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Supplementary Material

A Random Matrices

Al

Multiplication of Random Matrices

In this section we present and prove some statistical properties of general random matrices and their
_, denote a set of random matrix whose elements are
sampled iid from a distribution with mean 0 and variance o2, with bounded kurtosis. Let

multiplications. Let {Q,, € R"n»*mn-1}N

H Qn==0Q1-1-...-Q1,
n=[—1
I+1
Ql:HQn:QN "QlJrl?
n=N
Theorem 3. VI
E(BY) = g1
E(Al) = OtlI

Bl =@ Q' eR™*™0 |2, N
(6)
Al=QlQ" e R™*MY g1, N 1]
e ™
n=1
N
ar= T mnio? (®)

Proof. We only prove (7), as the proof of (§) is similar. To simplify the presentation, we use the

following auxiliary notations: V = Q, U = Hn 11 Qn = Q' =

Proof proceeds by induction on I.

e =2
E[B,] =
k=1
mi
=E[>_ ViiVii]

k=1

Thus
0
E[B.] =
= {0

* Assume that (7)) holds for [ — 1.

B’f] = ZQ;@Q%’]’ -
k

and therefore

Z Z Z E Ukuvl/zUkp p]

Ifi = j:

=2 2 BV, E

Uuv.

Z ViiViy] 2 Z E[Vii|E[Vi;)

(o’

k=1

=> E[V]
k=1

i#J
i=j

(off diagonal)
(diagonal)

Z Z UkuVui Z Uk’pvpj
k v P

Z Z E[V,:V,,] Z E[U Ugy)

where the last transition follows from the independence of U and V. Once again, we
consider the diagonal and off-diagonal elements separately. If i # j:

U)vp) =

Vil > E[Uk, Uk,] = 0
k

S EVAEWTV)
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Using the induction assumption

0 i #j (off diagonal)
E[BL] = -1
[Bij] myo? [[ mpo? i=3 (diagonal)
n=2
from which (7)) follows. O
Let m denote the width of the smallest hidden layer, m = min (mq, ..., my—_1), and assume that
max (my,...,my—1) — min (mq,...,my—1) is bounded by some M, as m — oo. Assume the

following initialization scheme

Definition 4. The elements of {Q,,}\_, are chosen iid from a distribution with mean 0 and variance

o2, where
2 1 1
22 q_pcnN o2=1, o2-
Mp—1 + My mp mMN—1

On

For large m, it follows that
1

mnoizl—FO() nell...N—1]
m

1
mn_laizl—l—O() nef2...N]

m

Corollary 3.1. With initialization as in Def. [} Vi
1 1
EB)=[1+0(=)I, EA)=[1+0(=|1
B = +o(L)ir B -+ o(L))

Theorem 4. With initialization as in Def.[4 Vi

var(B') = O(1> . var(4l) = o(l)

m

Proof. We prove by induction on [ that:

O(ﬂlﬂ) i#j (off diagonal) 1
1y\27 g I pl a

For [ = 2, (9) follows from Lemmal[2|and Corr We now assume that (9) holds for [ — 1 and prove
for I, using notations as above: V.= Q1,U =[], , Qn, Q' =UV.
E[(BS)] =YD EVeiViiVaiVi; Y UkwUspUnaUng]

v,p o, k,n
Let B’ = U TU. Using the induction assumption

i#j 1

Bl 2 Y EnAvAEB, = o)

v,p

m

When ¢ = j, there are 3 cases where the terms in the sum above donotequal 0: (i) v = «, p =
Biv#Fporv =0 p=auv#pi)v=p a=pv#ali)r=p=a=/ Case()is
similar to the above, and we therefore only expand cases (ii) and (iii) next:

1
i 27,2 / / _ -
(11) ;E[Vuivai}E[BuuBaa] =1+ O(]III)

1
E[V,iE[(B,,)*] = O(—
(iif) XU: [VIE[(B,,)7] -
In the derivation of (iii) we exploit the assumption that the kurtosis of the distribution used to sample
Q,, is fixed at G and cannot depend on m, indicating that E[V,2] = Go?.

