
Appendices827

The appendices provide proofs of the theorems stated in the main body, as well as more detailed828

exposition of preliminary notions, and illustrative figures. It is structured as a suppleental body of work829

which can be read from top to bottom, and which gives a detailed presentation of Metric Automata830

Theory and its main results. While the main body gives a big picture overview of the key notions and831

results, the appendices aim to serve as a foundational text, showcasing how Metric Automata Theory832

can be used to develop new theories and draw novel insights about RNN architectures—in addition to833

providing full proofs of all results stated in the main body.834

Appendix A provides standard preliminary notions, required for later sections and in particular for835

proving our results.836

Appendix B presents the foundations of Metric Automata Theory (MAT), which build on several837

different fields—metric spaces, dynamical systems, algebraic and classic automata theory. Also838

establishing novel and fundamental connections across such fields. We prove Theorem 1 in this839

appendix.840

Appendix C introduces the novel notion of ϵ-robust dynamics, which allows us to argue about841

real-world floating point implementations of models. It also describes numerical and parametrisation842

stability properties of systems, thus going beyond the phenomena which can be described by discrete843

systems. We provide proofs of Theorem 2 and Theorem 5.844

Appendix D employs Metric Automata Theory and its connection to Algebraic Automata Theory to845

show a collection of expressivity results in the η-finite setting, including Theorems 3, 4, 6 and 7.846

Appendix E explores the setting of Geometrically-Constrained Systems (GCS), in connection to847

the empirical length-generalisation capabilities of Mamba, which go beyond its finite-precision848

expressivity. We give proofs of Theorem 8 and Theorem 9.849

Appendix F gives further details on the visualisation experiments we conducted to showcase the850

state-space collapse suffered by Mamba SSMs.851

Appendix G contains technical proofs and constructions deferred from other sections, which are not852

necessary to fully comprehend the overall argument they are used in.853

A Additional Preliminaries854

In this Appendix, we introduce the preliminary notions for the remainder of this work.855

Section A.1 covers basic mathematical notions and notation used throughout.856

Section A.2 introduces the necessary background in Metric Spaces and Topology, notably properties857

of compactness and path-connectedness.858

Section A.3 defines the language of Dynamical Systems, which we use to describe RNNs and to build859

our theory.860

Section A.4 shows the key Algebraic Automata Theory results and notions which we use in our work.861

Finally, Section A.5 and Section A.6 cover MLPs and introduce relevant RNN architectures.862

A.1 Basic Concepts and Notation863

We introduce basic mathematical concepts and notation required in later sections.864

A.1.1 Numeric Domains865

We write B = {0, 1} for the Boolean domain, we write N = {0, 1, . . .} for the natural numbers, we866

write N>0 = {1, 2, . . .} for the natural numbers excluding zero, we write R for the real numbers, we867

write R+ for the positive real numbers including zero, we write R>0 for the positive real numbers868

excluding zero, i.e., R>0 = R+ \ {0}, and we write C = {⟨a, b⟩ | a, b ∈ R} for the complex869

numbers—where every pair ⟨a, b⟩ is to be seen as the complex number a+ ib.870
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For i, j ∈ N with m ≤ n, we define the notation [i..j] := {i, i+1, . . . , j}.871

In the rest of the section, let Z be a set.872

A.1.2 Powersets873

We write P(Z) for the powerset of Z, and we define P+(Z) := P(Z) \ {∅}.874

A.1.3 Tuples and Matrices875

For n ∈ N, the set of Z-valued n-vectors, or n-tuples over Z, is Zn := {⟨z1, . . . , zn⟩ | zi ∈ Z}.876

We typically write an element of Zn as z = ⟨z1, . . . , zn⟩. For m,n ∈ N, the set of Z-valued877

(m× n)-vectors, or m× n matrices over Z, is Zm×n := {⟨z1, . . . , zm⟩ | zi ∈ Zn}. We typically878

write an element of Zm×n as Z = ⟨z1, . . . , zn⟩.879

We use the compact notation Z[i..j] to specify the set Zi × · · · × Zj resulting from the Cartesian880

product of the sets Zi, . . . , Zj , meaning that they are contextually introduced by the notation.881

A.1.4 Sequences882

A sequence over Z with indices I ⊆ N is a function s : I → Z ′ ⊆ Z,which we commonly present as883

(zi)i∈I where zi = s(i) for every i ∈ I . A sequence is finite if so is its index set, and it is infinite884

otherwise. When s is an infinite sequence with index set of the form I = {m, m+1, . . .}, we adopt a885

simplified notation and write the sequence as (zi)i≥m, instead of (zi)i∈I . When s is a finite sequence,886

the cardinality of its index set is called the length of s. The empty sequence, denoted by ε, is the887

sequence having length zero, i.e., the sequence with indices I = ∅. Any finite sequence s with indices888

I = [i..j] can be presented as the list zi, . . . , zj by letting zk = s(k) for every k ∈ [i..j]; in this case,889

the sequence can also be written in compact form as z[i..j]. We write Zω for the set of all infinite890

sequences on Z, we write Z∗ for the set of all finite sequences on Z, we write Z+ for the set of891

all non-empty finite sequences on Z, and we write Zℓ for the set of all sequence of a given length892

ℓ ∈ N—noting that this definition of Zℓ clearly corresponds to the definition given above of Zℓ as893

the set of all ℓ-tuples over Z.894

We often say that a property holds eventually for a sequence (zi)i≥m if there exists m′ ≥ m such895

that it holds for the sequence (zi)i≥m′ . That is, the property holds for some tail of the sequence.896

A.1.5 Strings897

A string over a finite set Σ is a concatenation (juxtaposition) of elements of Σ. Namely, a string is an898

expression σ1σ2 · · ·σn with σi ∈ Σ, for every i ∈ [1..n]. In this context, we call Σ an alphabet, and899

we call each element σi a letter or symbol of the string s. We can equivalently see a string σ1σ2 · · ·σn900

as the finite sequence σ[1..n], following the definition of finite sequence given above, and hence apply901

all notions already introduced for finite sequences. In particular, we have that the length of a string902

σ1σ2 · · ·σn is n, that ε is the empty string, that Σℓ is the set of all strings of given length ℓ ∈ N over903

alphabet Σ, that Σ∗ is the set of all strings over alphabet Σ, and that Σ+ is the set of all non-empty904

strings over alphabet Σ.905

A.1.6 Functions and Transformations906

The image of a function f : X → Y is Im f := {f(x) | x ∈ X} ⊆ Y . We say that f is an identity if907

f(x) = x for every x ∈ X , and we say that f is a permutation if it is a bijection. A transformation of908

X is a function f : X → X where the codomain coincides with the domain. Note that every identity909

transformation is also a permutation, and hence it is sometimes important to distinguish permutations910

that are not identities by referring to them as non-identity permutations.911

A.1.7 Equivalence912

For ∼ an equivalence relation on Z, the equivalence class of z w.r.t. ∼ is the set [z]∼ := {z′ ∈ Z |913

z′ ∼ z}. We denote by Z/∼ the set of equivalence classes of Z w.r.t. ∼.914
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A.2 Metric Spaces and Topology915

We follow [Willard, 2012] as a general reference for this section, revisiting the notation. Let X be a916

set fixed for the rest of this section.917

A.2.1 Metrics918

A metric, or distance function, is a function d : X × X → R>0 that satisfies all the following919

properties for every x, y, z ∈ X:920

a) d(x, y) = 0 ⇐⇒ x = y

b) d(x, y) ≥ 0 (positivity)
c) d(x, y) = d(y, x) (symmetry)
d) d(x, y) + d(y, z) ≥ d(x, z) (triangle inequality)

Notable metrics, relevant to us, are the following ones.921

• The Euclidean distance, or L2-norm distance, is defined as922

L2
X(x,y) := ∥x− y∥ :=

√
(x1 − y1)2 + · · ·+ (xn − yn)2.

• The discrete metric is defined as923

DX(x,y) :=

{
1 if x ̸= y,

0 if x = y.

We will omit X from a metric when it is clear from the context. For instance, we will write L2 and D924

for L2
X and DX, respectively.925

A.2.2 Metric spaces926

A metric space is a tuple S = ⟨X, d⟩ where d : X ×X → R is a metric. Given metric spaces X =927

⟨X, dX⟩ and Y = ⟨Y, dY ⟩, an isometry between X and Y (or distance-preserving function) is a bijec-928

tive function f : X → Y such that, for every 1, x2 ∈ X , we have dX(x1, x2) = dY (f(x1), f(x2)).929

When an isometry exists, the spaces X and Y are said to be isometric. Intuitively, two isometric930

spaces are essentially the same metric space. Notable metric spaces, relevant to us, are the following931

ones, for n ∈ N>0.932

• The Euclidean n-space ⟨Rn,L2⟩.933

• The complex n-space ⟨Cn,L2⟩, seen as isometric to ⟨R2n,L2⟩, by the following isometry:

f(a1 + ib1, . . . , an + ibn) = ⟨⟨a1, b1⟩, . . . , ⟨an, bn⟩⟩ .
In particular, by the isometry above, all our results for Euclidean n-spaces transfer to complex934

n-spaces seamlessly.935

We omit the metric when referring to metric spaces, since in the following sections we only consider936

Euclidean n-spaces ⟨Rn,L2⟩ and complex n-spaces ⟨Cn,L2⟩, that are always equipped with the L2937

as described above. Thus we simply refer to them as Rn and Cn, respectively.938

A subspace ⟨Y, dY ⟩ of ⟨X, dX⟩ is a metric space with Y ⊆ X and dY given by restriction of dX to939

Y × Y .940

We define the open ball BX(x, r) and closed ball BX(x, r) at x ∈ X of radius r ≥ 0 in ⟨X, d⟩ as941

the set of points in X with distance δ < r and δ ≤ r from x, respectively:942

BX(x, r) := {y ∈ X | d(x, y) < r}, BX(x, r) := {y ∈ X | d(x, y) ≤ r}.

A subspace (Y, dY ) of (X, dX) is a metric space with Y ⊆ X and dY given by restriction of dX to943

Y × Y . We say that a subspace S ⊆ X is bounded, if there is some x ∈ X and ∞ > M ≥ 0 s.t.944

S ⊆ BX(x,M). We call a subspace S ⊆ X is open in X if for all s ∈ S there is some ϵs > 0 s.t.945

BX(s, ϵs) ⊆ S. S is closed in X if X \ S is open in X .946

Example 1. The open intervals (a, b) and (a,∞) are open in R (with the usual metric). The closed947

interval [a, b] is closed in R. The subspace {0, 2−n : n ∈ N} is closed in R, while {2−n : n ∈ N} is948

neither closed nor open in R. ■949
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A.2.3 Topology950

The notion of open subspaces in terms of open balls defines a topology on any metric space, which951

determines what functions are continuous. Formally, a topological space is a tuple (S, T ), with S952

being the underlying set, and T ⊆ P(S) being the collection of open sets, such that S and ∅, the953

union of any collection of open sets is open, and the intersection of any finite collection of open sets954

is open. The open sets definition in terms of open balls for a metric space satisfies these properties.955

Many aspects of Metric Automata Theory could be easily restated in the language of Topology956

Theory, but we choose a more concrete setting, to make it more accessible.957

Intuitively, the closed subspaces of X are precisely the ones which contain all their limit points, i.e.958

if (xn)n≥1 ⊆ S converges to some limit l ∈ X , then l ∈ S.959

Fact A.2.1. For a metric space X , a subset S ⊆ X is closed iff for all sequences (xn)n≥1 ⊆ S960

converging to l ∈ X we have that l ∈ S. (see §10, Cor. 10.5 of Willard [2012], as every metric space961

is first-countable)962

Note that the notion of opennes/closeness is not inherent to the subspace S: it also depends on the963

superspace X , since the definition involves balls in X . In fact, any subspace S ⊆ X is by definition964

both open and closed as a subspace of itself, regardless of whether is open or closed in X . Any time965

we use opennes or open balls, we need to excercise caution and be clear which space the openness is966

referring to.967

Example 2. Consider M = R2 and X = R× {0} = {(x, 0) ∈ R2 : x ∈ R}. (−1, 1)× {0} ⊆ X is968

an open ball at (0, 0) of radius 2 in X , and thus an open set. However, it is not even an open set in969

M ! For any ϵ > 0 we have ||(0, 0)− (0, ϵ)|| = ϵ, but (0, ϵ) /∈ S, and so no open X-ball centred at970

(0, 0) is wholly contained in S. ■971

In fact, any subspace S ⊆ X is by definition both open and closed as a subspace of itself, regardless972

of whether is open or closed in X .973

A continuous function f : (M,d) → (M ′, d′) is the a set function f : M → M ′ such that for974

all sequences (xn)n≥1 ⊆ M converging to some x ∈ M , the mapped sequence
(
f(xn)

)
⊆ M ′975

converges to f(x) ∈M ′. The ϵ− δ definition of continuity, as well as the topological definition of976

continuity (Y ⊆M ′ open =⇒ f−1(Y ) ⊆M open) are equivalent in the metric space setting.977

Example 3. Let S be a subspace of X . Then the inclusion map ι : S → X , given by set-theoretical978

inclusion S ⊆ X , is continuous. ■979

The topological definition of continuity makes clear the following:980

Fact A.2.2. All functions f : (M,d) → (M ′, d′) are continuous for a discrete metric space (M,d).981

Next, we introduce two elementary notions in Topology and Metric Space Theory: compactness and982

path-connectedness.983

A.2.4 Compactness984

Definition 9. A space X is called compact if all coverings of X by open subsets of X admit a finite985

subcover. For metric spaces, equivalently X is (sequentially) compact, if all sequences in X have a986

subsequence converging to a limit in X (see 17G.3 of Willard [2012]). ■987

The following is a characterization of compact subspaces of Rd.988

Fact A.2.3. (Heine-Borel) X ⊆ Ω is a compact subspace iff. X is a bounded, closed subset of Rd989

(see 17.9 of Willard [2012]).990

Example 4. Subspaces [a, b], {a}, {0, 2−n : n ∈ N} are compact in R. (a, b), {2−n : n ∈ N} are not991

closed, and so they are not compact. R is not bounded, and so it is not compact. ■992

Turns out that compactness, unlike openness, is inherent to the subspace, as demonstrated by the993

following theorem:994

Fact A.2.4. A continuous image of a compact space is compact (see 17.7 of Willard [2012])995

Finally, Tychonoff Theorem tells us that compactness is a property which is preserved by cartesian996

products.997
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Fact A.2.5. (Tychonoff) The cartesian product of two compact spaces is compact (see 17.8 of Willard998

[2012])999

A.2.5 Path-connectedness1000

Definition 10. A path in X from a to b is a continuous function γ : [0, 1] → X such that γ(0) = a1001

and γ(1) = b. A space X is called path-connected if for all a, b ∈ X there is a path from a to b. ■1002

Path-connectedness partitions the space into components, which we will later think of as atomic parts1003

of the state-space for a dynamical system. - any continuous decoder assigning discrete symbols to the1004

state-space must be constant on a path-connected component, see Lemma 22.1005

See Section 27D of Willard [2012] for the following:1006

Fact A.2.6. The relation ∼ on X given by a ∼ b ⇐⇒ there is a path from a to b in X is an1007

equivalence. The equivalence classes of ∼ are the maximal path-connected subspaces of X .1008

Example 5. Any convex subspace of Rd is path-connected, in particular open and closed Rd-balls1009

are path-connected. (−1, 0) ∪ (0, 1) has 2 path-connected components: (−1, 0) and (0, 1). ■1010

Just like compactness, path-connectedness is an inherent property of the subspace, and is preserved1011

by Cartesian products (see 27B of Willard [2012]):1012

Fact A.2.7. A continuous image of a path-connected space is path-connected.1013

Fact A.2.8. The cartesian product of two path-connected spaces is path-connected.1014

A.3 Dynamical Systems1015

Following Knorozova and Ronca [2024a], we adopt dynamical systems as an general formalism to1016

describe all systems that operate by maintaining a state recurrently. This allows for treating such1017

systems in a uniform way despite their differences. In this work specifically, we will use dynamical1018

systems to formalise Finite Automata and several RNN architectures in Section A.6.1019

Definition 11. A (dynamical) system is a tuple S = ⟨X,U, f, x0, Y, h⟩, where X is the state space,1020

U is the input space, f : X × U → X is the dynamics function, x0 ∈ X is the initial state, Y is the1021

output space and h : X × U → Y is the output function. We have that X,U, Y are metric spaces,1022

and f, h are continuous. In our analysis it will be useful to refer to the tuple D = ⟨X,U, f⟩ as the1023

dynamics of S, allowing us to focus on just the state transitions.1024

Given x0 ∈ X , D defines a map from sequences of inputs (un)n≥1 ⊆ U to sequences of states1025

(xn)n≥0 ⊆ X , given by1026

xn+1 = f(xn, un+1) for n ≥ 0

With this, we can define the state-sequence function D : X × U∗ → X as1027

D(x0, ε) = x0; D(x, u1..n) = xn

S defines a map from sequences of inputs (un)n≥1 ⊆ U to sequcences of states (xn)n≥1 ⊆ X and1028

sequences of outputs (yn)n≥1 ⊆ Y , given by1029

yn = h(xn, un) = h
(
D(x0, u[1..n]), un

)
Hence we say that S defines the function U+ → Y , with S(u[1..n]) = yn. In the special case that h1030

is independent of U , we may define S(ϵ) = h(x0), extending the definition to S : U∗ → Y . ■1031

Lemma 10 (State continuity). Let S = ⟨X,U, f⟩ be a dynamics, and for input sequence (un)Nn≥1 ⊆1032

U and x0 ∈ X let (xn)Nn≥1 ⊆ X be the sequence of states1033

xn = f(xn−1, un)

Then xn is a continuous function of x0, u1, . . . , un for all n ∈ 1..N . Consequently yn = h(xn, un)1034

is also a continuous function of x0, u1, . . . , un, for any continuous h.1035

Proof. By induction. Writing xn(u1, . . . , un) we have that1036

xn+1 = f(xn(x0, u1, . . . , un), un+1)

is also a continuous function of x0, u1, . . . , un+1.1037
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The formalism of cascades provides a flexible way to describe dynamical systems consisting of1038

subsystems forming an acyclic network. Their flexibility will allows us, e.g., to consider not only1039

feed-forward layers of SSMs as in Grazzi et al. [2025], Sarrof et al. [2024], but also more complex1040

architectures with, e.g., blocks in parallel, and mixes of different types of neurons.1041

Definition 12. A feed-forward cascade C is a form of dynamics ⟨X,U, f⟩ with X = X1 × · · ·×Xn,1042

and dynamics function of the form1043

f(⟨x1, . . . , xn⟩, u) = ⟨x′1, . . . , x′n⟩
where x′i = f(xi, ⟨u, x′1, . . . , x′i−1⟩)

We may see C as consisting of dynamics D1, . . . , Dn where1044

Di = ⟨Xi, U ×X[1,i−1], fi⟩

and write C = D1 ⇝ · · ·⇝ Dn. ■1045

Thus, the cascade is evaluated in a feedforward fashion: on input u, first the state of D1 is updated,1046

then for all subsequent components Di, the state of Di is updated based on u and the updated states1047

of D1, . . . , Di−1. This differs from some recurrent neural network literature, where Di is updated1048

based on u and the initial states of D1, . . . , Di−1, i.e. the update happens at the same time for all1049

components. We refer to such cascades as serial cascades.1050

Definition 13. A serial cascade C is a form of dynamics ⟨X,U, f⟩ where states are of the form1051

X = X1 × · · · ×Xn, and the dynamics function is of the form1052

f(⟨x1, . . . , xn⟩, u) = ⟨f1(x1, u1), . . . , fn(xn, un)⟩, with ui = ⟨u, x1, . . . , xi−1⟩.

