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Appendices

The appendices provide proofs of the theorems stated in the main body, as well as more detailed
exposition of preliminary notions, and illustrative figures. It is structured as a suppleental body of work
which can be read from top to bottom, and which gives a detailed presentation of Metric Automata
Theory and its main results. While the main body gives a big picture overview of the key notions and
results, the appendices aim to serve as a foundational text, showcasing how Metric Automata Theory
can be used to develop new theories and draw novel insights about RNN architectures—in addition to
providing full proofs of all results stated in the main body.

Appendix A provides standard preliminary notions, required for later sections and in particular for
proving our results.

Appendix B presents the foundations of Metric Automata Theory (MAT), which build on several
different fields—metric spaces, dynamical systems, algebraic and classic automata theory. Also
establishing novel and fundamental connections across such fields. We prove Theorem 1 in this
appendix.

Appendix C introduces the novel notion of e-robust dynamics, which allows us to argue about
real-world floating point implementations of models. It also describes numerical and parametrisation
stability properties of systems, thus going beyond the phenomena which can be described by discrete
systems. We provide proofs of Theorem 2 and Theorem 5.

Appendix D employs Metric Automata Theory and its connection to Algebraic Automata Theory to
show a collection of expressivity results in the n-finite setting, including Theorems 3, 4, 6 and 7.

Appendix E explores the setting of Geometrically-Constrained Systems (GCS), in connection to
the empirical length-generalisation capabilities of Mamba, which go beyond its finite-precision
expressivity. We give proofs of Theorem 8 and Theorem 9.

Appendix F gives further details on the visualisation experiments we conducted to showcase the
state-space collapse suffered by Mamba SSMs.

Appendix G contains technical proofs and constructions deferred from other sections, which are not
necessary to fully comprehend the overall argument they are used in.

A Additional Preliminaries

In this Appendix, we introduce the preliminary notions for the remainder of this work.
Section A.1 covers basic mathematical notions and notation used throughout.

Section A.2 introduces the necessary background in Metric Spaces and Topology, notably properties
of compactness and path-connectedness.

Section A.3 defines the language of Dynamical Systems, which we use to describe RNNs and to build
our theory.

Section A.4 shows the key Algebraic Automata Theory results and notions which we use in our work.

Finally, Section A.5 and Section A.6 cover MLPs and introduce relevant RNN architectures.

A.1 Basic Concepts and Notation

We introduce basic mathematical concepts and notation required in later sections.

A.1.1 Numeric Domains

We write B = {0, 1} for the Boolean domain, we write N = {0, 1, ...} for the natural numbers, we
write N>, = {1, 2, ...} for the natural numbers excluding zero, we write R for the real numbers, we
write R, for the positive real numbers including zero, we write R, for the positive real numbers
excluding zero, i.e., R>o, = Ry \ {0}, and we write C = {{a,b) | a,b € R} for the complex
numbers—where every pair (a, b) is to be seen as the complex number a + b.
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For i, j € N with m < n, we define the notation [i..j] == {¢, i+1, ..., j}.

In the rest of the section, let Z be a set.

A.1.2 Powersets

We write P(Z) for the powerset of Z, and we define Py (Z) = P(Z) \ {0}.

A.1.3 Tuples and Matrices

For n € N, the set of Z-valued n-vectors, or n-tuples over Z, is Z" = {(z1,...,2n) | 2: € Z}.
We typically write an element of Z™ as z = (z1,...,2,). For m,n € N, the set of Z-valued
(m x n)-vectors, or m x n matrices over Z,is Z™*" .= {(z1,...,2m) | 2; € Z"}. We typically
write an element of Z™*" as Z = (z1,...,2n).

We use the compact notation Z; ;) to specify the set Z; x - - X Z; resulting from the Cartesian
product of the sets Z;, . .., Z;, meaning that they are contextually introduced by the notation.

A.1.4 Sequences

A sequence over Z with indices I C N is a function s : I — Z’ C Z,which we commonly present as
(#:)ier Where z; = s(i) for every i € I. A sequence is finite if so is its index set, and it is infinite
otherwise. When s is an infinite sequence with index set of the form I = {m, m+1, ...}, we adopt a
simplified notation and write the sequence as (z;);>m,., instead of (z;);c;. When s is a finite sequence,
the cardinality of its index set is called the length of s. The empty sequence, denoted by ¢, is the
sequence having length zero, i.e., the sequence with indices I = (). Any finite sequence s with indices
I = [i..j] can be presented as the list z;, . . ., z; by letting z;, = s(k) for every k € [i..5]; in this case,
the sequence can also be written in compact form as z(;. ;. We write Z* for the set of all infinite
sequences on Z, we write Z* for the set of all finite sequences on Z, we write Z+ for the set of
all non-empty finite sequences on Z, and we write Z* for the set of all sequence of a given length
¢ € N—noting that this definition of Z* clearly corresponds to the definition given above of Z* as
the set of all /-tuples over Z.

We often say that a property holds eventually for a sequence (2;);>n, if there exists m’ > m such
that it holds for the sequence (z;);>n. That is, the property holds for some zail of the sequence.

A.1.5 Strings

A string over a finite set X is a concatenation (juxtaposition) of elements of .. Namely, a string is an
expression o109 - - - 0, with o; € %, for every ¢ € [1..n]. In this context, we call ¥ an alphabet, and
we call each element o; a letter or symbol of the string s. We can equivalently see a string 0105 - - - 0,
as the finite sequence o7y ,,), following the definition of finite sequence given above, and hence apply
all notions already introduced for finite sequences. In particular, we have that the length of a string
0109 - - 0, is n, that ¢ is the empty string, that ¥.¢ is the set of all strings of given length ¢ € N over
alphabet X, that X* is the set of all strings over alphabet Y, and that X7 is the set of all non-empty
strings over alphabet .

A.1.6 Functions and Transformations

The image of a function f : X —» YisIm f = {f(x) | x € X} CY. We say that f is an identity if
f(z) = z forevery 2 € X, and we say that f is a permutation if it is a bijection. A transformation of
X is a function f : X — X where the codomain coincides with the domain. Note that every identity
transformation is also a permutation, and hence it is sometimes important to distinguish permutations
that are not identities by referring to them as non-identity permutations.

A.1.7 Equivalence

For ~ an equivalence relation on Z, the equivalence class of z w.r.t. ~ is the set [z].. .= {2’ € Z |
2’ ~ z}. We denote by Z/~ the set of equivalence classes of Z w.r.t. ~.
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A.2 Metric Spaces and Topology

We follow [Willard, 2012] as a general reference for this section, revisiting the notation. Let X be a
set fixed for the rest of this section.

A.2.1 Metrics

A metric, or distance function, is a function d : X x X — R., that satisfies all the following
properties for every x,y, z € X:

a) d(r,y)=0 <= zx=y

b) d(z,y) >0 (positivity)

¢) d(z,y)=d(y,) (symmetry)

d) d(z,y)+d(y,z) > d(z,z) (triangle inequality)

Notable metrics, relevant to us, are the following ones.

e The Euclidean distance, or L%-norm distance, is defined as

Li(xy) = Ix =yl = V(21 = 51)* + -+ (20— ya)?.

e The discrete metric is defined as

1 ifx ,
Px(x,y) = {0 ifxi;

We will omit X from a metric when it is clear from the context. For instance, we will write L2 and D
for L% and Dx, respectively.

A.2.2 Metric spaces

A metric space is a tuple S = (X, d) where d : X x X — R is a metric. Given metric spaces X =
(X,dx)andY = (Y, dy), an isometry between X and Y (or distance-preserving function) is a bijec-
tive function f : X — Y such that, for every 1, 2o € X, we have dx (x1,x2) = dy (f(x1), f(x2)).
When an isometry exists, the spaces X and Y are said to be isometric. Intuitively, two isometric
spaces are essentially the same metric space. Notable metric spaces, relevant to us, are the following
ones, forn € N-,.

e The Euclidean n-space (R",L?).
s The complex n-space (C™,L?), seen as isometric to (R?",1.?), by the following isometry:
f(a1 + ibl, R ¢ + an) = <<a1, b1>, ey <an, bn>> .

In particular, by the isometry above, all our results for Euclidean n-spaces transfer to complex
n-spaces seamlessly.

We omit the metric when referring to metric spaces, since in the following sections we only consider
Euclidean n-spaces (R", L?) and complex n-spaces (C", L.?), that are always equipped with the L2
as described above. Thus we simply refer to them as R™ and C", respectively.

A subspace (Y, dy) of (X, dx) is a metric space with Y C X and dy given by restriction of dx to
Y xY.

We define the open ball Bx (z,r) and closed ball Bx (x,r) at z € X of radius r > 0 in (X, d) as
the set of points in X with distance 6 < 7 and 6 < r from z, respectively:

Bx(z,r) ={y € X |d(z,y) <r},  Bx(z,r):={y€X|dxy) <r}

A subspace (Y, dy) of (X, dx) is a metric space with Y C X and dy given by restriction of dx to
Y x Y. We say that a subspace S C X is bounded, if there is some z € X and oo > M > 0 s.t.
S C Bx(x, M). We call a subspace S C X is open in X if for all s € S there is some €5 > 0 s.t.
Bx(s,e5) € 8. Sis closed in X if X \ S is openin X.

Example 1. The open intervals (a,b) and (a, c0) are open in R (with the usual metric). The closed
interval [a, b] is closed in R. The subspace {0,2~"™ : n € N} is closed in R, while {27 : n € N} is
neither closed nor open in R. 1
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A.2.3 Topology

The notion of open subspaces in terms of open balls defines a topology on any metric space, which
determines what functions are continuous. Formally, a topological space is a tuple (S, T), with S
being the underlying set, and 7 C P(.S) being the collection of open sets, such that .S and ), the
union of any collection of open sets is open, and the intersection of any finite collection of open sets
is open. The open sets definition in terms of open balls for a metric space satisfies these properties.
Many aspects of Metric Automata Theory could be easily restated in the language of Topology
Theory, but we choose a more concrete setting, to make it more accessible.

Intuitively, the closed subspaces of X are precisely the ones which contain all their limit points, i.e.
if (zn)n>1 € S converges to some limit [ € X, then/ € S.

Fact A.2.1. For a metric space X, a subset S C X is closed iff for all sequences (xn)n21 cS
converging to [ € X we have that [ € S. (see §10, Cor. 10.5 of Willard [2012], as every metric space
is first-countable)

Note that the notion of opennes/closeness is not inherent to the subspace .S: it also depends on the
superspace X, since the definition involves balls in X. In fact, any subspace S C X is by definition
both open and closed as a subspace of itself, regardless of whether is open or closed in X. Any time
we use opennes or open balls, we need to excercise caution and be clear which space the openness is
referring to.

Example 2. Consider M = R? and X =R x {0} = {(z,0) e R? : x € R}. (—1,1) x {0} C X is
an open ball at (0, 0) of radius 2 in X, and thus an open set. However, it is not even an open set in
M For any € > 0 we have ||(0,0) — (0,¢€)|| = ¢, but (0,€) ¢ S, and so no open X-ball centred at
(0,0) is wholly contained in S. [

In fact, any subspace S C X is by definition both open and closed as a subspace of itself, regardless
of whether is open or closed in X.

A continuous function f : (M,d) — (M’',d’) is the a set function f : M — M’ such that for
all sequences (z,,)n>1 C M converging to some x € M, the mapped sequence (f(z,)) C M’
converges to f(x) € M'. The € — ¢ definition of continuity, as well as the topological definition of
continuity (Y € M’ open = f~1(Y') C M open) are equivalent in the metric space setting.

Example 3. Let S be a subspace of X. Then the inclusion map ¢ : § — X, given by set-theoretical
inclusion S C X, is continuous. ]

The topological definition of continuity makes clear the following:
Fact A.2.2. All functions f : (M,d) — (M’,d’) are continuous for a discrete metric space (M, d).

Next, we introduce two elementary notions in Topology and Metric Space Theory: compactness and
path-connectedness.

A.2.4 Compactness

Definition 9. A space X is called compact if all coverings of X by open subsets of X admit a finite
subcover. For metric spaces, equivalently X is (sequentially) compact, if all sequences in X have a
subsequence converging to a limit in X (see 17G.3 of Willard [2012]). |

The following is a characterization of compact subspaces of R%.

Fact A.2.3. (Heine-Borel) X C € is a compact subspace iff. X is a bounded, closed subset of R¢
(see 17.9 of Willard [2012]).

Example 4. Subspaces [a, b], {a}, {0,27" : n € N} are compact in R. (a,b),{27" : n € N} are not
closed, and so they are not compact. R is not bounded, and so it is not compact. '

Turns out that compactness, unlike openness, is inherent to the subspace, as demonstrated by the
following theorem:

Fact A.2.4. A continuous image of a compact space is compact (see 17.7 of Willard [2012])

Finally, Tychonoff Theorem tells us that compactness is a property which is preserved by cartesian
products.
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Fact A.2.5. (Tychonoff) The cartesian product of two compact spaces is compact (see 17.8 of Willard
[2012])

A.2.5 Path-connectedness

Definition 10. A pathin X from a to b is a continuous function v : [0, 1] — X such that v(0) = a
and (1) = b. A space X is called path-connected if for all a,b € X there is a path fromatob. 1

Path-connectedness partitions the space into components, which we will later think of as atomic parts
of the state-space for a dynamical system. - any continuous decoder assigning discrete symbols to the
state-space must be constant on a path-connected component, see Lemma 22.

See Section 27D of Willard [2012] for the following:

Fact A.2.6. The relation ~ on X given by a ~ b <= there is a path from a to b in X is an
equivalence. The equivalence classes of ~ are the maximal path-connected subspaces of X.

Example 5. Any convex subspace of R? is path-connected, in particular open and closed R¢-balls
are path-connected. (—1,0) U (0, 1) has 2 path-connected components: (—1,0) and (0, 1). '

Just like compactness, path-connectedness is an inherent property of the subspace, and is preserved
by Cartesian products (see 27B of Willard [2012]):

Fact A.2.7. A continuous image of a path-connected space is path-connected.
Fact A.2.8. The cartesian product of two path-connected spaces is path-connected.

A.3 Dynamical Systems

Following Knorozova and Ronca [2024a], we adopt dynamical systems as an general formalism to
describe all systems that operate by maintaining a state recurrently. This allows for treating such
systems in a uniform way despite their differences. In this work specifically, we will use dynamical
systems to formalise Finite Automata and several RNN architectures in Section A.6.

Definition 11. A (dynamical) system is a tuple S = (X, U, f, zo, Y, h), where X is the state space,
U is the input space, f : X x U — X is the dynamics function, xo € X is the initial state, Y is the
output space and h : X x U — Y is the output function. We have that X, U, Y are metric spaces,
and f, h are continuous. In our analysis it will be useful to refer to the tuple D = (X, U, f) as the
dynamics of S, allowing us to focus on just the state transitions.

Given 29 € X, D defines a map from sequences of inputs (u,),>1 C U to sequences of states
(Zn)n>0 C X, given by

Tn+1 = f(zna un+1) for n >0
With this, we can define the state-sequence function D : X x U* — X as
D(zg,e) =xo; D(z,u1.n) =xp

S defines a map from sequences of inputs (u,),>1 C U to sequcences of states (z,,),>1 € X and
sequences of outputs (y,)n>1 C Y, given by

Yn = h(xp,u,) = h(D(xo, Uf1..n), un)
Hence we say that S defines the function U — Y, with S(ufy.,)) = yn. In the special case that h
is independent of U, we may define S(e) = h(x¢), extending the definitionto S : U* — Y. ]
Lemma 10 (State continuity). Let S = (X, U, f) be a dynamics, and for input sequence (u,)Ns, C
U and zo € X let (z,)No, C X be the sequence of states -

T ::f(zn—17un)

Then x.,, is a continuous function of o, u1, ..., U, for alln € 1..N. Consequently y,, = h(z, u)
is also a continuous function of Ty, u1, . . . , Uy, for any continuous h.
Proof. By induction. Writing z,,(u1, . . ., u,) we have that
Tn+1 ::f(xn($07u17~-'aun)aun+1)
is also a continuous function of xg, w1, ..., Up41. O
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The formalism of cascades provides a flexible way to describe dynamical systems consisting of
subsystems forming an acyclic network. Their flexibility will allows us, e.g., to consider not only
feed-forward layers of SSMs as in Grazzi et al. [2025], Sarrof et al. [2024], but also more complex
architectures with, e.g., blocks in parallel, and mixes of different types of neurons.

Definition 12. A feed-forward cascade C is a form of dynamics (X, U, f) with X = X7 x -+ x X,
and dynamics function of the form

flx, .. @), u) = (), ..., 20)

where ) = f(x;, (u, 2}, ..., 25_1))
We may see C as consisting of dynamics D1, ..., D, where
D = (X3, U x Xp1 1), fi)
and write C' = Dy ~» ++- ~» D,,. [ |

Thus, the cascade is evaluated in a feedforward fashion: on input w, first the state of Dy is updated,
then for all subsequent components D;, the state of D; is updated based on v and the updated states
of D1,...,D;_1. This differs from some recurrent neural network literature, where D, is updated
based on u and the initial states of D1, ..., D;_1, i.e. the update happens at the same time for all
components. We refer to such cascades as serial cascades.