A similar argument would show that E[B!, B ; =1+ o). O
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Theorem 5. Let { X (m)} denote a sequence of random matrices where E[X (m)] = [1 + O(L)]I
and var[X (m)] = O(L). Then X (m) 2y I, where £ denotes convergence in probability.

Proof. We need to show that Ve, 6 > 0 3m’ € N, such that Ym > m’
P(X(m)—I>¢e)<$§

Henceforth we use X as shorthand for X (m). Since E(X)=[1 + O(1)]1, it follows that Ve > 0
Jm; € N such that Vm > m;, the following holds element-wise:

E(X) -1 < 3
Thus -
P(X—1|>¢) < P<|X7E(X)| > 5)
Since var(X) = O(L), it follows that Ve, > 0, 3ms € N > Vm > m,

2
var(X) < Z(S

From the above, and using Chebyshev inequality

4var(X)

P(X-1I>¢)< = <0

Vm > m’, where m’ = max{m;, ms}.
O

Let Al(m) and B'(m) denote a sequence of random matrices as defined in @, corresponding to
models for which m = min (mq, ..., mp_1).

Corollary 5.1.
Bl(m) 5T Vie]2...N] Am) BT Vie[l...N—1]
The proof follows from Corr 3.1} Thm @] and Thm 3}

A.2 Dynamics of Random Matrices

Consider a dynamical process, where the random matrices defined above are changed as @; —
Qj — AQ; Yj, and specifically from @I)):
j+1

AQ; =u( 11 QH)TET( f[ Qn)T, Er= ( I1 Qn)ZXX ~ Sy (10)
n=N

n=j—1 n=N

Denoting Q' — Q! — AQ' and applying the product rule

-1 j+1 1
AQl:Zl( _rl[_lczn)AQj(n_lI_lQn) an

For B! = QZTQZ and denoting B' — B! — AB':
AB'=[2Q' Q'+ Q" AQ (12)

Before proceeding to analyze A B', we note that

K K 1
myoy = :m[l—&—O()}

my—1

and therefore from Thm 3] % .
E[(QY1)QY] = [+O(>]I (13)
m m

|9V}
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Theorem 6. For sequence B'(m) defined as above, if

BlY(m) & I, var[B'(m)] =

Q
El=
N

then
ABY(m) %0, var[AB!(m)] = O(l)

m

Proof. B'(m) 51 implies that Ve, § > 0 drh € N, such that Vm > 1h and with probability larger
than 1 — 4.
Bl(m)=TI+e; lei| <e, VI€[2...N] (14)

In addition, from (T3) and Thms. @3]
QN QN = —I—&-eg lea| < e

We fix m and let B be a shorthand for B!(m). Now

BN = Qn 1 TQY QNQN 1 = gQN*”czN* +0(e) = gf +0(e)  (15)

To evaluate AB' from , we start from

Jj+1 1
Q''aqQ - Z(HQH) (TT@n)ae; ITen
Jj=1 1= -1 j—1
Simplifying ¢; — the ;' term in the sum
-1 Jj+1
t —uHQTHQnHQTE HQTHQ” uB (BHYTIQN B, B + O(e)
-1 Jj+1

The last transition is exactly true when B! = I and B’*! = I, as shown in Lemma [3|in
Substituting E,

t; =uB (B IQN T [QV Sk — Byx] B + O(e)
—uBYBITH BNy +QNTEYX]Bj +0(e)
Substituting (T4) and (13)
K T
tj = /"L[EEXX + QN EYX] + 0(5) (16)

From (I6) and Lemma [2]

-1
EIQAQ! = Y Eltj) = w1 +0(e)
j=1

Since AQ!' Q! = [QlTAQl]T, it follows from that

E[AB!] = Mgl +O(e) (17)

To conclude the proof, we need to show that Ve’, 8’ > 0 Inrh’ € N, such that Vm > i’
P(lAB >¢) < ¢

Since (17) is true with probability (1 — ) Ve, ¢ and Vin > 1h, we choose ¢ and i’ such that

/

IE[AB!]| < % Vi > i (18)
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P(JAB'|>¢) <(1-90)P (|ABl —E(ABY)| > é;) <

var(AB') = O(L) implies that 3rh”” € N, § > 0, such that Vm > 1n”

4var(AB!)

