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APPENDIX

A LIMITATIONS

We note that our approach differs from standard approaches to determinising a system, such as subset
construction (Hopcroft et al., 2001). Those methods track the multiple states that could be reached
under a given action. We wish to find a representation such that executing a policy corresponds
exactly with transitioning from one region to another. We note in Remark 1 that a limiting factor
of our approach is the agent does not necessarily take the shortest path in the environment due to
the zero-shot nature of our solution. An extension to this work could investigate encoding region
proximity into the TS or other methods for evaluating the choice of transitions.

RM’s approach is less conservative than our approach, so while they may collect additional sym-
bols along the execution, they may be able to satisfy specifications on an environment with non-
determinism, whereas we only provide deterministic solutions.

The reliance on deterministic MDPs is required for our theoretical guarantees, but it can be relaxed
in practice. Another limitation is the sparse reward structure, which is shared with Nangue Tasse
et al. (2020) and Leahy et al. (2024), and could be amended with reward shaping. The penalties for
safety semantics caused the policies to have difficulty converging, especially when the environment is
sparse. This is expected and, depending on environment complexity, a global reasoning to find a MV
path may be required. We will add the above paragraph to the Limitations section of the manuscript.

B ENVIRONMENT CONSTRUCTION

We provide additional detail on our formal environment definition and construction. We denote the
agent’s environment &/ C R™. The environment contains non-intersecting regions & C FE taking
labels from 2%, where X is a set of atomic propositions corresponding to properties of interest in the
environment (see Fig 3a). We define a labeling function L : R — 2%, that defines which regions are
labeled with which properties, where R is the set of all labeled regions.

We further model the agent’s environment as a deterministic labeled Markov decision process (MDP),
defined by the tuple (S, A, p,r), where S is the state space, A is the action space, p is the Markov
transition kernel (s € S,a € A) — p(s,a) from S x Ato S, and r is the reward function. Since our
pruned TS is deterministic, following our method in Section 3.2, it is consistent with our assumption
of a deterministic labeled MDP.

An execution of alabeled MDP is the word 7. To transform an agent’s interaction with the environment
into a set of labels that can be reasoned over for specification of ¢, we project an execution onto
the set of associated labels: [;: S x 2% — 2*. This means for a word T =< sg,lg >, < 51,11 >
sy < 84, 1; > the projection is [r= Iy, [y, ..., 1; (Leahy et al., 2024). The sequence of non-empty
symbols, the only ones we use for satisfaction purposes, is denoted [z. For example, if [, (1) =
(Z)a Q)a a, bv (Z)a (aa C)’ then [z (T) = a, bv (av C)'

Definition 3 LTL Specification Satisfaction for Execution: For an LTL specification ¢ over ¥ and a
word T, T = ¢ iff 1T (7)[~1] & ¢ (Leahy et al., 2024).

For example, if the trained task is to produce the symbol c, the task is only satisfied if the last symbol
inTisc.

The labeling function of an MDP includes a set of goals: G C S. For a set of tasks M, each task
1 € M shares the same state space, action space, and environment transition dynamics (Nangue Tasse
et al., 2020). The only difference between the tasks is the reward function, which is based on the
sequence of symbols encountered along with the absorbing set G C S.
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C BOOLEAN COMPOSITION AND MINIMUM VIOLATION SEMANTICS

C.1 BOOLEAN COMPOSITION

We employ Boolean task algebra in order to perform task conjunction A and disjunction
V (Nangue Tasse et al., 2020). Boolean task algebra allows the agent to use a pretrained set of
primitive tasks to expand the number of tasks that can be achieved with no additional learning by
expressing the additional tasks as a Boolean expression over the original task primitives.

