A Some Useful Facts

A.1 Relation of Inverse Covariance Matrix and Partial Correlation
For a covariance matrix of joint distribution for variables X, Y, the covariance matrix is

Yxix: XXX, Zx,Y
2XoX1 2XyXy DX,Y

[EXX 2XY:| _
YXvx, Xx,vy  Zvy

Yvx vy

Its inverse matrix X~ satisfies

-1 _ A P
s -[4 g,

Here A71 = 2XX — Exyz;/%/zyx = COV(X — EL[X|Y],X — EL[X‘Y]) = Exx.y, the
partial covariance matrix of X given Y.

A.2 Relation to Conditional Independence
Proof of Lemma D.4.

Fact A.1. When X, 1 X5|Y, the partial covariance between X1, Xo given'Y is 0:
Sy, x,.y =cov(X; — EX[X,]Y], X5 — EL[X,|Y))

EEXle — Exlyz;;zyxz = 0
The derivation comes from the following:

Lemma A.1 (Conditional independence (Adapted from [34])). For random variables X1, X5 and a
random variable Y with finite values, conditional independence X1 L X5|Y is equivalent to:

sup  E[f(X1)g(X2)[Y] = 0. )
fEN1,geN>

Here N; = {f : R% — R: E[f(X,)|Y] =0},i=1,2

Notice for arbitrary function f, E[f(X)|Y] = EL[f(X)|¢,(Y)] with one-hot encoding of discrete
variable Y. Therefore for any feature map we can also get that conditional independence ensures:

B (X1)da(Xa) |y i=COV(01(X1) — EX[61(X1)[ ¢y (V)] p2(X2) — EX [h2(X2) |y (Y)])
:E[(z_)l(Xl)J)Z(XQ)T] =0.

Here ¢1(X1) = ¢1(X1) — E[¢1(X1)|¢, (V)] is mean zero given Y, and vice versa for ¢ (X5). This
thus finishes the proof for Lemma D.4. O

A.3 Technical Facts for Matrix Concentration

We include this covariance concentration result that is adapted from Claim A.2 in [18]:

Claim A.2 (covariance concentration for gaussian variables). Let X = [x1, T2, - wn]T € Rnxd
where each x; ~ N (0, X x). Suppose n > k +1og(1/9) for § € (0,1). Then for any given matrix

B € R¥™™ that is of rank k and is independent of X, with probability at least 1 — 1% over X we
have

1
09B'SxB<-B'X"XB=<11B'XxB. (5)
n

And we will also use Claim A.2 from [18] for concentrating subgaussian random variable.
Claim A.3 (covariance concentration for subgaussian variables). Let X = [x1, o, -2, € R"*?
where each x; is p*-sub-gaussian. Suppose n. > p*(k+1log(1/d)) for § € (0,1). Then for any given

matrix B € R¥™ that is of rank k and is independent of X, with probability at least 1 — % over X
we have

1
0.9B'SxB<-B'X"XB=<11B"2«B. (6)
n
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Claim A4. Let Z € R"*F be a matrix with row vectors sampled from i.i.d Gaussian distribution
N(0,X 7). Let P € R™ "™ be a fixed projection onto a space of dimension d. Then with a fixed
§ € (0,1), we have:

IPZ||% < Te(S2)(d + log(k/d)),
with probability at least 1 — 6.

Claim A.4. Each t-th column of Z is an n-dim vector that is i.i.d sampled from Gaussian distribution

N(O, 2tt)~

k
IPZ|% =) |P=]’

t=1
k
= E thPZt'
t=1

Each term satisfy ;' |[P2¢]|? ~ x%(d), and therefore with probability at least 1 — &’ over 2;,
S [Pzl S d + log(1/8").
Using union bound, take ¢’ = ¢/k and summing over ¢ € [k] we get:
IPZ||% < Te(E2)(d + log(k/5)).
O

Theorem A.5 (Vector Bernstein Inequality (Theorem 12 in [26])). Let Xy, --- , X, be independent
zero-mean vector-valued random variables. Let

N =Y X
1=1
Then
N ¢
PIN >VV +t| < —
[N > +]_exp(4v>,

where V =Y. E||X;||3 and t < V/(max || X;|2).

Lemma A.6. Let Z € R"*? be a matrix whose row vectors are n independent mean-zero (condi-
tional on P being a rank-d projection matrix) o-sub-Gaussian random vectors. With probability
1-4:

IPZ|% < o®(d+log(d/d)).
Proof of Lemma A.6. Write P = UU" = [uy,--- ,u4] where U is orthogonal matrix in R"*¢
where U U = I. Notice |[UU " Z||% = Te(Z"TUUTUU " Z) = Te(Z"UU T Z). Therefore:

IPZ|% =IU"Z|%

d
=>_llu] Z|?
j=1

d n
=01 wiizl,
j=1 i=1

where each z; € R” being the i-th row of Z is a centered independent o sub-Gaussian random
vectors. To use vector Bernstein inequality, we let X := Z?:l X; with X; taking the value of u;;2;.
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We have X; is zero mean: E[X;] = E[u;;E[z;|uj;]] = E[u;; - 0] = 0.
V=) E|X|3
:ZE[u?iz;zi]
i
= Eu,: [ufiEl] 2ill3]w;]

1
SO—Q Z ]Eujt [U’?v]
)

20'2.

Therefore by vector Bernstein Inequality, with probability at least 1 —4/d, || X || < o(1++/log(d/d)).
Then by taking union bound, we get that |PZ|? = ijl Hu;'—ZH2 < 02d(1 + log(d/d)) with
probability 1 — 4.

O

B Warm-up: jointly Gaussian variables

We assume X1, Xo,Y are jointly Gaussian, and so the optimal regression functions are all linear, i.e.,
E[Y|X;] = EX[Y|X;]. We also assume data is centered: E[X;] = 0 and E[Y] = 0. Non-centered
data can easily be handled by learning an intercept. All relationships between random variables can
then be captured by the (partial) covariance matrix. Therefore it is easy to quantify the CI property
and establish the necessary and sufficient conditions that make X5 a reasonable pretext task.

Assumption B.1 (Jointly Gaussian). X1, Xo,Y are jointly Gaussian.
Assumption B.2 (Conditional independence). X; 1 X5|Y.

Claim B.1 (Closed-form solution). Under Assumption B.1, the representation function and optimal
prediction that minimize the population risk can be expressed as follows:

(@) = B[ X0 X1 = @] = Bx,x, By x, 71 (7
Our target f*(x1) := EL[Y|X; = 2] = Byx, 2}})(1931' (8)

Our prediction for downstream task with representation 1/* will be: g(-) := EL[Y]*(X1)]. Recall
from Equation (1) that the partial covariance matrix between X; and X5 given Y is Xy v,y =

XXX, — X leE;%,Ey x,- This partial covariance matrix captures the correlation between X; and
Xy given Y. For jointly Gaussian random variables, CI is equivalent to X x, x,|y = 0. We first
analyze the approximation error based on the property of this partial covariance matrix.

Lemma B.2 (Approximation error). Under Assumption B.1, B.2, if X x,y has rank k, we have
fH(xr) = WH*(x1), ie., equ(*) = 0.

Remark B.1. X,y being full column rank implies that E[ X5 |Y'] has rank k, i.e., X5 depends on all
directions of Y and thus captures all directions of information of Y. This is a necessary assumption
for Xy to be a reasonable pretext task for predicting Y. eqp(1*) = 0 means f* is linear in *.
Therefore 1* selects dy out of dy features that are sufficient to predict Y.

Next we consider the estimation error that characterizes the number of samples needed to learn a
prediction function f(x1) = W* () that generalizes.