72 (1-6)<¢

It now follows that AB!(m) % 0.
To analyze the variance, we assume that all the moments of the distribution functions used to sample
Q,, are bounded. Thus, from , the variance of ¢; V5 remains O(I%ﬂ). Likewise, since AB! is a sum

of matrices, each with variance O(Z) thus bounding the covariance by O(Z), we can deduce that
var(AB!) = O(m)

O
Theorem 7. For sequence A'(m) defined as above, if
1
Al(m) &1 and  var[A'(m)] = O<m>
then .
AAYm) £ 0 and var[AAl(m)] = O(}m)

The proof is mostly similar to Thm|[6] though we additionally need to show the following in order to
replace (13):
EQ"S, Q" = [L + 0(1) 7
m m
This, in turn, can be proved in a similar manner to the proof of Thm 3] when taking into account the
initialization scheme defined in Def.

Note about convergence rate. In Thm @ convergence to 0 when m — oo is governed by O (g)
In Thm [7} convergence is governed by O(%).

A.3 Some Useful Lemmas

Lemma 1. Given function G(W) = $|[UWVX — Y|
dG(W)
aw

; 1 .
Lemma 2. Given Q = [[,_y Qn, where @, € R™*mn-1 denotes a random matrix whose
elements are sampled iid from a distribution with mean 0 and variance o2, i, j.

%, its derivative is the following

=U'UWVX(VX)  —U'Y(VX)T =UT[UWVE x —Syx VT (19)

E[Qz]] =0 var ng miN H an (20

n=1

Proof. By induction on N. Clearly for N = 1:
E[Qij] =E[(Q1)y] =0  var[Qy;] = var[(Q1)] = o7

Assume that li holds for N — 1. Let V = [, _y_; Qu. U = Q. It follows that

E[Qi;] = E[(UV)s] ZE Vi) = Y E[Ui|E[Viy] = 0
k

where the last transition follows from the mdependence of U and V. In a similar manner

var(Q;;] = E[Q7] = E[(D_ UnViy)’] =E[>_UirVij > _ UaVij] = ZIE E[Vi,j]?
k k l

1 N—-1 1 N
2 2 2
=MN_10N Hmn'Un:millmn'Un
n=1 N

my-—1
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With the initialization scheme defined in Def. @ var(Q;;) = O(2). O

Lemma 3. Consider matrix multiplication CD where C € R**™ D ¢ R™** k < m and
rank(CD) = k. Define A{R™*k  AoR¥>™_ Then

CAI = AQA] =1 — CD= CA]AQD

Proof. Since C' = A and Ay = AT
C=AFAC=CA A} = CALA,

B Supplementary Proofs and Additional Models

B.1 Deep Linear networks

Here we prove Thm|I|as defined in Section2.1]

Theorem ([T} The compact matrix representation W obeys the following dynamics

L
W = W* — > A7 - Er® - Bf + O(1?)
1=1
where the gradient scale matrices A7, B} are defined in (3)

+1 +1

e (T (ITw) e mom (1 wi) (1 wy) e

j=l—1 j=l—1

Proof. Attime s, the gradient step AW} of layer [ is defined by differentiating L(X) with respect to
W7 . Henceforth we omit index s for clarity. First, we rewrite L(X) as follows:

I+1 1

1
Lesw) =S| [Iws | we II wi | X =Yl
j=L j=l—-1
Differentiating L(X; W) to obtain the gradient AW, = 7&%{;‘4), using Lemmaabove, we get
I+1 1 T
AW, = H W, WXy — zyx]<H WJ> (1)
Jj=L -1
Finally
1 1 L +1 1
AW = [[Wi = paw) = [[ Wi = —n) (H Wn> AW, ( 1T Wn> +0(u?)
I=L I=L =1 \n=L n=l—1

Substituting AW, and Er (as defined in Def. [3)) into the above completes the proof.

