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Abstract

Despite the success of large-scale empirical risk minimization (ERM) at achieving
high accuracy across a variety of machine learning tasks, fair ERM is hindered by
the incompatibility of fairness constraints with stochastic optimization. In this pa-
per, we propose the fair empirical risk minimization via exponential Rényi mutual
information (FERMI) framework. FERMI is built on a stochastic estimator for ex-
ponential Rényi mutual information (ERMI), an information divergence measuring
the degree of the dependence of predictions on sensitive attributes. Theoretically,
we show that ERMI upper bounds existing popular fairness violation metrics, thus
controlling ERMI provides guarantees on other commonly used violations, such as
L. We derive an unbiased estimator for ERMI, which we use to derive the FERMI
algorithm. We prove that FERMI converges for demographic parity, equalized
odds, and equal opportunity notions of fairness in stochastic optimization. Em-
pirically, we show that FERMI is amenable to large-scale problems with multiple
(non-binary) sensitive attributes and non-binary targets. Extensive experiments
show that FERMI achieves the most favorable tradeoffs between fairness violation
and test accuracy across all tested setups compared with state-of-the-art baselines
for demographic parity, equalized odds, equal opportunity. These benefits are
especially significant for non-binary classification with large sensitive sets and
small batch sizes, showcasing the effectiveness of the FERMI objective and the
developed stochastic algorithm for solving it.

1 Introduction

Ensuring that decisions made using machine learning algorithms are fair to different subgroups is
of utmost importance. Without any mitigation strategy, machine learning algorithms may result in
discrimination against certain subgroups based on sensitive attributes, such as gender or race, even if
such discrimination is absent in the training data (Datta et al.,|2015; Sweeneyl, 2013} |Bolukbasi et al.}
2016; |Angwin et al., 2016} |Calmon et al., 2017b; Feldman et al.l 2015 [Hardt et al.,[2016; [Fish et al.,
2016; \Woodworth et al., 2017} Zafar et al., 2017} Bechavod & Ligett, 2017} Kearns et al., [2018]).
Algorithmic fairness literature aims to remedy such discrimination issues.

A machine learning algorithm satisfies the demographic parity fairness notion, if the predicted target
is independent of the sensitive attributes (Dwork et al.,|2012). Promoting demographic parity can
lead to poor performance, especially if the true outcome is not independent of the sensitive attributes.
To remedy this, Hardt et al.| (2016) proposed equalized odds to ensure that the predicted target is
conditionally independent of the sensitive attributes given the true label. A further relaxed version of
this notion is equal opportunity which is satisfied if predicted target is conditionally independent of
sensitive attributes given that the true label is in an advantaged class (Hardt et al.,|2016)). The inherent
assumption in such conditional notions is that the true labels are fair. These notions suffer from a
potential amplification of the inherent discrimination that may exist in the training data. Tackling
such bias is beyond the scope of this work; cf. Kilbertus et al.|(2020) and Bechavod et al.|(2019).
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Reference NB NB NB | Fairness notion | Beyond | Stoch. alg. | Converg.
target | attrib. | code | dp ‘ eod ‘ eop | logistic | (unbiased**) | (stoch.)
FERMI (this work) v v v |/ v v v (V) v (V)
| (Cho et al.][[2020b) v v v |/ X v v (X) X
[ (Cho et al.|[2020a) v/ v/ X V4 X v/ 7 (V) X
[ (Baharlouei et al.|[2020) v/ v/ v/ I/ v v X v (X)
| (Rezaei et al.||2020) X X X |/ X X X X
| (Jiang et al.[2020)* X v X v/ X X X X X
| (Mary et al./[2019) v v/ v/ VI X v/ v/ (X) X
[ (Donini et al.][2018) X v/ X X | v X v X X
| (Zhang et al.[|2018) v/ v X |/ X v v (X) X

Table 1: Comparison of state-of-the-art in-processing methods. NB = non-binary, dp = demographic parity,
eod = equalized odds, eop = equal opportunity. While satisfying eod guarantees satisfying eop, an eod algorithm
does not necessarily achieve a favorable tradeoff between performance and fairness violation in eop; we only
credit those works that provide/implement algorithms for a given fairness notion. FERMI is the only method
compatible with stochastic optimization and guaranteed convergence. The only existing baselines for non-binary
classification with non-binary sensitive attributes are (Mary et al., 2019} [Baharlouei et al.l [2020; |Cho et al.,
2020b) (NB code). *We refer to the in-processing method of (Jiang et al., |2020), not their post-processing
method. **We use the term “unbiased” to refer to unbiased estimation in statistical sense; it is not to be confused
with bias in the fairness sense, for which we use the term discrimination.

Measuring fairness violation. In practice, the learner only has access to finite samples and cannot
verify demographic parity, equalized odds, or equal opportunity. This has led the machine learning
community to define several fairness violation metrics that quantify the degree of (conditional)
independence between random variables, e.g., L, distance (Dwork et al.l 2012} Hardt et al., 2016),
mutual information (Kamishima et al.l 2011} Rezaei et al.| 2020; [Steinberg et al.| 2020} [Zhang
et al.| 2018} |Cho et al.,|2020a), Pearson correlation (Zafar et al.,|2017), false positive/negative rates
(Bechavod & Ligett, 2017), Hilbert Schmidt independence criterion (HSIC) (Pérez-Suay et al., 2017),
Rényi correlation (Mary et al.| 2019} Baharlouei et al.,2020; |Grari et al., 2019} 2020), and exponential
Rényi mutual information (ERMI) (Mary et al.,[2019). In this paper, we focus on three variants of
ERMI specialized to demographic parity, equalized odds, and equal opportunity. We prove that ERMI
provides an upper bound on the rest of the above existing notions of fairness violation. Consequently,
a model trained to reduce ERMI will also provide guarantees on these other fairness violations.
We also develop a stochastic estimator for ERMI that is compatible with large-scale stochastic
optimization, and use it as a regularizer in within ERM, and call it FERMI. We theoretically show
that FERMI is convergent, and empirically demonstrate that it outperforms all other state-of-the-art
baselines, including (Mary et al.|[2019)) which solves the same objective as FERMI.

Related work & contributions. Fairness-promoting machine learning algorithms can be categorized
in three main classes: pre-processing, post-processing, and in-processing methods. Pre-processing
algorithms (Feldman et al.| [2015} Zemel et al.| 2013 |[Calmon et al.,[2017b) transform the biased
data features to a new space in which the labels and sensitive attributes are statistically independent.
This transform is oblivious to the training procedure. Post-processing approaches (Hardt et al.| 2016;
Pleiss et al., [2017) mitigate the discrimination of the classifier by altering the the final decision.
In-processing approaches focus on the training procedure and impose the notions of fairness as
constraints or regularization terms in the training procedure. Several regularization-based methods
are proposed in the literature to promote fairness in decision-trees (Kamiran et al., 2010; Raff et al.
2018; |Aghaei et al.,|2019), support vector machines (Donini et al., 2018), neural networks (Grari
et al.,[2020; [Cho et al.| 2020b)), or (logistic) regression models (Zafar et al.,|2017; |Berk et al., 2017}
Taskesen et al.| 2020; |Chzhen & Schreuder, 2020; [Baharlouei et al., [2020; Jiang et al.| 2020} |Grari
et al.|[2019). While in-processing approaches generally give rise to better tradeoffs between fairness
violation and performance, existing approaches are mostly incompatible with large-scale stochastic
optimization. This paper addresses this problem. See below for a summary of our contributions and
Table[I[for a summary of the main differences between FERMI and existing in-processing methods.

1. We analyze a notion of fairness violation called ERMI. We show that ERMI is a stronger notion of
fairness violation than all existing notions. Therefore, a model that ensures small ERMI violation
is guaranteed to have small fairness violation with respect to all other notions as well.

2. We formulate an empirical objective, called FERMI objective, for using ERMI as a regularizer
with empirical risk minimization. We propose a solver for FERMI, which is the first stochastic
in-processing fairness algorithm with guaranteed convergence. The existing stochastic fairness
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algorithms by [Zhang et al.|(2018)); Mary et al.| (2019);|Cho et al.|(2020alb)) are not guaranteed to
converge.