Definition 13. A serial cascade C' is a form of dynamics (X, U, f) where states are of the form
X = X3 x--- x X,,, and the dynamics function is of the form

f(<x17 ey mn>,u) = <f1(5171, ul)a ceey fn(xnyun)>7 with U; = <U,.’B17 v ,$i71>.
We may see C as consisting of dynamics D1, ..., D, where
D; = (Xi,U x Xy i1y, fi)
and write C' = Dy X - -+ X D,,. [ |

Serial cascading can be achieved with feed-forward cascades, and the distinction between the two is
irrelevant for our purposes. For details, see Appendix G.2.

In further sections, it will be useful to allow connection functions in a cascade, transforming the
inputs between components. It will not alter the expressivity results, but it allows us to e.g. define one
canonical FLIP-FLOP dynamics, rather than a family of FLIP-FLOP-like dynamics for every possible
input and output set.

Definition 14. For dynamics D1, Dy with D; = (X, U,, f;) for all i € [1..2], and for continuous
i:U — Ujand g : U x X1 — Us, we define the feed-forward cascade with input © and connection

g, written ~ Dy 2 D, and the serial cascade with input i and connection g, written >Z<D1 x Do as
the dynamics (X x Xo, U, f), (X1 x X5,U, f’) respectively, where f and f’ are given by

J({z1,22),u) = <x/1,ac'2>, where
xy = fi(z1,i(u))
xh = fa(z2, g(u, x1)),

and f'((z1,®2),u) = (f1(z1,i(u)), f2(x2, g(u, z1)). Note that for Uy = U; x X5 and g = id, we
recover the usual notion of feed-forward cascade and serial cascade/. [ |

For dynamics D = (X, U, f) and continuous function g : Z — U, we define the dynamics with
input function Dy = (X, Z, (x,z) — f(x,g(2))). With the notation from the previous definition,

note that Dy ; ~ Dy =5 D 2 Dy, and D ; X Dy 4 = |>l<D1 li Dy. In our expressivity
results we will not care about how the dynamics of a neuron interpret the input function, only about
the induced transformations of the state-space. Thus, in further sections in proofs we will only
consider feed-forward cascading without connection functions, without loss of generality, in order to
simplify notation. Further discussion about serial cascades and connecting functions is deferred to
Appendix B.5. The next lemma shows the intuitive fact, that it does not matter in which order we
"connect" the components of the cascade. In the following propositions, it will be useful to view a
cascade Dy ~~ +-+ ~» Dy as (Dy ~» -+ ~» D,,_1) ~» D, for inductive proofs.
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Definition 15. For dynamics D1, Dy, where D; = (X, U;, f;) for all ¢ € [1..2], write D; = D5 if
X1 =Xo, Uy =Uszand f1 = fo.

Lemma 11. The cascading operation is associative, i.e. we have
Dy ~» (Dg ~ D3) = (Dy ~ D3) ~ D3,

where ‘=’ is as introduced in Definition 15

Proof. Say we have D; = (X;,U x X[y, fi) fori € 1..3. Both the LHS and RHS dynamics have
state space X7 x X3 x X3 and input space U. Consider a state (x1, z2,23) € X1 X X2 x X3 and
inputu € U.

Write ] = fi(z1,u), 25 = fo (xg, (u,o:’ﬁ),a:é = f3 (xg, <u,x’1,x’2>) Also write fa3 for the
dynamics function of Dy ~» D3 and fi5 for the dynamics function of Dy ~~ Ds. Then the state
update of the LHS system is as follows:

Jfras((w1, w2, 23),u) = <90'17f23(<$2,$3>, <Uaff/1>)>
= (%, (ah, Fa(ws, (.24, 25)))

= (!, zh, %),
where the second line follows from the definition of cascade dynamics for Do ~~ D3, and the third

line follows from associativity of the cartesian product. Analogously,

fRHS(<x171’2,fL‘3>,U) = <xI127f3(x3a <u7xl12>)>7 where $/12 = f12(<fE1,.’L'2>,U).

Now, we have 7, = f1o((x1, z2),u) = <x’1,f2 (z2, <u,:c’1>)> = (x,x%), and so

frus((z1, 22, 23),u) = <x’12, f3(zs, <U7$/12>)>
= (a2, fis (s, (21, 25)) )

= <l'/1,$/2,$é>

Thus both ways of composing the dynamics D;, Da, D3 results in the same dynamics function. [

A.4 Algebraic Automata Theory (AAT)

We present an extended version of the background on Algebraic Automata Theory given in the
preliminaries of the main body.

Algebraic Automata Theory (AAT) allows for studying finite automata through the lens of algebraic
notions such as semigroups and groups, c.f. [Hartmanis and Stearns, 1966, Ginzburg, 1968, Arbib,
1969, D6mosi and Nehaniv, 2005]. Its fundamental theorem is the seminal Prime Decomposition
Theorem by Krohn and Rhodes [1965], that shows how every semiautomaton can be decomposed
into a cascade of elementary prime semiautomata. One prime semiautomaton is the flip-flop, that
describes the elementary system with the ability to store and manipulate one bit of information.

Definition 16. The flip-flop is the two-state semiautomaton defined as
FLIP-FLOP := <{high, low}, {set,reset, id}, 5>
where

4(g,id) = gq, 0(gq,set) = high, 0(q, reset) = low.

AAT often focuses on state transformations rather than on the transition function § of an automaton.
State transformations are the functions d,(g) := 6(g, o) obtained by fixing an input . They allow us
to characterise semiautomata in terms of semigroups and groups. In particular, the transitive closure
of the state transformations of an automaton forms a semigroup, and a monoid or group in special
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cases. From this algebraic point of view, the flip-flop is characterised by the flip-flop semigroup,
which is in fact given by the set of state transformations of FLIP-FLOP. All the other primes are
characterised by finite simple groups, and for this reason they are called group-like. Specifically, their
state transformations form a finite simple group.

Automata whose semiautomaton can be decomposed purely into flip-flops are called group-free, and
they play a central role in our theory and in general, due to the following theorem whose proof also
involves the celebrated theorem by Schiitzenberger [1965]) on aperiodic semiautomata, cf. [Ginzburg,
1968].

Theorem 12. The star-free languages is the class of languages recognised by groupfree automata.

All other automata, that do not admit the above decomposition, are called non-group-free, since
their prime decompositions always include group-like semiautomata. They admit the following
characterisation in terms of state transformations, relevant to our results.

Theorem 13. (Lemma 9 of [Knorozova and Ronca, 2024a]') If a semiautomaton {Q, ¥, ) is not
group-free, then there exist Q' C Q and o € X such that the state transformation 6, : Q — Q is a
non-identity permutation on Q)'.

Our theory will extend the applicability of AAT to the study of general dynamical systems. And
in particular to analyse the structure of such systems using algebraic means like group theory. A
notion from AAT that is key to our results is the notion of realisation for Mealy machines (cf.
Definitions 1.14 and 1.15 of [Hartmanis and Stearns, 1966]).

Realisation describes how a machine can imitate another machine after a renaming of inputs and
outputs—noting that actual names of inputs and outputs are not important in order to characterise
what functionalities a machine is fundamentally able to implement.

We recall that a Mealy machine is a tuple (@, 2, §, T, 6) where (Q, %, §) is a semiautomaton, I is an
output alphabet, and 0 : @) x ¥ — I' is an output function.

A Mealy machine defines the mapping Q x ¥+ — T given by
M(q7 ’U)) = G(DM(Q, ’LU), w71>7
where D), is the semiautomaton of M.
Given a (finite) automaton A = (Q,X%,0,qo,I',0), the associate Mealy machine My =
(@Q,%,6,T,0) is obtained by dropping the initial state from automaton A.
Given a semiautomaton D 4 = (Q, X, §) we define its canonical Mealy machine as
M(D) =(Q,%,0,T,0), whereI' =Q x 3, and 6 = id.

Definition 17 (Definitions 1.14 and 1.15 of [Hartmanis and Stearns, 1966]). If M = (Q, %, 4, T, 0)
and M’ = (Q', ¥, 9',T",0") are Mealy machines, then the triple («, ¢, ) is called an assignment of
M into M’ when the functions

a:Q—=P(Q), 1t:X =Y, (:TV—=T,
satisfy the two conditions below for every g € @, every ¢’ € a(q), and every o € X.
D 0(d,u0)) € a(é(q,0))
) (ot (¢, (o)) =0(q,0)
If an assignment of M into M’ exists, then M’ is said to be a realisation of M. [ |

The following results tells us how a machine M’ that is a realisation of another machine M actually
implements its behaviour. Any trajectory through M factors through M’, with ¢ and ( acting as the
encoder and decoder, respectively, and with a providing an initial state to start from.

Theorem 14. (Theorem 1.5 in §1.3 of [Hartmanis and Stearns, 1966]) If M' = (Q', X', 6", T7,0") is
a realisation of M = (Q, %, 8,1, 0) through an assignment (a1, (), then for all xg € Q, w € X7,
and xj, € oxo)

H(D(aio, w),w_1) =Co 9’(D'(a:6, t(w)), L(w,l))
i.e., M(xg,w)=7C(o M’(q{), L(w)).

"Lemma 9 of [Knorozova and Ronca, 2024a] can be found in the appendix of its extended version [Knorozova
and Ronca, 2023].
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We will use the following version of the Krohn-Rhodes decomposition theorem, presented in [Hart-
manis and Stearns, 1966], which uses the notion of realisability.

Theorem 15. (Theorem 7.8, §8, Hartmanis and Stearns [1966]) Let M be a Mealy machine, with
group-free semiautomaton. Then M can be realised by a machine with serial cascade dynamics,
consisting of FLIP-FLOP components.

A.5 Multilayer Perceptrons

A Multilayer Perceptron (MLP) is a tuple
N =(dn,UY, a8, W,b),

where d € N, is called the depth or number of layers, n = (n,na,ns,...,ng,m) is called
architecture, U C R™ is the input domain, Y C R™ is the output domain (or codomain), o : R — R
is called activation function, § : R — R is called activation function of the last layer, W =
(W1, ..., Wyg) with W; € R™*"i+1 called weight matrices, and b = (by,...,bs) with b; € R™
called bias vectors. Then, N defines the function f : U C R™ — U C R™ given by the composition
f10---0 fqof the functions f; : R™ — R™+1 defined as

filz) =a(Wlz+b;) Viel.d-1],
fa(x) = BW]z + by).

We often identify N with the function f, and hence see the network as a function N : U — Y.
The functions f; are called layers, with the first layer f; called the input layer, the last layer fy
called the output layer, and the other layers called hidden layers. The (maximum) width of N is
max{ns,...,nq}. Typical choices for the activation function « are sigmoid(z) = m and
the Rectified Linear Unit ReLU(x) := max{0,z}. The same choices are valid for the last-layer
activation function §; however, as it computes the output of the network, it is often specialised
by choosing 3 to be: the identity function (e.g., for regression tasks), sigmoid (e.g., for binary
classification), softmax (e.g., for modelling distributions).

MLPs are universal approximators as long as their activation function « is non-polynomial, as
established by several well-known Universal Approximation Theorems for feedforward neural
networks, cf. [Cybenko, 1992, Hornik et al., 1989].

Theorem 16 (Universal Approximation). Let « be any non-polynomial activation function. Addition-
ally, let X C R™ be compact, and let f : X CR"™ — Y C R™ be continuous. For every € > 0, there
exists a 2-layer MLP N with activation function o, and identity as its last-layer activation function,
such that the following inequality holds:

sup || f(z) — N(z)|| <e.
rzeX

Note that ReL'U and sigmoid are non-polynomial activation functions.

In light of the above theorem, in the rest we will focus on MLPs having non-polynomial activation
function «, as well as identity as their last-layer activation function 8. This will be relevant in all
expressivity results for RNNs whose architecture includes MLPs—as also discussed in Section A.6.

A.6 Recurrent Neural Network Architectures

We present the Recurrent Neural Network (RNN) architectures studied in the following sections.

Classical RNNs are networks of neurons with hidden state h € R%tate and update rule of the form
he = ¢(hi_1,z¢) for z € Rbmeut

where ¢ is commonly a linear transformation composed with a non-linearity, like sigmoid or tanh.
We model such neurons as dynamical systems, with hidden state taking values in X, and inputs taking
values in U. The hidden state of the neuron at step ¢ may be available to other neurons in the network
as part of their input at time ¢ + 1.

In modern Machine Learning applications, notably NLP, the networks are in the form of feed-forward
connections, with learnable transformations between the neurons. Also some neurons may appear in
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parallel, and some neurons might additionally include residual connections. Most generally, we can
model such RNNs as acyclic networks, and for nodes N1, ..., N, consider the connection functions
1; 5, describing the transformation which is applied to the value going from neuron V; to neuron
N;. The network input also may be given to [V;, after going through some transformation ¢;. As the
network is acyclic, we may assume that there are no connection functions v; ; for ¢ > j. Finally,
the inputs to N; are accumulated by some «;. Now, we may express the network as a feed-forward
cascade Dy ~~ -+~ D, with D; = (X;,U X X[l.,n]7fi>; where X; is the state-space of neuron
N;, U is the input space of the network, and f; is given by

fi(z,zp n) = ¢(h’ o ((ui(u), i), - - - ¢i—1,i($z‘—1)>))

This is how our framework allows to pull the details about the state-less transformations of the input
or state-space into the dynamics function.

Classical (Vanilla) RNNs. Vanilla RNNs are networks where the state is updated through a linear
combination of the previous state and current input, followed by the application of a non-linear
activation function. A prominent example of a vanilla RNN architecture is the Elman RNN, which
is given by dynamics D = (X, U, f) with state space X C Rs*a_input space U C Ri"Pu* and
dynamics function

f(z,u) :tanh(AX -x+AU-u+b),

where Ay € Rstatexstate jq 9 matrix defining a linear transformation of the state, Ay, € Rstatexinput
is a matrix defining a linear transformation of the input, and b € R5'3t€ is the bias vector.

State Space Models. State Space Models (SSMs) are a family of models based on linear recurrence
with particular parametrisation. Notable ones are Mamba [Gu and Dao, 2023] and S4 [Gu et al.,
2020].

To model linear recurrence in general, we introduce Linear Recurrent Dynamics, defined as dynamics
D = (X, U, f), with state space X C K%tate input space U = K%=rut, where K = R or K = C,
and with dynamics function

f(z,u) = A(u) - x + B(u),
where A(u) € Kdstate Xdstate is the state-transition gate and B(u) € K9tate is the input gate.

SSM architectures often combine linear recurrence blocks with linear projections, non-linearities,
residual connections and convolutions. Our theory can easily model such setups with cascade
compositions—introduced in Section 2. Consider the Mamba block:

2[1..n) = SSMo g o Conv o linear; (u;. )
y[ln] = UOhnearQ(u[l..n])
o[1..n) = linears(2(1..n] X Y[1..n])

where the input sequence ;. ,,) € U * and output sequence O1.m] € Y T are processed sequentially,
each linear; is a linear projection, o is a non-linearity, SSM is an SSM block, Conv is a causal
convolution, and x is element-wise multiplication. Only Conv and SSM are stateful transformations
here. In Figure 2, we present it in the form of a system with cascade dynamics.

We introduce a general class of dynamics as an abstraction for convolution blocks.

Definition 18. Finite Context Dynamics (FCDs) with context length ¢ are dynamics D = (X, U, f)
such that their state depends only on the most recent ¢ inputs. That is, in view of Lemma 10, there is
a continuous function C' : U¢ — X such that

D(‘T, ’lU) = O(w—ua ce ,w_l)

forall x € X and w € U* with |w| > ¢, where w_; is the i-th-to-last element of w.
xLSTM. The recently introduced model XLSTM [Beck et al., 2024] is a successor of the LSTM
architecture [Hochreiter and Schmidhuber, 1997], and it achieves performance competitive with

transformer architectures. It makes use of both non-linear and linear recurrences. xLSTM introduces
two types of blocks: SLSTM and mLSTM. In this work we will focus on the sSLSTM block.

10



1227
1228

1229
1230

Mamba block Conv ~~» SSM

u[l..n] 0]

linear; linears
@ o

Conv
SSM —
v

Conv

SSM

® h

linears

Figure 2: The feedforward cascade structure of a Mamba block. Only Conv and SSM are stateful, so
the cascade has 2 components. Structure on the left as it is presented in [Gu and Dao, 2023].

The state space of a SLSTM is R3, and the input space is R? for some d > 1. The dynamics function
of the form ({c,n, h),u) — {fu((c.n, h), u), fu({e,n, h),u), fu((c,n, h),u)), where

fc((cv n, h), u) = w(lf(hv u)) e+ eXp(li(h7 u)) : @(l2<h’ u))
n({e,n, hY,u) = Y(lp(h,u)) - n+ exp(l;(h, u))

where each [ : s € 0,1, 2, f is a function of the form w’, - u + 7, - h + by, for w, € R4, r,,bs € R,
1) is either exp or o, and ¢ is tanh.

11
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B Foundations of Metric Automata Theory

In this appendix, we develop the key notions of Metric Automata Theory within the n-finiteness
framework.

In Sections B.1 and B.2 we introduce the basic properties of n-finite spaces and dynamics.

