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ABSTRACT

We show that the Rademacher complexity-based approach can generate non-
vacuous generalisation bounds on Convolutional Neural Networks (CNNs) for
classifying a small number of classes of images. The development of new con-
traction lemmas for high-dimensional mappings between vector spaces for general
Lipschitz activation functions is a key technical contribution. These lemmas extend
and improve the Talagrand contraction lemma in a variety of cases. Our generalisa-
tion bounds are based on the infinity norm of the weight matrices, distinguishing
them from previous works that relied on different norms. Furthermore, while prior
works that use the Rademacher complexity-based approach primarily focus on
ReLLU DNN:Ss, our results extend to a broader class of activation functions.

1 INTRODUCTION

Deep models are typically heavily over-parametrized, while they still achieve good generalization
performance. Despite the widespread use of neural networks in biotechnology, finance, health science,
and business, just to name a selected few, the problem of understanding deep learning theoretically
remains relatively under-explored. In 2002, Koltchinskii and Panchenko (Koltchinskii & Panchenko,
2002) proposed new probabilistic upper bounds on generalization error of the combination of many
complex classifiers such as deep neural networks. These bounds were developed based on the general
results of the theory of Gaussian, Rademacher, and empirical processes in terms of general functions
of the margins, satisfying a Lipschitz condition. However, bounding Rademacher complexity for deep
learning remains a challenging task. In this work, we present new upper bounds on the Rademacher
complexity in deep learning, which differ from previous studies in how they depend on the norms of
the weight matrices. Furthermore, we demonstrate that our bounds are non-vacuous for CNNs with a
wide range of activation functions.

1.1 RELATED PAPERS

The complexity-based generalization bounds were established by traditional learning theory aiming
to provide general theoretical guarantees for deep learning. (Goldberg & Jerrum, [1993)), (Bartlett
& Williamson, [1996)), (Bartlett et al., |[1998b) proposed upper bounds based on the VC dimension
for DNNs. (Neyshabur et al.,|2015) used Rademacher complexity to prove the bound with explicit
exponential dependence on the network depth for ReLLU networks. (Neyshabur et al.,[2018)) and
(Bartlett et al.;2017) uses the PAC-Bayesian analysis and the covering number to obtain bounds with
explicit polynomial dependence on the network depth, respectively. (Golowich et al.|[2018)) provided
bounds with explicit square-root dependence on the depth for DNNs with positive-homogeneous
activations such as ReLU.

The standard approach to develop generalization bounds on deep learning (and machine learning) was
developed in seminar papers by (Vapnikl|1998)), and it is based on bounding the difference between
the generalization error and the training error. These bounds are expressed in terms of the so called
VC-dimension of the class. However, these bounds are very loose when the VC-dimension of the
class can be very large, or even infinite. In 1998, several authors (Bartlett et al., |1998a; [Bartlett
& Shawe-Taylor, [1999) suggested another class of upper bounds on generalization error that are
expressed in terms of the empirical distribution of the margin of the predictor (the classifier). Later,
Koltchinskii and Panchenko (Koltchinskii & Panchenko, [2002) proposed new probabilistic upper
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bounds on the generalization error of the combination of many complex classifiers such as deep
neural networks. These bounds were developed based on the general results of the theory of Gaussian,
Rademacher, and empirical processes in terms of general functions of the margins, satisfying a
Lipschitz condition. They improved previously known bounds on generalization error of convex
combination of classifiers. Generalization bounds for deep learning and kernel learning with Markov
dataset based on Rademacher and Gaussian complexity functions have recently analysed in (ITruong,
20224d). Analysis of machine learning algorithms for Markov and Hidden Markov datasets already
appeared in research literature (Duchi et al., 201 1;Wang et al., [2019} [Truong}, [2022c).

In the context of supervised classification, PAC-Bayesian bounds have been used to explain the
generalisation capability of learning algorithms (Langford & Shawe-Taylor, 2003; McAllester, [2004;
A. Ambroladze & ShaweTaylor, |2007). Several recent works have focused on gradient descent
based PAC-Bayesian algorithms, aiming to minimise a generalisation bound for stochastic classifiers
(Dziugaite & Roy., 2017;|W. Zhou & Orbanz.,2019; Biggs & Guedjl 2021). Most of these studies
use a surrogate loss to avoid dealing with the zero-gradient of the misclassification loss. Several
authors used other methods to estimate of the misclassification error with a non-zero gradient by
proposing new training algorithms to evaluate the optimal output distribution in PAC-Bayesian bounds
analytically (McAllester,|1998; |Clerico et al.,2021bza). Recently, (Nagarajan & Kolter, |2019) showed
that uniform convergence might be unable to explain generalisation in deep learning by creating some
examples where the test error is bounded by ¢ but the (two-sided) uniform convergence on this set of
classifiers will yield only a vacuous generalisation guarantee larger than 1 — ¢ for some § € (0,1).
This result is derived from evaluating the bounds presented in (Neyshabur et al.l 2018)) and (Bartlett
et al.| 2017). There have been some interesting works which use information-theoretic approach to
find PAC-bounds on generalization errors for machine learning (Xu & Raginskyl [2017 |[Esposito
et al.| 2021) and deep learning (Jakubovitz et al., 2018).

1.2 CONTRIBUTIONS
More specifically, our contributions are as follows:

* We develop new contraction lemmas for high-dimensional mappings between vector spaces
which extend and improve the Talagrand contraction lemma for many cases.

* We apply our new contraction lemmas to each layer of a CNN.

» We validate our new theoretical results experimentally on CNNs for MNIST image classifi-
cations, and our bounds are non-vacuous when the number of classes is small.

As far as we know, this is the first result which shows that the Rademacher complexity-based approach
can lead to non-vacuous generalisation bounds on CNNss.

1.3 OTHER NOTATIONS

Vectors and matrices are in boldface. For any vector x = (21, za,- - ,x,) € R™ where R is the field
of real numbers, its induced-LP norm is defined as

n 1/p
Il = (la?) m
k=1
The j-th component of the vector x is denoted as [x|; for all j € [n].

For A € R™*"™ where

aii, a2, T Q1n
az1, Q22, ', Q2p

A= . . _ ) (2)
aml, Am2, -, Gmn

we defined the induced-norm of matrix A as

A
1A g = sup 1AX]a
b Tl

3
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For abbreviation, we also use the following notation

[Allp == 1 Allp.p- )
It is known that
Al = ;g]agnz as )
[Allz = \/Amax (AAT), (6)
[N 12@;12%\ @)

where /\maX(AAT) is defined as the maximum eigenvalue of the matrix AAT (or the square of the
maximum singular value of A).

2 CONTRACTION LEMMAS IN HIGH DIMENSIONAL VECTOR SPACES

First, we recall the Talagrand’s contraction lemma.