3. We demonstrate through extensive numerical experiments that FERMI achieves superior fair-
ness-accuracy tradeoff curves against all comparable baselines, even when fairness violation is
measured in terms of commonly used L., (for demographic parity, equalized odds, and equal
opportunity). In particular, the performance gap is very large when minibatch size is small (as is
practically necessary for large-scale problems), and the number of sensitive attributes is large.

2 Fairness notions: demographic parity, equalized odds, equal opportunity

In this section, we state a notion of fairness that generalizes demographic parity, equalized odds,
and equal opportunity fairness definitions (the three notions considered in this paper). This will be
convenient for presenting our theoretical results. Consider a learner who trains a model to make
a prediction, 17, e.g., whether or not to extend a loan, supported on ) which can be discrete or
continuous. The prediction is made using a set of features, X, e.g., financial history features. We
assume that there is a set of discrete sensitive attributes, S, e.g., race and sex, supported on S,
associated with each sample. Further, let A C ) denote an advantaged outcome class, e.g., the
outcome where a loan is extended.

Definition 1 ((Z, Z)-fairness). Given a random variable Z, let Z be a subset of values that Z can

take. We say that a learning machine satisfies (Z, Z)-fairness if for every z € Z,Y is conditionally

independent of S given Z = z,i.e. Ny Y,s€ S,z € Z, p?’s‘z(ﬂ, slz) = p?lz(§|z)ps|z(s|z).

(Z, Z)-fairness includes the popular demographic parity, equalized odds, and equal opportunity

notions of fairness as special cases:

1. (Z, Z)-fairness recovers demographic parity (Dwork et al.; 2012)) if Z = 0 and Z = {0}. In this
case, conditioning on Z has no effect, and hence (0, {0}) fairness is equivalent to the independence
between Y and S (see Deﬁnition@ Appendix |

2. (Z, Z)-fairness recovers equalized odds (Hardt et al., 2016)) if Z = Y and Z = ). In this case,
7 € Z is trivially satisfied. Hence, conditioning on Z is equivalent to conditioning on Y, which
recovers the equalized odds notion of fairness, i.e., conditional independence of Y and S given Y
(see Definition[7] Appendix [A).

3. (Z, Z)-fairness recovers equal opportunity (Hardt et al., 2016) if Z = Y and Z = A. This is also
similar to the previous case with Y replaced with A (see Definition 8] Appendix[A).

Note that verifying (Z, Z)-fairness requires having access to the joint distribution of random variables

(Z,Y,S). This joint distribution is unavailable to the learner in the context of machine learning, and
hence the learner would resort to empirical estimation of the amount of violation of independence,
measured through some divergence. See (Williamson & Menon, [2019)) for a related discussion.

3 Measuring fairness violation using exponential Rényi mutual information
Most existing fairness violations can be viewed as a (conditional) f-divergence between the joint
distribution of sensitive attributes and predicted targets, Py 512> and the Kronecker proudct of the
marginals, Pz ©Ps|z- In this section, we focus on ERMI and show that several existing fairness
violations are upper bounded by ERMI. For brevity, we present all definitions and results (Z, Z).
Definition 2 (ERMI - exponential Rényi mutual information). We define the exponential Rényi
mutual information between Y and S given Z € Z as

pf/,5|z(?75|z)
Py 1z (Y1Z)ps|z(S|2)

Dr(Y;S|Z€2)=E, g {

Ze Z} 1. (ERMI)

In Appendix [B| we unravel the definition for the special cases of interest corresponding to demo-
graphic parity, equalied odds, and equal opportunity. We also discuss that ERMI is the y2-divergence
(which is an f-divergence) between the joint distribution, Py 8120 and the Kronecker product of
marginals, Pz ® ps|z (Calmon et al., 2017a). In particular, ERMI is non-negative, and zero if

and only if (Z, Z)-fairness is satisfied. In the context of algorithmic fairness, ERMI was first used
by Mary et al.|(2019) as a regularizer. We will provide a new stochastic solver/estimator for ERMI,
which theoretically converges and empirically outperforms the one by Mary et al.|(2019).
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Definition 3 (Rényi mutual information (Rényi, |1961)). Let the Rényi mutual information of order
a > 1 between random variables Y and S given Z € Z be defined as:
A Z} ) , (RMI)

~ Dy }775 Z “
1.(V;512 € 2) 1= — log (Ezy,s ( 721 512) )
py 2z (Y|2)ps|z(5|2)
- ¢ o2 (Y.S|Z
L(Y;S|Z€2)=E,q {log ( P75z, 512) >‘Z € Z} , (MD)

which generalizes Shannon mutual information
p?\z(?|2)pS\Z(S‘Z)

and recovers it as lim,,_,,+ 1.(Y;S|Z € Z) = [,(Y; S|Z € Z).

—1

Note that I,,(Y; S|Z € Z) > 0 with equality if and only if (Z, Z)-fairness is satisfied.
Theorem 1 (ERMI is stronger than Shannon mutual information). We have

0<L(Y;S|Ze2)<L(Y;S|Z e 2)<eVS17€2) 1 = pp(¥, 8|7 € 2). )

All proofs are relegated to the appendix. Theorem ] establishes that ERMI is a stronger measure of
fairness violation in the sense that driving it to zero would also bound the Shannon mutual information,
which is used for promoting fairness in recent literature (Cho et al., 2020a)). It also shows that ERMI
is exponentially related to the Rényi mutual information of order 2.

Definition 4 (Rényi correlation (Hirschfeld, [1935}; |Gebelein, [1941}; [Rényil [1959)). Let F and G
be the set of measurable functions such that for random variables Y and S, Eo{f(Y;2)} =

Es{g(S;2)} =0, Ef,{f(}/;, 2)?} =Es {g(S;2)?} = 1, for all z € Z. Rényi correlation is:

pr(Y,S|Z € Z):=sup E, ¢ g {f(?; Z)q(S; Z)‘ Ze z} . (RC)
fLgEFXG

Rényi correlation generalizes Pearson correlation,
E?,s {ys|z}

VEs {V2|2}Es 5|2}

to capture nonlinear dependencies between the random variables by finding functions of random
variables that ma)gmize the Pearson correlation coefficient between the random variables. In fact,
itis true that pr(Y, S|Z € Z) > 0 with equality if and only if (Z, Z)-fairness is satisfied. Rényi
correlation has gained popularity as a measure of fairness violation (Mary et al.,|2019; Baharlouei
et al., [2020; |Grari et al.} 2020). Rényi correlation is also upper bounded by ERMI. The following
result has already been shown by |[Mary et al.|(2019) and we present it for completeness.

p(Y,S|Z € Z) :=Ey {

262}7 (PO)

Theorem 2 (ERMI is stronger than Rényi correlation). We have
0<|p(Y,8|Z € 2)| < pr(Y,S|Z € 2) < Dp(Y; 5|2 € 2), )

and if|S| = 2, Dr(Y;8|Z € Z) = pr(Y, S|Z € Z).
Definition 5 (L, fairness violation). We define the L, fairness violation for ¢ > 1 by:

Lq(?,S|Z €Z):= Ez{ ([

Note that Lq(?, S|Z € Z) = 01if and only if (Z, Z)-fairness is satisfied. In particular, L, fairness
violation recovers demographic parity violation (Kearns et al.,2018| Definition 2.1) if we let Z = {0}
and Z = 0. It also recovers equal opportunity violation (Hardt et al.|[2016) if Z = Aand Z =Y.

=

> (p;,sw(ywlZ)—p;‘z(ylZ)pS\z(SIZ)) dy>
€Yo seSp

ZEZ}.

