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7 APPENDIX

In this appendix, we will give the proofs on LI.D. case and Markovian case in Section H and J,
respectively.

H PROOF OF THEOREM 1 (I.1.D SETTING)

H.1 PRELIMINARIES

By (2), the random TD(0) update direction of agent ¢ at the ¢-th communication round and k-th local
iteration is:

gi(6;") = 40716 + bi(07")
where

A0F") = 6(si") (s )T = o(si")T)
bi(O"M) = rils{")g(s").

For each agent i, let ; denote the stationary distribution of the associated Markov chain where agent
i is deployed at environment i with transition probability P(*) under the fixed and common policy z;
let D; be a diagonal matrix whose main diagonal consists of entries of 7(*). 07 is the unique solution
of linear equation A;0} + b; = 0 where A; = ®TD;(yP;® — ®) and b; = ®TD;R;.

Note that the symbol with bar means the expectation of the physical value while the symbol with no
bar means the physical value with randomness. The local expected gradient is:

Gi(0) = A0 +b= A;(0—07). 17)

Mz

For the global objective F'() = F;(6), the global expected gradient is:

L
N

Il
—

1N N_
:Nzﬁ* }:Ae 0;). (18)
i=1 i=1

For the global objective, we define the following variables:

Normalized stochastic gradient:

| Kol
d = 9:(0;") (19)
it
k=0
Normalized gradient:
1 Ki,t —1
h = 3:(6") (20)
Kiv =

Recall the update rule of the global model can be written as:
L ¢ L0 L\~ 0
ot —ot = = K| — A =K, — d’ 21
v gt ey e “

where Kt Z pl it

Notations

Let E; denote the expectation considering on all the randomness up to the end of communication
round ¢ — 1. Sometimes when there is no confusion, E represents [E,. We also introduce F to
represent the filtration. F} represents the filtration that captures all the randomness up to k-th local
iteration in round ¢; F¢ represents the filtration up to round ¢ — 1.
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Lemma 1. Suppose {M;}7_ is a sequence random matrices and E [M; |M;_1, M;_»,... M;] =0,
Vt. Then,

2
E

T T
S| | =S E [l
t=1 t=1

F =

Proof. The proof can be found in Wang et al|(2020). Assume i < j, it holds that E [M;"M;]| =
B [M7E [V | 7] = 0 5

Lemma 2. There exists a Markov chain whose expected gradient calculated by temporal difference
learning is g(6). Then it holds that

_ 1 —_ 1 " -
900) = zi:gi(e) =% Z (BT Di(vP,® — )0 + OT D, R;)
=®TD,R, + ®TD,(vP.® — ®)0

Proof. The sufficient condition is

LY Di(vP, — 1) = D (yP. — 1) (22)

Where [ is the identity matrix. Then we can find one solution of (22) as

n-(c0) (zon)
re(3n) (on)

where we assume Y D; is invertible. Since D; is a diagonal matrix, it can be easily proved that P,

K2
is a transition matrix which is irreducible. ]

Lemma[2|provides the basis for Lemma[3] which is important for deriving the convergence analysis.

Lemma 3. Assume that ||$(s) Hg < 1 for all s and the columns of the feature matrix ¢ are linearly
independent. Then there exists a positive number A such that

_ N A .2
(@6),0 6% <5 119~ 0.
Proof. The proof can be found in Bhandari et al.|(2018)); Xu et al.| (2020a). O

To analyze the convergence performance of the proposed algorithm, we first characterize the esti-
mation errors at each communication round.

Per round progress:
2

E|§ - 07|s =E

ét + Oéth szdgt) — 0*

2

=E|6" -6

2 _ 1 — _
, F20 K E <N Zhy)’ at _ ¢ > +?K2E (23)

1 (1)
P

T T>

2
2

where the expectation is taken over Of’k, Vi € {1,2,...m},Vk € {0,1,...,K;; — 1}. The last
equation is derived from Lemmaby letting M}, = gi(ﬁz’k) — gl(ﬁfk)

14
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H.2 BOUNDING THE SECOND TERM T}
For the second term on the right hand side of (23), we have

