756

757

758
759

761
762
763

764

765

767

768

769
770

771
772
773

774
775
776

777
778

779
780
781

782

784
785

A Proof of theorem [l

Recall that
H:H(k,mg,...,mL,T), (26)
where r is the cardinality of the discretized group G” := {¢1, g2, - - -, gr }- The parameter k determines
the number of basis functions
Ks :G" =R, s=1,...,k, 27

in the parametrization of the kernel function

k
Kw = Z wsKs.
s=1

The other parameters my, . .., my, define the network architecture, and W, represents the number of
parameters in the GCNN up to layer ¢. The class H consists of all functions that can be represented
by a neural network with this architecture.

We restate Theorem 1 for convenience:

Theorem 3 (Theorem . The VC dimension of the GCNN class H = H(k, mg,...,mp,r) with
r > 1, is bounded from above by

L L

UB(H):=L+1+4 <Z Wz> logy <8er > mz) : (28)
=1 =1

For the proof, we consider an input consisting of m functions from G" to R, denoted by

E,.={f1,---, [m} (29)

To prove we use the following known result:

Lemma 4. [Lemma 1, [2]]] Let p1, . .., pms be polynomials of degree at most t depending onn < m
variables. Then

L= |{(sign(ps (), ... sign(pm () : @ € R™}] < 2 (2;” t) .

We denote S(¢) the number of regions in the parameter space R"¢, such that in each region, the
GCNN units in the ¢-th layer (denoted by {h¢ ;(g) | j < mye, f € Fi,,, g € G"}) behave like a fixed
polynomial of degree at most ¢ in the W, network parameters that occur up to layer /.

Lemma 5. Ler H be the class of GCNNs defined in (20), with at most Wy parameters up to layer
0e{1,...,L}. If Fy, is the class of functions defined in 29), and S(¢) is as defined above, then for
£=0,1,...,L -1,

Wy
%mumww+”> s, (30)

Wi

Moreover, the GCNN units {he11;(9) | j < muq1, f € Fn,g € G"} with hyya ; defined for
different functions f € F,,, are piecewise polynomials of degree < { + 1 in the network parameters.

s<e+1)<2(

Proof. As a first step of the proof, we show that any GCNN unit  ; of any layer ¢ € {0,..., L}
and j € {1,...,my} is a piecewise polynomial of degree at most . We proceed by induction on the
layers /.

For the base case ¢ = 0, the GCNN units hg ; for j < my correspond to the input of the network. As
the inputs are independent of the network parameters, hg ; are polynomials of degree 0.

Assume the statement holds for all layers up to £. We now prove it for layer £ + 1. The GCNN unit in
layer £ + 1 is defined by a convolution with the feature maps from the previous layer, that is,

mye
heprj =0 (Z Koo # hei = b§2)> )

i=1
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where the convolutional filter is expanded in terms of the fixed basis functions K via Iy, =
Zle wsKs. For fixed network parameters, g — he ;(g) is a function of the group, with hy ;(g) € R
for any g € G". By the induction hypothesis, h ;(g) are piecewise polynomials of degree at most ¢
with respect to the network parameters, with the polynomial pieces depending on the network input
and the group element g.

Next, for any input and any group element g, the term (K, * h¢ ;)(g) can be written as

(Ks * heg)(g) = Z Ke(97 0g') - huj(g).

g/eGr

Since hy, ;(g') is a piecewise polynomial of degree at most /, it follows that (K * hy ;)(g) is also a
piecewise polynomial of degree at most ¢. Thus, the convolution

k
(K hes)(9) = 3 w(Ks + hey)(g)

is a weighted sum of piecewise polynomials, which remains a piecewise polynomial. However,
multiplying by the weights w; increases the degree of the polynomial, making it at most ¢ + 1.

Subtractmg the bias term b( ) and applying the ReLLU activation function may increase the number of
pieces, but does not increase the degree of the polynomlals Therefore, for any input and any group
element g, the GCNN unit k¢4 j(g) remains a piecewise polynomial with degree < ¢ + 1. This
completes the proof by induction.

Next, we show (30). Each GCNN unit in layer £ 4 1 is computed by

with o(z) = max{z,0} the ReLU activation function. As mentioned above, applying the ReLU
function can increases the number of regions in the parameter space where the GCNN units behave
as polynomials. This occurs, as the ReLU function either outputs the input itself (for positive values)
or zero (otherwise). As a result its application decomposes each of the S(¢) regions of the parameter
space in layer ¢ in multiple subregions. To bound this number of subregions, we need to count the
number of possible sign pattern that can arise after applying the ReLU activation.