(La)

Theorem 3 (ERMI is stronger than L, fairness violation). Let Y be a discrete or continuous random
variable, and S be a discrete random variable supported on a finite set. Then for any q > 1,

0<L,(Y,S|Ze2)< \/DR(?,S|Z € 2). 3)
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The above theorem says that if a method controls ERMI value for imposing fairness, then L.,
violation is controlled. In particular, the variant of ERMI that is specialized to demographic parity
also controls L., demographic parity violation (Kearns et al., 2018)). The variant of ERMI that is
specialized to equal opportunity also controls the L., equal opportunity violation (Hardt et al., 2016).
While our algorithm uses ERMI as a regularizer, in our experiments, we measure fairness violation
through the more commonly used L, violation. Despite this, we show that our approach leads to
better tradeoff curves between fairness violation and performance.

Remark. The bounds in Theorems 1-3 are not tight in general, but this is not of practical concern.
They show that bounding ERMI is sufficient because any model that achieves small ERMI is
guaranteed to satisfy any other fairness violation. This makes ERMI an effective regularizer for
promoting fairness. In fact, in Sec.[5] we see that the proposed algorithm, FERMI, achieves the best
tradeoffs between fairness violation and performance across state-of-the-art baselines.

4 FERMI: fair empirical risk minimization through ERMI regularization

Our goal is to train a model that balances fairness and accuracy objectives. To this end, we introduce
fair risk minimization through exponential Rényi mutual information framework defined below

min {FRMI(9) := Ex,y.s {¢(X,Y;0)} + ADp(V(X:0); 5) } . (FRMI obj.)

where ¢ denotes the loss function, such as Lo loss or cross entropy loss; A > 0 is a scalar balancing
the accuracy versus fairness objectives; Dp (Y(X; 0);S ) is the notion of ERMI given in Eq. (ERMI)

particularized to demographic parity (see Eq. ); and }A/(X; 0) is the output of the learned model
(e.g., the output of a classification or a regression task, or the cluster number in a clustering task).

While Y (X; 0) inherently depends on X and 0, in the rest of this paper, we sometimes leave the
dependence of Y on X and/or 8 implicit for brevity of notation. Notice that we have also left the
dependence of the loss on the predicted outcome Y implicit.

In practice, the true joint distribution of (X, S,Y,Y") is unknown and we only have N samples at
our disposal, making it impossible to solve FRML Let {x;, s;, yi, ¥i(Xi; @) };c[n] denote the features,
sensitive attributes, targets, and the predictions of the model parameterized by 0 for these samples.
Mary et al.|(2019) considered the same objective Eq. (FRMI obj)), and tried to empirically solve it
through a kernel approximation. We propose a completely different approach to solving this problem:
fair empirical risk minimization via exponential Rényi mutual information (FERMI). FERMI results
in a provably convergent algorithm, and empirically outperforms the algorithm by Mary et al.| (2019).
It is straightforward to derive an unbiased estimate for Ex y,s {¢(X,Y’;6) } through the empirical

risk, e.g., ﬁ > e {(xi,yi;0) where B C [N] is a random minibatch of data points. However,

estimating D R(}A/7 S) in the objective function in Eq. (FRMI obj.) is more difficult. In what follows,

we present our approach to deriving an unbiased stochastic estimator of D R(f/, S) given a random
batch of data points B. The following theorem is the key tool we use to obtain an unbiased estimator:

Theorem 4. For discrete random variables Y =Y (X; 0) and S where Y € [m], S € [k], we have

Dr(Y;S) = | max { — Te(WP;WT) + 2 Te(W Py P2 — 1}, )

where Py = diag(pg(1),...,pp(m)), Ps = diag(ps(1),...,ps(k)), and

pf/,s(lvl) p?,s(l,k‘)
P@S =

pf,’s(m7 1 ... pf,’s(m, k)

LetY, 3; € {0,1}™ and S, s; € {0, 1}* be the one-hot encodings of ¥, 7; and S, s;, respectively.
Then, the above theorem implies that we can compute an unbiased estimate of Eq. (FRMI obj.)):

'In this section, we present all results in the context of Z = 0 and Z = {0} (demographic parity), leaving off
all conditional expectations for clarity of presentation. The results are readily generalized for general (Z, Z) by

using D R(}A/, S|Z € Z) in Eq. (FRMI obj.)); we have used the resulting algorithms for empirical experiments.
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Lemma 1 (Unbiased estimator of ERMI). Let (X, S,Y, ?(X; 0)) be a random draw from Py 4y -
Further, let

W(X,8,Y,Y:0,W) = —Tr(WY(X;0) YT (X;0)W7) + 2Tr(WY (X;0)ST P7/?) — 1.

Then, maxyy cprxm (X, S,Y, EA/; 0,W) is an unbiased estimator of ERMI in Eq. (FRMI obj.), i.e.,
Exsy{ max $(X,8,Y,7:6,W)} = Du(¥(X;6); 5).
7 Uwerkxm

The stochastic estimator, ¥(X, S,Y, f/; 0,7), in Lemma 1| requires the knowledge of P, and

computation of Psfl/ % This can be estimated with high fidelity (for small to moderate sensitive set)
through a single initial pass over the entire dataset in practice. Hence, we consider it to be known.
Now, we are equipped to state the empirical objective function that we solve in this paper:

. 1 .
min max FERMI (0, W) .:N'ez[;\r] [0(xi,9;0) + \pi (0, W)] 3, (FERMI obj.)

where

Pi(0,W) == — Tr(Wy:(x:;0)§7 (xi;0)WT) + 2 Te(Wyi(x;;0)s] P1/2) — 1.
In particular, Lemma says that, for any IV, Eq. (FERMI obj.)) (and its gradients) is an unbiased and
consistent estimator of the Eq. (FRMI obj.) objective function (and its gradients) by an empirical
average over the minibatch. This is in contrast to the density estimation methods used by Mary et al.

(2019) and Baharlouei et al.| (2020), which are biased but consistent. We will see in the experiments
that the unbiased estimator empirically offers large performance improvements.

This observations leads us to deriving a stochastic algorithm, presented in Algorithm[I] which is
guaranteed to converge for any batch size 1 < |B| < N since the stochastic gradients are unbiased.

Algorithm 1 (FERMI Algorithm). Two-Time Scale SGDA for solving FERMI objective

1: Input: 8° € R% W° ¢ W c RF*™, step-sizes (1p, 7w ), mini-batch B C [N], fairness
parameter A > 0, iteration number R.
fort =0,1,...,Rdo

Draw a mini-batch B of data points {(x;, s;, yi) }ien

Set 0" < 0" — 15 30 p[Vol(xi, yi3 07) + AVet (67, WF)].

Set WIH = Ty (W' + 2 57, [ = W93 0057 (xi;0) + P 28,37 (x::61)])
end for
Pick ¢ uniformly at random from {1, ..., R}.
Return: 6°.

Theorem 5. (Informal statement) Algorithm|I|converges to the set of e-first order stationary points
of the Eq. (FERMI obj.) objective in O(E%) iterations (stochastic gradient evaluations).

The formal statement of this theorem can be found in Theorem|[I0]in Appendix[D] A faster convergence
rate of O(E%) could be obtained by using the (more complicated) SREDA method of |Luo et al.[(2020)

instead of SGDA to solve FERMI objective. We omit the details here. In the next section, we
numerically evaluate the performance FERMI algorithm in several numerical experiments.

5 Numerical experiments

5.1 Binary classification and binary sensitive attribute

For our first set of experiments, we evaluate the fairness-accuracy tradeoffs of FERMI in binary
classification problems with a binary sensitive attribute. This is a common setup, so we are able to
compare against many existing baseline methods (Zafar et al.,|2017; |Feldman et al., 2015} [Kamishima
et al., [2011} |Jiang et al., |2020; Hardt et al., | 2016; Baharlouei et al., |2020; Rezaei et al., 20205 [Donini
et al.,|2018; /Cho et al.l 2020b). We run experiments on three data sets: Adult, German Credit, and
COMPAS. To implement FERMI, we train a logistic regression model (same model for all baselines)
with an ERMI regularizer. Details about the datasets and experiments can be found in Appendix
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Figure 1: Binary classification with binary sensitive attribute using logistic regression. Tradeoff of fairness
violation vs. test error for state-of-the-art fair classifiers on German Credit, Adult, and COMPAS datasets.
FERMI offers the best fairness vs. accuracy tradeoff curve in all experiments against all baselines. |[Rezaei et al.
2020) only allow for a single output and do not yield a tradeoff curve. Further, the algorithms by Mary et al.
2019) and [Baharlouei et al|(2020) are equivalent in this binary setting and shown by the red curve. FERMI,

Mary et al| (2019) and Baharlouei et al (2020) try to empirically solve the same risk function Eq. (FRMI|

obj.). However, the empirical formulation used by FERMI, Eq. (FERMI obj.) and its solver result in a better
performance even-though we are using a full-batch for all baselines in this experiment.