Theorem B.3 (Excess risk). Fix a failure probability 5 € (0,1). Under Assumption B.1,B.2, if
ng > k +log(1/6), excess risk of the learned predictor £1 — W)*(x1) on the target task satisfies

Tr(Syyx,)(k + 10g(k/5)))
) ’

ER,- (W) <O <

with probability at least 1 — 4.
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Here Xyy|x, = Zyy — Zyx, E}} X, Y x,v captures the noise level and is the covariance matrix
of the residual term Y — f*(X;) =Y — Xy x, 2}} X, X. Compared to directly using X to predict

Y, self-supervised learning reduces the sample complexity from (’)(dl) to @(k) We generalize these
results even when only a weaker form of CI holds.

Assumption B.3 (Conditional independence given latent variables). There exists some latent variable
Z € R™ such that X, 1 X5|Y, and Xy is of rank k + m, where Y = [Y, Z].

This assumption lets introduce some reasonable latent variables that capture the information between
X1 and X apart from Y. 3y, ¢ being full rank says that all directions of Y are needed to predict
Xo, and therefore Z is not redundant. For instance, when Z = X7, the assumption is trivially true
but Z is not the minimal latent information we want to add. Note it implicitly requires do > k + m.

Corollary B.4. Under Assumption B.1, B.3, we have *(x1) = W*¢*(x1), i.e., the approximation
error eqp,(Y*) is 0. We can also generalize Theorem B.3 by replacing k by k + m.
C Omitted Proofs with Conditional Independence
Proof of Lemma B.2.
cov(X1]Y, Xo]Y) = Ex,x, — Sx,v Zyy Sy x, = 0.
By plugging it into the expression of EX[X5| X 1], we get that
(1) == EF[Xs|X1 = 1] = Bx,x, Byt x, 1
=Xy Ery Svx, By x, 71
=%,y Iy EF VX

Therefore, as long as X y,y is rank k, it has left inverse matrix and we get: EX[Y|X; = x1] =
E;zyzyy’(/}(ml). Therefore there’s no approximation error in using v to predict Y.

O
Proof of Corollary B.4. Let selector operator S, be the mapping such that S, Y =Y, we overload it
as the matrix that ensure S, 3y = Xy x for any random variable X as well.

From Lemma B.2 we get that there exists W such that EX Y| X;] = WEL[X3|X1], just plugging in
S, we get that EL[Y|X1] = (S, W)EL[Xo| X].

O
Proof of Theorem B.3. Write f*(X1) = E[Y|Xi] = (A)TX,. E'NY|X, = z] =

2}2Y2yyw(a:1). Let W* = EYYE;X? From Lemma B.2 we know f* = W™*i. Recall
noise N =Y — f*(X}) is mean zero conditional on X;. We write N =Y — f*(X).

First we have the basic inequality,
1 - 1
— Y —(X)W|E <—|Y — X, 4|3
5 ¥ — (X)W <Y - X0

1

—||N||2..
5 IV

oY~ X)W
Therefore by rearranging both sides, we have:
[$(X)W* = (X)W |* <2N,p(X1)W* — (X1)W)
=2(Py(x,) N, p(X1)W* — 3(X1)W)
<2|| Py N pl| (X)W = 9(X0)W ]|
= [[(X)W™ = (X)) WI| <2/|Pyx, Nl

g\/Tr(Eyy‘Xl)(k +logk/9). (from Claim A.4)
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The last inequality is derived from Claim A.4 and the fact that each row of IN follows gaussian
distribution N'(0, ¥y y|x, ). Therefore

Tr(Zyy|x,)(k +logk/d)
n2

n%nw(Xl)W* X)W <

Next we need to concentrate 1/n X" X; to Xx. Suppose EL[X5|X ] = BT X, ie., ¥(z;) =
BTz, and 9(X;) = X;B. With Claim A.2 we have 1/n¢(X;)"¢(X,) = 1/nB" X{ X, B
satisfies:

09B"ExB < 1/ny(X;) (X)) < 1.1B"'ZxB

Therefore we also have:

E[|(W* — W) To(z1)]?]
=|\21/QB<W* - W%

3 Tr(X2 )k +logk/s
e W)W (W[ g TV OR kD),

C.1 Omitted Proof for General Random Variables
Proof of Lemma 3.1. Let the representation function v be defined as:
¥(-) = E[Xo| X;] =E[E[X5| X1, V]| X1]
=E[E[X,|Y]|X1] (uses CI)
—ZP = y|X1)E[Xo|Y =y]

:ﬂXﬂ ;

where f : RT — Ay satisfies f(z1), = P(Y = y|X; = 1), and A € RY*% satisfies A, . =
E[X3]Y = y]. Here A, denotes simplex of dlmenswn d, which represents the discrete probablhty
density over support of size d.

Let B = A € RY*% be the pseudoinverse of matrix A, and we get BA = I from our assumption
that A is of rank |)|. Therefore f(x1) = Bt(x1), Vx1. Next we have:

E[Y|X) = 2] =) PV =y|X1 =21) xy
=Y f(z1)
=(Y'B) - ¢(X3).

Here we denote by Y € R¥*Y , Y., = y that spans the whole support V. Therefore let W* =Y B
will finish the proof.

O

Proof of Theorem 3.2. With Lemma 3.1 we know eypx = 0, and therefore W*9(X;) = f*(Xy).
Next from basic inequality and the same proof as in Theorem B.3 we have:

[W(X )W = (X)W || <2|[Pyx,) Nl F

Notice N is a random noise matrix whose row vectors are independent samples from some centered
distribution. Note we assumed E[||N[?|X1] < 2. Py(x,) is a projection to dimension k. From
Lemma A.6 we have:

1£7(X1) = (X)W || <ov/k(1+ log k/6).
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Next, with Claim A.3 we have when n > p*(k + log(1/8)), since W* — W e R%*k,

0.9(W* — W) S, (W* - W)

1
=—(W" -
na

W)Y et

And therefore we could easily conclude that:

E|W Ty(X1) — f*(X0)|* S0

n2

C.2 Omitted proof of linear model with approximation error

Proof of Theorem 3.5. First we note that Y = f*(X;) + N, where E[N|X;] = 0but Y — (A*)T X;
is not necessarily mean zero, and this is where additional difficulty lies. Write approximation error
term a(X) := f*(X1) — (A*)T Xy, namely Y = a(X;) + (A*)TX; + N. Also, (A*)TX; =
(W*)T4(X;) with conditional independence.

(W* - W) < 1L1I(W* -W) 2, (W* - W)

k(1 + log(k/é)).

Second, with KKT condition on the training data, we know that E[a(X;)X{ ] = 0.

Recall W = argminy;, ||[Y — ¢(X;)W/|%. We have the basic inequality,

1 . 1
— Y — (X W% <—|Y — X, A*|?
2n2” P(X1) IIFanQH 1A%|%

1 * (12
—%HY —P(X )W 5.

. 1 . - 1
e S [U(X) W + a(X) + N — (X)W <5 o) + NI
N 2ng

Therefore

1 .
Q—MHQ/J(Xl)W* — (X )W|?