Fixing one of the S(¢) regions of layer ¢, by definition, all functions h ;(g) are polynomials in
the parameters of degree at most £. Each of the my;; GCNN units in layer ¢ + 1, is then also a
polynomial of degree at most ¢ + 1, leading to at most 1m 41 mr polynomials, where m is the number
of input functions defined in (29) and r is the resolution. Applying Lemmafd|to the 1 = myimr
polynomials of degree ¢ = ¢ + 1 depending on n = W) ; parameters leads to at most

5 <2emg+1mr(€ +1) > Wen
Weia ’

different sign patterns for each region of S(¢). This shows (30) and concludes the proof.

O

Lemma 6. Ler H be the class of GCNNs defined in (20), with at most Wy parameters up to layer
¢ < L, and my GCNN units in layer {. For any integer m > 0, the growth function of this class can

be bounded by
Wr+1
) < ok H 2emrmg€ 2 2emL .
Wi +1

Proof. Lemma[5|shows that after L layers there are at most

oL H <26m7‘mg€)

regions in the parameter space R", on which the GCNN units in the last layer {hy i(g) | i <
mp, f € Fi,g € G"} behave like a fixed polynomial function of degree < L in W variables.
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Recall that the final output of the neural network, is obtained by applying average pooling to the
outputs of the GCNN units in the last layer. This implies that, for a fixed network architecture and
input, the output of the neural network is a piecewise polynomial of degree at most L, depending
on all W, network parameters. Since there are m possible inputs f1, ..., f,,, we get m piecewise
polynomials, each corresponding to one of these inputs. Bounding the growth function IT3;(m) now
means we need to count the number of different sign patterns that arises for classifiers in sign(#).
For that, we recall that by Definition 3.2 in the main article,

sign(H) := {sign(hw — b)|hw € H,w € RV= b € R}.
Applying Lemmad]to m polynomials of the form hy, — b of degree at most L and W, + 1 variables

leads to no more than
Wr+1
()
L

distinct sign patterns that the classifiers in sign(#) can produce.

Thus, the growth function within each region, where the GCNN units in the last layer {hr, ;(g) | i <
mr, f € Fn,g € G"} behave like a fixed polynomial function in W variables, is bounded by (BT).
As a result, we conclude that the overall growth function IT3;(m) is bounded by

2emL >WL+1 _ oL L (Zemrmgé)wé 2( 2emL )WL+1
¢

L)-2 _
S() (WLJrl W, Wr+1

This completes the proof.

=1

O

For the proof of the Theorem [3| we also use the following technical lemma
Lemma 7. Suppose M < 9K (%)wfor some 7 > 16 and m > w > k > 0. Then m <
K + wlogs (27 log, 7).

Proof of Theorem 3] Let m := VC(#H). For convenience, define the sum
) L
W= Z Wi, (32)
i=1

where W; denotes the number of parameters of a GCNN in H up to layer 7.

We consider two complementary cases and prove the theorem for each of them separately.

Case 1: m < W + Wi, + 1. In this case, we have W+ W, +1< 3W < UB(H), where
UB(H) is defined in (28)). For the latter inequality we use that log,, (867” Zle mg) > 1. Therefore,
Theorem 3l holds.

Case 2: m > W+ W + 1. Since m represents the VC dimension of #, it follows from the
definition of the VC dimension (see Definition 3.1 in the main article) that 13 (m) = 2™. Applying
Lemma [6] gives us

L w. Wr+1
2emrmel\ " ° [ 2emL E
II = 9m < oL+l _ . 33
(m) < e|:|1 ( W, ) (WL n 1) (33)

Next, we apply the weighted arithmetic-geometric mean (AM-GM) inequality to the right side of
(33), using weights W, /(W + W + 1) for£ =1,2,...,L,and W /(W + W + 1), where W is
defined in (32). This yields

I WA4+Wr+1
gm < gL+l 26m(’: >y fme+ L) _
o W+ Wp+1
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The last step of the proof involves applying Lemma [7]in [2] to this inequality, which provides an
upper bound for m. Before doing so, we must verify that all conditions of the lemma are satisfied.