In Section B.3 we develop the correspondence between 7)-finite systems and finite automata, which is
crucial to unlocking the powerful theorems of AAT. We provide the proof for Theorem 1.

In Sections B.4 and B.5 we import the notion realizability to continuous systems, via the correspon-
dence with automata, and use it to translate algebraic decomposition theorems into the setting of
n-finiteness.

B.1 The Notion of 7-Finiteness

We begin by introducing 7-finiteness, which is a central notion of Metric Automata Theory and our
novel finite-precision framework.

Definition 19. Let X C ) for some d > 1. Call X n-finite if it is a finite union of compact,
path-connected sets.

Immediately from the definition we have that an 7)-finite space is necessarily compact—in the case of
metric spaces, finite union of bounded, closed sets is bounded and closed. The next result resolves
the technicality, that the defining sets in the union of a n-finite X need not be disjoint.

Lemma 17. Let X be n-finite. Then X has finitely many path connected components, say X1, ..., Xy,
and each of X; is compact. We shall refer to them as the n-components of X.

Proof. By def, X = vazl Y, for some compact and path-connected subsets. By induction on N:
If N = 1, then the claim is immediate. Now, consider the inductive hypothesis for N > 2, that

X' = Uf\!ll Y; has finitely many path connected components X1, ..., X,,, each compact. The path
connected components of X are then unions of elements from { X1, ..., X,,, Yy }. Each of these sets
is compact, and so each such finite union is compact: clearly it is still bounded, and a finite union of
closed sets is still closed. O

Example 6. Any finite alphabet is n)-finite, with each symbol in a separate 7-component. The subspace
[-2,1]U{2} C R is n-finite. The subspace (—2,1) U {2} is not n-finite, since it is not compact. The
subspace {0,27™ : n € N} is compact but not 7-finite, since it is not a finite union of path-connected
sets. ]

Both compactness and path-connectedness are preserved by continuous mappings and (finite) Carte-
sian products, see Facts A.2.4, A.2.5, A.2.7, and A.2.8. This gives us the corresponding results for
n-finite spaces.

Lemma 18. Continuous image of an n-finite space is n-finite.

Proof. Write X = Ufil X for path-connected, compact sets X;. Let f : X — Y be continuous.
We have:

N
FX) = rx)
i=1
By Facts A.2.4 and A.2.7, each f(X;) is compact and path-connected. Thus by definition f(X) is
n-finite. O
Lemma 19. The Cartesian product X x Y space of n-finite spaces is n-finite. The n-components of

X XY are the products of n-components of X and n-components of Y.

Proof. Let Xy,..., X, and Y7,...,Y, be the C-components of X,Y respectively. We have X =
Uiy X, Y = UjL, Yj and so

n m n o m

xxv=(Jx)x(Uv)=UUxxy

i=1 j=1 i=1j=1

12
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By Facts A.2.8 and A.2.5 each X; x Y} is path-connected. Therefore by def. X x Y is n-finite.
Moreover, the n-components of X x Y are unions of the products X; x Y;. Now, fixi € [1.n],j €
[1..7]. Let Z be the n-componentof X x Y containing X; x Yj. consider the projection map
mx : X XY — X. As the projection is continuous, the image, 7x (Z) is path-connected in X by
Fact A.2.7. Moreover, X; € mx(Z). Thus, as X; is a maximal path-connected subspace of X, we
have X; = wx(Z). Similarly, considering the projection my : X X Y — X, we have Y; = nx (Z).
Since X; x Y; C Z, we therefore must have X; x Y; = Z. Therefore X x Y has finitely many
n-components, and they are the products of -components of X and n-components of Y. O

Lemma 20. Let X be n-finite, with n-component X1, ..., X,,. For some § > 0 we have

inf z—yll>6 foralli .
mexhyelel yll =46 f i

Proof. 1t is sufficient to show this in the case that X has two n-components, say X;, Xo. Define

f X1 x X9 — Ryo by f(x1,22) = |1 — 2||. This is continuous, and so Im f is compact, as
X1 x X5 is compact. Since X1, X are disjoint, 0 ¢ Im f. Thus 0 is not a limit point of Im f, and
so for some § > 0 we have that [0, ) ¢ Im f. O

Corollary 21. Let X C Q be n-finite and (xy,)n>1 C X converge in Q. Then (x,,),>1 is eventually
contained in a single n-component of X.

Lemma 22. Let X be an n-finite space and ¥ a finite alphabet. Then a function f : X — X is
continuous if and only if it is constant on the n-components of X

Proof. (<) Suppose f : X — X is constant on n-components of X. Let (z,,),>1 C X converge to
x € X. Then by Lemma 20, (x,,),>1 is eventually contained in the same 7-component as x. Thus
f(x,) = f(x) eventually, in particular f(x,) — f(z) as n — oo. Hence f is continuous.

(=) If f is continuous, then it maps 7-component of X to path-connected subspaces of 3. Therefore
f must be constant on n-components. O

B.2 Dynamical Systems and 7-Finiteness

Definition 20. We say that dynamics (X, U, f) are n-finite if both X and U are n-finite. A system S
is n-finite if its dynamics are n-finite.

Example 7. Take X = [—1,—1/2]U[1/2,1] and U = {—1,0,1}. The both X and U are n-finite.
Define f : X x U — X by:

z ifu=0

f,u) = {u ifu=1-1

Thus under input u = 0 the dynamics function performs the identity transformation on X, and under
inputs w = 1, —1, X is mapped to 1, —1 respectively. The dynamics D = (X, U, f) is n-finite.  u

Note, that by Lemma 19, a cascade of n-finite components is itself n-finite.
Lemma 23. Ler D = (X, U, f) be a n-finite dynamics, and h : X x U — Y be continuous. Then

the image of h, Im h C 'Y, is n-finite.
Proof. Immediately follows from Lemma 18. O

Lemma 24 (Path-connected = same state). Let D = (X, U, f) be a dynamics, and consider
x0, x( € X, and input sequences (U )n>1, (ul,)n>1 C U, and the corresponding state sequences
(Zn)n>1, (Th)n>1 € X. Suppose that for all n > 1, u,, ~y ul,, and xog ~x (. Then for alln > 1
we have that x,, ~x ., iLe.,

D(an U’[I’n]) ~X D(.Tlo, u{ln])

Proof. Let n > 1. By 10, we have that there is for each n a continuous function z,,(xg, u1, ..uy)
determining the n-th state. Now, since each pair u;, u; for ¢ € 1..n is path-connected in U, we have

13
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that (uy_,,) and (u} ,,) are path-connected in U™ - the path connecting them applies the corresponding
1-d paths pointwise. Thus by continuity of z,,,

Tp = Tn (20, <u1n>) ) 'r;’L = xn(xo, <u/1n>)

are path-connected in X. O

Corollary 25. Let S = (X, U, f,x0,Y, h) be a n-finite system, and let us consider input sequences
(Un)n>1, (Uh)n>1 C U such that for all n u,, and ul, are in the same path-connected component.
Then the corresponding state sequences (Zn)n>1, (%) )n>1 € X, and the corresponding output
sequences (Yn)n>1, (Yh)n>1 C Y are such that for all n x,, and x!, are in the same path-connected
component of X and y,, and y,, are in the same path-connected component of Tm h

In light of the above results, we introduce the notion of equivalent sequences, for convenience in later
proofs.

Definition 21. Let X be a n-finite space. Call sequences (2, )n>1, (], )n>1 € X equivalent, if for
each n we have that x,, and 2, are in the same component of X. Call these sequences eventually
equivalent, if they have equivalent tail sequences.

Overall, the notions of n-finiteness and n-component have very favourable theoretical properties.
Any continuous mapping f : X — Y, with X and Y n-finite, is guaranteed to map every element of
an n-component of X into a single n-component of Y.

In the case of n-finite systems, this means that the dynamics function acts on the n-components
of the state-space (referred to as 7-states) in the same way for each input within an n-component
of the input-space (referred to as n-input). Moreover, every point within an n-component of the
output function image (which is always n-finite), must be decoded as the same alphabet symbol. We
formalize these properties in the following section.

B.3 Representing n-Finite Systems as Automata and Proof of Theorem 1

For set A and equivalence ~ on A, write A/N for the set of its equivalence classes. For a € A write
[a] 4 for the ~-equivalence class containing a.

For n-finite spaces A, we will write A for the set A/N 4> With ~ 4 being the path-connectedness
equivalence. For X, Y being n-finite spaces, we have by Lemma 19 that X x Y = X x Y.

Definition 22. Any n-finite dynamical system S = (X, U, f, x¢, Y, h) defines its canonical automa-
ton

AS = <Ya U? ?7 [xO}Nx ) Im h’ﬂ E>

Similarly, any 7-finite dynamics D = (X, U, f) defines its canonical semiautomaton Dy =
(X, U, f). "
Note that by Lemma 23, Im h is indeed n-finite. f : (X)x (U) — (X) is defined as [z]~, , [u]~, —
[f(z,u)]~y- h: X x U — Imhis defined as [z], [u]~, — [h(z,u)]~,, - This is well defined
by Lemma 25.

For a n-finite dynamical system S = (X, U, f,xo,Y, h), define the canonical regular function

—\t N
Fg: (U ) — Im h to be the function defined by the FSA Ag. The following lemma shows that the

dynamics of the canonical automaton determine—up to path-connectedness—the dynamics of the
system.

Lemma 26. Let D = (X, U, f) be a n-finite dynamics, and D 4 be its canonical semiautomaton.
Then

DA([acO]NX7 [w]NU) = [D(:co,w)} Yw e U* (1)

~X

where [w]..,, € U* denotes the word with each letter of w replaced by its equivalence class.

14



1351
1352

1353
1354

1355

1356
1357

1358

1359
1360

1361

1362

1363

1364
1365
1366

1367

1368

1369
1370
1371

Proof. By induction on the length of w. For the base case w = £, we have D4 ([zo]~, [€]~, ) =
Da([o]~x,€) = [r0]~ and by definition D(z0,¢) = o, so that [D(zo,¢)] | = [xo]~x-

Now, suppose for w € U* we have D4 ([zo]~y, [W]~, ) = [D(:L’O,w)}NX, and let [u]., € U.
Write w[u]~.,, for the word obtained by appending [u]~.,, at the end of w, we have
DA([a:O]Nxa [wu]Nu) = ?(DA([xO}NXa (W]~ ), [U]NU)
= F([D(@o,w)] . [ul~v)
by def. of f = [f(D(xo,w, u)]
— [D(zo,ww)]

~X

~X

Thus by induction the statement holds for all w € U*. O

Lemma 27. Let S be a n-finite system and Fs be its canonical regular function. Then, Fg is
implemented by S with encoder enc : U — U given by [u]~,, + u’ with v’ € [u].u chosen
arbitrarily, and with decoder dec : Im h — Im h, given by y — [y]~s,. .-

Proof. enc is continuous, since U is a finite alphabet. dec is continuous by Lemma 22. Let D 4 be
the dynamics of Ag, and let Dg be the dynamics of .S. Then we have

Fg(w) = E(DA([:UO}NX,w)7w,1> Vwe T

where w_; denotes the last symbol in word w. Now consider w € (U/NU) * and write [t]~,, for
w_1. By Lemma 26, we have D 4 ([zo]~ . w) = [Ds (w0, enc(w))] . so that

E(DA([JJO]NX, ( Dg (o, enc(w ))}Nxa[u]w;)
as v/ = enc([u], ) € - (Ds o, BC(w ))LX,[u']NU)

by def. of h = (Ds xg, enc(w )),u’)}
Imh

= h(DS zo,enc(w)), enc(w_l))Lmh

= S(enc )L ) = dec o S(enc(w))

This concludes the proof. O

Lemma 28. Let n-finite system S = (X, U, f,xq,Y, h) implement function F' : ¥t — T with
encoder enc : ¥ — U and decoder dec : Imh — I'. Then there are (continuous) functions
¢ ¥ — Uanddec : ITmh — T such that

F(w) = dec’ o Fg(enc'(w)) Yw e Xt

where Fg : (ﬁ) . (Hh) is the canonical function for S.

Proof. Define enc’ as o+ [enc(o)] | forallo € 3.

As for dec’, define it as [y]~,,. , — dec(y). This is well-defined: Consider y;,yo € Im h such that
Y1,Y2 € [Y]mpm - Since y1, y2 are path-connected in Im h, by continuity of dec : Im A — I" we have
that h(y1), h(y2) are path-connected in I". Therefore necessarily h(y;) = h(y2).
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Let Ag be the canonical FSA of S. Denote the dynamics of S as Dg and the dynamics of Ag as D 4.
By Lemma 26, we have

D4 ([wo)~y,enc’ (w)) = [Ds(xo,enc(w))]NX Vw e Bt
Thus we have for all w € ¥+

dec’ oFg(enc’(w)) = dec’ oh (DA ([w0]~x, enc’ (w)), enc’(w,1)>
= dec’ OE([DS (2o, enc(w))]wx, [enc(w,l)]NU>

— dec’ {h(Ds (zo,cnc(w)),cnc(w_ﬁ)]
= dec oS(enC(’w))

~Im h

Finally, enc’ and dec’ are continuous, since their domains are finite alphabets. O

Theorem 1. An 7-finite system S can-implement the same functions as its canonical automaton,
which are necessarily regular.

Proof. Suppose S = (X, U, f,xo,Y,h) implements a function F' : ¥ — T', with encoder enc :
Y —-U jng cle:coder deg Y7—> I'. By Lemma 28, we have that the canonical FSA of S, say
As = (X, U, f,[70]~y, Imh, h), implements F' with encoder enc’ and decoder dec’.

Moreover, consider the FSA A’ = (X, X, 6, [2¢]~, T, 0), where  : X x ¥ — X is given by
0([2)~x,0) = f([2]~,enc(0))
and 6 : X x ¥ — I'is given by
0([2]~y,0) = dec’ o h([z]~,enc(0))
Then we have that F(w) = A’(w) for all w € ¥*. Thus F is necessarily regular.

Now, suppose that As implements a function /' : 3 — I, with encoder enc : ¥ — U and decoder
dec : Imh — T". By Lemma 27, S implements Fs with encoder enc and decoder dec. Thus we have
the following: for all w € X+

F(w) = dec o Ag( enc(w))
= deco Fg( enc(w))

= decodec o (enc o enc(w))

so that S implements F with encoder &nc o enc and decoder dec odec. O

B.4 Algebraic Theory of 7n-Finite Systems

The connection between 7-finite systems and canonical automata is extremely useful. It gives us a
way to employ the powerful characterisations and results of AAT to any n-finite system dynamics.
Namely, we can extend the notion of realisability to continuous 7-finite systems, via the canonical
automaton.

Definition 23. We say that 7)-finite dynamics D’ are a realisation of 7-finite dynamics D when
M(C(D")) is a realisation of M(C(D)) of D.

We that automaton A’ is a realisation of system A, if the associated machine M 4/ is a realisation of
of the associated machine M 4 via an assignment (o, ¢, {), and the respective initial states (), zo are
such that z{, € a(zo).

Say that 7)-finite system S’ is a realisation of system S, if Ag: is a realisation of Ag, where Ag, Ag:
are the canonical automata. n

The notion of realisation for machines is transitive. See §1.3 of Hartmanis and Stearns [1966].
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Figure 3: System dynamics and corresponding canonical semiautomaton.

Fact B.4.1. If M is a realisation of M’ and M’ is a realisation of M", then M realies M" .

It is easy to see that the notion of realisation for dynamics and systems is also transitive.
Lemma 29. Suppose that semiautomaton D’ is a realisation of semiautomaton D. Then

1) for any machine M with dynamics D, the canonical machine M(D") of D' is a realisation of M,

2) for any automaton A with dynamics D, an initial state can be picked for M(D') such that the
resulting automaton is a realisation of A.

Proof. Say D = (Q,%,6) and D' = (Q’,Y’,6"). Suppose we have an assignment («, ¢, ¢) from D
to D'. Thatis, v : Q = Pr(Q),t: X =¥, (: Q' x¥ - Qx X%

Let M = (Q, %, §,T, ) be a Mealy machine with semiautomaton D. The canonical machine for D’
is

M(D) =(Q,¥,§T"=0Q" x¥',0 =id)
Define ¢’ : (Q' x ¥') — T' by ¢/ = 6 o . Want to show: («,¢,(’) give an assignment of M into
M(D’). We already have that the condition I) is satisfied.

Now, forany g € Q,0 € ¥ and ¢’ € a(Q) we have that ( 0 6'(¢’,(c)) = id(q,0) = (g, o), since
(a, ¢, () give an assignment of D into D’. Thus

("00'(¢ () =000t (q,0) =0(q,0)
So (v, ¢, (") also satisfy condition II). Thus the 1) part of the statement holds.
Now for the part 2): Let A = (@, %, 6, o, I',0) be a system with dynamics D. By part 1), the
associated machine M4 = (Q, X, §, qo, I', 0) has some assignment («, ¢, ¢) into M p,. a(zg) is a non-

empty set, and so we may arbitrarily pick z{, € a(x(). Then the automaton A’ = (Q’, %', ', ¢{, Q' X
Y’ id) obtained from setting initial state 2, for machine M-, by definition is a realisation of A. [J

We have the following proposition to connect our notion of dynamical systems with Algebraic
Automata Theory.