In Fig. [T} we report the fairness violation vs. test error, for three notions of fairness: demographic
parity, equalized odds, and equal opportunity. We have only included in-processing methods, which
outperform pre-processing and post-processing methods. Complete experimental results are included
in the appendix. We measure fairness violation through conditional demographic parity L., violation
(Definition [9), conditional equal opportunity L, violation (Definition [T0) and its generalization,
conditional equalized odds violation. As can be seen, FERMI offers a fairness-accuracy tradeoff
curve that dominates all existing state-of-the-art baselines in each experiment and with respect to
each notion of fairness. This demonstrates the efficacy of having a strong regularizer such as ERMI:
by enforcing small ERMI violation, our model simultaneously achieves small fairness violation with
respect to these other notions which are upper bounded by ERMI.

It is noteworthy that the empirical objective function of Mary et al|(2019) and Baharlouei et al.
(2020) is exactly the same in this setting, and their algorithms also coincide to the red curve in
Fig. |1}

Additionally, like FERMI, they are trying to empirically solve Eq. (FRMI obj.), albeit
using different estimation techniques, i.e., their empirical objective is different from Eq. (FERMI
lobj)). This demonstrates the effectiveness of our empirical formulation (FERMI ob;.) — which is
both unbiased and consistent whereas theirs is biased. It also shows the effectiveness of our solver
(Algorithm T)) even-though we are using all baselines in full batch mode in this experiment. In the
following experiments, we will demonstrate that using smaller batch sizes results in much more
pronounced advantages of FERMI over these baselines.

Exponential Rényi mutual information is equal to Rényi correlation for binary targets and/or binary sensitive
attributes (see Theorem [2), which is the setting of all experiments in Sec. [5.1}
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Figure 2: Comparison between FERMI, Mary et al.| (2019), Baharlouei et al.|(2020), and |Cho et al.| (2020b) on
Communities dataset. (Mary et al.,|2019) outperforms (Baharlouei et al.| [2020; /Cho et al., [2020b)), which we
believe could be attributed to the effectiveness of ERMI as a regularizer. FERMI outperforms |Mary et al.|(2019),
which we attribute to our empirical formulation of ERMI and the effectiveness of its solver, given that we try to
empirically solve the same risk function with different formulations.

5.2 Non-binary fair classification with a non-binary sensitive attribute

Next, we consider a non-binary classification problem with non-binary sensitive set. In this case, we
consider the Communities and Crime dataset, which has 18 binary sensitive attributes in total, and we
pick asubsetof 1,2, 3, ..., 18 sensitive attributes out of those for our experiments, which corresponds
to |S| € {2,4,8,...,2'¥}. We discretize the target into three classes {high, medium, low}. The only
baselines that we are aware of that can handle non-binary classification with non-binary sensitive
attributes are (Mary et al.,2019), (Baharlouei et al., [2020), (Cho et al., 2020b), (Cho et al.| [2020a),
and (Zhang et al.,[2018). We used the publicly available implementations of (Baharlouei et al., [2020)
and (Cho et al.;,|2020b) and extended their binary classification algorithms to the non-binary setting.

The results are presented in Fig. 2l where we use conditional demographic parity L., violation
(Definition[9) and conditional equal opportunity L, violation (Definition[I0) as the fairness violation
notions for the two experiments. For all baselines, test error increases as the number of sensitive
attributes increases. As can be seen, compared to the baselines, FERMI offers the most favorable test
error vs. fairness violation tradeoffs, particularly as the number of sensitive attributes increases and
for the more stringent fairness violation levels, e.g., 0.02.

5.3 Domain generalization through FERMI

In our last experiment, our goal is to showcase the efficacy of FERMI in stochastic optimization with
neural network approximation. For this experiment, we consider the Color MNIST dataset (L1 &
'Vasconcelos|, 2019)), where all 60,000 training MNIST digits are colored with different colors drawn
from a class conditional Gaussian distribution with variance ¢ around a certain average color for
each digit, while the test set remains black and white. [Li & Vasconcelos|(2019) show that as o — 0,
a convolutional network model overfits significantly to each digit’s color on the training set, and
achieves vanishing training accuracy. However, the learned representation does not generalize to the
regular black and white test set, in absence of the spurious correlation between digits and color.

Conceptually, the goal of the classifier in this problem is to achieve high classification accuracy with
predictions that are independent of the color of the digit. We view color as the sensitive attribute
in this experiment, and apply fairness baselines for the demographic parity notion of fairness. One
would expect that by promoting such independence through a fairness regularizer generalization
would improve (i.e. lower test error on the black and white test set), at the cost of increased training
error (on the colored training set). We compare against/Mary et al.|(2019), Baharlouei et al.| (2020),
and Cho et al.[(2020b)) as baselines in this experiment.

The results of this experiment are as illustrated in Fig.[3| The details about the dataset and experimental
setup is provided in Appendix [E] In the left panel, we see that with no regularization (A = 0); the
test error is around 80%. As ) increases, all methods achieve smaller test error while training error
increases. We also observe that FERMI offers the best test error in this setup. In the right panel,
we observe that decreasing the batch size results in significantly worse generalization for all three
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Figure 3: Domain generalization on Color MNIST (Li & Vasconcelos, 2019) using in-process fair algorithms
for demographic parity. Left panel: The dashed line is the training error and the solid line is test error. As A
increases, fairness regularization results in a learned representation that is less dependent on color; hence training
error increases while test error decreases (all algorithms reach a plateau around A = 8). We use | B| = 512 for
all baselines. Right panel: We plot test error vs. batch size using an optimized value of A for each algorithm
selected via a validation set. The performance of all baselines drops 10-20% as batch size becomes small
whereas FERMI is relatively insensitive to batch size.

baselines considered (due to their biased estimators for the regularizer). However, the impact is much
less on FERMI. In particular, the performance gap between FERMI and other baselines is more than
20% for | B| = 64. Finally, FERMI with minibatch size | B| = 64 still outperforms all other baselines
with |B| > 1, 000. Finally, notice that the test error achieved by FERMI when o = 0 is ~ 30%, as
compared to more than 50% obtained using REPAIR (Li & Vasconcelos|, 2019) for o < 0.05.

6 Discussion & concluding remarks

In this paper, we studied three variants of a notion of fairness violation, called exponential Rényi
mutual information (ERMI), developed for demographic parity, equalized odds, and equal opportunity
notions of fairness. We showed that ERMI is a strong fairness violation divergence providing upper
bound guarantees on other popular violation divergences, namely Shannon mutual information,
Rényi mutual information (Theorem E[) Pearson correlation, Rényi correlation (Theorem@) ,and L,
distance violation (Theorem 3).

We derived an unbiased estimator for ERMI (Lemma EI), based on which we formulated an empirical
objective for solving fair empirical risk minimization with ERMI regularization
to balance performance and fairness. We provided a stochastic algorithm for solving FERMI
(Algorithm[T)) and proved its convergence (Theorem 3)); for non-binary sensitive attributes, non-binary
target variables, regardless of the batch size. From an experimental perspective, we showed that
FERMI leads to better fairness-accuracy tradeoffs than all of the state-of-the-art baselines on a wide
variety of binary and non-binary classification tasks (for demographic parity, equalized odds, and
equal opportunity). We also showed that these benefits are particularly significant when the number of
sensitive attributes grows or the batch size is small. In particular, we observed that FERMI consistently
outperforms Mary et al.| (2019) (which tries to empirically solve the same objective Eq. (FRMI obj.))
by up to 20% when the batch size is small, suggesting that the unbiasedness of the FERMI estimator
is essential in achieving good empirical performance.