<_ ni<a(X1) + N (X)W — (X)) W)

__ ni<a(X1), VX)W — (X))

W) — (N, )(X1)W* — (X1)W) 9)

With Assumption 3.3 and by concentration 0.9,- X1 X{' < 3y, < 1.1,-X; X/, we have

1

= la(X )X S5 2||F < 1.100VE

(10)

Denote (X)) = X1 B, where B = E}}Exl)(? is rank k under exact CI since X x, x, =
Elez;/]'EYXQ. We have

i(a(Xl),¢(X1)W* - ¢(X1)W>
=L {a(X)), X,BW" — X, BW)
2
— L X a(X0), SYABW - BW))

N2

L .
<1.1boy /TTQHE;/f(BW* — BW)|r

21

(from Ineq. (10))



Back to Eqn. (9), we get

1 .
E‘lw(Xl)W* —Y(X)W|%

ko «1/2 . . 1 ) R
5\/;24 (BW* — BW)|r+ || Px,N| ¢ Xs(BW* — BW)]|r

VE 1 .
S <+||PX1N||F | X1(BW* — BW)|r
Up) %)
1 i k(L + log k/5)
—— [ (X)W™ — (X <y —=. from L. A6
:>\/H—2H¢( DW= (X)W (Fr S -~ (from Lemma A.6)

Finally, by concentration we transfer the result from empirical loss to excess risk and get:

E[[|y(X1)W* — (X)) W] < W'

C.3 Argument on Denoising Auto-encoder or Context Encoder

Remark C.1. We note that since X1 L X5|Y ensures X1 L h(X5)|Y for any deterministic function h,
we could replace X5 by h(X2) and all results hold. Therefore in practice, we could use h(1)(X1))
instead of (X1 ) for downstream task. Specifically with denoising auto-encoder or context encoder,
one could think about h as the inverse of decoder D (h = D) and use D™ = E the encoder
function as the representation for downstream tasks, which is more commonly used in practice.

This section explains what we claim in Remark C.1. For context encoder, the reconstruction loss
targets to find the encoder £* and decoder D* that achieve

HEHHBH]E”XQ_D(E(Xl))”%’a an

where X is the masked part we want to recover and X is the remainder.

If we naively apply our theorem we should use D*(E*(+)) as the representation, while in practice we
instead use only the encoder part E*(-) as the learned representation. We argue that our theory also
support this practical usage if we view the problem differently. Consider the pretext task to predict
(D*)~1(X5) instead of X directly, namely,

E < argminE|(D*) "} (X32) — E(X1)]?, (12)
E

and then we should indeed use E(X;) as the representation. On one hand, when X; L X5|Y, it
also satisfies X1 L (D*)~1(X3)|Y since (D*)~! is a deterministic function of X5 and all our theory
applies. On the other hand, the optimization on (11) or (12) give us similar result. Let

E" = argEminE[HXz - D*(B(X1))|],

and E|| Xy — D*(E*(X1))||? < e, then with pretext task as in (12) we have that:

E[[(D*)"1(X2) — E*(X1)[* =E[[(D*) 1 (X2) = (D*) " o D*(E*(X1))|I”
<|(D*)HEEl X2 — D*(E* (X))
§L2e,
where L := ||(D*)™!||ip is the Lipschitz constant for function (D*)~'. This is to say, in practice,
we optimize over (11), and achieves a good representation £*(X) such that €pre < L+/€ and thus

performs well for downstream tasks. (Recall €p is defined in Theorem 4.2 that measures how well
we have learned the pretext task.)
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D Omitted Proofs Beyond Conditional Independence
D.1 Warm-up: Jointly Gaussian Variables
As before, for simplicity we assume all data is centered in this case.

Assumption D.1 (Approximate Conditional Independent Given Latent Variables). Assume there
exists some latent variable Z € R™ such that

~1/2
”2)(1/ Yy xrllF <ea

J;H_m(E];,YEyXQ) =p3>0%and Xy, y is of rank k + m, where Y = [Y, Z].
When X is not exactly CI of X5 given Y and Z, the approximation error depends on the norm of
HEZ/ ’® X1, X5 |l2- Let W be the solution from Equation uses CI.

Theorem D.1. Under Assumption D.1 with constant ec; and 3, then the excess risk satisfies

. . 2
Ry [W] = (W 4" (X0) — ORI € G + TH(Byy ) D),

Proof of Theorem D.1. Let V := f*(X;) = X, E}} x, 21y be our target direction. Denote the
optimal representation matrix by ¥ := (X;) = X; A (where A := E}} X, 2 X1 Xs)-
Next we will make use of the conditional covariance matrix:
XX, X7 = UX X, — EXJ/EE/IEY)@
and plug it in into the definition of W:
V=X Tl By v B0 By, + XaBX 0« By v,y
=L+ F,

where L := X133 ¢ By 32 Sy, and E := X133 ¢ T, x, 7. We analyze these two
terms respectively.

For L, we note that span(V') Cspan(L): LE;J/EY =X, 2;(1)(12)(137. By right multiplying
the selector matrix Sy we have: LE;JZYY =X, E;(inEle, ie., LW =V, where W :=
2;2)—,2373/. From our assumption that O‘T(E;YZYXQ) = ﬂ: we have |[W|z < HE;Q?E)-,HQ <
1/8. (Or we could directly define § as Uk(EI,YEYXQ) = [[Wll2.)

By concentration, we have E = X 2)}1){1 EXle\Y/ converges to E;(iégzllexzn’/- Specifically,

when n > k + logl/é, |E|r < 1. 1||2X1X12X1X2\YHF < 1.1lecr (by using Lemma A.2 ).

Together we have | EW||r < eci/f.

Let W = argminy, |[Y — UW|2. Wenote that Y = N +V = N + UW — EW where V is
our target direction and N is random noise (each row of N has covariance matrix Xy x, ).

From basic inequality, we have:
W —Y |5 <YW Y|} = |N - EW|3.
— [|[IW -V — EW|? <2(IW -V — EW,N — EW)
= [|[IW -V — EW| <P, pviN|| + |EW]|
= YW — V| SIEllr W] + (Vd2 + 10g 1/8),/Te(Sy v x,).
(from Lemma A .4)

<\/ £+ \/ +\/10g1 \/TI' 2YY|X1)

(from Assumption D.1)

804 (A) denotes k-th singular value of A, and AT is the pseudo-inverse of A.
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Next, by the same procedure that concentrates n%X I X to Xx, x, with Claim A.2, we could easily
get

~ N 2
ERIW] = B{IW T 0(X0) — £ (X)) € G+ Tr(Byy ) 2L

D.2 Measuring conditional dependence with cross-covariance operator

L?(Px) denotes the Hilbert space of square integrable function with respect to the measure Py, the
marginal distribution of X. We are interested in some function class H, C L?(Px) that is induced
from some feature maps:

Definition D.2 (General and Universal feature Map). We denote feature map ¢ : X — F that maps
from a compact input space X to the feature space F. F is a Hilbert space associated with inner
product: (¢p(x), p(x')) 7. The associated function class is: H, = {h : X — R|Fw € F,h(x) =
(w, ¢(x)) 7,V € X}. We call ¢ universal if the induced H.,, is dense in L*(Px).

Linear model is a special case when feature map ¢ = Id is identity mapping and the inner product is
over Euclidean space. A feature map with higher order polynomials correspondingly incorporate high
order moments [20, 24]. For discrete variable Y we overload ¢ as the one-hot embedding.

Remark D.1. For continuous data, any universal kernel like Gaussian kernel or RBF kernel induce
the universal feature map that we require [41]. Two-layer neural network with infinite width also
satisfy it, i.e, V& € X C R ¢ony(z) : ST xR = R, oy () [w,b] = o(w x +b) [7].

When there’s no ambiguity, we overload ¢, as the random variable ¢ (X7 ) over domain F7, and H;
as the function class over X;. Next we characterize CI using the cross-covariance operator.