Before proceeding, we remark that Definition 1 must be made fully precise by saying that a decoder
is a function dec : Im A — I" where £ is the output function of system S, (rather than a function
dec:Y — 1.

Theorem 30. Let S and S’ be n-finite systems, and Ag, Ag: their respective canonical automata. If
Ag is a realisation of Ag, then S’ can implement all the functions that S can implement.

Proof. Say we have As = (X, U, f,To,Imh, h) and Agr = (X', U, f', xT), Im A/, B).

Say that an assignment of Ag into Ag: is givenby a: X — P, (X'),t: U — U’ and ¢ : Imh/ —
Imh. Let Fs : (U)* — Im h be the canonical regular function for S. By Lemma 28, it suffices to
show that Ag: can implement F.
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Define the encoder enc : U — U’ as enc = ¢ and decoder dec : Imh' — Imh as dec = (. Let
D, D' be the dynamics of Ag, Ag/ resp. By Theorem 1.4 in §1.3 of [Hartmanis and Stearns, 1966],

we have for all 2’ € «(Tg) and all w € (ﬁ)i that
B(D(@s, w),w1) = Co b (D' (&, 1(w)), (1) ).

Thus, for all w € (§)+ we have

Fs(w) = Ag(w) = h(D(xo, w),w_1)
:Qoh’(D (25, v(w)), L(w,l))
= deco S’ (enc )
This concludes the proof. O

Example 8. The reverse implication to Theorem 30 does not hold in general. Consider ¥ = ¥/ = {o},
Q = {a,b}, Q' = {a} and unary dynamics functions § : Q x ¥ — @ defined as é(¢q,0) = ¢ for
every q € (), and depicted next.

o g

CRENG

And similarly 6’ : Q' x ¥ — @’ defined as ¢’ (g, 0) = ¢ for every g € @', and depicted next.

a

®

Define system S = (@Q,%,0,z9 = a,I' = Q,0) with § : (¢,0) — ¢, and system S’ =
Q2,8 ,¢)=0a,T"=0Q,0") with 0" : (¢,0) — q.

The only possible state trajectories for either systems are the constant trajectories x,, = x¢o = a and
x], = x, = a. Thus, a function ¥+ — T can be represented by either system if and only if it is
constant. So we have that both systems implement the same functions.

However, there is no assignment (o, ¢, ¢) from S to S’. This is because I'"" is a singleton, and so any
potential ¢ : I — I' must be constant. At the same time, it must hold that «(a), «(b) are non-empty
and

Cob(q' (o)) =0(a,0) =a V¢ €ala),
Col(qd (o)) =0(b,o)=b Vq € ab).
This is a contradiction, as ( must be constant. 1

Theorem 31. Let D, D’ be n-finite dynamics. Suppose that D' is a realisation of D. Then any
function implemented by a system with dynamics D can be implemented by some system with dynamics
D'

Proof. Let Dy = (X,U, f) and Dy = (YI,UI, 7) be the canonical semiautomata of D and D',
respectively. Then D 4/ realises D 4.

Let S be a system with dynamics D implementing function F'. Its canonical automaton Ag has
dynamics D 4, and so by Lemma 29 there is an automaton A’ = <Y/, U7, T, I, 0) with dynamics
D 4, which realises Ag.

Consider the system S" = (X', U, f',z(, X' x U’,id), where 2, € X" is s.t. [z(]~,, = T. Its
canonical automaton is Ag = (Y’,U’,?,%,Y’ X U/,id>. Ag realises A’ with the assignment
a: X 5P (X)gh @~ {@}1:U U gb. @ — @ andfinally ( : X xU —TI"gb
(7', @) — 0'(z',u’). Thus by Theorem 30, S’ can implement all functions that S can implement. [J
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B.5 Cascade Decomposition and 7-Finite Systems

In this section we bridge the gap between the AAT decomposition results, which apply to serial
cascading, and our 7n-finite framework, which focuses on feed-forward connections. We begin by
showing how taking the canonical semiautomaton ‘commutes’ with feed-forward cascading.

Lemma 32. Let Dy ~ --- ~» D,, be n-finite feed-forward cascade dynamics. Then we have
C(D1 S REE an) =C(Dy) ~ -+~ C(Dy),

where ‘=’ is as per Definition 15.

Proof. By induction, it suffices to show the statement for n = 2.

We have Dl = <X1,U1,f1> and D2 = <X2,U1 X Xl,f2>. Now, C(Dl) = <Y1,U1,71> and
C(Dy) = (X2,U; x X1, f). Note, that here we use that, by Lemma 19, (U; x X;) = U; x X;.

Thus, we may write the cascade
C(D1) ~ C(D2) = (X1 x X2,Un, f)
where f is the dynamics function of the feed-forward cascade C(D;) ~~ C(Ds).
At the same time, writing D x Dy = (X7 x X5, Uy, f), we have
C(Dy ~ D3) = <Y1 X Y2,U1,?>a

where again we use Lemma 19 to get m = X x Xo. It remains to show that f = f’. For
[‘Tl]le € Xy, [I2]~X2 ; [U]NUl we have

(1) 22l s Tl ) = (T (1], s [, ),
Fallw2l s ([l Fr (1), » [0, ))))
= ([Alerw)].,  [fole (u Alw)], )
(@1, u), fa (w2, (u, fi(z, U)M —

(
Flanenn)] =T (e, lele,)

This concludes the proof. O

Note: we treat objects such as X7 x X9 and (X7 x X>) as identical, even though one is a product of
equivalence classes, and the other is an equivalence class of a product. However, from Lemma 19,
we can identify the two in a natural way, that is in a way that is consistent with applying functions
component-wise.

Next, we show that cascading interacts well with realisability, up to introducing a connection function.

Lemma 33. Suppose D; = (X;, U, fi), D = (X[, U/, f!) are such that D}, is a realisation for D;,
for each i € [1..2]. Then, for any feed-forward cascade ~s Dy NS Dy with input i and connection h,

. . . L h
there is a continuous function g : U} x X}, — U} such that D', %> D} realises ~ Dy ~» Ds.

Proof. Let (ay,1;,¢;) be the assignment of M(C(D;)) = (X;,U;, f;,X; x Uj,id) into
MC(D)) = (X, Uy, fis X, x U,,id), for each i € [1..2]. We assume w.l.o.g. that h = id
and ¢ = id, i.e., we can consider the usual feed-forward cascade D; ~» Ds, by replacing D; with
D1 ; and Dy with Dy ;. In that case, we have Uy = U; x Xj.

1/

Define g : Uy x X; — U, given by g(@, %) = 15(u,) € U} where (z,7) = ((T, @) €
X1 X U1 = UQ.

19



1493

1494
1495

1496

1497

1498

1499

1500

1501

1502

1503
1504
1505

1506
1507

1508
1509

1510
1511

1512

1513

1514

1515

1516
1517

1518

1519

Define

« :(Yl X YQ) — 'P+ (Y; X Y;) as 04(51,52) = Q1 (51) X ag(fg)
L :f71 — z7; as L =]
C Xy x Xox Uy — X1 x Xo x Uy as C((7},75),u)) = (a,b,c)

where (b, c,a) = (o(z5, g(uy, 7))

((%1,72)). Let f and 7; be the

Let (T1,72) € X; x Xo, Uy € U; and (T4,7%) a
C(D4), respectively. We have that

dynamics functions of C(D;) ~» C(D3) and C(D})

T (@7, (@) = (T ews Thmew )» Where

S
>

Thpew = J1(T1 (@) € a1 (F1 (@1, 1))

by Property I) of assignment, and

— —/ N —
‘TIQ,new = f2 (xéag(L(u)vxll,new))

Now, by Property II) of assignment we have (1 (T} ey, (1)) = (f1(F1,U1),U1), since T1 new €
(651 (fl (fl s ﬂl)) . Thus

Ty pew = 7/2 (1?/2, L2 (ﬂlaﬁ(fl,ﬂl))) € o (?2 (T, (5131(517@1))))

So, altogether (T s Th now) € a(f((fl,@},ﬂl)), so Property I) of assignment is satisfied.
Now

C((F e T ) (1) ) = (1)

where (bv () CL) = CQ (EIQ,newv g<L(ﬂ1)7§/1,new>) =C <§/2,new’ L2 (ﬂh?l (flval))) . Thus

C(<j/1,new?j/2,new>’ L(Ul)) = [((Z1,T2), 1)

and so Property II) is satisfied. We may now choose a continuous g’ : U] x X{ — U} such that
g’ = g by Lemma 22. Then we have that C(D;, ;) = C(D3),. Overall, the cascade D} ~ D ,
realises Dy ~» Ds. &]

The decomposition theorems of AAT are stated for serial cascades, while RNNs in practice usually
work with feed-forward cascades. In Appendix G.2, we show how D; x D, can be realised by

Dy LR X % D5 for some continuous functions g1, g2, and the repeat dynamics R x over state-space
X of Dl.

Definition 24. The repeat dynamics on state space X are the dynamics Rx = (X2, X, rx), where
TX(<1'old7$new>7I) == <xnewax>~ u

Thus we have that with initial state (a,b) € X? and input sequence (u,),>1 € X“, the state
sequence is (s, = (Tn_1,Zn)) € (X?)* with x_; = a,z = b. Note that a repeat dynamics is
a Finite Context Dynamics.

n>0
For n-finite spaces, Rx can be decomposed in terms of 2-state repead dynamics.
Theorem 34. Let X be an n-finite space. Then the repeat dynamics on X, Rx, are realised by a

feed-forward cascade of the repeat dynamics R on {0, 1}.

Proof. Let X4, ...,X, be the n-components of X. We can think of the canonical automaton as the
repeat dynamics on X, Ry = {Y2, X, ry).
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Consider C;,, = ¥ D, &3 Dy... &5 D, = ({0,1}2". X, fo), with D; = R, forall i € [L..n],
and with f; : X x {0,1}2*~1 — {0,1} given by

[0 i
f"(xj)_{1 ifi=j

Thus, each D; works in parallel, treating inputs Z; as 1, and others as 0. Then we can retrieve the
state of R~ by checking which D; has 1 at the old position, and which D; has 1 at new position.
This corresponds to state (Z;, Z;).

The assignment this corresponds to is the following: define o : X - P, ({0,1}2") by
a((%;, 7)) = {Ei;}, where E;; € {0,1}**" is s.t. [E;j]1; = 1,[Ei l2,; = 1 and remain-
ing entries are all 0. We also define ¢ : X — X as the identity, and ¢ : {0,1}2%" x X — X’ x X
as mapping (E; ;,T) — ({z;, x;), T), with other inputs mapped arbitrarily.

O

Altogether, we have a recipe for proving positive results. It is sufficient to show that an architecture
can realise FLIP-FLOP, to show that it can implement all group-free functions with serial cascades. If
it further can realize R, then it can implement all group-free functions with feed-forward cascades.

Theorem 35. Suppose that n-finite dynamics D is a realisation of FLIP-FLOP, and n-finite dynamics
E a realization of Rs. Then feed-forward cascades of D and E components can implement all group
free functions.

Proof. Let F' be a group-free function. By Theorem 12, F' is implemented by a serial cascade
of FLIP-FLOP’s, say C. By the construction in Appendix G.2, we have that C' is realised by
a feed-forward cascade of FLIP-FLOP’s and repeat semiautomata, say C’. By Lemma 34, each
repeat semiautomaton is a feed-forward cascade of Ry components. Therefore C” is realised by
a feed-forward cascade of FLIP-FLOP’s components and Ry components, say C”'. By Lemma 33,
a feed-forward cascade of D and F components realises C”', say C"”. Thus, by transitivity of
realisability, C""’ realises C, and thus by Theorem 31, C"" can implement F. O
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y Transition in e-robust dynamics

Xy

Figure 4: The image of an -component under an e-robust transition lies inside the target 77-component,
within e-distance of its boundary.

C Robust Systems

In this appendix we introduce a central notion of robustness that allows us to extend Metric Automata
Theory to the study of concrete finite-precision implementations.

Arithmetic operations with floating point numbers are difficult to analyse, since addition and multipli-
cation are not exactly commutative, associative and distributive. Thus, for example, the recurrent
form and the convolutional form of the SSM update are not exactly equivalent (also noted by Merrill
et al. [2024]—see footnote 3 in Definition 2.1). A theoretical framework which specifies an explicit
datatype either is hard to analyse, or introduces additional simplifying assumptions.

The central notion that allows us to extend Metric Automata Theory to the study of finite-precision
implementations is the notion of e-robustness. Intuitively, it describes stability of the dynamics under
transition perturbations.

In Section C.1 we prove Theorem 2, thus showing that robustness provides a way to connect 7-
finite systems to their floating-point implementations on real-world computer architectures, without
requiring us to commit to any particular standard of floating-point operations.

In Section C.2 we show that robustness provides stability under perturbing the parametrs of a model
which describes the dynamics. We will later present a strongly robust dynamics based on the SLSTM
model, which uses a particular choice of parameters. Our results show, that in such cases the
parameters may be perturbed by some amount and the robust system will retain its behaviour.

Lastly, in Section C.3 we prove Theorem 5 and further describe what kind of connecting functions
are required for strongly robust 7-finite cascades, by showing that 2-layer MLPs suffice.

Robustness marks the departure of Metric Automata Theory from Classical Automata and Formal
Languages Theory, allowing us to study phenomena that do not occur with discrete state-spaces.

For completeness, we restate Definition 2 paying closer attention to the role of inputs in the notion of
strong e-robustness.

Definition 2. Fore > 0and X C Qx,U C Qu, dynamics D = (X, U, f) are e-robust (in Qx) if,
for every x € X and every u € U, it holds that Bo, (f(z,u),e) C X—i.e.,y € X forally € Qx
s.t. || f(z,u) — y|| < e. Furthermore, we say that dynamics D are strongly e-robust (in Qx and Q)
if they are e-robust (in Qx ), each n-component of X contains an Q) x -ball of radius at least € and
each n-component of U contains an Qy-ball of radius at least e.

Note that the property of robustness is with respect to the ambient space ) x, which contains the state
space X. Thus, it is possible that a dynamics is e-robust w.r.t. some ambient space (e.g., R), and not
e-robust w.r.t. another ambient space (e.g., C). This captures the property, that for a n-finite dynamics,
a function approximating f within ¢, and taking values in {2, will implement the same transitions.

Lemma 36. Let C = Dy ~» --- ~ D, be a cascade, with D; = (X;,U x X[y ;_y), fi) and
X; CQ;,U C Qu. Then C is (strongly) e-robust w.r.t. 1 X - -+ X Q,, if D; is (strongly) e-robust
w.rt. Q; foralli € 1..n.
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Proof. By induction, it suffices to show the statement for n = 2. First, suppose that D; is e-robust
fori € 1,2. Let (z1,x2) € X1 x Xo, u € U and take (y1,y2) € U x Qo s.t. || f ({21, 22), 1) —
(y1,y2)|]2 < €. We have, by def of cascading

f(wr, x0),u) = (2, 25)  where 2} = fi(x1,u), x5 = f2(3?2’ <37/1,U>>
By definition of the Ly norm, since ||{z],245) — (y1,y2)|| < €, we also have
Iy —wnll <€ and|lzh -yl < e

Thus, by e-robustness, we have that y; € X; for ¢ € 1,2, and hence (y1,y2) € X1 X X5. All together,
C'is e-robust w.r.t. €7 x Qs.

Suppose further that Dy, D are strongly e-robust. Let Z be a n-component of X; x X5. Then Z
is of the form Z; x Z; for Z; n-component of X;, see proof of Lemma 19. We have by strongly-
robustness that Bg, (z;,¢€) C Z; for some z; € Z;. By triangle inequality: Bg, xq, ((zl, 22), e) -

Bq, (21,€) x Bq,(z2,€) € Z; x Zy. Finally, the input space of D; ~ Dy is the same as the
input space of D1, so by strongly-robustness we have that each n-component of U contains a closed
Qy-ball with radius e. O

C.1 Finite Datatypes and Proof of Theorem 2

We now consider approximations of dynamical systems using a finite datatype D C Q. D can for
example represent the Python f1oat type. We simply consider DD as a discrete subset of €2, abstracting
away the details regarding arithmetic properties of such a datatype.

Definition 25. A finite datatype is a set D C Q = R? having finite cardinality. A finite-datatype
implementation of a system S is then a system whose input, state, and output spaces are finite
datatypes, and whose dynamics and output functions are implemented using floating-point operations.
Definition 26. Call a set S an e-covering of X C Q, if forall z € X thereisas € Ss.t. ||z —s|| <e.
Definition 27. Define int;} = {0,...,2°~! — 1} to be the p-bit unsigned integers. Define int, =

{2r=1,...,0,...,2P71 — 1} to be the p-bit signed integers. Define D, to be floating point numbers
with 2p-bit significand and p-bit exponent:

S . .
D, = {Wﬂe 18 € intgp,e € 1ntp}

Similarly, define D, to be floating point numbers with p bits of integer precision and p bits of
fractional precision:

b
D;:{a—i—

5 10 € int,, b € intlﬁ}

Lemma 37. Let X C Q = R? be compact. Then, for p sufficiently large, i.e. with sufficient precision,
]D);d is an e-covering of X.