Kii—1

~ (ptky gt _ px
= N K” ’;)E@i(oi )9 9>
RS = (gbky _ = (pt = (pt\ _ =(pt —(pt\y pt _ p*
-+ Kt > E(0(0) - (0 +5.0") — 5(0) + (8. 0" — 07)
bt k=0
K;:—1 K;+—1
> B0 - 5u@),8 - 6°) + > (3(6,0"—07)
N K” prt o ' K — ’
Z il ) gi(0°F) — :(6Y) 2Jr’g—lue’t—e*f +(g(0"),0" — 6*)
=N Ktk:o 26 7Y T 2 2 ’
(24)
2 . 2 ¢
t,k n 1 % *
<& NZKt kZ:O e I 6" || + (g(6"), 8" — 6%) (25)

where uses Young’s inequality and &; can be any positive number; follows from Assump-
tion[3

H.3 BOUNDING THE THIRD TERM 75

For the third term on the right hand side of (23, we have

2
> NZdZ

i

2

2
— E E (t) (t) E (t)

2 2
1 OO 1 (t)
<2E || > (d" — n Sh
= Ni(dl hi?) Nihl

+2E
2
Kii—1
= 9K 72 Z gi(00%) — g (62%)|| +2E Zh“
7 Mtk 5
:NQZK Z EHM““’ 4R h“) (26)
t :
20’2 1 (t)
<%= Kt+2E NZhi 27)
i 2

where li is derived from Lemma |I| using the fact that E <Mf - Mf;k/> = 0 when ¢ # i or
k£ K Q7]
Then, for the second term of (27), we have

) follows from Assumption
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2 2
1 0 1 1 Relt o
E|y2 hi'| =E NZKzt > a0
i 2 i bt k=0 5
1 1 Kt i
=E|5 X, > gi05F) — gi(0") + gi(0")
) ’ k=0 2
1 1 Rt i
_ - 2
<2E N 7@ Z gi(ezt'k) g:(0") +2Hg(9t)||2
N it k=0 )
K;+—1

_ itk t 2 — Aty 12
3075 — 30| + 2|9,

e +2Hg9t )

N K

where (28) uses Jensen’s Inequality: HZZ 1 Pi%i

(28)

(29)

2
N . .
< Dol 1p1||zz||2 while sz = 1 and p; is

nonnegative for all agents; The last inequality follows from Assumption[3] Furthermore T5 satisfies

Ki—1
8 1 < tk _ 112 _ = 2 02 1
T, <2|— E| 6" — 6 2||g(6" — ) —
2= N; K kZ:o i 2+ ||g( )||2+ N2 Kiy
H.4 BOUNDING THE DRIFT TERM
Kii—1
Considering the term Z oW Z IE‘ 0 g Qt , we have
]E‘ [ —étH = o’E Zgz 0:°)
k— 2 k-1 2
< 202E Z (9:(07°) — G (07)|| +207E || > 5:(6°)
s=0 2 s=0 2
. 2
_2atZIEHgZ 01%) — gi(02°)|; + 203E Z (6;°)
=0 2
. 2
< 2020%k + 202K Z (6:°)
s=0 2
< 20202k + 202 kZEH% 6°%)]|2.
where (3T) is derived from Jensen’s inequality. Note that
K;—1
DI
Then we have:
| Kia ) Ki—1
kg k
Kiy kZ—O ]E’Hf -6 2 SO‘?U%KM_U‘FO‘?(KM_D k . E‘ (6:") Hz
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In addition, we can bound the second term as:
2 _
?z(etk)Hz < 3:(00%) — g:(6")

< snlefv’“ _at

2 2
E 2+21E||gi(9 |5

2 2
L+ 2B (@]l (34)

Substituting (34) into (33), we have

Ki+—1 K;—1

1 12
E Hf’k—GtHzgatzaz(Ki,t—l)+80zt it — 1) Z E]