We may see C as consisting of dynamics D1, . . . , Dn where1053

Di = ⟨Xi, U ×X[1,i−1], fi⟩

and write C = D1 ⋉ · · ·⋉Dn. ■1054

Serial cascading can be achieved with feed-forward cascades, and the distinction between the two is1055

irrelevant for our purposes. For details, see Appendix G.2.1056

In further sections, it will be useful to allow connection functions in a cascade, transforming the1057

inputs between components. It will not alter the expressivity results, but it allows us to e.g. define one1058

canonical FLIP-FLOP dynamics, rather than a family of FLIP-FLOP-like dynamics for every possible1059

input and output set.1060

Definition 14. For dynamics D1, D2 with Di = ⟨Xi, Ui, fi⟩ for all i ∈ [1..2], and for continuous1061

i : U → U1 and g : U ×X1 → U2, we define the feed-forward cascade with input i and connection1062

g, written i
⇝ D1

g
⇝ D2, and the serial cascade with input i and connection g, written

i
⋉D1

g
⋉D2 as1063

the dynamics ⟨X1 ×X2, U, f⟩, ⟨X1 ×X2, U, f
′⟩ respectively, where f and f ′ are given by1064

f(⟨x1, x2⟩, u) =
〈
x′1, x

′
2

〉
, where

x′1 = f1(x1, i(u))

x′2 = f2
(
x2, g(u, x

′
1)
)
,

and f ′(⟨x1, x2⟩, u) =
〈
f1(x1, i(u)), f2(x2, g(u, x1)

〉
. Note that for U2 = U1 ×X2 and g = id, we1065

recover the usual notion of feed-forward cascade and serial cascade/. ■1066

For dynamics D = ⟨X,U, f⟩ and continuous function g : Z → U , we define the dynamics with1067

input function Dg =
〈
X,Z, (x, z) 7→ f

(
x, g(z)

)〉
. With the notation from the previous definition,1068

note that D1,i ⇝ D2,g ≡ i
⇝ D1

g
⇝ D2, and D1,i ⋉ D2,g ≡

i
⋉D1

g
⋉ D2. In our expressivity1069

results we will not care about how the dynamics of a neuron interpret the input function, only about1070

the induced transformations of the state-space. Thus, in further sections in proofs we will only1071

consider feed-forward cascading without connection functions, without loss of generality, in order to1072

simplify notation. Further discussion about serial cascades and connecting functions is deferred to1073

Appendix B.5. The next lemma shows the intuitive fact, that it does not matter in which order we1074

"connect" the components of the cascade. In the following propositions, it will be useful to view a1075

cascade D1 ⇝ · · ·⇝ Dn as (D1 ⇝ · · ·⇝ Dn−1)⇝ Dn for inductive proofs.1076
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Definition 15. For dynamics D1, D2, where Di = ⟨Xi, Ui, fi⟩ for all i ∈ [1..2], write D1 ≡ D2 if1077

X1 = X2, U1 = U2 and f1 = f2.1078

Lemma 11. The cascading operation is associative, i.e. we have1079

D1 ⇝ (D2 ⇝ D3) ≡ (D1 ⇝ D2)⇝ D3,

where ‘≡’ is as introduced in Definition 151080

Proof. Say we have Di = ⟨Xi, U ×X[1,i], fi⟩ for i ∈ 1..3. Both the LHS and RHS dynamics have1081

state space X1 ×X2 ×X3 and input space U . Consider a state ⟨x1, x2, x3⟩ ∈ X1 ×X2 ×X3 and1082

input u ∈ U .1083

Write x′1 = f1(x1, u), x
′
2 = f2

(
x2, ⟨u, x′1⟩

)
, x′3 = f3

(
x3, ⟨u, x′1, x′2⟩

)
. Also write f23 for the1084

dynamics function of D2 ⇝ D3 and f12 for the dynamics function of D1 ⇝ D2. Then the state1085

update of the LHS system is as follows:1086

fLHS(⟨x1, x2, x3⟩, u) =
〈
x′1, f23

(
⟨x2, x3⟩, ⟨u, x′1⟩

)〉
=
〈
x′1,
〈
x′2, f3

(
x3, ⟨u, x′1, x′2⟩

)〉〉
=
〈
x′1, x

′
2, x

′
3

〉
.

where the second line follows from the definition of cascade dynamics for D2 ⇝ D3, and the third1087

line follows from associativity of the cartesian product. Analogously,1088

fRHS(⟨x1, x2, x3⟩, u) =
〈
x′12, f3

(
x3, ⟨u, x′12⟩

)〉
, where x′12 = f12(⟨x1, x2⟩, u).

Now, we have x′12 = f12(⟨x1, x2⟩, u) =
〈
x′1, f2

(
x2, ⟨u, x′1⟩

)〉
= ⟨x′1, x′2⟩, and so1089

fRHS(⟨x1, x2, x3⟩, u) =
〈
x′12, f3

(
x3, ⟨u, x′12⟩

)〉
=
〈
⟨x′1, x′2⟩, f3

(
x3, ⟨u, x′1, x′2⟩

)〉
= ⟨x′1, x′2, x′3⟩.

Thus both ways of composing the dynamics D1, D2, D3 results in the same dynamics function.1090

A.4 Algebraic Automata Theory (AAT)1091

We present an extended version of the background on Algebraic Automata Theory given in the1092

preliminaries of the main body.1093

Algebraic Automata Theory (AAT) allows for studying finite automata through the lens of algebraic1094

notions such as semigroups and groups, c.f. [Hartmanis and Stearns, 1966, Ginzburg, 1968, Arbib,1095

1969, Dömösi and Nehaniv, 2005]. Its fundamental theorem is the seminal Prime Decomposition1096

Theorem by Krohn and Rhodes [1965], that shows how every semiautomaton can be decomposed1097

into a cascade of elementary prime semiautomata. One prime semiautomaton is the flip-flop, that1098

describes the elementary system with the ability to store and manipulate one bit of information.1099

Definition 16. The flip-flop is the two-state semiautomaton defined as

FLIP-FLOP :=
〈
{high, low}, {set, reset, id}, δ

〉
where1100

δ(q, id) = q, δ(q, set) = high, δ(q, reset) = low.

AAT often focuses on state transformations rather than on the transition function δ of an automaton.1101

State transformations are the functions δσ(q) := δ(q, σ) obtained by fixing an input σ. They allow us1102

to characterise semiautomata in terms of semigroups and groups. In particular, the transitive closure1103

of the state transformations of an automaton forms a semigroup, and a monoid or group in special1104
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cases. From this algebraic point of view, the flip-flop is characterised by the flip-flop semigroup,1105

which is in fact given by the set of state transformations of FLIP-FLOP. All the other primes are1106

characterised by finite simple groups, and for this reason they are called group-like. Specifically, their1107

state transformations form a finite simple group.1108

Automata whose semiautomaton can be decomposed purely into flip-flops are called group-free, and1109

they play a central role in our theory and in general, due to the following theorem whose proof also1110

involves the celebrated theorem by Schützenberger [1965]) on aperiodic semiautomata, cf. [Ginzburg,1111

1968].1112

Theorem 12. The star-free languages is the class of languages recognised by groupfree automata.1113

All other automata, that do not admit the above decomposition, are called non-group-free, since1114

their prime decompositions always include group-like semiautomata. They admit the following1115

characterisation in terms of state transformations, relevant to our results.1116

Theorem 13. (Lemma 9 of [Knorozova and Ronca, 2024a]1) If a semiautomaton ⟨Q,Σ, δ⟩ is not1117

group-free, then there exist Q′ ⊆ Q and σ ∈ Σ such that the state transformation δσ : Q→ Q is a1118

non-identity permutation on Q′.1119

Our theory will extend the applicability of AAT to the study of general dynamical systems. And1120

in particular to analyse the structure of such systems using algebraic means like group theory. A1121

notion from AAT that is key to our results is the notion of realisation for Mealy machines (cf.1122

Definitions 1.14 and 1.15 of [Hartmanis and Stearns, 1966]).1123

Realisation describes how a machine can imitate another machine after a renaming of inputs and1124

outputs—noting that actual names of inputs and outputs are not important in order to characterise1125

what functionalities a machine is fundamentally able to implement.1126

We recall that a Mealy machine is a tuple ⟨Q,Σ, δ,Γ, θ⟩ where ⟨Q,Σ, δ⟩ is a semiautomaton, Γ is an1127

output alphabet, and θ : Q× Σ → Γ is an output function.1128

A Mealy machine defines the mapping Q× Σ+ → Γ given by1129

M(q, w) = θ
(
DM (q, w), w−1

)
,

where DM is the semiautomaton of M .1130

Given a (finite) automaton A = ⟨Q,Σ, δ, q0,Γ, θ⟩, the associate Mealy machine MA =1131

⟨Q,Σ, δ,Γ, θ⟩ is obtained by dropping the initial state from automaton A.1132

Given a semiautomaton DA = ⟨Q,Σ, δ⟩ we define its canonical Mealy machine as1133

M(D) := ⟨Q,Σ, δ,Γ, θ⟩, where Γ = Q× Σ, and θ = id.

Definition 17 (Definitions 1.14 and 1.15 of [Hartmanis and Stearns, 1966]). If M = ⟨Q,Σ, δ,Γ, θ⟩1134

and M ′ = ⟨Q′,Σ′, δ′,Γ′, θ′⟩ are Mealy machines, then the triple (α, ι, ζ) is called an assignment of1135

M into M ′ when the functions1136

α : Q→ P+(Q
′), ι : Σ → Σ′, ζ : Γ′ → Γ,

satisfy the two conditions below for every q ∈ Q, every q′ ∈ α(q), and every σ ∈ Σ.1137

I) δ′
(
q′, ι(σ)

)
∈ α

(
δ(q, σ)

)
II) ζ ◦ θ′

(
q′, ι(σ)

)
= θ
(
q, σ
)

If an assignment of M into M ′ exists, then M ′ is said to be a realisation of M . ■1138

The following results tells us how a machine M ′ that is a realisation of another machine M actually1139

implements its behaviour. Any trajectory through M factors through M ′, with ι and ζ acting as the1140

encoder and decoder, respectively, and with α providing an initial state to start from.1141

Theorem 14. (Theorem 1.5 in §1.3 of [Hartmanis and Stearns, 1966]) If M ′ = ⟨Q′,Σ′, δ′,Γ′, θ′⟩ is1142

a realisation of M = ⟨Q,Σ, δ,Γ, θ⟩ through an assignment (α, ι, ζ), then for all x0 ∈ Q, w ∈ Σ+,1143

and x′0 ∈ α(x0)1144

θ
(
D(x0, w), w−1) = ζ ◦ θ′

(
D′(x′0, ι(w)), ι(w−1)

)
i.e., M(x0, w) = ζ ◦M ′(q′0, ι(w)).1145

1Lemma 9 of [Knorozova and Ronca, 2024a] can be found in the appendix of its extended version [Knorozova
and Ronca, 2023].
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We will use the following version of the Krohn-Rhodes decomposition theorem, presented in [Hart-1146

manis and Stearns, 1966], which uses the notion of realisability.1147

Theorem 15. (Theorem 7.8, §8, Hartmanis and Stearns [1966]) Let M be a Mealy machine, with1148

group-free semiautomaton. Then M can be realised by a machine with serial cascade dynamics,1149

consisting of FLIP-FLOP components.1150

A.5 Multilayer Perceptrons1151

A Multilayer Perceptron (MLP) is a tuple1152

N = ⟨d,n, U, Y, α, β,W,b⟩,

where d ∈ N>0 is called the depth or number of layers, n = ⟨n, n2, n3, . . . , nd,m⟩ is called1153

architecture, U ⊆ Rn is the input domain, Y ⊆ Rm is the output domain (or codomain), α : R → R1154

is called activation function, β : R → R is called activation function of the last layer, W =1155

⟨W1, . . . ,Wd⟩ with Wi ∈ Rni×ni+1 called weight matrices, and b = ⟨b1, . . . , bd⟩ with bi ∈ Rmi1156

called bias vectors. Then, N defines the function f : U ⊆ Rn → U ⊆ Rm given by the composition1157

f1 ◦ · · · ◦ fd of the functions fi : Rni → Rni+1 defined as1158

fi(x) = α(WT
i x+ bi) ∀i ∈ [1..d− 1],

fd(x) = β(WT
d x+ bd).

We often identify N with the function f , and hence see the network as a function N : U → Y .1159

The functions fi are called layers, with the first layer f1 called the input layer, the last layer fd1160

called the output layer, and the other layers called hidden layers. The (maximum) width of N is1161

max{n2, . . . , nd}. Typical choices for the activation function α are sigmoid(x) := 1
1+exp(−x) and1162

the Rectified Linear Unit ReLU(x) := max{0, x}. The same choices are valid for the last-layer1163

activation function β; however, as it computes the output of the network, it is often specialised1164

by choosing β to be: the identity function (e.g., for regression tasks), sigmoid (e.g., for binary1165

classification), softmax (e.g., for modelling distributions).1166

MLPs are universal approximators as long as their activation function α is non-polynomial, as1167

established by several well-known Universal Approximation Theorems for feedforward neural1168

networks, cf. [Cybenko, 1992, Hornik et al., 1989].1169

Theorem 16 (Universal Approximation). Let α be any non-polynomial activation function. Addition-1170

ally, let X ⊆ Rn be compact, and let f : X ⊆ Rn → Y ⊆ Rm be continuous. For every ϵ > 0, there1171

exists a 2-layer MLP N with activation function α, and identity as its last-layer activation function,1172

such that the following inequality holds:1173

sup
x∈X

∥f(x)−N(x)∥ < ϵ.

Note that ReLU and sigmoid are non-polynomial activation functions.1174

In light of the above theorem, in the rest we will focus on MLPs having non-polynomial activation1175

function α, as well as identity as their last-layer activation function β. This will be relevant in all1176

expressivity results for RNNs whose architecture includes MLPs—as also discussed in Section A.6.1177

A.6 Recurrent Neural Network Architectures1178

We present the Recurrent Neural Network (RNN) architectures studied in the following sections.1179

Classical RNNs are networks of neurons with hidden state h ∈ Rdstate and update rule of the form1180

ht = ϕ(ht−1, xt) for x ∈ Rdinput

where ϕ is commonly a linear transformation composed with a non-linearity, like sigmoid or tanh.1181

We model such neurons as dynamical systems, with hidden state taking values in X , and inputs taking1182

values in U . The hidden state of the neuron at step t may be available to other neurons in the network1183

as part of their input at time t+ 1.1184

In modern Machine Learning applications, notably NLP, the networks are in the form of feed-forward1185

connections, with learnable transformations between the neurons. Also some neurons may appear in1186
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parallel, and some neurons might additionally include residual connections. Most generally, we can1187

model such RNNs as acyclic networks, and for nodes N1, . . . , NL consider the connection functions1188

ψi,j , describing the transformation which is applied to the value going from neuron Ni to neuron1189

Nj . The network input also may be given to Ni, after going through some transformation ιi. As the1190

network is acyclic, we may assume that there are no connection functions ψi,j for i > j. Finally,1191

the inputs to Ni are accumulated by some αi. Now, we may express the network as a feed-forward1192

cascade D1 ⇝ · · ·⇝ DL, with Di = ⟨Xi, U ×X[1..n], fi⟩, where Xi is the state-space of neuron1193

Ni, U is the input space of the network, and fi is given by1194

fi
(
x, x[1..n]

)
= ϕ

(
h, αi

(〈
ιi(u), ψ1,i(x1), . . . , ψi−1,i(xi−1)

〉))
This is how our framework allows to pull the details about the state-less transformations of the input1195

or state-space into the dynamics function.1196

Classical (Vanilla) RNNs. Vanilla RNNs are networks where the state is updated through a linear1197

combination of the previous state and current input, followed by the application of a non-linear1198

activation function. A prominent example of a vanilla RNN architecture is the Elman RNN, which1199

is given by dynamics D = ⟨X,U, f⟩ with state space X ⊆ Rstate, input space U ⊆ Rinput, and1200

dynamics function1201

f(x, u) = tanh
(
AX · x+AU · u+ b

)
,

where AX ∈ Rstate×state is a matrix defining a linear transformation of the state, AU ∈ Rstate×input1202

is a matrix defining a linear transformation of the input, and b ∈ Rstate is the bias vector.1203

State Space Models. State Space Models (SSMs) are a family of models based on linear recurrence1204

with particular parametrisation. Notable ones are Mamba [Gu and Dao, 2023] and S4 [Gu et al.,1205

2020].1206

To model linear recurrence in general, we introduce Linear Recurrent Dynamics, defined as dynamics1207

D = ⟨X,U, f⟩, with state space X ⊆ Kdstate , input space U = Kdinput , where K = R or K = C,1208

and with dynamics function1209

f(x, u) = A(u) · x+B(u),

where A(u) ∈ Kdstate×dstate is the state-transition gate and B(u) ∈ Kdstate is the input gate.1210

SSM architectures often combine linear recurrence blocks with linear projections, non-linearities,1211

residual connections and convolutions. Our theory can easily model such setups with cascade1212

compositions—introduced in Section 2. Consider the Mamba block:1213

z[1..n] = SSM ◦σ ◦Conv ◦ linear1(u[1..n])
y[1..n] = σ ◦ linear2(u[1..n])
o[1..n] = linear3(z[1..n] × y[1..n])

where the input sequence u[1..n] ∈ U+ and output sequence o[1..n] ∈ Y + are processed sequentially,1214

each lineari is a linear projection, σ is a non-linearity, SSM is an SSM block, Conv is a causal1215

convolution, and × is element-wise multiplication. Only Conv and SSM are stateful transformations1216

here. In Figure 2, we present it in the form of a system with cascade dynamics.1217

We introduce a general class of dynamics as an abstraction for convolution blocks.1218

Definition 18. Finite Context Dynamics (FCDs) with context length ℓ are dynamics D = ⟨X,U, f⟩1219

such that their state depends only on the most recent ℓ inputs. That is, in view of Lemma 10, there is1220

a continuous function C : U ℓ → X such that1221

D(x,w) = C(w−u, . . . , w−1)

for all x ∈ X and w ∈ U∗ with |w| ≥ ℓ, where w−i is the i-th-to-last element of w.1222

xLSTM. The recently introduced model xLSTM [Beck et al., 2024] is a successor of the LSTM1223

architecture [Hochreiter and Schmidhuber, 1997], and it achieves performance competitive with1224

transformer architectures. It makes use of both non-linear and linear recurrences. xLSTM introduces1225

two types of blocks: sLSTM and mLSTM. In this work we will focus on the sLSTM block.1226
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u[1..n]

linear1 linear2

σ σ

Conv

SSM

⊗

linear3

Mamba block

U

Conv

SSM

h

Conv⇝ SSM

Figure 2: The feedforward cascade structure of a Mamba block. Only Conv and SSM are stateful, so
the cascade has 2 components. Structure on the left as it is presented in [Gu and Dao, 2023].