Proof. X is a compact subspace of (2, and therefore bounded. So, there is some integer £ > 1 s.t.
X C [—2% 2% — 1]¢. There is also some integer [ > 1s.t. ¢/v/d > 27! Take p > max(k,l). The
set I, is an 27P-cover of [277,2P — 1]. Now for any z € X C [-27,27 — 1]¢, we have that for
eachi € 1...d thereis y; € D, s.t. [[z]; — y;| < 27P. Therefore, writing y € [—27,2° — 1] for
(Y1, -+ Ya)

d

e =yl = (O |lz)i — )i]*) < e

i=1
Therefore (I],) an e-cover of X. O

Lemma 38. Let X C Q = R? be compact. Then, for p sufficiently large, i.e. with sufficient precision,
]D)g is an e-covering of X.
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Proof. By the previous Lemma, for some p we have that D, is an e-cover of X. We have for each
a € inty, b € int}:

b 2P .a+b
2 =TT 9ptl
at o = o1 2

Now, 2Pa + b > 2P(—2P) — 2P > —22P+1 and 2Pq + b < 2P - 2P + 2P < 22P+1 o that 2Pa + b €
intopya. Since p+1 < 2Pt wehavep+1 € int,41. So, ]D); C Dp+1, and therefore D4 is also
an e-cover for X, for sufficiently large p.

Definition 28. Let X, U be n-finite spaces having components Xy ,), U[1. s and subspaces X "C X,
U’ C U, respectively. Let us consider dynamics

D=(X,Uf) and D= (X" U,f.

We say that dynamics D are simulated by dynamics D, with error at most ¢, if we have that the
disjointness condition (C1) holds for every ¢ € [1..r], the disjointness condition (C2) holds for every
j € [1..s], and the approximation condition (C3) holds.

CH X'NX;#0, (€ UNU;#0, (C3)  sup |f(z,u)— f(z,u)] <e
rxeX'’', uelU’

Lemma 39. Suppose n-finite dynamics D = (X, U, f) are e-robust, and are simulated by n-finite
dynamics D = (X', U', f) with error €. Then D is a realisation of D.
Proof. Consider the canonical semiautomata D4 = (X, U, f) and Dy = (X, U, f )
Define o : X — P4 (X)) as
-/
o([z]ay) ={[2]~,, €X : 2" €[2]oy}

which is indeed non-empty by definition of simulation, and well-defined as X’ C X, and so if
2 ~x @y then also @} ~x . Also define ¢ : U — U by

t([ul~y) = [W]~r,  where u' € U' N [u]~,, is arbitrary,
and ( : (Y’ XU/) — (X x U) by
CUa N rs [ )) = ([0, (W]

¢ is indeed well-defined: suppose x7, x5 € [2]« ., and u},uf € [u']~,,. Then since X’ C X and

U’ C U we also have x|, x4 € [2]~, since x| ~x x5 and uf,u} € [u/]~,,, since u] ~y uh.

Now, (a, ¢, ) is an assignment of M (D ) into M (D 4): for all [z]~, € X and [u]~, € U, and for
all ']~ ., € a([z]~y) we have

T () tlftlm) = [F@ )], where [u]y, = u([u]~y)
On the other hand, we have
a(f([zlex, [ul~y)) = a([f(z,0)] . )
We have that 2’ € [z]~,, since [2'] € a([z]~ ). We have by simulation with error at most €
I (' ') = o' )] < e

and so f'(2/,u') € |[f(z,u)]~y. since D is erobust. Hence ?l([x’]wx,,L([u]NU)) €
o(f([#]~x, [u]~,)). Thus Part I) of definition of assignment is satisfied.

Moreover, we have

C2Tn i tlltlny)) = ([ [W]ng) = ([ [y

so that Part II) of the definition is satisfied. O
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Strongly robust system + e-covering approximation
Y

D Qx

Figure 5: Given sufficient precision, the transitions of strongly e-robust dynamics can be realized
with approximate dynamics on a finite datatype, which gives a e-covering for the state-space.

Lemma 40. Consider n-finite dynamics D = (X, U, f), s.t. each component of X and U contains a
closed ball of radius € (in Qx , Qy resp.)
Then given datatypes Dx C X, Dy C U with sufficient precision, there is a function f :Dx xDy —

Dx s.t. (Dx,Dy, f) simulates (X, U, f) with error e.

Proof. Suppose Dx is an e-covering of X, and D is an e-covering of U. Let X1, .., X, r > 1 be the
connected components of X. Let¢ € 1..r, we have by assumption, that for some z; € X;

B(xi,€) C X,
Since Dx is an e-covering of X, there is some d; € Dx s.t. ||z; — d;|| < ¢, and therefore
di S B(IL’i,E) g Xl

Similarly, there is an element of D in each component of U. Now, we may construct f as follows:
forx € Dx and u € Dy

flz,u) = argyrg%)r)l( lly — f (2, u)l

with ties broken arbitrarily. Then, as D is an e-covering of X, ||f(z,u) — f(z,u)| < € as
desired. O

We now have the setup, and necessary results for Theorem 2.

Theorem 2. Every n-finite system with strongly robust dynamics can be implemented with floating-
point operations, given sufficient precision.

Proof. Apply Lemma 39 and Lemma 40 to obtain a realisation of S using a finite datatype, e.g. using
D, or D}, for sufficiently large p. O

C.2 Parametrised Systems

The stability of robust dynamics can also be a desirable property in the context of learning. Consider
a parametrised model describing the trained model. If the system described by the model is e-robust
and it is sufficiently smooth with respect to its parameters, then perturbing the model parameters will
not change the behaviour of the system. Thus a robust system is intuitively more likely to be attained
by a learning algorithm.

Definition 29. Let f : © x Qx x Qy — 2 be continuous. Write fy for the function f(6,—, —). A
dynamics parametrised by © is of the form Dy = (X, U, fy).
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Theorem 41. (Corollary 36.20 of [Willard, 2012]) A continuous functions on a compact metric
space X is uniformly continuous, that is for all € > 0 there exists 6 > 0 such that for all z,y € X

|z =yl <6 = [If(z) = fy)l| <e

Theorem 42. Let n-finite dynamics Dy = (X, U, fo) be parametrised by ©, and let © be compact.
Suppose Dy is e-robust (w.r.t Qx ). Then for some 6 > 0, we have that for p € O s.t. ||0 — p|| <6
the dynamics D, = (X, U, f,) is well-defined. Moreover, for any system Sg with dynamics Dy, the
system S, obtained by switching out Dy for D, has the same canonical automaton.

Proof. Since Dy is n-finite, we have that X and U are compact. Thus the Cartesian product
O x X x U is compact. Thus, by Theorem 41 for all ¢ > 0 we have some § > 0 such that for all
(0,x,u), (0,z,u) € ©® x X xU

(0, 2,u) — (p, 2", u)|| <0 = |[f(0,2,u) — flp,2",0)|| < e
Now, take p € Be(f,5). We have for all z € X and u € U that
(6, z,u) — (p,z,u)|| = [|6 — pl| <0
1O,z u) = flp,z,u)l| <€
Thus f(p,z,u) € B(f(6,z,u),e) C X, since Dy is e-robust. Moreover, letting X1, .., X,. be the

components of X and Uy, .., Us be the components of U, we have that X N X; # () for i € 1..r and
UnNU,fori € 1..s. Thus D, simulates Dy with error €.

Now, the canonical semiautomaton for Dy is (X, U, fy) and the canonical semiautomaton for D,

is (X,U, f,). By Lemma 39, we have that fy and f, give the same transitions. Therefore the two
semiautomata are the exact same. Taking S, S, as in the statement, we see that they indeed must
have the same canonical automaton. O

C.3 Robust Cascade Decomposition and Proof of Theorem 5

Coming back to connecting functions discussed in Appendix B.5, we have the following refinement
of the result.

Theorem 43. Let D be a strongly robust n-finite dynamics, which are a realisation of FLIP-FLOP.
Then all group-free functions can be implemented by some strongly robust serial cascade of D
components. Moreover, the connection functions in such cascade can be given by depth-2 MLPs.

Proof. Say D = (X, U, f) is strongly e-robust. By Theorem 35, for any group-free function F,
there is a serial cascade C' of D-components which can implement it. By Lemma 36, C'is also

strongly robust. Say, C' = LDy B Dy = (XL U, fo), with U’ an n-finite space, D; = D
andg; : U x X7V = U.

Let Uy, ..., U, be the n-components of U. By strong robustness, for each ¢ € [1..n], there is u; € U;
s.t. Bq,, (u;,€) C U; By Lemma 22, we can w.l.o.g. assume that g; has its image in {ug, ..., un},
while still inducing the same mapping U x X' = — U.

By Theorem 16, there is a MLP N; : Qp x Q4+ — Qg which e-approximates g;, since U’ x X*~ ! is
compact and g; continuous. For (u/,x1,...,7;_1) € U’ x X*~! we have fi(<u’, x1,... ,azi_1>) =
u; for some j € [1..n], so

N(<’U/,IE1, . ,.’L‘i,1>) S BQU(Uj,E) - Uj

Thus NV; sends elements of U’ x X! to the same n-components of U as g;. Moreover, N; is
continuous.

: g1 g2 gL . .
Overall, the canonical automaton for ~~ D¢ ~5 --- %5 Dy is the same as the canonical automaton for

N N. N . .
~+ Dy ~3 ... <% Dy. Thus the strongly robust cascade with D components and MLP connections
can implement F'. O

Appendix G.3 shows constructions for strongly robust n-finite XLSTM FLIP-FLOP and R> dynamics.
All together, we obtain Theorem 5:
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Theorem 5 (xLSTM does start-free robustly). All star-free languages can be recognised by xLSTM
cascades, as well as by floating-point implementations of xLSTM cascades given sufficient precision.

Proof. We have that there are strongly robust XLSTM dynamics that realise FLIP-FLOP and R».
Thus by Theorem 43, every group-free function can be implemented by a cascade of strongly robust
xLSTM dynamics. Any such cascade is itself strongly robust, by Lemma 36, and thus can be realized
by floating-point operations, given sufficient precision, by Theorem 2 O

Moreover, by Theorem 43 we know that for these cascades, it suffices to use MLP connecting
functions. By Theorem 42 we also have that the parametrizations of sSLSTM blocks which yields
FLIP-FLOP and R can also be changed, within some d, retaining the behaviour of the dynamics.
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D Expressivity Results for State Space Models

In this Appendix we reap rewards of establishing the preliminary framework of Metric Automata
Theory for n-finite dynamics. We can now prove expressivity results by establishing structural
properties of dynamics, which are preserved by feed-forward cascades, and which are generally
applicable.

In Section D.1 we introduce the notion of contracting dynamics, which describes dynamics that are
not able to keep track of a state over unbounded input lengths. We use this notion to prove Theorems
3 and 4.

In Section D.2 we introduce another structural property, called aperiodicity. It is the n-finiteness
corresponding notion to group-freeness in Finite Automata. We use aperiodicity to prove Theorem 6.

Finally, in Section D.3 we focus on the SSM parametrisation of Mamba, and prove Theorem 7.

D.1 Contracting Dynamics and Proofs of Theorems 3 and 4

Definition 30. Call n-finite dynamics (X, U, f) a contracting dynamics, if for any initial points
x0,z(, € X and eventually equivalent input sequences (up)n>1, (4}, )n>1 C U, we have that the
corresponding state sequences (Z,,)n>1, (2, )n>1 C U are eventually equivalent.

Thus, a for a contracting dynamics, it does not matter what state the evaluation of the inputs starts
from—eventually all initial states lead to the same behaviour under a fixed input sequence. The
intuition behind the name is the following—eventually all possible states that the dynamics could be
in under the input sequence collapse to a single n-component.

Example 9. Clearly, all Finite Context Dynamics (Definition 18) are contracting. [
Lemma 44. Let C = Dy ~ - -- ~» D,, be a cascade of n-finite contracting dynamics. Then C'is a

contracting dynamics.

Proof. By induction, it is sufficient to show the statement for n = 2.

Let us consider C = Dy ~» Dy with Dy = (X, U, f1) and Dy = (Z,U x X, f2). The dynamics
function of the cascade is:

f{x,2),u) = <f1 (x,u),fg(z,u')> where v’ = (u, f1(z,u))

Consider arbitrary (o, z0), (2(, 2y) € X X Z and (ug)i>1, (u})e>1 € U, eventually equivalent in
U. Take

(Tn, zn) = (D1 ~ D2)((0,20),up1.n)); (5 20) = (D1~ Da) ({20, 20), ufy )

By inductive hypothesis, D, is contracting, and so since we have

T = D(0,u1.n)); @, = D(@, ufy )
we have that (z,)n>1,(z),)n>1 € X are eventually equivalent. Thus also
((tns Tg1))n>1, (U, 1l 1) )n>1 € (U x X)w are eventually equivalent.

Note that we have zp 1 = fa(zn, .<un, Tpy1)) and 2, = fg(z;,.<u;1,:c’n+1>). Since Dj is by
assumption contracting, and the two input sequence are eventually equivalent by continuity of f,,, we
get that (2, )n>1, (2], )n>1 € Z% are eventually equivalent.

So, overall ({2, 2)), ({2, 20,)) € (X x Z)* are eventually equivalent. O

n»~n

Lemma 45. Suppose a n-finite Linear Recurrent Dynamics D is e-robust. Then D is contracting.

Proof. Suppose that D = (X, U, f) is e-robust.

Let zg,x; € X and (up)n>1, (ul)n>1 € U which are eventually equivalent—say for n > N.
For each component of U, say Uy,..., Uy, define a representative element rq,...,r;. Define
(@in)n>1 C U to be such that @,, = r. where U, is the component containing w1 n. Thus (@, )n>1
is equivalent to (un 4 N )n>1 and (u;, , n)n>1.
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Write A,, = A(4,) and B,, = B(ay,) and f,, () = f(z,4,). For S C , define

AS={a - (r—y):aec(0,1],z,y e S}
For 3 € R>q, write -5 = {-5:5 € S}. Take M = sup, ,cx ||z — y||. We have that M is
finite, since X is compact, and hence bounded. Also, denote X () = X, X(»+1) — {f(z,ap) :x €
XY = {D(x}.
We have, by induction that A(X (™) C (M_%ne) - A(X): for n = 0 this is immediate.
For n > 1, by inductive hypothesis we have A(X(”*l)) - ( A(X). Consider u # 0,
u € A(X™). Take v = 4. We have that

[l

u=p- (fn(x) - fn(y)) =4- An(x _y)

for some z,yy € X1 and 3 € [0, 1]. We have that z — y € A(X (V) C (M) - A(X),

M
STes ey

so for some 2/, y’ € X we have

/ ’r M -1

x_y_(M—FQ(n—l)e) (=)
Now:

[1£a(@) = () +e-v)[ =€ and [[fuly) = (Fuly') +e-0)]| = €
so by robustness, f,(z') + €-v € X and f,,(y') — € - v. Thus
AX S (fa(2') +e-v) = (fuly) —€-v)
= fu(@') = fu(y)) +2¢ -0
=A@ —y') + 20

- (M+2]gz—1)e)il'A”(x_y)“e'“

- ((Auz]gmyl'ﬁ_”nﬁ) B

So, we have u = 7y - [ for some [ € AX and

M -1 2¢
1 1
K (M+2(n—1)e) A Tl
M+2n—1)e __; 2
:—.ﬂ + —
M ]
_ M+2(n—1) 2
1'>1and <M >—_—"" L
as 7 > 1and ||u|| < > i +M
_M+2ne
M

So u € (M) . A(X), and thus indeed A(X™) C (M-]‘erne) - A(X). Therefore
Supx,x/eX(n) ||$ - x/H — 0asn — oo.

Now, consider the state-sequences (D (o, u[1..n])) D(z}, “fl..n]))nzr We have by Lemma 24

n>1’ (
D(xo,up..(n4n)]) =D(TN, U(N41)..(n+N)])
~xD(zN,t[..n))

and similarly D(xg,u’[(1+N)_'(n+N)]) ~x D(z'y, 1. n)). Now, D(2'y, Gp..0n)), D(xN, Gp.0)) €
X ™) Thus we have

HD(x?V,ﬁ[lwn]) — D(xN,1p..) € X(")H —0asn — oo
Therefore, eventually D (z'y, @1..,)) and D(zy, Gp..n)) € X (") are in the same 7-component of

X. O
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Figure 6: State sequence of aperiodic dynamics under iterated input always 7-converges.

Theorem 3 (Non-robustness of LRDs). Suppose an n-finite LRD D is such that its canonical
semiautomaton D 4 has at least two states, and an input inducing an identity transformation. Then D
cannot be e-robust for any € > 0.

Proof. Let D = (X, U, f) be an n-finite LRD, such that its canonical semiautomaton D = (X, U, f)
has at least two distinct )-states, say T, Z', and an input @ inducing identity transformation on X.
For contradiction suppose that D is robust. Then by Lemma 45, D is contracting. Thus for zg €
T,x( € T and u € T we have that the sequences (z,, = D(xo,u")), ., (2}, = D(x,u")) ., €
X« are eventually equivalent. Since [u].,, = % induces the identity transformation of X, we

. , ~w —
have that the corresponding sequences ([Zy ]~ Jn>1, ([Z]~x )n>1 € X are constant, equal Z, T
respectively. Thus necessarily T = Z’. This is a contradiction.