In our case, 77 corresponds to m,  to L + 1, @ to W + Wy, + 1, and 7 to 2e(r Z[L 1 dmg + L).
Since rzg 1dmg + L > 2, we have 7 > 16. Moreover, we are considering the case where

m > W 4+ Wy, + 1, and it is straightforward to verify that W + W, +1 > L + 1 > 0. Therefore all
conditions of Lemmal[7]in [2] are indeed satisfied and we obtain

m < (L +1) + 2W log, <4e(ri£mg + L) -log, (26<Ti€mz + L)))
=1 =1

To simplify this inequality, we use that for all @ > 1, log,(2alog, a) = log,(2a) + logs (logy a) <
2log,(2a). Substituting a = 2e (r Z,@L:l Ime + L), we note that a < 4er Z,%:l ¢my and obtain

L
m < (L + 1) +4W log, (8er2€me>,
=1

completing the proof of the theorem. O

B Proof of theorem

In this section, we provide the detailed proof of lower bound on VC dimension, along with the proofs
for Lemmas 2] [3] and their corresponding Corollaries [2]and [3]

The class
HW,L,T = {H(kvm()a DR 7mlvr) | ‘€ S L7 WL S W}a (34)

includes all GCNN architectures with a total number of parameters bounded by 1, a maximum depth
of L, and r representing the cardinality of the discretized group G” := {g1, g2, . - ., g- } containing
the identity element e.

Next, we recall that F(my, ..., my) represents the class of fully connected feedforward ReLU
networks with L layers, where m; denotes the number of units in the i-th layer for¢ = 1,..., L. The

output of the last hidden layer of any neural network hw € F (myg, ..., myg), with parameters w, can
be written as a vector of size my,, that is, (h&}), . h&”“).

Finally, we define the class
]:W,L = {]-':]:(mo,...,mg)\EgL, WL(]:)SW}, (35)
consisting of DNNs with at most L hidden layers and a total number of weights not exceeding W.

Lemma 8. Consider GCNNs where the G-correlation uses kernels from a one-dimensional vector
space with a fixed basis given by the indicator function of the identity element e. For every hy, €

F(mg,...,myp), there exists a GCNN hy, with the same number of channels in each layer, i.e.,
hw € H(1,mo,...,mp,r), and parameters w, such that for any input function f : G" — R™°,
5SS HI(7(8,)) = ()
=1 j=1

Proof. Write H := H(1,mg,...,my,r). Consider a fixed input function f : G" — R™° and a
weight vector w € R" . Recall that the number of parameters in a GCNN is given by

L
Wy =Y mj(km;_y +1), (36)
j=1
where k is the dimension of the kernel space. In our case £ = 1 and the number of parameters for a

GCNN with architecture H is .

Wi =Y mj(m;_1+1). (37)
j=1
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This coincides with the number of parameters in a DNN with architecture F(mo, ..., my). Conse-

quently, the same weight vector w € R defines both, a DNN function hy and a GCNN function
hw € H when the input is fixed to f.

We now show that the outputs of the computational units in Ry and hy, are equal when applied to
f(g) and g, respectively. Specifically, we aim to prove that

hei(f(95)) = hei(95);

where ilgyi denotes a DNN computational unit in layer ¢ of iLw, with parameters fixed to w, and hy ;
represents a GCNN computational unit in layer ¢, with parameters fixed to w and input set to f. We
prove this by induction on the layer /.

The statement holds trivially for the input layer, as g ; (f(g;)) = ho.i(g;) forany g; € G”. Assuming
it holds for all layers up to £ — 1, we now prove it for layer ¢.

Let K denote the indicator of the identity element e € G". By calculating the G-correlation between
K and f, we obtain K x f = f. Combining this with the definition of the GCNN unit (see (9) in the
main article) and the induction hypothesis, we have

me—1
he,i(gs) =0 (Z Wii‘_l)hé—l,t(gj) - bf’@)

me—1
Z Wf p hz 1,¢(95) — b(£)> (induction assumption)

me—1

me_1
- a( 3 (vl o)1) ——

o Z (’Cwilfl) * hg,l’t) (95) — bg”) (definition of learned kernel)
t=1 ’Z

= hei(g5) (definition of GCNN unit).

This shows that the outputs of the computational units in hw and hy, are equal when applied to f(g)
and g, respectively.

Finally, the outputs of A, := (iz(l) .. iL(mL)) can be rewritten into the form
my, I T
DY RGO (f(95) Zzhngg ZZhLzQJ ) = hw(f),
=1 j=1 =1 j=1 =1 j=1
concluding the proof of the lemma. O

Next, we prove Lemma[2] The key ideas and steps of the proof have already been outlined in the
main article, so here we will focus on the formal statements that still needs to be established.

Recall that the indicator neural network

l(a,b,e) (33)
is a shallow ReLU network with four neurons in the hidden layer (see (25) in the main article). It
approximates the indicator function on the interval [a, b] in the sense that 1, ; oy (7) = 1if = € [a, b],
and 1(g 3,0 (2) =0ifz <a—eorxz >b+e.