We provide a brief introduction to Boolean task algebra. A set of optimal Q-value functions (and
approximations) can be constructed as a Boolean algebra over the set of tasks M (Nangue Tasse et al.,
2020). Q* is the set of optimal extended ()-value functions for ;. € M. Considering two distinct
tasks, po and p1, operators —, V, and A are defined as the following.
Definition 4 (Nangue Tasse et al., 2020) Negation, —: Q* — Q*
Q* — —Q*, where ~Q* : SxGx A—R
(s,9,a) = (Qi(s, 9,0) + Q3(s, 9,0)) — Q*(s,9,a)

Definition 5 (Nangue Tasse et al., 2020) Conjunction, \: Q* x Q*
(Q%, Q%) — Q5 ANQ5, where Qi NQ3: Sx G x A— R

(s.9,a) = min {Qi(s,9,a),Q3(s,9,a)}
Definition 6 (Nangue Tasse et al., 2020) Disjunction, V: Q* x Q*
(Q7,Q3) — Q5 vV Q3 where QT V Q5 : SxGx A—R

(s,g9,a) — max {Q%(s,g,a),Q5(s,g,a)}

C.2 MINIMUM VIOLATION

All policies are trained using MV semantics from Leahy et al. (2024). A brief summary of the
penalty-enforced semantics we employed for both environments are as follows.

Previous work introduces a notion of proper policies that ensure certain behavior within the entire
MDP execution, word 7 (Leahy et al., 2024). The safe path definitions are inspired by temporal logic
(TL) planning, where certain behavior is specified for the entire [JLF (1) (Leahy et al., 2024).

Proper policies are policies that, given a specification ¢, are guaranteed to reach a satisfying
state (Leahy et al., 2024). This means the word 7 created though the MDP policy execution satisfies
¢: T = ¢. The policies should avoid traveling through unsafe states.

Definition 7 Unsafe State: any state that is undesired, where a state s € S such that L(s) = ¢.

Formally, we define two types of proper policies in respect to LTL specification ¢ over X as
follows (Leahy et al., 2024):

Definition 8 Pure Path: An execution T generates a pure path if | | (7)| = 1 and 7 |= ¢. Intuitively,
a pure path is a proper path that does not produce any symbols except the symbols that satisfy ¢ at
the end of the execution. (Leahy et al., 2024)

Definition 9 Minimum Violation (MV) Path: An execution T generates a MV path if | | (1) > 1

and T |= ¢, and there is no execution 7' such that | [T ()| < | 1T (7)|. Intuitively, this means
minimum violation paths produce as few non satisfying symbols as possible. (Leahy et al., 2024)

In order to enforce this behavior, any label generated that does not satisfy the current task is given
a penalty. To enforce the multiple levels of behaviors to be avoided, the rewards are structured
hierarchically, with less bad rewards for passing through an unsafe state than terminating in an unsafe
state (Leahy et al., 2024). The full reward system is shown in Table 5, with 24, as a small negative
value and R, as a proportionally larger positive value. 7 is a reward multiplier. Since we are
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using deterministic labeled MDPs, 7 is the number of steps an agent may detour in order to avoid
undesirable regions (Leahy et al., 2024). Table 5 also includes the reward function for a given task
R,(si,a,g,8i+1), with g € G, 0 € X, and done representing the end of an episode due to the agent
terminating 1ts execution.

Remark 2 For the office world environment, terminating in a state means selecting the action stay
in a state. For the video game environment, it means having the agent "collect” the object.

Symbol Penalty Type Reward Function Value

Ruorsterm worst termination si11 # g A done 7° Rtep

Rpadstep bad pass through Si+1 # g A ~done NRstep

Rpadterm bad termination siy1 = gA o & 1; A | n*Rstep
done

Rgoal goal Sit1 =gANo €Ll A Rgoal
done

Rtep step otherwise Ratep

Table 5: Reward hierarchy and corresponding reward function (Leahy et al., 2024).

D TRANSITION SYSTEM CONSTRUCTION AND PRUNING

D.1 GENERATING THE TRANSITION SYSTEM

As described in Section 2, adjacent regions 7;,7; € R are joined by an edge if they touch each other.
However, each edge still requires a label defining the policies that will cause the agent to take that
edge.

Algorithm 1 generates the transition labels for the TS. In this and the following algorithms, .S is the
set of states, s C S is a state, T is the set of transitions, and ¢ C T is a transition. For each transition,
the algorithm checks the distance (represented as function d(-)) between the start and end state of
that transition to each other state in the TS (lines 3—6). If the distance from the start state to a state is
greater than the distance from the end state to a state, the transition is approaching that state (and its
associated label), so that state’s label is added to the transition (lines 7-8).