The state space of a sLSTM is R3, and the input space is Rd for some d ≥ 1. The dynamics function1227

of the form (⟨c, n, h⟩, u) 7→
〈
fc(⟨c, n, h⟩, u), fn(⟨c, n, h⟩, u), fh(⟨c, n, h⟩, u)

〉
, where1228

fc(⟨c, n, h⟩, u) = ψ(lf (h, u)) · c+ exp(li(h, u)) · φ(lz(h, u))
fn(⟨c, n, h⟩, u) = ψ(lf (h, u)) · n+ exp(li(h, u))

fh(⟨c, n, h⟩, u) = σ(lo(h, u)) ·
fc(⟨c, n, h⟩, x)
fn(⟨c, n, h⟩, x)

where each ls : s ∈ o, i, z, f is a function of the form wt
s · u+ rs · h+ bs, for ws ∈ Rd, rs, bs ∈ R,1229

ψ is either exp or σ, and φ is tanh.1230
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B Foundations of Metric Automata Theory1231

In this appendix, we develop the key notions of Metric Automata Theory within the η-finiteness1232

framework.1233

In Sections B.1 and B.2 we introduce the basic properties of η-finite spaces and dynamics.1234

In Section B.3 we develop the correspondence between η-finite systems and finite automata, which is1235

crucial to unlocking the powerful theorems of AAT. We provide the proof for Theorem 1.1236

In Sections B.4 and B.5 we import the notion realizability to continuous systems, via the correspon-1237

dence with automata, and use it to translate algebraic decomposition theorems into the setting of1238

η-finiteness.1239

B.1 The Notion of η-Finiteness1240

We begin by introducing η-finiteness, which is a central notion of Metric Automata Theory and our1241

novel finite-precision framework.1242

Definition 19. Let X ⊆ Ω for some d ≥ 1. Call X η-finite if it is a finite union of compact,1243

path-connected sets.1244

Immediately from the definition we have that an η-finite space is necessarily compact—in the case of1245

metric spaces, finite union of bounded, closed sets is bounded and closed. The next result resolves1246

the technicality, that the defining sets in the union of a η-finite X need not be disjoint.1247

Lemma 17. LetX be η-finite. ThenX has finitely many path connected components, sayX1, . . . , Xn,1248

and each of Xi is compact. We shall refer to them as the η-components of X .1249

Proof. By def, X =
⋃N

i=1 Yi for some compact and path-connected subsets. By induction on N :1250

If N = 1, then the claim is immediate. Now, consider the inductive hypothesis for N ≥ 2, that1251

X ′ =
⋃N−1

i=1 Yi has finitely many path connected components X1, . . . , Xn, each compact. The path1252

connected components of X are then unions of elements from {X1, . . . , Xn, YN}. Each of these sets1253

is compact, and so each such finite union is compact: clearly it is still bounded, and a finite union of1254

closed sets is still closed.1255

Example 6. Any finite alphabet is η-finite, with each symbol in a separate η-component. The subspace1256

[−2, 1]∪ {2} ⊆ R is η-finite. The subspace (−2, 1)∪ {2} is not η-finite, since it is not compact. The1257

subspace {0, 2−n : n ∈ N} is compact but not η-finite, since it is not a finite union of path-connected1258

sets. ■1259

Both compactness and path-connectedness are preserved by continuous mappings and (finite) Carte-1260

sian products, see Facts A.2.4, A.2.5, A.2.7, and A.2.8. This gives us the corresponding results for1261

η-finite spaces.1262

Lemma 18. Continuous image of an η-finite space is η-finite.1263

Proof. Write X =
⋃N

i=1Xi for path-connected, compact sets Xi. Let f : X → Y be continuous.1264

We have:1265

f(X) =

N⋃
i=1

f(Xi)

By Facts A.2.4 and A.2.7, each f(Xi) is compact and path-connected. Thus by definition f(X) is1266

η-finite.1267

Lemma 19. The Cartesian product X × Y space of η-finite spaces is η-finite. The η-components of1268

X × Y are the products of η-components of X and η-components of Y .1269

Proof. Let X1, . . . , Xn and Y1, . . . , Y, be the C-components of X,Y respectively. We have X =1270 ⋃n
i=1Xi, Y =

⋃m
j=1 Yj and so1271

X × Y =
( n⋃
i=1

Xi

)
×
( m⋃
j=1

Yj
)
=

n⋃
i=1

m⋃
j=1

Xi × Yj
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By Facts A.2.8 and A.2.5 each Xi × Yj is path-connected. Therefore by def. X × Y is η-finite.1272

Moreover, the η-components of X × Y are unions of the products Xi × Yj . Now, fix i ∈ [1..n], j ∈1273

[1..j]. Let Z be the η-componentof X × Y containing Xi × Yj . consider the projection map1274

πX : X × Y → X . As the projection is continuous, the image, πX(Z) is path-connected in X by1275

Fact A.2.7. Moreover, Xi ∈ πX(Z). Thus, as Xi is a maximal path-connected subspace of X , we1276

have Xi = πX(Z). Similarly, considering the projection πY : X × Y → X , we have Yj = πX(Z).1277

Since Xi × Yj ⊆ Z, we therefore must have Xi × Yj = Z. Therefore X × Y has finitely many1278

η-components, and they are the products of η-components of X and η-components of Y .1279

Lemma 20. Let X be η-finite, with η-component X1, . . . , Xn. For some δ > 0 we have1280

inf
x∈Xi,y∈Xj

∥x− y∥ ≥ δ for all i ̸= j.

Proof. It is sufficient to show this in the case that X has two η-components, say X1, X2. Define1281

f : X1 ×X2 → R≥0 by f(x1, x2) = ∥x1 − x2∥. This is continuous, and so Im f is compact, as1282

X1 ×X2 is compact. Since X1, X2 are disjoint, 0 /∈ Im f . Thus 0 is not a limit point of Im f , and1283

so for some δ > 0 we have that [0, δ) ⊈ Im f .1284

Corollary 21. Let X ⊆ Ω be η-finite and (xn)n≥1 ⊆ X converge in Ω. Then (xn)n≥1 is eventually1285

contained in a single η-component of X .1286

Lemma 22. Let X be an η-finite space and Σ a finite alphabet. Then a function f : X → Σ is1287

continuous if and only if it is constant on the η-components of X1288

Proof. (⇐) Suppose f : X → Σ is constant on η-components of X . Let (xn)n≥1 ⊆ X converge to1289

x ∈ X . Then by Lemma 20, (xn)n≥1 is eventually contained in the same η-component as x. Thus1290

f(xn) = f(x) eventually, in particular f(xn) → f(x) as n→ ∞. Hence f is continuous.1291

(⇒) If f is continuous, then it maps η-component of X to path-connected subspaces of Σ. Therefore1292

f must be constant on η-components.1293

B.2 Dynamical Systems and η-Finiteness1294

Definition 20. We say that dynamics ⟨X,U, f⟩ are η-finite if both X and U are η-finite. A system S1295

is η-finite if its dynamics are η-finite.1296

Example 7. Take X = [−1,−1/2] ∪ [1/2, 1] and U = {−1, 0, 1}. The both X and U are η-finite.1297

Define f : X × U → X by:1298

f(x, u) =

{
x if u = 0

u if u = 1,−1

Thus under input u = 0 the dynamics function performs the identity transformation on X , and under1299

inputs u = 1,−1, X is mapped to 1,−1 respectively. The dynamics D = ⟨X,U, f⟩ is η-finite. ■1300

Note, that by Lemma 19, a cascade of η-finite components is itself η-finite.1301

Lemma 23. Let D = ⟨X,U, f⟩ be a η-finite dynamics, and h : X × U → Y be continuous. Then1302

the image of h, Imh ⊆ Y , is η-finite.1303

Proof. Immediately follows from Lemma 18.1304

Lemma 24 (Path-connected ⇒ same state). Let D = ⟨X,U, f⟩ be a dynamics, and consider1305

x0, x
′
0 ∈ X , and input sequences (un)n≥1, (u

′
n)n≥1 ⊆ U , and the corresponding state sequences1306

(xn)n≥1, (x
′
n)n≥1 ⊆ X . Suppose that for all n ≥ 1, un ∼U u′n, and x0 ∼X x′0. Then for all n ≥ 11307

we have that xn ∼X x′n, i.e.,1308

D(x0, u[1..n]) ∼X D(x′0, u
′
[1..n])

Proof. Let n ≥ 1. By 10, we have that there is for each n a continuous function xn(x0, u1, ..un)1309

determining the n-th state. Now, since each pair ui, u′i for i ∈ 1..n is path-connected in U , we have1310
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that ⟨u1..n⟩ and ⟨u′1..n⟩ are path-connected inUn - the path connecting them applies the corresponding1311

1-d paths pointwise. Thus by continuity of xn,1312

xn = xn(x0, ⟨u1..n⟩) , x′n = xn(x0, ⟨u′1..n⟩)

are path-connected in X .1313

Corollary 25. Let S = ⟨X,U, f, x0, Y, h⟩ be a η-finite system, and let us consider input sequences1314

(un)n≥1, (u
′
n)n≥1 ⊆ U such that for all n un and u′n are in the same path-connected component.1315

Then the corresponding state sequences (xn)n≥1, (x
′
n)n≥1 ⊆ X , and the corresponding output1316

sequences (yn)n≥1, (y
′
n)n≥1 ⊆ Y are such that for all n xn and x′n are in the same path-connected1317

component of X and yn and y′n are in the same path-connected component of Imh1318

In light of the above results, we introduce the notion of equivalent sequences, for convenience in later1319

proofs.1320

Definition 21. Let X be a η-finite space. Call sequences (xn)n≥1, (x
′
n)n≥1 ⊆ X equivalent, if for1321

each n we have that xn and x′n are in the same component of X . Call these sequences eventually1322

equivalent, if they have equivalent tail sequences.1323

Overall, the notions of η-finiteness and η-component have very favourable theoretical properties.1324

Any continuous mapping f : X → Y , with X and Y η-finite, is guaranteed to map every element of1325

an η-component of X into a single η-component of Y .1326

In the case of η-finite systems, this means that the dynamics function acts on the η-components1327

of the state-space (referred to as η-states) in the same way for each input within an η-component1328

of the input-space (referred to as η-input). Moreover, every point within an η-component of the1329

output function image (which is always η-finite), must be decoded as the same alphabet symbol. We1330

formalize these properties in the following section.1331

B.3 Representing η-Finite Systems as Automata and Proof of Theorem 11332

For set A and equivalence ∼ on A, write A⧸∼ for the set of its equivalence classes. For a ∈ A write1333

[a]A for the ∼-equivalence class containing a.1334

For η-finite spaces A, we will write A for the set A⧸∼A, with ∼A being the path-connectedness1335

equivalence. For X,Y being η-finite spaces, we have by Lemma 19 that X × Y = X × Y .1336

Definition 22. Any η-finite dynamical system S = ⟨X,U, f, x0, Y, h⟩ defines its canonical automa-1337

ton1338

AS = ⟨X,U, f, [x0]∼X
, Imh, h⟩

Similarly, any η-finite dynamics D = ⟨X,U, f⟩ defines its canonical semiautomaton DA =1339

⟨X,U, f⟩. ■1340

Note that by Lemma 23, Imh is indeed η-finite. f :
(
X
)
×
(
U
)
→
(
X
)

is defined as [x]∼X
, [u]∼U

7→1341

[f(x, u)]∼X
. h : X × U → Imh is defined as [x]∼X

, [u]∼U
7→ [h(x, u)]∼Imh

. This is well defined1342

by Lemma 25.1343

For a η-finite dynamical system S = ⟨X,U, f, x0, Y, h⟩, define the canonical regular function1344

FS :
(
U
)+

→ Imh to be the function defined by the FSA AS . The following lemma shows that the1345

dynamics of the canonical automaton determine—up to path-connectedness—the dynamics of the1346

system.1347

Lemma 26. Let D = ⟨X,U, f⟩ be a η-finite dynamics, and DA be its canonical semiautomaton.1348

Then1349

DA

(
[x0]∼X

, [w]∼U

)
=
[
D
(
x0, w

)]
∼X

∀w ∈ U∗ (1)

where [w]∼U
∈ U∗ denotes the word with each letter of w replaced by its equivalence class.1350
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Proof. By induction on the length of w. For the base case w = ε, we have DA

(
[x0]∼X

, [ε]∼U

)
=1351

DA

(
[x0]∼X

, ε
)
= [x0]∼X

and by definition D(x0, ε) = x0, so that
[
D
(
x0, ε

)]
∼X

= [x0]∼X
.1352

Now, suppose for w ∈ U∗ we have DA

(
[x0]∼X

, [w]∼U

)
=
[
D
(
x0, w

)]
∼X

, and let [u]∼U
∈ U .1353

Write w[u]∼U
for the word obtained by appending [u]∼U

at the end of w, we have1354

DA

(
[x0]∼X

, [wu]∼U

)
= f

(
DA([x0]∼X

, [w]∼U
), [u]∼U

)
= f

([
D
(
x0, w

)]
∼X

, [u]∼U

)
by def. of f =

[
f
(
D(x0, w, u

)]
∼X

=
[
D
(
x0, wu

)]
∼X

Thus by induction the statement holds for all w ∈ U∗.1355

Lemma 27. Let S be a η-finite system and FS be its canonical regular function. Then, FS is1356

implemented by S with encoder enc : U → U given by [u]∼U
7→ u′ with u′ ∈ [u]∼U chosen1357

arbitrarily, and with decoder dec : Imh→ Imh, given by y 7→ [y]∼Imh
.1358

Proof. enc is continuous, since U is a finite alphabet. dec is continuous by Lemma 22. Let DA be1359

the dynamics of AS , and let DS be the dynamics of S. Then we have1360

FS(w) = h
(
DA

(
[x0]∼X

, w
)
, w−1

)
∀w ∈ U

+

where w−1 denotes the last symbol in word w. Now consider w ∈
(U⧸∼U

)+
and write [u]∼U

for1361

w−1. By Lemma 26, we have DA

(
[x0]∼X

, w
)
=
[
DS

(
x0, enc(w)

)]
∼X

, so that1362

h
(
DA

(
[x0]∼X

, w
)
, w−1

)
= h

([
DS

(
x0, enc(w)

)]
∼X

, [u]∼U

)
as u′ = enc([u]∼U

) ∈ [u]∼U
= h

([
DS

(
x0, enc(w)

)]
∼X

, [u′]∼U

)
by def. of h =

[
h
(
DS

(
x0, enc(w)

)
, u′
)]

Imh

=

[
h
(
DS

(
x0, enc(w)

)
, enc(w−1)

)]
Imh

=

[
S
(
enc(w)

)]
Imh

= dec ◦ S
(
enc(w)

)

This concludes the proof.1363

Lemma 28. Let η-finite system S = ⟨X,U, f, x0, Y, h⟩ implement function F : Σ+ → Γ with1364

encoder enc : Σ → U and decoder dec : Imh → Γ. Then there are (continuous) functions1365

enc′ : Σ → U and dec′ : Imh→ Γ such that1366

F (w) = dec′ ◦ FS(enc
′(w)) ∀w ∈ Σ+

where FS :
(
U
)+ →

(
Imh

)
is the canonical function for S.1367

Proof. Define enc′ as σ 7→
[
enc(σ)

]
∼U

for all σ ∈ Σ.1368

As for dec′, define it as [y]∼Imh
7→ dec(y). This is well-defined: Consider y1, y2 ∈ Imh such that1369

y1, y2 ∈ [y]∼Imh
. Since y1, y2 are path-connected in Imh, by continuity of dec : Imh→ Γ we have1370

that h(y1), h(y2) are path-connected in Γ. Therefore necessarily h(y1) = h(y2).1371
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Let AS be the canonical FSA of S. Denote the dynamics of S as DS and the dynamics of AS as DA.1372

By Lemma 26, we have1373

DA

(
[x0]∼X

, enc′(w)
)
=
[
DS

(
x0, enc(w)

)]
∼X

∀w ∈ Σ+

Thus we have for all w ∈ Σ+1374

dec′ ◦FS

(
enc′(w)

)
= dec′ ◦h

(
DA

(
[x0]∼X

, enc′(w)
)
, enc′(w−1)

)
= dec′ ◦h

([
DS

(
x0, enc(w)

)]
∼X

,
[
enc(w−1)

]
∼U

)
= dec′

[
h
(
DS

(
x0, enc(w)

)
, enc(w−1)

)]
∼Imh

= dec ◦S
(
enc(w)

)
Finally, enc′ and dec′ are continuous, since their domains are finite alphabets.1375

Theorem 1. An η-finite system S can-implement the same functions as its canonical automaton,1376

which are necessarily regular.1377

Proof. Suppose S = ⟨X,U, f, x0, Y, h⟩ implements a function F : Σ → Γ, with encoder enc :1378

Σ → U and decoder dec : Y → Γ. By Lemma 28, we have that the canonical FSA of S, say1379

AS = ⟨X,U, f, [x0]∼X
, Imh, h⟩, implements F with encoder enc′ and decoder dec′.1380

Moreover, consider the FSA A′ = ⟨X,Σ, δ, [x0]∼X
,Γ, θ⟩, where δ : X × Σ → X is given by1381

δ([x]∼X
, σ) = f([x]∼X

, enc′(σ))

and θ : X × Σ → Γ is given by1382

θ([x]∼X
, σ) = dec′ ◦ h

(
[x]∼X

, enc′(σ)
)

Then we have that F (w) = A′(w) for all w ∈ Σ+. Thus F is necessarily regular.1383

Now, suppose that AS implements a function F : Σ → Γ, with encoder enc : Σ → U and decoder1384

dec : Imh→ Γ. By Lemma 27, S implements FS with encoder enc and decoder dec. Thus we have1385

the following: for all w ∈ Σ+1386

F (w) = dec ◦AS

(
enc(w)

)
= dec ◦FS

(
enc(w)

)
= dec ◦ dec ◦

(
enc ◦ enc(w)

)
so that S implements F with encoder enc ◦ enc and decoder dec ◦dec.1387

B.4 Algebraic Theory of η-Finite Systems1388

The connection between η-finite systems and canonical automata is extremely useful. It gives us a1389

way to employ the powerful characterisations and results of AAT to any η-finite system dynamics.1390

Namely, we can extend the notion of realisability to continuous η-finite systems, via the canonical1391

automaton.1392

Definition 23. We say that η-finite dynamics D′ are a realisation of η-finite dynamics D when1393

M(C(D′)) is a realisation of M(C(D)) of D.1394

We that automaton A′ is a realisation of system A, if the associated machine MA′ is a realisation of1395

of the associated machine MA via an assignment (α, ι, ζ), and the respective initial states x′0, x0 are1396

such that x′0 ∈ α(x0).1397

Say that η-finite system S′ is a realisation of system S, if AS′ is a realisation of AS , where AS , AS′1398

are the canonical automata. ■1399

The notion of realisation for machines is transitive. See §1.3 of Hartmanis and Stearns [1966].1400
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Figure 3: System dynamics and corresponding canonical semiautomaton.

Fact B.4.1. If M is a realisation of M ′ and M ′ is a realisation of M ′′, then M realies M ′′.1401

It is easy to see that the notion of realisation for dynamics and systems is also transitive.1402

Lemma 29. Suppose that semiautomaton D′ is a realisation of semiautomaton D. Then1403

1) for any machine M with dynamics D, the canonical machine M(D′) of D′ is a realisation of M ,1404

2) for any automaton A with dynamics D, an initial state can be picked for M(D′) such that the1405

resulting automaton is a realisation of A.1406

Proof. Say D = ⟨Q,Σ, δ⟩ and D′ = ⟨Q′,Σ′, δ′⟩. Suppose we have an assignment (α, ι, ζ) from D1407

to D′. That is, α : Q→ P+(Q
′), ι : Σ → Σ′, ζ : Q′ × Σ′ → Q× Σ1408

Let M = ⟨Q,Σ, δ,Γ, θ⟩ be a Mealy machine with semiautomaton D. The canonical machine for D′1409

is1410

M(D′) = ⟨Q′,Σ′, δ′,Γ′ = Q′ × Σ′, θ′ = id⟩
Define ζ ′ : (Q′ × Σ′) → Γ by ζ ′ = θ ◦ ζ. Want to show: (α, ι, ζ ′) give an assignment of M into1411

M(D′). We already have that the condition I) is satisfied.1412

Now, for any q ∈ Q, σ ∈ Σ and q′ ∈ α(Q) we have that ζ ◦ θ′(q′, ι(σ)) = id(q, σ) = (q, σ), since1413

(α, ι, ζ) give an assignment of D into D′. Thus1414

ζ ′ ◦ θ′(q′, ι(σ)) = θ ◦ ζ ◦ θ′(q, σ) = θ(q, σ)

So (α, ι, ζ ′) also satisfy condition II). Thus the 1) part of the statement holds.1415

Now for the part 2): Let A = ⟨Q,Σ, δ, q0,Γ, θ⟩ be a system with dynamics D. By part 1), the1416

associated machineMA = ⟨Q,Σ, δ, q0,Γ, θ⟩ has some assignment (α, ι, ζ) intoMD′ . α(x0) is a non-1417

empty set, and so we may arbitrarily pick x′0 ∈ α(x0). Then the automatonA′ = ⟨Q′,Σ′, δ′, q′0, Q
′×1418

Σ′, id⟩ obtained from setting initial state x′0 for machine MD′ , by definition is a realisation of A.1419

We have the following proposition to connect our notion of dynamical systems with Algebraic1420

Automata Theory.1421

Before proceeding, we remark that Definition 1 must be made fully precise by saying that a decoder1422

is a function dec : Imh → Γ where h is the output function of system S, (rather than a function1423

dec : Y → Γ).1424

Theorem 30. Let S and S′ be η-finite systems, and AS , AS′ their respective canonical automata. If1425

AS′ is a realisation of AS , then S′ can implement all the functions that S can implement.1426

Proof. Say we have AS = ⟨X,U, f, x0, Imh, h⟩ and AS′ = ⟨X ′, U ′, f ′, x′0, Imh′, h′⟩.1427

Say that an assignment of AS into AS′ is given by α : X → P+(X ′), ι : U → U ′ and ζ : Imh′ →1428

Imh. Let FS : (U)+ → Imh be the canonical regular function for S. By Lemma 28, it suffices to1429

show that AS′ can implement FS .1430
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Define the encoder enc : U → U ′ as enc = ι and decoder dec : Imh′ → Imh as dec = ζ. Let1431

D,D′ be the dynamics of AS , AS′ resp. By Theorem 1.4 in §1.3 of [Hartmanis and Stearns, 1966],1432

we have for all x′ ∈ α(x0) and all w ∈
(
U
)+

, that1433

h
(
D(x0, w), w−1

)
= ζ ◦ h′

(
D′(x′, ι(w)), ι(w−1)

)
.

Thus, for all w ∈
(
Σ
)+

we have1434

FS(w) = AS(w) = h
(
D(x0, w), w−1

)
= ζ ◦ h′

(
D′(x′0, ι(w)), ι(w−1)

)
= dec ◦S′( enc(w)).