B.2 Adding Non-Linear ReLU Activation

The results shown in Fig. [2b] pertain to a relatively simple non-linear model analyzed by [Arora et al.
(2019), here adapted to classification rather than regression. Specifically, it is a two-layer model with
ReLU activation, where only the weights of the first layer are being learned. Similarly to (I), the loss
is defined as

L(X) = %Z | £ (i) — vl fl@;))=a"-c(Wx;), a e R™, W e R™ >
i=1
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m denotes the number of neurons in the hidden layer. We consider a binary classification problem
with 2 classes, where y; = 1 for x; € Cy, and y; = —1 for ; € Cs. o(.) denotes the ReLU
activation function applied element-wise to vectors, where o (u) = w if u > 0, and 0 otherwise.

At time s, each gradient step is defined by differentiating L(X) with respect to W. Due to the
non-linear nature of the activation function o (.), we separatelyﬂ differentiate each row of W, denoted
w, where r € [m], as follows:

wt —w? = ﬂlaaLi,X)‘ = “Z [aT o(Wea,) yz} 3£I(Zh)
r lw.=ws =1 r lwr=w
=ny [Zamw; @)~ yifaall,, (z:)
= —ua, Z 1 scl { () -2y — yl} x] where ¥*( Zajw 1, acl)

Above 1 _(z;) denotes the indicator function that equals 1 when w; - ; > 0, and 0 otherwise.
In order to proceed, we make two assumptions:

1. The distribution of the data is symmetric where P(x;) = P(—x;).

2. W and a are initialized so that w’ =-w° anda, =-a,. Vi€ [2].
2 2i—1 2i 2i—1 2

It follows from Assumption 2 that at the beginning of training 1_, (z;) +1_, (x;) =1, Va;

25 Wyj—1

such that (N #* w, T # 0, and Vj € [%]. Consequently

1
U0 (x Zajwo]l (x;) = Za] iaTWO

Va; such that W,y T # w, T # 0. Finally

w! —w :—,uar[ aTWOZwaz Zyl

l 1
wla; >0 ° >o

w,.xT

Next, we note that Assumption 1 implies
E[Z ;T fE Z x;x] [Z x)

for any vector w. Thus, if the sample-size n is large enough, at the beginning of training we expect
to see

with —wd~ —p Q[TWEXXf m;| Vr

r

where row vector m; denotes the vector difference between the centroids of classes C and Cs,
computed in the half-space defined by w; - > 0. Finally (for small s)

Wt W & —p% (aa™")W*Exx — MS}

where M* denotes the matrix whose r-th row is a,m}. This equation is reminiscent of the single
layer linear model dynamics W**! = W* — Er®, and we may conclude that when it holds and
using the principal coordinate system, the rate of convergence of the j—th column of W¥* is governed
by the singular value d; .

3Since the ReLU function is not everywhere differentiable, the following may be considered the definition of
the update rule.
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B.3 Weight Evolution

To analyze the weight dynamics, we first shift to the principal coordinate system defined in Def|[T}
In this representation Er* = W?*D — M, where D = diag({d;}] ,1) is a diagonal matrix. Based
on ThmE] and the subsequent discussion of convergence rate assurmng that the width of the hidden
layers is very large, we can readily substitute B; ~ I VI in (2}, to obtain

wetl = WSfMZASEr +0(1?) (22)

=1

Letw; € R denote the j-th column of W, m; denote the j-th column of M. From we have

L
wit = wi — p Y Aj(djw) —m;) j € [K]

This is a telescoping series; denoting A% = 21L=1 A,

ws™! =wj; — pA*(djw; —m;) = (I — pd;A*)w; + pA’m; = ...