K,

et k et H
k=0
+202(K, — 1)°E ||5:(6Y) |

After minor rearranging, it follows that

Kl - NP
1 ]E ‘ et k 9t < OZ? 2(K1 t 1) 20[?([(1715 B 1)2]E ng(at)HQ (35)
Ki7t k— —1- SOétK (Ki,t - 1) 1-— 8at2Ki,t(Ki,t - 1) ’
Define C; = max {Sat K;(K; 1 — 1)} <1, then (35) can be simplified as
— ].) Ct _ = 2
oi* efH Kt E ||:(8"
l—Ct pbTeraa IRl
In summary, the client drift can be expressed as
Ki +—1 —
1 I tk gtl]> oio? (K — 1) Cy TNIE
— E|00" — 6| < i (07
¥y 2 Bl o =TT e S @
<atcr 2Ky —1) C’ﬂ H @) H
- 1-C 4(1 — 2
CtK}2
—_ 36
e (36)

where follows from Assumption and K; = % > Ky

H.5 FINAL RESULTS

Inspired by Bhandari et al.|(2018)), we can notice that there exists a positive constant number A such
that

_ . A .
(9(6).6 — ") < ~Z 16 —6"]5.
Besides, we can get

15(O)]l, < 2(16 =67,

By combining the intermediate results on 7 and 715, the results of per round progress can be rewrit-
ten as

B[ - or)2 =B 7 -

2
o 1 t) 3t pr 9 om || 1 (t)
KtE<N§i h gt —0* ) + 2K’E 7% d!

4o Ky 1 1 et
S(l—FOZthfl)EHét—e*Hz—k gl t NZKit Z
i bt k=0

112 _ o
ok — 9sz +20,K,E (5(0'), 8" — 07)

+ 207 K?

t.k _ pt 2 a(ah 1> i L
0 0H2+2Hg(9)”2+N2 Ko

17



Under review as a conference paper at ICLR 2024

Plugging (36) into the last inequality, we can get:

B[00 0|2 < (1+ KB [ — 07| + 4022 (0 ||§

40[th 2 2) <O[f0' (Kt — 1)
+ + 1607 K, 2
( &1 1-Cy H

| Ctliz
20 4(1-CY)
_ o 202 K202
—/nt t * trt
—|—204thE<g((9 ),9 —0 >+T E 7”:

Applying Lemma 3] we have:

_ . . _ don K, C
E [0 — 072 < (1—|—0¢th£1 — Ay Ky + 16a§K3+< O‘g + 16cx 2K2> Lk ) 16" — 67|

1

da, K _ 202(K;, — 1 K _ C 22K22
+( Q t+16afKt2) a;o?(Ky )+(Oét t+4afKt2> k2 Q ZK

&1 1-Cy &1 1- Ct
(37)
Let & = %, then (37) can be represented as
Gtrl _ gx |2 Aoy Ky oo [ SaukKy 2 2 Ctﬁ t_ g2
E |0 —9H2<<1—2+16ath+( R 160k 1o — 6"
80{th 2 72 at (Kt - ].) 20[th 272 Ctli 2at K2 2
1 K 4dos K
+(A M R s U W A A ZK
(38)
If ap < 128K , then inequalities 8°”Kf + 160z§K2 < 160‘7;& and 1602K? < %R‘ hold.
If ¢, < m, 17@ < 1+ 6462 and fjg < g‘—z. Recall that C; =

max {SQEKM(Ki’t — 1)} < 1. We denote Ky max = max{K;.} then C; can be rewritten as
Cy = 8at2K tmax(K ¢, max — 1). These facts can help us further simplify inequality as:

= w112 Ao K, ~ 2 320307 K (K — 1)
B0 - < (1- 295 ) o - o 4 2T

640‘?52Kth,max(Kt,max - 1) 20[t K2 2
" X 2

39
K (39)
Then let Kax = m%x{Ki,t}, Kook = mtax{K't} and K, = mtin{K't}. If a < mtin{at},
applying (39) recursiv’ely fromt = 0toT — 1, we have:

2 256&202Kmax(KmaX B 1)
[
2 )\2Kmin

m inT

E||6" G*H <e” ||6° —

12 2 2KmameaX Kmax -1 1 K2 f(max
n 5120k < ( ) 6K} O ‘ (40)
)\QKmin N/\Kmin

where K, = =3 Kli - and Kipax = mzax{f(t}.

