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ABSTRACT

We study two-player zero-sum imperfect information extensive-form games
(ITEFGs) with linear functional approximation. In particular, we consider lin-
ear IIEFGs in the formulation of partially observable Markov games (POMGs)
with unknown transition and bandit feedback, in which the reward function ad-
mits a linear structure. To tackle the partial observation of this problem, we
propose a linear loss estimator based on the composite features of information
set-action pairs. Through integrating this loss estimator with the online mirror
descent (OMD) framework and delicate analysis of the stability term in the linear

case, we prove the O(+/(d + 1/p) HX?T) regret upper bound of our algorithm,
where H is the horizon length, X is the cardinality of the information set space, d
is the ambient dimension of the feature mapping, and p is the minimum eigenvalue
of the feature covariance matrix generated by the exploration policy. Additionally,
by leveraging the “transitions” over information set-actions, we propose another
algorithm based on the follow-the-regularized-leader (FTRL) framework, attain-

ing a regret bound of O(v/H2dAT), where  is a quantity depends on the game
tree structure. Moreover, we prove that our FTRL-based algorithm also achieves

the O(vHXdT) regret with a different initialization of parameters. Further, we

provide an Q(y/dmin(d, H)T) regret lower bound for this problem. To the best
of our knowledge, we present the first line of algorithms studying learning IIEFGs
with linear function approximation.

1 INTRODUCTION

In imperfect information games (IIGs), players are limited in their knowledge of the true state of play
when making moves. This opacity allows for intricate strategic maneuvers like bluffing, as players
can hide private information from opponents. In particular, the notion of imperfect-information
extensive-form games (IIEFGs) (Kuhn, 1953) simultaneously enables imperfect information and
sequential play, which thus characterizes a large amount of modeling real-world imperfect informa-
tion games including Poker (Heinrich et al., 2015; Moravcik et al., 2017; Brown & Sandholm, 2018),
Bridge (Tian et al., 2020), Scotland Yard (Schmid et al., 2021) and Mahjong (Li et al., 2020; Kurita
& Hoki, 2021; Fu et al., 2022). There has been an extensive line of works on regret minimization or
finding the Nash equilibrium (NE) (Nash Jr, 1950) of IIEFGs. Under perfect recall condition, when
the full knowledge of the game is known, existing works solve this problem by linear programming
(Koller & Megiddo, 1992; Von Stengel, 1996; Koller et al., 1996), first-order optimization methods
(Hoda et al., 2010a; Kroer et al., 2015a; 2018; Munos et al., 2020; Lee et al., 2021; Liu et al., 2022),
and counterfactual regret minimization (Zinkevich et al., 2007; Lanctot et al., 2009; Johanson et al.,
2012; Tammelin, 2014; Schmid et al., 2019; Burch et al., 2019; Liu et al., 2022).

When the full knowledge of the game is not known a priori or only partial knowledge of the game is
revealed, the problem will be much more challenging and is typically tackled through learning from
the random observations accrued during repeated plays of the game. In this line of works, two-player
zero-sum IIEFGs have been addressed via equipping online mirror descent (OMD) or follow-the-
regularized-leader (FTRL) frameworks with loss estimations (Farina et al., 2021; Kozuno et al.,
2021; Bai et al., 2022; Fiegel et al., 2023) and Monte-Carlo counterfactual regret minimization
(Lanctot et al., 2009; Farina et al., 2020; Farina & Sandholm, 2021). Amongst these work, Bai
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etal. (2022) leverage OMD with “balanced exploration policies” to achieve the first O(v H3 X AT)
regret bound, where H is the horizon length, X is the cardinality of the information set space,
A is the cardinality of the action space and 7" is the number of episodes. Notably, this sample
complexity matches the information-theoretic lower bound on all factors but H up to logarithmic

factors. Subsequently, Fiegel et al. (2023) further improve the bound to 5(\/X AT), with optimal
dependency on all factors up to logarithmic factors, using FTRL with “balanced transitions”.

Though significant advances have emerged in learning two-player zero-sum IIEFGs, the existing
sample complexities of all works depend on X and A. In practice, however, X and/or A might be
very large, particularly in large-scale IIEFGs, which makes the above sample complexities vacuous.
This issue, which is typically called the curse of dimensionality, has also emerged in various prob-
lems beyond IIEFGs. To cope with this issue, a common approach is function approximation, which
approximates the observations on experienced information sets and/or actions with sharing param-
eters and generalizes them onto unseen information sets and/or actions. Indeed, for practitioners in
the area of IIEFGs (e.g., (Moravcik et al., 2017; Brown et al., 2019)), function approximation using,
for example, deep neural networks, has made significant progress in solving large-scale IIEFGs. Yet,
the theoretical guarantees of learning algorithms with function approximation for IIEFGs still remain
open and we are still far from understanding them well. On the other hand, in the more amenable
sequential-decision making problems including (single-agent) reinforcement learning (RL) (Ayoub
et al., 2020; Jin et al., 2020; Zhou et al., 2021; He et al., 2023) and Markov games (MGs) with
perfect information (Chen et al., 2022; Ni et al., 2023; Wang et al., 2023; Cui et al., 2023), signifi-
cant advances have emerged in understanding the theoretical guarantees of algorithms with function
approximation. Therefore, the above two facts naturally motivate us to ask the following question:

Does there exist a provably efficient algorithm for IIEFGs in the function approximation setting?

In this paper, we give an affirmative answer to the above question for IIEFGs with linear function
approximation, in the offfine setting'. In specific, we consider IIEFGs in the formulation of partially
observable Markov games (POMGs) with unknown transition and unknown rewards while admit-
ting a linear structure over the reward functions. This problem is challenging in that both players are
unaware of the current underlying state since only the current information set rather than the state is
observable, which poses substantial difficulties in exploiting the linear structure of the reward func-
tions, as the current feature corresponding to the current state is unknown. To address this problem
and also establish efficient algorithms for learning IIEFGs with linear function approximation, in
this paper, we make the following contributions:

* To learn the unknown parameter that linearly parameterizes the reward functions, we instead
utilize a kind of composite reward features, weighted by the transitions and opponent’s policy.
Intuitively, composite reward features can be seen as features of corresponding information set-
actions. Equipped with the composite reward features, we further propose the first least-squares
loss estimator for this problem and prove its unbiasedness (see Section 3.1 for details).

* Based on the least-squares loss estimator, we then propose the least-squares online mirror descent
(1.s0MD) algorithm that attains the O(\/(d + 1/p) H X?T') regret bound, where d is the ambient
dimension of the feature mapping and p = mins¢ (7} ne(m Amin (Qxt 1) With Q¢ j, being as the
feature covariance matrix induced by exploration policy 7 at step 4. Compared to the computa-
tion and regret analysis of OMD in tabular IIEFGs (Kozuno et al., 2021; Bai et al., 2022; Fiegel
et al., 2023) that heavily depends on the sparsity of the importance-weighted loss estimate, how-
ever, our case intrinsically requires new ingredients to solve both aspects, due to the leverage of
the linear structure. The key insight is to solve the computation and also bound the stability term
of 1.50MD by the log-partition function log Z}, which is in turn bounded by the expectation of
the element-wise product of all the random vectors sampled from all the categorical distributions
along paths from the root node (see Section 3.3 for details).

* Via integrating our proposed linear loss estimator, the solution to the optimization prob-
lem based on the log-partition function log Z% and the idea of “balanced transition”, which
shares a similar spirit as Bai et al. (2022); Fiegel et al. (2023), we additionally pro-
pose the least-squares follow-the-regularized-leader (LSFTRL) algorithm. Let p¥., (xp) =

'By “offline” we refer to that the feature vectors of state-action weighted by min-player’s policy v* in
episode ¢ (as well as transitions) are accessible to the max-player before the ¢-th episode starts. Please see
Section 2 for more discussions.
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Table 1: Comparisons of regret bounds with most related works studying IIEFGs when the full
knowledge of the game is not known a priori.

Algorithm Setting Regret
IXOMD (Kozuno et al., 2021) O(HXVAT)
Balanced OMD/CFR (Baietal.,2022) | Online O(VH3XAT)
Balanced FTRL (Fiegel et al., 2023) O(VXAT)
1.50MD (this paper) Offline! O(/(d+ /o) HX?T) 2
LSETRL (this paper) O(VHZ2IXT)/O(VHXdT) ?
Lower bound (this paper) - Q(+/dmin(d, H)T)

! See Section 2 for the definition of our offline setting.

2 See Assumption 3.2 for the definition of p.

3 The X in the former bound depends on the game tree structure, defined in Assumption 4. 1. The latter bound is obtained by
the same algorithm but with a different initiation of parameters.

> e, cap, D1k (Sh) Vicn—1 (Y (Sh—1) , bn—1) be the sequence-form representation of the “transi-

tion” over X x A x X1 induced by the environment transition P = {ph}fgol and oppo-
nent’s policy v. Under the assumption that for any ¢t € [T], h € [H] and z1,22 € A},
P (1) /ph.), (22) < A with p?, being the sequence-form representation of the chosen “balanced
transition” over X}, x A X Xj41 in LSFTRL, we prove that the regret upper bound of LSFTRL
is of order O(V H2d\T). With a different initialization of “balanced transition” parameter that
is not leveraged in previous works and a refined analysis on the stability term, we also prove that

LSFTRL enjoys a O(v HXdT) regret (see Section 4.2 for details).

