing “subquadratic alternatives" to62

transformers [KKL20, CLD+21, BPC20, KMZ24, GD23]. In particular, our algorithm preserves the63

representational strength of transformers (or even improves it), whereas it has been shown that all the64

subquadratic alternatives to transformers will lose representational strength as they cannot capture all65

the pairwise relationship even approximately [AY25].66

Now we define our model of computation and state our main contributions in more detail.67

1.1 Computational Model for Simulating Large Transformers68

We now describe our model of computation in more detail. We are careful to allow only very simple69

operations beyond oracle calls, to ensure that the vast majority of computation can be performed by70

efficient hardware for evaluating small transformers, and that the number of oracle calls accurately71

measures the complexity of the problem.72

We are given a large transformer T with input length N , L layers, H attention heads in each layer,73

and embedding dimension d (all the parameters, including the query, key, value matrices in each74

of its attention head and multilayer perceptron functions). Throughout this paper, we assume that75

L,H ≪ N, d = O(logN),Ω(logN) ≤M < o(N), and one can typically imagine M ≈
√
N . Our76

goal is to design an algorithm that (approximately) output T (X) ∈ RN×d for arbitrary input X77

(length at most N ).78

We have a limited set of operations we can perform as part of the algorithm. We criticaly have access79

to a small transformer (oracle) O that can take as input a sequence of length at most M ≪ N , as80

well as the parameters for a transformer which has L′ layers and H ′ attention heads in each layer,81

and outputs the transformer evaluated on that sequence. Our algorithm is allowed to:82

1. Feed the oracle O with input sequences and parameters which are currently in memory to83

obtain its output;84

2. Processing: Edit existing vectors or matrices in memory by padding at most O(d2) fixed85

numbers (constants independent of the input) to them.86
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We also assume that all the numbers in input matrices, parameters, and algorithms have O(logN)-bit87

representations. If there exists an algorithm that outputs Y ∈ RN×d such that88

∥Y [i, :]− T (X)[i, :]∥2 ≤ ε∥T (X)[i, :]∥2
for all i ∈ [N ] for very small error ε = Θ( 1

2N
), then we say that this algorithm simulates T . We89

want to design algorithms that simulate T with as fewer oracle calls as possible. (Such an ε is90

essentially unavoidable in limited precision architectures, but we will see it will be very helpful in91

some algorithms below.)92

Notice that any such algorithm can be viewed as a composition of oracles and the padding function.93

Since we only allow for very simple processing, it is straightforward to compute the gradients of94

the padding functions, so training the large model could be done as effectively as computing the95

gradients of the small transformer oracles.96

1.2 Main Results97

Quadratic small transformers are sufficient and necessary for worst-case inputs. As summa-98

rized below, our main result shows that any computation performed on a large transformer can be99

decomposed into multiple instances of computation performed on smaller transformers with the same100

computational complexity or floating-point operations. Since the oracle can only tell us the final101

output instead of intermediate embeddings, it might be somewhat surprising that we are able to utilize102

all the layers in small transformers.103

Theorem 1.1 (Theorem 3.4, Theorem 3.5). For any transformer T with L layers, H attention heads104

in each layer, input length N , embedding dimension d, there exists an algorithm that simulates T105

with O((N
M )2 · HL

H′L′ ) calls to a transformer oracle with L′ layers, H ′ attention heads in each layer,106

input length M , embedding dimension O(dH
′L′

H ). The result still holds when we add causal masking107

to both large and small transformers.108

Notice that these simulations are tight, and roughly (N/M)2 oracle calls are necessary in the worst-109

case due to computational complexity constraints. To see this, note that whenL = H = L′ = H ′ = 1,110

a straightforward algorithm can compute the responses of T oracle calls in time only Õ(TM2). Thus,111

since it is known that even approximation of a large attention requires time Ω(N2−o(1)) (under112

standard complexity-theoretic assumptions) [AS24], we must have T ≥ ((N/M)2)1−o(1).113

One might be concerned with the fact thatO((N/M)2) small transformers have way more parameters114

compared to one large transformer due to the fact that the query, key and value matrix all have size115

independent ofN . However, this is not a problem because in our construction, we reuse the parameters116

such that the total number of parameters does not depend on N . In fact, all the query, key and value117

matrices that we feed into the oracle share most entries with the query, key, value matrices in the118

large transformer that are given.119

Linear small transformers are weaker but sufficient with average-case inputs. Even though we120

cannot use O(N/M) oracle calls to simulate a large transformer in the worst case, we show that it is121

possible when we have assumptions on the queries, keys and values.122

Theorem 1.2 (Informal version of Theorem 4.1). Let T be a transformer with L layers, H attention123

heads in each layer, input length N and embedding dimension d. Suppose that the queries, keys and124

values in the attention heads are all somewhat bounded in how much they may differ from each other,125

then there exists an algorithm using O(N
M · HL

H′L′ ) oracle calls to simulate T .126

Models such as Hierarchical Transformers [PZV+19, LL19, CDF+22] split the input sequence into127

chunks of size M and send each chunk into a transformer before aggregating the outputs. We give128

the first provable guarantees for this approach, showing that O(N/M) small transformers have129

approximately equal expressivity as a large transformer when the input data satisfies our assumptions.130

This provides a possible explanation of the success of Hierarchical Transformers and relevant ideas131

from an expressivity viewpoint.132

On the other hand, we supplement Theorem 1.2 with its converse, which shows that linear small133

transformers are at most as good as one large transformer in terms of expressivity for worst-case134

inputs. As a result, when the inputs follow assumptions in Theorem 1.2, linear small transformers are135

equally expressive as a large one.136
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Theorem 1.3 (Theorem 4.2). Given N/M instances of single layer, single head transformers with137

input length M and embedding dimension d, there exists an algorithm that simulates them with one138

call of a single layer, single head transformer with input length O(N) and embedding dimension139

O(d), along with O(N/M) many matrix multiplications of size M × d× d.140

The small matrix multiplications could be computed in the straightforward way in nearly linear time141

O(Md2) (since d = O(logN)) and thus do not substantially contribute to the running time, and142

could not simulate the transformer oracles on their own. We mention their presence (which seems143

unavoidable because of the O(N/M) weight matrices of the oracles which must be simulated by a144

single large transformer with only a constant number of weight matrices) to emphasize that our other145

reductions are even simpler, and do not need such computations.146

Efficient simulation of transformers with sliding window and StreamingLLMs. Sliding window147

and StreamingLLM [XTC+24] provide ways to make transformer inference more memory efficient.148

Both sliding window and StreamingLLM are based on the observation that some attention scores are149

higher than others. Sliding window is based on the intrinsic structure of languages, where each token150

is more correlated to the previous few tokens. Therefore, for each query we only take into account151

the contributions of the keys that are positionally close to it. The StreamingLLM framework is152

motivated by the observation that autoregressive LLMs have a surprisingly large amount of attention153

score concentrated to the initial tokens, and thus each query only takes into account keys that are154

positionally close to it, as well as the first few (usually 3 ∼ 5) keys, which are called “attention155

sinks”.156

We show that in both cases we can use a linear number of small transformer oracle calls to simulate157

them, even in the worst case. As summarized below, our result indicates that oracles can capture158

efficient attention based on sliding windows efficiently.159

Theorem 1.4 (Theorem 5.1). For any transformer T with L layers, H attention heads in each layer,160

input length N , embedding dimension d, constant-size sliding window, there exists an algorithm that161

simulates T with O(N
M · HL

H′L′ ) calls to a transformer oracle with L′ layers, H ′ attention heads in162

each layer, input length M and embedding dimension O(dH
′L′

H ) with causal masking. This result163

still holds if we have constant-size attention sink.164

1.3 Related Work165

Representational strength and limitations of transformers. The representational strength of166

transformers has been intensively studied in recent years from a variety of perspectives. To list a167

few, [MSS22, MS23, SMW+24] study the class of problems that transformers can solve from a168

circuit complexity viewpoint; [BAG20, LAG+23, Hah20] aim to understand whether transformers169

can recognize formal languages; [SHT23] focus on reasoning tasks and show that transformers170

are inherently capable of solving sparse averaging; [SHT24] gives important connections between171

transformers and the massively parallel computation model; [HSK+25, HWL+24] uses computational172

complexity to characterize the computational limits of diffusion transformers and low-rank adaptation173

for transformers; [LCW23] studies attention’s capability of approximating sparse matrices; [YBR+20,174