Definition D.3 (Cross-covariance operator). For random variables X € XY € Y with joint
distribution P : X x Y — R, and associated feature maps ¢, and ¢,, we denote by Cy, 4, =
Elp,(X) ® ¢y (V)] = fXxy ¢2(2) ® ¢y(y)dP(z,y), the (un-centered) cross-covariance operator.
Similarly we denote by Cx 4, = E[X ® ¢, (Y)] : F, — X.

To understand what Cy_ 4, is, we note it is of the same shape as ¢.(z) ® ¢,(y) for each in-
dividual € X,y € ). It can be viewed as an operator: Cy,¢, : Fy — Fu, Copo,f =

fXXy<¢y(y),f>¢x(ar)dP(a:,y),Vf € Fy. Forany f € H, and g € H,, it satisfies:
(f,Cs.0,9) 1. = Exy[f(X)g(Y)][6, 20]. CI ensures Cy,x5)9, = 0 for arbitrary ¢y, da:

Lemma D.4. With one-hot encoding map ¢, and arbitrary ¢1, X1 L X5|Y ensures:
Co1 X216, = CorXs = C16,Cy5,Co,x2 = 0. (13)

A more complete discussion of cross-covariance operator and CI can be found in [20]. Also, recall
that an operator C : F,, — JF, is Hilbert-Schmidt (HS) [50] if for complete orthonormal systems
(CONSs) {¢;} of F, and {n;} of F,, |C||Zs := >2i.(Gs Cni)%, < oo. The Hilbert-Schmidt norm
generalizes the Frobenius norm from matrices to operators, and we will later use 1Cs, 210, |I tO
quantify approximate CI.

We note that covariance operators [21, 20, 6] are commonly used to capture conditional dependence
of random variables. In this work, we utilize the covariance operator to quantify the performance of
the algorithm even when the algorithm is not a kernel method.

D.3 Omitted Proof in General Setting
Claim D.5. For feature maps ¢1 with universal property, we have:
U (X1) =E[X2|X1] = E*[Xo|d1]
=Cx,4,Cy s, 01(X1).
Our target f*(X,) :=E[Y|X1] = EL[Y|¢1]
=Cy,Cy 1, d1(X1).
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For general feature maps, we instead have:
$*(X1) =argmin Ex, x, [ X2 — £(X1)]13
FeH?
=Cx,0,Cy,, 01(X1).

Our target f*(X1) —argmmEleHY F(X)|3
feHky

=Cy,Cy 1, 1(X1).

To prove Claim D.5, we show the following lemma:

Lemma D.6. Let ¢ : X — F, be a universal feature map, then for random variable Y € ) we
have:

E[Y |X] = E*[Y]¢(X)].

Proof of Lemma D.6. Denote by E[Y|X = z] =: f(x). Since ¢ is dense in X, there exists a linear
operator a : X — Rsuch that [ .. a(x)¢(x)[]dx = f(-) a.e. Therefore the result comes directly
from the universal property of ¢. O

Proof of Claim D.5. We want to show that for random Varlables Y, X, where X is associated with a
universal feature map ¢,,, we have E[Y|X] = CY%(X)C e (X)a (X) (;Sz( ).

First, from Lemma D.6, we have that E[Y'|X] = EL[Y|¢,(X)]. Next, write A* : F, — ) as the
linear operator that satisfies

E[Y[|X] = A%¢.(X)
st A* = argmin E[[Y — A¢, (X)]2).
A

Therefore from the stationary condition we have A*E x [¢,(X) ® ¢.(X)] = Exy[Y ® ¢,(X)]. Or
namely we get A* = CY%C;;% simply from the definition of the cross-covariance operator C. [

. —1/2 _
Claim D.7. [|C, \/%Cy, x, 1, |35 = Ex, [|E[X2|X1] — Ey [E[Xa|V][X1][2] = €2,
Proof.

€50, Conxaloy I

B X xs (L1, T2) DX, LX)y (T1, T2)
/X1 /)<2< px, (@)  px, (1)
=Ex, [|E[X2|X1] - E¢[E[X,|Y]|X1][1%].

2

> X2dpm2

dpg,

D.4 Omitted Proof for Main Results

We first prove a simpler version without approximation error.

Theorem D.8. For a fixed § € (0, 1), under Assumption 4.1, 3.2, if there is no approximation error,
i.e., there exists a linear operator A such that f*(X1) = A¢1(X1), if n1,n2 > p*(da + log 1/6),
and we learn the pretext tasks such that:

E[[$(X1) = " (X1)l[7 < epre-

Then we are able to achieve generalization for downstream task with probability 1 — §:

Eflf5, (X1) - WT(X0)|?] < Ofo @+@+ ) (14)
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Proof of Theorem D.8. We follow the similar procedure as Theorem D.1. For the setting of no

approximation error, we have f* = f7; , and the residual term N := Y — f *(X1) is a mean-
zero random variable with E[||N||?|X;] < o2 according to our data assumption in Section 3.

N =Y — f*(X{") is the collected no samples of noise terms. We write Y € R%. For
classification task, we have Y € {e;,i € [k]} C R (i.e, d3 = k) is one-hot encoded random variable.
For regression problem, Y might be otherwise encoded. For instance, in the yearbook dataset, Y
ranges from 1905 to 2013 and represents the years that the photos are taken. We want to note that our

result is general for both cases: the bound doesn’t depend on d3, but only depends on the variance of
N.

Let U*, L, E.V be defined as follows:
Let V. = f*(X{) = f5 (X{™") = qS(Xf"W“)CdjllCmy be our target direction. Denote the
optimal representation matrix by
_w* (Xdown)
¢(Xd0wn)c(;11¢1 C¢,1 X,
¢(Xdown)ct;11¢l C¢1 by C;yl 2¢17 X, + ¢(Xfown)c¢'1 1 C¢1 Xal¢y
=L+ FE,

where L = ¢(X{)C. 1, C4,6,C;1Co,x, and B = ¢(X{C, 1 Cy x5

In this proof, we denote Sy as the matrix such that Sy ¢y = Y. Specifically, if Y is of dimension d3,
Sy is of size d3 x |V||Z|. Therefore Sy 34 4 = Xy 4 for any random variable A.

Therefore, similarly we have:

LY!

X2¢7E¢y¢y SY =Lx!

by S,y =LW =V

where W := E}Z%E%Y satisfies |W ||z = 1/83. Therefore span(V') Cspan(L) since we have
assumed that 2;2 ¢y DY to be full rank.

On the other hand, E = ¢ (X{")C ¢11¢1C¢1 X, |V concentrates to C;fﬁ(fm Xa|¢,- Specifically, when
n > c+log 1/6, n—12||E||% < 1.1\|C;11¢120¢1X2|¢y |% < 1.1€%; (by using Lemma A.3 ). Together we
have | EW || < ec1/S-

We also introduce the error from not learning 1* exactly: EP® = W — U := ¢ X Jown) — g% (X down),
With proper concentration and our assumption, we have that E|¢)(X1) — ¢*(X1)||* < €pe and

= [ (X)) — 9 (XE)P < 1 Lepre.

Also, the noise term after projection satisfies HP[\I, 5 V]N|| < v/d2(1 +log da/6)o as using Corol-
lary A.6. Therefore ¥ = ¥* — EP°* =L + F —

Recall that W = arg miny, [|¢(X %)W —Y ||%. And with exactly the same procedure as Theorem
D.1 we also get that:

|WW — V|| <2 EW | + 2| E™W | + | P, v. o N
<r6c1 + €pre + 0+/dy(1 + log(da/9)).

With the proper concentration we also get:

6(2',‘1 + 6gre + 2 d2(1 + 1Og(d2/6))
/82 o .. .