I PROOF OF COROLLARY 1
Assuming we use a constant local update number K for each agent, (39) can be simplified as

E [0 — 0|

1 )\aK 1t - o 32020°K(K — 1) n 6402Kk2K%(K — 1) n 202K o?
2 A A N
(4D

18



Under review as a conference paper at ICLR 2024

Then we have:

N2 _aaxT a0 o2 256a%0%(K —1)  5120%k*K(K —1)  16ao?
]EHG -0 2§e ® H9 _9|2+ A2 + A2 + N
(42)
Letting o = w/% yields
3 |2 _ N(K -1 1
E 07— 6", <O (e VNKT)JFO((T))JFO(W). 3)
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J  PROOF OF THEOREM 2 (MARKOVIAN SETTING)

Inspired by |Sun et al.| (2020); |Khodadadian et al.[(2022); Wang et al.|(2023)), we first decompose the
stochastic gradient as

g:(6) = A:(OM) (8 — 07) + A (016 + b (OFF)

Zi(07")
From the analysis in L.ID. setting, we know that the expected gradient can be written as

3i(07%) = A (0FF) (0% — 07) (44)

T K3

where 4; = ®TD) (vP(D® — ). At the same time, E .« [Zi(()?’k)] = 0 holds.

In the following, We first give the uniform bound of these variables.

Lemma 4. (Bounded Variables)

Given ||¢(s) Hg < 1, we can bound the following variables as HAZ'(OE”“) H <14+, ’
2

Ao <

2

1+~ and HZl(Ofk) H < (14+~)H + Rhold for all ¢ € [N], where H denotes the radius of the set
2

which includes all local optimal solutions and global solution and R denotes the upper bound of the
reward.

Proof. Since ||¢(3)||§ < 1, we can conclude that
|40M)|, = ||otsif ot ) = "5 )| < ot e (s - 6T < e

where ¢ := 1 + ~. Then using the triangle inequality, we have:

+

|20, = |Jasothe: + bt < [adoie,

bi(Of’k)HQ <cH+R (45)

O

Since there are strong dependencies between the noisy observations in the Markovian chain model
(Bhandari et al.|[2018)) , we need to compute the bias between the expectation of stochastic A; and
A; which is zero in LL.D. sampling, and the bias of the expectation of Z; which is also zero in L.1D.
sampling.

Lemma 5. (Bias of Variables’ Expectation)

to—1 to—1
> Kittka—k1 > Kittka—k1

a2 [0t ] <2 2
2

where ¢’ = 2¢max {n; }

Similarly, for the bias of the expectation of Z; using Markovian sampling, we have

to—1 to—1
> Kittko—k1 > Kit+ko—k1

|E[zio ) |F ||, < 2amei™ <qp "

where ¢ := ¢cH + R; ¢ = 2gmax{n;}. The proof can be found in [Sun et al.|(2020); Wang et al.
(2023).

J.1 VARIANCE REDUCTION

In this section, we give the bound of the gradient variance. Since the gradient can be decomposed
into two terms, we discuss them separately.

20
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1 2
Otk
B N K Z A
k=0 9
1 1 Kt e 1 Kt
=Eir | w Do Z,(0" — Z,(0b*F
' Nzi:K” kZ:o ) N i Ki k=0 )
K;:—1
Z Z ZT fk ZT fk +22 ZZT Otk Otl)
i,t i Zf k<l
+ZZ N 202,05 (46)

ke[Ki ], LE[K ¢]

For the second term of (46),

E, . 22 ZZT Otk Otl)
i ” k<l
—E, ., QZ t,;ZT (O"ME { i(Of,l)|Ftk}
7 l <
<Eir 200 ) 1o Zpl ’“]
i ” k<l

where the last inequality is derived from Lemma ] and Lemma@ Then it follows:

Ki+—1K;+—1

<E - |2¢¢ Z Yoo

%t k=0 I=k+1

2 o1
<E,_, qqp =2 Iégt ] @7)

22 ZZT Otk Otl)

i “ k<l

where p = max{p;}, K¢ max = max{K;,} and ¢ S

when 0 < p < 1. Now we study the third term of (46) where observation of dlfferent agents are
mutually independent.