This concludes the proof.1435

Example 8. The reverse implication to Theorem 30 does not hold in general. Consider Σ = Σ′ = {σ},1436

Q = {a, b}, Q′ = {a} and unary dynamics functions δ : Q × Σ → Q defined as δ(q, σ) = q for1437

every q ∈ Q, and depicted next.1438

a b

σ σ

1439

And similarly δ′ : Q′ × Σ → Q′ defined as δ′(q, σ) = q for every q ∈ Q′, and depicted next.1440

a

σ

1441

Define system S = ⟨Q,Σ, δ, x0 = a,Γ = Q, θ⟩ with θ : (q, σ) 7→ q, and system S′ =1442

⟨Q′,Σ, δ′, q′0 = a,Γ′ = Q′, θ′⟩ with θ′ : (q, σ) 7→ q.1443

The only possible state trajectories for either systems are the constant trajectories xn = x0 = a and1444

x′n = x′0 = a. Thus, a function Σ+ → Γ can be represented by either system if and only if it is1445

constant. So we have that both systems implement the same functions.1446

However, there is no assignment (α, ι, ζ) from S to S′. This is because Γ′ is a singleton, and so any1447

potential ζ : Γ′ → Γ must be constant. At the same time, it must hold that α(a), α(b) are non-empty1448

and1449

ζ ◦ θ(q′, ι(σ)) = θ(a, σ) = a ∀q′ ∈ α(a),

ζ ◦ θ(q′, ι(σ)) = θ(b, σ) = b ∀q′ ∈ α(b).

This is a contradiction, as ζ must be constant. ■1450

Theorem 31. Let D,D′ be η-finite dynamics. Suppose that D′ is a realisation of D. Then any1451

function implemented by a system with dynamicsD can be implemented by some system with dynamics1452

D′.1453

Proof. Let DA = ⟨X,U, f⟩ and DA′ = ⟨X ′
, U

′
, f

′⟩ be the canonical semiautomata of D and D′,1454

respectively. Then DA′ realises DA.1455

Let S be a system with dynamics D implementing function F . Its canonical automaton AS has1456

dynamicsDA, and so by Lemma 29 there is an automatonA′ = ⟨X ′
, U

′
, f

′
, x′0,Γ

′, θ′⟩ with dynamics1457

DA′ which realises AS .1458

Consider the system S′ = ⟨X ′, U ′, f ′, x′0, X
′ × U ′, id⟩, where x′0 ∈ X ′ is s.t. [x′0]∼X′ = x′0. Its1459

canonical automaton is AS′ = ⟨X ′
, U

′
, f

′
, x′0, X

′ × U
′
, id⟩. AS′ realises A′ with the assignment1460

α : X
′ → P+(X

′
) g.b. x′ 7→ {x′}, ι : U

′ → U
′

g.b. u′ 7→ u′ and finally ζ : X
′ × U

′ → Γ′ g.b1461

(x′, u′) 7→ θ′(x′, u′). Thus by Theorem 30, S′ can implement all functions that S can implement.1462
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B.5 Cascade Decomposition and η-Finite Systems1463

In this section we bridge the gap between the AAT decomposition results, which apply to serial1464

cascading, and our η-finite framework, which focuses on feed-forward connections. We begin by1465

showing how taking the canonical semiautomaton ‘commutes’ with feed-forward cascading.1466

Lemma 32. Let D1 ⇝ · · ·⇝ Dn be η-finite feed-forward cascade dynamics. Then we have1467

C
(
D1 ⇝ · · ·⇝ Dn

)
≡ C(D1)⇝ · · ·⇝ C(Dn),

where ‘≡’ is as per Definition 15.1468

Proof. By induction, it suffices to show the statement for n = 2.1469

We have D1 = ⟨X1, U1, f1⟩ and D2 = ⟨X2, U1 × X1, f2⟩. Now, C(D1) = ⟨X1, U1, f1⟩ and1470

C(D2) = ⟨X2, U1 ×X1, f2⟩. Note, that here we use that, by Lemma 19, (U1 ×X1) = U1 ×X1.1471

Thus, we may write the cascade1472

C(D1)⇝ C(D2) = ⟨X1 ×X2, U1, f ⟩
where f is the dynamics function of the feed-forward cascade C(D1)⇝ C(D2).1473

At the same time, writing D1 ×D2 = ⟨X1 ×X2, U1, f
′⟩, we have1474

C(D1 ⇝ D2) = ⟨X1 ×X2, U1, f ′⟩,

where again we use Lemma 19 to get (X1 ×X2) = X1 ×X2. It remains to show that f = f ′. For1475

[x1]∼X1
∈ X1, [x2]∼X2

, [u]∼U1
we have1476

f
(
⟨[x1]∼X1

, [x2]∼X2
⟩, [u]∼U1

)
=
〈
f1
(
[x1]∼X1

, [u]∼U1

)
,

f2
(
[x2]∼X2

,
〈
[u]∼U1

, f1([x1]∼X1
, [u]∼U1

)
〉)〉

=
〈[
f1(x1, u1)

]
∼X1

,
[
f2
(
x2,
〈
u, f1(x1, u)

〉)]
∼X2

〉
=
[〈
f1(x1, u1), f2

(
x2, ⟨u, f1(x1, u)

〉)]
∼X1×X2

=
[
f ′
(
⟨x1, x2⟩, u

)]
∼X1×X2

= f
′([⟨x1, x2⟩]∼X1×X2

, [u]∼U1

))
= f

′(〈
[x1]∼X1

, [x2]∼X2

〉
, [u]∼U1

))
This concludes the proof.1477

Note: we treat objects such as X1 ×X2 and (X1 ×X2) as identical, even though one is a product of1478

equivalence classes, and the other is an equivalence class of a product. However, from Lemma 19,1479

we can identify the two in a natural way, that is in a way that is consistent with applying functions1480

component-wise.1481

Next, we show that cascading interacts well with realisability, up to introducing a connection function.1482

1483

Lemma 33. Suppose Di = ⟨Xi, Ui, fi⟩, D′
i = ⟨X ′

i, U
′
i , f

′
i⟩ are such that D′

i is a realisation for Di,1484

for each i ∈ [1..2]. Then, for any feed-forward cascade i
⇝ D1

h
⇝ D2 with input i and connection h,1485

there is a continuous function g : U ′
1 ×X ′

1 → U ′
2 such that D′

1
g
⇝ D′

2 realises i
⇝ D1

h
⇝ D2.1486

Proof. Let (αi, ιi, ζi) be the assignment of M(C(Di)) = ⟨Xi, U i, f i, Xi × U i, id⟩ into1487

M(C(D′
i)) = ⟨X ′

i, U
′
i, f

′
i, X

′
i × U

′
i, id⟩, for each i ∈ [1..2]. We assume w.l.o.g. that h = id1488

and i = id, i.e., we can consider the usual feed-forward cascade D1 ⇝ D2, by replacing D1 with1489

D1,i and D2 with D2,h. In that case, we have U2 = U1 ×X1.1490

Define g : U
′
1 × X

′
1 → U

′
2 given by g(u′, x′) = ι2(u, x) ∈ U ′

2 where (x, u) = ζ1(x
′, u′) ∈1491

X1 × U1 = U2.1492
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Define1493

α :
(
X1 ×X2

)
→ P+

(
X

′
1 ×X

′
2

)
as α(x1, x2) = α1(x1)× α2(x2)

ι :U1 → U
′
1 as ι = ι1

ζ :X
′
1 ×X

′
2 × U

′
1 → X1 ×X2 × U1 as ζ

(
⟨x′1, x′2⟩, u′1

)
= (a, b, c)

where (b, c, a) = ζ2(x
′
2, g⟨u′1, x′1⟩)

Let (x1, x2) ∈ X1 × X2, u1 ∈ U1 and (x′1, x
′
2) ∈ α

(
(x1, x2)

)
. Let f and f

′
g be the1494

dynamics functions of C(D1) ⇝ C(D2) and C(D′
1) ⇝ C(D′

2)g respectively. We have that1495

f
′
g

(
⟨x′1, x′2

〉
, ι(u1)

)
=
〈
x′1,new, x

′
2,new

〉
, where1496

x′1,new = f
′
1(x

′
1, ι1(u1)) ∈ α1

(
f1(x1, u1)

)
by Property I) of assignment, and1497

x′2,new = f
′
2

(
x′2, g(ι(u), x

′
1,new)

)
Now, by Property II) of assignment we have ζ1(x′1,new, ι(u)) =

(
f1(x1, u1), u1

)
, since x1,new ∈1498

α1

(
f1(x1, u1)

)
. Thus1499

x′2,new = f
′
2

(
x′2, ι2

(
u1, f1(x1, u1)

))
∈ α2

(
f2
(
x2, ⟨u1, f1(x1, u1)⟩

))
So, altogether

〈
x′1,new, x

′
2,new

〉
∈ α

(
f
(
⟨x1, x2⟩, u1

))
, so Property I) of assignment is satisfied.1500

Now1501

ζ
(〈
x′1,new, x

′
2,new

〉
, ι(u1)

)
= (a, b, c)

where (b, c, a) = ζ2

(
x′2,new, g

〈
ι(u1), x

′
1,new

〉)
= ζ2

(
x′2,new, ι2

(
u1, f1(x1, u1)

))
. Thus1502

ζ
(〈
x′1,new, x

′
2,new

〉
, ι(u1)

)
= f(⟨x1, x2⟩, u1)

and so Property II) is satisfied. We may now choose a continuous g′ : U ′
1 × X ′

1 → U ′
2 such that1503

g′ = g by Lemma 22. Then we have that C(D′
2,g′) = C(D′

2)g. Overall, the cascade D′
1 ⇝ D′

2,g′1504

realises D1 ⇝ D2.1505

The decomposition theorems of AAT are stated for serial cascades, while RNNs in practice usually1506

work with feed-forward cascades. In Appendix G.2, we show how D1 ⋉ D2 can be realised by1507

D1
g1⇝ RX

g2⇝ D2 for some continuous functions g1, g2, and the repeat dynamicsRX over state-space1508

X of D1.1509

Definition 24. The repeat dynamics on state space X are the dynamics RX = ⟨X2, X, rX⟩, where1510

rX
(
⟨xold, xnew⟩, x

)
= ⟨xnew, x⟩. ■1511

Thus we have that with initial state ⟨a, b⟩ ∈ X2 and input sequence (un)n≥1 ∈ Xω, the state1512

sequence is
(
sn = ⟨xn−1, xn⟩

)
n≥0

∈ (X2)ω with x−1 = a, x0 = b. Note that a repeat dynamics is1513

a Finite Context Dynamics.1514

For η-finite spaces, RX can be decomposed in terms of 2-state repead dynamics.1515

Theorem 34. Let X be an η-finite space. Then the repeat dynamics on X , RX , are realised by a1516

feed-forward cascade of the repeat dynamics R2 on {0, 1}.1517

Proof. Let X1, . . . , Xn be the η-components of X . We can think of the canonical automaton as the1518

repeat dynamics on X , RX = {X2
, X, rX⟩.1519
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Consider Cn =
f1⇝ D1

f2⇝ D2 . . .
fn⇝ Dn = ⟨{0, 1}2×n, X, fC⟩, with Di ≡ R2 for all i ∈ [1..n],1520

and with fi : X × {0, 1}2×i−1 → {0, 1} given by1521

fi(xj) =

{
0 if i ̸= j

1 if i = j

Thus, each Di works in parallel, treating inputs xi as 1, and others as 0. Then we can retrieve the1522

state of RX by checking which Di has 1 at the old position, and which Dj has 1 at new position.1523

This corresponds to state ⟨xi, xj⟩.1524

The assignment this corresponds to is the following: define α : X
2 → P+({0, 1}2n) by1525

α(⟨xi, xj⟩) = {Ei,j}, where Ei,j ∈ {0, 1}2×n is s.t. [Ei,j ]1,i = 1, [Ei,j ]2,j = 1 and remain-1526

ing entries are all 0. We also define ι : X → X as the identity, and ζ : {0, 1}2×n ×X → X
2 ×X1527

as mapping (Ei,j , x) 7→ (⟨xi, xj⟩, x), with other inputs mapped arbitrarily.1528

1529

Altogether, we have a recipe for proving positive results. It is sufficient to show that an architecture1530

can realise FLIP-FLOP, to show that it can implement all group-free functions with serial cascades. If1531

it further can realize R2, then it can implement all group-free functions with feed-forward cascades.1532

Theorem 35. Suppose that η-finite dynamics D is a realisation of FLIP-FLOP, and η-finite dynamics1533

E a realization of R2. Then feed-forward cascades of D and E components can implement all group1534

free functions.1535

Proof. Let F be a group-free function. By Theorem 12, F is implemented by a serial cascade1536

of FLIP-FLOP’s, say C. By the construction in Appendix G.2, we have that C is realised by1537

a feed-forward cascade of FLIP-FLOP’s and repeat semiautomata, say C ′. By Lemma 34, each1538

repeat semiautomaton is a feed-forward cascade of R2 components. Therefore C ′ is realised by1539

a feed-forward cascade of FLIP-FLOP’s components and R2 components, say C ′′. By Lemma 33,1540

a feed-forward cascade of D and E components realises C ′′, say C ′′′. Thus, by transitivity of1541

realisability, C ′′′ realises C, and thus by Theorem 31, C ′′ can implement F .1542
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Figure 4: The image of an η-component under an ϵ-robust transition lies inside the target η-component,
within ϵ-distance of its boundary.

C Robust Systems1543

In this appendix we introduce a central notion of robustness that allows us to extend Metric Automata1544

Theory to the study of concrete finite-precision implementations.1545

Arithmetic operations with floating point numbers are difficult to analyse, since addition and multipli-1546

cation are not exactly commutative, associative and distributive. Thus, for example, the recurrent1547

form and the convolutional form of the SSM update are not exactly equivalent (also noted by Merrill1548

et al. [2024]—see footnote 3 in Definition 2.1). A theoretical framework which specifies an explicit1549

datatype either is hard to analyse, or introduces additional simplifying assumptions.1550

The central notion that allows us to extend Metric Automata Theory to the study of finite-precision1551

implementations is the notion of ϵ-robustness. Intuitively, it describes stability of the dynamics under1552

transition perturbations.1553

In Section C.1 we prove Theorem 2, thus showing that robustness provides a way to connect η-1554

finite systems to their floating-point implementations on real-world computer architectures, without1555

requiring us to commit to any particular standard of floating-point operations.1556

In Section C.2 we show that robustness provides stability under perturbing the parametrs of a model1557

which describes the dynamics. We will later present a strongly robust dynamics based on the sLSTM1558

model, which uses a particular choice of parameters. Our results show, that in such cases the1559

parameters may be perturbed by some amount and the robust system will retain its behaviour.1560

Lastly, in Section C.3 we prove Theorem 5 and further describe what kind of connecting functions1561

are required for strongly robust η-finite cascades, by showing that 2-layer MLPs suffice.1562

Robustness marks the departure of Metric Automata Theory from Classical Automata and Formal1563

Languages Theory, allowing us to study phenomena that do not occur with discrete state-spaces.1564

For completeness, we restate Definition 2 paying closer attention to the role of inputs in the notion of1565

strong ϵ-robustness.1566

Definition 2. For ϵ > 0 and X ⊆ ΩX , U ⊆ ΩU , dynamics D = ⟨X,U, f⟩ are ϵ-robust (in ΩX ) if,1567

for every x ∈ X and every u ∈ U , it holds that BΩX
(f(x, u), ϵ) ⊆ X—i.e., y ∈ X for all y ∈ ΩX1568

s.t. ∥f(x, u)− y∥ ≤ ϵ. Furthermore, we say that dynamics D are strongly ϵ-robust (in ΩX and ΩU )1569

if they are ϵ-robust (in ΩX ), each η-component of X contains an ΩX -ball of radius at least ϵ and1570

each η-component of U contains an ΩU -ball of radius at least ϵ.1571

Note that the property of robustness is with respect to the ambient space ΩX , which contains the state1572

space X . Thus, it is possible that a dynamics is ϵ-robust w.r.t. some ambient space (e.g., R), and not1573

ϵ-robust w.r.t. another ambient space (e.g., C). This captures the property, that for a η-finite dynamics,1574

a function approximating f within ϵ, and taking values in Ω, will implement the same transitions.1575

Lemma 36. Let C = D1 ⇝ · · · ⇝ Dn be a cascade, with Di = ⟨Xi, U × X[1,i−1], fi⟩ and1576

Xi ⊆ Ωi, U ⊆ ΩU . Then C is (strongly) ϵ-robust w.r.t. Ω1 × · · · × Ωn if Di is (strongly) ϵ-robust1577

w.r.t. Ωi for all i ∈ 1..n.1578
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Proof. By induction, it suffices to show the statement for n = 2. First, suppose that Di is ϵ-robust1579

for i ∈ 1, 2. Let ⟨x1, x2⟩ ∈ X1 ×X2, u ∈ U and take ⟨y1, y2⟩ ∈ Ω1 × Ω2 s.t. ||f
(
⟨x1, x2⟩, u

)
−1580

⟨y1, y2⟩||2 ≤ ϵ. We have, by def of cascading1581

f(⟨x1, x2⟩, u) =
〈
x′1, x

′
2

〉
where x′1 = f1(x1, u), x

′
2 = f2

(
x2,
〈
x′1, u

〉)
By definition of the L2 norm, since ||⟨x′1, x′2⟩ − ⟨y1, y2⟩|| ≤ ϵ, we also have1582

||x′1 − y1|| ≤ ϵ and ||x′2 − y2|| ≤ ϵ

Thus, by ϵ-robustness, we have that yi ∈ Xi for i ∈ 1, 2, and hence ⟨y1, y2⟩ ∈ X1×X2. All together,1583

C is ϵ-robust w.r.t. Ω1 × Ω2.1584

Suppose further that D1, D2 are strongly ϵ-robust. Let Z be a η-component of X1 ×X2. Then Z1585

is of the form Z1 × Z2 for Zi η-component of Xi, see proof of Lemma 19. We have by strongly-1586

robustness that BΩi(zi, ϵ) ⊆ Zi for some zi ∈ Zi. By triangle inequality: BΩ1×Ω2

(
(z1, z2), ϵ

)
⊆1587

BΩ1
(z1, ϵ) × BΩ2

(z2, ϵ) ⊆ Z1 × Z2. Finally, the input space of D1 ⇝ D2 is the same as the1588

input space of D1, so by strongly-robustness we have that each η-component of U contains a closed1589

ΩU -ball with radius ϵ.1590

C.1 Finite Datatypes and Proof of Theorem 21591

We now consider approximations of dynamical systems using a finite datatype D ⊆ Ω. D can for1592

example represent the Python float type. We simply consider D as a discrete subset of Ω, abstracting1593

away the details regarding arithmetic properties of such a datatype.1594

Definition 25. A finite datatype is a set D ⊆ Ω = Rd having finite cardinality. A finite-datatype1595

implementation of a system S is then a system whose input, state, and output spaces are finite1596

datatypes, and whose dynamics and output functions are implemented using floating-point operations.1597

Definition 26. Call a set S an ϵ-covering ofX ⊆ Ω, if for all x ∈ X there is a s ∈ S s.t. ||x−s|| ≤ ϵ.1598

Definition 27. Define int+p = {0, . . . , 2p−1 − 1} to be the p-bit unsigned integers. Define intp =1599

{2p−1, . . . , 0, . . . , 2p−1 − 1} to be the p-bit signed integers. Define Dp to be floating point numbers1600

with 2p-bit significand and p-bit exponent:1601

Dp =
{ s

22p−1
· 2e : s ∈ int2p, e ∈ intp

}
Similarly, define D′

p to be floating point numbers with p bits of integer precision and p bits of1602

fractional precision:1603

D′
p =

{
a+

b

2p
: a ∈ intp, b ∈ int+P

}
Lemma 37. Let X ⊆ Ω = Rd be compact. Then, for p sufficiently large, i.e. with sufficient precision,1604

D′d
p is an ϵ-covering of X .1605

Proof. X is a compact subspace of Ω, and therefore bounded. So, there is some integer k ≥ 1 s.t.1606

X ⊆ [−2k, 2k − 1]d. There is also some integer l ≥ 1 s.t. ϵ/
√
d ≥ 2−l. Take p ≥ max(k, l). The1607

set D′
p is an 2−p-cover of [2−p, 2p − 1]. Now for any x ∈ X ⊆ [−2p, 2p − 1]d, we have that for1608

each i ∈ 1 . . . d there is yi ∈ D′
p s.t. |[x]i − yi| ≤ 2−p. Therefore, writing y ∈ [−2p, 2p − 1]d for1609

(y1, . . . , yd)1610

∥x− y∥ =
( d∑
i=1

∣∣[x]i − [y]i
∣∣2) ≤ ϵ

Therefore (D′
p)

d an ϵ-cover of X .1611

Lemma 38. Let X ⊆ Ω = Rd be compact. Then, for p sufficiently large, i.e. with sufficient precision,1612

Dd
p is an ϵ-covering of X .1613

23



Proof. By the previous Lemma, for some p we have that D′
p is an ϵ-cover of X . We have for each1614

a ∈ intp, b ∈ int+p :1615

a+
b

2p
=

2p · a+ b

22p+1
· 2p+1

Now, 2pa+ b ≥ 2p(−2p)− 2p > −22p+1 and 2pa+ b ≤ 2p · 2p + 2p < 22p+1, so that 2pa+ b ∈1616

int2p+2. Since p+1 < 2p+1, we have p+1 ∈ intp+1. So, D′
p ⊆ Dp+1, and therefore Dp+1 is also1617

an ϵ-cover for X , for sufficiently large p.1618

Definition 28. LetX , U be η-finite spaces having componentsX[1..r], U[1..s] and subspacesX ′ ⊆ X ,
U ′ ⊆ U , respectively. Let us consider dynamics

D = ⟨X,U, f⟩ and D̂ = ⟨X ′, U ′, f̂⟩.