E[|W To(X1) — f5, (X)) <
O

Next we move on to the proof of our main result Theorem 4.2 where approximation error oc-
curs.
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Proof of Theorem 4.2. The proof is a combination of Theorem 3.5 and Theorem D.8. We follow the
same notation as in Theorem D.8. Now the only difference is that an additional term a(X{°"") is
included in Y':

Y =N + f5(X{™)
=N + U*W + a(X{")
=N + (¥ + EP*)W + a(X{™™)
=UW + (N + EPW + a(X ).

From re-arranging 2n Y —OW % < S ||y — W2,

— 2n2
1 - R 1 -
%H\I’(W - W)+ (N + EP + a(X{™™))[|7 < %IIN + EP*W +a(X{")|F (15)
1 - . 1 - . _
= %H\IJ(W -W)|% < 772@(“/ — W), N + EPW + a(X ")), (16)

Then with similar procedure as in the proof of Theorem 3.5, and write ¥ as ¢(X{°*") B, we have:

1 _ ~
—(B(W — W), a(X{)
2
1 - o
= (BW — W), 6(X{™) Ta(X{)
— (CPBIW — W),C 20X Ta(X ™))

do _ s
n—gnc;?mw - W)l

1 down I _ T
<11f H¢(X1 JB(W —W)|r

:1.1§||\11(W — W)

Therefore plugging back to (16) we get:

1 - 1, _
5 IPW = W)} < —(U(W = W), N + E™W + a(X{""))
2 2

@

1 - 1 _ 1
= 7II\I’(W -W)|lr < —IIE"“’WIIF + 7HP\IINHF +1.1

\ﬁII‘I’W Fn (Xl — |IEW||p < f (L1 dy + [ EP"*W || + \/dz + log(d2/0))

d2(1 + 10g d2/5) €cr t €pre
\I/W Xdown < + p .
= 5~ fi (XIS 2 5

Finally by concentrating ; \IIT\II to E[yp(X1)9p(X1)T] we get:

da(1+ logdg/é) N €r+ e
ny g

with probability 1 — 4. O

E[|W "d(X1) — fr, (X1)II3] S

D.5 Principal Component Regression

Claim D.9 (Approximation Error of Principle Component Analysis). Let matrix A = L+E € R™"*?
where L has rank r <size of A.Let A, be the rank-r PCA of A. Then we have: ||A, — L||p <
2|Ellr, and | Ay — L|z < 2 E]].
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Proof. Due to the property of PCA, || A, — Al|r < ||E||r and ||A, — A2 < || E||2.

|4, — L2 =|A, ~ A+ A~ L
<||A, = Allr+ | E|lr
<2|B,.

Similarly we have || A, — L||r < 2||E| . O
This technical fact could be used to complete the proof for Remark 4.1.

Proof of Remark 4.1. We replace the key steps of D.8.
Recall U* L, E.V are defined as follows:

U* = *(X{o") is the optimal representation matrix. ¥, is the features obtained from 7-PCA
of \I/* U* = L + E which is low rank plus small norm. (L = ¢(Xd°W“)C¢1¢1C¢1¢gC;ﬁ1C¢gx2

and E = ¢(Xd°W“)C¢11¢IC¢1X2|y. Suppose r = |V||Z].) Let V = f*(X{) = f3 (X{") =

H(Xovm) ¢11€¢1y = LW be our target direction, where W := 2}2%2%1/.

Due to representation learning error (finite sample in the first stage) and approximate conditional
independence, the target direction V is not perfectly linear in U* or its 7-PCA features W.

Now with PCR we learn the linear model with W < arg miny, | ¥, W — Y ||%. Together with D.9
and the same procedure as Theorem D.8 we also get that:

Let E = L — U, is of rank at most 27.
|9, W - Y| <[V, W - Y|} = |[N - EW|%.
— | U, W -V - EW|? <2(9,W -V — EW,N — EW)
= |V, W~V — EW| <||Py, i N| + |[EW|
= |0, W — V| <2[|E|p|W] + || PN
SIEFIIW ] + ovr(1+ /log(r/d)).
With concentration on the downstream labeled samples we also get the result in Remark 4.1:
@t e or(+log(r/0))
+o .
B? n2

Here r = |Y||Z] . O

E[|W Ty (X1) = fr, (X)IP] S

E Onmitted Proofs Beyond Conditional Independence

E.1 Proof for topic modeling example

Proof for Theorem 5.1. We will construct a latent variable Y such that ecy = 0. We pick the domain
of Y to be [k] and the distribution P(Y'|X) to be the distribution E [11|X;] € Ay, and define

P (X,|Y =1i) = P (X2|u = €;). More specifically we have

) =
P(V = i|X)) = E [4]X1] (i) = E[u(3)| 1] and thus E [F]X,] = E [u]X.]
P (X2|Y = Z) = (X2|[IJ = 67;) and thus £ [X2|Y = Z] = E[XQ‘/J, = 61']

To show ecy = 0, from Definition 4.1 we need to show E [X5|X:] = E [E [X,|Y] |X;]. Since X5 is
the bag of words representation, we know that Xy = % ZiliN/Q_H €w,;- So for any p1 € Ay, we get

2
E [X5|u] = “)* Z E [ew,|n] = = Z Ap = Ap
i=N/2+1 i=N/2+1
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where (a) follows from linearity of expectation and (b) follows from the linearity of the probability
distribution of each word given 1 for topic models. Thus from the definition of Y, E [X,|Y = i] =
E [X2|p = e;] = Ae;. To check if ecy = 0, we compute the following

E [E [X2|Y] |X4] ZE Xo|Y =] P(Y =i|X1)

—ZAel (1)) X1] = AZ]E i)ei| X1]

:E[Au|X1]= [E [ Xz IXﬂ

Due to the topic modeling assumption and the independent sampling of words given p, we know that
X1 L Xo|p and thus E [Xo|X;] = E[E [X2|p] | X1]. Combining with the above calculation, we get
that E [E [X2|Y] |X1] = E [X3|X1], thus giving ec; = 0. This proves points 1. and 2.

For point 3., note that E[Y | X;] = E[w " | X1] = w E[u|X1] = wTE[Y]X}].
Finally for point 4., we use the definition 1/ = ||Zy¢, 2}2 4, ||2- For the first term, we note that
E¢y|u) = E[E[py | Xa] [u] = E[E 2] X1] |u] =
Svgy = Bunr [Yog] = Epnr [w! uoy]
= By [T [6710]] = Eor [ 7]
=w'T

where I' was defined as the topic covariance I' = E,, .~ [NMT] . The second term is

B xa0y = Epur [E[Xo|u] E [¢3|4]] = Eyer [App' ] = AT
The upper bound for 1/ can be computed as follows

_ i T t

/8= [Bres, |, = [wTr ],
< Jwlla Amax (D) Amax ((AT)") = [z Ame(T) Aswin (AT) ™"
S ||IUH2 )\max<F) )\min (A)_l Ami]ﬂ (F)_l
Amax(T) _

= [lwlle T Ain (4) 7 =
)\min (F)
For Amin (A4), we need to lower bound min|,,—1 [[Av||2 for which we will use the anchor word
assumption. Let 7(7) be the anchor word for topic ¢ € [k]; so A;(n(¢)) > pand Ay (7w(i)) =0
for i/ # 4. Using the assumption, for any v € R¥ with |jv]j2 = 1, we get that |(Av)(7(i))| =
lv;| Ai(m(i)) > p|v;| and thus [|Av||3 > 3, (Av)(x(i))* > p* ., v? = p*. This shows that

Amin (A) > p, thus combining with the above calculation to prove point 4. and completing the
proof.

rllwll2
)\min (A)

F General Results and Comparison to [57]

We now show a more general form of our results and also connect the multi-view redundancy
assumption from [57] to ours.