Algorithm 1 Generate Transition System Transition Labels

1: procedure GENERATETSLABELS(S,T)

2 initialize transition labels L

3 fort € T do >t = (startState, endState)
4: for s € S do

5: dstart = d(startState, s)

6 dena = d(endState, s)

7 if dstm”t > dend then

8 L[t] + L[t U L[s]

9 return L > The transition system labels

A TS constructed in this manner could be non-deterministic, so we do not assume that the initial
TS is deterministic. A deterministic transition system is a TS in which the transition relation
—C S x Act x S is deterministic.

Definition 10 A 7S is a deterministic transition system (DTS) if, given s; and oy, for every
(Siy iy Sit1) €=, Sit1 IS unique.

An example of non-determinism in our TS is state gs in Fig. 3b has multiple outgoing transitions
labeled a. Given s; = g9 and «; = a, S;41 1S not unique, as s;41 could be either ¢; or g3. Our TS
must not only accurately reflect the results of applying a given task policy from each state, but also
be deterministic.
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D.2 TRANSITION SYSTEM PRUNING

To to address nondeterminsim, we introduce a TS pruning method, which removes symbols from
transition labels. Algorithm 2 shows the overall pruning procedure. Each case function in the
algorithm is explained in Section 3.2, along with an explanation of the results of pruning the TS from
Figure 3b.

Algorithm 2 Transition System Prune

1: procedure PRUNE(S, T, X))

2: S, T + casel(S,T,%)

3 for s € S do

4: T < case2(s,T,%)
5: T < case3(s,T,%)
6 T < emptyCleanup(T)
7 return S, T

D.2.1 CASE1

Recall Case 1 from 3.2, which removes equivalent states from the TS:
Case 1: If a bisimulation T'Sx, exists for T'S, reduce the total number of states by using T'S~.

The TS may contain multiple branches from a parent state which contain the same state and transition
labels. In order to simplify the TS, we implement finite abstractions, which allow us to reduce the
size of our finite TS while keeping details required for analysis and control. One such abstraction is
Bisimulation, which uses observational equivalence to reduce the TS (Belta et al., 2017).

Definition 11 States s1,s2 € S are observationally equivalent (s1 ~ S2) iff L(s1) = L(s2). (Belta
etal., 2017)

Using the observational equivalence relation we can construct a quotient TS.

Definition 12 A quotient transition system (T'S..) is a tuple, TS~ = (S~, Act,—~,1, AP, L..),
where

* S. is a finite set of states which is the quotient space (set of equivalence classes);
* Act is a finite set of actions inherited from the original TS;

* —.C S x Act x S'is a transition relation. For S;,S; € S~, inputa € Act, and s1,52 € S,
we include a transition S; €— .. (S;, a) iff for states s13S; and s23S; | s2 €— (s1,a);

e I € S is an initial state;
» AP is a set of atomic propositions inherited from TS; and

» L. : S+ — 227 is a labeling function. For a S; € S~ andV's € S, the transition L. (S)
is given by L..(S;) = L(s)

Given an equivalence class S; € S, the set of all equivalent states of TS are defined as con(S;) C S,
where each con(S;) C S denotes a set of all states with the same label. That is Vs € con(S;),
L(s) = L..(S;) (Beltaet al., 2017).

The quotient T'S., can produce any word w, that can be produced by the original TS; therefore,
since any behavior of TS can be reproduced by T'S.., T.. simulates TS (Belta et al., 2017). This
guarantees that if an LTL specification is satisfied for S; € T'S.. then the specification will be satisfied
(Vs € TS) € con(S;). Our ~ is a bisimulation, as every word produced by T'S., can be produced by
TS.

Definition 13 A bisimulation equivalence relation ~ induced by our labeling function L is a bisimu-
lation of a transition system T'S = (S, Act,—, I, AP, L) if for all states s1,s2 € S and Va € Act,
if 81 ~ sg and s| €— (s1,a) then there exists sy €— (s2,a) and s} ~ )
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If ~ is a bisimulation, then 7'S.. is a actually a bisimulation quotient of 7'S, denoted T'S, (Belta
et al., 2017). The quotient we propose is a bisimulation quotient, hence we use T'Sx,."

D.2.2 CASE?2

Recall Case 2 from 3.2, which removes ambiguous transitions from the TS:

Case 2: If any outgoing transitions from a state share a symbol in the transition label, only keep the
symbol in the transition with the least distance to the state labeled with the shared symbol, according
to MV semantics. If all the distances to the state that is labeled with the shared symbol are the same,
remove the symbol from all the transition labels of the state.