Lemma 1 (Ledoux & Talagrand, 1991, Theorem 4.12) Let H be a hypothesis set of functions
mapping from some set X to R and 1) be a u-Lipschitz function from R — R for some 1 > 0. Then,

for any sample S of n points x1,Xo, -+ , X, € X, the following inequality holds:
1 n
Ec | sup |— gi(oh)(x; }SQM]E [Sup’ eih(x; }, ®)
Lol eenef] <am 5
where e = (£1,€2,- -+ ,&,), and {&;}_, is a sequence of i.i.d. Rademacher random variables (taking

values +1 and —1 with probability 1/2 each) independent of {x;}.

In Theorem 2 below, we present a new version of Talagrand’s contraction lemma for the high-
dimensional mapping ) between vector spaces. The proof of the this theorem is provided in

Appendix [A.T]
Theorem 2 Let H be a set of functions mapping from some set X to R™ for some m € Z,. and
L = {1q : ¥a(z) = ReLU(z) — aReLU(—z) Yz € R,a € [0,1] } )
where ReLU (z) = max(z, 0).
Forany > 0, let ¢ : R — R be a u-Lipschitz function. Define

Y = {HU{—h:he’H}, if ¥ —(0) is odd 10)
T AHU{=h:heHYU{|h|:heH}, if —(0) others
Then, it holds that
e [ vt ]
1 & 1
< w(u)}Ee[hselﬁ 2=t |+ el (1)

where

I if ¥ —(0) is odd or belongs to L
y(p) = 21, i b —1(0) is even . (12)
3u, if ¥ —1(0) others

Here, we define 1(x) := (¢ (21),9(w2), -+, 0(wm))" forany x = (x1, 22, ,2m)" € R™
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Remark 3 Some remarks are in order.

e Identity, ReLU, Leaky ReLU, Parametric rectified linear unit (PReLU) belong to the class of
Sfunctions L.

 If ¢ is odd or belongs to L, then 1¥(0) = 0. Therefore, Theorem improves Lemmal|l|in
the special case where m = 1. This enhancement is achieved by leveraging the unique
properties of certain function classes.

* Our results are based on a novel approach, which shows that tighter contraction lemmas
can be obtained when both the class of functions H and the activation functions possess
certain special properties. More specifically, in this work, we extend the class of functions
‘H by adding more functions, resulting in a new class H ., which possesses certain special
properties. Additionally, we restrict the class of activation functions to LU {¢) : R = R :

Y(z) — p(0) = —(¢(—z) — (0)), Vo € R}.
Now, the following result can be easily proved (See Appendix [A.6).

Theorem 4 Let G be a class of functions from R” — R? and V be a class of matrices W on RP*1
such that supwy cy [|[Wl|se < v. Then, it holds that

25 Wf Xz Zez Xz

} < VE. {sup
feg

]EE[ sup sup } (13)

WeV feg

3 RADEMACHER COMPLEXITY BOUNDS FOR CONVOLUTIONAL NEURAL
NETWORKS (CNNS)

3.1 CONVOLUTIONAL NEURAL NETWORK MODELS

Letdy,d1, - ,dr,dr+1 be a sequence of positive integer numbers such that dy = d for some fixed
d € Z.. We define a class of function F as follows:

F={f=frofr10-ofiofo:fi €G C{g :R% - R%} Vie{1,2,--- L},
(14)

where fo : [0,1]¢ — R% is a fixed function and d;; = M for some M € Z,. A Convolutional
Neural Network (CNN) with network-depth L is defined as a composition map f € F where

fi(x) = 0(W;x), VxeR%, (15)
Here, W, € W, where W; is a set of matrices in R4+1%% and ¢; is a mapping from Réi+1 —y Ri+1,

Given a function f € F, a function g € RM x [M] predicts a label y € [M] for an example x € R?
if and only if

9(f(x),y) > r;lggg(f( x),y") (16)

where g(f(x),y) = Wl f(x) with w, = (0,0,---,0,1,0,---,0).

Y

wy (y)=1

For a training set {x; }}* ;, the co-norm Rademacher complexity for the class function F is defined as

Zsfxz

ni =

]. (17)

3.2 SOME CONTRACTION LEMMAS FOR CNNSs

Based on Theorem [2]and Theorem 4] the following versions of Talagrand’s contraction lemma for
different layers of CNN are derived.
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Definition 5 (Convolutional Layer with Average Pooling) Let G be a class of p-Lipschitz function
o from R — R such that 0(0) is fixed. Let C,Q € Z., {71, 71 }1c[Q) be two tuples of positive integer
numbers, and {W, . € R"*" ¢ € [C],l € [Q]} be a set of kernel matrices. A convolutional layer

with average pooling, C input channels, and ) output channels is defined as a set of Q x C' mappings
U = {1.0,1 € [Q], c € [O]} from R o RI(d=riAD)/mlx[(d=rit+1)/n] sych that

'(/)l,c(X) = Oavg © Ul,c(X)a (18)
where
1 i [(d—ri+1)?/7217}
k=(j—1)72+1 k=[(d—r+1)2/72]—r?+1
Wx € RIG-tD/7i1eE, (19)
and for all x € RdxdxC,
01,c(x) = {Zc(a, b)}g,_bzrl’ (20)
T 1 T 1
fcc(a,b):a(z Zx(a—i—u,b—l—v,c)m,c(u—l—l,v—i—1)). 21
u=0 v=0

Lemma 6 (Convolutional Layer with Average Pooling) Ler F be a set of functions mapping from
some set X to R™ for some m € Z_. Consider a convolutional layer with average pooling defined
in Definition[3] Recall the definition of L in (9). Then, it hold that

i

Z5L¢l c© f Xz)

Ee [sup Sup sup sup
€[Clle[Q] hieY feF

T — 1’(‘[ 1
lo(0)]
< |vy(p) sup sup( I/Vlcu—l—lv—i—l))] [sup e f } ,
00 smp e (XX I s Vo
(22)
where
1, if o0 —0o(0) isodd or belongs to L
v(p) =< 2u, if o—oc(0) iseven . (23)
3u, if o —oc(0) others
Here,

{]—“U{—f:fe]:}7 if 0 —0o(0) isodd
]:+:

FU{-f:feFJ{|fl: feF}, if c—0c(0) others @4

For Dropout layer, the following holds:

Lemma 7 (Dropout Layers) Let 1)(x) is the output of the x via the Dropout layer. Then, it holds

that
:| [ sup

The following Rademacher complexity bounds for Dense Layers.

Zfz¢° X;) Zfzf X;)

[ sup } . (25)

Lemma 8 (Dense Layers) Recall the definition of L in (9). Let G be a class of p-Lipschitz function,
Le.,

lo(z) —o(y)| < ple—yl,  Va,y €R, (26)
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such that o(0) is fixed. Let V be a class of matrices W on R such that supwey [[Wlle < 5.
For any vector X = (11, T2, -+ ,Tq ), we denote by 0(x) := (o(x1),0(x2), -+ ,0(xg))T. Then, it

holds that
Za W) H ]

(1) BEe {sup H Zf—:l

EE{ sup sup
wev feg

|0(0)]
27
] Nl (27)
where
Ly if o —c(0) is odd or belongs to L
y(pw) =< 2u, if o —oc(0) iseven . (28)
3u, if 0 —o(0) others

Remark 9 The convolutional layer with average pooling, dropout layers, and dense layers can be
viewed as compositions of linear mappings and pointwise activation functions. Therefore, Lemmas|6]
[2 and[Sare derived by applying Theorem[2]to the pointwise mappings and TheoremH|to the linear
mappings.