We say that dynamics D are simulated by dynamics D̂, with error at most ϵ, if we have that the1619

disjointness condition (C1) holds for every i ∈ [1..r], the disjointness condition (C2) holds for every1620

j ∈ [1..s], and the approximation condition (C3) holds.1621

(C1) X ′ ∩Xi ̸= ∅, (C2) U ′ ∩ Uj ̸= ∅, (C3) sup
x∈X′, u∈U ′

∥f(x, u)− f̂(x, u)∥ ≤ ϵ.

Lemma 39. Suppose η-finite dynamics D = ⟨X,U, f⟩ are ϵ-robust, and are simulated by η-finite1622

dynamics D̂ = ⟨X ′, U ′, f̂⟩ with error ϵ. Then D̂ is a realisation of D.1623

Proof. Consider the canonical semiautomata DA = ⟨X,U, f⟩ and D̂A = ⟨X ′
, U

′
, f

′⟩1624

Define α : X → P+(X
′
) as1625

α
(
[x]∼X

)
=
{
[x′]∼X′ ∈ X

′
: x′ ∈ [x]∼X

}
which is indeed non-empty by definition of simulation, and well-defined as X ′ ⊆ X , and so if1626

x′1 ∼X′ x′2 then also x′1 ∼X x′2. Also define ι : U → U
′

by1627

ι
(
[u]∼U

)
= [u′]∼′

U
where u′ ∈ U ′ ∩ [u]∼U

is arbitrary,

and ζ :
(
X

′ × U
′)→ (

X × U
)

by1628

ζ
(
⟨[x′]∼X′ , [u

′]∼U′ ⟩
)
= ⟨[x′]∼X

, [u′]∼U
⟩

ζ is indeed well-defined: suppose x′1, x
′
2 ∈ [x′]∼X′ and u′1, u

′
2 ∈ [u′]∼U′ . Then since X ′ ⊆ X and1629

U ′ ⊆ U we also have x′1, x
′
2 ∈ [x′]∼X

, since x′1 ∼X x′2 and u′1, u
′
2 ∈ [u′]∼U

, since u′1 ∼U u′2.1630

Now, (α, ι, ζ) is an assignment of M(DA) into M(D̂A): for all [x]∼X
∈ X and [u]∼U

∈ U , and for1631

all [x′]∼X′ ∈ α([x]∼X
) we have1632

f
′(
[x′]∼X′ , ι([u]∼U

)
)
=
[
f ′(x′, u′)

]
∼X′

where [u′]∼U′ = ι([u]∼U
)

On the other hand, we have1633

α
(
f([x]∼X

, [u]∼U
)
)
= α

([
f(x, u)

]
∼X

)
We have that x′ ∈ [x]∼X

, since [x′] ∈ α([x]∼X
). We have by simulation with error at most ϵ1634

∥f ′(x′, u′)− f(x′, u′)∥ ≤ ϵ

and so f ′(x′, u′) ∈ [f(x, u)]∼X
, since D is ϵ-robust. Hence f

′(
[x′]∼X′ , ι([u]∼U

)
)

∈1635

α
(
f([x]∼X

, [u]∼U
)
)
. Thus Part I) of definition of assignment is satisfied.1636

Moreover, we have1637

ζ
(
[x′]∼X′ , ι([u]∼U′ )

)
=
(
[x′]∼X

, [u′]∼U
) =

(
[x]∼X

, [u]∼U

)
so that Part II) of the definition is satisfied.1638
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Figure 5: Given sufficient precision, the transitions of strongly ϵ-robust dynamics can be realized
with approximate dynamics on a finite datatype, which gives a ϵ-covering for the state-space.

Lemma 40. Consider η-finite dynamics D = ⟨X,U, f⟩, s.t. each component of X and U contains a1639

closed ball of radius ϵ (in ΩX ,ΩU resp.)1640

Then given datatypes DX ⊆ X,DU ⊆ U with sufficient precision, there is a function f̂ : DX×DU →1641

DX s.t. ⟨DX ,DU , f̂⟩ simulates ⟨X,U, f⟩ with error ϵ.1642

Proof. Suppose DX is an ϵ-covering of X , and D is an ϵ-covering of U . Let X1, .., Xr, r ≥ 1 be the1643

connected components of X . Let i ∈ 1..r, we have by assumption, that for some xi ∈ Xi1644

B(xi, ϵ) ⊆ Xi

Since DX is an ϵ-covering of X , there is some di ∈ DX s.t. ∥xi − di∥ ≤ ϵ, and therefore1645

di ∈ B(xi, ϵ) ⊆ Xi.1646

Similarly, there is an element of DU in each component of U . Now, we may construct f̂ as follows:1647

for x ∈ DX and u ∈ DU1648

f̂(x, u) = arg min
y∈DX

∥y − f(x, u)∥

with ties broken arbitrarily. Then, as DX is an ϵ-covering of X , ∥f̂(x, u) − f(x, u)∥ ≤ ϵ as1649

desired.1650

We now have the setup, and necessary results for Theorem 2.1651

Theorem 2. Every η-finite system with strongly robust dynamics can be implemented with floating-1652

point operations, given sufficient precision.1653

Proof. Apply Lemma 39 and Lemma 40 to obtain a realisation of S using a finite datatype, e.g. using1654

Dp or D′
p for sufficiently large p.1655

C.2 Parametrised Systems1656

The stability of robust dynamics can also be a desirable property in the context of learning. Consider1657

a parametrised model describing the trained model. If the system described by the model is ϵ-robust1658

and it is sufficiently smooth with respect to its parameters, then perturbing the model parameters will1659

not change the behaviour of the system. Thus a robust system is intuitively more likely to be attained1660

by a learning algorithm.1661

Definition 29. Let f : Θ× ΩX × ΩU → Ω be continuous. Write fθ for the function f(θ,−,−). A1662

dynamics parametrised by Θ is of the form Dθ = ⟨X,U, fθ⟩.1663
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Theorem 41. (Corollary 36.20 of [Willard, 2012]) A continuous functions on a compact metric1664

space X is uniformly continuous, that is for all ϵ > 0 there exists δ > 0 such that for all x, y ∈ X1665

||x− y|| ≤ δ =⇒ ||f(x)− f(y)|| ≤ ϵ.1666

Theorem 42. Let η-finite dynamics Dθ = ⟨X,U, fθ⟩ be parametrised by Θ, and let Θ be compact.1667

Suppose Dθ is ϵ-robust (w.r.t ΩX ). Then for some δ > 0, we have that for ρ ∈ Θ s.t. ||θ − ρ|| ≤ δ1668

the dynamics Dρ = ⟨X,U, fρ⟩ is well-defined. Moreover, for any system Sθ with dynamics Dθ, the1669

system Sρ obtained by switching out Dθ for Dρ has the same canonical automaton.1670

Proof. Since Dθ is η-finite, we have that X and U are compact. Thus the Cartesian product1671

Θ ×X × U is compact. Thus, by Theorem 41 for all ϵ > 0 we have some δ > 0 such that for all1672

(θ, x, u), (θ, x, u) ∈ Θ×X × U1673

||(θ, x, u)− (ρ, x′, u′)|| ≤ δ =⇒ ||f(θ, x, u)− f(ρ, x′, u′)|| ≤ ϵ

Now, take ρ ∈ BΘ(θ, δ). We have for all x ∈ X and u ∈ U that1674

||(θ, x, u)− (ρ, x, u)|| = ||θ − ρ|| ≤ δ

∴ ||f(θ, x, u)− f(ρ, x, u)|| ≤ ϵ

Thus f(ρ, x, u) ∈ B(f(θ, x, u), ϵ) ⊆ X , since Dθ is ϵ-robust. Moreover, letting X1, .., Xr be the1675

components of X and U1, .., Us be the components of U , we have that X ∩Xi ̸= ∅ for i ∈ 1..r and1676

U ∩ Ui for i ∈ 1..s. Thus Dρ simulates Dθ with error ϵ.1677

Now, the canonical semiautomaton for Dθ is ⟨X,U, fθ⟩ and the canonical semiautomaton for Dρ1678

is ⟨X,U, fρ⟩. By Lemma 39, we have that fθ and fρ give the same transitions. Therefore the two1679

semiautomata are the exact same. Taking Sθ, Sρ as in the statement, we see that they indeed must1680

have the same canonical automaton.1681

C.3 Robust Cascade Decomposition and Proof of Theorem 51682

Coming back to connecting functions discussed in Appendix B.5, we have the following refinement1683

of the result.1684

Theorem 43. Let D be a strongly robust η-finite dynamics, which are a realisation of FLIP-FLOP.1685

Then all group-free functions can be implemented by some strongly robust serial cascade of D1686

components. Moreover, the connection functions in such cascade can be given by depth-2 MLPs.1687

Proof. Say D = ⟨X,U, f⟩ is strongly ϵ-robust. By Theorem 35, for any group-free function F ,1688

there is a serial cascade C of D-components which can implement it. By Lemma 36, C is also1689

strongly robust. Say, C =
g1⇝ D1 · · ·

gL⇝ DL = ⟨XL, U ′, fC⟩, with U ′ an η-finite space, Di ≡ D1690

and gi : U ′ ×Xi−1 → U .1691

Let U1, . . . , Un be the η-components of U . By strong robustness, for each i ∈ [1..n], there is ui ∈ Ui1692

s.t. BΩU
(ui, ϵ) ⊆ Ui By Lemma 22, we can w.l.o.g. assume that gi has its image in {u1, . . . , un},1693

while still inducing the same mapping U
′ ×X

i−1 → U .1694

By Theorem 16, there is a MLPNi : ΩU ′×Ωi−1
X → ΩU which ϵ-approximates gi, since U ′×Xi−1 is1695

compact and gi continuous. For ⟨u′, x1, . . . , xi−1⟩ ∈ U ′ ×Xi−1 we have fi
(
⟨u′, x1, . . . , xi−1⟩

)
=1696

uj for some j ∈ [1..n], so1697

N
(
⟨u′, x1, . . . , xi−1⟩

)
∈ BΩU

(uj , ϵ) ⊆ Uj

Thus Ni sends elements of U ′ × Xi−1 to the same η-components of U as gi. Moreover, Ni is1698

continuous.1699

Overall, the canonical automaton for
g1⇝ D1

g2⇝ · · · gL⇝ DL is the same as the canonical automaton for1700
N1⇝ D1

N2⇝ · · · NL⇝ DL. Thus the strongly robust cascade with D components and MLP connections1701

can implement F .1702

Appendix G.3 shows constructions for strongly robust η-finite xLSTM FLIP-FLOP and R2 dynamics.1703

All together, we obtain Theorem 5:1704
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Theorem 5 (xLSTM does start-free robustly). All star-free languages can be recognised by xLSTM1705

cascades, as well as by floating-point implementations of xLSTM cascades given sufficient precision.1706

Proof. We have that there are strongly robust xLSTM dynamics that realise FLIP-FLOP and R2.1707

Thus by Theorem 43, every group-free function can be implemented by a cascade of strongly robust1708

xLSTM dynamics. Any such cascade is itself strongly robust, by Lemma 36, and thus can be realized1709

by floating-point operations, given sufficient precision, by Theorem 21710

Moreover, by Theorem 43 we know that for these cascades, it suffices to use MLP connecting1711

functions. By Theorem 42 we also have that the parametrizations of sLSTM blocks which yields1712

FLIP-FLOP and R2 can also be changed, within some δ, retaining the behaviour of the dynamics.1713
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D Expressivity Results for State Space Models1714

In this Appendix we reap rewards of establishing the preliminary framework of Metric Automata1715

Theory for η-finite dynamics. We can now prove expressivity results by establishing structural1716

properties of dynamics, which are preserved by feed-forward cascades, and which are generally1717

applicable.1718

In Section D.1 we introduce the notion of contracting dynamics, which describes dynamics that are1719

not able to keep track of a state over unbounded input lengths. We use this notion to prove Theorems1720

3 and 4.1721

In Section D.2 we introduce another structural property, called aperiodicity. It is the η-finiteness1722

corresponding notion to group-freeness in Finite Automata. We use aperiodicity to prove Theorem 6.1723

Finally, in Section D.3 we focus on the SSM parametrisation of Mamba, and prove Theorem 7.1724

D.1 Contracting Dynamics and Proofs of Theorems 3 and 41725

Definition 30. Call η-finite dynamics ⟨X,U, f⟩ a contracting dynamics, if for any initial points1726

x0, x
′
0 ∈ X and eventually equivalent input sequences (un)n≥1, (u

′
n)n≥1 ⊆ U , we have that the1727

corresponding state sequences (xn)n≥1, (x
′
n)n≥1 ⊆ U are eventually equivalent.1728

Thus, a for a contracting dynamics, it does not matter what state the evaluation of the inputs starts1729

from—eventually all initial states lead to the same behaviour under a fixed input sequence. The1730

intuition behind the name is the following—eventually all possible states that the dynamics could be1731

in under the input sequence collapse to a single η-component.1732

Example 9. Clearly, all Finite Context Dynamics (Definition 18) are contracting. ■1733

Lemma 44. Let C = D1 ⇝ · · ·⇝ Dn be a cascade of η-finite contracting dynamics. Then C is a1734

contracting dynamics.1735

Proof. By induction, it is sufficient to show the statement for n = 2.1736

Let us consider C = D1 ⇝ D2 with D1 = ⟨X,U, f1⟩ and D2 = ⟨Z,U ×X, f2⟩. The dynamics1737

function of the cascade is:1738

f(⟨x, z⟩, u) =
〈
f1(x, u), f2(z, u

′)
〉

where u′ = ⟨u, f1(x, u)⟩

Consider arbitrary ⟨x0, z0⟩, ⟨x′0, z′0⟩ ∈ X × Z and (ut)t≥1, (u
′
t)t≥1 ∈ Uω, eventually equivalent in1739

U . Take1740

⟨xn, zn⟩ = (D1 ⇝ D2)
(
⟨x0, z0⟩, u[1..n]

)
; ⟨x′n, z′n⟩ = (D1 ⇝ D2)

(
⟨x′0, z′0⟩, u′[1..n]

)
By inductive hypothesis, D1 is contracting, and so since we have1741

xn = D(x0, u[1..n]); x′n = D(x′0, u
′
[1..n])

we have that (xn)n≥1, (x
′
n)n≥1 ∈ Xω are eventually equivalent. Thus also1742

(⟨un, xn+1⟩)n≥1, (⟨u′n, n′n+1⟩)n≥1 ∈
(
U ×X

)ω
are eventually equivalent.1743

Note that we have zn+1 = f2(zn, ⟨un, xn+1⟩) and z′n+1 = f2(z
′
n, ⟨u′n, x′n+1⟩). Since D2 is by1744

assumption contracting, and the two input sequence are eventually equivalent by continuity of fn, we1745

get that (zn)n≥1, (z
′
n)n≥1 ∈ Zω are eventually equivalent.1746

So, overall
(
⟨xn, zn⟩

)
,
(
⟨x′n, z′n⟩

)
∈
(
X × Z

)ω
are eventually equivalent.1747

Lemma 45. Suppose a η-finite Linear Recurrent Dynamics D is ϵ-robust. Then D is contracting.1748

Proof. Suppose that D = ⟨X,U, f⟩ is ϵ-robust.1749

Let x0, x′0 ∈ X and (un)n≥1, (u
′
n)n≥1 ⊆ U which are eventually equivalent—say for n ≥ N .1750

For each component of U , say U1, . . . , Uk, define a representative element r1, . . . , rk. Define1751

(ũn)n≥1 ⊆ U to be such that ũn = rc where Uc is the component containing un+N . Thus (ũn)n≥11752

is equivalent to (un+N )n≥1 and (u′n+N )n≥1.1753
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Write An = A(ũn) and Bn = B(ũn) and fn(x) = f(x, ũn). For S ⊆ Ω, define1754

∆S = {α · (x− y) : α ∈ [0, 1], x, y ∈ S}

For β ∈ R≥0, write β · S = {β · s : s ∈ S}. Take M = supx,y∈X ||x− y||. We have that M is1755

finite, since X is compact, and hence bounded. Also, denote X(0) = X , X(n+1) = {f(x, ũn) : x ∈1756

X(n)} = {D(x}.1757

We have, by induction that ∆(X(n)) ⊆
(

M
M+2nϵ

)
·∆(X): for n = 0 this is immediate.1758

For n ≥ 1, by inductive hypothesis we have ∆(X(n−1)) ⊆
(

M
M+2(n−1)ϵ

)
·∆(X). Consider u ̸= 0,1759

u ∈ ∆(X(n)). Take v = u
||u|| . We have that1760

u = β · (fn(x)− fn(y)) = β ·An(x− y)

for some x, y ∈ X(n−1) and β ∈ [0, 1]. We have that x− y ∈ ∆(X(n−1)) ⊆
(

M
M+2(n−1)ϵ

)
·∆(X),1761

so for some x′, y′ ∈ X we have1762

x′ − y′ =
( M

M + 2(n− 1)ϵ

)−1

· (x− y)

Now:1763 ∣∣∣∣fn(x′)− (fn(x
′) + ϵ · v)

∣∣∣∣ = ϵ and
∣∣∣∣fn(y′)− (fn(y

′) + ϵ · v)
∣∣∣∣ = ϵ

so by robustness, fn(x′) + ϵ · v ∈ X and fn(y′)− ϵ · v. Thus1764

∆X ∋ (fn(x
′) + ϵ · v)− (fn(y

′)− ϵ · v)
= fn(x

′)− fn(y
′) + 2ϵ · v

= An(x
′ − y′) + 2ϵ · v

=
( M

M + 2(n− 1)ϵ

)−1

·An(x− y) + 2ϵ · v

=

(( M

M + 2(n− 1)ϵ

)−1

· β−1 +
2ϵ

||u||

)
· u

So, we have u = γ · l for some l ∈ ∆X and1765

γ−1 =
( M

M + 2(n− 1)ϵ

)−1

· β−1 +
2ϵ

||u||

=
M + 2(n− 1)ϵ

M
· β−1 +

2ϵ

||u||

as β−1 ≥ 1 and ||u|| ≤M ≥ M + 2(n− 1)ϵ

M
+

2ϵ

M

=
M + 2nϵ

M

So u ∈
(
M+2nϵ

M

)
· ∆(X), and thus indeed ∆(X(n)) ⊆

(
M

M+2nϵ

)
· ∆(X). Therefore1766

supx,x′∈X(n) ||x− x′|| → 0 as n→ ∞.1767

Now, consider the state-sequences
(
D(x0, u[1..n])

)
n≥1

,
(
D(x′0, u

′
[1..n])

)
n≥1

. We have by Lemma 241768

D(x0, u[1..(n+N)]) =D(xN , u[(N+1)..(n+N)])

∼XD(xN , ũ[1..n])

and similarly D(x′0, u
′
[(1+N)..(n+N)]) ∼X D(x′N , ũ[1..n]). Now, D(x′N , ũ[1..n]), D(xN , ũ[1..n]) ∈1769

X(n). Thus we have1770 ∣∣∣∣D(x′N , ũ[1..n])−D(xN , ũ[1..n]) ∈ X(n)
∣∣∣∣→ 0 as n→ ∞

Therefore, eventually D(x′N , ũ[1..n]) and D(xN , ũ[1..n]) ∈ X(n) are in the same η-component of1771

X .1772
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Figure 6: State sequence of aperiodic dynamics under iterated input always η-converges.