YCB+20] shows that transformers and many subquadratic variants are universal approximators for175

sequence-to-sequence functions;176

Fast attention mechanisms. There has been a fruitful literature of dealing with long input se-177

quence by designing “subquadratic alternatives" to transformers, which are variants on the attention178

mechanism which can be performed in subquadratic time. For example, researchers have studied179

various sparse attention mechanisms that only consider the query-key pairs that have high correlation,180

including Reformer [KKL20], Longformer [BPC20], and Hyperattention [HJK+24]. Additionally,181

there has been work on kernel/low-rank attention that approximates attention mechanism using182

kernels such as Performer [CLD+21] and Polysketchformer [KMZ24], and there has been a growing183

interest in state space models such as Mamba [GD23]. See [TDBM22] for a comprehensive survey184

on efficient attention mechanisms. However, [AY25] proves that none of these subquadratic models185

can capture all pairwise correlations even approximately as the sequence length grows.186
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2 Preliminaries187

2.1 Transformers188

We first define the standard attention mechanism in Transformer.189

Definition 2.1 (Attention Mechanism). Given input X ∈ RN×d, query, key, value matrices
WQ,WK ,WV ∈ Rd×m, the attention mechanism computes

Attn(X) = softmax((XWQ)(XWK)⊤)(XWV ) ∈ RN×m.

Here we say N is the context length, and d is the embedding dimension. We will also call each190

attention mechanism an attention head in the transformer architecture. For convenient notation, we191

let192

{q1, . . . , qN} ∈ Rm, {k1, . . . , kN} ∈ Rm, {v1, . . . , vN} ∈ Rm

be the rows of XWQ, XWK , XWV respectively. As a result, the attention mechanism is computing193

1∑N
j=1 exp(⟨qi, kj⟩)

N∑
j=1

exp(⟨qi, kj⟩) · vj

for each query qi.194

Another important component in transformers is the Multilayer Perceptron (MLP). A multilayer195

perceptron is a feed-forward, fully-connected neural network consisting of one or more hidden layers196

using ReLU activation. The universal approximation theorem states that any continuous function197

with a finite support can be approximated by a neural network with one hidden layer [HSW89]. In198

light of this, in many relevant works [SHT23, SHT24], MLPs are modeled as arbitrary functions on199

compact domains.200

In this paper, our goal is to use small transformers to simulate large transformers, and we would like201

to ensure that the MLPs in the small transformers are as simple as possible. We will therefore assume202

that MLPs in small transformers compute functions ϕ : Rd → RO(d) such that:203

1. They are at least as strong as the MLPs in the large transformers, i.e. they can do whatever204

computation that MLPs in the large transformers can do, and205

2. They can do basic arithmetic operations on the input vector x ∈ Rd or pad fixed numbers to206

it (both are simple continuous functions) as long as they take O(d) time.207

An attention layer f with H attention heads consists of H attention mechanisms with query em-208

bedding WQ
h ,W

K
h ,WV

h for the h-th attention such that m = d
H . The input X is partitioned into H209

matrices X[:, D1], . . . , X[:, DH ] ∈ RN× d
H column-wise, where Di = {(i− 1)H + 1, . . . , iH} for210

all i, such that the h-th attention head computes211

softmax((XWQ
h )(XWV

h )⊤)(XWV
h ) ∈ RN× d

H .

All attention outputs are concatenated column-wise and fed through a layer MLP ψ such that212

f(X) := ψ
([

softmax((XWQ
h )(XWV

h )⊤)(XWV
h )
]H
h=1

)
∈ RN×d.

Definition 2.2 (Transformer). A transformer T with L layers and H attention heads in each layer213

consists of an input MLP ϕ : Rd′ → Rd applied token-wise on the input X ∈ RN×d′
, L attention214

layers f1, . . . , fL : RN×d → RN×d which contain L layer MLPs ψ1, . . . , ψL applied token-wise at215

the end of each attention layer. For each 2 ≤ ℓ ≤ L,216

X(1) = ψ1(f1(ϕ(X))), X(ℓ) = ψℓ(fℓ(X
(ℓ−1))).

Finally, the transformer T outputs T (X) = X(L).217

We will simplify the notion of positional encoding into input MLP ϕ and further assume that all the218

MLPs have positional information of the tokens. In other words, if xi = X[i, :] is the i-th input token,219

then ϕ(xi) and ψj(xi) are also functions of i.220
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Transformer is powerful as computational model, and we refer the readers to Appendix A for more221

operations that transformers can do that will be useful in our proofs.222

Transformer Oracle. A transformer oracle O is a small transformer that can only take inputs of223

length at most M (its embedding dimension, number of layers, number of heads in each layer, causal224

masking etc will be specified in result statements). In this paper we are mostly concerned with225

simulating transformers with large input length N using transformer oracles with input length M226

such that M ≪ N (recall that we assume Ω(logN) ≤M < o(N)).227

2.2 Causal masking, sliding window and StreamingLLM228

We first define the most commonly used causal masking in attention heads.229

Definition 2.3 (Causal Masking Attention). Given input X ∈ RN×d, query, key, value matrices230

WQ,WK ,WV ∈ Rd×m, the attention mechanism with causal masking computes231

Attn(X) = softmax
(

mask((XWQ)(XWK)⊤)
)
(XWV ) ∈ RN×m,

where the mask function sets all upper triangular entries (not including diagonal entries) to −∞.232

Another commonly used masking scheme for efficient transformer inference/training is sliding233

window, where we only keep the keys whose indices are close to the query index.234

Definition 2.4 (Sliding Window Attention). Given input X ∈ RN×d, query, key, value matrices235

WQ,WK ,WV ∈ Rd×m and window size r ≥ 1, the attention mechanism with sliding window of236

size W computes237

Attn(X) = softmax
(

window((XWQ)(XWK)⊤)
)
(XWV ) ∈ RN×m,

where the window function sets all entries in {(i, j) : j > i or j ≤ i− r} to −∞.238

In other words, for each query qi we only look at kj such that i− r + 1 ≤ j ≤ i.239

Finally, StreamingLLM [XTC+24] is a framework designed for efficient training with a finite length240

window. Upon having a fixed-size sliding window, each query also attends to the first s keys (called241

“attention sinks”), where s is usually a small positive constant (around 3 ∼ 5).242

Definition 2.5 (Attention Sink). Given input X ∈ RN×d, query, key, value matrices243

WQ,WK ,WV ∈ Rd×m and window size r ≥ 1, sink size s ≥ 1, the attention mechanism with244

attention sink computes245

Attn(X) = softmax
(

sink((XWQ)(XWK)⊤)
)
(XWV ) ∈ RN×m,

where the sink function sets all entries in {(i, j) : j > i or s < j ≤ i− r} to −∞.246

Transformers with causal masking attention, sliding window, and StreamingLLMs are defined exactly247

the same as transformers except that we replace standard attention mechanisms by attention with248

causal masking, attention with sliding window and attention with sinks.249

2.3 Notation250

Throughout the paper, we denote X ∈ RN×d as the input to the transformer, where N is the251

input length and d is the embedding dimension. For a N × d matrix X , we use X[i, :] to denote252

its i-th row, X[:, j] to denote its j-th column, and X[i, j] to denote its (i, j)-th entry. Given sets253