3.3 RADEMACHER COMPLEXITY BOUNDS FOR CNNs

In this section, we show the following result.

Theorem 10 Let

L = {tpa : Ya(x) = ReLU(x) — aReLU(—z) Yz € R,a € [0,1]}. (29)
Consider the CNN defined in Section[3.1|where

[fi(x)]; = 0i(W]ifi1(x)) Vi € [dis]

and o; is pi;-Lipschitz. In addition, fo(x) = [x7, 1], ¥x € R? and x is normalised such that
|%]|oo < 1. Let

K = {i € [L] : layer i is a convolutional layer with average pooling}, (30)

D = {i € [L] : layer i is a dropout layer}. (31)
We assume that there are (); kernel matrices Wi(l) s of size rz(l) X rl(l) for the i-th convolutional layer.
For all the (dense) layers that are not convolutional, we define W ; as their coefficient matrices. In

addition, define

Ti,l Tl

s =) s 35S [0 0) )
le[Qq ]u lv=1

yai =) [|Will i ¢ K. (33)

where
wi, if oy —0;(0) isodd or belongs to L
V(i) = 20, if 07— 0i(0) is even : (34)
3u, if 0, —0;(0) others
Then, the Rademacher complexity, R, (F), satisﬁes

E 51 Xz

Rn(F):=E, [ sup
feF+

=1
< I, (35)
where F, is estimated by the following recursive expression:
Fi*llycvl,i + ‘U\i/(g)‘v i€
Fi= 9§ Fioiyani + 7|U\i/(g)‘7 i¢ (KuD) (36)
Fi—la 1€D

and Fy = 1/%.
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Proof This is a direct application of Lemmas [} [7] and[8] By the modelling of CNNs in Section
it holds that

Fe={f=frofs_10-0fiofo: fi €G C{gi:R" - R4} Vie{l1,2, - k}}

(37)

and F := Fy.
For CNNs, fi(x) = 0;(W;x)) for all I € [L] where W; € W, (a set of matrices) and o; € ¥; where
Uy = {o1:|ou(z) —ou(y)| < mile —yl, Va,y € R} (38)

Then, since |o;|, —o; € ¥y, it is easy to see that

Fi+ CYWiFi-14), vl e [L], 39)
where F;_ is a supplement of F; defined in (24).
Therefore, by peeling layer by layer we finally have

n

= Z eif(xi)

n-
i=1

E. [ sup
fer

] < Fi, (40)

o0

where for each i € [L]

Fi_179ev,i + %7 i€l

Fy= 9 Fayas+ 220, i¢ (KuD) 4D
Fi_q, 1€D
and
1 n
Fr=E [ sup ||— eif(xq) } (42)
j FeEH+ rn’z:zl ( oo

Here, H is the extended set of inputs to the CNN, i.e.,

H. — {fOU{—fO}, if o1 —0'1(0) is odd (43)
- foU{=foy U{lfol}, if o1 —0c1(0) others
Now, for the case o1 — 01(0) is odd, it is easy to see that
1 — 1 —
sup ||— > e&if(x; = H i fo(x; (44)
femn; ()OO n; ()oo
1 n
< HnZsifo(xi) (45)
i=1 2

On the other hand, for the case 01 — 01(0) is general, we have
ol e[S e
n 2 eif(x; = max n 2 eifo(x;

On the other hand, we have

n

iZsilfo(meoo}. (46)

i=1

sup
feH+

9
oo

1 1 1 2
EE[‘n;EifO(Xi> 2] < -~ EeHn;Ez‘fO(Xz) j 47
1 d+1 n
SENDIPBCH (48)
Jj=11i=1
<4t (49)
n
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where {@9) follows from |[fo(x;)];| < 1foralli € [n],j € [d1] when the data is normalised by using
the standard method.

4 GENERALIZATION BOUNDS FOR CNNs

Similarly, we also have
n

’1261‘f0 x; }H] a1 (50)

n
=1

4.1 GENERALIZATION BOUNDS FOR DEEP LEARNING

Definition 11 Recall the CNN model in Section The margin of a labelled example (x,y) is
defined as

my(x,y) = g(f(x),y) - maxg(f(x x),y'), (51)

so f mis-classifies the labelled example (x,y) if and only if my(x,y) < 0. The generalisation
error is defined as P(my(x,y) < 0). It is easy to see that P(my(x,y) < 0) = P(w, f(x) <
max, cy wg,f(x))

Remark 12 Some remarks:

* Since g(f(x),y) > maxy 2, g(f(x),y"), it holds that §( fi.(x,y)) > max, 2, §(fr(x,y"))

for some k € [L] where § is an arbitrary function. Hence, P(my(x,y) < 0) <
P(g(fr(x,y)) > maxy =y, §(fu(x,9"))), so we can bound the generalisation error by
using only a part of CNN networks (from layer 0 to layer k). However, we need to know g.
If the last layers of CNN are softmax, we can easily know this function.

* When testing on CNNZs, it usually happens that the generalisation error bound becomes
smaller when we use almost all layers.

Now, we prove the following lemma.

Lemma 13 Let F be a class of function from X to R™. For CNNs for classification, it holds that

2 1y I 2 (4 ) 52
£ s[5 emstnn] <00z [ [ et | o
where
M(2M —1 M >2
A1) = {21\2 ’ M - 2 43

For M > 2, @]) is a result of (Koltchinskii & Panchenko, [2002, Proof of Theorem 11). We improve
this constant for M = 2. Based on the above Rademacher complexity bounds and a justified
application of McDiarmid’s inequality, we obtains the following generalization for deep learning
with i.i.d. datasets.

Theorem 14 Let v > 0 and define the following function (the v-margin cost):

0, vy<zx
C(z):=L{1—z/y, 0<z<~. 34
1, <0

Recall the definition of the average Rademacher complexity R, (F) in (33) and the definition of
B(M) in B3). Let {(xi,v:)}i—q ~ Pxy for some joint distribution Px, on X x Y. Then, for any
t > 0, the following holds:

{ﬂf € F:P(my(x,y) <0) inf [ ZC my(Xi, ¥i))

76 (0,1]
26(M 2t + /loglog,(2
+ LRH(}') RVAL 0g2 i ]} < 2exp(—2t?). (55)
Y
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Corollary 15 (PAC-bound) Recall the definition of the average Rademacher complexity R.,(F) in
(B3) and the definition of B(M) in (33). Let {(xi,y:)}i—y ~ Pxy for some joint distribution Py, on
X x Y. Then, for any ¢ € (0, 1], with probability at least 1 — ¢, it holds that

n

. 1

+26(M)Rn(]_-)+\/logbg2(271)+\/210g3], Vf e F. (56)
v n noo

Proof This result is obtain from Theorem [14]by choosing ¢ > 0 such that 3 exp(—2t2) = 4.