Lemma 46. Contracting dynamics cannot implement the state-sequence function of FLIP-FLOP.

Proof. Consider a system S with some encoder enc : {set,reset,id} — U and decoder dec :
Y — {low,high}. Suppose that the dynamics D = (X, U, f) of S are contracting. Consider
xo € X and input sequences (U, )n>1, (ul,)n>1 C U, given by

w="h; uy=10 u,=u,=1 forn>1

They are eventually equivalent, and so the corresponding state sequences x,, = D(xg, (u1.,)) and
xl, = D(xg, (uj_,,)) are also eventually equivalent. Thus

decoS(enc(u..,)) = decoS(enc(uy ,)) € {high, low}
for large enough n, since {high, low} is a discrete space.

However, the two sequences of inputs correspond to different flip flop states - thus D cannot be a
dynamics for a system that implements a flip flop. O

Theorem 4 (LRDs cannot do FLIP-FLOP robustly). FLIP-FLOP cannot be implemented by a cascade
of n-finite e-robust LRDs for any € > 0.

Proof. A cascade of such LRDs is contracting by Lemmas 45 and 44. Thus, by Lemma 46, it cannot
implement FLIP-FLOP. O

D.2 Aperiodic Dynamics and Proof of Theorem 6

Definition 31. For a n-finite space X, we say a sequence (z,),>1 C X n-converges in X, if
eventually all its terms lie in the same 7-component of X.

If the sequence of states of a system 7-converges, it means that the behaviour of that system is
eventually the same.

Definition 32. Call a n-finite dynamics D = (X, U, f) aperiodic, if for all z € X and in-
put sequences (u,)n>1 C U n-convergent in U, we have that the corresponding state sequence
(xn)n>1 € X is n-convergent in X.
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An example of a aperiodic dynamics is given by the FLIP-FLOP dynamics. An input sequence that
n-converges must eventually be constantly set or reset. In that case, the state is eventually high,
low respectively.

Lemma 47. Let D be a n-finite Linear Recurrent Dynamics, with A(u) having all its eigenvalues
being non-negative. Then D is aperiodic.

Proof. This is a similar argument as for Theorem 1 in Grazzi et al. [2025], with some simplifications
stemming from the fact that we can use associativity of linear operations freely.

Let D = (X, U, f) be an n-finite Linear Recurrent Dynamics, with X C R%, s.t. A(u) has all its
eigenvalues being real, for all u € U. Say f(z,u) = A(u) -z + B(u).

Consider a sequence (up)p>1 € UY, n-convergent in U, and zp € X. Let (xn =
D(xzy, ul___n))n>1 € X* be the corresponding state sequence. We have some N s.t. forn > N all
u,, are contained in the same component of U, we may pick a representative » € U of that component.

Write A = A(r), B = B(r). By Lemma 25, we have for n > N that

TN ~x o = D(xy, ")

We consider the state sequence in the diagonalized space of A. Write A = P~ JP for the Jordan
normal form of A. Here J is block diagonal, with say blocks J1, ..., Js, Jp € R™*™> being a
Jordan Block with )\, on the diagonal being an eigenvalue of A, and 1 on the right off-diagonal. Also
P e R4*d gince all eigenvalues of A are real.

Take z,, = Pz’ , then we have

Tpy1 = P(Az!, + B) = P(AP™ 'z, + B)
=P(P'JPP 'z, +B)=Jz, + PB

We will consider the difference z,, = Z,,41 — Z,. Unrolling the recurrence we get
Zp = Jn((]fo — i‘o) = J"z

The i-th entry of this difference, where ¢ is in say the b-th block of .J, is

my i n
Gl =305,
Jj=1

This is of the form considered in Lemma 64. Thus, [z,]; € R is eventually monotone, and so it either
converges in R or is unbounded as n — oc.

Now, if z, — 0, that is [z,]; for all i € [1..d], then we have that also, by continuity of linear maps,

z, .y — ), = P71z, — 0, so that 2/, must eventually be in the same component of X by Lemma

20. Therefore also (z,,),>1 is 7-convergent in X.

Otherwise, one of the entries of z,, either is unbounded, or converges to a non-zero limit. In both
cases, the corresponding entry of z,, is unbounded as n — oo, and so this is impossible in a n-finite
space X.

Overall, this shows that D must be aperiodic. O

Lemma 48. Let D = (X, U, f) be a n-finite Finite Context Dynamics. Then D is aperiodic.

Proof. Let [ be the context length of D. Let xp € X and (u,,)n>1 € UY be n-convergent in U. Let
@ € U lie in the component of U which contains the tail of (uy,),>1, say forn > N. Forn > N +1
we have that uy,,—;41, ..., U, ~ U, and so

Tn = C((tn_1—1..n)) ~ C(a)

Thus x,, is in the component of X containing C(@'). O
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Lemma 49. Let C = Dy ~» - -+ ~» Dy be a cascade of n-finite aperiodic dynamics D+, ..., Dy.
Then C' is aperiodic.

Proof. By induction, is is sufficient to show the statement for n = 2.

Let us consider C = Dy ~ Dy with D1 = (X, U, f1) and Dy = (Z,U x X, fa). The dynamics
function of the cascade is:

F{x,2),u) = <f1 (x,u),fg(z,u')> where v’ = (u, f1(z,u))

Consider a sequence (u;);>1 € U“ n-convergent in U, and (z(, zo) € X' x X.

As D; is aperiodic, the corresponding sequence (z,,)n>1 € X is n-convergent in X . Equivalently,
(x¢41)¢>1 is p-convergent in X . Moreover, then the sequence (u), = (Up, Tp41))n>1 IS B-convergent
in U x X. Since Ds is aperiodic, the sequence (z,,)n>1 € Z is therefore 7-convergent in Z.

All together, ((x1,, 2))n>1 is n-convergent in X x Z. ¢ O

Theorem 50. 7n-finite dynamics are aperiodic if and only if their canonical semiautomaton is group-

free

Proof. Let D = (X, U, f) have canonical semiautomaton D4 = (X, U, f)

(=) First, suppose that D 4 is not group-free. By Theorem 13, there exist some S C X andu € U
s.t. f(—, %) induces a non-trivial permutation on S. That is, since S is a finite set, we have s € X
s.t. Da(s,u") # Da(s,u™") forall n > 1. Here u" denotes the word of length n consisting of
repeated symbol wu.

Take u € U s.t. [u]~, =wand z € X s.t. [r]~, = s. Then, we have that for all n > 1 that

U X

n n+1
[D(z,u )]NX # [D(z,u )]NX
The input sequence (u™),>1 is n-convergent in U, but the corresponding state sequence
(D(s,u™))n>1is not. Thus, D is not aperiodic.

(<) Now, suppose that D 4 is group free. By Theorem 12, D 4 can be realized by a serial cascade
of FLIP-FLOPs, say C. We also have, that C can be realized by a feed-forward cascade C’ of
FLIP-FLOPs and repeat semiautomata, all of which are aperiodic (as repeat semiautomata are FCDs).
Thus by Lemma 49, C’ is aperiodic. It remains to show that dynamics realised by aperiodic dynamics
are also aperiodic.

Let (a, ¢, ¢) be an assignment of D 4 into C”. Consider an n-convergent input sequence (%y, )n>1 € U

C X. Since

and 7o € X, with the corresponding state sequence (T, = DA(To,U[1..n])), >,
(W) C U is n-convergent, it is in fact eventually constant, since U is a discrete space.

Since C’ realizes D 4, by Theorem 14, we have, for T € a(Ty)
M(DA) (507 ﬂ[171]) = C © M(C)(jav L(H[l..n]))

where M(D 4), M(C) are the canonical machines for D 4, C, respectively. Now, (T, ) is even-
tually constant and so also (L(ﬂn)) is eventually constant. C is aperiodic, and so the sequence

C(zg, L(ﬂ[l..n])) is n-convergent (and thus eventually constant, as C' is a semiautomaton). All
together

M(DA)(T(),ﬂ[l“n]) =(o M(C) (Téa L(E[l..n])) = C(C<fé)7 L(ﬂ[lun}))v L(ﬂn))

by def. of canonical machines, and therefore this sequence is also eventually constant.

Thus the state sequence D 4 (To,U1..,,)) itself is eventually constant.

Equivalently, by Lemma 26, for any sn-convergent sequence (u,) C U and 2y € X the state
sequence (D(xo, u[l..n])) C X is n-convergent, and so D is indeed aperiodic. O
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D.3 Parametrisation of Mamba and Proof of Theorem 7

Sarrof et al. [2024] show that any star-free language can be recognized by an SSM like Mamba (Gu
et al. [2022]), using the Krohn and Rhodes Theorem from Algebraic Automata Theory. However, in
their construction, they assume that gates of the form A(u) = 0 can be used, which is not the case for
architectures utilizing strictly positive parametrization, like Mamba.

We show in Construction 3 a modified n-finite system construction, which only requires gates with
diagonal entries in the range [¢, 1], for a suitable ¢ > 0. As it turns out, further restricting diagonal
entries to lie in (—1, 1) makes it impossible to implement a flip flop.

Mamba ([Gu et al., 2022]) parametrization is of the form
A(u) = Diag(exp (—A, @ exp(z,))) where z, € R4, A, € (0,00)?

and © is the element-wise product R x R* — R¢. This gives —[A, ©exp(z,)], < 0fori € 1...d,
and thus A(u); € (0,1) fori € 1...d. We will show in this section that an SSM using Mamba
blocks cannot implement a flip flop for unbounded .

However, experimental results in [Sarrof et al., 2024] show that this architecture does well in
experimental evaluations and demonstrates length generalization for star-free modelling tasks. For
tasks involving periodic modelling, the model fails to length generalize. This motivates us to
investigate the geometric complexity of the state space when evaluated on sequences of bounded
length in Appendix E.

Construction 3. There is a 7-finite system with Linear Recurrent Dynamics with diagonal entries in
€, 1], for some € > 0, which realize FLIP-FLOP dynamics.

Take € = 1/4. Consider X = X; U X}, C R, where

Xl:B(lae); Xh:B(27€)

Then X, X;, X}, are the components of X, and X is n-finite. Take U, e : {s,r,i} — U and
f: X xU — X to be such that

(1,0) if o =i
f(z,e(0)) = Ay - v+ B, where (Ay,B,) =< (¢/4,1) ifo=r
(e/4,2) if c=s

We have X C B(0,2 + ¢), and so (¢/4 - —)(X) C B(0,¢/4- (2 +¢€)) C B(0,¢). Thus we see
that f maps X to X; under input r and to X under input s. Under input ¢, f acts as identity.
Thus these dynamics indeed realize FLIP-FLOP, through assignment that identifies with v mapping
high — X}, low — X, ¢ mapping set > s,reset > r,id — 4 and ¢ mapping X; to low and
Xp tohigh.

Lemma 51. Let D = (X, U, f) be an n-finite Linear Recurrent dynamics with A(u) diagonal, with
entries in (—1,1) forallw € U. Then D is contracting.

Proof. Let xg,x, € X and (uy,),>1 € U. For each component of U, say Uy, ..., Uy, define a
representative element rq, ..., 7. Define (u,),>1 C U to be such that u,, = r. where U, is the
component containing u,,. Thus (u/,),,>1 is equivalent to (u,),>1, and (ul,),>1 takes finitely many
values 71, ..., 7.

Now, consider Ay, ..., A, where A, = A(r.). For each ¢ € [l..r], let A\, be the largest size
eigenvalue of A.. Then we have |\.| < 1, and

[Ac-zl2 < [Ac] - lzll2 Vo e X
Let A € argmaxce1..» | A, then we have |A| < 1 and

[A(re) -l < [A[-llzlls Vo e X,cel.k
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Now, we have that for the state sequences (x,,)n>1, (¥}, ),>1 corresponding to initial states xo, x,
resp., and the input sequence (u,),>1, the following holds:

= @lla = | (A - 2oy + Blul) = (A - @y + Ble) |

= HA(TC) ATp_1 — as'n_l)HQ for some ¢ € [1..k]

< - |[#nmt = 2y
< ..
< |)\|”~H1‘Ofx6H —0 as n— oo
2
Thus eventually z,, and ], must be in the same component of X. O

Altogether, we arrive at the following result (for n-finite dynamics), restated here more precisely than
in the main body.

Theorem 7. SSMs with Mamba parametrisation cannot recognise FLIP-FLOP as n-finite systems.

Proof. Mamba blocks are feed-forward cascades of LRDs of the type considered in Lemma 51 and
convolution blocks (FCDs)—see Figure 2. Thus 7-finite feed-forward cascades of Mamba blocks are
contracting, and so by Lemma 46, cannot implement FLIP-FLOP. O
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E Geometrically Constrained Systems

In this appendix, we depart the setting of n-finiteness, and explore geometrically-constrained systems
(GCSs). This setting allows for systems implementing functions beyond regular, but shares many
properties with the n-finite setting. We develop the theory of GCS to explain empirical capabilities of
Mamba, and to showcase the flexibility and generalizability of Metric Automata Theory.

In Section E.1 we develop a notion analogous to aperiodicity from Section D.2. We then prove
Theorem 9.

In Section E.2 we introduce a generalisation of 7-finiteness, called weak n-finiteness. We use it
to argue that the cascade decomposition results for n-finite dynamics still apply to dynamics with
convex-covering state-spaces.

In Section E.3 we show that n-finite dynamics are a special case of convex-constrained dynamics.
Finally, we show a construction of a FLIP-FLOP using a Mamba convex-constrained SSM, and argue
using weakly n-finiteness that Theorem 8 holds.

Definition 33. For 2 = R? or C?, we call C C 2 a convex-covering if C is a finite union of open,
convex sets in §2. We say that X C 2 is convex-covered by C'if X C C.

We say X is convex-separated by C' if (i) it is convex-covered by C' and (ii) each path-connected
component of C' contains at most one path-connected component of X. |

Note: any convex set in £ = R? or C¢ is path-connected. Thus any convex-covering C' has finitely
many path-connected components.

Definition 34. Let = R? or Q = C%, and let C C ). We say that dynamics D = (X, U, f) are
convex-covered by C'if X is convex-covered by C. We define a system geometrically-constrained by
Casatuple Sc = (X, U, f,C, xg,Y, h), where its dynamics (X, U, f) is a dynamics convex-covered
by C, ¢ € X is the initial state, and h : C' x U — Y is the continuous output function. [ ]

The difference between a shortcut system and a system is that the dynamics function is defined only
on X, while the output function is define on the convex-covering C.

We extend the definition of implementing a function to shortcut systems: S¢ implements F' :
¥+ — I" with encoder enc : ¥ — U and decoder dec : Y — T if enc, dec are continuous and
F(w) = decoS(enc(w)).

Lemma 52. For a cascade D = Dy ~ --- ~» D, with D; convex-covered/convex-separated by C;
we have that C'is convex-covered/convex-separated by C = C1 x --- x C,

Proof. Suppose D; is convex-covered by C; for ¢ € [1..n]. First, C; x - -+ x C,, is indeed a convex-
covering. A product of convex sets is convex, and so a product of finite unions of convex sets is also
a finite union of convex sets (by commutativity of set product and union, see proof of Lemma 19).
Thus, X7 x --- x X,, C C and D is convex-covered by C.

Now, suppose further that D; is convex-separated by C; for ¢ € [1..n]. The path-connected com-
ponents of C are of the form []"_, G;, where G is a path-connected component of C;. Similarly,
path-connected components of X = Xy X --- x X, are of the form []"_, Z; where Z; is a path-
connected component of X;.

We have that [, Z; intersects [ [, G; precisely when Z; intersects G; for each i € [1..n]. Hence,
there is exactly one component of C intersecting [ [, Z;, i.e., C convex-separates D. O

We begin by defining a restricted type of cascade. This model corresponds more to the idea of joining
the cascade components by their respective output function. Thus, we require that the connection
between sequential blocks respects convex-coverings.

ogs . C Crn-1 . . .
Definition 35. A constrained cascade D1 ~ --- <= D,, w.r.t. covering C; x - - - x C,, is a dynamics

Dy ~s -+~ Dy, where D; = (X;,U x C}y. (;-1)], fi) and D; is convex-covered by C;.

. . . . g In—1
We can think of a constrained cascade as a feed-forward cascade with connections D; 25 - -« "~ D,
where each g; is continuous on U X C[y_;—1)-
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E.1 Aperiodic Convex-covered Dynamics and Proof of Theorem 9

We define an analogous notion of aperiodicity for convex-covered dynamics. First we extend the
notion of n-convergence to convex-coverings.

Definition 36. For a space X, we say a sequence (z,,),>1 € X“ PC-converges in X, if eventually
all its terms lie in the same path-connected component of X . n

This is an identical notion to n-convergence, but we give it a different name, since it applies to
non-7)-finite spaces.

Definition 37. Call dynamics D = (X, U, f) aperiodic w.r.t. convex-covering C, if D is convex-
covered by C and if for every sequence (uy,)n>1 € U* PC-convergent in U and zy € X, the state

sequence (D(xo,ul_“n))n>1 € X¥ C C¥ is PC-convergent in C.

Note the difference in definition: we require that the state sequence is eventually in the same
component of C, instead of the same component of X!