For the third term,

E; - 22 > ZHoi)z005")

kE[Kz ¢ LE[K 4]

<2 Z Z E,_,

b kelKiIE[K; ]

ZF(O)|| Bir | 20 )

t—1
Z (Ki,P+KJxP)+k+Z

= [Q’]inK ! : oo e

K
i<j PP kelk )€K,
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where the last inequality is derived from Lemma {5] Then the third term can be further bounded as

1
B2 Y 270700
i<j PP kelK, L E[K )

1
:2[11/]2 Z pT(Ki,tJrKj,t) Z karl
i<j KooK kE[Ki.] LE€[K0]

t—1

2[q/]2p(Kt,max - 1) Z 1 pp:%:,f(Kivarij)
1—p Ki K,

i<j

<

Then (@6) can be represented as

2
K;1—1 9
- LS ok 1 e | 299 p(Kimax — 1) 1
Eir ||+ Z; (0| <= : 1
t Nzi:Kl’t kz—;) (O] = QZKi,t+ N2(1-p) E;Kf’t
o 2
t—1
2 ? K max 1 1 ,,:E,T(KivPJrKj,P)
+ [Q] pg t, )Z T
N (1 - p) i<j itV 5t
(48)
Similarly, we have
1 1 K;1—1 2 1 1[01]2 2CClp(K 1) 1
E TN Az Otyk — 1211 < — t,max — BN
’ NZKN ];) (0;7) —NQZKM+ N e
7 — ) p ’
t—1
+ Q[Cl]zp(Kt max 1) 1 p:tz,,r (K p+Kjp)
N2(1—p) Kz,tK‘,tp
(49)

J.2 PER ROUND PROGRESS IN MARKOVIAN SAMPLING

In this section, we will analyze the convergence performance under Markovian sampling. For any
t > 7, we have

— * 2
B [ - 07|

2
_ _ 1
=B, ||0" + aK: - Z at — ¢
i 2
2
_ w2 _ 1 _ N _ 1
=E;_, ||6" — 6 o 20K By, <N 21: hz(-t)ﬁt Sy > +02K2Ey_, v zi:d’(t) 2
W1 W2
o 1 () _ (D gt _ g
+2aK,E_, NZ(di — iy, 6" — 0 (50)

Ws
where W is a biased term due to Markovian sampling.

For the second term W7 on the right hand side in @]), we can obtain:
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Ki—1
1 _ 1 1 : _
wh —Et—r<NZh§t)a‘9t—‘9*> _Et—T<N I7e Z gi(af’k)aat—9*>
~ K =

K;:+—1
<N Ry o @O 5@+ <9t>—g<0t>+g<9t)>,ot_9*>

’ k=0
Kit—1 1 1 K¢
t.k — aty pt _ p* - —(pt\ pt _ p*
<N K kZO i(07°) — gi(6"),0 0>+Et_T<N;Ki’t2_jg(0>,0 0>
Ki+—1
1 1 ’ b tky - gt 3 gt _ p*
SN2 T, kzz:o (%Ef - ||3:(05%) — 3:(6") + o ||>
+E—, (9(0"), ét - 9*> (51)
gg-%z Z Eq_, ||6o* - etH +4 ZEe o [|0" — 0°[[; + Eamr (3(0°),0" — %) (52)
2 - —

where (1)) follows from Young’s inequality, &5 is a positive number and (52)) follows from Assump-

tion 3
For the third term W5 in (30), we have:

2
_ 1 ) L (t)
Wy =E; -, Nzl:(dz —h; ')+ Ry .

1 | Ko 2 ) 2
<2E,_, ||— (Ai obk —Ai) 0k — 0% + Z,(00M)|| 42E, . [|= S a®
= <t NKth (z) (1 2)+<z)+t NZ'L

’ k=0 9 7 2
Woar Waz
(53)
Then we can bound Ws1,
-1 2
Wy <2E,_, Z ( (O4F) — 21)(9“6 07)
1 1 Rt i
tk
N £ Y SR
[ ’ k=0 9
. Kii—1 2 1 | Kot 2
2 t,k _ gt pt < Ntk
<8?E,_, Nz > (0FF 0" +6"—07)| + 2K, Nl > zioph)
i k=0 ) k=0 )
(54)
16¢2 1 1 Relt :
t t,k
<160 Et TQt+ N Et TZH0 N K,L-t ZZ(OZ )
i ’ k=0 9
1 1 et i
<16¢*E;_ . + 16> H? + 2E,_, NZ 7 > zioph) (55)
k=0 )
Ki—1 12
where QO = & > 7~ X o — ot > and || follows from Lemma
7 bt k=0
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Then for W,
Waa=Eir |5 3 g 32 (3004 - 00+ 00 - 50) - 509
s 2 :
< 2F;_ % _ Klt kzo Gi(0") = gi(0")|| + 2B ||5(8Y) 3 (56)
2 1 ! _tky - gt 22 (12
SNL R, o B0 - @)+ 2 @)
< 80 + 2B, [|g(0")||2 (57)

where 1i follows from the fact that 3 || 4 2 H2 <% > |z 1%, and follows from Assumption
Bl 2 7