F.1 General Results

We first note that all our results hold for a generalized version of Assumption 4.1 and Definition 4.1
that we state below.

Assumption F.1. Suppose Y with |Y'| < m is a discrete latent variable that satisfies
1. Y makes X1 and X5 approximately CI as in Definition 4.1, i.e.
e¢r = Ex, [|E[X2]X1] — E [E[X2|Y]|X:]|?]
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2. Y also makes X1 and Y approximately CI with
e = Ex, [|E[Y[X:1] - Ey [E[Y[V][X4]]?]

3. Xy, x, is full column rank and ||Ey¢g§]§(2¢@ llo = 1/8, where Al is pseudo-inverse, and

¢y is the one-hot embedding for Y.
Note that our assumptions from the main paper are a special case of Assumption F.1, with ey =
0 being satisfied automatically as Y = [Y, Z] is explicitly defined to contain Y in it. Unlike

Assumption 4.1, we do not need Y to be a discrete variable, but just need Y to be discrete. We state
the generalization of Theorem 4.2 below

Theorem F.1. For a fixed 6 € (0,1), under Assumptions F.1, 4.2 for 1[) and * and 3.2 for non-
universal feature maps, if nl, ng > p*(dy + log1/8), and we learn the pretext tasks such that:

El[¢(X1) — ¢v*(X1)||% < p,e Then the generalization error for downstream task w.p. 1 — ¢ is:
T d2 6%1 6;2zre 2
Ex, [[BY X)) - W) <O (o2 + T+ Fr 46 a7

The result is pretty much the same as Theorem 4.2, except for an additional term of ef—,. The proof is

also very similar, the difference being that E[E[Y'|Y]|X;] can now be expressed as a linear function
of ¢* instead of E[Y'| X1], and the additional error incurred during to the mismatch between E[Y | X4 ]
and E[E[Y'|Y]| X ] that is €2 will be incurred.

F.2 Comparison to [57]

We show guarantees for our algorithm under the assumption from [57] in the following special case
that satisfies: (1) X7 and X5 are exactly CI given Y (thus e¢c; = 0), (2) the variation in the target Y is
small given X; and X5. The assumption from [57], in our setting, is equivalent to saying that e x,
and ex, are small, where

¢k, = E[|E[Y|X:] - E[YV| X1, Xo]|IP], @ € {1,2}

A similar assumption of multi-view redundancy also appears in [58]; however they state it in terms
of information-theoretic quantities instead. We will show that these assumptions are also almost
sufficient to show results in our setting. In particular we show that if Y'| X, X5 is almost deterministic
(which makes sense for a many regression tasks) and if 63(2 is small, then e defined in the previous
subsection will be small and thus we have meaningful guarantees.

Lemma F.2. Let 03 = Var[Y| X1, X3) be the variance of Y. Y is as defined in Assumption F.1 with
the extra condition that X; and X are exactly CI given Y. Then we have

ey < V2(0y +€x,)

Plugging this into Theorem F.1 will give us the desired result. Note however that we did not even use
the fact that ex, is small. Using this part of the assumption, we can get an even stronger result that
shows that even though our learned representation will only X7, if will still predict Y| X7, Xo well.

Corollary F.3. For a fixed 6 € (0,1), under Assumptions F.1, 4.2 for 1/; and Y* and 3.2 for non-
universal feature maps, if m, ne > p*(dy + log1/8), and we learn the pretext tasks such that:

El[¢(X1) — v*(X1)||% < €7, Then the generalization error for downstream task w.p. 1 — 6 is:

2da | Core
Ex,.x, ||[EY X1, Xa] — WT4(X1)]13 } ( =+ ﬁpz +ex, +€§Z2+02y>

Thus we see that the assumption from [57] is strong enough for us to be able to show stronger results
than just our assumption. We complete this section by proving Lemma F.2

Lemma F.2. We will also make use of the following lemma that is easily proved using Cauchy-
Schwarz inequality
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Lemma F.4. For random variables Z1, . .. , Z,, for which E[|| Z;||?] < oo for every i € [n], we have
2
B2+ + Zul?] < (VEIZiP] + - + VEZ.TP])

The proof follows from the following sequence of inequalities that uses Jensen’s inequality, condi-
tional independence of X; and X and the above lemma. For simplicity we assume that Y is a scalar
random variable, the proof is the same for vector values Y, except squared values will replaced by
norm squared values.
¢ = Ex, [[E[Y|X1] - Ey[E[Y[Y]IX1])*] = Ex, [(Ey [E[Y]Y, X1]|X1] - Ey [E[Y|Y]|X1])*]
<Ey, v [(E[Y]X1,Y] - E[Y|Y])?]
=EyEx, yEx;y [(E[Y]X1,Y] - E[Y]X],Y])?]

1 o o

= SEvEx, vEx; v [(Ex, [E[Y X1, X, Y]|Y] - Ex, [E[Y]X], X,, Y][Y])?]
1 _ _

< §]E?EX1|}7]EX{|YEX2\Y [(E[Y|X17X27Y] - E[Y‘X{vX%Y])Q]

= %]E (Z1+ Zs + Z5 + Z4)°]

where Zl = E[Y|X1,X2,Y} — ]E[Y|X1,X2], Z2 = —E[Y|X{,X2,Y} + ]E[Y|X{,X2], Z3 =
ElY|X1, X5] —E[Y|X;] and Z4 = —E[Y| X1, X5] + E[Y|X5]. The first and third inequality follow
from Jensen’s inequality, second inequality follows from E[(X — E[X])?] = 1E[(X — X")?], and
the third equality follows from the CI assumption.

We will bound E[Z2] = E[Z2] < E[E[Y]|X,, X, Y] — E[Y|X1,Xs))?] < E[V —
E[Y|X1, X2])?] = o again from Jensen’s inequality. Z3 and Z4 can be handled by observing
that E[Z2] = E[22] = E[(E[Y|X1, X2] — E[Y]X,))?| = €%,

Thus using the above lemma, we get the desired upper bound on €y. O

G Showing E[Y | X;] =~ E[Y| Xy, X3]

Our main result Theorem 4.2 shows that self-supervised learning can help approximate E[Y'| X;] as a

linear function of the learned features . In practice, however, it is more common to predict the label
Y using the entire input X = (X, X5) rather than just X;. We show here that learning E[Y'|X1] is
sufficient, under mild assumptions on the task being solved: the Bayes error of the classification task
(X1,Y) is low. We first upper bound the discrepancy between E[Y'|X;] and E[Y'| X, X5| based on
the Bayes error rate.

Lemma G.1. Suppose ||Y|| < 1 and k = |Y|. Denote the Bayes error for distribution Px, y to be
Bayes-error(Px, y) = Ex, [1 — max, P(y|X1)]°. Then we have

Ex, x, [|[E[Y|X1] — E[Y|X1, X,]||*] < 2k Bayes-error(Px, y)

We will show below (for H = H,,) that if Px, y has low Bayes error, then predicting E[Y'| X1] is as
good as predicting E[Y'| X7, X5] up to this small additive error.