Algorithm 3 shows the procedure for case2. For a given state, the algorithm finds the set of
outgoing transitions labeled by a given symbol o (lines 2-3). If there is more than one such transition,
determines the state(s) with the largest distance according to MV semantics (lines 5-7) and removes
o from the corresponding transitions. The process repeats until there is at most one transition with
label o.

Algorithm 3 Case 2 Prune

1: procedure CASE2(s, T, )
2: for o € ¥ do
te — {teT|oeL(t)}
while |t,| > 2 do
Sq < {se€S|oelL(s)}
dy < maz(; s, (d(s, 55))
trar < {t €ty | dy is greatest}
delete o from tgqr

delete tfqr from i,
return 71’

Voo Nk w

D.2.3 EMPTY CLEANUP

We require final cleanup after 7S, has been generated through the 3 cases. Since there will never be a
policy for spaces that produce no symbols, the policy @) is removed from all transition labels. Also, all
transitions with no transition label are removed, as there is no policy that can take the agent between
the connected states. The transition will create uncertainty when the product is taken with 7'S, so
it is imperative it is removed. Figure 4d highlights the changes in T'Sx, after emptyCleanup in
Alg. 2 is executed.

E PRODUCT BETWEEN TRANSITION SYSTEM AND BUCHI AUTOMATON

Given a fully pruned 7'S., with labels from ¥, we create a Biichi automaton using a an LTL
specification ¢ over X.

Definition 14 Biichi Automaton: A nondeterminstic Biichi automaton is B = (X, Xy, AP, —, F),
where

* X is a finite set of states;

e Xy C X is the set of initial states;

o AP is the input alphabet, a set of atomic propositions;

e »C X x AP X X is a nondeterminstic transition function;

e F C X is the set of final accpeting states. (Belta et al., 2017)

A Biichi automaton is deterministic if X is a singleton and — (z, «) is either @) or a singleton for all
x € X and p € AP (Beltaetal., 2017).
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A product automaton (PA) allows us to combine the 7'S~, encoding of the environment and policies
with the Biichi automation encoding of the LTL specification ¢; therefore, the PA captures the
relationship between the behavior our RL policies can produce and the requirements defined by
¢ Since we have an input to the 'S, I € S., our T'Sy, is a controlled transition system, so our
resulting PA between the TS and Biichi automation is controlled (Belta et al., 2017). Since both our
pruned 7'S, and Biichi automation are deterministic, our resulting PA is also deterministic.

Definition 15 Product Automaton: The controlled Biichi product automaton PA = TS ® B of
a finite controlled transition system TS = (S, Act,—,I, AP, L) and a Biichi automation B =
(X,Xo,AP,—p,F)is PA= (Xp, Xop, Act, —p, F},) where

* X, =8 x X is the set of states;
* Xop = I x X is the set of initial states;
» Act is a finite set of controls or actions;

* —p is the transition function where, for a state (s,xz) € Xp, we have —p ((s,x)) =
{(s',2") € Xp|s' €= (s)andz’ €e—p (x,L(s))};

e Fp =S X F is the set of accepting states.

(Belta et al., 2017)

Remark 3 Definition 15 for the PA differs slightly from the standard definition of an uncontrolled
Biichi automaton definitions. Since there is no initial state for the TS for uncontrolled PAs, the
uncontrolled definition Xop = S x X (Belta et al., 2017) becomes Xop = I x Xj.

Given a controlled Biichi PA, PA = (Xp, Xop, Act,—p, Fip), one can find the largest set of initial
states Wop C Xgp for which there exists a control function 7p : Xp — AP such that each run of
PA under strategy (Wyp, I1p) satisfies the Biichi accepting condition Fp (Belta et al., 2017).

For the controlled Biichi automaton PA generation and the control function search, we use LOMAP,
https://github.com/wasserfeder/lomap. Each mp € Ilp generates a symbol p € AP.
Per Definition 3, the process of executing each mp € Ilp in sequence creates a satisfying word,
where the agent’s behavior in the environment satisfies the LTL specification.