There are several possible explanations for the superior empirical performance of FERMI compared
to baselines. One possible reason is that the objective function Eq. is easier to optimize
than the objectives of competing in-processing methods: ERMI is smooth; and in the discrete case, is
equal to the trace of a matrix (see Theorem[7} appendix), which is easy to compute. Contrast this with
the larger computational overhead of Rényi correlation used by Baharlouei et al.| (2020)), for example,
which requires finding the second singular value of a matrix. Furthermore, the sample complexity of
estimating Rényi mutual information of order 2 (and consequently that of ERMI) scales as @(m )
as compared to Shannon mutual information which scales as O(|S|/ log |S|) (Acharya et al., 2014).
Moreover, the fact that ERMI is a stronger fairness violation seems to imply that FERMI would
generalize well to other fairness notions, a hypothesis that is supported by our experimental results.
Together, these facts suggest that ERMI serves as an efficient and easily optimizable proxy for these
other fairness notions, making Eq. a good surrogate objective to optimize for all three
notions of fairness considered (demographic parity, equalized odds, and equal opportunity). We leave
it as future work to rigorously understand which of these (or other) factors are most responsible for
the favorable performance tradeoffs observed from FERMI.
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A Existing notions of fairness

Let (Y, )A’, A, S) denote the true target, predicted target, the advantaged outcome class, and the
sensitive attribute, respectively. We review three major notions of fairness.

Definition 6 (demographic parity (Dwork et al.| 2012)). We say that a learning machine satisfies
demographic parity if Y is independent of S.

Definition 7 (equalized odds (Hardt et al., 2016)). We say that a learning machine satisfies equalized
odds, if Y is conditionally independent of S given'Y .

Definition 8 (equal opportunity (Hardt et al.l 2016)). We say that a learning machine satisfies equal
opportunity with respect to A, if Y is conditionally independent of S given Y = y for all y € A.

Notice that the equal opportunity as defined here generalizes the definition in (Hardt et al.| 2016).
It recovers equalized odds if A = ), and it recovers equal opportunity of (Hardt et al., 2016)) for
A = {1} in binary classification.
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B Properties and special cases of ERMI

Notice that ERMI is in fact the y2-divergence between the conditional joint distribution, Py 55 and
the Kronecker product of conditional marginals, py ® ps, where the conditioning is on Z € Z.
Further, y2-divergence is an f-divergence with f(t) = (t — 1)2. See (Csiszér & Shields, 2004}
Section 4) for a discussion. As an immediate result of this observation and well-known properties of
f-divergences, we can state the following property of ERMI:

Remark 6. DR(?; S|Z € Z) > 0 with equality if and only if for all z € Z, Y and S are

conditionally independent given Z = z.

To further clarify the definition of ERMI, especially as it relates to demographic parity, equalized
odds, and equal opportunity, we will unravel the definition explicitly in a few special cases.

First, let Z = 0 and Z = {0}. In this case, Z € Z trivially holds, and conditioning on Z has no
effect, resulting in:

Dﬂﬁsy:Dﬂﬁswezﬁ_

s )i 5)

D R(f/; S) is the notion of ERMI that should be used when the desired notion of fairness is de-
mographic parity. In particular, Dr(Y;S) = 0 implies that x? divergence between Dy g, and the
Kronecker product of marginals, py ® ps is zero. This in turn implies that Y and S are independent,

which is the definition of demographic parity. We note that when Y and S are discrete, this special
case (Z = 0 and Z = {0}) of ERMI is referred to as Xz—information by (Calmon et al.[(2017a).

Next, we consider Z =Y and Z = ). In this case, Z € Z is trivially satisfied, and hence,

DR(?;S\Y) = DR(??S|Z = Z)‘Z:YZZJ’

~ { p?,S\Y(?7S‘Y) }_
Y5 pey (VY )psv (SIY)
Py 51y (U, sly) — Py )y WY)ps)y (sly)
ke

p?|y(§\y)pS|Y(5|y)

I
=

Pyy s(¥. ¥, s)dydy

B Py sy (U sly)° o
= Z/ey/y ) py (y)dydy — 1. (6)

=2 Jyey Jgey Py WlY)ps)y (s sly)”

D R()A/; S]Y") should be used when the desired notion of fairness is equalized odds. In particular,
Dg(Y;S]Y) =0 directly implies the conditional independence of Y and S given Y.
p}77S|Y(Y> S|Y)
Eye.s

s A}1
w1y Y IY)psy (SY)
Pysiy W sly) — pop Wly)ps)y (sly)

/ / Py y (Wly)psyy (sly) Py (v)dydy
2

Finally, we consider Z = Y and Z = A. In this case, we have

DAY S|Y) := Dp(V: 5|2 z‘
AVisY) = DrVisizes)|,

Py sy (T 51y)°
gey Py (Uly)psy (sly)

MM QM

Py sy @ sly)ps (v)dgdy — 1, (D)
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521 where
A
Y

p

(y) = f PY(?/) ®)

y'EA Py (y/)dyl -

s22  This notion is what should be used when the desired notion of fairness is equal opportunity. This
523 can be further simplified when the advantaged class is a singleton (which is the case in binary
s24  classification). If Z =Y and Z = {y}, then

Dr(Y;8|Y =y) = D (¥; S|Y)

B / Py sy (U, sly) — poy WlY)ps)y (sly)
ey Py (Wly)psyy (sly)

P51y (@ sly)di
seS

B / Py sy @ sly)?®

=~ dy — 1. 9)
% Jgey pyy WlY)ps)y (sly)

525 Finally, we note that we use the notation D R(?; S|Y) and D R(}/}; S|Y = y) to be consistent with
s26 the definition of conditional mutual information in (Cover & Thomas, 1991).
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C Relations between ERMI and other fairness violation notions

Proof of Theorem|l} We proceed to prove all the (in)equalities one by one:

e 0T S(SA/; S|Z € Z). This is well known and the proof can be found in any information
theory textbook (Cover & Thomas, |{1991]).

o I (}7, S| ZeZ)<I (?, S|Z € Z). This is a known property of Rényi mutual information,
but we provide a proof for completeness in Lemma 2}

o L(Y;S|Ze2)< el2(ViSIZ€Z) _ 1 This follows from the fact that z < e® — 1.

o l2(ViS)IZe2 _ g — Dr(Y;S|Z € Z). This follows from simple algebraic manipulation.

O

Lemma 2. Let ?, S, Z be discrete or continuous random variables. Then:
(a) Forany «,p € [1,00], IB(?;S|Z €2)>1,(Y:S|Z€2)if8>a

(b) lima 1+ 1(V3 817 € 2) = L(V35) = Bz { Din(vy g5 lIp5); @si2)| Z € 2},
where I1(+; -) denotes the Shannon mutual information and Dy, is Kullback-Leibler diver-
gence (relative entropy).

(¢) Forall a € [1,0), Ia(f/; S|Z € Z) > 0 with equality if and only if for all z € Z, Y and
S are conditionally independent given z.

Proof. (a) First assume 0 < o < 8 < oo and that v, 8 # 1. Define a = o — 1, and b = 8 — 1. Then
the function ¢(t) = t¥/¢ is convex for all t > 0, so by Jensen’s inequality we have:

~ b ~ a b/a
1 Y 1 Y
“log | E (%’SM)> Zez zm;E{<%’Sw)>‘Zez}
b p(Y12)p(812) b p(Y12)p(S]2)
:llog <]E{ <11(Y’S|Z)> ZEZ}).
e p(Y|2)p(S|2)
(10)
Now suppose o« = 1. Then by the monotonicity for « # 1 proved above, we have

L(Y; S) = limg_y - I(Y; S) = SuPue(o,1) Ia(i;;S) < infasq In(Y; S). Also, IOO(),};S) =
lima—s o0 Ia(}/}; S) = sup,~g Ia(}?; S).
(b) This is a standard property of the cumulant generating function (see (Dembo & Zeitouni, 2009)).