5 NUMERICAL RESULTS

In this experiment, we use a CNN (cf. Fig. [I) for classifying MNIST images (class O and class 1),
i.e., M = 2, which consists of n = 12665 training examples.

For this model, the sigmoid activation o satisfies o(z) — 0(0) = % tanh (%) which is odd and has
the Lipschitz constant 1/4. In addition, for the dense layer, the sigmoid activation satisfies

|z —yl, Va,y € R. (57)

B~ =

|o(2) = a(y)] <

Hence, by Theorem it holds that R,,(F) < Fj, where
1

2y/n’
Dense layer

1
Fy < ( sup ZZ|W )F1+ NG (59)

l€64]u 1o=1

1
F3 < ZIIWHOOFZ + (58)

The second convolutional layer

1
< ( sup ZZ|W1” (u, v )FO+M, (60)

l€32]u 1o=1

The first convolutional layer

Fy = ,/%. (61)

Numerical estimation of F3 gives R, (F) < 0.00859.
By Corollary [I5| with probability at least 1 — 4, it holds that

P 1Y) <0) f 0" Yi
(my(x,9) < [ ZC (my (%, i)

5 n 6

n

By setting 6 = 5%, v = 0.5, the generalisation error can be upper bounded by
P(mf(x,y) < O) < 0.189492. (63)

For this model, the reported test error is 0.0028368.

Two extra experiments are given in Appendix.
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model = keras.Sequential(

keras.Input(shape=input_shape),

layers.Conv2D(32, kernel_size=(3, 3), activation="sigmoid"),
layers.AveragePooling2D(pool_size=(2, 2)),

layers.Conv2D(64, kernel_size=(3, 3), activation="sigmoid"),
layers.AveragePooling2D(pool_size=(2, 2)),

layers.Flatten(),

layers.Dropout(0.5),

layers.Dense(2, activation="sigmoid"),

Figure 1: CNN model with sigmoid activations

6 COMPARISION WITH GOLOWICH ET AL.’S BOUND (GOLOWICH ET AL.|
2018))

In (Golowich et al.l 2018| Section 4), the authors present an upper bound on Rademacher complexity
for DNNs with ReLLU activation functions as follows:

(H I e { 1o (H L) “{Hlx{lnl/gn}/\/z})

(64)
where W1, Wy, ... /W are the parameter matrices of the L layers.
Now, let I" be the term inside the bracket in (64)), and define
8= mln Wil > 1. (65)

W2
Then, from (64) we have

L 3/4\/—
r>TJ wj||pmm{m“{1’log”} max{l, Llog §} \/f} (66)

ni/4

For the general case, it holds that 5 > 1. Hence, from @ we have

I L
= O<\/;H ||Wj||F)- (67)

As analysed in (Golowich et al.| 2018), this bound improves many previous bounds, including
Neyshabur et al.’s bound [Neyshabur et al.| (2015)), Neyshabur et al.| (2018) which are known to be
vacuous for certain ReLLU DNNs (Nagarajan & Kolter, 2019).

By using Theorem[I0]and Lemma(8] we can show that

1 L
= O(\/;jr_[lujlleloo) (68)

for DNNs with some special classes of activation functions, including ReLLU family and classes of
old activation functions, where 1; is the Lipschitz constant of the j-layer activation function.

In general, the Frobenius norm ||W ;|| of W; can be either larger or smaller than its infinity
norm ||W, ||, depending on the specific case. For example, suppose that W is a sparse matrix
with only one non-zero element ay, in the k-row, for all k& € [d;41]. Then, we have |W,||r =

v/ ZZQ{ lag|? > maxi<g<d,, |ar| = [[W,| . Hence, (68) provides a new way to characterize
the generalisation error in ReLU DNNs, which differ from previous studies in how they depend on
the norms of the weight matrices.

Additionally, our bound in (68) is applicable to a broad range of activation functions. While ReLU
DNNss are primarily considered in the works of (Golowich et al.,[2018)), Neyshabur et al.|(2015), and
Neyshabur et al.|(2018]), our approach extends to many other activation functions as well.

10
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A APPENDIX

A.1 PROOF OF THEOREM 2]
The proof of Theorem 2]is a combination of the following contraction lemmas.

Lemma 16 Let H be a set of functions mapping X to R™ and Hy = HU{|h| : h € H} and
¥ : R — R such that ¢(x) = ReLU(x) — aReLU(—x) Vz for some o € [0,1]. Then, for any
p > 1it holds that

1 n

=3 eih(xy)

n-
i=1

Z Ez"/} p:| E. I:hsel’l}-lzr

Identity, ReLU, Leaky ReLU, Parametric rectified linear unit (PReLU) belong to the class of functions
L:={¢:¢Y(x) = ReLU(z) — aReLU(—x) Vz, forsome « € R}.

[ sup } . (69)
P

heH

Lemma 17 Let H be a set of functions mapping X to R™. Define

Hy=HU{—h:heH]} (70)
For any > 0, let ¢ : R™ — R™ such that |1;(x) — ¢;(x)| < plo; — ac;\7 V(x,x') €
R™ x R™},Vj € [m] and vp — (0) is odd. In addition, 1;(0) does not depend on j. Then, it holds
that
1 n
Ee| sup ||— g (h(x;
SLGEL n; vl ))Hoo:|
1
<u sup eih(x;) } + — sup |¥;(0 (71)
e[hem 2 fJeH’ 0

Here, we define 1(x) := (¥(x1),%(x2), - s (xm))T foranyx = (v1, 29, ,2,m)T € R™.

Then, the following is a direct result of Lemmaby setting v, (x) = ¢ (x;) forall j € [m],x € R™
for some p-Lipschitz function ¢ : R — R.

Corollary 18 Let H be a set of functions mapping X to R™. Define
Hi=HU{—-h:heH}. (72)

For any ji > 0, let ¢ : R — R such that |y(z) — ¥ (2')| < ple — /|, V(z,2') € R x R} and
¥ — (0) is odd. Then, it holds that

B sup 2 ZW <) |
1
confp ] ] oo

Here, we define {(x) := ((a1),9(x2), - s ¥(wm))" foranyx = (x1,22,- - ,2n)" € R™
Lemma 19 Let H be a set of functions mapping X to R™. Define
Hy=HU{—h:heH}U{|h|:heH}. (74)

For any ji > 0, let ¢ : R — R such that |y(z) — ¥ (2')| < ple — /|, V(z,2') € R x R} and
1 —1(0) is even. Then, it holds that

e |7 L ewireen)]
< 2ukEe LSE%) -~ Zeih(xi) ] + %W(O)I- (75)
+ i=1 [e’)

Here, we define 1(x) := (1 (1), ¥ (x2), - , ¥ (xn))T for any x = (v, 22, ,2,,)" € R™.
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Lemma 20 Let H be a set of functions mapping X to R™. Define
Hy=HU{—h:heH}U{|h|:heH}. (76)
Forany ju > 0, let ¢ : R — R such that [¢)(x) — (2')| < ple — 2’|, V(z,2") € R x R}. Then, it

holds that
|:Sup Zglw H:|
1
< 3uE. ih(x; — (¥ (0)]. 77
<o gp [ Seni] |+ Zoivol 7

Here, we define ¢(x) := (¢(21),9(22), - - ,w(xm))Tfor anyx = (1,22, ,am)" €R™

These lemmas are proved in the next appendices.