Lemma 53. Let D = Dy ~~ - -+ ~» D, be a cascade s.t. D; is aperiodic w.r.t. convex-covering C;
fori € [1..n]. Then D is aperiodic w.r.t. convex-covering C = Cy X -+ X Ci,.

Proof. Analogous to proof of Lemma 49, applied to the cascade D] ~> -+ ~» D!, where D} =
(Ci, U x Cp,.im1)s fi)- O

Definition 38. We call a function F : ¥t — T alternating if, for some ¢ € X, the sequence
(F(cr"))n>1 € I'“ changes value infinitely many times. |

Theorem 54. Let D be a dynamics aperiodic w.r.t. convex-covering C. Let Sc be a shortcut system
constrained by C with dynamics D. Then Sc can not implement any alternating function.

Proof. Say D = (X, U, f) and S¢c = (X, U, f,x0,C,Y, h). Suppose for contradiction that S with
encoder enc : ¥ — U and decoder dec : Im i — T" implements an alternating function F' : ¥+ — T..

Let 0 € ¥ be a symbol such that (F(o™)) _,
is aperiodic w.r.t. C we have that (D(xo,enc(a)”))n>1 C X C (C is eventually in the same

path-connected component of C. As decoh : C'x U — I' is continuous we thus have that

changes value infinitely many times. Since D

F(o™) =deco h(D (z0,enc(c™)), enc(o))

is eventually in the same path-connected component of I', i.e. eventually constant. This is a
contradiction. O

We now introduce an elementary theorem about convex sets in R¢ (or C%).

Theorem 55 (Minkowski’s Hyperplane Separation Theorem). Let A, B C R? be two disjoint, non-
empty convex sets. If both are open, then there exists a non-zero vector v C R% and constant ¢ € R
s.1.

(a,vy > ¢ and (b,v) <c VYae€ A be B
with (-, -) being the dot product.

Proof. By Section 2.5.1 of [Boyd and Vandenberghe, 2006 - 2004], we have that there exists a
non-zero vector v C R? and constant ¢ € R s.t.

(a,v) > ¢ and (bv)<c Va€ AbeB

Now, these inequalities in fact must be strict. For contradiction suppose that {a,v) = ¢ for some
a € A. Since A is open, we have that for some € > 0 Bra(a,e) C A. Thusa+¢e- —= € A

[[v]l3
([v]|2 # 0 as v is a non-zero vector). But then (a + € - TR v) = a -+ € > a by linearity of the dot
2

product. Similarly for B. O

Theorem 9. Let D be an n-finite Linear Recurrent Dynamics, with its state-transition gates having
all non-negative eigenvalues. Let C be a covex-regular covering of D. Then D is aperiodic w.r.t. C.
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Proof. Let D = (X, U, f) be a Linear Recurrent Dynamics, with X C R, convex-covered by C, s.t.
A(u) has all its eigenvalues being real, for all uw € U. Say f(x,u) = A(u) - « + B(u).

Consider a sequence (uy,)n>1 € U, state-convergent in U, and o € X. Let (acn = D(xy, uln)) -
X be the corresponding state sequence. We have some NV s.t. for n > N all u,, are contained in the
same component of U, we may pick a representative € U of that component.

Write A = A(r), B = B(r). By Lemma 25, we have for n > N that

Toin ~x T = D(zn, ")

Like in proof of Theorem 47, we consider the state sequence in the diagonalized space of A. Write
A = P~1JP for the Jordan normal form of A. Here .J is block diagonal, with say blocks Ji, ..., Js,
Jp € R > being a Jordan Block with A\,—eigenvalue of A—on the diagonal, and 1 on the right
off-diagonal.

Define y,, = &y 41 — @y and y;, = P(x], | — x,), then
Ynt1 =P (Thg0 — Thgs)
=P-(Az), , + B — Az, — B)
= PA- (a4, — ) = Ty,

Thus, unrolling the recurrence we get

Y = J" Yo

The i-th component of y,,, where i is in say the b-th block of J, is

=3 (" )il

j=i

The binomial coefficients are polynomial in n. Thus we may write [y},]; = Y v; - n% - a}}, where
bj € Z>o and a; = Ay > 0, which is of the form in Lemma 64. Since y,, = Py!,, we have

[Ynli = Z[P]m‘ : [y;z]j

j=1
which again is of the form in Lemma 64.

Now, for contradiction suppose that 2/, is not state-convergent in C. Then, since C' has finitely many
components, there are two distinct components of C, say Cy, C5 such that 2}, is in both C; and in C5
infinitely often. Furthermore, since C, Cs are finite unions of open convex sets, there are convex,
open sets S1, .S which are disjoint, non-empty, and 2/, is in both S; and S> infinitely often (*).

By Theorem 55, there is a non-zero vector v € R? and constant ¢ € R s.t. (s;,v) > ¢ Vs; € 5
and (sg,v) > ¢ Vsg € Ss.

Thus, (x],,v) > c infinitely often, and (z/,, v) < c infinitely often.
We have

d
(Yn,v) = ZUi “[Ynli
i=1

is again in the form from Lemma 64. Thus it is eventually monotone. Therefore eventually (y,,, v) <
0, in or (y,,v) > 0. By linearity of the inner product

(Yn,v) = (Tpy1,v) — (T, v)

Thus, eventually also (x,,, v) is monotone—contradiction with (*¥). O

37



2034

2035
2036

2037
2038

2039

2040

2041
2042

2043

2044
2045

2046

2047
2048

2049

2050
2051
2052

2053

2054
2055
2056

2057

2058
2059

2060
2061

2062

2063
2064
2065
2066

2067
2068

2069
2070

2071
2072
2073
2074
2075
2076
2077
2078

E.2 Weakly n-finite Dynamics

In this section we introduce the topological notion of connectedness, as well as the necessary results to
establish the finite state properties of GCSs where the state-space coincides with the convex-covering.

Definition 39. A topological space X is called disconnected, if there are disjoint non-empty sets
H, K in X such that X = H U K. Then X is called connected if it is not disconnected.

Connectedness is, as it turns out, a generalization of path-connectedness.
Fact E.2.1. (Theorem 27.2, [Willard, 2012]) Every path-connected space is connected.

Similarly to compactness and path-connectedness, connectedness is preserved by continuous map-
pings and products.

Fact E.2.2. (Theorem 26.2, [Willard, 2012]) The continuous image of a connected space is connected.

Fact E.2.3. (Theorem 26.10, [Willard, 2012]) A nonempty product space is connected iff each factor
space is connected.

Similarly to path-connectedness, connectedness induces an equivalence on the space.

Definition 40. For x € X, define ', as the union of connected subspaces of X containing x. We
call it the C-component at x. We write z ~x y when y € C,,.

Note, that in [Willard, 2012] C-components are simply referred to as components.

Fact E.2.4. ~x is an equivalence relation, partitioning X into maximal (with respect to inclusion)
connected subspaces of X. C, is the equivalence class of ~x containing x. See Theorem 26.7 and
Definition 26.11 of [Willard, 2012] for details.

Fact E.2.5. (Theorem 26.12, [Willard, 2012]) The C-components of X are closed in X.

Thus, we think of C-components as a partition of the space that is a coarsening of the path-connected
components. For an example of a space that has one C-connected component and 2 path-connected
components, see the topologist’s sine curve (Example 27.3, [Willard, 2012]).

Definition 41. We call a space X weakly n-finite, if it has finitely many C-components.

Example 10. Any finite alphabet is weakly n-finite, with each symbol being in a separate C-
component. [

Our goal now is to show that weakly 7-finiteness enjoys the same favourable theoretical properties as
n-finiteness.

Lemma 56. A continuous image of a weakly n-finite space is weakly n-finite.

Proof. Let C4,...,C, be the C-components of X, and let f : X — Y be continuous. Each f(C;)

is connected, and so Im f is a union of finiely many connected spaces f(C1), ..., f(Cy). Thus, the
equivalence classes of 1y, f must be unions of these images. Thus ~y, ; must have finitely many
equivalence classes. O

Lemma 57. The Cartesian product X X 'Y space of weakly n-finite spaces is weakly n-finite. The
C-components of X x Y are the products of C-components of X and C-components of Y .

Proof. Let C1,...,Cp and Ey, ..., E be the C-components of XY respectively. We have X =
Uiz, Ci Y = U}, and so

XxY = ( L-J (j%) X ( L'J lfj) = l~J L.J (;% X 133
i=1 j=1 i=1j=1

By Fact E.2.2 each C; x Ej is connected. Thus, the C-components of X x Y are unions of the
products C; x E;. Now, fix i € [1..n],j € [1..]. Let Z be the C-component of X x Y containing
C; x E;. consider the projection map mx : X x Y — X. As the projection is continuous, the image,
mx(Z) is connected in X. Moreover, C; € wx(Z). Thus, as C; is a maximal connected subspace
of X, we have C; = mx(Z). Similarly, considering the projection my : X x Y — X, we have
E; = nx(Z). Since C; x E; C Z, we therefore must have C; x E; = Z. Therefore X x Y has
finitely many C-components, and they are the products of C-components of X and C-components of

O
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Lemma 58. Ler X be weakly n-finite and X be a finite alphabet. Then [ : X — X is continuous if
and only if it is constant on the C-components of X.

Proof. (=) Let f : X — X be continuous. Let C be a C-component of X. By Fact E.2.2, f(C) C X
is connected, and so f(C) = {o} for some o € ¥. Le., f is constant on the C-components of X .

(<) Let f : X — X be constant on the C-components. Let Y C 3. be closed. Then f~1(Y) C X
must be a union of finitely many C-components, since X is weakly n-finite. By Fact E.2.5, we have
that each C-component is closed, and therefore also f -1 (Y) is closed, as a finite union of closed sets.
Thus f is continuous. ]

Now, we have all the properties needed to carry out the arguments in Appendix B.3.

Definition 42. We call dynamics D = (X, U, f) weakly n-finite if X and U are weakly 7-finite. We
call a system .S weakly n-finite if its dynamics are weakly n-finite.

By Lemma 57, we immediatly have that cascades of weakly 7-finite dynamics are weakly n-finite.
Example 11. n-finite dynamics are weakly n-finite. ]

Theorem 59. A convex-covering C' is weakly n-finite, with its C-components coinciding with its
path-connected components.

Proof. Let C4,...,C), be path-connected components of C'. Each C; is a union of finitely many
open (in R%) convex sets, and so is also open. Let Z be a C-component of C. Then Z is a union of
the path-connected components, and so Z is also open. An open, connected subspace of R is path-
connected, see Corollary 27.6 of [Willard, 2012]. Thus Z must actually be one of the path-connected
components. O

Lemma 60. Let D = (X, U, f) be a geometrically-contrained system, convex-covered by C, with
X = C. Then D is weakly n-finite, and the C-components of X are the path-connected components.

Proof. C has finitely many path-connected components, and so it is weakly 7-finite, since path-
connectedness implies connectedness. Now, each C-component of C is a union of the path-connected
components, all of which are open in 2 = R?. Hence each C-component of C' is open in . By
Corollary 27.6 of [Willard, 2012], C-components of C' are therefore path-connected. Thus the
path-connected components and C-connected components of C' coincide. [

Since a C-component has to be mapped by a continuous function into a single C-component, we
have that a version of Lemma 24 also holds for weakly 7-finite dynamics. For a weakly n-finite
system S = (X, U, f, xo,Y, h) and weakly n-finite dynamics D = (X, U, f), we can thus define the
analogous canonical automata

Cweakly(s) = <X/%Xa U/%Uv f~7 [1.0]%X71m h/%Imhv il>
Cweakly(D) = <X/%Xa U/%(]vf)

with f @ ([2]ay, [U]ay ) = @, u)]ay and b ([ U]y ) = [B(2, )] m -

Similarly, replacing path-equivalence ~ with C-component-equivalence ~ in Lemmas 26, 27, 28 and
Theorem 1, we get that the canonical automata of weakly n-finite systems have the same capability in
terms of implementing functions.

Likewise, the realization results of Appendix B.4 and Appendix B.5 carry over to the setting of
weakly n-finiteness. Thus we may apply the structural theorems of Algebraic Automata Theory in
the case of weakly n-finite dynamics. We defer exploring the properties of weakly n-finite dynamics
in detail to future work.

E.3 n-finite Systems as GCSs and Proof of Theorem 8

We start by showing that 7-finite dynamics that are convex-separated by C' can implement exactly the
same functions in a 7-finite system as in a GCS constrained by C.

Lemma 61. Suppose n-finite dynamics D are convex-separated by C'. The following are equivalent:
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e There is a system with dynamics D that can implement F : ¥7 — T

e There is a shortcut system Sc constrained by C with dynamics D that can implement F : ¥ — T,

Proof. (=) LetS = (X, U, f,x0,Y,h) be a system with dynamics D that implements F' with some
encoder enc : ¥ — U and decoderdec : Y — T.

Let (4, ..., C, be the path-connected components of C. Fix v € I" and define b’ : C x U — T’
as follows: fori € 1...s,if C; N X = 0, take h'(c,u) = v, wherey € T. If C; N X # 0,
take h'(c,u) = decoh(z,u) for (c,u) € C; x U, where z € X,;. This is well-defined: For
all z,2' € C; N X, since C is a convex-separator of X, we have that x and 2’ are in the same
path-connected component of X . Therefore necessarily dec oh(x, u) = decoh(x’, u).

Want to show: I/ is continuous. Let ((cy, un))n21 C C x U be a sequence converging to (¢, u) €
C x U. Then (¢,,)n>1 converges to cin C and (uy,),>1 converges to u in U.

Let C; be the component that contains c. Since C; is open, there is some € > 0 s.t. Bg(c,€) C C;.
Since ¢, — ¢, we must have that eventually (c,) lies in Bo(c,€) C C;.Similarly, let U; be the

n-component of U that contains . Then, by Lemma 20, as u,, — u, we must have that eventually
(un) lies in U;. Thus eventually ({c,, un>)n>1 lies in C; x Uj. By definition of ’, it is constant on

C; x U;. Thus (h/(u7uc7z))n>1

Now, define S. = (X, U, f,z9,C,Y,h'). Ash' : C x U — Y is continuous, this is a well-def.
shortcut system constrained by C. Moreover, since h’ constrained to X x U is equal to dec oh, we
have that S¢ with encoder enc and decoder id : I' — I" implement F'.

is eventually equal 1/(c, u).

(<) Let S. = (X, U, f,z0,C,Y, h) be a shortcut constrained by C. Suppose that S implements
F with some encoder enc : ¥ — U and dec : Y — I'. Then taking h : X x U — Y to be the
restriction of h, we get that the system S = (X, U, f, o, Y, k') with encoder enc and decoder dec
implements F'. O

Lemma 62. Let X be a n-finite space. Then X is convex-separated by some convex-covering C.

Proof. Let X1, ..., X} be the components of X. Take

0= min inf d(zi, x;)
1<i<j<n z;€X;,x;€X;

Then we have § > 0 by Lemma 20. Define
Cf = {B($276/2) ‘ x; € Xl}

Then C? is an open cover of X;. Since X; is compact, by definition of compactness there is a
finite subcover C’f - C’f which also covers X;. Moreover, by definition of §, this subcover does
not intersect other components of X. Taking C; = |JC? we have that C = C; U---U Cy is a
convex-covering that convex-separates X .

O
Construction 4. FLIP-FLOP dynamics can be implemented by a Linear Recurrent Dynamics with
entries in [0, 1 — 0], for some 6 > 0.

Lete < 1. Take D = (X, U, f) with X = X; U X}, where X; = (—1,0), X}, = (0,1) and U, f
such that:

(1 —¢,0) if o =1
f(z,e(0)) = Ay - v+ B, where (A,, B,) = { {(¢/4,—1/2) if o =1
(e/4,1/2) ifo=h

With output function X; — low and X} — high, this implements FLIP-FLOP. The set C = X is a
convex-covering of this dynamics.

Hence, Mamba can implement FLIP-FLOP as a constrained system, and so constrained cascades of
Mamba blocks can implement any star-free language.
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Corollary 63. n-finite dynamics are in particular convex-separated dynamics, and implement the
same functions in 1)-finite systems and in GCSs.

Theorem 8. SSMs with Mamba parametrisation can recognise all star-free languages as GCSs.

Proof. By Construction 4, there is a Mamba block dynamics D, with a convex-covering state space,
and n-finite input space, that realise FLIP-FLOP as weakly 7)-finite dynamics. A Mamba block
can also have a convolution, and so there is a Mamba block dynamics E, with a convex-covering
state space, and n-finite input space, that realise Ry as weakly n-finite dynamics (details omitted.
Also a sSLSTM-like n-finite construction is possible, see Appendix G.3). Thus, by weakly n-finite
analogue of Theorem 14, all group-free functions can be realized by feed-forward cascades of D and
E components. Such cascades are actually constrained cascades of Mamba block GCSs, since the
convex-coverings of D and E coincide with their state-spaces. O
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F Details of The Experiments

We have created visualizations based on the [Liu et al., 2023] FLiP-FLOP task. The dataset is
available at https://huggingface.co/datasets/synthseq/flipflop/. The objective of the
task is to predictively model a sequence of instructions of the form sx, where s € w,r,i,z € 0,1. w
indicates that the next symbol is to be stored, r indicates that the next symbol should be the retrieved
value and i indicates no action. The specific task we trained on corresponds to the "clean" prediction
mode, where only prediction following an r instruction need to be predicted. We note that the aim
of our experiments was to obtain empirical evidence of Mamba having contracting dynamics, and a
comprehensive experimental study is beyond the scope of our paper.