(c) It is straightforward to observe that independence implies that Rényi mutual information vanishes.
On the other hand, if Rényi mutual information vanishes, then part (a) implies that Shannon mutual
information also vanishes, which implies the desired conditional independence. O

Proof of Theorem |2} The proof is completed using the following pieces.

e 0 < |p(Y,S|Z € Z)| < pr(Y,S|Z € Z). This is obvious from the definition of
pr(Y,S|Z € Z).
e pr(Y,S|Z € Z) < Dr(Y;S|Z € Z). This follows from Theorem

o Notice that if |S| = 2, Theoremimplies that Dp(Y;8|Z € Z) = pr(Y, S|Z € 2).
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Theorem 7. Suppose that S = [k] Let the k x k matrix P be defined as P = {Py;}; jc[k)x [k}, Where
Py s (v, )pf/ﬂ(y)j)) d

el Vps(i)ps(j /yey< Py (y)

Letl =01 > 09 > ... > 0 > 0 be the eigenvalues of P. Then,
pr(Y,S) = o9, (12)

(1)

Dp(YViS)=Te(P)—1=) o, (13)

Proof. Eq. (12) is proved in (Witsenhausen, [1975] Section 3). To prove Eq. (I3), notice that

=> Py

i€[k]

\

=3

Q|

=
e
m

<
VRS

-\ 2
2% y 2
Y,S(y ) ) dy

Py (y)

which completes the proof. O

Proof of Theorem [3] It suffices to prove the inequality for L, as L, is bounded above by L; for
all ¢ > 1. The proof for the case where Z = 0 and Z = {0} follows from the following set of
inequalities:

L(V,8|Z € 2) = Z/

seSYYEY

\Mwy, Py (s (s)|
/ \/ Py (¥)ps(s dy (15)
yeY (y)ps(s)

’P?,s(y, s) — p?(y)ps(s)‘ dy (14)

seS
py 5, s) — Py (y)ps(s))?
<<;/“’”@M§Lx by WIps(5) »
(16)
(P 5y, 5) — Py (y)ps(5))?
- ;S/?JGy ( py (y)ps(s) ) W (17
= \/Dr(Y3;S), (18)

where Eq. (I6) follows from Cauchy-Schwarz inequality, and Eq. (I8) follows from Lemma [3]
The extension to general Z and Z is immediate by observing that p(Y, S|Z € 2Z) =

]EZ{ (Y,S|Z)‘Ze z], pr(Y.8|Z € 2) = Ey [pR(Y,S|Z)‘Z6 Z] and Dp(V,S|Z €
Z)=E, [DR(T/, S|Z)‘ Ze z].
0

Lemma 3. We have

Da(P: ) = Z/ey ((p?,s(y,s) —p?(y)ps(s))2> oy, (19)
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Proof. The proof follows from the following set of identities:

Py s(,8) =y (Wps(s))®) (pp (s 5))?
2, L ( pr Wps(s) ) W=2, [

_22/ pysy7 y

seS

+> / pe(Yps(s)dy — (20)

seS yey
s (Y, S
—E {pyf()} -1 1)
Py (Y)ps(S)
= Dp(Y:S). (22)
O

Next, we present some alternative fairness definitions and show that they are also upper bounded by
ERMI.

Definition 9 (conditional demographic parity L., violation). Given a predictor Y supported on )
and a discrete sensitive attribute S supported on a finite set S, we define the conditional demographic
parity violation by:

dp(Y|S) := sup max pg 5(7s) — py (7)| (23)
yey GS

First, we show that cﬁ)(f/|5) is a reasonable notion of fairness violation.

Lemma 4. d})(ﬂS) = 0 iff (ifand only if) Y and S are independent.

Proof. By definition, dp(Y'|S) = 0iff forall j € ¥, s € S, pg 4(J]s) = pe(9) iff Y and S are
independent (since we always assume p(s) > 0 for all s € S). O

Theorem 8 (ERMI is stronger than conditional demographic parity L., violation). Let Y bea
discrete or continuous random variable supported on Y, and S be a discrete random variable
supported on a finite set S. Denote 2™ := minges ps(s) > 0. Then,

L Dr(Y:59). (24)

0<dp(Y|S) <

min
S

Proof. The proof follows from the following set of (in)equalities:

dp(715))" = @) 25
(40(¥15))" = sup max (p55(7) — 05 3)) 25)
1 R 2
<% mm)2 Sup max (py s(0s) - p?(y)ps(S))) (26)
2
mln / Z pY S y, pA (@\)ps(s))) (27)
VeV ses
= Y;S 28
(prsr}ln)z ( ) ( )
where Eq. (28) follows from Theorem 3] O

Definition 10 (conditional equal opportunity L., violation (Hardt et al.,[2016)). Let Y, Y take values
inY and let A C Y be a compact subset denoting the advantaged outcomes (For example, the
decision “to interview" an individual or classify an individual as a “low risk" for financial purposes).

20



593 We define the conditional equal opportunity L violation of Y with respect to the sensitive attribute
s94 S and the advantaged outcome A by

co(Y|S,Y € A) :=Ey {gug)}meag Py sy (Uls,Y) —pﬂy(gﬂY)‘ Y e A} : (29
yey * ’

595

s96 Theorem 9 (ERMI is stronger than conditional equal opportunity L., violation). Let 17, Y, be
597 discrete or continuous random variables supported on ), and let S be a discrete random variable
598 supported on a finite set S. Let A C ) be a compact subset of .

min

s99  Denote pg’) = minses,yea ps|y (s|y). Then,

~ 1 =

0<e(Y[S,Y € A) < H\/DR(Y; S|Y € A). (30)
Dg|a

600

601 Proof. Notice that the same proof for Theorem 8| would give that for all y € A:

0 < supmax |pg gy (715,9) — pyyy (Gly)| = €o(V]S,Y =)
geY SES

< - DR(?MS‘Y =y)
Pgjy (v)

< Dr(Y;S|Y =y).

— ,,min

sic

602 Hence,
&o(V]S,Y € A) = By { &(Vs, Y)‘ Y e A}

<Ry { V/Dr(¥; sm‘ Y e A}

Psia

1 ~

<— \/Ey { Dr(¥3817)| v € A}
Ps|a

1

S| A

VDr(V: S|y € A),

603 where the last inequality follows from Jensen’s inequality. This completes the proof. O
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D FERMI: objective and algorithm

Proof of Theoremf Let W* € arg maxyy, cprxm — Tr(WP;WT) + 2 Te(W Py s Ps 1/2) We will
compute W* and plug it in the RHS of Eq. (4) to show the equality in Eq. {). Setting the derivative
of the expression on the RHS equal to zero leads to:

—2WP;+ 2P ?PL =0 = W* =P PI P72

y,s7 s

Plugging this expression for W*, we have

max — Te(WP;WT) + 2 Te(WP; P )

WeRern
= —Te(P; V2 Pf P PP POV + 2T (P VP PL P PP P
—T‘I'(P_l/QPT P 1P P_1/2)
Y5~y

= Tr(P; ' P} Py 1P@5).
Writing out the matrix multiplication explicitly in the last expression, we have
PRI PPy = UV,

where U; j = s (i) 'Dy ¢(4, 1) and Vi j = gy (4) Py (4, 9), for i € [K], j € [m]. Hence

max — Tr(WP;WT) + 2Te(WP; Py Y/?) = Te(UVT)

W eRkxm
_ Z Z pYS ja

]JG m]

which completes the proof. O

Next, we move to the statement and proof of the precise version of Theorem[5] We first recall some
basic definitions:

Definition 11. A function f is 3-smooth if for all u,u’, we have |V f(u) — V f(u)| < B|jlu — |
Definition 12. A point 0 is an e-stationary point of a differentiable function ® if |V®(0)|| < e.
Assumption 1. e [ is twice differentiable, L-Lipscthiz, and B;-smooth in 0.