Product Example We show a complete example of the TS to PA to execution pipeline, to provide
insight into our approach. Figure 9a shows the TS created from start state 2 of the video game
environment, shown in Figure 12b. Figure 9a is the same as Figure 8a, but we repeat it to show each
step of the PA generation process.

{m}

True

=blue vV -l
e 7 accept_all

(b) Biichi automation for the specification
(a) TS from video game environment start state 2. O(blue A W)

Figure 9
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{W,init} {M, accept_all}

()

{®, accept_all}

{M, accept_all}

{@, accept_all}

(»)

{@,init} {M, accept_all}

Figure 10: PA from TS of start state 2 and Biichi of specification ¢ (blue A W). The shortest word
through the PA, 7, is denoted in green.

The corresponding PA for the product between the TS and Biichi automaton is shown in Figure 10.

The trace for shortest word 7 for the PA for TS of start state 2 and Biichi of specification O (blue A W)
is shown in Figure 10. The shortest word is the shortest path from an init state to an accept_all state.
The policies the agent executes in sequence are every p € AP that is in the PA node label. Because
the agent’s initial region is known, the initial state of the PA is also known. In this case, for start state
2, the agent begins in (); therefore, |7 (7) = (blue, @), (blue, W). To combine the p € AP policies,
we use composition per (Leahy et al., 2024). Therefore, our policy list to execute, in sequential order,
to satisfy the LTL specification ¢ (blue A W), is [blue A @, blue A H].

F THEORETICAL ANALYSIS

In this section, we provide proof sketches for three theorems about our method.

Recall Theorem 1:

Theorem 1 The resulting pruned TS from Sec. 3.2 is deterministic.

Proof (sketch) 1 We note two ways in which a TS may be non-deterministic. First, a TS may
transition to multiple states given a single action (either indistinguishable from each other or not),
which cases 1 and 2 address. Second, given a state and an action, the TS may stay in the same
state or transition to another state. The MV semantics of our policies preclude moving in favor of
self-loops, which case 3 addresses.

Recall Theorem 2:

Theorem 2 The resulting pruned TS from Sec. 3.2 contains no unrealizable transitions.
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Proof (sketch) 2 The naive TS construction captures all potential transitions that an RL policy
enforces. Our pruning process respects the MV semantics as defined in 2. By pruning transitions to
farther states with the same label, we prune states that are unreachable under MV semantics, because
those semantics prioritize producing fewer symbols.

Recall Theorem 3:

Theorem 3 Satisfying an LTL specification using product construction with our pruned T'S~, is
sound.

Proof (sketch) 3 This follows directly from Theorems 1 and 2. Those theorems imply that the agent
executing its RL policies is a simulation of the pruned TS, and the usual guarantees on the PA hold;
therefore finding a satisfying T in the PA using our T'Sx, is sound.

G RESULTS

G.1 ENVIRONMENT SETUP

Office World Environment Since our map does not change during training, and the observations
are the agent’s location within the map, we do not change the map for testing. The map is shown in
Figure 11.

Figure 11: Office world map.

Video Game Environment When running comparisons we used one of two start states. The first,
shown in Figure 12a, contains a symbol free corridor along the top of the map, while the second,
shown in Figure 12b, does not. We use one of these two environments when generating results, to
test our pure path and MV logic.

G.2 SOFTWARE

Our simulations are executed in Python 3.7.

G.3 TRAINING THE POLICIES

Both the office world environment and video game environment use the same reward hierarchy and
values. The actual numerical values returned for the reward used during each training step are shown
in Table 6. For this, r,,;, = —0.1 and 7,4, = 2.0.

The office world environment is trained on a laptop running Ubuntu 20.04, 12 cores CPU, 16 gb
RAM, and GeForce GTX 1070 Mobile GPU. The video game environment is trained on a desktop
running Ubuntu 22.04 with 32 cores CPU, 64 gb RAM, and A5500 GPU.
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(a) Start state 1. (b) Start state 2.

Figure 12: Two different map configurations used for the video game testing environment.

Symbol Numeric Value
Rwo’rsterm 20 x Tmin
Rbadstep 15 x Tmin
Ryadterm 10 X rmin
Rgoal Tmax

Rstep Tmin

Table 6: Actual values used during training for penalty hierarchy.