1.1 RELATED WORK

Partially observable Markov games (POMGs) With perfect information, learning MGs dates
back to the work of Littman & Szepesvari (1996) and has been well-studied (Littman, 2001; Green-
wald & Hall, 2003; Hu & Wellman, 2003; Hansen et al., 2013; Sidford et al., 2018; Lagoudakis &
Parr, 2002; Pérolat et al., 2015; Fan et al., 2020; Jia et al., 2019; Cui & Yang, 2021; Zhang et al.,
2021; Bai & Jin, 2020; Liu et al., 2021; Zhou et al., 2021; Song et al., 2022; Li et al., 2022; Xiong
et al., 2022; Wang et al., 2023; Cui et al., 2023). When only with imperfect information but the
full model of the game (i.e., transitions and rewards) is known, existing works can be categorized
into three lines. The first line uses sequence-form policies to reformulate this problem as a lin-
ear program (Koller & Megiddo, 1992; Von Stengel, 1996; Koller et al., 1996). The second line
considers solving the minimax optimization problem directly by first-order algorithms (Hoda et al.,
2010a; Kroer et al., 2015a; 2018; Munos et al., 2020; Lee et al., 2021; Liu et al., 2022). The last
line of works tackles this problem using counterfactual regret minimization (CFR), which minimizes
counterfactual regrets locally at each information set (Zinkevich et al., 2007; Lanctot et al., 2009;
Johanson et al., 2012; Tammelin, 2014; Schmid et al., 2019; Burch et al., 2019; Liu et al., 2022).
When the model of the game is not known or only partial knowledge of the game is accessible,
the Monte-Carlo CFR algorithm proposed by Lanctot et al. (2009) attains the first e-NE result in
this problem. Subsequently, this framework is further generalized by Farina et al. (2020); Farina
& Sandholm (2021). Besides, the other line of works considers combining OMD and FTRL with
importance-weighted loss estimator (Farina et al., 2021; Kozuno et al., 2021; Bai et al., 2022; Fiegel
et al., 2023) to tackle this problem. Remarkably, Bai et al. (2022) obtain the O(v H3X AT) regret
by using “balanced” dilated KL as the distance metric. With an analogous notion of “balanced”

transition, Fiegel et al. (2023) finally achieve the regret of order 5(\/X AT), matching the lower
bound up to logarithmic factors.

Markov games with Function Approximation To cope with the issue of the curse of dimension-
ality in MGs, there has been growing research interest in learning MGs in the function approximation
setting recently (Xie et al., 2020; Chen et al., 2022; Xiong et al., 2022; Jin et al., 2022; Wang et al.,
2023; Cui et al., 2023; Ni et al., 2023; Zhang et al., 2023). In particular, Xie et al. (2020) assume



Under review as a conference paper at ICLR 2024

both the transition and the reward functions of the episodic two-player zero-sum MGs are linearly
realizable and achieve an O(v/ d3 H4T') regret. More recent works generally fall into two categories.
The first category aims to relax the assumption of linear function approximation by studying MGs
in general function approximation (Xiong et al., 2022; Jin et al., 2022; Ni et al., 2023) and the other
category of works focuses on learning general-sum MGs (Wang et al., 2023; Cui et al., 2023; Ni
et al., 2023; Zhang et al., 2023). However, we note that all these works study perfect information
MGs with function approximation, and (to our knowledge) there are no existing works studying
partially observable MGs with function approximation, which is the main focus of our work.

2 PRELIMINARIES

Following previous works (Kozuno et al., 2021; Bai et al., 2022), in this work, we also study IIEFGs
in the formulation of POMGs, the preliminaries of which are introduced in this section.

Partially Observable Markov Games An episodic, finite-horizon, two-player, zero-sum POMG
is denoted by POMG(S, X, ), A, B, H,P, ), in which

* H is the length of the horizon;
e S= Uhe[H] Sy, is a finite state space with cardinality S = Zthl Sy and |Sp| = Sh;

* X =Upe A and YV = Uy, Vi are the spaces of information sets (short for infosets in the
following paper) for the max-player and min-player, respectively. Specifically, the cardinality X
of X satisfies X := S X, with |A},] = X}, and the cardinality Y of ) satisfies Y := 31 Y},
with |yh| = Yh;

» A with |A| = A and B with |B| = B are the finite action spaces for the max-player and min-
player, respectively;

* P = {po(-) € As,} U {pn (- | sn,an,bp) € AS’»H}(sh,ambh)eshxAxB,he[Hq} are the transi-
tion probability functions”, with po(-) being the probability distribution of the initial states, and
Dr(Sht1|Sn, an, by) being the probability of transmitting to the next state s;1 conditioned on
(Sh,an,by) at step h;

*r = {rn(sn,an,bn) € [=1,1]} (5, o, br)es.xaxp are the stochastic reward functions with
71, (Sh, an, by) as means.

Learning Protocol To begin with, we denote by 1 == {jin }hem) With pj, : X, — A 4 the max-
player’s stochastic policy and by II,,.x the set of the policies of the max-player. The min-player’s
stochastic policy v and the set of the policies of the min-player II,,;, are defined similarly. The
game proceeds in T episodes. At the beginning of episode ¢, the max-player chooses a stochastic
policy p¢ € Ilax. And similarly, the min-player chooses v; € Ili,. Then, an initial state stl will
be sampled from py. At each step h, the max-player, and min-player will observe their infoset z, :=
z (s}) and y! = y (s!) respectively, but without observing s} . Conditioned on z!,, the max-player
will sample and execute an action a}, ~ uf, (-|z5). Simultaneously, the min-player will take action
bj, ~ v}, (-lyn). Subsequently, the game will transit to the next state s, , ,, which is drawn from
pn (+]st,ab bt ). Also, the max-player and min-player will receive rewards r}, = 7y, (s}, al,, b%)
and —r|, respectively. The episode will terminate after taking actions a’; and b%; conditioned on z;
and y%; respectively, i.e., the game will terminate in H steps.

Perfect Recall and Tree Structure As in previous works (Kozuno et al., 2021; Bai et al., 2022;
Fiegel et al., 2023), we also suppose that the POMGs satisfy the free structure and the perfect recall
condition (Kuhn, 1953). In specific, the tree structure indicates that for any h = 2,..., H and
sp € S, there exists a unique trajectory (s1,a1,b1,...,8,—1,an—-1,bp—1) leading to s,. Besides,
perfect recall condition holds for each player if for any A = 2,..., H and any infoset x;, € A}, of
the max-player, there exists a unigue history (z1,a1,...,25—1,an—1) leading to x; and similarly
for the min-player. In addition, we denote by C}/(zp,an) C X the descendants of (xy,ap) at
step A’ > h. With slightly abuse of notations, we also let Cy/ (z1) = Uq,caCh/ (2h,an) and
C(xn,an) = Chy1(xn, ap).

*While in some games, {p;};—," might be time-homogeneous, i.e., {px};_,' does not depend on h, we
retain the dependence on A in our notations as it allows the results to be applicable more broadly without too
much additional efforts in the analysis, following previous works (Bai et al., 2022; Fiegel et al., 2023).
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Sequence-form Representations In addition, for any pair of product policy (u, V), the tree struc-
ture and perfect recall condition enable the sequence-form representations of the reaching probabil-
ity of state-action (sy,, ap, by):

]P#MV(S}“ ap, bh) - pl:h(sh)ﬂl:h(x(sh)y ah)yl:h(y(sh)v bh) 5 (1)
where pi1.p(sp) is the sequence-form transition probability defined as pi.p (sp) =
po (81) [Tjr<p—1 Pn (Sn/41 | 8wy ans, by ), and paap (e, +) and viop (-, -) are the sequence-form poli-
cies Satisfying H1:h (a:h, ah) = HZ’:I 199.% (ah/ | Ih/) and V1:h (yh, bh) = HZ’:I 147% (bh/ | yh/).
Therefore, we slightly abuse the meanings of y and v by viewing = {ui.n}repr and
v = {I/lzh}he[H] as realization plans (Von Stengel, 1996). Under sequence-form representa-
tions, it is then clear that IT,,.. is a convex compact subspace of RX4 satisfying constraints
pah (Thyan) > 0and Y-, 4 pa:n (Thy an) = pr:a—1 (Th—1, an—1) with (2,1, an—1) being such
that zp, € C(xp—_1, an—1) (understanding p1.0(o, ag) = p(P) = 1).

POMGs with Linear Function Approximation We now introduce the linear realizability as-
sumption over the reward functions of POMGs, detailed as follows.

Assumption 2.1 (Linear Rewards in POMGs). The reward function 1r in
POMG(S, X, Y, A, B,H,P,r) is linearly realizable with a known feature mapping
¢ : S x Ax B — R iffor each h € [H)|, there exists an unknown parameter vector 8, € R?
such that for any (sp,, ap,by) € Sp X A X B, it holds that 71, (sp, an,by) = (P(sh, an,br),0). In
addition, we further assume that |02 < Vd, Sup(s, 4, b,)es,xAxB |P(Shs an, bp)ll2 < 1, and

{D(shy ans bn)} (s .an br)eSn x Ax5 Spans RY, for any h € [H].

Similar assumptions imposed over reward functions can also be seen in linear Markov games (Xie
etal., 2020). But, again, as we shall see in Section , the imperfect information in POMGs brings
significant difficulty in utilizing the linear structure over the reward functions compared with its
fully observable counterpart. We also note that the regularity assumption imposed over ¢ (-, -, ) and
6, is only for the purpose of normalization, and the assumption that R? is spanned by the feature
vectors is for convenience only (Lattimore & Szepesvari, 2020).