A.2 PROOF OF LEMMA [14]

Observe that
Y(x) = ReLU (x) — aReLU(—x) (78)
e o e
=3 « > 79)
1 1-
_ ;O‘:H( 2O‘)|x|. (80)
Then, for any p > 1 we have
fIE sup e (h(x; } 81
s 2o
l1+a
< sup eih(x;) }
( 2 ) [he% Z

n

1-— 1
+ ( a)Ee[sup
2 n heH

Z € ‘ h(x;) ‘
i=1
<lg { Zn: h(x;) } (83)
s = sup €l (X )
O W P
where (82) follows from Minkowski’s inequality [Royden & Fitzpatrick] 2010), and (83)) follows from
the fact that |h| € Hy if h € H.

} (82)
p

A.3 PROOF OF LEMMA [T7]

First, we have

e gun |5 vt ]

(sl (e o) ] “[mlyee]]) e
si(Es:Sgg éei@(h(xi))w@)) Oo: [ OH D (85)
< (e fsu :lez-@(h(xi»—w(@)) Oo: +js61£]JEE{(§smj<o>ﬂ) (86)
< s g | Yo vy —v) | ]+ 0017 &7
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where (84) follows from the triangular property of the co-norm|[Royden & Fitzpatrick (2010), and
(B6) follows from Cauchy-Schwarz inequality and the assumption that /;(0) does not depend on j.

Define 1)(x) := )(x) — ¢(0) for all x € R™. Then, we have ¢(0) = 0, and ¢) satisfies [¢);(x) —
Vi (x')| < ply — o] forall x,x" € R™, j € [m]. In addition, by our assumption, ¢ is odd.
Let

U= {¢: R™ = R st. ¥(—x) = —1)(x), [1h;(x) — d(y)| < pla; —y;] Vx,y €R™,j € [m]}.

(33)
It follows that
1 n B
Ec | sup ||— i (h(x; H } (89)
E|:h€7-l n; ( ( )) )
1T -
= —E.| sup sup e (h(x; ] (90)
e | sup sup ; i (h(x4))
< —E. sup sup sup sj<25i1/~1j (h(xl))ﬂ (C2)
N Lse{-1,+1}m je[m] heH i=1
1T . .
= —E. sup  sup sup ZgiSjwj (h(xz))} 92)
n Lse{—1,+1}™ je[m] heH ;=]
1| ~_ )
=-FE sup sup sup » &b (h(x;) } 93)
n E_se{—1,+1}mj€[m]h€7{; i )
1T -~ -
< ~E.| sup sup sup sup Zaiz/}j (h(xl))] (94)
n Lpew se{—1,+1}™ je[m] heH ;3
1 -
< —E¢| sup sup sup Zi?ﬂ/)j(h(xi))} (95)
n Lpew je€[m heH 3

where (93) follows by defining P = (811;17821;2, e ,smqﬁm) forany s € {—1,+1}™, ©4)
follows from the fact that ¢)(3) € W for any fixed s, and ([©@3) follows from the definition of ...

Now, we have

e w0 e (1650

Pew jE[mlheHy )

= E€1,82,~~' En—1 |:E5n |: sup sup sup unfl(huj) + En@[;j (h(xn)):H ’ (96)
bew jelm] heH.

where
n—1
Un—1(h, j) = ZEﬂ/;j(h(Xi)) 97
i=1

Since &,, is uniformly distributed over {—1, 1}, we have

Esn |:Sup Sup sup unfl(hmj) + Enqzj (h(xn)):|
PeW jE[m] het

= 5 (0 sup s (1) + 0 )

Jew jElm] heH

1 o
+3 ( sup sup sup u,—1(h,j) — %(h(xn))) (98)
Gew jelm] heH ¢
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Hence, we have

[ s e 3t

QZJG‘IJ JjE€[m] heH i=1

1 L
— §E517527... n1 {sup sup sup up—1(h,j)+ wj(h(xn))]
Jew jE[m] heH
1 L
+ §]E61,sz,~-- en s [sup sup sup up—1(h,j) — wj(h(xn))} (99)
peW jE€[m] hEH 4

1 ) -
= *Esl,ez,--- En—1 |:sup sup sup unfl(hvj) + w](h(xn))]

2 Jew jelm] heH
1 o
+ §E81,827... - [sup sup sup —up—1(h,j) — wj(h(xn))} (100)
Jew jelm] heH s

1 L
=FEq cpen s [ < sup sup sup un—1(h,j)+ wj(h(xn)))
2\ Jewjelm] heH

1 L
+2(sup sup sup —un—1(h,j) wj(h(xn))>], (101)
Gew jE[m] heH

where (T00) follows from the fact that (—e1, —e2, - -+ , —€,—1) is a tuple of independent Rademacher
random variables which has the same distribution as (e1,&2, -+ ,€n—1).

Now, given any j € [m] and ¢ € ¥ we have

sup up—1(h,j) + ¢, (h(xn))

hEH+
= sup un—1(—h,j) + ;i (~h(xn)) (102)
hEH+
= sup —tn_1(h, ) — ;(h(x,)), (103)
hE’H+

where (102) follows from the assumption that i € H., if and only if —h € ., and (T03) follows
from the assumption that ) is odd for any i € .