By combining the terms Ws; and W52, we can get

Wa <16(2¢% + 1)Q +3262(82 [0 = 0° 3 + %)
1 t_l 2
+4E,_, Z Z Z(OM)|| +4E,_, 90" (58)

Next, we study the gradient bias term W3 which plays a central role in Markovian setting. Similar
to the analysis of this bias due to Markovian noise in Khodadadian et al.| (2022)); Wang et al.[(2023)),
we rewrite it as

=E,_ < Zd(“ RN 9*>

Kio—1
) ot k gty gt _ gt
<NZKt§9 )6,
W31
1 1 Rt
t.k t—r,k _ t—r,k — t.k\ pt—r *
+]Et—T<N2i: 2 9i(0;") — gi(0; )+ gi(0; ) —gi(0;7),0" " —0 >

Wis2

g0 — g0 k), 0t — 9*>

+E, T<NZK”

Wiss

For the term W31, we can conclude that
K —1

1 1 o
War = E¢—r <N Z K Z gi(07") — gi(07"), 0" — 0 >

k=0
zt_l
<E, . Z Z gi(0°%) — g,(0h)| - [
L ‘ Z 2
& |1 Kt C
3 kK _ otk ot pt—r]|2
<E; - 5w K kz_;) gi( et ) — gi(‘gf N+ 2%, Hef —0 H2
i = 2
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where &3 can be any real positive number. From (33)), we have:
W@s&%ﬁn+&#2&&7w@—ow2+&%%s

Ki¢—1

1 .- -
+&Ee, Z Z Z;(0}F) fuaf—af—fuz
- 3
= 2
For the term W35, we have
1 1 Rl
t,k t—r1,k t—r1,k t,k t—T1 *
Wi EFT<N. Ry o O~ B0 - 0.0 0>
1 1 Relt
E| 2 D ) - g0 4 a0 - g0 | 0 o],
i bt k=0
2
K

gi(0;7 ") = 571'(92’]6)"2] [ | S

t,k t—r,k
ok — gl

1 1 et
S4]Et—'r ﬁzm ];)

!letfewz (59)

gtk _ gt

1 1 K;:—1 1 1 K;t—1 ~ .
SNl X Ry 2 1=,

nt—1 t—1,k
g — o

K;:—1
i 1 \ gt—7 _ pt Nt _ p*
N T \2] [ =, + " = 0]

—iE,_, 'Atuét-f N L TR
e " — 07|, [|0" — |6 =67,
1 o A2 ~ w112
<2E;_, 5A2+ 5 Af , (254+§4+2) |07 — 6|, + 3 || 0" — 6 ||2} (60)
1 S A2 = w112
<2E;, _aQt+aQt—T+(254+a+2) Het _9t|‘2+3§4”9t —0 |2} (61)
Ki—1 ~
where &, can be any positive real number and A, = %Z Klm > |lobF —at ; O =
Kivtfl B
> K¥ > Hf ow Ht follows from the Lipschitz property by Assumption |3 and the
==

triangle inequality; (60) follows from Young’s inequality; (6I) is derived from the convexity of a
square function as follows.

ViR,

Ki—1

Z ok — gt

IEtf'r

Ki—1

1 1 e ok A2
<7§j S B, 6 —9” 62
*N K &~ t i 5 ©2)

For the third term of W33, we have
Kii—1

1 1 —T — —T nt—t *
W33Et—T<NZK,t Z g:(0; ") — i (0,77, 6" 9>
3 k=0
Et TZK

l>-

025 ‘rk) (ef—T,k)H ||§t—7- _9*
k=0 2
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Then we can further bound it by Lemma[5]as

K;:—1
1 1 T, * nt—r *
Wiy < ~Eo- TZK 3 (H(Ai(Of”“)—Ai)(et L Oy HQ) |6 — o7,
k=0
1 ]. Ki,t_l / i;l Ki’p—‘rk t—1,k * E Klp+k nt—r *
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J.3 DRIFT TERM (),

For the drift term €2, we begin with
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After minor arrangements, we have
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Define ¢’ = max{2a%c*K; ;(K;; — 1)}, then we have
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Then, the drift term can be represented as
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Then we can establish the bound in conditional expectation on ¢ — 27:
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where . follows from ; (70) follows from Lemma (146) follows from that fact that pi+7 <

pKemin™ < o for all ¢.