Regret Minimization For any product policy (u, v), the value function of (u, v) is defined as
H

Z 7h(Sh; an, bh)‘ﬂa v, P
h=1

where the expectation is taken over the randomness of the underlying state transitions and the poli-
cies of both players. In this paper, we consider the learning objective of regret minimization. With-
out loss of generality, we consider the case where the max-player is the learning agent, and the
min-player is the (potentially adversarial) opponent, who might choose her policy v! arbitrarily,
probably based on all the history information (including the knowledge of { pk}z;ll) before episode

Ve = : 2)

t. In specific, the max-player aims to design policies { ut}thl to minimize the pseudo-regret (regret
for short) compared with the best fixed policy ! in hindsight, defined as

T
Z (V/ﬂ,ut _ Vu‘,ut)] _ 3)
t=1
In this work, we consider the regret minimization for the max-player in the offline setting, in which
the max-player has access to the feature vectors of state-action weighted by min-player’s policy v/*
in episode t (as well as transitions) before the ¢-th episode starts *. Note that this is slightly more
general than the “offline” setting (also called self-play) considered by Chen et al. (2022); Xie et al.
(2020), as we neither require the policy ! to be accessible to the max-player nor require both players
to be directly controlled by a central controller.

T _
Rmax = max E
plEMmax

Additional Notations With sequence-form representations, for any py € Il,.x and a se-
quence of functions f = (fa)nem) with fr @ A x A — R, we let (i, f) =

Zhe[H] thex;“aeA wi.n (zh,an) fn (zh,ap). We denote by F! the o-algebra generated by

{(sk, al, bF ,r5) Ynermy pey- For simplicity, we abbreviate E[- | '] as E'[]. The notation O(-)
in this paper hides all the logarithmic factors.

30ur second algorithm can work in a more general case where the max-player only receives such features
after the ¢-th episode ends.
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3 LEAST-SQUARES ONLINE MIRROR DESCENT

In this section, we present our algorithm, as well as its theoretical guarantees.
3.1 LINEAR LOSS ESTIMATOR

For a fixed v%, Eq. (1) indicates that the value function V#' ' is linear in ut (Kozuno et al., 2021):

H
v =N ST il @hean) x> pun (n) Vi (u (s) Jbn) T (sn. ans br) -

h=1 (zp,an)EXn XA snExn,bneB

Hence, the regret in Eq. (3) can be rewritten as Ry, = max,ier,,, St — it 0h), where
we define the loss function in round ¢ as

G (@nyan) == > pua(sn)vin Y (sn),bw) Th (s, an, ba) - 4)

ShETR,bLEB
This implies that one can translate the regret minimization problem in Eq. (3) into a linear one.

To utilize the linear structure over the reward function to learn the unknown parameter 8}, one

may construct some sort of “linear” loss estimator 6), of 8. However, this is more challenging
in our case than it is in the case of linear bandits (Abbasi-Yadkori et al., 2011), linear MDPs (Jin
et al., 2020), and linear perfect-information MGs (Xie et al., 2020), as we do not even know the
underlying state s;, and its associated feature vector ¢ (s, ap, by ), making it impossible to regress
rh(Sh, an, by) against ¢(sy,, ap, by ). To cope with this issue and build a least-squares loss estimator,
we instead consider using the “feature vector” ¢(xp, ap) of (xp, ap), which is a composite feature
vector weighted by opponent’s policy v and transition:

¢ (anan) =~ > pra(sn)viaysn), bn)d(sh, an, by), (5)
(sh,bh)eIth

which is assumed to be revealed to the max-player after the ¢-th episode ends in the offline setting
as described in Section 2. Indeed, one can see that ¢} (zy,, a) is linear with ¢>”t (zh,ap) and Oy,:

£z<xh,ah>—< > pl:h<sh>vih<y<sh>,bh>¢<sh,ah,bh>,oh>—<¢”t<xh,ah>7eh>.

(sh,bn)€xn, xB
Based on ¢”t (zp, ap,), we further define the least-squares loss estimator éh as
At —1 ¢
0, = Q@ (xn,an)rn(sn, an,bn), (6)

where Quen = 32, 4)exn xA (ko (zh,an) @ (xh, an)@” (zn,an)T is the feature covariance
matrix. Intuitively, this feature covariance matrix shares a similar spirit as its counterpart in the
adversarial linear bandit literature (Lattimore & Szepesviri, 2020). However, we note that it , (-, )
here is not necessarily a distribution over X}, x A.

This lemma shows éfL is unbiased, which is critical in our analysis. See Appendix for its proof.

Lemma 3.1. Foranyt € [T] and h € [H], it holds that E'~! [éﬂ = 0.

3.2 ALGORITHM DESCRIPTION

Our algorithm follows the common scheme of OMD framework in that it runs OMD over
Ilnax. Particularly, after interacting with the min-player using uf, it computes the loss estimate
0t (zp,ap) with 8¢ defined in Eq. (6) (Line 6 - Line 10). Subsequently, it updates the policy j‘*!
by solving a regularized linear optimization problem:

t+1

Attt = argming (. £) + Dy (). (7)
pEMmax
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Algorithm 1 1.50OMD (max-player version)

1: Input: Tree-like structure of X x A ; Learning rate 7).

2: fort=1toT do

3: forh=1to H do

Observe infoset 2}, execute al, ~ p! (-|z}) and receive reward r} (s}, al, b}) .
end for
for h =1to H do , ,
Compute Qb = X (s, anycien x A Wi (Ths an) @ (xn, an)@” (xn,an) ',
Compute 0 = Q;tl)h(f)yt (Th,an)rn(Sh, an,bp),

9:  end for . . .
10:  Construct loss estimate for all (x5, ay) and b € [H]: £}, (zh,an) = (¢ (zh,an), 1) .
11:  Receive composite features {¢* " (z, @)}z a)e X x A -

12 Update policy: p'*t = (1 — ~)a'™t + v with 4**! computed in Eq. (7).
13: end for

® 0k

where the potential function U is chosen as U(p) =

H1:n(Th,an)

~ |.  The induced Bregman diver-
cA #lth(mhvah)

H
Zh:l Z(fmah)GXthA 'ulzh(i.h, ah) log <Za'

h
gence by W is typically called dilated entropy distance-generating function and is also adopted

by Hoda et al. (2010b); Kroer et al. (2015b); Kozuno et al. (2021). Moreover, we note that the
optimization problem in Eq. (7) can be efficiently solved via a backward update detailed in
Appendix C.1, which turns out to be an extension of it in the tabular case considered by Kozuno
et al. (2021) to our linear case.

However, there is one more caveat. In the analysis of 1.SOMD, it is required to control the variance
of the loss estimates. To this end, at the end of episode ¢, after receiving composite feature vectors
{o"" (a, @) }(z,a)ex x 4> OUr LSOMD algorithm will compute /! by solving Eq. (7) and then mix
it with a uniform policy 7, i.e., u'*! = (1—7) ! +ymand 7(a | ) = 1/aforany (z,a) € X X A,
where £/ is the policy to be used in the next episode and v € (0,1) is the exploration parameter
(Line 12).

3.3 ANALYSIS

Due to leveraging the feature vectors of infoset-actions, we additionally require the following as-
sumption, which essentially guarantees that each direction of the feature space is well explored by
the uniform policy 7.

Assumption 3.2. The uniform policy 7 satisfies Apin(Qx.n) > p > 0, for any h € [H]|.

The following theorem guarantees the regret upper bound of our L.SOMD algorithm. Please see

Appendix D for its proof.

Theorem 3.3. In POMGs with linearly realizable rewards, by setting learning rate n =
QTHIE);;% and exploration parameter v = 2;(;&%

offline setting is upper bounded by RL,, < O(\/(d + 1/p)HT X2 log A).

max —

, the regret bound of T.SOMD in the

Remark 3.4. Compared with the regret upper bounds by Kozuno et al. (2021); Bai et al. (2022);
Fiegel et al. (2023), the regret upper bound of our LSOMD does not have dependence on A, im-

proves over Kozuno et al. (2021) by O(v/ H A) (omitting the dependence on d) but has an additional

O(VHX) dependence compared with the minimax optimal result by Fiegel et al. (2023). On the
other hand, as opposed to the high-probability regret guarantees in previous works studying tabu-
lar POMGs (Kozuno et al., 2021; Bai et al., 2022; Fiegel et al., 2023), the regret guarantee of our
L.SOMD algorithm only holds in expectation, which currently is not sufficient to be turned into an
PAC algorithm for learning e-NE. However, we would like to note again that this is the first line of
algorithms that learns POMGs in the linear function approximation setting, with a regret guarantee
independent of A. Also, we believe that it is possible to extend our results to high-probability results
using self-concordant barrier potential functions and an increasing learning rate (Lee et al., 2020),
which we leave as our future study.
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Technique Overview The proof of the regret upper bound of our algorithm follows the
common regret decomposition by bounding the penalty term and the stability term respectively.
However, we note that bounding the stability term in our case is more difficult since bounding this
term in the tabular case critically relies on the sparsity of the importance-weighted loss estimates,
i.e., the loss estimates are only non-zero at the experienced infoset-actions {(x},, a},) } nem) (Kozuno
et al., 2021). However, this does not apply in our case, where the linear loss estimator is utilized.
To this end, we prove that the stability term in each episode ¢ is (approximately) bounded by the
summation of the log-partition function log Z! (x1) for all x; € X;. We then bound this term by
relating it with the expectation of the inner product between z* and the loss estimate /*, in which
24, (zh,ap) is the ap-th value of the element-wise product of the random vectors independently
sampled from categorical distributions specified by /i¢ along the path that leads to z, (cf., Appendix

). Also, the solutions to the update for OMD in previous works (Kozuno et al., 2021; Bai et al.,
2022) are tailored to the tabular case and do not go through our problem, which we addressed by
devising an efficient update for the linear case (cf., Appendix C.1).

4 LEAST-SQUARES FOLLOW-THE-REGULARIZED-LEADER

This section presents the other FTRL-based algorithm, termed as , and its regret guarantees.

