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Segment-Based Dynamic Programming for Optimal Binary Search
Trees: A Sub-Cubic Algorithm with Hierarchical Weight
Partitioning

Supplementary Materials

Code: Cost of Optimal Binary Search’
Tree (HWP Algorithm) 2

def optimal_two_way_search_cost (keys, -3
key_weights, gap_weights):
nun =
Compute the optimal cost of a two-way-
comparison search tree using HWP DP.
- keys: sorted list of keys (length n). 46
- key_weights: list of key weights beta 47

[1..n]. 18
- gap_weights: list of gap weights alpha 4°
[On] 50
Returns the minimal search cost (float). 5!

nun 52

n = len(keys)

keys = [Nonel] + 1list (keys) b
beta = [None] + list(key_weights) b
alpha = list(gap_weights)

prefixBeta = [0]*(n+1) be
for i in range(l, n+1): 5

prefixBeta[i] = prefixBetal[i-1] + 58
betalil] 59

prefixAlpha = [0]*(n+2) B
for i in range(1l, n+2):

prefixAlpha[il = prefixAlphal[i-1] + (
alpha[i-1] if i-1 <= n else 0) b2

order = sorted(range(l, n+1), key=lambda
i: (-betalil, -i)) 63
pi = [0]*x(n+1)
pos = [0]*(n+1) P4
for rank, key_idx in enumerate (order,
start=1): b5
pilrank] = key_idx
pos [key_idx] = rank Po

dp = [[Nonel*(n+2) for
for i in range (0, n+1):
dpl[il[i+1] = [o0]

in range(n+2)] %

for L in range (2, n+2): [
for i in range(0, n+2 - L):
j =i+ L 72
w0 = (prefixBetal[j-1] -
prefixBetal[i]) + (prefixAlphal[j]l -
prefixAlphal[il)
if L == 2:

cost0 = w0
else:
best_split = float(’inf’)
for b in range(i+l, j):
cost_split = dpl[il[b][0]
+ dp[bl[jl[0]
if cost_split <
best_split:
best_split =
cost_split
cost0 = w0 + best_split
dp_list = [costO]
remaining_weight = w0

for h in range(1l, n+1):
key_idx = pilh]
if not (i < key_idx < j):
dp_list.append(dp_list

[-11)
continue
remaining_weight -= betal
key_idx]
cost_eq = dp_list[-1]
if L >= 3:

best_split = float(’inf’)
for b in range(i+1l, j):
left_list = dpl[il[b]
right_list = dp[bl[j]
left_cost = left_list
[h] if h < len(left_list) else left_list
[-1]
right_cost =
right_list[h] if h < len(right_list) else
right_list[-1]
cost_split =
left_cost + right_cost
if cost_split <
best_split:
best_split =
cost_split
else:
best_split = float(’inf’)
dp_list.append(
remaining_weight + min(cost_eq,
best_split))
dp[i][j] = dp_list

final_list = dp[0][n+1]
return final_list[n] if n < len(
final_list) else final_list[-1]

Listing 1: Python implementation of HWP-based
optimal two-way search cost.