Hence, for any arbitrarily small § > 0 there exists jo € [m], 750 € ¥ and hy, hy € H such that

sup sup sup Un—l(hvj) + w](h(xn)) < un—l(hlajO) + '(ZJO,jo(hl(Xn)) + 57 (104)
pew jE[m] heH

and

sup sup sup —up_1(h,j) — P([A(xn)];) < —tin_1(h2, jo) — Yo, (ha(x,)) + 6.  (105)
Few jelm] heH.:
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It follows that

1 .
3 ( sup sup sup un—1(h,j) + %(h(xn))>
e jelm] heH ¢

1 . 7
+ 3 < sup sup sup —up—1(h,j) — 1/1j(h(xn))>
pew jEm] heH ¢

< 3 (10 + s ) )

# 5 (= wnalha. o) = o (ha(xn)) ) + 0 (106)
= 5 (1) = w1z, o)

5 oo (s (50) = G (ha(x0)) + 0 (107)
< 5 (1 (o) = w1 (o) + & [ G — [ (108)
= 2 (1 (o) = tn 1o o) + 5 12,0 (1 Genli =[R2 ) (109)
= 5 s (o) + 3121 (6)s) + 5 (= (o) = sl L) (110)

1 . 1 .
< sup - (un_1(h1,Jo) + M812[h1(Xn)]jo) + *( — Up—1(ha, jo) — M512[h2(xn)]jo)
s126{—1,41} 2 2

(111)
1 .
< sup s sup sup sup un_1(h,j) + psialh(xn));
s12€{—1,+1} “ v j€[m] h€H
1 .
+ 3 sup sup sup —Up—1(h,J) — psi2[h(xn)]; (112)
Jew jelm] heH.
1 .
< sup s sup sup sup un_1(h,j) + psialh(xn));
s12€{—1,+1} 1[)€\I/j€[m] het
1 .
+ —sup sup sup un—1(h,j) — psiz[h(x,)];, (113)

2 Jew jelm heH

where 12,5, 1= sgn ([h1(xn)]jo — [h2(%4)];,) in (T09), and (TT3) follows from the fact that —¢) € ¥
if ) € 0.

From (T13) we obtain
1 o
3 (50 sup sup 1) + 050,
peW jE[m] heH
1 L
+ 2(sup sup sup —un_1(h,j) — d}j(h(xn))> (114)
Pew je[m] heH
< sup Eg, [sup sup sup un—1(h,j) + uénslg[h(xn)]j] (115)
s12€{-1,+1} e jE[m] heH

for some Rademacher random variable £,, which is independent of (e1,e9, -+ ,e,_1).
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Since &, 812 ~ &, for any fixed s12 € {—1,+1}, from (T13)) we have

;(sup sup sup unl(h’j)‘i‘fzj(h(xn)))

Jew j€lm] heH

T )

2\ jew je[m] her,

SIEaL{QH)SUP sup un—lU%j)4ﬂ§nU“Xn”j}'
Gew j€lm] heH

From (T0T)) and (TT7) we obtain
Ee [ Sup sup sup Z Ele ))]

pev je[mlheHy

SEeierenns [Eé [SUP sup_ sup tn—1(h, j) + pén[h(x n)]]”
pe¥ jEM] heH 4

=E;, {Eghgz,“. - [sup sup sup up—1(h,j) + pén [h(xn)]j” )

pel jE[m] heH 1

By continuing this process (peeling) for n — 1 more times, we have

Es{sup sup - sup un_l(h,j)+5nu[h(xn)]j]
bew j€lm) her,

VAN
=

&
:11
:gh
oy

.&, | sup sup Ei[h(xn)] }
|:j€[m]h€7‘[+; "

n

= uE.| sup sup gi[h(xn)] ]
i jE[m]heH 7;21 !

n

> eilh(xn)];

i=1
oo:|

|

< pEe | sup sup
_jE[m] heH 4

Eih(Xn)

i=1

= puEs| sup
L hE?‘[+

From (87) and (123), we obtain

2. [ [ Sewee] ]

1
< uE. i n + —_—.
< [ ZE | ]+ sup sl

This concludes our proof of Lemma 17}

A.4 PROOF OF LEMMA [19]

Since () is even, it holds that

S]]l

]}

[sup
hen T

Define
O(z) == Y(z1{z > 0}) — ¢ ( — 21{z < 0}) Vx € R.

18
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Then, it is easy to see that 1[) is an odd function.

On the other hand, we also have

D)) =v(al),  VreR, (127)
o)
[sup 11/} ‘h X;) H } {sup Zazw ‘h X;) H ] (128)
heH T heH T
Furthermore, for all z,y € R we have
[(2) — ()]
< [¢(z1{z > 0}) — ¢ (y1{y > 0})| + ¢ (21{z < 0}) — ¢ (y1{y < O})] (129)
< plei{z > 0} — y1{y > 0} + p|z1{z < 0} — y1{y < 0}| (130)
Now, observe that
|z1{z > 0} — y1{y > 0}
z+lz|  y+ly
_ _ il 131
5 5| (131)
1 1<
<slr—yl+ 5> el =yl (132)
i=1
< |z —y| (133)
Similarly, we also have
|z1{z < 0} —y1{y < 0}| < |z —y|. (134)
From (130), (133), and (134) we obtain
W ()| < 2ulz -y, Vz,y € R. (135)
Hence, by Lemma|[I8] we have
=g ] Spestroan)] ]
hen 1
1 n
< Q[J,E|: sup — gilh(x; H } (136)
hEH+ n lzl ‘ ( )|
<2 sup — eih(x;) ], (137)
|:h€7'[+ ;
where (I37) follows by using the fact that |h| € H if h € H.
Hence, finally we have
sup g (h(x;) H } <2 E[ sup — gih(x;) } (138)
SET b =] g 2] e

A.5 PROOF OF LEMMA 20]

For any general function ¢, we can represent as

R ELTC. BTG BTTE

2 )
It is easy to see that W is an even function with p-Lipschitz. Besides, % is an odd

function with p-Lischitz. Hence, by using triangle inequality, LemmalT_7| and Lemma|[T9] we have

Zsm} H }<(2/~L+u [Sup - 251 (xi)

h€H+ i=1

+ Vx € R. (139)

{sup
heH T

]. (140)
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A.6 PROOF OF THEOREM [4]

For any W € V), observe that

Z 512Wf(xz

n
‘ 1
n

=1

Hence, (13) is a direct application of this fact.

This concludes our proof of Theorem 4]

A.7 PROOF OF LEMMA [6]

Let
and
1.2 0.2
l L
A=L NG
i : :
0"'12 0,2

T

2
0

2
0

g
< Wl H Zezf %)
v ﬁ;af(xi)

U]
—_—
-2
[
o0 - 0
—_—
Tl2
0,
[
0,2 2, 27 2 2, 27 2
-l c R((d_”‘f‘l) [TV x [(d=ri+1)7 /7 17 .
1.
I

Then, for all x € R4 and [ € [Q)], ¢ € [C], we have

where

Oavg (x)

= Ax,

wl,c(x) = Oavg © o-l,c(x)y

Vx € RI(@—r+1)?/m172

Now, for all x,y € RI(d=m1+D*/7"177 e have

||Uavg

Hence, we have

IA

IN

Hence, by Lemmald] we have

E[ sup sup sup sup
ce[ClLE[Q] Yi,.€EY fEF

:E[

o

Sup Ssup Ssup sup sup
CE[C] lE[Q] Oavg Ol,c fEF

sup sup sup sup
ce[C]l€[Q] oi,c fEF

Uavg

max

e =¥l

T2 jell(d—ri11)2/72]]

.2
JT

Yo o

k=(j—1)72+1

[Afle < 1.