4.1 ALGORITHM DESCRIPTION

Our second algorithm uses the same linear loss estimates as (Line 7 - Line 12). To
update the policy u!*! used at episode t + 1, it computes a linear optimization problem regularized
by potential function {Wy, }ecg (Line 14):

H

) 1

ut+1 = arg min <,le7 Lt> + = Z \Ijh (p{:h : Nl:h) ) (8)
Nenmax T} h=1

where Lt = Z;Zl 0% is the cumulative loss estimate, i () = pi(x1) Hz;ll i (@ g1|Th, anr)
with py (|2, an) € A¢(z,,a,) being akind of “transition probability function” over &}, < A X Xj 41,
and py.;, - p1.p, is defined as [py.;, - pi.p](@h, an) = pi., (n) 1. (s, ar). Note that such p* is well-
defined due to the perfect recall condition, and p7., - i1, is a probability distribution over the
infoset-action pair A}, x A at step h. We also remark that similar approaches that combine the
FTRL/OMD with p%., () have also been exploited in previous works (e.g., the balanced transition

p* of Bai et al. (2022); Fiegel et al. (2023) and the adversarial transition p*”’t of Fiegel et al. (2023)),
but we will choose a different p3.), (-) satisfying

p* =argmax min  pPr.p(xh), ©)
pePx  h€[H|,xp€X

where P* denotes the set of all the valid transitions over infoset-actions. The computation of such p*
can be efficiently implemented using backward dynamic programming in O(X A) time, the details
of which are postponed to Appendix . As we shall see, the property of such p* will serve as
a key ingredient of the regret upper bound of our algorithm. Besides, chooses
Wn(wn) = D24, am)exn x.a Wh(@n; an)log(wn(zn, an)) as the negative entropy potential function
(not to be confused with the dilated entropy potential function used in ). We also note that
the computation of Eq. (8) can also be efficiently solved by reducing the update of to an
OMD-like update, the details of which are deferred to Appendix . The complete pseudo-code
for algorithm is postponed to Appendix

4.2 ANALYSIS

Let py, (zn) = Zs,,ez:,,, Pk (Sh) Vi:n—1 (Y (Sh—1) , bp—1), which can be seen as the “probabil-

ity” of reaching x;, contributed by environment transition P = {ph}f;ol and opponent’s policy v.
Similar to , the regret upper bound of also depends on an exploratory assumption,
detailed in the following. Please see Appendix for additional discussions on this assumption.

Assumption 4.1. Foranyt € [T], h € [H] and x1,xo € Xy, it holds that p’l’:h(:z;l)/p’l*:h(:r:g) <\

We now present the regret upper bound of , with its proof postponed to Appendix



Under review as a conference paper at ICLR 2024

Theorem 4.2. In POMGs with linearly realizable rewards, by setting learning rate n = 1/ %,

the regret bound of .57 TR 1. in the offline setting is upper bounded by RL .. < O(VH2d\T).

max
Remark 4.3. .55 TR obtains the regret guarantee, which eliminates the dependence on both X
and A, in exchange for an exploratory assumption depending on the opponent’s policy vt. Com-
pared with previous results, the regret upper bound in Theorem 4.2 improves over the minimax
optimal regret O(\/ X AT) of Fiegel et al. (2023) by a factor O(\/ X A/H?) (omitting the depen-
dence on d and \). Note that if the max-player does not have access to )\, we can instead set
n = +/2log(AX)/(Td) without requiring the knowledge of \, but at a slight cost of having the re-

gret changing from O( H2dA\T') to O(A\V H?dT). Besides, in cases where \ is undesirably large
(e.g, A > X/H), a different choice of p* by setting p}.,(xr) = 1 leads to the following regret
guarantee of T.SFTRL.

Theorem 4.4. In POMGs with linearly realizable rewards, by setting learning rate n = / %
and p}.;,(xp) = 1 for any xj, € X and h € [H], the regret bound of 1.57 TR L in the offline setting is
upper bounded by RL, < O(vHXdT).

max
Remark 4.5. The proof of Theorem 4.4 is deferred to Appendix E.3. Note that by setting py.,, (xr) =
L, p* is no longer a transition function over infoset-actions. Importantly, the regret in Theorem 4.4
improves over the minimax optimal result of Fiegel et al. (2023) by a factor O(\/A/H) (omitting
the dependence on d).

Technique Overview We bound the regret of L.SFTRL also by decomposing the regret into the
penalty term and the stability term (Lattimore & Szepesvari, 2020), which is also adopted by Fiegel
et al. (2023). However, we bound the stability term of LS TRL with particular care such that the
variances of the loss estimates are well-controlled by A in Assumption 4.1 and d (cf., Appendix E.2).
Moreover, when bounding the penalty of LSE'TRL with p},,, (x,) = 1, we establish a refined analysis
that shaves off an O(v/A) factor, compared with the direct combination of the original analysis of
Fiegel et al. (2023) and the setting of p}.,, (z1) = 1 (¢f., Appendix E.3).

4.3 REGRET LOWER BOUND

We also provide a regret lower bound of learning POMGs with linearly realizable rewards in the
following theorem, the proof of which is deferred to Appendix F.

Theorem 4.6. Suppose A > 2, d > 2 and T > 2d>. Then for any algorithm Alg that controls
the max-player, generates and executes policies { /l,t}te[T], there exists an POMG instance on which

RL > Q(/dmin(d, H)T).

Remark 4.7. We conjecture that the regret lower bound can be further improved to RL = >

max

Q(VdAHT), and currently our regret upper bounds of LSOMD and 1L.SFTRL with the second ini-
tialization are loose by O(X) and O(v/X) factors and regret upper bound of 1L.SFTRL with the

first initialization is loose by an O(\/ H) factor (omitting the dependence on p and \). We leave the
investigation into the possible improvements of the upper and lower bounds as our future studies.

5 CONCLUSION

In this work, we make the first step towards provably efficient learning of the two-player, zero-
sum ITEFGs with linear function approximation, in the formulation of POMGs with linearly realiz-
able rewards and unknown transitions. It is proven that, the proposed 1.SOMD algorithm obtains an

O(+\/(d + 1/, HX?T) regret, and the .57 TR, algorithm attains regret of orders O(v/H2dAT') and

O(vV HXdT). We accomplish this by devising the first least-squares loss estimator for this setting,
along with new ingredients in the analysis for both the .SOMD and L.SFTRL algorithms, which may
be of independent interest. Also, we provide an Q(y/d min(d, H)T') regret lower bound. Besides,
there are also several interesting future directions to be explored. One natural question might be how
to obtain high-probability results in this challenging problem so as to find an e-NE. The other ques-
tion might be whether it is possible generalize the proposed algorithms and results to multi-player
general-sum POMGs. We hope our results may shed light on better understandings of learning
large-scale POMGs and we leave these extensions as our further studies.



Under review as a conference paper at ICLR 2024

REFERENCES

Yasin Abbasi-Yadkori, Ddvid P4l, and Csaba Szepesvari. Improved algorithms for linear stochastic
bandits. In Advances in Neural Information Processing Systems 24: 25th Annual Conference on
Neural Information Processing Systems 2011. Proceedings of a meeting held 12-14 December
2011, Granada, Spain, pp. 2312-2320, 2011.

Alex Ayoub, Zeyu Jia, Csaba Szepesvari, Mengdi Wang, and Lin Yang. Model-based reinforcement
learning with value-targeted regression. In Proceedings of the 37th International Conference on
Machine Learning, ICML 2020, 13-18 July 2020, Virtual Event, volume 119 of Proceedings of
Machine Learning Research, pp. 463—474. PMLR, 2020.

Yu Bai and Chi Jin. Provable self-play algorithms for competitive reinforcement learning. In Pro-
ceedings of the 37th International Conference on Machine Learning, ICML 2020, 13-18 July
2020, Virtual Event, volume 119 of Proceedings of Machine Learning Research, pp. 551-560.
PMLR, 2020.

Yu Bai, Chi Jin, Song Mei, and Tiancheng Yu. Near-optimal learning of extensive-form games with
imperfect information. In International Conference on Machine Learning, ICML 2022, 17-23 July
2022, Baltimore, Maryland, USA, volume 162 of Proceedings of Machine Learning Research, pp.
1337-1382. PMLR, 2022.

Noam Brown and Tuomas Sandholm. Superhuman ai for heads-up no-limit poker: Libratus beats
top professionals. Science, 359(6374):418-424, 2018.

Noam Brown, Adam Lerer, Sam Gross, and Tuomas Sandholm. Deep counterfactual regret mini-
mization. In Proceedings of the 36th International Conference on Machine Learning, ICML 2019,
9-15 June 2019, Long Beach, California, USA, volume 97 of Proceedings of Machine Learning
Research, pp. 793-802. PMLR, 2019.

Neil Burch, Matej Moravcik, and Martin Schmid. Revisiting CFR+ and alternating updates. J. Artif.
Intell. Res., 64:429-443,2019.

Zixiang Chen, Dongruo Zhou, and Quanquan Gu. Almost optimal algorithms for two-player zero-
sum linear mixture markov games. In International Conference on Algorithmic Learning Theory,
29 March - 1 April 2022, Paris, France, volume 167 of Proceedings of Machine Learning Re-
search, pp. 227-261. PMLR, 2022.

Qiwen Cui and Lin F. Yang. Minimax sample complexity for turn-based stochastic game. In Pro-
ceedings of the Thirty-Seventh Conference on Uncertainty in Artificial Intelligence, UAI 2021,
Virtual Event, 27-30 July 2021, volume 161 of Proceedings of Machine Learning Research, pp.
1496-1504. AUALI Press, 2021.

Qiwen Cui, Kaiqing Zhang, and Simon S. Du. Breaking the curse of multiagents in a large state
space: RL in markov games with independent linear function approximation. In The Thirty Sixth
Annual Conference on Learning Theory, COLT 2023, 12-15 July 2023, Bangalore, India, volume
195 of Proceedings of Machine Learning Research, pp. 2651-2652. PMLR, 2023.