Theorem 3 (Non-robustness of LRDs). Suppose an η-finite LRD D is such that its canonical1773

semiautomaton DA has at least two states, and an input inducing an identity transformation. Then D1774

cannot be ϵ-robust for any ϵ > 0.1775

Proof. LetD = ⟨X,U, f⟩ be an η-finite LRD, such that its canonical semiautomatonD = ⟨X,U, f⟩1776

has at least two distinct η-states, say x, x′, and an input u inducing identity transformation on X .1777

For contradiction suppose that D is robust. Then by Lemma 45, D is contracting. Thus for x0 ∈1778

x, x′0 ∈ x′ and u ∈ u we have that the sequences
(
xn = D(x0, u

n)
)
n≥1

,
(
x′n = D(x′0, u

n)
)
n≥1

∈1779

Xω are eventually equivalent. Since [u]∼U
= u induces the identity transformation of X , we1780

have that the corresponding sequences ([xn]∼X
)n≥1, ([x

′
n]∼X

)n≥1 ∈ X
ω

are constant, equal x, x′1781

respectively. Thus necessarily x = x′. This is a contradiction.1782

Lemma 46. Contracting dynamics cannot implement the state-sequence function of FLIP-FLOP.1783

Proof. Consider a system S with some encoder enc : {set, reset, id} → U and decoder dec :1784

Y → {low, high}. Suppose that the dynamics D = ⟨X,U, f⟩ of S are contracting. Consider1785

x0 ∈ X and input sequences (un)n≥1, (u
′
n)n≥1 ⊆ U , given by1786

u1 = h; u′1 = l; un = u′n = i for n > 1

They are eventually equivalent, and so the corresponding state sequences xn = D(x0, ⟨u1..n⟩) and1787

x′n = D(x0, ⟨u′1..n⟩) are also eventually equivalent. Thus1788

dec ◦S
(
enc(u1...n)

)
= dec ◦S

(
enc(u′1...n)

)
∈ {high, low}

for large enough n, since {high, low} is a discrete space.1789

However, the two sequences of inputs correspond to different flip flop states - thus D cannot be a1790

dynamics for a system that implements a flip flop.1791

Theorem 4 (LRDs cannot do FLIP-FLOP robustly). FLIP-FLOP cannot be implemented by a cascade1792

of η-finite ϵ-robust LRDs for any ϵ > 0.1793

Proof. A cascade of such LRDs is contracting by Lemmas 45 and 44. Thus, by Lemma 46, it cannot1794

implement FLIP-FLOP.1795

D.2 Aperiodic Dynamics and Proof of Theorem 61796

Definition 31. For a η-finite space X , we say a sequence (xn)n≥1 ⊆ X η-converges in X , if1797

eventually all its terms lie in the same η-component of X .1798

If the sequence of states of a system η-converges, it means that the behaviour of that system is1799

eventually the same.1800

Definition 32. Call a η-finite dynamics D = ⟨X,U, f⟩ aperiodic, if for all x0 ∈ X and in-1801

put sequences (un)n≥1 ⊆ U η-convergent in U , we have that the corresponding state sequence1802

(xn)n≥1 ⊆ X is η-convergent in X .1803
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An example of a aperiodic dynamics is given by the FLIP-FLOP dynamics. An input sequence that1804

η-converges must eventually be constantly set or reset. In that case, the state is eventually high,1805

low respectively.1806

Lemma 47. Let D be a η-finite Linear Recurrent Dynamics, with A(u) having all its eigenvalues1807

being non-negative. Then D is aperiodic.1808

Proof. This is a similar argument as for Theorem 1 in Grazzi et al. [2025], with some simplifications1809

stemming from the fact that we can use associativity of linear operations freely.1810

Let D = ⟨X,U, f⟩ be an η-finite Linear Recurrent Dynamics, with X ⊆ Rd, s.t. A(u) has all its1811

eigenvalues being real, for all u ∈ U . Say f(x, u) = A(u) · x+B(u).1812

Consider a sequence (un)n≥1 ∈ Uω, η-convergent in U , and x0 ∈ X . Let
(
xn =1813

D(x0, u1...n)
)
n≥1

∈ Xω be the corresponding state sequence. We have some N s.t. for n ≥ N all1814

un are contained in the same component of U , we may pick a representative r ∈ U of that component.1815

Write A = A(r), B = B(r). By Lemma 25, we have for n ≥ N that1816

xn+N ∼X x′n = D(xN , r
n−N )

We consider the state sequence in the diagonalized space of A. Write A = P−1JP for the Jordan1817

normal form of A. Here J is block diagonal, with say blocks J1, ..., Js, Jb ∈ Rmb×mb being a1818

Jordan Block with λb on the diagonal being an eigenvalue of A, and 1 on the right off-diagonal. Also1819

P ∈ Rd×d, since all eigenvalues of A are real.1820

Take x̄n = Px′n, then we have1821

x̄n+1 = P (Ax′n +B) = P (AP−1x̄n +B)

= P (P−1JPP−1x̄n +B) = Jx̄n + PB

We will consider the difference zn = x̄n+1 − x̄n. Unrolling the recurrence we get1822

zn = Jn(Jx̄0 − x̄0) = Jnz0

The i-th entry of this difference, where i is in say the b-th block of J , is1823

[zn]i =

mb∑
j=i

λn+i−j
b

(
n

j − 1

)
[z0]j

This is of the form considered in Lemma 64. Thus, [zn]i ∈ R is eventually monotone, and so it either1824

converges in R or is unbounded as n→ ∞.1825

Now, if zn → 0, that is [zn]i for all i ∈ [1..d], then we have that also, by continuity of linear maps,1826

x′n+1 − x′n = P−1zn → 0, so that x′n must eventually be in the same component of X by Lemma1827

20. Therefore also (xn)n≥1 is η-convergent in X .1828

Otherwise, one of the entries of zn either is unbounded, or converges to a non-zero limit. In both1829

cases, the corresponding entry of xn is unbounded as n→ ∞, and so this is impossible in a η-finite1830

space X .1831

Overall, this shows that D must be aperiodic.1832

Lemma 48. Let D = ⟨X,U, f⟩ be a η-finite Finite Context Dynamics. Then D is aperiodic.1833

Proof. Let l be the context length of D. Let x0 ∈ X and (un)n≥1 ∈ Uω be η-convergent in U . Let1834

ū ∈ U lie in the component of U which contains the tail of (un)n≥1, say for n ≥ N . For n ≥ N + l1835

we have that un−l+1, ..., un ∼ ū, and so1836

xn = C(⟨un−l−1...n⟩) ∼ C(ūl)

Thus xn is in the component of X containing C(ūl).1837
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Lemma 49. Let C = D1 ⇝ · · · ⇝ Dk be a cascade of η-finite aperiodic dynamics D1, . . . , Dk.1838

Then C is aperiodic.1839

Proof. By induction, is is sufficient to show the statement for n = 2.1840

Let us consider C = D1 ⇝ D2 with D1 = ⟨X,U, f1⟩ and D2 = ⟨Z,U ×X, f2⟩. The dynamics1841

function of the cascade is:1842

f(⟨x, z⟩, u) =
〈
f1(x, u), f2(z, u

′)
〉

where u′ = ⟨u, f1(x, u)⟩

Consider a sequence (ut)t≥1 ∈ Uω η-convergent in U , and ⟨x′0, x0⟩ ∈ X ′ ×X .1843

As D1 is aperiodic, the corresponding sequence (xn)n≥1 ⊆ Xω is η-convergent in X . Equivalently,1844

(xt+1)t≥1 is η-convergent inX . Moreover, then the sequence (u′n = ⟨un, xn+1⟩)n≥1 is η-convergent1845

in U ×X . Since D2 is aperiodic, the sequence (zn)n≥1 ∈ Z is therefore η-convergent in Z.1846

All together, (⟨xn, zn⟩)n≥1 is η-convergent in X × Z. ♢1847

Theorem 50. η-finite dynamics are aperiodic if and only if their canonical semiautomaton is group-1848

free1849

Proof. Let D = ⟨X,U, f⟩ have canonical semiautomaton DA = ⟨X,U, f⟩1850

(⇒) First, suppose that DA is not group-free. By Theorem 13, there exist some S ⊆ X and u ∈ U1851

s.t. f(−, u) induces a non-trivial permutation on S. That is, since S is a finite set, we have s ∈ X1852

s.t. DA(s, u
n) ̸= DA(s, u

n+1) for all n ≥ 1. Here un denotes the word of length n consisting of1853

repeated symbol u.1854

Take u ∈ U s.t. [u]∼U
= u and x ∈ X s.t. [x]∼X

= s. Then, we have that for all n ≥ 1 that1855 [
D(x, un)

]
∼X

̸=
[
D(x, un+1)

]
∼X

The input sequence (un)n≥1 is η-convergent in U , but the corresponding state sequence1856

(D(s, un))n≥1is not. Thus, D is not aperiodic.1857

(⇐) Now, suppose that DA is group free. By Theorem 12, DA can be realized by a serial cascade1858

of FLIP-FLOPs, say C. We also have, that C can be realized by a feed-forward cascade C ′ of1859

FLIP-FLOPs and repeat semiautomata, all of which are aperiodic (as repeat semiautomata are FCDs).1860

Thus by Lemma 49, C ′ is aperiodic. It remains to show that dynamics realised by aperiodic dynamics1861

are also aperiodic.1862

Let (α, ι, ζ) be an assignment ofDA intoC ′. Consider an η-convergent input sequence (un)n≥1 ⊆ U1863

and x0 ∈ X , with the corresponding state sequence
(
xn = DA(x0, u[1..n])

)
n≥0

⊆ X . Since1864

(un) ⊆ U is η-convergent, it is in fact eventually constant, since U is a discrete space.1865

Since C ′ realizes DA, by Theorem 14, we have, for x′0 ∈ α(x0)1866

M(DA)
(
x0, u[1..n]

)
= ζ ◦M(C)(x′0, ι(u[1..n])

)
where M(DA),M(C) are the canonical machines for DA, C, respectively. Now, (un) is even-1867

tually constant and so also
(
ι(un)

)
is eventually constant. C is aperiodic, and so the sequence1868

C(x′0, ι(u[1..n])
)

is η-convergent (and thus eventually constant, as C is a semiautomaton). All1869

together1870

M(DA)
(
x0, u[1..n]

)
= ζ ◦M(C)(x′0, ι(u[1..n])

)
= ζ
(
C(x′0, ι(u[1..n])

)
, ι(un)

)
by def. of canonical machines, and therefore this sequence is also eventually constant.1871

Thus the state sequence DA

(
x0, u[1..n]

)
itself is eventually constant.1872

Equivalently, by Lemma 26, for any sη-convergent sequence (un) ⊆ U and x0 ∈ X the state1873

sequence
(
D(x0, u[1..n])

)
⊆ X is η-convergent, and so D is indeed aperiodic.1874
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D.3 Parametrisation of Mamba and Proof of Theorem 71875

Sarrof et al. [2024] show that any star-free language can be recognized by an SSM like Mamba (Gu1876

et al. [2022]), using the Krohn and Rhodes Theorem from Algebraic Automata Theory. However, in1877

their construction, they assume that gates of the form A(u) = 0 can be used, which is not the case for1878

architectures utilizing strictly positive parametrization, like Mamba.1879

We show in Construction 3 a modified η-finite system construction, which only requires gates with1880

diagonal entries in the range [ϵ, 1], for a suitable ϵ > 0. As it turns out, further restricting diagonal1881

entries to lie in (−1, 1) makes it impossible to implement a flip flop.1882

Mamba ([Gu et al., 2022]) parametrization is of the form1883

A(u) = Diag
(
exp (−∆u ⊙ exp(zu))

)
where zu ∈ Rd,∆u ∈ (0,∞)d

and ⊙ is the element-wise product Rd×Rd → Rd. This gives −
[
∆u⊙exp(zu)

]
i
< 0 for i ∈ 1 . . . d,1884

and thus A(u)i ∈ (0, 1) for i ∈ 1 . . . d. We will show in this section that an SSM using Mamba1885

blocks cannot implement a flip flop for unbounded .1886

However, experimental results in [Sarrof et al., 2024] show that this architecture does well in1887

experimental evaluations and demonstrates length generalization for star-free modelling tasks. For1888

tasks involving periodic modelling, the model fails to length generalize. This motivates us to1889

investigate the geometric complexity of the state space when evaluated on sequences of bounded1890

length in Appendix E.1891

Construction 3. There is a η-finite system with Linear Recurrent Dynamics with diagonal entries in1892

[ϵ, 1], for some ϵ > 0, which realize FLIP-FLOP dynamics.1893

Take ϵ = 1/4. Consider X = Xl ∪Xh ⊆ R, where1894

Xl = B̄(1, ϵ); Xh = B̄(2, ϵ)

Then Xq0 , Xl, Xh are the components of X , and X is η-finite. Take U , e : {s, r, i} → U and1895

f : X × U → X to be such that1896

f(x, e(σ)) = Aσ · x+Bσ where (Aσ, Bσ) =


(1, 0) if σ = i

(ϵ/4, 1) if σ = r

(ϵ/4, 2) if σ = s

We have X ⊆ B̄(0, 2 + ϵ), and so (ϵ/4 · −)(X) ⊆ B̄(0, ϵ/4 · (2 + ϵ)) ⊆ B̄(0, ϵ). Thus we see1897

that f maps X to Xl under input r and to Xh under input s. Under input i, f acts as identity.1898

Thus these dynamics indeed realize FLIP-FLOP, through assignment that identifies with α mapping1899

high 7→ Xh, low 7→ Xl, ι mapping set 7→ s, reset 7→ r, id 7→ i and ζ mapping Xl to low and1900

Xh to high.1901

Lemma 51. Let D = ⟨X,U, f⟩ be an η-finite Linear Recurrent dynamics with A(u) diagonal, with1902

entries in (−1, 1) for all u ∈ U . Then D is contracting.1903

Proof. Let x0, x′0 ∈ X and (un)n≥1 ⊆ U . For each component of U , say U1, . . . , Uk, define a1904

representative element r1, . . . , rk. Define (u′n)n≥1 ⊆ U to be such that u′n = rc where Uc is the1905

component containing un. Thus (u′n)n≥1 is equivalent to (un)n≥1, and (u′n)n≥1 takes finitely many1906

values r1, . . . , rk.1907

Now, consider A1, . . . , Ak, where Ac = A(rc). For each c ∈ [1..r], let λc be the largest size1908

eigenvalue of Ac. Then we have |λc| < 1, and1909

∥Ac · x∥2 ≤ |λc| · ∥x∥2 ∀x ∈ X

Let λ ∈ argmaxc∈1..r |λc|, then we have |λ| < 1 and1910

∥A(rc) · x∥2 ≤ |λ| · ∥x∥2 ∀x ∈ X, c ∈ 1..k
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Now, we have that for the state sequences (xn)n≥1, (x
′
n)n≥1 corresponding to initial states x0, x′01911

resp., and the input sequence (u′n)n≥1, the following holds:1912

∥xn − x′n∥2 =
∥∥∥(A(u′n) · xn−1 +B(u′n)

)
−
(
A(u′n) · x′n−1 +B(u′n)

)∥∥∥
2

=
∥∥∥A(rc) · (xn−1 − x′n−1)

∥∥∥
2

for some c ∈ [1..k]

≤ |λ| ·
∥∥∥xn−1 − x′n−1

∥∥∥
2

≤ ...

≤ |λ|n ·
∥∥∥x0 − x′0

∥∥∥
2
→ 0 as n→ ∞

Thus eventually xn and x′n must be in the same component of X .1913

Altogether, we arrive at the following result (for η-finite dynamics), restated here more precisely than1914

in the main body.1915

Theorem 7. SSMs with Mamba parametrisation cannot recognise FLIP-FLOP as η-finite systems.1916

Proof. Mamba blocks are feed-forward cascades of LRDs of the type considered in Lemma 51 and1917

convolution blocks (FCDs)—see Figure 2. Thus η-finite feed-forward cascades of Mamba blocks are1918

contracting, and so by Lemma 46, cannot implement FLIP-FLOP.1919
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E Geometrically Constrained Systems1920

In this appendix, we depart the setting of η-finiteness, and explore geometrically-constrained systems1921

(GCSs). This setting allows for systems implementing functions beyond regular, but shares many1922

properties with the η-finite setting. We develop the theory of GCS to explain empirical capabilities of1923

Mamba, and to showcase the flexibility and generalizability of Metric Automata Theory.1924

In Section E.1 we develop a notion analogous to aperiodicity from Section D.2. We then prove1925

Theorem 9.1926

In Section E.2 we introduce a generalisation of η-finiteness, called weak η-finiteness. We use it1927

to argue that the cascade decomposition results for η-finite dynamics still apply to dynamics with1928

convex-covering state-spaces.1929

In Section E.3 we show that η-finite dynamics are a special case of convex-constrained dynamics.1930

Finally, we show a construction of a FLIP-FLOP using a Mamba convex-constrained SSM, and argue1931

using weakly η-finiteness that Theorem 8 holds.1932

Definition 33. For Ω = Rd or Cd, we call C ⊆ Ω a convex-covering if C is a finite union of open,1933

convex sets in Ω. We say that X ⊆ Ω is convex-covered by C if X ⊆ C.1934

We say X is convex-separated by C if (i) it is convex-covered by C and (ii) each path-connected1935

component of C contains at most one path-connected component of X . ■1936

Note: any convex set in Ω = Rd or Cd is path-connected. Thus any convex-covering C has finitely1937

many path-connected components.1938

Definition 34. Let Ω = Rd or Ω = Cd, and let C ⊆ Ω. We say that dynamics D = ⟨X,U, f⟩ are1939

convex-covered by C if X is convex-covered by C. We define a system geometrically-constrained by1940

C as a tuple SC = ⟨X,U, f, C, x0, Y, h⟩, where its dynamics ⟨X,U, f⟩ is a dynamics convex-covered1941

by C, x0 ∈ X is the initial state, and h : C × U → Y is the continuous output function. ■1942

The difference between a shortcut system and a system is that the dynamics function is defined only1943

on X , while the output function is define on the convex-covering C.1944

We extend the definition of implementing a function to shortcut systems: SC implements F :1945

Σ+ → Γ with encoder enc : Σ → U and decoder dec : Y → Γ if enc,dec are continuous and1946

F (w) = dec ◦S
(
enc(w)

)
.1947

Lemma 52. For a cascade D = D1 ⇝ · · ·⇝ Dn with Di convex-covered/convex-separated by Ci1948

we have that C is convex-covered/convex-separated by C = C1 × · · · × Cn1949

Proof. Suppose Di is convex-covered by Ci for i ∈ [1..n]. First, C1 × · · · × Cn is indeed a convex-1950

covering. A product of convex sets is convex, and so a product of finite unions of convex sets is also1951

a finite union of convex sets (by commutativity of set product and union, see proof of Lemma 19).1952

Thus, X1 × · · · ×Xn ⊆ C and D is convex-covered by C.1953

Now, suppose further that Di is convex-separated by Ci for i ∈ [1..n]. The path-connected com-1954

ponents of C are of the form
∏n

i=1Gi, where Gi is a path-connected component of Ci. Similarly,1955

path-connected components of X = X1 × · · · ×Xn are of the form
∏n

i=1 Zi where Zi is a path-1956

connected component of Xi.1957

We have that
∏n

i=1 Zi intersects
∏n

i=1Gi precisely when Zi intersects Gi for each i ∈ [1..n]. Hence,1958

there is exactly one component of C intersecting
∏n

i=1 Zi, i.e., C convex-separates D.1959

We begin by defining a restricted type of cascade. This model corresponds more to the idea of joining1960

the cascade components by their respective output function. Thus, we require that the connection1961

between sequential blocks respects convex-coverings.1962

Definition 35. A constrained cascadeD1
C1⇝ · · · Cn−1

⇝ Dn w.r.t. coveringC1×· · ·×Cn is a dynamics1963

D1 ⇝ · · ·⇝ Dn, where Di = ⟨Xi, U × C[1..(i−1)], fi⟩ and Di is convex-covered by Ci.1964

We can think of a constrained cascade as a feed-forward cascade with connectionsD1
g1⇝ · · · gn−1

⇝ Dn1965

where each gi is continuous on U × C[1..i−1].1966
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E.1 Aperiodic Convex-covered Dynamics and Proof of Theorem 91967

We define an analogous notion of aperiodicity for convex-covered dynamics. First we extend the1968

notion of η-convergence to convex-coverings.1969

Definition 36. For a space X , we say a sequence (xn)n≥1 ∈ Xω PC-converges in X , if eventually1970

all its terms lie in the same path-connected component of X . ■1971

This is an identical notion to η-convergence, but we give it a different name, since it applies to1972

non-η-finite spaces.1973

Definition 37. Call dynamics D = ⟨X,U, f⟩ aperiodic w.r.t. convex-covering C, if D is convex-1974

covered by C and if for every sequence (un)n≥1 ∈ Uω PC-convergent in U and x0 ∈ X , the state1975

sequence
(
D(x0, u1...n)