We trained 1-layer Mamba on sequence lengths 32, 64, and 512, observing similar state-collapse
phenomena, as predicted by our results. Additionally [Sarrof et al., 2024] note that in their experiments
Mamba needed more training steps to converge than reported by Liu et al. [2023] for an LSTM. This
is another evidence towards the influence of robustness on stability of training.

The code used to perform the experiments is based on the repository shared in Grazzi et al. [2025],
with some environment modifications to make it work on the 2025-04-09 Google Colab release. The
forked repository is available at https://anonymous.4open.science/r/unlocking_state_
tracking-58C4/, with a Google Colab notebook file containing the set-up, simple training loop,
and hidden state visualisation code.
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G Additional Proofs and Constructions

G.1 Monotone Sequence Lemma

Lemma 64. Letd > 1, ay,...,aq > 0, b1, ..,bqg € Z>¢ and vy, ...,vq € R. The sequence

is eventually monotone.

Proof. 1f all v; = 0, then x,, = 0 for all n, in particular the sequence is monotone. Otherwise, we
may assume that v; # 0 for all 4, and that

a; > Qi1 O QA = Gj41 and b; > bi+1
If a; = 0, then again x,, = 0, and it is monotone. Otherwise, we can take dy : 1 < d; < d such that
a;=ayforl <i<d; anda; <ajfori>d; +1

We may write

d
b
x, =al - P(n) + E v -nteal
i=di+1

where P(n) is the polynomial Z?;l v; - nb.

Case 1: a1 # 1. We have a; > 0 and

d
T, _
ﬁ = P(n) + _ Z v -nb - (a;/ar)"
i=d1+1
We have that (a;/a1) — 0 as n — oo, since a; > a; for d; + 1 < i < d. On the other hand, P(n) is
a non-zero polynomial, since its leading term is v1 - n®* and v1 # 0, and so P(n) — 400 as n — oc.
Thus, x,, # 0 for sufficiently large n. Moreover,

tapr @ (k)P Pt 1)/ D)+ 30, viln 4 1P (ag/ar)H

T ap b P(n)/n + 320, 4y 05 nb 0 (ai/ar)"

We have P(n)/nb — vy asn — oo, since v; - n’t is the leading term of P(n). Also n® 1 grows
at most polynomially, while (a;/a;)™ goes to 0 exponentially, since a; < a; fordy +1 < i < d.

b
Therefore 3¢, | v; -0~ (a;/a1)" — 0as n — oo. Lastly we have "t 5 1 asn — oo,
All together
x vy +0
lim "+1:a1~1~ L+ = aj
n—oo I, v +0

In particular, eventually z,, is positive, or eventually it is negative. There are 4 cases:

If a; € (0,1) and z,, is positive eventually, then z,, is decreasing eventually.

» Ifay € (1,00) and z,, is positive eventually, then x,, is increasing eventually.

(
(
(
(

If a; € (0,1) and z,, is negative eventually, then z,, is increasing eventually.

» Ifay € (1,00) and x,, is negative eventually, then x,, is decreasing eventually.

Case 2: a; = 1. We proceed by induction on by. If b; = 0, then necessarily d; = 1, and P(n) = v;.
Then we have by Case 1 that z,, — P(n) = z, — v; is eventually monotone, and so also x,, is
eventually monotone.
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For the inductive step, consider

Yn = Tp4+1 — T

d
=Pn+1)—P(n)+ Z v;-al - (a;(n+ 1) — nbi)
i=dy+1

’
i

We can again write Z?:dlﬂ vi-al - (a;(n+1)% —nb) as Zf/zl vl -nb% - (al)", withal < a; = 1.

On the other hand Q(n) = P(n + 1) — P(n) is a polynomial with leading coefficient of degree < b.
Thus we may apply inductive hypothesis to

d/
Yo = Q(n) + D vi " - (a))"
i=1

to conclude that y,, is eventually monotone. Thus, either x,4+1 — z,, = y, < 0 eventually, or
Tp4+1 — Tn = Yn > 0 eventually. Hence z,, is eventually monotone.

O

G.2 Sequential Cascade Construction

The serial cascade can be realised in terms of the feedforward cascade ~~. Consider ¢ € 1,2 and
D; = (X;,U;, f;). Define the repeat dynamics on X to be the system Ry, = (XZ, U x X1,7r),
with r given by

r((ml,x2>, (u,z3)) = (x2,23) V1,292,253 € X1,u €U
Thus Rx, can delay the propagation of the state of D; by one time step. Also, define the modified
dynamics D} = (X2, U x X3, f}), with f} given by
f3 (22, (W, 21, %1 01d, T1mew)) = f2 (@2, (U, T1,01d))

Note that Ry, is equivalent to the usual repeat dynamics over X1, (X 12, X1,7x), but with input
function (u, z) — .

Now, the feed-forward cascade D1 ~» Rx, ~ D) is well-defined, and has the following transitions:
f/(<$17xl,oldyxl,new7x2>7u) = <x/17x/1,old7x/1,new7$/2> where
m/l = fl(‘rhu); x/Lold = T1,new; xll,new = 33/1,
m/2 = fé (.’132, <uax,17x/17old7x/1,new>) = f2 (Z‘Q, <u7x1,new>>
Now, suppose we have system S = (X7 x Xy, U, f, (21,0, 22,0),Y,h) with dynamics D; X
D,. Then there is a system S’ with dynamics D; ~» Rx, ~» Dy which realises S: take
S = (X} x Xo,U, ', 20, Y, 1) with 2 = (x1,0, 1,0, 1,0, T2,0)s W' ((x1,1, 21,2, 21,3, 22),u) =
h({z1,1,22),u) and take
a: X1 x Xo = Py(X} x Xo)
w1, 2) = {(21, Tola; T1,2) : Tora € X1}

Take ¢ : U — U and ¢ : Y — Y to be the identities. We then have for all (z1,22) € X1 X Xo,
weUanda' € a(z,z2)):

f(@' u(u)) = f({x1, wora, 1, 2), u)
= <$/1,.%'1,$C/17l‘/2> € a(($/17:£/2))
where 2} = fi(x1,u) and @y = fo(w2(u,z1)), so that (z},x4) = f((x1,22),u). Moreover
xy € a(xo).
Finally, we have
Coh/(z,u(u)) =1 (2',u) = W ({x1, Tora, 21, T2),u) = h({x1,2),u) = h(x,u)

so that indeed S’ is a realisation of S. Note, that we did not need to introduce any new transitions
on X; or X5 in order to carry out this construction. In particular, if D; and Dy are linear recurrent
dynamics, then Dy, D), are linear recurrent dynamics. Also Ry, is a Finite Context Dynamics.
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G.3 Robust Flip-Flop realisations

Recall the sSLSTM parametrisation: the state space of a sLSTM is R3, and the input
space is R? for some d > 1. The dynamics function of the form ({(c,n,h),u)

<fc(<c,n,h),u),fn(<c,n,h>,u),fh(<c n, h), u)>,where
fel(e,n, by, u) = (U (h, u)) - ¢ + exp(li(h, u)) - @(l=(h, u))
fn(<C,’l’L,h>, ) (lf(h u)) n+exp( (h u))

fn({e,n, h),u) = o(lo(h,u)) - W

where each [, : s € 0,1, 2z, f is a function of the form w cu+ 71y - h+ b, for w, € Re ,Ts,0s ER,
1) is either exp or o, and ¢ is tanh.

G.3.1 Strongly robust sSLTSM FLIP-FLOP realization

We present a construction for a one layer sSLSTM FLIP-FLOP, which is strongly robust. The key idea
is to only use the A state to implement the dynamics. Then, we can use Theorem 42, and similar
arguments involving uniform continuity, to extend the construction to be strongly robust in the states
h, c,n and the input space u. We shall present the arguments in more detail here, to demonstrate
how robustness can be used to prove properties of systems, in particular how to extend robustness to
strong robustness.

Lety = o. Setw, = 0and ry = 0 fors = f,4,2. Setby = —3, b, = 2, b; = 0. Then we have
ly = -3,1; = 0,1, = 2. Thus the updates simplify as

fe({e,n, h),u) = 0(=3) - ¢ + exp(0) - tanh(2) = 0(—3) - ¢ + tanh(2)

fal{e,n, h),u) = 0(=3) - n+exp(0) = o(=3) - n+1

frnl{e,n, h),u) = o(ly(h,u)) - W o(lo(h,u)) - tanh(2) € [0, 1]
Finally, take d = 1 and l,(h,u) = u + 10h — 5.

For now, let us fix ¢ as ¢* = fil;lz%)) ~ 1.01202 and n as n* = ?1(73) ~ 1.049787, i.e. the fix

points of the linear recurrences given by f. and f,. Then we have that
o(=3)-c" +tanh(2) =¢* and o(-3)-n*+1=n"
fe({c",n",h),2)

Moreover, R = Z— = tanh 2, so that the update for h simplifies as

f(hyu) = fr({c*,n*, h),u) = o(u+ 10h — 5) - tanh(2)

We can set U = {Usget, Ureset, Uid}s With User = 8, Ureset = —8 and ujq = 0, and Hioy =
[—0.05,0.2], Hysgn = [0.8, 1.05]

Now, for h € [0, 1] we have
f({e,n, h), user) = 0(8 4+ 10h — 5) - tanh(2)
> 0(3) - tanh(2) ~ 0.9183
Therefore f({c,n,h), uset) € [0.85,1]. Similarly
f{e,nyh), Ureser) = 0(—8 + 10h — 5) - tanh(2)
< o(-3) - tanh(2) & 0.04572
Therefore f({c,n, h), ureset) € [0,0.05]. Now, for h < 0.2
o(10h — 5)- < (2 — 5) ~ 0.047426 < 0.05

and so f({c,n,h),uiq) € [0,0.05]. Also for h > 0.8
o(10h — 5) - tanh(2) > 0.95- 0.9 = 0.855
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and so f({c,n,h),uiq) € [0.8,1]. Thus we see that the dynamics

<H - Hlow UHhighaUaf = (hvu) — fh(<C*7n*7h>7u)>

realise the FLIP-FLOP dynamics, and is n-finite and e-robust, for ¢ = 0.05. Furthermore, we can
modify the input space U, to make it strongly e-robust.

Consider U’ = [0, 10]. H x U’ is compact, and f is continuous on H X U’, so by Theorem 41 it is
uniformly continuous on H x U’. In particular, for ¢ = €/2, there exists § > 0 such that

||(hvu) - (hlvu/)H < d = Hf(hﬂt)*f(h/,u/)H < ¢

forall (z,u), (¢',u') € X' xU’. Thus, we may take &' = min(d, 1) and U" = [uger 0']U [treser =
8’ U [uiq £ &']. Now, consider h € H,u € U"” and b’ € R such that ||h' — f(h,u)|| < €. We have
[lu— || < 9§ for some v’ € {Uget, Ureset, Uia}, and SO

|f(hyu) = fu(h,a)|| < €

All together
e=¢+¢ > || = f(hw)||+]|[f(hu) = f(h,u)||
> |[(B = f(h,w) + (f(h,u) — f(h,u'))]]
= |I#" = s, )|

Since (h,u') € H x U and (H,U, f) is e-robust, we get that h’ € H. Hence f also gives a well
defined dynamics function H x U” — H, which moreover is € -robust. Thus, we have (H,U", f)
is n-finite and strongly min(¢’, ¢’)-robust. It also realizes FLIP-FLOP, since the input components
induce the same 7)-transitions as {Uget, Ureset, Uia } by path-connectedness.

Finally, we extend the dynamics to ¢ and n. We can see f as parametrized by 6 € [¢* £+ 0.5],p €
[n* £ 0.5], given by

fo,p = o(u+10h —5) %

So, f = fer n-. We see that fy , is continuous in 6 and p, and [¢* + 0.5] x [n* £ 0.5] is compact.
Thus by Theorem 42, there is some > 0 such that fy , induces the same function H x U” — H
as fex n+. Also, similarly to how we extended U to U ", we can choose v such that the resulting
dynamics are always €/4-robust

Lets take X = H x C x N where C = [¢* £ v] and N = [n* + 4]. We have that the SLSTM
dynamics gives a well-defined, robust dynamics function X x U — X: we already have that
the restriction of the dynamics to the A component is robust. For the ¢ and n components, since
o0(—3) < 1, the state updates given by f. and f,, (which are independent of ) are contractions
towards ¢* and n* respectively, with rate o(—3). Thus f. sends C = [¢* = 7] to [¢* £ v - 0(—3)]
and f, sends N = [n* £ v| to [n* £ v - 0(—3)]. All together, the SLSTM dynamics are strongly
min(e/4,0’,v(1 — o(3)))-robust, and realize FLIP-FLOP.

G.3.2 Strongly robust sSLSTM repeat dynamics

To realize any repeat semiautomata, as defined in Appendix G.2, it is sufficient to realize the two
state repeat semiautomaton Ry = ({0,1}2, {0, 1}, 7), with 7((Zold, Tnew ), T) = (Tnew, T)-

Here, the construction is extremely similar to the FLIP-FLOP one. We first show a robust dynamics
on just the h cell, using f(h,u) = o(u + 10h — 5) - tanh(2) which realize Ro. Then we can use the
same argument as before to extend it to strongly robust dynamics on all 3 cells.

We can use the h cell to represent e, by simply reusing the previous strongly robust construction
for setting the high and low state, with dynamics function f(h,u) = fr((c*,n*, h),u), state space
H and input space [uger £ 6] U [u]. We then have that for some v > 0 for all ¢ € [¢* + 7] and
n € [n* £ ] the dynamics function f({c, n, h), u) still performs

Define X9 = [—0.01,0.015], Xo; = [0.02,0.05], X190 = [0.95,0.98], X1; = [0.985,1,01] and
ug = —8.1,u7 = 8.1. Note that X = Xy U X1 U X109 U X1 has 4 n-components. Also, define
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Xo = Xo1 UXi0and X7 = X9 U Xy;. In our construction X, will correspond to the state of Ry
after the last two inputs were ab, a,b € {0, 1}.

‘We have

£(0.95,uy) = (8.1 + 9.5 — 5) ~ 0.999997
F(1.01,uy) = (8.1 + 10.1 — 5) ~ 0.999998.

As o is increasing, we therefore have f(X7,u;) C [0.99999,1] C X;;. Similarly, we have
£(=0.01, ul): o(8.1— 0.1 — 5) ~ 0.9526
£(0.05,u1) = (8.1 + 0.5 — 5) ~ 0.9734.

Therefore f(Xp,u1) C [0.952,0.974] C X1o. Similarly for u, we have
£(0.95,u0) = o(—8.1 + 9.5 — 5) ~ 0.0265
F(1.01,up) = o(~8.1 + 10.1 — 5) ~ 0.0474.
Therefore f(X7,up) C [0.025,0.0475] C Xop1. Similarly
F(~0.01,u0) = o(~8.1 — 0.1 — 5) ~ 0.000001
£(0.05,up) = o(~8.1 + 0.5 — 5) & 0.000003.

Therefore f(Xo,uo) C [0,0.000004] C Xoo. Thus (X, {ug, u1}, f) are well-defined dynamics and
the 4 n-components correspond to 4 possible values for the last 2 inputs. Hence clearly they can
realize Ro. Moreover, the dynamics are strongly robust. The remainder of the argument is the same
as for the FLIP-FLOP construction.

G.3.3 Strongly robust ElIman-RNN FLIP-FLOP construction

The following is a modification of a construction in [Knorozova and Ronca, 2024a]. Consider the
dynamics function

f(z,u) = tanh(2 - = + u)

for z,u € R. We have that for all 2, u, f(z,u) € [-1,1]. Define X1, = [—1.1,tanh(—1)], Xpnign =
[tanh(1), 1.1]. Note that tanh(1) ~ 0.76159, tanh(—1) ~ —0.76159

We have

F(=1.1,4) = tanh(—2.2 + 4) ~ 0.9468

F(1.1,4) = tanh(2.2 + 4) ~ 0.999992
As tanh is increasing, we have f([—1.1,1.1],4) C [0.9467,0.999993] C Xhnign. Similarly,
f([—1.1,1.1}, —4) C [-0.999993, —0.9467] C X1oy. Moreover
f(tanh(1),0) = tanh(2 - tanh(1)) =~ 0.909
£(1.1,0) = tanh(2 - 1.1) ~ 0.9757

Thus, f(Xaien, 0) C [0.908,0.9757] C Xpsgn. Similarly f(Xyo4,0) € [~0.9757, —0.909] C Xyoq.
Thus we see that, taking X = X0, U Xpign, Uset = 4, Ureset = —4, U4 = 0, the n-finite dynamics
(X, {uset, Ureset, Uia}, f) are well-defined, and realize FLIP-FLOP. Also clearly they are robust.

Now, by the same argument as for the SLTSM FLIP-FLOP realisation, we can extend the input space,
using Theorem 16 and Theorem 42, to obtain a strongly robust construction.
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