Jianging Fan, Zhaoran Wang, Yuchen Xie, and Zhuoran Yang. A theoretical analysis of deep g-
learning. In Proceedings of the 2nd Annual Conference on Learning for Dynamics and Control,
L4DC 2020, Online Event, Berkeley, CA, USA, 11-12 June 2020, volume 120 of Proceedings of
Machine Learning Research, pp. 486—489. PMLR, 2020.

Gabriele Farina and Tuomas Sandholm. Model-free online learning in unknown sequential decision
making problems and games. In Thirty-Fifth AAAI Conference on Artificial Intelligence, AAAI
2021, Thirty-Third Conference on Innovative Applications of Artificial Intelligence, IAAI 2021,
The Eleventh Symposium on Educational Advances in Artificial Intelligence, EAAI 2021, Virtual
Event, February 2-9, 2021, pp. 5381-5390. AAAI Press, 2021.

Gabriele Farina, Christian Kroer, and Tuomas Sandholm. Stochastic regret minimization in
extensive-form games. In Proceedings of the 37th International Conference on Machine Learn-
ing, ICML 2020, 13-18 July 2020, Virtual Event, volume 119 of Proceedings of Machine Learning
Research, pp. 3018-3028. PMLR, 2020.

10



Under review as a conference paper at ICLR 2024

Gabriele Farina, Robin Schmucker, and Tuomas Sandholm. Bandit linear optimization for sequen-
tial decision making and extensive-form games. In Thirty-Fifth AAAI Conference on Artificial
Intelligence, AAAI 2021, Thirty-Third Conference on Innovative Applications of Artificial Intel-
ligence, IAAI 2021, The Eleventh Symposium on Educational Advances in Artificial Intelligence,
EAAI 2021, Virtual Event, February 2-9, 2021, pp. 5372-5380. AAAI Press, 2021.

Come Fiegel, Pierre Ménard, Tadashi Kozuno, Rémi Munos, Vianney Perchet, and Michal Valko.
Adapting to game trees in zero-sum imperfect information games. In International Conference
on Machine Learning, ICML 2023, 23-29 July 2023, Honolulu, Hawaii, USA, volume 202 of
Proceedings of Machine Learning Research, pp. 10093—-10135. PMLR, 2023.

Haobo Fu, Weiming Liu, Shuang Wu, Yijia Wang, Tao Yang, Kai Li, Junliang Xing, Bin Li, Bo Ma,
Qiang Fu, and Wei Yang. Actor-critic policy optimization in a large-scale imperfect-information
game. In The Tenth International Conference on Learning Representations, ICLR 2022, Virtual
Event, April 25-29, 2022. OpenReview.net, 2022.

Amy Greenwald and Keith Hall. Correlated g-learning. In Machine Learning, Proceedings of the
Twentieth International Conference (ICML 2003), August 21-24, 2003, Washington, DC, USA,
pp. 242-249. AAAI Press, 2003.

Thomas Dueholm Hansen, Peter Bro Miltersen, and Uri Zwick. Strategy iteration is strongly poly-
nomial for 2-player turn-based stochastic games with a constant discount factor. J. ACM, 60(1):
1:1-1:16, 2013.

Jiafan He, Heyang Zhao, Dongruo Zhou, and Quanquan Gu. Nearly minimax optimal reinforcement
learning for linear markov decision processes. In International Conference on Machine Learning,
ICML 2023, 23-29 July 2023, Honolulu, Hawaii, USA, volume 202 of Proceedings of Machine
Learning Research, pp. 12790-12822. PMLR, 2023.

Johannes Heinrich, Marc Lanctot, and David Silver. Fictitious self-play in extensive-form games.
In Proceedings of the 32nd International Conference on Machine Learning, ICML 2015, Lille,
France, 6-11 July 2015, volume 37 of JMLR Workshop and Conference Proceedings, pp. 805—
813. JMLR.org, 2015.

Samid Hoda, Andrew Gilpin, Javier Pefia, and Tuomas Sandholm. Smoothing techniques for com-
puting nash equilibria of sequential games. Math. Oper. Res., 35(2):494-512, 2010a.

Samid Hoda, Andrew Gilpin, Javier Pefia, and Tuomas Sandholm. Smoothing Techniques for Com-
puting Nash Equilibria of Sequential Games. Mathematics of Operations Research, 2010b.

Junling Hu and Michael P. Wellman. Nash g-learning for general-sum stochastic games. J. Mach.
Learn. Res., 4:1039-1069, 2003.

Zeyu Jia, Lin F. Yang, and Mengdi Wang. Feature-based g-learning for two-player stochastic games.
CoRR, abs/1906.00423, 2019.

Chi Jin, Zhuoran Yang, Zhaoran Wang, and Michael I. Jordan. Provably efficient reinforcement
learning with linear function approximation. In Conference on Learning Theory, COLT 2020,
9-12 July 2020, Virtual Event [Graz, Austria], volume 125 of Proceedings of Machine Learning
Research, pp. 2137-2143. PMLR, 2020.

Chi Jin, Qinghua Liu, and Tiancheng Yu. The power of exploiter: Provable multi-agent RL in
large state spaces. In International Conference on Machine Learning, ICML 2022, 17-23 July
2022, Baltimore, Maryland, USA, volume 162 of Proceedings of Machine Learning Research,
pp- 10251-10279. PMLR, 2022.

Michael Johanson, Nolan Bard, Marc Lanctot, Richard G. Gibson, and Michael Bowling. Efficient
nash equilibrium approximation through monte carlo counterfactual regret minimization. In In-
ternational Conference on Autonomous Agents and Multiagent Systems, AAMAS 2012, Valencia,
Spain, June 4-8, 2012 (3 Volumes), pp. 837-846. IFAAMAS, 2012.

Daphne Koller and Nimrod Megiddo. The complexity of two-person zero-sum games in extensive
form. Games and economic behavior, 4(4):528-552, 1992.

11



Under review as a conference paper at ICLR 2024

Daphne Koller, Nimrod Megiddo, and Bernhard Von Stengel. Efficient computation of equilibria
for extensive two-person games. Games and economic behavior, 14(2):247-259, 1996.

Tadashi Kozuno, Pierre Ménard, Rémi Munos, and Michal Valko. Learning in two-player zero-
sum partially observable markov games with perfect recall. In Advances in Neural Information
Processing Systems 34: Annual Conference on Neural Information Processing Systems 2021,

NeurlPS 2021, December 6-14, 2021, virtual, pp. 11987-11998, 2021.

Christian Kroer, Kevin Waugh, Fatma Kilin¢-Karzan, and Tuomas Sandholm. Faster first-order
methods for extensive-form game solving. In Proceedings of the Sixteenth ACM Conference on
Economics and Computation, EC ’15, Portland, OR, USA, June 15-19, 2015, pp. 817-834. ACM,
2015a.

Christian Kroer, Kevin Waugh, Fatma Kilin¢-Karzan, and Tuomas Sandholm. Faster First-Order
Methods for Extensive-Form Game Solving . In ACM Conference on Economics and Computa-
tion, pp. 817-834, 2015b.

Christian Kroer, Gabriele Farina, and Tuomas Sandholm. Solving large sequential games with
the excessive gap technique. In Advances in Neural Information Processing Systems 31: Annual
Conference on Neural Information Processing Systems 2018, NeurlPS 2018, December 3-8, 2018,
Montréal, Canada, pp. 872-882, 2018.

HW Kuhn. Extensive games and the problem of information. Contributions to the Theory of Games,
(24):193, 1953.

Moyuru Kurita and Kunihito Hoki. Method for constructing artificial intelligence player with ab-
stractions to markov decision processes in multiplayer game of mahjong. IEEE Trans. Games, 13
(1):99-110, 2021.

Michail G. Lagoudakis and Ronald Parr. Value function approximation in zero-sum markov games.
In UAI °02, Proceedings of the 18th Conference in Uncertainty in Artificial Intelligence, Univer-
sity of Alberta, Edmonton, Alberta, Canada, August 1-4, 2002, pp. 283-292. Morgan Kaufmann,
2002.

Marc Lanctot, Kevin Waugh, Martin Zinkevich, and Michael H. Bowling. Monte carlo sampling for
regret minimization in extensive games. In Advances in Neural Information Processing Systems
22: 23rd Annual Conference on Neural Information Processing Systems 2009. Proceedings of a
meeting held 7-10 December 2009, Vancouver, British Columbia, Canada, pp. 1078—1086. Curran
Associates, Inc., 2009.

Tor Lattimore and Csaba Szepesvari. Bandit algorithms. Cambridge University Press, 2020.

Chung-Wei Lee, Haipeng Luo, Chen-Yu Wei, and Mengxiao Zhang. Bias no more: high-probability
data-dependent regret bounds for adversarial bandits and mdps. In Advances in Neural Informa-
tion Processing Systems 33: Annual Conference on Neural Information Processing Systems 2020,
NeurIPS 2020, December 6-12, 2020, virtual, 2020.

Chung-Wei Lee, Christian Kroer, and Haipeng Luo. Last-iterate convergence in extensive-form
games. In Advances in Neural Information Processing Systems 34: Annual Conference on Neural
Information Processing Systems 2021, NeurlPS 2021, December 6-14, 2021, virtual, pp. 14293—
14305, 2021.

Gen Li, Yuejie Chi, Yuting Wei, and Yuxin Chen. Minimax-optimal multi-agent RL in markov
games with a generative model. In NeurIPS, 2022.

Junjie Li, Sotetsu Koyamada, Qiwei Ye, Guoqing Liu, Chao Wang, Ruihan Yang, Li Zhao, Tao
Qin, Tie-Yan Liu, and Hsiao-Wuen Hon. Suphx: Mastering mahjong with deep reinforcement
learning. CoRR, abs/2003.13590, 2020.