Theorem G.2. Suppose €pgyes = Bayes-error(PXl,y) and that 1/; is €2 -optimal on the SSL task (as

pre
in Theorem 4.2). Under the same conditions as Theorem 4.2, with probability 1 — § we have

I 7 A d €2 62re
Ex, xa |[EIY X1, Xo] - WTH(X0) 3] < O (o-n + a3t ) + 2y

Proof. The law of total expectation gives Ex, [E[Y | X1, X2]| X1] = E[Y| X7], thus it is easy to obtain
the following decomposition

Ex, x [|EIYIX1, Xo] = WTH(X0)I3] =Ex, [IIEY|X3] - WTH(X1)[3]
+ Ex, x; [[EY1X1] - E[Y|X:, X 3]

“We abuse notation and use P(y|X1) instead of Px, v (y|X1).
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The first term can be upper bounded using Theorem 4.2: Ey, {||IE[Y|X1] — VAVTQ/;(Xl)H%} =

ER 1[)(VAV) <0 ( 2 d2 + 6“ + “) The second term is upper bounded by 2ep,yes by invoking
Lemma G.1, and this completes the proof O

Proof of Lemma G.1. Notice the following inequality
2

Ex, x, [[E[Y[X1] - E[Y|X1, Xo] ] = Ex, x, ||| Y v (P(ylX1) — P(y| X1, X2))
yey

2
< |y‘(m§X”yH )EXI’XZ

> (PylXy) - P(y|X1,X2>>2]

Y

< kEx, lEXQ

Z (P(ylX1) — P(y| X1, X2))* | Xl] ]
y

where the first inequality follows from Cauchy-Schwartz and second inequality follows from ||Y'|| < 1.
Thus the problem reduces to bounding the inner expectation for every X;. We first note that for every
X1,y, we have P(y|X1) = Ex,[P(y| X1, X2)|X1] from the law of total expectation. This gives

Ex

2

> (Py|X1) — P(y|X:, X)) ] ZEXZ (X1, X2)? X1 ] — P(y]X1)?

< Z]EXz y‘X17X2)|X1] (y|X1) ]EXQ

ZP y| X1, Xo) |X1] ZP y|X1)?

Yy
=1-Y Pylx))*<1- max P(y|X,)? <2(1— m?jLXP(y|X1))

Y

where the first inequality follows because P(y|X1,X2) € [0,1] and second follows trivially
and third follows from 1 — 22 < 2(1 — z) for # € [0,1]. Combining everything, we get
Ex, x, [|E[Y|X1] — E[Y|X1, X5]|?] < 2kEx, [1 — max, P(y|X1)] = 2k Bayes-error(Px, vy ),
thus proving the result. O

H Theoretical analysis for classification tasks

H.1 Classification tasks

We now consider the benefit of learning 1) from a class H; on linear classification task for label set
Y = [k]. The performance of a classifier is measured using the standard logistic loss

Definition H.1. For a task with Y = [k], classification loss for a predictor f : X; — R is

ba( £) = Bl (£ (X0), V)] where lig(5,9) = [— log (Zﬂ

The loss for representation 1 : Xy — R% and linear classifier W € RF*% is denoted by Lep(W).

We note that the function o is 1-Lipschitz in the first argument. The result will also hold for the
hinge 108s hinge (7, y) = (1 — 9y + maxy 4, ¥, )+ which is also 1-Lipschitz, instead of £}o,.

We assume that the optimal regressor f7, for one-hot encoding also does well on linear classification.

Assumption H.1. The best regressor for 1-hot encodings in Hy does well on classification, i.e.
Cef(V11;,) < €one-hor is small for some scalar 7.

Remark H.1. Note that if H, is universal, then fy, (x1) = E[Y| X1 = x1] and we know that Ve
is the Bayes-optimal predictor for binary classification. In general one can potentially predict the
label by looking at arg max;c i) f3;, (x1)i- The scalar ~y captures the margin in the predictor f3; .

32



We now show that using the classifier W obtained from linear regression on one-hot encoding with
learned representations 1 will also be good on linear classification. The proof is in Section H

Theorem H.2. For a fixed § € (0,1), under the same setting as Theorem 4.2 and Assumption H.1,
we have:

A~ ~ 2 2
Ec'lf (7W¢> <0 v 02@ + < + Core + €one-hot>
ny % B2

with probability 1 — 4.

Proof of Theorem H.2. We simply follow the following sequence of steps
Lo (’YVAVW;) = IE[élog (’YW@(XI))Y)}

< E [fg (£, (X0), V) + A WH(X1) = fi, (X

<O etor + 1) B [IW900) ~ f, (K0P

= €one-hot T 7Y \/ ERJ;[VAV]

where (a) follows because /o is 1-Lipschitz and (b) follows from Assumption H.1 and Jensen’s
inequality. Plugging in Theorem 4.2 completes the proof. O

I Four Different Ways to Use CI

In this section we propose four different ways to use conditional independence to prove zero approxi-
mation error, i.e.,

Claim L1 (informal). When conditional independence is satisfied: X;1 Xs|Y, and some non-
degeneracy is satisfied, there exists some matrix W such that E[Y | X;] = WE[X5|X4].

We note that for simplicity, most of the results are presented for the jointly Gaussian case, where
everything could be captured by linear conditional expectation EX[Y|X;] or the covariance matri-
ces. When generalizing the results for other random variables, we note just replace X, X5,Y by
$1(X1), p2(X2), ¢y (Y) will suffice the same arguments.

I.1 Inverse Covariance Matrix

Write X as the covariance matrix for the joint distribution Px, x,y .

Yxx Xxy —1 A p
E == 2 =
|:E}—EY Eyyjl ’ |:pT B

where A € R(d1+d2)x(di+d2) ", ¢ Rldi+d2)xk B ¢ RFXE Fyrthermore
_ P, A= A A
P {Pz} ’ {Am Azz}
for p; € R%** i =1,2and A;; € R4*% fori, j € {1,2}.

Claim L.2. When conditional independence is satisfied, A is block diagonal matrix, i.e., A1o and
Ao are zero matrices.

Lemma 1.3. We have the following

E[X1|Xs] = (A1 — p1p] ) H(pip2 | — A12)Xo (18)
E[Xo|X1] = (A2 — p2py ) H(p2p1| — A1) Xy 19)
E[Y|X)=-B"2(p X1 + p3 X2) (20)
where p; = p; B2 fori € {1,2}. Also,
 Ta1. 1 1
(A1 — PlP1T) 1PlPQT = ﬁAanlP;
1—=py Ay p
C Ta—1- - 1 1 =
(Agg — p2py ) ' papl = —————7— A p2]

1—pg Ay pa
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Proof. We know that E[X | X5] = 21535, Xy and E[X5|X;] = 39, 2]} 21, where

Se — Y X2
XX T 13y g

First using XX~ = I, we get the following identities

SxxA+Zxyp =1 Q1
Sy A+Syyp =0 (22)
Yxxp+XxyB=0 (23)
Siyp+EyyB=1 (24)

From Equation (23) we get that X xy = —X y xpB~! and plugging this into Equation (21) we get
SxxA-ExxpB lpt =1
= Sxx=(A-pB p") ' =(A-pp')"!
_ _ —1
DITRED T _ A — plplT A — ,01,02
o1 a9 Aoy — pap]  Asz — papy

We now make use of the following expression for inverse of a matrix that uses Schur complement:
M /a = § — ya~ '8 is the Schur complement of o for M defined below

O R Y R T

For M = (A — pp"), we have that ©xx = M ~! and thus
1285 = —a ' B(M /o) (M /o)™
= —a71B
= (A1 — p1py ) M (p1py — Ar2)
This proves Equation (18) and similarly Equation (19) can be proved.