S ⊆ [N ], D ⊆ [d], we use X[S, :] to denote the submatrix consisting of the rows in S, and X[:, D]254

to denote the submatrix consisting of the columns in D.255

We use WQ,WK ,WV to denote the query, key and value matrices for attention heads, and we use256

qi, ki, vi to denote the i-th row of XWQ, XWK , XWV respectively. We denote Di = {(i− 1)H +257

1, . . . , iH} and Si = {(i− 1)M + 1, iM}.258

We use 1a×b to denote the a× b matrix whose entries are all 1, and 0a×b to denote the a× b matrix259

whose entries are all 0.260

We now turn to proving our results. We give proof sketches and main ideas here; full proofs are261

deferred to the appendix.262
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3 Quadratic calls suffice for simulation263

In this section, we prove that O((N
M )2 · HL

H′L′ ) small transformers with L′ layers and H ′ attention264

heads in each layer suffice to simulate a large transformer with L layers and H attention heads in265

each layer (Theorem 3.4). Our proof roadmap is illustrated as follows, where the arrows A → B266

indicate that A can be simulated by B.

Figure 1: Roadmap of proof of Theorem 3.4
267

Complete proofs of all the statements can be found in Appendix B. We first show that this is the case268

when they both only have a single attention head, i.e H ′ = H = L = L′ = 1.269

Lemma 3.1. For any single layer, single head transformer T with input length N , embedding270

dimension d, there exists an algorithm that simulates T with O((N
M )2) calls to a transformer oracle271

with input length M , embedding dimension O(d).272

Proof Sketch. Our high-level idea is to partition the N ×N attention matrix of T into N2

M2 blocks of273

size M ×M , and then use a constant number of oracles to separately handle each block. In particular,274

each block corresponds to two sub-intervals of length M out of the input sequence of length N (one275

interval for the rows, or queries, and one interval for the columns, or keys), so we can aim to have276

an oracle for sequence length O(M) compute the contribution of each block. However, two main277

hurdles arise when implementing this approach which must be overcome.278

The first hurdle is that the definition of attention requires us to perform softmax normalization279

across the entire sequence, so any given block does not have enough information to determine what280

normalization factor to use. To be more precise, as in Definition 2.1 above, let281

{q1, . . . , qN} ∈ Rm, {k1, . . . , kN} ∈ Rm, {v1, . . . , vN} ∈ Rm

be the rows of XWQ, XWK , XWV respectively. Define the unnormalized attention matrix Ā ∈282

RN×N , and the normalized (standard) attention matrix A ∈ RN×N , by283

Ā[i, j] = exp(⟨qi, kj⟩), and A[i, j] =
Ā[i, j]∑N
ℓ=1 Ā[i, ℓ]

.

The goal of the attention mechanism is to compute, for all i, the sum
∑

j A[i, j]vj , but one could284

also define the unnormalized attention mechanism, where the goal is to compute
∑

j Ā[i, j]vj . Since285

Ā[i, j] does not depend on other js, it is not hard to express a larger unnormalized attention as the286

sum of unnormalized attentions applied to blocks. The sum over j′ in the definition of A[i, j] is what287

makes this strategy more difficult for attention itself.288

We address this in two phases. In the first phase, we show how an oracle for attention can simulate an289

oracle for unnormalized attention. We do this by adding in synthetic, highly-correlated tokens to the290

sequence, so that their contribution dominates the normalization factor, but can be easily removed291

by giving their value token a weight of 0. Using unnormalized oracles, we then compute what the292

normalization factors should be, as well as the incorrect normalization factors of each block (if293

attention were just applied to each block separately and summed together). In the second phase, we294

appropriately rescale the value tokens by the ratio, thus correcting the normalization factor.295

The second hurdle is that actually combining the results of different blocks requires a substantial296

amount of computation. Indeed, in our approach, for each output entry, we compute N/M different297

values which must be summed together, which would require time Θ(N · N/M) when done in a298

straightforward way. To overcome this, we find that carefully-selected weight matrices in the oracles299

can be used to perform this aggregation more efficiently instead. The idea of using attention to300

aggregate values appears in prior work on the representational strength of attention as well; we301

particularly use a construction of [SHT24].302
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We now move on to generalizing Lemma 3.1 to general H,L,H ′, L′, i.e., when the transformer T303

and the oracles can have multiple heads and layers. A first attempt to do this might use different304

layers of O to simulate different layers of T , but this appears difficult to implement, since Lemma 3.1305

requires some processing between layers of attentions that is not available to us when the different306

layers are connected only through MLPs within an oracle. Indeed, since the output of each attention307

head needs processing before it can be used in another attention head, it is unclear how to take308

advantage of more than one layer of each oracle in this way. We instead take a different approach: we309

use all the attention heads in all the layers of the oracle completely independently from each other to310

simultaneously simulate Θ(H ′L′) different attention heads, and we use these all together to simulate311

one layer at a time of T .312

First, it is not hard to generalize Lemma 3.1 to general H,L (but still H ′ = L′ = 1) by separately313

simulating each attention head in T regardless of which layer it is in:314

Corollary 3.2. For any transformer T with L layers, H attention heads in each layer, input length315

N , embedding dimension d, there exists an algorithm that simulates T with O((N
M )2 ·HL) calls to316

a single head, single layer transformer oracle with input length M and embedding dimension O( d
H ).317

Next we show that a transformer with L′ layers, H ′ attention heads in each layer, input length M ,318

and embedding dimension O(dH
′L′

H ) can be used to simulate H ′L′ instances of single head, single319

layer transformers with input length M and embedding dimension d
H . In other words, we are able320

to independently use each attention head in the transformer, regardless of which of the L′ layers it321

appears in:322

Lemma 3.3. One transformer with L′ layers, H ′ attention heads in each layer, input length M and323

embedding dimension O(dH
′L′

H ) can be used to simulate H ′L′ independent instances of single layer,324

single head transformers with input length M and embedding dimension d
H .325

Proof Sketch. Consider first when L′ = 1. A transformer with H ′ attention heads naturally parti-326

tions (by definition) the embedding dimension O(dH
′

H ) into H ′ parts of size O( d
H ), and each head327

separately computes an attention mechanism on one of those parts. The result follows almost directly,328

with some care to details about MLPs and aggregation.329

More care is needed when L′ > 1. We partition the Θ(dH
′L′

H ) coordinates of the embedding330

dimension into L′ parts of size Θ(dH
′

H ) each, and the key idea is that each layer will operate on one of331

those parts while leaving the rest unchanged. Indeed, weights for the query and keys can be selected332

so that only the relevant part of the coordinates will impact the attention matrices at each layer, then333

weights for the values can be selected so that the other parts are passed through the layer without334

being changed.335

Finally, we combine Lemma 3.1, Corollary 3.2 and Lemma 3.3 to obtain our main result.336

Theorem 3.4. For any transformer T with L layers, H attention heads in each layer, input length N ,337

embedding dimension d, there exists an algorithm that simulates T with O((N
M )2 · HL

H′L′ ) calls to338

a transformer oracle with L′ layers, H ′ attention heads in each layer, input length M , embedding339

dimension O(dH
′L′

H ).340

We additionally show that these results still hold when both the large and small transformers have341

causal masking. The proofs are similar to the proof of Theorem 3.4, and are deferred to Appendix B.342

Theorem 3.5. For any causal transformer T with L layers, H attention heads in each layer, input343

length N , embedding dimension d, there exists an algorithm that simulates T with O((N
M )2 · HL