G.3.1 CowmpP-LTL MV POLICIES

Tabular Q-learning We train our tabular Q-learning MV policies in the office world environment.
Office world is a 2D static grid world. Each grid cell is either unoccupied, represented by empty set
(), or contains an one or more symbols associated with an item and quadrant of the board. One policy
is trained for each of the eight characters plus each of the four quadrants of the grid.

During training the environment randomly spawns the player’s start position. The observation space
is the agent’s location in the world (row, column). The action space is up, down, left, right, and stay.
The optimal policies are calculated using value iteration.

We extended our environment to include training on all four quadrants of the environment as goals.

Therefore, {1, ], <, —} are added to the set of goals G. For example, if there are two #in the

environment, the user may prefer the one on the top of the office environment. Therefore, they could
i

specify CJ(sA 1). By leveraging zero-shot compositionality this way, goals can be as specific as
necessary to meet a user’s needs.

The hyperparameters used for training are:

e gamma: 1
e epsilon: 1

* alpha: 1

DQN We train our DQN MYV policies in the video game environment. The video game environment
is a 2D item collection grid world where the items change location. Each grid cell is either unoccupied,
represented by empty set (), or contains an object characterized by the conjunction of a shape and a
color from the set of propositions {w (white), b (blue), p (purple), @ (circle), B (square)}.

During training the environment randomly spawns items and the player’s start position. The observa-
tion space is down sampled 84x84 RGB images of the world and the action space is the four cardinal
directions: up, down, left right. One policy is trained for each of the five propositions above, which
we denote as primitive tasks. Each of the five primitive task policies used in this experiment are
trained using the Deep Q-Learning (DQL) RL methodology from Leahy et al. (2024) with MV safety
semantics to approximate the optimal policy.
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We used a curriculum training approach for every primitive task model. We train each model to reach
uniformly sampled goal items without any penalties (or use a pre-trained model from (Nangue Tasse
et al., 2020)). When training we allocate 2M steps but the models converge by around 1M steps.
Next, we refine the models further by training on random environments with safety penalties. For this
we also we allocate 2M steps and the models converge by around 1M steps again. Finally, we refine
the model on closely spaced items, as the models perform well on random environments which tend
to have spread out items, but they require additional training to handle environments with crowded
objects. This fine tuning converges in 20-60k steps.

The hyperparameters used for training are:

* target update frequency: 1,000 steps
* learning rate: le-5

* batch size: 256

* replay buffer: 500,000

e gamma: 0.99

G.3.2 REWARD MACHINES

We train RM with g-learning and hierarchical reward machine (HRM) for both the office world
environment video game environment.

For training the RMs for comparison, we use the default training parameters. To increase training
efficiency and reduce sparse rewards, RMs has the option to use Counterfactual Experiences for
Reward Machines (CRM) and Automated Reward Shaping (RS). CRM uses counterfactual reasoning
to create synthetic experiences for the agent to learn policies faster (Icarte et al., 2018). RS changes
the reward generated from a simple RM so the optimal polices are consistent but the overall reward is
less sparse (Icarte et al., 2018). RS uses two hyperparameters when calculating the shaped rewards:
1) the environment discount factor, gamma, and 2) the discount factor used in the potential function,
RS gamma (Icarte et al., 2018).

Q-learning The hyperparameters and settings used for Q-learning are as follows:

* number of timesteps: 1e5 steps
* gamma: 0.9

* RS gamma: 0.9

* use CRM: true

e use RS: true

HRM The hyperparameters and settings used for HRM are as follows:

* number of timesteps: 1e5 steps
e gamma: 0.9

* RS gamma: 0.9

* use CRM: false

e use RS: true

G.3.3 SKILL MACHINES

We train SM with tabular Q-learning for the office world environment and a deep Q network (DQN)
for the video game environment. We train the primitives prior to running zero-shot.

For the few-shot approach, we train for 400,000 timesteps. Since we need to use few-shot in the
office world environment, we few-shot using Q-learning
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Tabular Q-learning The hyperparameters and settings used for Q-learning are as follows:

* number of timesteps: 1e5 steps
* gamma: 0.9

* learning rate (Ir): 0.1

e epsilon: 0.5

DQN The hyperparameters and settings used for DQN are as follows:

* number of timesteps: 1e5 steps
* buffer size: 1e6
* exploration fraction: 0.5

* exploration final eps: 0.1
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