For Equation (20), we know that E[Y'|X = (X1, X5)] = By xE 5\ X = 21, 2 X. By using
Equation (23) we get X xy = —XxxpB~! and thus

EY|X = (X1,X2)] = B 'p Bxx B X
= —B’lpTX =B Y (p X1+ p; X2)
=-B7%(p| X1+ X2)
For the second part, we will use the fact that (I —ab")™* = I + —=+5ab'. Thus
(A —ppl ) e = (I — Ay 51pl )AL pips
I+

——— AP AL b
1- PIAanl
_ 1 A T
= A111 (I + 7P1P1A111)P1P;—
1—p; A11 P1

pAL o

T A )
A11 P1

p1A11 p1

1-pl Ayl

= A7 (P13 +
= Ay pips (1+
1
=————A'Pips
1- PlT 11101
The other statement can be proved similarly. [

Claim 1.4.
E[X5|X1] = (Ags — papy ) ' p2p) X1.E[Y|X1) = —BY25] X; — B™Y25] E[X,|X1]
Therefore E[Y | X1] is in the same direction as E[X5| X1].

34



LI.2 Closed form of Linear Conditional Expectation

Refer to Claim B.1 and proof of Lemma B.2. As this is the simplest proof we used in our paper.

L3 From Law of Iterated Expectation

EE [ Xy X1] =EX[EL[X5| X, V]| X1]

-1
by by X
=E | [Ex.x1, 2x,v] { N le} {Yl] |X1]

Yvx, vy

=AX, + BEF[Y|X].
Using block matrix inverse,
A=(Zxx —TorEyyZyx)(Exx — Bxy By Byx, ) € REXA

= Z:X1X2|Y(2X1X1|Y)71
B =3y, yx,(Syy|x,) ' € RZ*Y,
Therefore in general (without conditional independence assumption) our learned representation will
be (1) = Axy + Bf*(x1), where f*(-) := EL[Y|X;].

It’s easy to see that to learn f* from representation 1), we need A to have some good property, such
as light tail in eigenspace, and B needs to be full rank in its column space.

Notice in the case of conditional independence, X x, x,|y = 0, and A = 0. Therefore we could
easily learn f* from ¢ if X3 has enough information of Y such that ¥ x,y|x, is of the same rank as
dimension of Y.

L4 From E[X,|X;,Y] = E[Xy|Y]

Proof. Let the representation function ¢ be defined as follows, and let we use law of iterated
expectation:

Y(-) == E[X2|X1] =E[E[X2| X1, Y]|X1]
=E[E[X2|Y]| X1] (uses CI)
:ZP(Y = y|X1)E[X2]Y = y]

= f(X1)" A,

where f : RT — Ay satisfies f(z1), = P(Y = y|X; = 1), and A € RY*% satisfies A, =
E[X3]Y = y]. Here A, denotes simplex of dimension d, which represents the discrete probability
density over support of size d.

Let B = A € RY*9 be the pseudoinverse of matrix A, and we get BA = I from our assumption
that A is of rank |)|. Therefore f(x1) = Bv(x1), Vx1. Next we have:

EY|X; =] =» PY =y|X1 =21) xy
=Y f(z)
:(YB) P(X1).

Here we denote by Y € RFXY, Yy = y that spans the whole support ). Therefore let W* = YB
will finish the proof.

O
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Figure 3: Left: MSE of using ¢ to predict Y versus using X; directly to predict Y. Using v
consistently outperforms using X;. Right: MSE of ¢ learned with different n,. The MSE scale with
1/n4 as indicated by our analysis. Simulations are repeated 100 times, with the mean shown in solid
line and one standard error shown in shadow.
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Figure 4: Left: Mean Squared Error comparison of predicting gender and predicting date. Right: the
spectrum comparison of covariance condition on gender and condition on date.

J More on the experiments
In this section, we include more experiment setup and results.

Simulations.  All the experiments are performed on a desktop computer with Intel i7-8700K,
16GB RAM.

Following Theorem 4.2, we know that the Excessive Risk (ER) is also controlled by (1) the number
of samples for the pretext task (n1), and (2) the number of samples for the downstream task (nz),
besides k and ey as discussed in the main text. In this simulation, we enforce strict conditional
independence, and explore how ER varies with n; and n,. We generate the data the same way as
in the main text, and keep o« = 0,k = 2, d; = 50 and d2 = 40 We restrict the function class to
linear model. Hence 1 is the linear model to predict X, from X given the pretext dataset. We use
Mean Squared Error (MSE) as the metric, since it is the empirical version of the ER. As shown in
Figure 3, 1 consistently outperforms X in predicting Y using a linear model learnt from the given
downstream dataset, and ER does scale linearly with 1/ns, as indicated by our analysis.

Computer Vision Task. For the context encoder part, we use all the recommended hyperparameter
as in the provided source codes. For the downstream resnet18 regression, we perform grid search
over the hyperparameters to achieve best performance. Specifically, we set the batch size to be 24,
and traing the resnet18 for 50 epoches. One pass of training (loops over all the settings with different
number of labeled data) is finished within 6 hours. All the experiments are performed on a desktop
computer with Intel 17-8700K, 16GB RAM, and NVIDIA Geforce 1080. Training of the context
encoder is finished within 12 hours. The yearbook dataset is distributed under BSD license.

Following the same procedure, we try to predict the gender Y. We normalize the label (Y, Yp) to
unit variance, and confine ourself to linear function class. That is, instead of using a context encoder to
impaint X5 from X7, we confine v to be a linear function. As shown on the left of Figure 4, the MSE
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Figure 5: Performance on SST of baseline ¢ (1), i.e. bag-of-words, and learned (1 ) for the two
settings. Left: Classification accuracy, Right: Regression MSE.

of predicting gender is higher than predicting dates. We find that ||E;(11/)?1 3x, x,|vellF = 9.32,

while ||E;(11/;1 3 x, X, |vp |lp = 8.15. Moreover, as shown on the right of Figure 4, conditioning on
Yp cancels out more spectrum than conditioning on Y. In this case, we conjecture that, unlike Yp,
Y does not capture much dependence between X; and X5. And as a result, ecy is larger, and the
downstream performance is worse, as we expected.

NLP Task. We look at the setting where both X; and A% are the set of sentences and perform
experiments by enforcing CI with and without latent variables. The downstream task is sentiment
classification with the Stanford Sentiment Treebank (SST) dataset [53], where inputs are movie
reviews and the label set ) is {£1}. We learn a linear representation ¢)(X;) = B¢(X1) in the SSL
phase as defined in Section 4. Here we X1, we pick ¢(X7) to be the bag-of-words representations of
the movie review X1, which has a vocabulary size of 13848 For X5 we use a dy = 300 dimensional
embedding of the sentence, that is the mean of word vectors (random Gaussians) for the words
in the review X,. For SSL data we consider 2 settings, (a) enforce CI with the labels ), (b)
enforce CI with extra latent variables, for which we use fine-grained version of SST with label
set Y = {1,2,3,4, 5}10.. In this setting, for every label y € Y (or ¥ € ), we independently
sample movie reviews X7 and X5 from the class y (or ¥), thus simulating the CI (or approximate CI)
condition. We test the learned v on SST binary task with linear regression and linear classification;
results are presented in Figure 5. We observe that in both settings ) outperforms ¢;, especially
in the small-sample-size regime. Exact CI is better than CI with latent variables, as suggested by
theory.

The function v (or equivalently matrix B € R3%0%13848) ig Jearnt by minimizing || X2 — Bop(X1)||?
averaged over the SSL train data with an || - |2 penalty on the matrix B. We use the scikit-learn
RidgeRegressionCV!! solver for this with regularizer parameters in the list [0.001, 0.1, 10, 1000].
Plotting Figure 5 took less than an hour when using 8 Intel(R) Xeon(R) Silver 4214 CPUs on a
cluster.

""Ratings {1,2} correspond to y = —1 and {4, 5} correspond to y = 1
”https ://scikit-learn.org/stable/modules/generated/sklearn.linear_model.
RidgeCV.html
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