Lemma 9. [Lemmal] 2|l For L > 3 let Hew,.+1,r be the class of GCNNs defined as in (34) and F 1,
be the class of DNNs defined as in (33). Then

VC(Hew,L4+1,r) = VC(Fw,L)-
Proof. Let m be the VC dimension of the class of DNNs Fyy ;. There are 2™ possible binary
classifications for a set of m elements, subsequently denoted by d = 2™.

By definition, there exists a natural number mq and a set of m vectors
y:: {Y1a-~-a}’m}CRm07 (39)
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that can be shattered by a subset of networks HC Fw,r. Since there are no more than d distinct
classifiers for ), the class H consists of at most d DNN functions.

Next, we construct a DNN architecture using mg + 1 smaller DNN classes. One of these classes is 7:[,
while the remaining my classes consist of "indicator" networks, as described in (38)). These indicator

networks ensure that the combined DNN vanishes outside a certain mg-dimensional hypercube. To
define this hypercube, we use the set ) from above.

Specifically, we choose numbers A > maxycy ||y|lco+1and B > A, and define the m(-dimensional
hypercube

To construct a DNN that vanishes on II, we define an approximate indicator function for II, using a
DNN with mg-dimensional inputy = (y1, - - ., Ymy )

JR
T:R™ R, I(y)= mo > Lap0s) (),
i=1

where 1(4 5,0.5)(%:) is an indicator network that approximates the indicator function for values
within (A4, B).

The final DNN is formed by combining functions from # with the indicator function I. Since DNNs
can be summed if they have the same depth, we adjust the depth of I to match the depth of the

functions from #H while ensuring that I remains constant on ) and II. Specifically, we use the fact
that for I(y) > 0, o(I(y)) = I(y) for the ReLU activation function o(z) = max{x,0} (for any y
from II or V). This means that by composing I with the required number of ReLU functions, we
can construct a DNN that satisfies the desired properties. This construction requires at most L < W
additional weights.

To complete the proof, we need to show that there are m input functions F,,, := {f1,..., fm} C {/ :
G" — R™°} that can be shattered by GCNNs from Hew, 1,41, As the set F,,,, we choose functions
defined by f;(e) = y; and f;(g) € [l for g € G" and g # e.

By the definition of shattering (see definition in the main article), to prove that F},, is shattered, it
is sufficient to show that for any binary classifier C : F,, — {0, 1}, there exists a corresponding
function in sign(Hew,r+1,) Whose values coincide with those of C on Fy,.

Choose h € H such that for some b € R, sign(h(y;) — b) = C(f;) fori =1,...,m.
Since II is compact, we define 3
T := h(y)|-
max [h(y)

The final DNN iLC adjusts h such that it vanishes on I but coincides with sign(ﬁ —b)on),
he = o(h — (T —b)I —b),
with o(x) = max{z,0}

Thus, for any f; € F,,,

sign [ Y he(fig;)) | = sign(h(y:) —b) = C(f.)-

Jj=1

By Lemma we can define a GCNN he such that he(f) = S0_, he (f(gs)) forany f € F,,. This
implies that sign(he(f; — b)) = C(f;) for any f; € F,.

As the number of weights in he is W + L + 4mg < 6W, this shows that our GCNN is in the class
Hew,L+1,r» completing the proof of the lemma. O

Corollary 4. [Corollary [Z]] In the setting ofLemma if the number of layers L > 3 and L, < W%,
then there exists a constant c such that

VC(HW7L7T) >c- VC(-FW,L)~
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Proof. From Equation (2) in [3]] , we know that for the class of fully connected neural networks
Fw,r with L layers and at most W overall parameters, there exist constants co and Cy such that

co - WLlog (?) < VC(Fw,) < Cy-WLlogW. (40)

Moreover, by Lemma([9} we have
VC(Hew./41,r) > VC(Fwr 17).
By choosing W = 6W’ and L = L’ + 1, this shows that
VC(Hw,L,r) = VO(F 1w L-1)-

To obtain the statement in the lemma, we combine this bound with the left inequality in (0), leading

to
1 w—1
VC(HW’L’T) 2 VC(‘FLéWJ,Lfl) 2 Co - EW -1 (L - ].) log ﬁ .

For some constant ¢; > 0, the right-hand side of this inequality is bounded from below by
c1-WLlogW.
By using the right inequality in (@0), this can be further bounded,
c1-WLlogW > ¢ - VC(Fw,L),
showing the assertion. O
Next, we provide the proof for the second part of Theorem [2] which states that for some universal

constant ¢ > 0, the VC dimension VC(H,1..,-) is bounded by ¢ - W log, (7). As mentioned in the
main article, the first step of the proof is Lemma [3]

Lemma 10. [Lemma Let Hy 1, be the class of GCNNs defined in (34). Then
VC(HZLL,T) > UOgQ T'J .