J
Z H (I — pd; AP)AY

v=1 p=v+1

(23)
—HI pd; A”'w +

The only difference between individual columns lies in d;, which governs the rate of convergence of
the first term to 0, and the rate of convergence of the second term to the optimal value of J-m;.

In the discussion following the proof of Thml we noted that the approximation A} ~ [ breaks down
before B} ~ I. Nevertheless, while it is still valid, (23) further simplifies to the followmg

S

wit = (1-pd;L)*w) + p| > (1 = pd; L)~ LI |m; = Mw) + pL Z ]
v=1 k=
:/\jw2+(1—)\j)% Nj=1-pd;L
J

C Additional Empirical Results

C.1 Weight Initialization

We evaluate empirically the weight initialization scheme from Def. 4] When compared to Glorot
uniform initialization (Glorot & Bengiol 2010), the only difference between the two schemes lies
in how the first and last layers are scaled. Thus, in order to highlight the difference between the
methods, we analyze a fully connected linear network with a single hidden layer, whose dimension
(the number of hidden neurons) is much larger than the input and output dimensions. We trained
N=10 such networks on a binary classification problem, once with the initialization suggested in
Def.[4] and again with Glorot uniform initialization. While both initialization schemes achieve the
same final accuracy upon convergence, our proposed initialization variant converges faster on both
train and test datasets (see Fig.[I0).

C.2 Spectral Bias

The spectral bias, discussed in Section can also induce similar learning order in different
networks. To support the discussion in Section[4.3] in §C.2.2) we analyze the relation between the
spectral bias and accessibility, in order to clarify its relation to the Learning Order Constancy and
the PC-bias. First, however, we expand the scope of the empirical evidence for this effect to the
classification scenario and real image data (§C.2.1).
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Figure 10: Learning curves of a fully connected linear network with ~ Figure 11: Evaluations on test-sets projected
one hidden layer, trained on the dogs and cats dataset, and initial- to the first P principal components, for differ-
ized by Glorot uniform initialization (orange) and the initialization ent values of P (see legend) of 10 VGG-19
proposed in Def. El(blue), models trained on CIFAR-10

s41 C.2.1 Spectral Bias in Classification

642 |[Rahaman et al.| (2019) showed that when regressing a 2D function by a neural network, the model
643 seems to approximate the lower frequencies of the function before its higher frequencies. Here
644 we extend this empirical observation to the classification framework. Thus, given frequencies
845 Kk = (K1,Ka, ..., Km) With corresponding phases ¢ = (1, @2, ..., ©m), we consider the mapping
e46  A:[—1,1] = R given by

Az) = Z sin(2mkiz + @;) := Z fregi(z) (24)
i=1 i=1
647 Above k is strictly monotonically increasing, while ¢ is sampled uniformly.

e4s The classification rule is defined by A(z) < 0. We created a binary dataset whose points are fully
49 separated by A\(z), henceforth called the frequency dataset (see visualization in Fig.|13|and details in
50 §D.4). When training on this dataset, we observe that the frequency of the corresponding separator
651 increases as learning proceeds, in agreement with the results of Rahaman et al.[(2019).

I
& b b o owon e

—15 10 -as oo 0s 1o 18 15 10 05 00 05 10 15 -15 -1.0 -0.5 00 05 10 15 1% =10 0.8 ho 08 15 18

Figure 12: Visualization of the separator learned by st-VGG when trained on the frequency dataset, as captured
in advancing epochs (from left to right): 1, 100, 1000, 10000. Each point represents a training example (yellow
for one class and purple for the other). The background color represents the classification that the network
predicts for points in that region.