)
n≥1

∈ Xω ⊆ Cω is PC-convergent in C.1976

Note the difference in definition: we require that the state sequence is eventually in the same1977

component of C, instead of the same component of X!1978

Lemma 53. Let D = D1 ⇝ · · ·⇝ Dn be a cascade s.t. Di is aperiodic w.r.t. convex-covering Ci1979

for i ∈ [1..n]. Then D is aperiodic w.r.t. convex-covering C = C1 × · · · × Cn.1980

Proof. Analogous to proof of Lemma 49, applied to the cascade D′
1 ⇝ · · · ⇝ D′

n, where D′
i =1981

⟨Ci, U × C[1,...i−1], fi⟩.1982

Definition 38. We call a function F : Σ+ → Γ alternating if, for some σ ∈ Σ, the sequence1983 (
F (σn)

)
n≥1

∈ Γω changes value infinitely many times. ■1984

Theorem 54. Let D be a dynamics aperiodic w.r.t. convex-covering C. Let SC be a shortcut system1985

constrained by C with dynamics D. Then SC can not implement any alternating function.1986

Proof. Say D = ⟨X,U, f⟩ and SC = ⟨X,U, f, x0, C, Y, h⟩. Suppose for contradiction that SC with1987

encoder enc : Σ → U and decoder dec : Imh→ Γ implements an alternating function F : Σ+ → Γ.1988

Let σ ∈ Σ be a symbol such that
(
F (σn)

)
n≥1

changes value infinitely many times. Since D1989

is aperiodic w.r.t. C we have that
(
D(x0, enc(σ)

n)
)
n≥1

⊆ X ⊆ C is eventually in the same1990

path-connected component of C. As dec ◦h : C × U → Γ is continuous we thus have that1991

F (σn) = dec ◦h
(
D
(
x0, enc(σ

n)
)
, enc(σ)

)
is eventually in the same path-connected component of Γ, i.e. eventually constant. This is a1992

contradiction.1993

We now introduce an elementary theorem about convex sets in Rd (or Cd).1994

Theorem 55 (Minkowski’s Hyperplane Separation Theorem). Let A,B ⊆ Rd be two disjoint, non-1995

empty convex sets. If both are open, then there exists a non-zero vector v ⊆ Rd and constant c ∈ R1996

s.t.1997

⟨a, v⟩ > c and ⟨b, v⟩ < c ∀a ∈ A, b ∈ B

with ⟨·, ·⟩ being the dot product.1998

Proof. By Section 2.5.1 of [Boyd and Vandenberghe, 2006 - 2004], we have that there exists a1999

non-zero vector v ⊆ Rd and constant c ∈ R s.t.2000

⟨a, v⟩ ≥ c and ⟨b, v⟩ ≤ c ∀a ∈ A, b ∈ B

Now, these inequalities in fact must be strict. For contradiction suppose that ⟨a, v⟩ = c for some2001

a ∈ A. Since A is open, we have that for some ϵ > 0 BRd(a, ϵ) ⊆ A. Thus a + ϵ · v
||v||22

∈ A2002

(||v||2 ̸= 0 as v is a non-zero vector). But then
〈
a+ ϵ · v

||v||22
, v
〉
= a+ ϵ > a by linearity of the dot2003

product. Similarly for B.2004

Theorem 9. Let D be an η-finite Linear Recurrent Dynamics, with its state-transition gates having2005

all non-negative eigenvalues. Let C be a covex-regular covering of D. Then D is aperiodic w.r.t. C.2006
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Proof. Let D = ⟨X,U, f⟩ be a Linear Recurrent Dynamics, with X ⊆ Rd, convex-covered by C, s.t.2007

A(u) has all its eigenvalues being real, for all u ∈ U . Say f(x, u) = A(u) · x+B(u).2008

Consider a sequence (un)n≥1 ∈ U , state-convergent in U , and x0 ∈ X . Let
(
xn = D(x0, u1...n)

)
⊆2009

X be the corresponding state sequence. We have some N s.t. for n ≥ N all un are contained in the2010

same component of U , we may pick a representative r ∈ U of that component.2011

Write A = A(r), B = B(r). By Lemma 25, we have for n ≥ N that2012

xn+N ∼X x′n = D(xN , r
n−N )

Like in proof of Theorem 47, we consider the state sequence in the diagonalized space of A. Write2013

A = P−1JP for the Jordan normal form of A. Here J is block diagonal, with say blocks J1, ..., Js,2014

Jb ∈ Rmb×mb being a Jordan Block with λb—eigenvalue of A—on the diagonal, and 1 on the right2015

off-diagonal.2016

Define yn = xn+1 − xn and y′n = P (x′n+1 − x′n), then2017

y′n+1 = P · (x′n+2 − x′n+1)

= P · (Ax′n+1 +B −Ax′n −B)

= PA · (x′n+1 − x′n) = Jy′n

Thus, unrolling the recurrence we get2018

y′n = Jny′0

The i-th component of y′n, where i is in say the b-th block of J , is2019

[y′n]i =

mb∑
j=i

λn+i−j
b

(
n

j − 1

)
[y′0]j

The binomial coefficients are polynomial in n. Thus we may write [y′n]i =
∑
vj · nbj · anj , where2020

bj ∈ Z≥0 and aj = λb ≥ 0, which is of the form in Lemma 64. Since yn = Py′n, we have2021

[yn]i =

d∑
j=1

[P ]i,j · [y′n]j

which again is of the form in Lemma 64.2022

Now, for contradiction suppose that x′n is not state-convergent in C. Then, since C has finitely many2023

components, there are two distinct components of C, say C1, C2 such that x′n is in both C1 and in C22024

infinitely often. Furthermore, since C1, C2 are finite unions of open convex sets, there are convex,2025

open sets S1, S2 which are disjoint, non-empty, and x′n is in both S1 and S2 infinitely often (*).2026

By Theorem 55, there is a non-zero vector v ∈ Rd and constant c ∈ R s.t. ⟨s1, v⟩ > c ∀s1 ∈ S12027

and ⟨s2, v⟩ > c ∀s2 ∈ S2.2028

Thus, ⟨x′n, v⟩ > c infinitely often, and ⟨x′n, v⟩ < c infinitely often.2029

We have2030

⟨yn, v⟩ =
d∑

i=1

vi · [yn]i

is again in the form from Lemma 64. Thus it is eventually monotone. Therefore eventually ⟨yn, v⟩ ≤2031

0, in or ⟨yn, v⟩ ≥ 0. By linearity of the inner product2032

⟨yn, v⟩ = ⟨xn+1, v⟩ − ⟨xn, v⟩

Thus, eventually also ⟨xn, v⟩ is monotone—contradiction with (*).2033
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E.2 Weakly η-finite Dynamics2034

In this section we introduce the topological notion of connectedness, as well as the necessary results to2035

establish the finite state properties of GCSs where the state-space coincides with the convex-covering.2036

Definition 39. A topological space X is called disconnected, if there are disjoint non-empty sets2037

H,K in X such that X = H ∪K. Then X is called connected if it is not disconnected.2038

Connectedness is, as it turns out, a generalization of path-connectedness.2039

Fact E.2.1. (Theorem 27.2, [Willard, 2012]) Every path-connected space is connected.2040

Similarly to compactness and path-connectedness, connectedness is preserved by continuous map-2041

pings and products.2042

Fact E.2.2. (Theorem 26.2, [Willard, 2012]) The continuous image of a connected space is connected.2043

Fact E.2.3. (Theorem 26.10, [Willard, 2012]) A nonempty product space is connected iff each factor2044

space is connected.2045

Similarly to path-connectedness, connectedness induces an equivalence on the space.2046

Definition 40. For x ∈ X , define Cx as the union of connected subspaces of X containing x. We2047

call it the C-component at x. We write x ≈X y when y ∈ Cx.2048

Note, that in [Willard, 2012] C-components are simply referred to as components.2049

Fact E.2.4. ≈X is an equivalence relation, partitioning X into maximal (with respect to inclusion)2050

connected subspaces of X . Cx is the equivalence class of ≈X containing x. See Theorem 26.7 and2051

Definition 26.11 of [Willard, 2012] for details.2052

Fact E.2.5. (Theorem 26.12, [Willard, 2012]) The C-components of X are closed in X .2053

Thus, we think of C-components as a partition of the space that is a coarsening of the path-connected2054

components. For an example of a space that has one C-connected component and 2 path-connected2055

components, see the topologist’s sine curve (Example 27.3, [Willard, 2012]).2056

Definition 41. We call a space X weakly η-finite, if it has finitely many C-components.2057

Example 10. Any finite alphabet is weakly η-finite, with each symbol being in a separate C-2058

component. ■2059

Our goal now is to show that weakly η-finiteness enjoys the same favourable theoretical properties as2060

η-finiteness.2061

Lemma 56. A continuous image of a weakly η-finite space is weakly η-finite.2062

Proof. Let C1, . . . , Cn be the C-components of X , and let f : X → Y be continuous. Each f(Ci)2063

is connected, and so Im f is a union of finiely many connected spaces f(C1), . . . , f(Cn). Thus, the2064

equivalence classes of ≈Im f must be unions of these images. Thus ≈Im f must have finitely many2065

equivalence classes.2066

Lemma 57. The Cartesian product X × Y space of weakly η-finite spaces is weakly η-finite. The2067

C-components of X × Y are the products of C-components of X and C-components of Y .2068

Proof. Let C1, . . . , Cn and E1, . . . , E, be the C-components of X,Y respectively. We have X =2069 ⋃n
i=1 Ci, Y =

⋃m
j=1 and so2070

X × Y =
( n⋃
i=1

Ci

)
×
( m⋃
j=1

Ej

)
=

n⋃
i=1

m⋃
j=1

Ci × Ej

By Fact E.2.2 each Ci × Ej is connected. Thus, the C-components of X × Y are unions of the2071

products Ci ×Ej . Now, fix i ∈ [1..n], j ∈ [1..j]. Let Z be the C-component of X × Y containing2072

Ci ×Ej . consider the projection map πX : X × Y → X . As the projection is continuous, the image,2073

πX(Z) is connected in X . Moreover, Ci ∈ πX(Z). Thus, as Ci is a maximal connected subspace2074

of X , we have Ci = πX(Z). Similarly, considering the projection πY : X × Y → X , we have2075

Ej = πX(Z). Since Ci × Ej ⊆ Z, we therefore must have Ci × Ej = Z. Therefore X × Y has2076

finitely many C-components, and they are the products of C-components of X and C-components of2077

Y .2078
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Lemma 58. Let X be weakly η-finite and Σ be a finite alphabet. Then f : X → Σ is continuous if2079

and only if it is constant on the C-components of X .2080

Proof. (⇒) Let f : X → Σ be continuous. Let C be a C-component of X . By Fact E.2.2, f(C) ⊆ Σ2081

is connected, and so f(C) = {σ} for some σ ∈ Σ. I.e., f is constant on the C-components of X .2082

(⇐) Let f : X → Σ be constant on the C-components. Let Y ⊆ Σ be closed. Then f−1(Y ) ⊆ X2083

must be a union of finitely many C-components, since X is weakly η-finite. By Fact E.2.5, we have2084

that each C-component is closed, and therefore also f−1(Y ) is closed, as a finite union of closed sets.2085

Thus f is continuous.2086

Now, we have all the properties needed to carry out the arguments in Appendix B.3.2087

Definition 42. We call dynamics D = ⟨X,U, f⟩ weakly η-finite if X and U are weakly η-finite. We2088

call a system S weakly η-finite if its dynamics are weakly η-finite.2089

By Lemma 57, we immediatly have that cascades of weakly η-finite dynamics are weakly η-finite.2090

Example 11. η-finite dynamics are weakly η-finite. ■2091

Theorem 59. A convex-covering C is weakly η-finite, with its C-components coinciding with its2092

path-connected components.2093

Proof. Let C1, . . . , Cn be path-connected components of C. Each Ci is a union of finitely many2094

open (in Rd) convex sets, and so is also open. Let Z be a C-component of C. Then Z is a union of2095

the path-connected components, and so Z is also open. An open, connected subspace of Rd is path-2096

connected, see Corollary 27.6 of [Willard, 2012]. Thus Z must actually be one of the path-connected2097

components.2098

Lemma 60. Let D = ⟨X,U, f⟩ be a geometrically-contrained system, convex-covered by C, with2099

X = C. Then D is weakly η-finite, and the C-components of X are the path-connected components.2100

Proof. C has finitely many path-connected components, and so it is weakly η-finite, since path-2101

connectedness implies connectedness. Now, each C-component of C is a union of the path-connected2102

components, all of which are open in Ω = Rd. Hence each C-component of C is open in Ω. By2103

Corollary 27.6 of [Willard, 2012], C-components of C are therefore path-connected. Thus the2104

path-connected components and C-connected components of C coincide.2105

Since a C-component has to be mapped by a continuous function into a single C-component, we2106

have that a version of Lemma 24 also holds for weakly η-finite dynamics. For a weakly η-finite2107

system S = ⟨X,U, f, x0, Y, h⟩ and weakly η-finite dynamics D = ⟨X,U, f⟩, we can thus define the2108

analogous canonical automata2109

Cweakly(S) = ⟨X⧸≈X
, U⧸≈U

, f̃ , [x0]≈X
, Imh⧸≈Imh

, h̃⟩

Cweakly(D) = ⟨X⧸≈X
, U⧸≈U

, f̃⟩

with f̃ :
(
[x]≈X

, [u]≈U

)
7→ [f(x, u)]≈X

and h̃ :
(
[x]≈X

, [u]≈U

)
7→ [h(x, u)]≈Imh

.2110

Similarly, replacing path-equivalence ∼ with C-component-equivalence ≈ in Lemmas 26, 27, 28 and2111

Theorem 1, we get that the canonical automata of weakly η-finite systems have the same capability in2112

terms of implementing functions.2113

Likewise, the realization results of Appendix B.4 and Appendix B.5 carry over to the setting of2114

weakly η-finiteness. Thus we may apply the structural theorems of Algebraic Automata Theory in2115

the case of weakly η-finite dynamics. We defer exploring the properties of weakly η-finite dynamics2116

in detail to future work.2117

E.3 η-finite Systems as GCSs and Proof of Theorem 82118

We start by showing that η-finite dynamics that are convex-separated by C can implement exactly the2119

same functions in a η-finite system as in a GCS constrained by C.2120

Lemma 61. Suppose η-finite dynamics D are convex-separated by C. The following are equivalent:2121
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• There is a system with dynamics D that can implement F : Σ+ → Γ.2122

• There is a shortcut system SC constrained by C with dynamics D that can implement F : Σ+ → Γ.2123

Proof. (⇒) Let S = ⟨X,U, f, x0, Y, h⟩ be a system with dynamics D that implements F with some2124

encoder enc : Σ → U and decoder dec : Y → Γ.2125

Let C1, ..., Cs be the path-connected components of C. Fix γ ∈ Γ and define h′ : C × U → Γ2126

as follows: for i ∈ 1 . . . s, if Ci ∩ X = ∅, take h′(c, u) = γ, where γ ∈ Γ. If Ci ∩ X ̸= ∅,2127

take h′(c, u) = dec ◦h(x, u) for (c, u) ∈ Ci × U , where x ∈ Xi. This is well-defined: For2128

all x, x′ ∈ Ci ∩ X , since C is a convex-separator of X , we have that x and x′ are in the same2129

path-connected component of X . Therefore necessarily dec ◦h(x, u) = dec ◦h(x′, u).2130

Want to show: h′ is continuous. Let
(
(cn, un)

)
n≥1

⊆ C × U be a sequence converging to (c, u) ∈2131

C × U . Then (cn)n≥1 converges to c in C and (un)n≥1 converges to u in U .2132

Let Ci be the component that contains c. Since Ci is open, there is some ϵ > 0 s.t. BΩ(c, ϵ) ⊆ Ci.2133

Since cn → c, we must have that eventually (cn) lies in BΩ(c, ϵ) ⊆ Ci.Similarly, let Uj be the2134

η-component of U that contains u. Then, by Lemma 20, as un → u, we must have that eventually2135

(un) lies in Uj . Thus eventually
(
⟨cn, un⟩

)
n≥1

lies in Ci × Uj . By definition of h′, it is constant on2136

Ci × Uj . Thus
(
h′(un, cn)

)
n≥1

is eventually equal h′(c, u).2137

Now, define Sc = ⟨X,U, f, x0, C, Y, h′⟩. As h′ : C × U → Y is continuous, this is a well-def.2138

shortcut system constrained by C. Moreover, since h′ constrained to X × U is equal to dec ◦h, we2139

have that SC with encoder enc and decoder id : Γ → Γ implement F .2140

(⇐) Let Sc = ⟨X,U, f, x0, C, Y, h⟩ be a shortcut constrained by C. Suppose that SC implements2141

F with some encoder enc : Σ → U and dec : Y → Γ. Then taking h : X × U → Y to be the2142

restriction of h, we get that the system S = ⟨X,U, f, x0, Y, h′⟩ with encoder enc and decoder dec2143

implements F .2144

Lemma 62. Let X be a η-finite space. Then X is convex-separated by some convex-covering C.2145

Proof. Let X1, . . . , Xk be the components of X . Take2146

δ = min
1≤i<j≤n

inf
xi∈Xi,xj∈Xj

d(xi, xj)

Then we have δ > 0 by Lemma 20. Define2147

Cδ
i = {B(xi, δ/2) | xi ∈ Xi}

Then Cδ
i is an open cover of Xi. Since Xi is compact, by definition of compactness there is a2148

finite subcover C̄δ
i ⊆ Cδ

i which also covers Xi. Moreover, by definition of δ, this subcover does2149

not intersect other components of X . Taking Ci =
⋃
C̄δ

i we have that C = C1 ∪ · · · ∪ Ck is a2150

convex-covering that convex-separates X .2151

2152

Construction 4. FLIP-FLOP dynamics can be implemented by a Linear Recurrent Dynamics with2153

entries in [δ, 1− δ], for some δ > 0.2154

Let ϵ < 1. Take D = ⟨X,U, f⟩ with X = Xl ∪ Xh, where Xl = (−1, 0), Xh = (0, 1) and U, f2155

such that:2156

f(x, e(σ)) = Aσ · x+Bσ where ⟨Aσ, Bσ⟩ =


⟨1− ϵ, 0⟩ if σ = i

⟨ϵ/4,−1/2⟩ if σ = l

⟨ϵ/4, 1/2⟩ if σ = h

With output function Xl 7→ low and Xh 7→ high, this implements FLIP-FLOP. The set C = X is a2157

convex-covering of this dynamics.2158

Hence, Mamba can implement FLIP-FLOP as a constrained system, and so constrained cascades of2159

Mamba blocks can implement any star-free language.2160
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Corollary 63. η-finite dynamics are in particular convex-separated dynamics, and implement the2161

same functions in η-finite systems and in GCSs.2162

Theorem 8. SSMs with Mamba parametrisation can recognise all star-free languages as GCSs.2163

Proof. By Construction 4, there is a Mamba block dynamics D, with a convex-covering state space,2164

and η-finite input space, that realise FLIP-FLOP as weakly η-finite dynamics. A Mamba block2165

can also have a convolution, and so there is a Mamba block dynamics E, with a convex-covering2166

state space, and η-finite input space, that realise R2 as weakly η-finite dynamics (details omitted.2167

Also a sLSTM-like η-finite construction is possible, see Appendix G.3). Thus, by weakly η-finite2168

analogue of Theorem 14, all group-free functions can be realized by feed-forward cascades of D and2169

E components. Such cascades are actually constrained cascades of Mamba block GCSs, since the2170

convex-coverings of D and E coincide with their state-spaces.2171
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F Details of The Experiments2172

We have created visualizations based on the [Liu et al., 2023] FLIP-FLOP task. The dataset is2173

available at https://huggingface.co/datasets/synthseq/flipflop/. The objective of the2174

task is to predictively model a sequence of instructions of the form sx, where s ∈ w,r,i, x ∈ 0,1. w2175

indicates that the next symbol is to be stored, r indicates that the next symbol should be the retrieved2176

value and i indicates no action. The specific task we trained on corresponds to the "clean" prediction2177

mode, where only prediction following an r instruction need to be predicted. We note that the aim2178

of our experiments was to obtain empirical evidence of Mamba having contracting dynamics, and a2179

comprehensive experimental study is beyond the scope of our paper.2180

We trained 1-layer Mamba on sequence lengths 32, 64, and 512, observing similar state-collapse2181

phenomena, as predicted by our results. Additionally [Sarrof et al., 2024] note that in their experiments2182