Michael L. Littman. Friend-or-foe g-learning in general-sum games. In Proceedings of the

Eighteenth International Conference on Machine Learning (ICML 2001), Williams College,
Williamstown, MA, USA, June 28 - July 1, 2001, pp. 322-328. Morgan Kaufmann, 2001.

12



Under review as a conference paper at ICLR 2024

Michael L. Littman and Csaba Szepesvari. A generalized reinforcement-learning model: Con-
vergence and applications. In Machine Learning, Proceedings of the Thirteenth International
Conference (ICML 96), Bari, Italy, July 3-6, 1996, pp. 310-318. Morgan Kaufmann, 1996.

Qinghua Liu, Tiancheng Yu, Yu Bai, and Chi Jin. A sharp analysis of model-based reinforcement
learning with self-play. In Proceedings of the 38th International Conference on Machine Learn-
ing, ICML 2021, 18-24 July 2021, Virtual Event, volume 139 of Proceedings of Machine Learning
Research, pp. 7001-7010. PMLR, 2021.

Weiming Liu, Huacong Jiang, Bin Li, and Houqiang Li. Equivalence analysis between counter-
factual regret minimization and online mirror descent. In International Conference on Machine
Learning, ICML 2022, 17-23 July 2022, Baltimore, Maryland, USA, volume 162 of Proceedings
of Machine Learning Research, pp. 13717-13745. PMLR, 2022.

Matej Moravc¢ik, Martin Schmid, Neil Burch, Viliam Lisy, Dustin Morrill, Nolan Bard, Trevor
Davis, Kevin Waugh, Michael Johanson, and Michael Bowling. Deepstack: Expert-level artificial
intelligence in heads-up no-limit poker. Science, 356(6337):508-513, 2017.

Rémi Munos, Julien Pérolat, Jean-Baptiste Lespiau, Mark Rowland, Bart De Vylder, Marc Lanctot,
Finbarr Timbers, Daniel Hennes, Shayegan Omidshafiei, Audrunas Gruslys, Mohammad Ghesh-
laghi Azar, Edward Lockhart, and Karl Tuyls. Fast computation of nash equilibria in imperfect
information games. In Proceedings of the 37th International Conference on Machine Learning,
ICML 2020, 13-18 July 2020, Virtual Event, volume 119 of Proceedings of Machine Learning
Research, pp. 7119-7129. PMLR, 2020.

John F Nash Jr. Equilibrium points in n-person games. Proceedings of the national academy of
sciences, 36(1):48—49, 1950.

Chengzhuo Ni, Yuda Song, Xuezhou Zhang, Zihan Ding, Chi Jin, and Mengdi Wang. Representation
learning for low-rank general-sum markov games. In The Eleventh International Conference on
Learning Representations, ICLR 2023, Kigali, Rwanda, May 1-5, 2023. OpenReview.net, 2023.

Julien Pérolat, Bruno Scherrer, Bilal Piot, and Olivier Pietquin. Approximate dynamic programming
for two-player zero-sum markov games. In Proceedings of the 32nd International Conference on
Machine Learning, ICML 2015, Lille, France, 6-11 July 2015, volume 37 of JMLR Workshop and
Conference Proceedings, pp. 1321-1329. IMLR.org, 2015.

Martin Schmid, Neil Burch, Marc Lanctot, Matej Moravcik, Rudolf Kadlec, and Michael Bowling.
Variance reduction in monte carlo counterfactual regret minimization (VR-MCCFR) for extensive
form games using baselines. In The Thirty-Third AAAI Conference on Artificial Intelligence,
AAAI 2019, The Thirty-First Innovative Applications of Artificial Intelligence Conference, IAAI
2019, The Ninth AAAI Symposium on Educational Advances in Artificial Intelligence, EAAI 2019,
Honolulu, Hawaii, USA, January 27 - February 1, 2019, pp. 2157-2164. AAAI Press, 2019.

Martin Schmid, Matej Moravcik, Neil Burch, Rudolf Kadlec, Joshua Davidson, Kevin Waugh,
Nolan Bard, Finbarr Timbers, Marc Lanctot, Zach Holland, Elnaz Davoodi, Alden Christianson,
and Michael Bowling. Player of games. CoRR, abs/2112.03178, 2021.

Aaron Sidford, Mengdi Wang, Xian Wu, Lin Yang, and Yinyu Ye. Near-optimal time and sam-
ple complexities for solving markov decision processes with a generative model. In Advances
in Neural Information Processing Systems 31: Annual Conference on Neural Information Pro-
cessing Systems 2018, NeurIPS 2018, December 3-8, 2018, Montréal, Canada, pp. 5192-5202,
2018.

Ziang Song, Song Mei, and Yu Bai. When can we learn general-sum markov games with a large
number of players sample-efficiently? In The Tenth International Conference on Learning Rep-
resentations, ICLR 2022, Virtual Event, April 25-29, 2022. OpenReview.net, 2022.

Oskari Tammelin. Solving large imperfect information games using CFR+. CoRR, abs/1407.5042,
2014.

13



Under review as a conference paper at ICLR 2024

Yuandong Tian, Qucheng Gong, and Yu Jiang. Joint policy search for multi-agent collaboration
with imperfect information. In Advances in Neural Information Processing Systems 33: Annual
Conference on Neural Information Processing Systems 2020, NeurIPS 2020, December 6-12,
2020, virtual, 2020.

Bernhard Von Stengel. Efficient computation of behavior strategies. Games and Economic Behavior,
14(2):220-246, 1996.

Yuanhao Wang, Qinghua Liu, Yu Bai, and Chi Jin. Breaking the curse of multiagency: Provably
efficient decentralized multi-agent RL with function approximation. In The Thirty Sixth Annual
Conference on Learning Theory, COLT 2023, 12-15 July 2023, Bangalore, India, volume 195 of
Proceedings of Machine Learning Research, pp. 2793-2848. PMLR, 2023.

Qiaomin Xie, Yudong Chen, Zhaoran Wang, and Zhuoran Yang. Learning zero-sum simultaneous-
move markov games using function approximation and correlated equilibrium. In Conference
on Learning Theory, COLT 2020, 9-12 July 2020, Virtual Event [Graz, Austria], volume 125 of
Proceedings of Machine Learning Research, pp. 3674-3682. PMLR, 2020.

Wei Xiong, Han Zhong, Chengshuai Shi, Cong Shen, and Tong Zhang. A self-play posterior sam-
pling algorithm for zero-sum markov games. In International Conference on Machine Learning,
ICML 2022, 17-23 July 2022, Baltimore, Maryland, USA, volume 162 of Proceedings of Machine
Learning Research, pp. 24496-24523. PMLR, 2022.

Yuheng Zhang, Yu Bai, and Nan Jiang. Offline learning in markov games with general function
approximation. In International Conference on Machine Learning, ICML 2023, 23-29 July 2023,
Honolulu, Hawaii, USA, volume 202 of Proceedings of Machine Learning Research, pp. 40804—
40829. PMLR, 2023.

Zihan Zhang, Yuan Zhou, and Xiangyang Ji. Model-free reinforcement learning: from clipped
pseudo-regret to sample complexity. In Proceedings of the 38th International Conference on
Machine Learning, ICML 2021, 18-24 July 2021, Virtual Event, volume 139 of Proceedings of
Machine Learning Research, pp. 12653-12662. PMLR, 2021.

Dongruo Zhou, Quanquan Gu, and Csaba Szepesvari. Nearly minimax optimal reinforcement learn-
ing for linear mixture markov decision processes. In Conference on Learning Theory, COLT 2021,
15-19 August 2021, Boulder, Colorado, USA, volume 134 of Proceedings of Machine Learning
Research, pp. 4532-4576. PMLR, 2021.

Yuan Zhou. Lecture 14: Lower bounds for linear bandits. In IE 498: Online Learning and Deci-
sion Making, Fall 2019, 2019. URL https://yuanz.web.illinois.edu/teaching/
IE498fal9/lec_14.pdf.

Julian Zimmert and Yevgeny Seldin. An optimal algorithm for stochastic and adversarial bandits. In
Proceedings of the Twenty-Second International Conference on Artificial Intelligence and Statis-

tics, pp. 467475, 2019.

Martin Zinkevich, Michael Johanson, Michael H. Bowling, and Carmelo Piccione. Regret mini-
mization in games with incomplete information. In Advances in Neural Information Processing
Systems 20, Proceedings of the Twenty-First Annual Conference on Neural Information Process-
ing Systems, Vancouver, British Columbia, Canada, December 3-6, 2007, pp. 1729-1736. Curran
Associates, Inc., 2007.

14


https://yuanz.web.illinois.edu/teaching/IE498fa19/lec_14.pdf
https://yuanz.web.illinois.edu/teaching/IE498fa19/lec_14.pdf

Under review as a conference paper at ICLR 2024

A PROPERTIES OF THE GAME

The lemma below delineates the key property of p* as transition probability functions.

Lemma A.1. For any h € [H], any p* as transition probability function over infoset-actions and
any policy p € I ax of the max-player, it holds that

Z p;:h(‘rh)ulih(‘rh7 ah) =1.
(zh,an)EXR XA

Proof. By the definition of perfect recall and transition probability functions over infoset-actions,
we have

P'u’y(l‘h, CL}L) = ]P’“’”(xl, ey Tp, ah)
h—1 h
=pi(x1) [[ piv@wsalzn,an) - T ww(anlzn)
h'=1 h'=1

= p*(zn)p1:n(xh, an) -

The proof is thus concluded by noticing that Z(wh,ah)exh A PP (xp, ap) = 1. 0

B PROPERTIES OF THE LEAST-SQUARES L0OSS ESTIMATOR

This section presents the proofs of two key properties of the proposed least-squares loss estimator.