Zgzz/}l c Xi

Zgza'lcof X

s

Zsiaavg ©0],c© f(Xl)

1)

‘ n

J
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In addition, for all x € RZX4xC,

01,0(x) = {&c(a,b) 10,0, (154)
ri—1r—1

Zela,b) = 0( S wlatub+v,)Wie(ut1v+ 1)). (155)
u=0 v=0

Hence, we have

HO—LC(X) - Ul,c(y)Hoo

T — 17"1 1
< Wie(u+1,v+ Da(a+u,b+v,c
pomax MZO ;}1 z Jar( )
~Wie(u+ 1,0+ Dy(a+u,b+v,c)| (156)
T‘[*l’l"lfl
<Y D Wielu+ Lo+ 1)[x = oo (157)
u=0 v=0

Since the convolution is linear, it is also easy to see that o; .. is the composition of a linear map and a
point-wise activation map. Hence, by Lemma [ and Theorem [2] we have

Zezalcofxv ‘ :|

IE{ sSup sup sup sup
ce[C]I€[Q] o1,c fEF

T — 17‘[ 1
lo(0)]
< o o (5 S oo ) [1 S]] + 2
{ clielql uz;);)‘ | feF; z} vn
(158)
Finally, from (T33) and @ we obtain
E{sup sup sup sup Zelwlc X;) ]
c€[CIIE[Q] i, €Y fEF oo
ISk 2(0)
< () sup sup( I/Vlcu—i-lv—i—l))] [sup e f(x }—i— .
oo e (S el [ 7
(159)

A.8 PROOF OF LEMMA[]]

This is a direct result of Lemma where 1);(x) = 2 or 0 at each fixed j. Hence, we have

|h;(x) = 1, (y)| < |2; — w5l (160)
for all vectors x and y.

A.9 PROOF OF LEMMA [§]

This is a direct result of Theorem [2]and Lemma Bl

A.10 PROOF OF LEMMA [13]

For M > 2, @) is a result of (Koltchinskii & Panchenkol [2002 Proof of Theorem 11). Now, we
prove (52) for M = 2. Observe that

=g e
1n
=E. —Eji Dy — Dy (161)
[?2& e (e~ gl )|
1 n
TF (s +E{ - ; ; ] (162)
w5 et |+ [l e s
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Now, we have

IN
N | =
=
=
o
w
=
T

I
M=
=

®

— — <

w0

=

o)

y=1 =1
M 1 n
< Ec| sup ||— e f(x;
> e[ [ 32w ]
y= i=
ME. | sup LS et }
= — i J (X )
° feF ni:l oo

[

where follows from the fact that (211, —,) — 1)1, (214y,—y3 — 1)e2, - -

has the same distribution as (1,2, - ,&p).

22
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(164)
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(166)

(167)

(168)

(169)

(170)
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On the other hand, we also have

n

LS s aup [f)ly ]
n i=1 Y FYs

Zez bup Zl{% =y}

i—1 YFYi

E. [ sup
fer

[bup
feF

— [sup‘ ZZ& Sup Xz /l{yl Zl}

fer i i

n

IN

M
Z E. [ sup

fer|n

=1
M
Z E. [sup

= LreF

1 1

75 E {sup

2y:1 N feF
1M

S A

M
+ = E E. [ sup
27 feF|n

—ZE {Sup
y=1

fer|n

Z €; sup [f(xi)}y’l{w:y}
i—1 Y'#Y .

n

IN
|~ ‘f

i—1 Y'FY
n

; & ;};I;[f(xi)]y’

; =i sup [f(xi)]y

+

|

n

Zei sup [ (x:)]y

i—1 YFy

<

|

Z € sup

=

where (T75) follows from the fact that (21, —,; — 1)1, (214, — 1)e2, - -

has the same distribution as (£1,&2, -+ ,&5).

Now, for each fixed y € [M] and M = 2,lety = [M]\ {y} we have

1 n
Ee| sup |— g; sup | f(x; ,/}
€|:f€}_ n; zy’;éy[f( z)]y
sup gilf(x:)]
[fef Z ]
<E {sup lEnjsf(x) }
> e teF ni:l [ 7 . .

It follows from and that

1 n
E [sup - g; sup [f(x:)]y ]
“Lrer ”2 v Ay !
< ME. | sup ei f(x;) ]
R

From(T62), (T70), and (T79), for M = 2 we have
Z 5sz Xis yl

[sup
ferF|n

23

=D eisup[f(xi)]y (21—

— 1

}<2ME {sup‘ ZEZ (x:)

v}~ 1)H

s (21{yn:y} —1)e

)]

(171)

(172)

(173)

(174)

(175)

(176)
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A.11 PROOF OF THEOREM [14]

Let (x},91), (x5,y5), -+, (x,,y,) is an i.i.d. sequence with distribution Pxy which is independent
of XY™ Define

BU) = Exew [ 1 3 Consoaf)] (1sn

i=1

Now, let D = {(x;, ;) : i € [n]}, and let D = {(x;,y;) : i € [n]} be a set with only one sample
different from D, i.e. the k-th sample is replaced by (X, g ). Define

Ep(f) = 3 3 Cloms o) (182)
and
®(D) := sup E(f) — Ep(f), (183)
fer
which is a function of n independent random vectors (x1,%1), (X2,¥2), " , (Xn,Yyn) where

(xi,y;) ~ Pxy foralli € [n]. Since 0 < ¢((z) < 1 forall z € R, from (I81)) and (I82) we
have

C(my (X, yi)) — Clmy (X, Tie)) |

|®(D) — ®(D)| < Sup. - (184)
S
< % (185)

By McDiarmid’s inequality Raginsky & Sason|(2013), with probability at least 1 — exp(—2t?) we
have

o (S [ 3 om0 = 3 3 om0

feF i=1

< B s (B [ 3 clmst)] ~ 3 Do) | + 7 39

feF n
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Now, let {(z) := ((x) — ¢(0), which is a 1/~-Lipschitz function with {(0) = 0. Then, we have

e s (w1 3 oo )] 1 3l

< Exvy | sup ’]EX’Y’ [
L feF

S|
NgE

i=1

= Exv | sup ‘]EX’Y’ [
L fer

(Clmy(xi,97)) — f(mf(xl"yi)))] H

S|

< Exv |Ex/vy [bup
feF

M= 1=

S|

_ (Cmp(xc}, y)) = Clmg (xi, 1)) H]

1
n

S\Hﬂ

< -Exvy |:EX'Y’ [ sup

fer

(i) =gt

—

1=

ot

i

Z&me Xis Yi

I
I

3=

E. |:EXY l:EX/Y’ [ sup
feF

i=

<

R~ I 2=

E |:EX/Y/|:Sup‘ gim X,y
€ feF Z TV fAR Y4

1
6, o

il

[\)

= -E.|E sup |— eimr(Xi, Yi
ey 2o

2 1 ¢
= —Exvy |:E€ { sup |~ Zeim}"(xiv Yi)

Z Ezf XL

< Exy []E sup
LfeF

J

where (192) follows from (Truong| 2022b, Lemma 25), and (196)) follows from Lemma [I3]