H′L′ )344

calls to a causal transformer oracle with L′ layers, H ′ attention heads in each layer, input length M ,345

embedding dimension O(dH
′L′

H ).346

4 Efficient simulation with average-case input assumptions347

4.1 Linear calls suffice for average-case inputs348

In this section we prove that if the queries, keys and values in the attention heads are somewhat349

bounded in how much they may differ from each other, then O(N
M ) small transformers suffice to350
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approximate a large transformer. We provide a proof sketch below, and the complete proof can be351

found in Appendix C.1.352

Theorem 4.1. Let T be a transformer with L layers, H attention heads in each layer, input length N353

and embedding dimension d. Suppose there exist absolute constants C,D > 0 such that354

1

C
≤ ai,j ≤ C, and DN ·max

j
∥bi,j∥2 ≤

∥∥∥ N∑
j=1

bi,j

∥∥∥
2

where355

ai,j = exp(⟨qi, kj⟩), bi,j = exp(⟨qi, kj⟩) · vj
for any query qi, kj , vj in any attention head. In addition, suppose M ≥ Ω( logN

ε2 ). Then, there exists356

an algorithm using O(N
M · HL

H′L′ ) oracle calls to a small transformer with L′ layers, H ′ attention357

heads in each layer, embedding dimension O(dH
′L′

H ) to obtain an (1± ε) approximation of T with358

probability at least 0.9.359

Proof Sketch. The high-level idea is to partition the queries into N/M parts of size M each, and360

then permute the keys (but not the queries) using a random permutation τ . We then aim to ap-361

proximate the desired quantities
∑N

j=1 exp(⟨qi, kj⟩) and
∑N

j=1 exp(⟨qi, kj⟩) · vj using rescalings362

of
∑

j∈St
exp(⟨qi, kτ(j)⟩) and

∑
j∈St

exp(⟨qi, kτ(j)⟩) · vτ(j) (where St is the part of size M that363

contains query qi). This can be seen as estimating the desired sums by sampling only M of the N364

summands at random. At the same time, by blocking the queries and keys like this, the samples can365

be computed using oracle calls similar to Lemma 3.1 above.366

4.2 Linear small transformers are weaker than large transformers367

In this section, we show that O(N
M ) small transformers can be simulated by a large transformer along368

with an oracle for performing very small matrix multiplications (M × d with d× d).369

Theorem 4.2. Given N/M instances of single layer, single head transformers with input length M370

and embedding dimension d, there exists an algorithm that simulates them with one call of a single371

layer, single head transformer with input length O(N) and embedding dimension O(d), along with372

O(N/M) many matrix multiplications of size M × d× d.373

The key idea behind Theorem 4.2 is to concatenate the tokens from all N/M input sequences into a374

single long sequence of length N , but then slightly increase the embedding dimension in a way which375

makes tokens from different short sequences highly uncorrelated with each other. Thus, the large376

attention will not give much weight to pairs of tokens from different short sequences. The complete377

proof is delayed to Appendix C.2.378

5 Simulation of transformers with sliding window and StreamingLLMs379

In our last section, we show that small transformers work well when we add sliding window masking380

to attention heads, and when in the StreamingLLM framework. Our constructions are similar to381

above, but with additional techniques to take advantage of the masking structures, and can be found382

in the Appendix D.383

When we consider sliding window attention, we only need to deal with keys that are close to each384

query. It is intuitive to see that in such scenario, the attention scores of consecutive M − r queries385

can be covered with a M ×M block matrix, which can be computed using our oracle. Transformers386

with attention sink is similar to transformers with sliding window, except that we have an extra “sink387

window" in the beginning for all the queries. These sinks windows can be computed using O(N
M )388

oracle calls.389

Theorem 5.1. For any transformer T with L layers, H attention heads in each layer, input length390

N , embedding dimension d, constant-size sliding window, there exists an algorithm that simulates391

T with O(N
M · HL

H′L′ ) calls to a transformer oracle with L′ layers, H ′ attention heads in each layer,392

input length M and embedding dimension O(dH
′L′

H ) with causal masking. This result still holds if393

we have constant-size attention sink.394
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• Please refer to our LLM policy (https://neurips.cc/Conferences/2025/LLM)854

for what should or should not be described.855

19

https://neurips.cc/Conferences/2025/LLM


A Transformers as Basic Functions856

We show that a single layer, single head transformer (attention mechanism with two MLPs) can act857

as a few different basic functions on the input matrix X that we will need later.858

First we show that we can turn any matrix X into a matrix that is consisted of a block matrix of ones859

and zeros everywhere else.860

Lemma A.1. There exists a fixed matrix U and input MLP ϕ : Rd → Rd+1 such that for any input861

X ∈ RN×d,862

ϕ(X)U =

(
1a×b 0
0 0

)
for any a ≤ N, b ≤ d.863

Proof. Let xi = X[i, :] for all i ∈ [N ]. Define ϕ(xi) = (xi, 1) if i ≤ a and ϕ(xi) = (xi, 0) if864

i ≥ a+ 1. Let865

U =

(
0d×b 0d×(d−b)

11×b 0d×(d−b)

)
It is straightforward to check that ϕ(X)U is the matrix desired.866

Using our newly equipped information, we can construct a transformer that computes the sum of all867

input tokens.868

Lemma A.2. Given input matrix X ∈ RN×d, there exists a single layer, single head transformer869

with embedding dimension d that can compute
∑N

i=1X[i, :].870

Proof. By Lemma A.1, there exists WQ,WK such that (XWQ)[i, :] = (XWK)[i, :] = 11×d and871

ki = N ·X[i, :] for all 1 ≤ i ≤ N . As a result, the i-th output will exactly be
∑N

i=1X[i, :].872

A single layer, single head transformer also allows us to construct a look-up table such that each873

token can find information from other tokens. Notice that this is impossible if we only have MLPs874

because MLPs can only operate on a single token.875

Lemma A.3 (Lemma D.1 of [SHT24]). Given input matrix X ∈ RN×d, an indexing function876

τ : Rd × [N ] → [N ] and f : Rm → Rm, there exists a single layer, single head transformer with877

embedding dimension d such that the i-th output is ρ(X[τ(X[i, :], i), :]).878

B Missing Proofs in Section 3879

Lemma B.1 (Lemma 3.1). For any single layer, single head transformer T with input length N ,880

embedding dimension d, there exists an algorithm that simulates T withO(N2

M2 ) calls to a transformer881

oracle with input length M , embedding dimension O(d).882

Proof. Let T be any single layer, single head transformer with query, key, value matrices883

WQ,WK ,WV ∈ Rd×d with arbitrary input X ∈ RN×d. Let B be an upper bound of the ab-884

solute value of all entries in X,WQ,WK ,WV . Without losing of generality we can assume the885

first MLP ϕ is the identity function because otherwise we will compose it with the input MLP in886

the oracles. In addition, we can also assume that the layer MLP is the identity function, and this is887

because if not, we can still use identity functions in our oracle layer MLPs to compute the output of888

the large transformer before the layer MLP, and then use O(N
M ) oracles as MLP to compute the final889

output.890

Define Q = XWQ,K = XWK , V = XWV and qi = Q[i, :], ki = K[i, :], vi = V [i, :] for all891

1 ≤ i ≤ N , and let St = {(t− 1)M, . . . , tM} for all 1 ≤ t ≤ N
M . Our goal is to simulate892

softmax(qiK⊤)V =

∑N
j=1 exp(⟨qi, kj⟩) · vj∑N

j=1 exp(⟨qi, kj⟩)
=:

∑N
j=1 bi,j∑N
j=1 ai,j

(1)
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for all 1 ≤ i ≤ N , where we define893

ai,j := exp(⟨qi, kj⟩), bi,j := exp(⟨qi, kj⟩) · vj .