B.1 UNBIASNESS OF THE L0OSS ESTIMATOR

Proof of Lemma
B 6] =B (6]
=B [Q;tl,h <" (wn, an) - (s an, bh)}
=Q >0 T ST ST P (snyan. bu) @ (wns an)Tn (s, an, bi)

TR €Xp ShETHL ap €A bLEB

:Q;t{h Z Z 1 (@hy an)d” (zn, an) Z Zp1;h(8h)Vf;h(y(Sh),bh)fh(Smah,bh)

zp€EXp ap€A ShETR bpEB

= Q;fl,h Z Z Mi:h(xhaah)(ﬁyt(xhaah) <¢yt($h;ah);0h>

Th€Xp ap€A

= Q,:tl,h ( Z Z Ni;h(mhaah)¢yt($h,ah)¢”t(xh,ah)T> o

T €Xp ap€A
=6,.

B.2 VARIANCE OF THE LOSS ESTIMATOR

Importantly, the following lemma shows that the “variance” of the proposed loss estimator is well
controlled.

Lemma B.1. For any h € [H], it holds that

it Z i (xhy ap)l (xh, an)?| < d. (10)
(zh,,ah,)EXh x A
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E > (@, an)l(xn, an)?
(fhaah)EXh x A

= Y da(@nan)e” (znan) TES {éz (éfz) T} ¢ (xn, an)

(zh,an)EXn XA

t
= Y ph(enan)e” (znan)”
(zh,an)EXRXA

t

t _ Vt l/t _ Vf/
BT [Th(Sh,ah,bh)Qle,h¢ (zh,an)d (a:h,ah)TQMt{h]qs (zn, an)

< > halEnan)d” (e an) "BV QL, B (2h, an)d” (Jﬁmah)TQ;},h} ¢ (zn, an)

(zh,an)EX, XA

t —
= Z Nﬁ:h(wh?ah)d)y (mhaah)TQ#tl,h

(zh,an)EXn XA

oo Pl an)e” (han)e” (wnan)" | Qe (zh, an)

(zh,an)EXL XA

t t _
=tr S dha(@nan)d” (@n,an)e” (whan) QL1

(zh,an)EXR XA

> P (@)l (zn an) @ (xn, an)d” (. an) Qi

(zh,an)EXL XA

t t : 3
=t da Z p” (@n) i p (@, an)@” (zn, an)d” (xn,an) ' Q)1
(zh,an)EXRL XA

t t _
<tr S pha@nan)d” (wn,an)e” (zhan) QL1

| (zh,an)EXp XA

=tr [Id} =d.

O
C COMPUTATION ISSUE
In this section, we present efficient solutions to the optimization problems of both and

C.1 EFFICIENT UPDATE FOR

To begin with, we first introduce a generalized version of OMD update in Eq. (7), which lever-
ages learning rates adaptive to each infoset. Specifically, given any list of learning rates n =
(n(Th)) ne[H],z, e x> the potential function is defined as

U, (p) = = pi:n(Th, an) pin(xh, an)
MOED DS log :

/
h=1 (z1,an)EXn x A M (@h) Z%GA pan(h, aj)

By the fact that for all positive ;i € IT,,ax, the derivative of W, (1) satisfies

Vanan ¥n(p) = log(pn (an|zn))

nh(l'h)
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one can see that ¥, (1) induces the dilated distance generating function

H 1 N
Dy, (uHllp?) = Z Z f: (Th, an) log Mg(ah|$h) _
h=1(zp,an)€X,x A nh(-Th) M}L(ah|$h)

The generalized version of OMD update in Eq. (7) is given as follows:

Mt""l = arg min <u,ét> + D\I/,,, (/JHMt)

€I max
H
. 5 n(xh,a apl|x
:argmln<u,ét>+z Z 'ulh((xh )h) logM?E h: hi. an
J71S 1 h=1 (zn,an)ednx A TR Hp\Qh|Zh

We remark that 7 := (94 (2r))ne[H],2, cx also generalizes the of balanced transitions used in Farina
et al. (2020); Bai et al. (2022); Fiegel et al. (2023).

The solution to Eq. (11) is given in the following proposition. Notice that the solution to this opti-
mization problem of previous works (Kozuno et al., 2021; Bai et al., 2022; Fiegel et al., 2023) criti-
cally relies on the sparsity of their importance-weighted loss estimator, which only permits non-zero
loss estimates along the experienced trajectory. However, our solution supports the loss estimator
with non-zero loss estimates for arbitrary infoset-action pairs.

Proposition C.1. The solution to the update rule in Eq. (/1) is as followed:

~ X
W (anlen) = ph(anlon) eop { —ma e+ Y 2 jop gt () —log ZE(en) §
Nh1(Thy1)
zh4+1€C(Tn,an)
where
t _ t Ht niz(xh) t
Zi(zn) = > ph(anlen) exp § —nn(@n)l,(zn, an) + Yoo Y log Zpy (whia) ¢ s

X
ap€A zp1€C (zh,an) nh+1( h+1)

and for notational convenience, we define that Ve € Xy, it has a unique descendant x 41 such
that Zy o (wpq1) = 1.

Proof. We first note that
(1.0") + Do, (ullu")

3 / 1 fin(an|n)
> 2 (e o) [éi(xh,ahwrn( log ]

i
h=1 (zp,an)EX XA h .’L'h) Mh(ah|$h)

H t
=3 s (o) [<,Uh('|xh)7éz (Ih7-)> L De (Mh(-la:h)mh(-lxh))] a2

h=1 X nn(xn)

We now prove the proposition through backward induction over h = H,...,1. Forh = H,zpy €
Xy, it is easy to see that

Wit amlen) a1y (o) exp { = (@n)lyy (war, anr)§

= ppr(amlern) exp {—ﬂh(xh)g%(xH’ ap) —log qu(xH)} ;
where Zi(xg) = 3, ca bty (am|rm)exp {fnh(:rH)éﬁ{(azH,aH)} > 0 is a normalization fac-
tor.
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Suppose the proposition holds from step 2 + 1 to H and consider the h-th step. Substituting the
induction hypothesis, one can see that Eq. (12) can be expressed as follows:

u ; 1 e (an )
>y m;h«zh/,am)[ez, (s, an) + log ——— h}

t
h'=1(zps,a,)EX) XA "Ih! (l’h') Mhl(ah/|xh/)

H t
=33 hwwealaw) {<ﬂh/(’|xh’)vé§z’ (xh/7,)> L D (Mh’(~|$h/)||ﬂh’('|$h’))]

h'=1x, €X,}, nh/(xh,)
h

P Dxr (pn (Clzn)| |t (s

=Y (o) {<uh,(.|xh,)7gg,(Ih/7.)>+ (1 <|/(x>|,|§lh<| )
h'=1z, €Xy Nh'\Lh

Z pa (@hsa) pa -1 (@)

1:h' h/+1 1:h'—1 h'

+ > Yoo BRI log 7y () — BLW =12 og ZE ()

h'=h+1 zh,’+1€Xh’+1 77h’+1(xh’+1) nh’ (.Th/)

h t
=33 hiwealaw) {<Nh/(‘|xh’)vé§z’ (xh/7,)> L D (Mh’(~|$h/)||ﬂh’('|$h’))]

T €EXpyr

=1z, €X,, nh'(xh’)
Ml:h(l’h+1)
- Z ﬁlog ZZ+1(Ih+1)
Thi1€Xn 1 MIh+1\Tht1
h—1
~ D h' (| TR t/ | TRt
- Y (o) [<Mh,<.|xh,>7g;, (e ) + Dol ( >||;Ah (Jzn))
h'=1 Ih/GX,L/ I \Th!

+ Z ﬂl:h—l(:ﬂh) <Mh('|$h),éz (xha')* Z logZ}tlH(th)> + D (,Uzh(|xh)||/$2(‘xh))

=) N Nh+1(Tht1) ()
Q
By optimizing (©), one can derive that
. x
pi anlen) = (o) exp { —m(e)fonan) + Y P jog gt ()~ los Zhan)
Nh+1(The1)
J)h+1€c($h,ah)
7t _ t - Jt nn(%n) log 7t
W(xn) = > ph(anlen) exp § —nn(@n)l, (zn, an) + > a1z 08 ha1(@nt1) ¢ s
ap€A zp4+1€C(xh,an) MIh+1{Th+1
which thus concludes the proof. O
Proposition immediately implies the efficient update procedure for , detailed
in Algorithm 2, by setting n,(xp,) = n for all z, € X in Proposition . In
what follows, for notational convenience, we denote J}(xp,an) = —npn(zp)ll(zh, an) +
2 tnir€C(@nan) % log Z}, 1 (zn41) as the surrogate loss.
C.2 ALGORITHM
C.3 EFFICIENT UPDATE FOR
To solve the update of , we follow the same idea as Fiegel et al. (2023) that translating the

update of FTRL into the update of OMD-like update. In specific, the Proposition F.2 of Fiegel et al.
(2023) shows that the update of Eq. (8) is equivalent to the solution to the following optimization
problem:

ut = arg min <u, ﬁt> + Dy (p, 1) (13)
€ max
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Algorithm 2 Update-of-LSOMD
1: Input: Tree-like structure of X x A, it given by update Eq. (7); fixed learning rates 7 ; the
loss estimates {@,@(azh, ah)}

(zp,ap)EX XA ’

2: Initialization: For all 7 in Xy, initialize Z*(x41) = 1.
3: for h=H to1ldo

4:  for z; in X}, do

5: Compute J} (x4, an) = —nlt (xn, an) + D enireClanan) 108 Zh 1 (Thi1) s
6: Compute Z (z,) = Yanca Qb (an|zn) exp (JE (zh, an)) .
7: for aj in Ado
8: Compute ﬂzﬂ(ahmh) = it (an|zn) exp (Jf (zh, an) — log Z} (x1)) -
9: end for
10:  end for
11: end for
Algorithm 3 (max-player version)

1: Input: Tree-like structure of X x A ; Learning rates 7 ; p*.
2: fort =1toT do
3: forh =1to H do

4: Observe infoset z}, .