Mamba needed more training steps to converge than reported by Liu et al. [2023] for an LSTM. This2183

is another evidence towards the influence of robustness on stability of training.2184

The code used to perform the experiments is based on the repository shared in Grazzi et al. [2025],2185

with some environment modifications to make it work on the 2025-04-09 Google Colab release. The2186

forked repository is available at https://anonymous.4open.science/r/unlocking_state_2187

tracking-58C4/, with a Google Colab notebook file containing the set-up, simple training loop,2188

and hidden state visualisation code.2189
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G Additional Proofs and Constructions2190

G.1 Monotone Sequence Lemma2191

Lemma 64. Let d ≥ 1, a1, ..., ad ≥ 0, b1, .., bd ∈ Z≥0 and v1, ..., vd ∈ R . The sequence2192

xn =

d∑
i=1

vi · nbi · ani

is eventually monotone.2193

Proof. If all vi = 0, then xn = 0 for all n, in particular the sequence is monotone. Otherwise, we2194

may assume that vi ̸= 0 for all i, and that2195

ai > ai+1 or ai = ai+1 and bi > bi+1

If a1 = 0, then again xn = 0, and it is monotone. Otherwise, we can take d1 : 1 ≤ d1 ≤ d such that2196

ai = a1 for 1 ≤ i ≤ d1 and ai < a1 for i ≥ d1 + 1

We may write2197

xn = an1 · P (n) +
d∑

i=d1+1

vi · nbi · ani

where P (n) is the polynomial
∑d1

i=1 vi · nbi .2198

Case 1: a1 ̸= 1. We have a1 > 0 and2199

xn
an1

= P (n) +

d∑
i=d1+1

vi · nbi · (ai/a1)n

We have that (ai/a1) → 0 as n→ ∞, since a1 > ai for d1 + 1 ≤ i ≤ d. On the other hand, P (n) is2200

a non-zero polynomial, since its leading term is v1 · nb1 and v1 ̸= 0, and so P (n) → ±∞ as n→ ∞.2201

Thus, xn ̸= 0 for sufficiently large n. Moreover,2202

xn+1

xn
=
an+1
1

an1
· (n+ 1)b1

nb1
·
P (n+ 1)/(n+ 1)b1 +

∑d
i=d1+1 vi(n+ 1)bi−b1(ai/a1)

n+1

P (n)/nb1 +
∑d

i=d1+1 vi · nbi−b1(ai/a1)n

We have P (n)/nb1 → v1 as n→ ∞, since v1 · nb1 is the leading term of P (n). Also nbi−b1 grows2203

at most polynomially, while (ai/a1)
n goes to 0 exponentially, since ai < a1 for d1 + 1 ≤ i ≤ d.2204

Therefore
∑d

i=d1+1 vi · nbi−b1(ai/a1)
n −→ 0 as n→ ∞. Lastly we have (n+1)b1

nb1
→ 1 as n→ ∞.2205

All together2206

lim
n→∞

xn+1

xn
= a1 · 1 ·

v1 + 0

v1 + 0
= a1

In particular, eventually xn is positive, or eventually it is negative. There are 4 cases:2207

• If a1 ∈ (0, 1) and xn is positive eventually, then xn is decreasing eventually.2208

• If a1 ∈ (1,∞) and xn is positive eventually, then xn is increasing eventually.2209

• If a1 ∈ (0, 1) and xn is negative eventually, then xn is increasing eventually.2210

• If a1 ∈ (1,∞) and xn is negative eventually, then xn is decreasing eventually.2211

Case 2: a1 = 1. We proceed by induction on b1. If b1 = 0, then necessarily d1 = 1, and P (n) = v1.2212

Then we have by Case 1 that xn − P (n) = xn − v1 is eventually monotone, and so also xn is2213

eventually monotone.2214
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For the inductive step, consider2215

yn = xn+1 − xn

= P (n+ 1)− P (n) +

d∑
i=d1+1

vi · ani ·
(
ai(n+ 1)bi − nbi

)
We can again write

∑d
i=d1+1 vi · ani ·

(
ai(n+1)bi −nbi

)
as
∑d′

i=1 v
′
i ·nb

′
i · (a′i)n, with a′i < a1 = 1.2216

On the other hand Q(n) = P (n+1)−P (n) is a polynomial with leading coefficient of degree < b1.2217

Thus we may apply inductive hypothesis to2218

yn = Q(n) +

d′∑
i=1

v′i · nb
′
i · (a′i)n

to conclude that yn is eventually monotone. Thus, either xn+1 − xn = yn ≤ 0 eventually, or2219

xn+1 − xn = yn ≥ 0 eventually. Hence xn is eventually monotone.2220

2221

G.2 Sequential Cascade Construction2222

The serial cascade can be realised in terms of the feedforward cascade⇝. Consider i ∈ 1, 2 and2223

Di = ⟨Xi, Ui, fi⟩. Define the repeat dynamics on X1 to be the system RX1 = ⟨X2
1 , U × X1, r⟩,2224

with r given by2225

r
(
⟨x1, x2⟩, ⟨u, x3⟩) = ⟨x2, x3⟩ ∀x1, x2, x3 ∈ X1, u ∈ U

Thus RX1
can delay the propagation of the state of D1 by one time step. Also, define the modified2226

dynamics D′
2 = ⟨X2, U ×X3

1 , f
′
2⟩, with f ′2 given by2227

f ′2
(
x2, ⟨u, x1, x1,old, x1,new⟩

)
= f2

(
x2, ⟨u, x1,old⟩

)
Note that RX1

is equivalent to the usual repeat dynamics over X1, ⟨X2
1 , X1, rX⟩, but with input2228

function (u, x) 7→ x.2229

Now, the feed-forward cascade D1 ⇝ RX1 ⇝ D′
2 is well-defined, and has the following transitions:2230

f ′
(
⟨x1, x1,old, x1,new, x2⟩, u

)
= ⟨x′1, x′1,old, x′1,new, x′2⟩ where

x′1 = f1(x1, u); x′1,old = x1,new; x′1,new = x′1;

x′2 = f ′2
(
x2, ⟨u, x′1, x′1,old, x′1,new⟩

)
= f2

(
x2, ⟨u, x1,new⟩

)
Now, suppose we have system S = ⟨X1 × X2, U, f, (x1,0, x2,0), Y, h⟩ with dynamics D1 ⋉2231

D2. Then there is a system S′ with dynamics D1 ⇝ RX1
⇝ D2 which realises S: take2232

S′ = ⟨X3
1 × X2, U, f

′, x′0, Y, h
′⟩ with x′0 = (x1,0, x1,0, x1,0, x2,0), h′(⟨x1,1, x1,2, x1,3, x2⟩, u) =2233

h(⟨x1,1, x2⟩, u) and take2234

α : X1 ×X2 → P+(X
3
1 ×X2)

α(x1, x2) 7→ {(x1, xold, x1, x2) : xold ∈ X1}
Take ι : U → U and ζ : Y → Y to be the identities. We then have for all (x1, x2) ∈ X1 × X2,2235

u ∈ U and x′ ∈ α((x1, x2)):2236

f ′(x′, ι(u)) = f ′(⟨x1, xold, x1, x2⟩, u)
= ⟨x′1, x1, x′1, x′2⟩ ∈ α((x′1, x

′
2))

where x′1 = f1(x1, u) and x′2 = f2
(
x2⟨u, x1⟩

)
, so that (x′1, x

′
2) = f

(
(x1, x2), u

)
. Moreover2237

x′0 ∈ α(x0).2238

Finally, we have2239

ζ ◦ h′(x′, ι(u)) = h′(x′, u) = h′(⟨x1, xold, x1, x2⟩, u) = h(⟨x1, x2⟩, u) = h(x, u)

so that indeed S′ is a realisation of S. Note, that we did not need to introduce any new transitions2240

on X1 or X2 in order to carry out this construction. In particular, if D1 and D2 are linear recurrent2241

dynamics, then D1, D
′
2 are linear recurrent dynamics. Also RX1

is a Finite Context Dynamics.2242
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G.3 Robust Flip-Flop realisations2243

Recall the sLSTM parametrisation: the state space of a sLSTM is R3, and the input2244

space is Rd for some d ≥ 1. The dynamics function of the form (⟨c, n, h⟩, u) 7→2245 〈
fc(⟨c, n, h⟩, u), fn(⟨c, n, h⟩, u), fh(⟨c, n, h⟩, u)

〉
, where2246

fc(⟨c, n, h⟩, u) = ψ(lf (h, u)) · c+ exp(li(h, u)) · φ(lz(h, u))
fn(⟨c, n, h⟩, u) = ψ(lf (h, u)) · n+ exp(li(h, u))

fh(⟨c, n, h⟩, u) = σ(lo(h, u)) ·
fc(⟨c, n, h⟩, x)
fn(⟨c, n, h⟩, x)

where each ls : s ∈ o, i, z, f is a function of the form wt
s · u+ rs · h+ bs, for ws ∈ Rd, rs, bs ∈ R,2247

ψ is either exp or σ, and φ is tanh.2248

G.3.1 Strongly robust sLTSM FLIP-FLOP realization2249

We present a construction for a one layer sLSTM FLIP-FLOP, which is strongly robust. The key idea2250

is to only use the h state to implement the dynamics. Then, we can use Theorem 42, and similar2251

arguments involving uniform continuity, to extend the construction to be strongly robust in the states2252

h, c, n and the input space u. We shall present the arguments in more detail here, to demonstrate2253

how robustness can be used to prove properties of systems, in particular how to extend robustness to2254

strong robustness.2255

Let ψ = σ. Set ws = 0 and rs = 0 for s = f, i, z. Set bf = −3, bz = 2, bi = 0. Then we have2256

lf ≡ −3, li ≡ 0, lz ≡ 2. Thus the updates simplify as2257

fc(⟨c, n, h⟩, u) = σ(−3) · c+ exp(0) · tanh(2) = σ(−3) · c+ tanh(2)

fn(⟨c, n, h⟩, u) = σ(−3) · n+ exp(0) = σ(−3) · n+ 1

fh(⟨c, n, h⟩, u) = σ(lo(h, u)) ·
fc(⟨c, n, h⟩, x)
fn(⟨c, n, h⟩, x)

= σ(lo(h, u)) · tanh(2) ∈ [0, 1]

Finally, take d = 1 and lo(h, u) = u+ 10h− 5.2258

For now, let us fix c as c∗ = tanh (2)
1−σ(−3) ≈ 1.01202 and n as n∗ = 1

1−σ(−3) ≈ 1.049787, i.e. the fix2259

points of the linear recurrences given by fc and fn. Then we have that2260

σ(−3) · c∗ + tanh(2) = c∗ and σ(−3) · n∗ + 1 = n∗

Moreover, fc(⟨c∗,n∗,h⟩,x)
fn(⟨c∗,n∗,h⟩,x) =

c∗

n∗ = tanh 2, so that the update for h simplifies as2261

f(h, u) := fh(⟨c∗, n∗, h⟩, u) = σ(u+ 10h− 5) · tanh(2)
We can set U = {uset, ureset, uid}, with uset = 8, ureset = −8 and uid = 0, and Hlow =2262

[−0.05, 0.2], Hhigh = [0.8, 1.05]2263

Now, for h ∈ [0, 1] we have2264

f(⟨c, n, h⟩, uset) = σ(8 + 10h− 5) · tanh(2)
≥ σ(3) · tanh(2) ≈ 0.9183

Therefore f(⟨c, n, h⟩, uset) ∈ [0.85, 1]. Similarly2265

f(⟨c, n, h⟩, ureset) = σ(−8 + 10h− 5) · tanh(2)
≤ σ(−3) · tanh(2) ≈ 0.04572

Therefore f(⟨c, n, h⟩, ureset) ∈ [0, 0.05]. Now, for h ≤ 0.22266

σ(10h− 5)· ≤ σ(2− 5) ≈ 0.047426 < 0.05

and so f(⟨c, n, h⟩, uid) ∈ [0, 0.05]. Also for h ≥ 0.82267

σ(10h− 5) · tanh(2) > 0.95 · 0.9 = 0.855
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and so f(⟨c, n, h⟩, uid) ∈ [0.8, 1]. Thus we see that the dynamics2268 〈
H = Hlow ∪Hhigh, U, f = (h, u) 7→ fh

(
⟨c∗, n∗, h⟩, u

)〉
realise the FLIP-FLOP dynamics, and is η-finite and ϵ-robust, for ϵ = 0.05. Furthermore, we can2269

modify the input space U , to make it strongly ϵ-robust.2270

Consider U ′ = [0, 10]. H × U ′ is compact, and f is continuous on H × U ′, so by Theorem 41 it is2271

uniformly continuous on H × U ′. In particular, for ϵ′ = ϵ/2, there exists δ > 0 such that2272

||(h, u)− (h′, u′)|| ≤ δ =⇒
∣∣∣∣f(h, u)− f(h′, u′)

∣∣∣∣ ≤ ϵ′

for all (x, u), (x′, u′) ∈ X ′×U ′. Thus, we may take δ′ = min(δ, 1) and U ′′ = [uset±δ′]∪ [ureset±2273

δ′] ∪ [uid ± δ′]. Now, consider h ∈ H , u ∈ U ′′ and h′ ∈ R such that ||h′ − f(h, u)|| ≤ ϵ′. We have2274

||u− u′|| ≤ δ′ for some u′ ∈ {uset, ureset, uid}, and so2275 ∣∣∣∣f(h, u)− fh(h, u
′)
∣∣∣∣ ≤ ϵ′

All together2276

ϵ = ϵ′ + ϵ′ ≥
∣∣∣∣h′ − f(h, u)

∣∣∣∣+ ∣∣∣∣f(h, u)− f(h, u′)
∣∣∣∣

≥
∣∣∣∣(h′ − f(h, u)

)
+
(
f(h, u)− f(h, u′)

)∣∣∣∣
=
∣∣∣∣h′ − f(h, u′)

∣∣∣∣
Since (h, u′) ∈ H × U and ⟨H,U, f⟩ is ϵ-robust, we get that h′ ∈ H . Hence f also gives a well2277

defined dynamics function H × U ′′ → H , which moreover is ϵ′-robust. Thus, we have ⟨H,U ′′, f⟩2278

is η-finite and strongly min(ϵ′, δ′)-robust. It also realizes FLIP-FLOP, since the input components2279

induce the same η-transitions as {uset, ureset, uid} by path-connectedness.2280

Finally, we extend the dynamics to c and n. We can see f as parametrized by θ ∈ [c∗ ± 0.5], ρ ∈2281

[n∗ ± 0.5], given by2282

fθ,ρ = σ(u+ 10h− 5) · θ
ρ

So, f = fc∗,n∗ . We see that fθ,ρ is continuous in θ and ρ, and [c∗ ± 0.5] × [n∗ ± 0.5] is compact.2283

Thus by Theorem 42, there is some γ > 0 such that fθ,ρ induces the same function H × U ′′ → H2284

as fc∗,n∗ . Also, similarly to how we extended U to U ′′, we can choose γ such that the resulting2285

dynamics are always ϵ/4-robust2286

Lets take X = H × C × N where C = [c∗ ± γ] and N = [n∗ ± γ]. We have that the sLSTM2287

dynamics gives a well-defined, robust dynamics function X × U → X: we already have that2288

the restriction of the dynamics to the h component is robust. For the c and n components, since2289

σ(−3) < 1, the state updates given by fc and fn (which are independent of u) are contractions2290

towards c∗ and n∗ respectively, with rate σ(−3). Thus fc sends C = [c∗ ± γ] to [c∗ ± γ · σ(−3)]2291

and fn sends N = [n∗ ± γ] to [n∗ ± γ · σ(−3)]. All together, the sLSTM dynamics are strongly2292

min(ϵ/4, δ′, γ(1− σ(3)))-robust, and realize FLIP-FLOP.2293

G.3.2 Strongly robust sLSTM repeat dynamics2294

To realize any repeat semiautomata, as defined in Appendix G.2, it is sufficient to realize the two2295

state repeat semiautomaton R2 = ⟨{0, 1}2, {0, 1}, r⟩, with r(⟨xold, xnew⟩, x) = ⟨xnew, x⟩.2296

Here, the construction is extremely similar to the FLIP-FLOP one. We first show a robust dynamics2297

on just the h cell, using f(h, u) = σ(u+ 10h− 5) · tanh(2) which realize R2. Then we can use the2298

same argument as before to extend it to strongly robust dynamics on all 3 cells.2299

We can use the h cell to represent xnew, by simply reusing the previous strongly robust construction2300

for setting the high and low state, with dynamics function f(h, u) = fh(⟨c∗, n∗, h⟩, u), state space2301

H and input space [uset ± δ′] ∪ [u]. We then have that for some γ > 0 for all c ∈ [c∗ ± γ] and2302

n ∈ [n∗ ± γ] the dynamics function fh(⟨c, n, h⟩, u) still performs2303

Define X00 = [−0.01, 0.015], X01 = [0.02, 0.05], X10 = [0.95, 0.98], X11 = [0.985, 1, 01] and2304

u0 = −8.1, u1 = 8.1. Note that X = X00 ∪X01 ∪X10 ∪X11 has 4 η-components. Also, define2305
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X0 = X01 ∪X10 and X1 = X10 ∪X11. In our construction Xab will correspond to the state of R22306

after the last two inputs were ab, a, b ∈ {0, 1}.2307

We have2308

f(0.95, u1) = σ(8.1 + 9.5− 5) ≈ 0.999997

f(1.01, u1) = σ(8.1 + 10.1− 5) ≈ 0.999998.

As σ is increasing, we therefore have f(X1, u1) ⊆ [0.99999, 1] ⊂ X11. Similarly, we have2309

f(−0.01, u1) = σ(8.1− 0.1− 5) ≈ 0.9526

f(0.05, u1) = σ(8.1 + 0.5− 5) ≈ 0.9734.

Therefore f(X0, u1) ⊆ [0.952, 0.974] ⊂ X10. Similarly for u0, we have2310

f(0.95, u0) = σ(−8.1 + 9.5− 5) ≈ 0.0265

f(1.01, u0) = σ(−8.1 + 10.1− 5) ≈ 0.0474.

Therefore f(X1, u0) ⊆ [0.025, 0.0475] ⊂ X01. Similarly2311

f(−0.01, u0) = σ(−8.1− 0.1− 5) ≈ 0.000001

f(0.05, u0) = σ(−8.1 + 0.5− 5) ≈ 0.000003.

Therefore f(X0, u0) ⊆ [0, 0.000004] ⊂ X00. Thus ⟨X, {u0, u1}, f⟩ are well-defined dynamics and2312

the 4 η-components correspond to 4 possible values for the last 2 inputs. Hence clearly they can2313

realize R2. Moreover, the dynamics are strongly robust. The remainder of the argument is the same2314

as for the FLIP-FLOP construction.2315

G.3.3 Strongly robust Elman-RNN FLIP-FLOP construction2316

The following is a modification of a construction in [Knorozova and Ronca, 2024a]. Consider the2317

dynamics function2318

f(x, u) = tanh(2 · x+ u)

for x, u ∈ R. We have that for all x, u, f(x, u) ∈ [−1, 1]. DefineXlow = [−1.1, tanh(−1)], Xhigh =2319

[tanh(1), 1.1]. Note that tanh(1) ≈ 0.76159, tanh(−1) ≈ −0.761592320

We have2321

f(−1.1, 4) = tanh(−2.2 + 4) ≈ 0.9468

f(1.1, 4) = tanh(2.2 + 4) ≈ 0.999992

As tanh is increasing, we have f([−1.1, 1.1], 4) ⊆ [0.9467, 0.999993] ⊂ Xhigh. Similarly,2322

f([−1.1, 1.1],−4) ⊆ [−0.999993,−0.9467] ⊂ Xlow. Moreover2323

f(tanh(1), 0) = tanh(2 · tanh(1)) ≈ 0.909

f(1.1, 0) = tanh(2 · 1.1) ≈ 0.9757

Thus, f(Xhigh, 0) ⊆ [0.908, 0.9757] ⊂ Xhigh. Similarly f(Xlow, 0) ⊆ [−0.9757,−0.909] ⊂ Xlow.2324

Thus we see that, taking X = Xlow ∪Xhigh, uset = 4, ureset = −4, uid = 0, the η-finite dynamics2325

⟨X, {uset, ureset, uid}, f⟩ are well-defined, and realize FLIP-FLOP. Also clearly they are robust.2326

Now, by the same argument as for the sLTSM FLIP-FLOP realisation, we can extend the input space,2327

using Theorem 16 and Theorem 42, to obtain a strongly robust construction.2328
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