Our algorithm will proceed in the following two steps:894

1. We approximate
∑

j∈St
ai,j for all 1 ≤ i ≤ N, 1 ≤ t ≤ N

M up to (1 + ε/10) multiplicative895

error using (N
M )2 oracle calls;896

2. We (element-wise) approximate
∑

j∈St
bi,j for all 1 ≤ i ≤ N, 1 ≤ t ≤ N

M up to (1+ε/10)2897

multiplicative error using (N
M )2 oracle calls.898

Now we have enough information to approximate Equation 1 for all 1 ≤ i ≤ N up to (1 + ε)2899

multiplicative error using 2(N
M )2 oracle calls because we can sum up all

∑
j∈St

ai,j and
∑

j∈St
bi,j900

over all St for each i and divide. Lemma A.2 implies that this can be done with O((N
M )2) oracle901

calls.902

Step 1: Approximating
∑

j∈St
ai,j for all i, t. We first consider the case when i ∈ St. For any903

1 ≤ t ≤ N
M , define WQ′

=

(
WQ 0
0 1

)
,WK′

=

(
WK 0
0 1

)
∈ R(d+1)×(d+1) and C > 0 to be904

determined such that905

Q′ := ϕ(X[St, :]) ·WQ′
=

(
X[St, :] 1

0 C

)
·
(
WQ 0
0 1

)
=


q(t−1)M+1 1

...
...

qtM 1
0 C

 ∈ R(M+1)×(d+1),

K ′ = ϕ(X[St, :]) ·WK′
=

(
X[St, :] 1

0 C

)
·
(
WK 0
0 1

)
=


k(t−1)M+1 1

...
...

ktM 1
0 C

 ∈ R(M+1)×(d+1),

V ′ =


1 . . . 1 0
...

. . .
...

...
1 . . . 1 0
0 . . . 0 0

 ∈ R(M+1)×(d+1).

(We can construct WV ′
and add an extra dimension using MLP such that we obtain V ′ using Lemma906

A.1, but we omit it for simplicity.) Therefore, we have907

Q′(K ′)⊤ =


⟨q(t−1)M+1, k(t−1)M+1⟩+ 1 . . . ⟨q(t−1)M+1, ktM ⟩+ 1 C

...
. . .

...
...

⟨qtM , k(t−1)M+1⟩+ 1 . . . ⟨qtM , ktM ⟩+ 1 C
C . . . C C2.


Finally, we can calculate that the (i, j)-th entry (1 ≤ i, j ≤M) of softmax(Q′(K ′)⊤)V ′ is908 ∑M

j=1 exp(⟨q(t−1)M+i, ktM+j⟩+ 1)∑M
j=1 exp(⟨q(t−1)M+i, ktM+j⟩+ 1) + exp(C)

=

∑M
j=1 a(t−1)M+i,tM+j∑M

j=1 a(t−1)M+i,tM+j + exp(C − 1)
.

For any ε > 0, letting C ≥ logM + log 3
ε + dB2 = poly(N) ensures that this is a (1 + ε/10)-909

approximation because910

1

1 + ε/10
·

M∑
j=1

a(t−1)M+i,tM+j ≤
∑M

j=1 a(t−1)M+i,tM+j∑M
j=1 a(t−1)M+i,tM+j + exp(C − 1)

≤
M∑
j=1

a(t−1)M+i,tM+j .

Therefore, we can use one oracle call to approximate
∑

ℓ∈St
exp(⟨qi, kℓ⟩) up to (1 + ε/10) multi-911

plicative error for all 1 ≤ i ≤M when i ∈ St.912
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Now suppose i ∈ St′ for some t′ ̸= t, feeding the oracle with X[St ∪ St′ , :] using the same913

WQ′
,WK′

,WV ′
above will give us a (1+ε/10) approximation of

∑
j∈St∪St′

ai,j for all i ∈ St∪St′ .914

Since we already have an (1 + ε/10) approximation of
∑

j∈St′
ai,j for all i ∈ St′ , subtracting one915

from another gives us an (1 + ε/10) approximation of
∑

j∈St
ai,j for all i ∈ St′ . As a result, we can916

use (N
M )2 oracle calls to approximate

∑
j∈St

ai,j for all 1 ≤ i ≤ N and 1 ≤ t ≤ N
M up to (1+ ε/10)917

multiplicative error.918

Step 2: Approximating
∑

j∈St
bi,j for all i, t. Firstly, since we have already (approximately)919

computed
∑

ℓ∈St
ai,j for all i, t in step 1, if i ∈ St we can exactly compute

∑
j∈St

bi,j using one920

extra oracle call simply by feeding the oracle with X[St, :],W
Q,WK ,WV and multiply the output921

with
∑

ℓ∈St
ai,j . As a result, N

M oracle calls suffice to give us an (1 + ε/10) approximation of922 ∑
j∈St

bi,j for all i ∈ St and 1 ≤ t ≤ N
M . It remains for us to approximate

∑
j∈St

bi,j for all i ∈ St′923

where t′ ̸= t.924

We feed the oracle with X[St ∪ St′ , :],W
Q,WK ,WV such that it gives us925 ∑

j∈St∪St′
exp(⟨qi, kj⟩) · vj∑

j∈St∪St′
exp(⟨qi, kj⟩)

=

∑
j∈St

exp(⟨qi, kj⟩) · vj∑
j∈St∪St′

exp(⟨qi, kj⟩)
+

∑
j∈St′

exp(⟨qi, kj⟩) · vj∑
j∈St∪St′

exp(⟨qi, kj⟩)

=

∑
j∈St

bi,j∑
j∈St∪St′

ai,j
+

∑
j∈St′

bi,j∑
j∈St∪St′

ai,j

for all i ∈ St∪St′ . Notice that we already have (1+ε/10) approximation of
∑

j∈St′
bi,j ,

∑
j∈St

ai,j926

and
∑

j∈St′
ai,j , we can now (1 + ε/10)2 approximate

∑
j∈St

bi,j with the output above. Therefore,927

O((N
M )2) oracle calls allow us to (1 + ε/10)2 approximate

∑
j∈St

bi,j for all i, t.928

In total we need (N
M )2 oracle calls in step 2. To obtain (1 + O( 1

2N
)) approximation, we need929

ε ≤ O( 1
2N

), which means that the number C with most bits requires poly(N) bits, concluding the930

proof.931

Corollary B.2 (Corollary 3.2). For any transformer T with L layers, H attention heads in each932

layer, input length N , embedding dimension d, there exists an algorithm that simulates T with933

O((N
M )2 · HL) calls to a single head, single layer transformer oracle with input length M and934

embedding dimension O( d
H ).935

Proof. We simply compute T layer by layer and head by head. For each layer, we compute the output936

of each attention head, which requires O((N
M )2 ·H) oracle calls using Lemma B.1, and repeat for937

each layer.938

Lemma B.3 (Lemma 3.3). One transformer with L′ layers, H ′ attention heads in each layer, input939

length M and embedding dimension O(dH
′L′

H ) can be used to simulate H ′L′ independent instances940

of single layer, single head transformers with input length M and embedding dimension d
H .941

Proof. Given H ′L′ independent instances with input Xi ∈ RM× d
H , we label the instances by942

(h, ℓ) ∈ H ′ × L′ and concatenate them together by columns to X ∈ RM× dH′L′
H such that943

X = [X1,1, X1,2, . . . , X1,L′ , X2,1, . . . , XH′,L′ ].