From (T96), with probability at least 1 — exp(—2t?) we have
1 1
sup (E|— mx;,;}— my(Xi, Yi
s [nga )| = 3 Clons )
2
M Zsfxz

Y [ f e}‘
It follows that, with probability at least 1 — exp(—2t2),

x| 2o Clons (i) £ 3Gl

N—

1+

b S+
+ - fe}' Zelf x;) +\/ﬁ VfeF,
or
E[C(mf X y ZC mf Xzayz
28(M) { ] Lt
N v fe}' Zsz xi) N ver

25

E(mf anyz ] - 7ZC mf Xzayz H
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(188)

(189)

(190)

(191)

(192)

(193)

(194)

(195)

(196)

(197)

(198)

(199)
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Now, observe that

E[¢(my(x,y))]
=P[ms(x,y) <0] +E[¢(ms(x,9))|0 < ms(x,y) <AIP[0 <myp(x,y) <~] (201
> P(mys(x,y) <0). (202)

From (200) and (202), with probability at least 1 — exp(—2t?),
}P’[mf(x y Zcmf Xzayz

o] ]

Now, let v, = 27% for all k € N. For any ~y € (0, 1], there exists a k € N such that v € (74, Vs_1].
Then, by applying (203)) with ¢ being replaced by ¢ + v/log k and (-) = (i (-) where

26(M)

+ {
Y fe}'

Vf e F. (203)

07 Yk S x
(@) ={1-2 0<z<m, (204)
1, x <0

with probability at least 1 — exp(—2(¢ + v/Iog k)?), we have

Plmy(x,y) < 0] < %ZCk(mf(xiayi))

28(M) [ } t+ Iogk
+ if (%) , VfeF. 205
Y feJ-‘ ZE (i \/ﬁ /e (205)

By using the union bound, from (203), with probability at least 1 — Y, ., exp(—2(t + v/logk)?), it
holds that -

P[mf(x,y) < 0] < inf |: ZCk mpy Xzayz))

k>1

25( [ } t + +/log k‘]
ef , VfeF. (206)
Y fe]-‘ Z \/ﬁ
On the other hand, it is easy to see that
1.2 (207)
Tk 0
1 n
= ch mp(xi,v) < = > C(my(xi,0i), (208)
z:l
1 2
v1ogk < /loglog, 7— < 4/loglog, 7, (209)
k
S exp(—2(t + Vlogh)?) < 3 Kle ™ = e < 972 (210)
k>1 k>1

Hence, by combining (207)—(210), and (206), with probability at least 1 — 2 exp(—2t?), it holds that

P[mf(x7y) < 0 inf |: ZC mf szyz

'yE(Ol]

28(M) Tog log, (271

+ 5(7 {sup Zsz x;) ]+ wlos® )] vrer @
fer
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From ZTT)) we have

]P’[mf(x,y)<0 inf [ ZC my( xhyl

~¥€(0,1]

Qﬁ(WM [

z:szxZ

sup
feF

This concludes our proof of Theorem[T4]

A.12 EXTRA NUMERICAL RESULTS

log log, (21
]+ gngz(v

>, VfeF. (212

activation="relu"),
2)),
activation="relu"),

2)),

A.12.1 EXPERIMENT 2
model = keras.Sequential(
[
layers.Input(shape=input_shape),
layers.Conv2D(32, kernel_size=(3, 3),
layers.AveragePooling2D(pool_size=(2,
layers.Conv2D(64, kernel_size=(3, 3),
layers.AveragePooling2D(pool_size=(2,
layers.Flatten(),
layers.Dropout(0.5),
layers.Dense(2, activation="sigmoid"),
]
)

model.summary ()

Figure 2: CNN model with ReLU activations

In this experiment, we use a CNN (cf. Fig. [2) for classifying MNIST images (class 0 and class 1),
i.e., M = 2, which consists of n = 12665 training examples.

For this model, we use ReLU for the first two convolutional layers, and the sigmoid o for the dense
layer which satisfies o(z) — o(0) = 1 tanh (%) (an odd function with Lipschitz constant 1/4).

Hence, by Theorem[10]and Lemman [17]it holds that R, (F) < F3, where

1 1
Fy < ~[|W|oFy + ——, 213
3 < 4H l| oo o + NG (213)
Dense layer
< < sup WD (u, v )Fl, (214)
ZEM]ZX]

u=1v=1

The second convolutional layer

< < sup ZZ|W1” (u,v )FO, 215)

l€32]u lv=1

The first convolutional layer

d+1
PN Y
n

Numerical estimation of F3 gives R, (F) < 0.0476.
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By Corollary [15| with probability at least 1 — 4, it holds that

p ) <0) £ s
(ms(ey) <0) < _inf { ZC my(xi, i)

+%R (]:) \/loglogQ(Qﬁy)Jr\/n]ogg} (217)

n
By setting & = 5%, v = 1, the generalisation error can be upper bounded by

P(mys(x,y) < 0) < 0.412806. (218)
For this model, the reported test error is 0.0009456.

A.12.2 EXPERIMENT 3

model = keras.Sequential(
[
layers.Input(shape=input_shape),
layers.Conv2D(32, kernel_size=(3, 3), activation="sigmoid"),
layers.AveragePooling2D(pool_size=(2, 2)),
layers.Conv2D(64, kernel_size=(3, 3), activation="sigmoid"),
layers.AveragePooling2D(pool_size=(2, 2)),
layers.Flatten(),
layers.Dropout(0.5),
layers.Dense(2, activation="softmax"),
]
)

model.summary ()

Figure 3: CNN model with sigmoid activations

In this experiment, we use a CNN (cf. Fig. [3) for classifying MNIST images (class O and class 1),
i.e., M = 2, which consists of n = 12665 training examples.

For this model, the sigmoid activation o satisfies o(z) — o(0) = 1 tanh (%) which is odd and has
the Lipschitz constant 1/4. In addition, for the dense layer, the s1gm01d activation satisfies

1
o(@) o) < gz -yl VmyeR. (219)

For this example, we assume that we compare the outputs at the layer right before the softmax layer
to bound the generalisation error. Then, by Theorem[10]and Lemma|[17]it holds that R,,(F) < Fb,
where

( sup ZZ‘WQ(Z (u,v )Fl + %, (220)

l664]u 1o—=1

The second convolutional layer

< ( sup ZZ|W1(l (u,v )Fo—i— %7 (221)

lESQ]u 1o=1

The first convolutional layer
1
Fy= 2L (222)
n
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Numerical estimation of F; gives R, (F) < 0.03074.
By Corollary [15| with probability at least 1 — 4, it holds that

]P> O f 19 1
(my(x,y) < < { ZC my(Xi, i)

4M log log, (2~ 3
TP v v }
5 n 1)

n
By setting 6 = 5%, v = 1, the generalisation error can be upper bounded by
IP’(mf(x, y) < O) < 0.2775.

For this model, the reported test error is 0.001418.
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