o [VoPyllz := [IVo vee(Py)ll2 < L, and masicqmy Vo (P)a) |2 < L,
o maxic g [IV3 (Py)ill2 < By,

o |VoP] ll2 := |V vec(PL )|z < Lys and maxicpm jeps 1Yo (Pgs)im) ll2 < Lys

¢ MaXjem],jelk] IV30(Pgs)sllz < By,s-
Theorem 10 (Premse statement of Theorem[5). Denote

78 Z 0(x4, ;0 +)\< Te(WP,WT) + 2 Te(W Py, P7Y/2) — 1).
ZE[N]
Set W := Br(0,2D) C REX™ (Erobenius norm ball of radius 2D), D = L\/L Denote
Dy pyin

Ag = ©(6y) — ming ®(0), where ®(0) := maxwew f(0,W). In Algorithm- choose the step-
sizes as ng = O(1/x*B) and nw = O(1/8) and mini-batch size as M = © (max {1, :‘€0'26_2})
Then under Assumption|[I] the iteration complexity of Algorithm[I|to return an e-stationary point of f

is bounded by
o (KQBA@ + K52D2>

€2

22



627 which gives the total stochastic gradient complexity of

@ <(ﬁ2ﬂAq> * Kﬁ2D2> max {1, /€026_2}> )

€2

628 Where

B =B +8\D?B, + 4\

fkd/zpﬁys) YoN+4N (DL, +

Ly
—92) Ammy
K= 5/#7

Amin
Ps

2
. 2
o2 =2 (Lg + QALyDQ +4X FLyg> +2 (2/\D + Q(ﬁgnln)fl/Qm)

629 The theorem follows from Theorem 4.5 in (Lin et al.,|2020) combined with the following technical
630 lemmas. We assume Assumption[I[holds for the remainder of the proof of Theorem [I0}

631 Lemma 5. Let

(6 Z 0(xi,y:; 0 (— To(WPWT) + 2 Te(W Py, P72) — 1)
ZG[N]
_ 1 0, W, )
- N g ) b X'L? yl
1€[N]
632 Then
633 1. f is B-smooth, where B = p; + 8AD?B, + 4)\\/W (\/ﬁk3/2Dﬂys) + 2\ +
634 4\ (DLy + \/LPT> .
635 2. f(0,-)is 2/\ﬁgli“-str0ngly concave for all 6.
636 3. [W*||p < D, where D is as defined in Theorem[I0]and W* € arg maxyy cpexm denotes
637 any maximizer of (0, W).

Proof. By Assumption (I} g is twice continuously differentiable. Hence for part 1, it suffices to
upper bound the spectral norm of the second derivative of g(-, -, z) by § for all z = (x,y), where
we vectorize and then differentiate with respect to w := vec W and/or 0, so that the resulting first
and second derivatives are always vectors or a matrices (not tensors). Notice that g(0,w,z) =

0(z,0) — \w” (Py @ T)w + 2A(vec(W))T Py, Py /* — Xand

2 _ ( Vie9(0,w,2) Vgu,g(e w,2)
VZg(0,w,2) = (Vweg(o .Z) V2 .,90,w,z) )"

Further, by the definition of operator norm, we have
IV29(0,w,2)|l2 < [[V509(0,w,2) |2 + 2| V3,9(0,w,2)||2 + [ V2,,9(0,w, 2)| 2.

638 Now we vectorize all matrices and then compute derivatives of g with respect to 6 and vec(W):
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Vog(0,w,z) = Vl(z,0) —2)\V, vec(Pg)T vec(WTW) +2\Vy vec(Pg,s)T vec(WTPS_l/Q)

(31)
= Vol(z,6) — 2 Z W2 Vo ((Py)i)
le[m] i€ k]
F20 | D Wii(Ve (Pys)sa) (P Y2)ia] 5 (32)
j€lm] i€[k]
Vwg(0,w,z) = —2AW Py + 2AP71/?PL . (33)

639 Differentiating again yields:

Vfuwg(O, w,z) = —2\P; @ I;

V299(9 w Z) _ gag(05w7z)

_ — _o\(I P+ 2X(1,, ® P72 PI;
TR A1y, @ W)Vg Py 4 2A(In, ® P7Y/?)Vg vee(PL);

Vg()g(eﬂ w,z) = ng(z, 6) — 2 Z Wi2,lv§0 ((Pﬂ)l’l)
le[m],i€[k]

+24 Z Wivj (Vge (P:US)J',Z') (Ps_1/2)i,i
J€[m] i€lk]

s40 Then to establish part 1, use Assumption m Clairaut’s theorem, the definitions of the matrices
e41 and fact that their entries are in [0, 1], the relations ||ABll2 < ||A|l2||Bll2 and ||vecW|; <

e2  Vmkl| vecW|a = vVmk||W]||r, and the fact that ||A ® Bl|s = ||Al|2||Bl|2 to bound the spec-
643 tral norm of each second derivative above.

ss4 The strong concavity statement follows by noticing V2 g(6,W) =< —pul iff P; = £ 1 iff
645 minie[m] pg(’t) > %

es6  Part 3 follows from the expression for W* in the proof of Theorem 4] O

647 Lemma 6. Consider [ and g as defined above. Then we have

E,Vg(0,W,z) =V f(0,W),
D

2
—/ mkL s
/ﬁ;nln Y

2
)

E,||Vg(8,W,z) — Vf(0,W)|2 <2 (Lg +2)\L, D? + 4\
+2 (2>\D + 2(ﬁ§“i“)_1/2\/mk)
s48  where both expectations are with respect to the empirical distribution on {z;};c[n-
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es9  Proof. The first statement is obvious. The second follows from Eq. (32)) in the proof of Lemma[5]
650 since

N N
1 1
=+ 2 IVa@. W25 = 55 D (Va(6, W, 2), Vg (6, W, 2))
i=1 i,j=1
< 2sup||Vg(6, W, 2;)|3

< 2sup {||Vog(6, W,2)||> + || Vwg(8, W,2)|*}

< 2S11p{
z

+20 | D Wii(Ve (Pys)j) (P %)
j€lml.ic[k]

Vol(z,0) —2X | Y W2 Ve ((Py))

le[m],i€[k]

2
+2 H—Z)\WPg + 24P 2L ||

est  Then use Assumption [T]and basic norm inequalities to bound the norm of each term. O
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E Experiment details & additional results

E.1 Model description

For all the experiments, the model’s output is of the form O = softmax(Wz + b). The model outputs
are treated as conditional probabilities p(y = i|x) = O; which are then used to estimate the ERMI
regularizer. We encode the true class label Y and sensitive attribute S using one-hot encoding. We
define £(-) as the cross-entropy measure between the one-hot encoded class label Y and the predicted
output vector O.

We use logistic regression as the base classification model for all experiments in Fig.[T] The choice
of logistic regression is due to the fact that all of the existing approaches demonstrated in Fig. |1} use
the same classification model. The model parameters are estimated using the algorithm described in
Algorithm[I] The trade-off curves for FERMI are generated by sweeping across different values for
A € ]0,10000]. The learning rates 7y, 1),, is constant during the optimization process and is chosen
from the interval [0.0005, 0.01] for all datasets. Moreover, the number of iterations 7" for experiments
in Fig. [T]is fixed to 2000. Since the training and test data for the Adult dataset are separated and
fixed, we do not consider confidence intervals for the test accuracy. We generate ten distinct train/test
sets for each one of the German and COMPAS datasets by randomly sampling 80% of data points as
the training data and the rest 20% as the test data. For a given method in Fig. |1} the corresponding
curve is generated by taking the average test accuracy on 10 training/test datasets. Furthermore,
the confidence intervals are estimated based on the test accuracy’s standard deviation on these 10
datasets.