As a result, in layer one, [Xh,1, . . . , Xh,L′ ] ∈ RM× dL′
H is sent to attention head h. Let944

WQ,WK ,WV ∈ R d
H × d

H denote the query, key and value matrices for Xh,1. We construct945

WQ′
,WK′

,WV ′
as946

WQ′
=


WQ

0 d
H × d

H

...
0 d

H × d
H

 ,WK′
=


WK

0 d
H × d

H

...
0 d

H × d
H

 ,WK′
=


WK

0 d
H × d

H

...
0 d

H × d
H


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and layer MLP the same as the layer MLP in instance Xh,1 such that attention head h in layer 1947

exactly computes instance Xh,1. The same argument holds for all h, and therefore layer one of the948

large transformer computes instance Xh,1 for all 1 ≤ h ≤ H ′. Since the outputs of all H ′ attention949

heads are stored at predefined locations after each layer, we can repeat this process for L′ times to950

compute all instances.951

Theorem B.4 (Theorem 3.4). For any transformer T with L layers, H attention heads in each952

layer, input length N , embedding dimension d, there exists an algorithm that simulates T with953

O((N
M )2 · HL

H′L′ ) calls to a transformer oracle with L′ layers, H ′ attention heads in each layer, input954

length M , embedding dimension O(dH
′L′

H ).955

Proof. This simply follows from Corollary B.2 and Lemma B.3.956

Theorem B.5 (Theorem 3.5). For any transformer T with L layers, H attention heads in each layer,957

input length N , embedding dimension d and causal masking, there exists an algorithm that simulates958

T with O((N
M )2 · HL

H′L′ ) calls to a transformer oracle with L′ layers, H ′ attention heads in each layer,959

input length M , embedding dimension O(dH
′L′

H ) and causal masking.960

We first show that a single layer, single head transformer with input length M and causal masking961

can (1± ε) approximate
∑i

j=1 exp(⟨qi, kj⟩) for all 1 ≤ i ≤M and
∑i

j=1 exp(⟨qi, kj⟩) · vj given962

X,WQ,WK ,WV matrices.963

Claim B.6. Given any X ∈ RM×d,WQ,WK ,WV ∈ Rd×d, 2 calls to a single layer, single head964

transformer oracle O with input length M , embedding dimension d and causal masking suffices to965

(1± ε) approximate
∑i

j=1 exp(⟨qi, kj⟩) for all 1 ≤ i ≤M and
∑i

j=1 exp(⟨qi, kj⟩) · vj .966

Proof. We define967

WQ′
=

(
1 0
0 WQ

)
,WK′

=

(
1 0
0 WK

)
∈ R(d+1)×(d+1)

and C > 0 to be determined such that968

Q′ = ϕ(X[St, :]) ·WQ′
=

(
0 C

X[St, :] 1

)
·
(
1 0
0 WQ

)
=


0 C

q(t−1)M+1 1
...

...
qtM 1

 ∈ R(M+1)×(d+1)

K ′ = ϕ(X[St, :]) ·WK′
=

(
0 C

X[St, :] 1

)
·
(
1 0
0 WQ

)
=


0 C

k(t−1)M+1 1
...

...
ktM 1

 ∈ R(M+1)×(d+1)

V ′ =


0 0 . . . 0
0 1 . . . 1

0
...

. . .
...

0 1 . . . 1

 ∈ R(M+1)×(d+1).

As a result, we have969

Q′(K ′)⊤ =


C2 C . . . C
C ⟨q(t−1)M+1, k(t−1)M+1⟩ . . . q(t−1)M+1, ktM
...

...
. . .

...
C qtM , k(t−1)M+1 . . . qtM , ktM

 .

Finally, we can calculate that the (i, j)-th entry (2 ≤ i, j ≤M + 1) of softmax(mask(Q′(K ′)⊤))V ′970

is971 ∑i
j=1 exp(⟨q(t−1)M+i−1, ktM+j−1⟩+ 1)∑i

j=1 exp(⟨q(t−1)M+i−1, ktM+j−1⟩+ 1) + exp(C)
=

∑i
j=1 a(t−1)M+i−1,tM+j−1∑i

j=1 a(t−1)M+i−1,tM+j−1 + exp(C − 1)
.
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Now we can set C ≥ logM + log 1
ε + dB2 = poly(N) and (1 + ε) approximate972 ∑

j∈St∩[i] exp(⟨qi, kj⟩). Now we can (1 + ε/1) approximate
∑

j∈St∩[i] exp(⟨qi, kj⟩) · vj using973

one extra oracle with X[St, :],W
Q,WK ,WV .974

Proof of Theorem B.5. The proof is similar to the proof of Theorem B.4. First notice that Lemma975

B.3 still holds if we add causal masking to the transformers because the proof is not affected by976

causal masking. In addition, the analog of Corollary B.2 will hold even if we add causal masking to977

the transformers if we can show that Lemma B.1 holds under causal masking since the proof is the978

same. Therefore, it suffices to prove Lemma B.1 under causal masking.979

Let T be any single layer, single head transformer with query, key, value matrices WQ,WK ,WV ∈980

Rd×d and causal masking, with arbitrary input X ∈ RN×d. For the same reason as Lemma B.1, we981

assume without losing of generality that both the input MLP and layer MLP are identity functions,982

and we use the same notation as in Lemma B.1. Our goal is to approximate983 ∑i
j=1 exp(⟨qi, kj⟩) · vj∑i

j=1 exp(⟨qi, kj⟩)
=:

∑i
j=1 bi,j∑i
j=1 ai,j

.

for all 1 ≤ i ≤ N , and notice that we already include causal masking by letting j ≤ i.984

Our algorithm is similar to that of Lemma B.1. Notice that in attention with causal masking, after985

we partition the N ×N attention matrix into M ×M block matrices, there are two types of block986

matrices:987

1. Type 1. Corresponds to St × St′ for some t′ < t, such that no entry is masked. We show988

that we can (1 ± ε/3) approximate
∑

j∈St
exp(⟨qi, kj⟩) and

∑
j∈St

exp(⟨qi, kj⟩) · vj for989

all i ∈ St, 1 ≤ t ≤ N/M . Notice that Claim B.6 shows that we can (1± ε/3) approximates990 ∑
j∈St∩[i] exp(⟨qi, kj⟩) and

∑
j∈St∩[i] exp(⟨qi, kj⟩)·vj for all i ∈ St, 1 ≤ t ≤ N/M . Now991

it suffices to (1 ± ε/3) approximate
∑tM

j=i+1 exp(⟨qi, kj⟩) and
∑tM

j=i+1 exp(⟨qi, kj⟩) · vj992

for all i ∈ St, 1 ≤ t ≤ N/M such that993 ∑
j∈St

exp(⟨qi, kj⟩) =
∑

j∈St∩[i]

exp(⟨qi, kj⟩) +
tM∑

j=i+1

exp(⟨qi, kj⟩)

∑
j∈St

exp(⟨qi, kj⟩) · vj =
∑

j∈St∩[i]

exp(⟨qi, kj⟩) · vj +
tM∑

j=i+1

exp(⟨qi, kj⟩) · vj .