Moreover, for any two numbers A < B, there exists a finite subclass of GCNNs H C Ha,r, r that
shatters a set of |log, 7| input functions

F, ={fi:G"—=[AB]|i=1,...,|logyT]},
and outputs zero for any input function f : G" — R\ [4, B].
Proof. To simplify the notation, let m = [log, r|. It will be enough to show that a subclass of
GCNNs ‘H C Ha4, 1., shatters the set of m input functions as this immediately implies that
VC(Ha,r,r) > |logyr].

The proof involves selecting d := 2™ distinct points in the interval [A, B] and defining "indicator"
neural networks of the form (38) that output 1 at exactly one of these points. By adjusting the
parameters of these networks, we can control the intervals of our indicator networks and ensure that
each network outputs 1 at the desired point.

Specifically, define ¢ := 2}(3(17:_/2‘) and select the d points
YV={y; =A+id|i=1,...,d}.
The input functions F,,, are now chosen from {f : G" — Y U {B — 6}}.

There are d = 2™ different binary classifiers for the set of m elements. Each binary classifier is
defined by the elements for which it outputs 1, and we can index these classifiers by the subsets of

{1,2,...,m}, denoted by S, ..., Sy. In our construction, each y; € ) corresponds to the binary
classifier determined by S;. More formally, the set of m input functions F,, = {f1,..., fm} is
defined by

(. itjes
figi) = {B — 4, otherwise.
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Next, we define the finite subclass in H4 r, - that shatters F;, and outputs zero for any function
f:G" =R\ [A4, B].

By the definition of shattering (definition is in the main article), for any binary classifier C : F;,, —
{—1, 1}, we need to find a function in sign(#4,z, ) matching C on F,.

For any classifier C : F,,, — {—1,1} we can find a subset S C {1,...,m} such that C(f;) = 1if
jeSandC(f;) =—1ifj € 5. There exists an index i* such that S S;«. Using Lemma' one
can construct a GCNN h;« € Hy 1, that matches C on F,,,. Indeed, for any f; € Fp,,

- 1, ifje S,
= Zl(yw*%,y «+3,8) (fj(gs)) = {0 J . 41)
s=1 )

otherwise.

Thus, sign(h;-(f) —0.5) = C(f) forall f € Fy,,. As an "indicator’ neural network 1
has only 4 parameters and 2 layers, itisin Hy4 1 .

5 5 8
Yix —5,Yix +5,3)

Moreover, forany i = 1,...,d and any = € R\ [4, B],
hi(f)=0forany f: G" — R\ [A, B].

That means that the class H := {hy,..., hq} shatters input functions F,,, and outputs O on the subset
{f:G" — R\ [A, B]}. This completes the proof. O

Corollary 5. [ Corollary The VC dimension of the class Haw,1,,», consisting of GCNNs with 4W
weights, L layers, and resolution r satisfies the inequality

VC (H4W,L,r) > W|_10g2 TJ.

1(y1,%_’yi+%7%)(az) = 0. Arguing as for 1),

Proof. To simplify notation, let m = |log, r].

We prove this corollary by defining W disjoint intervals [Ay, B1],..., [Aw, Bw], where A; =
(m + 3)i and B; = (m + 2)i. For different i € {1,..., W} the set of input functions F; = {f :
G" — [A;, B;]} is disjoint since the values of the intervals do not overlap.

By Lemma@ foreachi =1,..., W, we can find a class of GCNNs H; C H4 1, that shatters a set
of m input functions F,,, ; C F; and outputs O on any other set F},, ;, where j # 1.

Next we show that the class of GCNNs H = H; ® Ha @ --- ® Hw C Haw, 1, shatters the set
Fyo, = |_|1VZ1 F,, ;. This will prove the corollary.

By the definition of shattering, we need to find for any binary classifier C : Fyy,,, — {0, 1}, a function
in sign(#) that matches C on Fyyp,.

Fori=1,...,W,letC; = C |p, , be the restriction of C to F},, ;. As H; shatters F,, ;, we can
choose a GCNN he, € H; such that its values match those of Cion F,, ;.

Next, we show that the values of the GCNN h¢ := Z i1 hc, match C on Fyy,,,. Let f be any input
function from Fyy,, say f € Fy. For any i # g, it holds that h¢, (f) = 0 since h¢, € H;. Thus,

th ) = he,(f).

Since he, (f) = C(f) by the choice of h¢,, it follows that hc(f) = C(f) for any f € Fyyp,.
This shows that the class H of GCNNs shatters Fyy,,, proving the corollary. O
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