To perform the experiments in Sec. [5.2] we use a a linear model with softmax activation. The
model parameters are estimated using the algorithm described in Sec.[5] The data set is cleaned
and processed as described in (Kearns et al.,[2018). The trade-off curves for FERMI are generated
by sweeping across different values for \ in [0, 100] interval, learning rate 7 in [0.0005, 0.01], and
number of iterations T in [50, 200]. The data set is cleaned and processed as described in (Kearns
et al., 2018)).

For the experiments in Sec. we create the synthetic color MNIST as described by |L1 & Vascon{
celos|(2019). We set the value o = 0. In Fig. [3] we compare the performance of stochastic solver
(Algorithm [I)) against the baselines. We use a mini-batch of size 512 when using the stochastic solver.
The color MNIST data has 60000 training samples, so using the stochastic solver gives a speedup
of around 100x for each iteration, and an overall speedup of around 40x. We present our results on
two neural network architectures; namely, LeNet-5 (Lecun et al.,[1998)) and a Multi-layer perceptron
(MLP). We set the MLP with two hidden layers (with 300 and 100 nodes) and an output layer with
ten nodes. A ReL.U activation follows each hidden layer, and a softmax activation follows the output
layer.

Some general advice for tuning A: Larger value for A generally translates to better fairness, but one
must be careful to not use a very large value for A as it could lead to poor generalization performance
of the model. The optimal values for A, 7, and 7" largely depend on the data and intended application.
We recommend starting with A ~ 10. In Appendix [E.4] we can observe the effect of changing X on
the model accuracy and fairness for the COMPAS dataset.

E.2 More comparison to (Mary et al., 2019)

The algorithm proposed by Mary et al.|(2019) backpropagates the batch estimate of ERMI, which is
biased especially for small minibatches. Our work uses a correct and unbiased implementation of a
stochastic ERMI estimator; Furthermore, they do not establish any convergence guarantees, and in
fact their algorithm does not converge. See Fig. [ for the evolution of training loss and test accuracy
on setup of Table 1 in (Mary et al., 2019).

E.3 Performance in the presence of outliers & class-imbalance

We also performed an additional experiment on Adult (setup of Fig[T)) with a random 10% of sensitive
attributes in training forced to 0. FERMI offers the most favorable tradeoffs on clean test data,
however, all methods reach a higher plateau (see Fig[5). The interplay between fairness, robustness,
and generalization is an important future direction. With respect to imbalanced sensitive groups, the

26



703
704

705

706
707
708
709
710
71
712
713

714

715
716
7
718

I T
6 —— Mary et al. 0.9 ‘ ‘

—— FERMI

p g
o 41 e
- 3
c g
< g
[= 5 2
] [

0.6 Il — Mary etal. |

—— FERMI
- T | | :
0 250 500 750 1000 0 250 500 750 1000
Epochs Epochs

Figure 4: (Mary et al.l|2019) fails to converge to a stationary point whereas our stochastic estimator easily
converges

experiments in Fig |Z| are on a naturally imbalanced dataset, where max.cs p(s)/ minses p(s) > 100 for
3-18 sensitive attrib, and FERMI offers the favorable tradeoffs.

0.11
- k M Hardt et al., 2016
=0.10 BZafar et al., 2017
= \ W Donini et al., 2018
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Figure 5: Comparing FERMI with other methods in the presence of outliers (random 10% of sensitive attributes
in training forced to 0. FERMI achieves better trade-off.

E.4 Effect of hyperparameter )\ on the accuracy-fairness tradeoffs

We run ERMI algorithm for the binary case to COMPAS dataset to investigate the effect of hyper-
parameter tuning on the accuracy-fairness trade-off of the algorithm. As it can be observed in Fig. [6}
by increasing A from 0 to 1000, test error (left axis, red curves) is slightly increased. On the other
hand, the fairness violation (right axis, green curves) is decreased as we increase A to 1000. Moreover,
for both notions of fairness (demographic parity with the solid curves and equality of opportunity
with the dashed curves) the trade-off between test error and fairness follows the similar pattern. To
measure the fairness violation, we use demographic parity violation and equality of opportunity
violation defined in Section equation [3]for the solid and dashed curves respectively.

E.5 Complete version of Figure 1 (with pre-processing and post-processing baselines)

In Figure [T] we compared FERMI with several state-of-the-art in-processing approaches. In the
next three following figures we compare the in-processing approaches depicted in Figure [T| with
pre-processing and post-processing methods including (Hardt et al.| [2016}; [Kamiran et al.l [2010;
Feldman et al., 2015)).
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Figure 6: Tradeoff of fairness violation vs test error for FERMI algorithm on COMPAS and Adult datasets.
The solid and dashed curves correspond to FERMI algorithm under the demographic parity and equality of
opportunity notions accordingly. The left axis demonstrates the effect of changing A on the test error (red curves),
while the right axis shows how the fairness of the model (measured by equality of opportunity or demographic
parity violations) depends on changing A.
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Figure 7: Tradeoff of demographic parity violation vs test error for FERMI algorithm on COMPAS, German,
and Adult datasets.

E.6 Description of datasets

All of the following datasets are publicly available at UCI repository.

German Credit Datasetﬂ German Credit dataset consists of 20 features (13 categorical and 7
numerical) regarding to social, and economic status of 1000 customers. The assigned task is to
classify customers as good or bad credit risks. Without imposing fairness, the DP violation of the

*https://archive.ics.uci.edu/ml/datasets/statlog+(german+tcredit+data)
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Figure 8: Tradeoff of equalized odds violation vs test error for FERMI algorithm on COMPAS, German, and
Adult datasets.

trained model is larger than 20%. We choose 80% of customers as the train data and the remaining
20% customers as the test data. The sensitive attributes are gender, and marital-status.

Adult Datasetﬂ Adult dataset contains the census information of individuals including education,
gender, and capital gain. The assigned classification task is to predict whether a person earns over
50k annually. The train and test sets are two separated files consisting of 32, 000 and 16, 000 samples
respectively. We consider gender and race as the sensitive attributes (For the experiments involving
one sensitive attribute, we have chosen gender). Learning a logistic regression model on the training
dataset (without imposing fairness) shows that only 3 features out of 14 have larger weights than
the gender attribute. Note that removing the sensitive attribute (gender), and retraining the model
does not eliminate the bias of the classifier. the optimal logistic regression classifier in this case is
still highly biased. For the clustering task, we have chosen 5 continuous features (Capital-gain, age,
fnlwgt, capital-loss, hours-per-week), and 10, 000 samples to cluster. The sensitive attribute of each
individual is gender.

Communities and Crime Datasetﬂ The dataset is cleaned and processed as described in (Kearns
et al., 2018)). Briefly, each record in this dataset summarizes aggregate socioeconomic information
about both the citizens and police force in a particular U.S. community, and the problem is to predict
whether the community has a high rate of violent crime.

COMPAS Datasetﬁ Correctional Offender Management Profiling for Alternative Sanctions (COM-
PAS) is a famous algorithm which is widely used by judges for the estimation of likelihood of
reoffending crimes. It is observed that the algorithm is highly biased against the black defendants.

*https://archive.ics.uci.edu/ml/datasets/adult,
Shttp://archive.ics.uci.edu/ml/datasets/communities+and+crime
Shttps://www.kaggle.com/danofer/compass
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Figure 9: Tradeoff of equality of opportunity violation vs test error for FERMI algorithm on COMPAS, German,
and Adult datasets.

The dataset contains features used by COMPAS algorithm alongside with the assigned score by the
algorithm within two years of the decision.

Colored MNIST Dataset[/| We use the code by [Li & Vasconcelos|(2019) to create a Colored MNIST
dataset with o = 0. We use the provided LeNet-5 model trained on the colored dataset for all baseline

models of Baharlouei et al.| (2020); Mary et al| (2019)); [Cho et al.] (2020b) and FERMI, where we

further apply the corresponding regularizer in the training process.

"https://github.com/JerryYLi/Dataset-REPAIR/
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750 F Anonymized code for experiments

751 The anonymized code for all of the experiments in this paper is available on Dropbox:
752 |https://www.dropbox.com/sh/516cm8olqOidpsd/AADDOLOcPWpx4 AAhzsEKFTOca?dl=0
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