Notice that Lemma A.3 allows us to permute the queries and keys in any order, and994

therefore we can let q′i = (qi, 1), k
′
i = (ki, 1) and add a dummy token x0 = (0,−C)995

such that ⟨q′i, x0⟩ = −C for any i. Finally, we order the queries from top to bottom by996

x0, qtM , . . . , q(t−1)M+1 and keys from left to right by x0, ktM , . . . , k(t−1)M+1 such that997

each qi is only attending to kj such that i+1 ≤ j ≤ tM and x0. Since we set C ≤ poly(N)998

to be large enough, a similar argument in Lemma B.1 allows us to approximate.999

2. Type 2. Corresponds to St × St, such that all the entries above the diagonal are masked.1000

This directly follows from Claim B.6 by letting the approximation factor to be ε/3 and extra1001

divisions.1002

In total we need O((N
M )2) oracle calls, and the proof is complete.1003

C Missing Proofs in Section 41004

C.1 Missing Proofs in Section 4.11005

Theorem C.1 (Theorem 4.1). Let T be a transformer with L layers, H attention heads in each layer,1006

input length N and embedding dimension d. Suppose there exist absolute constants C,D > 0 such1007

that1008

1

C
≤ ai,j ≤ C, and DN ·max

j
∥bi,j∥2 ≤

∥∥∥ N∑
j=1

bi,j

∥∥∥
2
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where1009

ai,j = exp(⟨qi, kj⟩), bi,j = exp(⟨qi, kj⟩) · vj
for any query qi, kj , vj in any attention head. In addition, suppose M ≥ Ω( logN

ε2 ). Then, there exists1010

an algorithm using O(N
M · HL

H′L′ ) oracle calls to a small transformer with L′ layers, H ′ attention1011

heads in each layer, embedding dimension O(dH
′L′

H ) to obtain an (1± ε) approximation of T with1012

probability at least 0.9.1013

Proof. By Corollary B.2 and Lemma B.3, it suffices to prove the Theorem with H = L = 1 because1014

when we generalize, all the attention head computation will be in parallel with each other.1015

Let T be any attention head with query, key, value matrices WQ,WK ,WV ∈ Rd×m with arbitrary1016

input X ∈ RN×d. Without losing of generality we can assume the first MLP ϕ is the identity function1017

because otherwise we will compose our oracle MLP with ϕ. In addition, we can also assume that the1018

layer MLP is the identity function, and this is because if not, we can still use identity functions in our1019

oracle layer MLPs to compute the output of the large transformer before the layer MLP, and then use1020

O(N
M ) oracles as MLP to compute the final output.1021

Define Q = XWQ,K = XWK , V = XWV such that qi = Q[i, :], ki = K[i, :], vi = V [i, :] for all1022

1 ≤ i ≤ N , and let St = {(t− 1)M, . . . , tM} for all 1 ≤ t ≤ N
M . Our goal is to approximate1023

softmax(qiK⊤)V =

∑N
j=1 exp(⟨qi, kj⟩) · vj∑N

j=1 exp(⟨qi, kj⟩)
=

∑N
j=1 bi,j∑N
j=1 ai,j

(2)

for all 1 ≤ i ≤ N . The algorithm will be divided into two parts:1024

1. Approximating
∑N

j=1 ai,j up to (1± ε
10 ) multiplicative error for all 1 ≤ i ≤ N using O(N

M )1025

oracle calls;1026

2. Approximating
∑N

j=1 bi,j up to (1± ε
10 )

2 multiplicative error (element-wise) for all 1 ≤1027

i ≤ N using O(N
M ) oracle calls.1028

Therefore, combining the approximation (with an extra O(N
M ) oracles for division) gives us a (1± ε)1029

approximation of T .1030

Approximating
∑N

j=1 ai,j for all 1 ≤ i ≤ N . Let i ∈ St for some 1 ≤ t ≤ N
M . We pick a1031

random permutation τ of [N ], and by Lemma A.3 we can use O(N
M ) oracle calls1 (one for each1032

X[St, :]) to map xi to [xi, xτ(i)] for all 1 ≤ i ≤ N . Now we use the first MLP in the oracles to map1033

(X[St, :], X[τ(St), :]) to1034

X ′ =

(
X[St, :] X[τ(St), :] 1

0 0 C

)
for a constant C ≥ logM + log 3

ε + dB2 = poly(N) exactly the same as in Lemma B.1.1035

WQ′
=

WQ 0
0 0
0 1

 ,WK′
=

 0 0
WK 0
0 1


in the oracle such that1036

Q′ = X ′WQ′
=


q(t−1)M+1 1

... 1
qtM 1
0 C

 ,K ′ = X ′WK′
=


kτ((t−1)M+1) 1

... 1
kτ(tM) 1

0 C

 , V ′ =


1 . . . 1 0
...

. . .
... 0

1 . . . 1 0
0 . . . 0 0

 .

1In practice, one would likely perform this permutation directly rather than using oracle calls, such as using
the pytorch utility randperm. However, since it is a negligible additional number of calls, we use oracle calls
here to simplify the computational model.

25



Now we can (1 + ε/10)-approximate
∑

j∈St
ai,τ(j) for all i using N

M oracle calls (the remaining1037

proof is exactly the same as the proof of Lemma 3.1). Our estimator of
∑N

j=1 ai,j will be1038

N

M

∑
j∈St

ai,τ(j).

Our estimator is unbiased because1039

E
[ ∑
j∈St

ai,τ(j)

]
=
M

N
·

N∑
j=1

ai,j .

We can use Hoeffding’s Inequality to show that1040

Pr
[∣∣∣ ∑

j∈St

ai,τ(j) ·
N

M
−

N∑
j=1

ai,j

∣∣∣ ≥ ε

10

N∑
j=1

ai,j

]
= Pr

[∣∣∣ ∑
j∈St

ai,τ(j) −
M

N

N∑
j=1

ai,j

∣∣∣ ≥ εM

10N

N∑
j=1

ai,j

]

≤ 2 exp
(
− 0.08Mε2

(∑N
j=1 ai,j

N · C

)2)
≤ 2 exp

(
− 0.08Mε2

C4

)
,

which is at most 1
20N if M ≥ C4(log 40+logN)

0.08ε2 , which is true by our assumption on M . A union1041

bound over all i ∈ [N ] allows us to show that we get a (1± ε/10)2 approximation of
∑N

j=1 ai,j with1042

probability at least 0.95.1043

Approximating
∑N

j=1 bi,j for all 1 ≤ i ≤ N . Let i ∈ St for some 1 ≤ t ≤ N
M . We pick a random1044

permutation τ of [N ], and the exact same construction for X ′,WQ′
,WK′

with1045

WV ′
=

 0 0
WV 0
0 1

 , X ′WV ′
=


vτ((t−1)M+1) 1

... 1
vτ(tM) 1

0 C


allows us to calculate1046

M∑
j=1

e · ai,τ((t−1)M+1)

e ·
∑M

j=1 ai,τ((t−1)M+j) + C
· vτ((t−1)M+j) =

e

e ·
∑M

j=1 ai,τ((t−1)M+j) + C
·
∑
j∈St

bi,τ(j).

Therefore, we can (1 ± ε/10)2-approximate
∑

j∈St
bi,τ(j) for all i using N

M calls since we have1047

(1± ε/10)2 approximation of all
∑

j∈St
ai,τ(j). Our estimator of

∑N
j=1 bi,j will be1048

N

M

∑
j∈St

bi,τ(j).

A similar argument shows that our estimator is unbiased, and we can again use Hoeffding’s Inquality1049

to show that1050

Pr
[∥∥∥N
M

∑
j∈St

bi,τ(j) −
N∑
j=1

bi,j

∥∥∥
2
≥ ε

10

∥∥ N∑
j=1

bi,j

∥∥∥
2

]
≤ 2 · exp

(
−

ε2M · ∥
∑N

j=1 bi,j∥22
800N2(maxj ∥bi,j∥2)2

)
≤ 2 · exp

(
− ε2MD2

800

)
which is at most 1

20N when M ≥ 800(log d+log 40+logN)
ε2D2 . A union bound over all 1 ≤ i ≤ N allows1051

us to show that we get a (1± ε/10)3 approximation with probability at least 0.95. Finally, a union1052

bound shows that we can approximate
∑N

j=1 ai,j and
∑N

j=1 bi,j with up to (1± ε/10)3 < (1± ε)1053

approximation with probability at least 0.9. The number of oracle calls that we need is O(N
M ) in1054

total.1055
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C.2 Missing Proofs in Section 4.21056