652 To visualize the decision boundary of an st-VGG network trained on this dataset as it evolves with
653 time, we trained N=100 st-VGG networks. Since the data lies in R?, we can visualize it and the
es4  corresponding network’s inter-class boundary at each epoch as shown in Fig.[I2] We can see that the
655 decision boundary incorporates low frequencies at the beginning of the learning, adding the higher
656 frequencies only later on. The same qualitative results are achieved with other instances of st-VGG
657 as well. We note that while the decision functions are very similar in the region where the training
ess data is, at points outside of the data they differ drastically across networks.

es9 C.2.2 Spectral Bias: Relation to Accessibility

660 In order to connect between the learning order, which is defined over examples, and the Fourier
es1 analysis of a separator, we define for each example its critical frequency, which characterizes the
662 smallest number of frequencies needed to correctly classify the example. To illustrate, consider the
e63 frequency dataset defined above. Here, the critical frequency is defined as the smallest j € [m] such

eee that \;(z) = S7_, freq;(z) classifies the example correctly (see Figs. [14al14b).

665 In this binary classification task, we observe a strong connection between the order of learning and
666 the critical frequency. Specifically, we trained N=100 st-VGG networks on the frequency dataset,
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Figure 13: Visualization of the classification Figure 14: Visualization of the critical frequency, showing all the
dataset used to extend [Rahaman et al|(2019) points in the 2D-frequency dataset with critical frequency of (a) 0,

to a classification framework. and (b) 1.
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>0.8
B
z 09 5
208 c 0.6
/ :
§ 0.7 = 0.4
£ b
0.6 [a)
0.2
0 2 4 6 8 0 2 a4 6 8
Critical Frequency Critical Frequency
@) (b)

Figure 15: (a) Correlation between critical frequency and accessibility score in the 2D-frequency dataset. (b)
Correlation between discriminability and critical frequency in the 2D-frequency dataset.

e67 and correlated the accessibility scores with the critical frequency of the examples (see Fig. [I5a). We
668  see a strong negative correlation (r = —0.93, p < 10~2), suggesting that examples whose critical
669 frequency is high are learned last by the networks.

670 In order to see the effect of the spectral bias in real classification task and extend the above analysis
671 to natural images, we need to define a score that captures the notion of crifical frequency. To this
672 end, we define the discriminability measure of an example - the percentage out of its k£ neighbors that
673 share the same class as the example. Intuitively, an example has a low discriminability score when
674 it is surrounded by examples from other classes, which forces the learned boundary to incorporate
675 high frequencies. In Fig. [I5b] we plot the correlation between the discriminability and the critical
676 frequency for the 2D frequency dataset. The high correlation (r=—0.8, p < 10~2) indicates that
677 discriminability indeed captures the notion of critical frequency.

678 C.3 Projection to higher PC’s

s79 In Section[3.3]we described an evaluation methodology, based on the creation of a modified rest-set
680 by projecting each test example on the span of the first P principal components. We repeat this
es1  experiment with VGG-19 networks on CIFAR-10, and plot the results in Fig.[T1]

2 D Methodology

683 D.1 Implementation details and hyper parameters

e84 The results reported in Section 5| represent the mean performance of 100 st-VGG and linear st-VGG
e85 networks, trained on the small mammals dataset. The results reported in Section [3] represent the
686 mean performance of 10 2-layers fully connected linear networks trained over the cats and dogs
es7 dataset. The results in Fig. Q]represent the mean performance of 100 st-VGG network trained on the
688 small mammals dataset. In every experimental setup the network’s hyper-parameters were coarsely
689 grid-searched to achieve good performance over the validation set, for a fair comparison. Other
690 hyper-parameters exhibit similar results.

10
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Figure 16: Visualization of the small mammals dataset, with amplification of 1.5% of its principal components
by a factor of 10. Top: original data; middle: data amplified along the first principal components; bottom: data
amplified along the last principal components

D.2 Generalization Gap

In Section 5] we discuss the evaluation of networks on datasets with amplified principal components.
Examples of these images are shown in Fig. [I6} the top row shows examples of the original
images, the middle row shows what happens to each image when its 1.5% most significant principal
components are amplified, and the bottom row shows what happens when its 1.5% least significant
principal components are amplified. Amplification was done by a factor of 10, which is significantly
smaller than the ratio between the values of the first and last principal components of the data. After
amplification, all the images were re-normalized to have 0 mean and std 1 in every channel as
customary.