Finally, we choose 7 = { ;?tg”(_x J and by combining W7y, W5 and W3, we have:
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If we choose & = %, &y = ay, &4 = 4—’\8, and step size o <

combining (67) and Lemma[d] we have
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Then let Ko = m%x{Ki’t}, Kpax = mtax{l?t} and Kpin = mtin{[_(t}. Ifa < mtin{at},

applying the last inequality recursively, we have:

E (07 - 0|2 < e F TR 00 — 07|

817  87%ac)\ [8a%c*(Kmax — 1)(2Kmax — 1) ;0,0 = o

— H
(555 ( 3107 ()

n 817 n 812ac 2@ (Kmax — 1) (2K max — 1)
A2 \ 31— ")
L8 (2Kmax + 272+ 1) ([0 Kmax 200" p(Kmax — 1) K20
) N N(1—p)

_ 271
+ Ba (QKmaX +2r7 4 1) 2[0/]2P(Kmax — 1) Z 1 s
3 N2(1 - p)

K K;
i<j 1,t4x gt

+4a (3202f(max + 16K paxC + 872¢ + c’) K2+ 2aH (2C’H +q + 4B2720H)

\ (72)

29



Under review as a conference paper at ICLR 2024

where K; = & 3 72—, Konax = mtax{f(t}, K? =13 2 and K2
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= mtax{f(tg}.

K PROOF OF COROLLARY 2

Assuming we use a constant local update number K for each agent, can be simplified as
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If N =1and K = 1, then we have:
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which matches the results of centralized TD as Theorem 3(b) in/Bhandari et al.| (2018).
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L ADDITIONAL SIMULATIONS

In the simulations, the agent is initially placed in one corner of the maze and selects an action to
move to the next cell with a certain probability. In the policy evaluation process, in order to avoid
low learning efficiencies due to sparse rewards, the agent will receive a reward O if it reaches the
desired goal and —% {(x - 3)2 +(y— 3)2} otherwise where (z,y) is the position of the agent and

it is also the current state. Here the state space size is 16 and the action can be selected from up,
down, left, right directions. The goal of the agents is to learn a common model to approximate the
value function under the given policy.
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Figure 2: Training performance of HFTD with different settings under Markovian sampling: train-
ing performance refers to the running error between current model and optimal model. Left: agents
perform local updates with different step sizes; Middle: agents take different number of local iter-
ations with mean values 10, 30, and 50; Right: the number of agents participating the training is
different.

Compared with the simulation results of L.I.D. sampling, the learning process under Markovian
sampling shows more instability. This is because in Markovian sampling, the next state depends
only on the current state under a fixed policy so that some states are not visited enough. Hence, it is
difficult to approximate the value function well for the entire state space.

L.1 MOUNTAIN CAR

For the mountain car experiment, we first discretize the continuous state spaces with a uniform grid
by tile coding. Each tiling has 10 x 10 grid. The action can be selected from push left, no push, and
push right. The goal of the agents is to learn a common model to approximate the value function
under the given policy.
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Figure 3: Training performance of HFTD with different settings under I.I.D sampling: training
performance refers to the running error between current model and optimal model. Left: agents
perform local updates with different step sizes; Middle: agents take different number of local iter-
ations with mean values 10, 30, and 50; Right: the number of agents participating the training is
different.
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The simulation results show that the running error is larger than that of I.L.D. sampling in Gridworld
with same heterogeneity level k2 = 1 . This is because in this setting, there exists discretization
error which impedes the convergence performance. However, the simulation results show that the
running error decreases with linear rate which matches our theoretical results. Furthermore, smaller
step size lead to a less convergence error.
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