Theorem C.2 (Theorem 4.2). Given N
M instances of single layer, single head transformers with input1057

length M and embedding dimension d, there exists an algorithm that simulates them with one call1058

of a single layer, single head transformer with input length O(N) and embedding dimension O(d),1059

along with O(N
M ) many matrix multiplications of size M × d× d.1060

Proof. We assume that the input/layer MLPs in all the instances are identity functions for the same1061

reason as in Lemma B.1. Let Xi ∈ RM×d be the input, WQ
i ,W

K
i ,WV

i ∈ Rd×d be the query, key1062

and value matrices for each instance 1 ≤ i ≤ N
M . We assume1063

∥Xi∥2∞,2 · ∥W
Q
i ∥2 · ∥WV

i ∥2 ≤ C1 ≤ poly(N), ∥Xi∥∞,2 · ∥WV
i ∥2 ≤ C2 ≤ poly(N)

for some C1, C2. Our goal is to calculate1064

softmax((XiW
Q
i )(XiW

K
i )⊤)(XiW

V
i )

for all 1 ≤ i ≤ N
M . We first compute XiW

Q
i , XiW

K
i , XiW

V
i for all 1 ≤ i ≤ N

M . For convenience1065

we will denote1066

qi,j = (XiW
Q
i )[j, :], ki,j = (XiW

K
i )[j, :], vi,j = (XiW

V
i )[j, :]

such that our goal is to compute softmax(qi,j(XiW
K
i )⊤)(XiW

V
i ) for all 1 ≤ i ≤ N

M , 1 ≤ j ≤M .1067

Let B ∈ R be a large value to be determined. Define1068

u1, . . . , u N
M

∈ {0,−B}r

such that
(

r
r/2

)
≥ N/M (we only need r ≤ O(log(N/M)) by Stirling approximation) and all ui1069

have exactly r/2 zeros (if there are more vectors than needed, simply make sure they are distinct),1070

and let1071

vi = B · (1, . . . , 1) + ui

for all 1 ≤ i ≤ N
M such that ⟨ui, vi⟩ = 0 for all i. For any i ̸= j, notice that there must exist an index1072

at which ui is −B and vj is B. This is because the set of nonzeros in vi is the compliment of the set1073

of nonzeros in ui, and the former set must be different from the set of nonzeros in vj . Now append1074

ui to qi,j to get q′i,j and vi to ki,j to get k′i,j for all 1 ≤ j ≤M . Set d′ = d+ r. For each pair of q′i,j1075

and k′i′,j′ :1076

• If i = i′, i.e. qi and ki′ are in the same small transformer instance, then1077

⟨q′i,j , k′i′,j′⟩ = ⟨qi,j , ki′,j′⟩+ ⟨ui, vi′⟩ = ⟨qi,j , ki′,j′⟩

• If i ̸= i′, i.e. qi and ki′ are in different small transformer instances, then1078

⟨q′i,j , k′i′,j′⟩ = ⟨qi,j , ki′,j′⟩+ ⟨ui, vi′⟩ ≤ ⟨qi,j , ki′,j′⟩ −B2.

Now we let Q ∈ RN×d′
be the matrix of q′i,j and K ∈ RN×d′

be the matrix of k′i,j and V = XiW
V
i .1079

We set X = [Q,K, V ] ∈ RN×(3d′) (note that we can always pad zeros to V to make dimensions1080

match),1081

WQ =

(
Id′×d′

0d′×d′

0d′×d′

)
,WK =

(
0d′×d′

Id′×d′

0d′×d′

)
,WV =

(
0d′×d′

0d′×d′

Id′×d′

)
such that1082

[Q,K, V ]WQ = Q, [Q,K, V ]WK = K, [Q,K, V ]WV = V.

Furthermore, for each query (qi,j , ui), its inner product between all keys in the same small transformer1083

will be preserved, while its inner product between all keys in a different small transformer will be at1084
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most C1 −B2. Therefore, for each query qi,j , the we can calculate the error as:1085

∥∥∥ M∑
j′=1

exp(⟨qi,j , ki,j′⟩)∑M
ℓ=1 exp(⟨qi,j , ki,ℓ⟩)

· vi,j′ −
N/M∑
i′=1

M∑
j′=1

exp(⟨qi, ki′,j′⟩)∑N/M
ℓ=1

∑M
ℓ′=1 exp(⟨qi, kℓ,ℓ′⟩)

vi′,j′
∥∥∥
2

≤
∥∥∥ M∑

j′=1

exp(⟨qi,j , ki,j′⟩)∑M
ℓ=1 exp(⟨qi,j , ki,ℓ⟩)

· vi,j′ −
M∑

j′=1

exp(⟨qi,j , ki,j′⟩)∑N/M
ℓ=1

∑M
ℓ′=1 exp(⟨qi, kℓ,ℓ′⟩)

· vi,j′
∥∥∥
2
+

C2 exp(C1 −B)∑M
ℓ=1 exp(⟨qi,j , ki,ℓ⟩)

≤
∥∥∥ M∑

j′=1

exp(⟨qi,j , ki,j′⟩)∑M
ℓ=1 exp(⟨qi,j , ki,ℓ⟩)

· vi,j′ −
M∑

j′=1

exp(⟨qi,j , ki,j′⟩)∑M
ℓ=1 exp(⟨qi,j , ki,ℓ⟩) + (N −M) exp(C1 −B)

· vi,j′
∥∥∥
2

+
C2 exp(C1 −B)∑M
ℓ=1 exp(⟨qi,j , ki,ℓ⟩)

≤ MC2 exp(C1 −B)

(
∑M

ℓ=1 exp(⟨qi,j , ki,ℓ⟩))2
+

C2 exp(C1 −B)∑M
ℓ=1 exp(⟨qi,j , ki,ℓ⟩)

.

Therefore, we can set B ≤ poly(N) to be sufficiently large such that the error is O( 1
2N

).1086

D Missing Proofs in Section 51087

Theorem D.1 (Theorem 5.1). For any transformer T with L layers, H attention heads in each layer,1088

input length N , embedding dimension d, constant-size sliding window, there exists an algorithm that1089

simulates T with O(N
M · HL

H′L′ ) calls to a transformer oracle with L′ layers, H ′ attention heads in1090

each layer, input length M and embedding dimension O(dH
′L′

H ) with causal masking. This result1091

still holds if we have constant-size attention sink.1092

Proof. The proof goes in the same way as Theorem B.5, where we assume without losing of generality1093

that H = L = H ′ = L′ = 1. We start with sliding window. Notice that for each query qi (i ≥ r+ 1)1094

we want to approximate1095

i∑
j=i−r+1

exp(⟨qi, kj⟩) =
i∑

j=1

exp(⟨qi, kj⟩)−
i−r∑
j=1

exp(⟨qi, kj⟩),

and1096
i∑

j=i−r+1

exp(⟨qi, kj⟩) · vj =
i∑

j=1

exp(⟨qi, kj⟩) · vj −
i−r∑
j=1

exp(⟨qi, kj⟩) · vj

given window size r. Notice that when i ≤ r, we can approximate
∑r

j=1 exp(⟨qi, kj⟩) and1097 ∑r
j=1 exp(⟨qi, kj⟩) · vj with 2 oracle calls, as shown in the proof of Theorem B.5.1098

We will partition [N ] into chunks S′
1 = {r + 1, . . . ,M}, S′

2 = {M + 1, . . . , 2M − r}, . . . of size1099

M − r and approximate the terms above for all i ∈ S′
t in each chunk using constant many oracle1100

calls, which suffices since r is a constant. Without losing of generality we only prove our claim for1101

S′
1 as the proof can be easily generalized to the remaining sets. Indeed, observe that each of the four1102

terms in the right-hand-side of the equations above can be approximated with one oracle call, where1103

the proof is shown in Claim B.6.1104

If we add in attention sinks, we simply need to calculate
∑s

j=1 exp(⟨qi, kj⟩) and
∑s

j=1 exp(⟨qi, kj⟩)·1105

vj , which can be done using Claim B.6 again.1106
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