D.3 Architectures

st-VGG. A stripped version of VGG which we used in many of the experiments. It is a convolutional
neural network, containing 8 convolutional layers with 32, 32, 64, 64, 128, 128, 256, 256 filters
respectively. The first 6 layers have filters of size 3 x 3, and the last 2 layers have filters of size
2 x 2. Every other layer is followed by a 2 x 2 max-pooling layer and a 0.25 dropout layer. After
the convolutional layers, the units are flattened, and there is a fully-connected layer with 512 units
followed by 0.5 dropout. The batch size we used was 100. The output layer is a fully-connected layer
with output units matching the number of classes in the dataset, followed by a softmax layer. We
trained the network using the SGD optimizer, with cross-entropy loss. When training st-VGG, we
used a learning rate of 0.05.

Linear st-VGG. A linear version of the st-VGG network. In linear st-VGG, we change the activation
function to the identity function, and replace max-pooling by average pooling with a similar stride.

Linear fully connected network. An L-layered fully connected network. Each layer contains 1024
weights, initialized with Glorot uniform initialization. 0.5 dropout is used before the output layer.
Networks are trained with an SGD optimizer, without momentum or L regularization.

D.4 Datasets
In all the experiments and all the datasets, the data was always normalized to have 0 mean and std 1,
in each channel separately.

Small Mammals. The small-mammals dataset used in our experiments is the relevant super-class
of the CIFAR-100 dataset. It contains 2500 train images divided into 5 classes equally, and 500 test
images. Each image is of size 32 x 32 x 3. This dataset was chosen due to its small size.

Cats and Dogs. The cats and dogs dataset is a subset of CIFAR-10. It uses only the 2 relevant classes,
to create a binary problem. Each image is of size 32 x 32 x 3. The dataset is divided to 20000 train
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images (10000 per class) and 2000 test images (1000 per class). This dataset is used when a binary
problem is required.

ImageNet-20. The ImageNet-20 dataset is a subset of ImageNet containing 20 classes. This data
resembles ImageNet in terms of image resolution and data variability, but contains a smaller number
of examples in order to reduce computation time. The dataset contains 26000 train images (1300 per
class) and 1000 test images (50 per class). The choice of the 20 classes was arbitrary, and contained
the following classes: boa constrictor, jellyfish, American lobster, little blue heron, Shih-Tzu, scotch
terrier, Chesapeake Bay retriever, komondor, snow leopard, tiger, long-horned beetle, warthog, cab,
holster, remote control, toilet seat, pretzel, fig, burrito and toilet tissue.

Frequency dataset A binary 2D dataset, used in Section to examine the effects of spectral bias
in classification. The data is define by the mapping A : [—1, 1] — R given in by

m

Az) = Zsin(27miz + ;) = Z freg(z)

i=1 i=1

with frequencies k = (k1, K2, ..., Km ) and corresponding phases ¢ = (¢1, P2, ..., m ). The classifi-
cation rule is defined by A\(z) < 0.

In our experiments, we chose m = 10, with frequencies k1 = 0, k2 = 1, k3 = 2, ..., k190 = 9. Other
choices of m yielded similar qualitative results. The phases were chosen randomly between 0 and 27,
and were set to be: @1 = 0, o = 3.46, 3 = 5.08, 4 = 0.45, 5 = 2.10, g = 1.4, 7 = 5.36,
ps = 0.85, pg = 5.9, p19 = 5.16. As the first frequency is k1 = 0, the choice of ¢y does not matter,
and is set to 0. The dataset contained 10000 training points, and 1000 test points, all uniformly
distributed in the first dimension between —1 and 1 and in the second dimension between —27 and
2m. The labels were set to be either 0 or 1, in order to achieve perfect separation with the classification
rule A\(2).
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