5: Execute a}, ~ ul (-|z} ) and receive reward 4 (st , a} , bt ) .

6: end for

. . t

7. Receive composite features {gb” (z, a)} .
(z,a)eX XA

8: for h=1to H do . .

9: Compute Q, p, = Z(xh,ah)ethA 15 (Thy an)@” (xh, an)d” (zn, an)",

A _ t
10: Compute 8¢ = Qﬂt{h¢” (xh, ap)rn(Sh, an, br) .
11:  end for

12:  Construct loss estimate for all (z,, ay) and h € [H]: 04 (xp,, ap) = <¢”t (zh,an), éh> .

13:  Compute cumulative loss estimate at episode ¢: Lt = Li=1 4 {* .
14:  Compute update (8) using Update—-of-LSFTRL.
15: end for

where n* = (9} (xn))n,z, is a learning rate adaptive to each infoset, u* is a base policy and we
1,,0)._ H 1 (€h,an) py, (anlen)
define D, - (M ) 1 ) =D 1 E(zh,ah)eA(){h) 1;ﬁ(;h)h log uﬁ(a:\z:,)'

Therefore, to solve Eq. (8), for all z;, € X, we first set the adaptive learning rate n* as

* _ n
) = R D) "

and set the base policy u* as
H
p* = argmin > W (p, - pls) (15)
pr€llmax p 1
which can be computed efficiently via backward dynamic programming in O(X A) time. Then,
combined with the efficient update procedure of in Algorithm 2, the solution to the update of

can be obtained by substituting ;! with u*, the details of which are presented in Algorithm
for completeness.

D PROOF OF REGRET GUARANTEE OF

In this section, we present the proof of the regret guarantee of
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Algorithm 4 Update-of-LSFTRL
1: Input: Tree-like structure of X' x A ; fixed learning rates n ; transition probability function p* ;

cumulative loss estimates {ﬁﬁl (zh, ah)} .
(xp,ap)EX XA

2: Initialization: For all zy in Xy, initialize Z'(xg,1) = 1; Set adaptive learning rates 7*
according to Eq. (14); Set base policy p* according to Eq. (15).

3: for h=Htoldo

4.  for zj in X}, do

5: Compute J} (n, an) = —1j (@) Lt (1, an)+ 32, | cotonan) % log Zj, 1 (Th+1),
6: Compute Zf (1) = >, .4 17, (anlzn) exp (J} (xh, an)),

7: for a; in Ado

8: Compute it (ap|zn) = pi (anlzn) exp (Ji (zn, an) — log Zt (z1)) .

9: end for

10:  end for

11: end for

Proof of Theorem 3.3. First note that

(i =t 1) = Dy (A1) = Dyt ) — Dyl A1) = Dyl 1)
= Dy(ut ) = Dy (u ) + Dy ().

Taking summation of the above display over ¢ and telescoping the sum, we have

T T
St = ut 2) < Dy () + 30 Dyt 1) - (16)
t=1 T’_’ t=1
ENALTY
STABILITY

On the other hand, by the unbiasedness of ¢t and the tower rule, it holds that

B[t =l )] =B [E [(ut =, 0)]] =B [(ut - 1, 2)] (17)
where recall that puf = (1 — )t + yrt.
Combining Eq. (16) and Eq. (17), along with the definition of regret in Eq. (3), one can deduce that

T
Riax < max (1=7)E | Dy(u'||a") + D Dy(atlla*™) | +2yHT
pTEllmax —— =1
PENALTY
STABILITY
Xlog A
<(1—) ( 8L nTXHd> 4 HT
1
Xlog A
< ( °8 +nTXHd> + 2HXTda
7
_ Xlog A

+29pTXHd(1+a™Y),

where the second inequality comes from Lemma and

Finally, the proof is concluded by substituting n = #ﬁa*l) and y = 4/ %. O

In our , we set the learning rate to be constant, i.e., ny,(zp) = n for all ), € X.

20



Under review as a conference paper at ICLR 2024

D.1 BOUNDING THE PENALTY TERM

Lemma D.1. The PENALTY term is bounded by

Xlog A
P

PENALTY <

Proof.

H
Z Z :u]:[:h(xhvah) lo .U;rl(ahh?h)

(1t
n iy, (an|zn)

h=1 (zp,an)EXn XA

H t
My ., (Th, ap p
_ Z Z M(ﬂ) log fu, (an|zn)

h=1 (z,ap)EX) XA

u Ni:h(l'h;ah)
= logAZ Z —=he

h=1 (z},ap)EX, XA n
< XlogA '
n

D.2 BOUNDING THE STABILITY TERM

To begin with, we first introduce the following lemma, which is a generalized version of Lemma D.7
by Bai et al. (2022). Intuitively, this lemma states that the one-step stability term can be bounded by

the inner product between [ and /" as well as the summation of log-partition function log Z.

Lemma D.2. For given n and any p € 1., we have

Dy(ull ) = Dyl = (. 8) + >

T1€EX

log Z1(z1) . (18)

m(z1)

Proof.

At+1)

Dy (ul] Dy (ulfr")

A /Jflzh(xhvah) 1 ‘[LZ(ah‘xh)
> 2 08 2t

h=1 (zp,an)EX, XA 77h(£h> Ky, (ah|$h)

=l t o (zn,an) 5 (zn)
:Z Bl Oh) m(n) (h, an) — Z Lh)bngzﬂ(xﬂﬁ

nh(xh) zh+lec(mh7ah) nh+1(zh+1

H1:h—1(Zh) 1
P33 ) iy g

h=1zpEX}
H
:<M’ét> +Z B Z oo t) 10g Zj, 11 (xh41) + o totn 1(%)1 g Zp(wn)
h=1 zh+lexh+1 i1 (Znt1) v G
<u,€t> + Z log Zi(xy) .
x1 6/\.’1
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From Lemma and setting 7, (x) = 7, we have

Dy () = (i 0) + 2

T1E€AXT

N

log Z!(x
nl(wl) g 1( 1)

= <Iat,ét> +% Z log Z! (7). 19)

r1E€X]

Hence, to bound the STABILITY term, it suffices to bound the log-partition function log Z{. To this
end, roughly speaking, we prove that the summation of all log Z#(x1) for z; € X; can be bounded
by the product between (a) the value of all the reachable (z,, ay,) in the element-wise product of the
random vectors independently sampled from the categorical distributions specified by fi*(+|x,); and
(b) the loss estimate at (xp, ap). Compared with the analysis tailored to the importance-weighted
loss estimate in previous works (Kozuno et al., 2021; Fiegel et al., 2023), where bounding similar
log-partition function log Z! (1) is easier and can be done by only considering the random variables
sampled from the Bernoulli distributions along the experienced trajectory, our analysis for least-
squares loss estimate is more challenging and also generalizes it in previous works.

D.2.1 BOUNDING THE LOG-PARTITION FUNCTION log Z},

We first define zf(zp,-) € {0,1}4, which is a random vector independently sampled from the
categorical distribution parameterized by /!, (-|zy), by

2 (xn, ) ~ Cat(fy, (-lzn))
such that P (2! (zp, ap) = 1) = i}, (ap|zp).
Notice that

h
E lH zt(xhuah')} = iy, (xns an) -

h'=1
We also let y
2wy an) = [ 2" @nr,an),
R'=h
where {(xp,an)}nrepn,n is the unique path from (xp,an) to (zp,ans) (under perfect recall
condition). Besides, we denote the product of Zﬁ+1(xh+1) for all 2,41 € C(xp,ap) as

= (wn, an) = I Za@n,

Th41 EC(JE}L,CL}L)
so that

1 1
= Z log Z§ (z1) = ~ log Z(0) .
K 1 €X1 "

Then, the following lemma shows that, =} (x5, ay) is equivalent to the expectation of the exponen-

tiation of the summation of 2%y 1.4/ (@ps, an/)s, (s, aps), where (xp/, ap ) are all the reachable
infoset-action pairs from (xy, ay).

Lemma D.3. For any (zp,ap) € X, X Aand h € [H — 1], we have

H
=t t ot
= (xh,an) =Ez |exp [ —n Z Z 2 g (@ ap )y (T, apy)
h'=h+1 (z,/,ay,,)ECL (Th,an)
(20)
As an immediate corollary of Lemma , we have

EH0) =Kz |exp | -1 > 2 L (@n, an) ) (vn, an)
(zh,an)EXH XA

22



Under review as a conference paper at ICLR 2024

Proof. We prove this by backward induction. For h = H — 1, we have

By (@r-1,am-1) = 1T > ilylanlry) exp(—nly(xm, am))

2g€C(xg—_1,am—1)agE€A

= Eat [exp (=02 sonr (. am) iy () )| -
Suppose Eq. (20) holds from A’ = h to H. Then for i’ = h — 1, one can deduce that

= 1 (Th-1,an—1)

= I X dhtanlen) exp (~nfh(on @) o an)

2 €C(Th_1,an-1) ahEA

= 11 > i (anlzn) exp (—77@2(%7 ah))

zp€C(xp—1,an-1) an€A

t ot
“Eze |exp | = E E 2 hvan (T ape ) (The s apy)
h'’=h+1 (a:h/ ah/)eCh/ (a:h,ah)

= H E.t [exp( n Z xhaah

zh €C(Th—1,an—1) =h+1

Z 2 gt (Th, ah/)éz/ (xn, an) + EZ(!L’h, ap)

x5 €Cpr (T ,an)
t ot
=E.: [exp | —n E E 25 e (wpry an )y (T anr) )
=h .05, €Chr (Th_1,an-1)

which completes the proof. O

D.2.2 BOUNDING THE VARIANCE OF THE L0OSS ESTIMATE

The following lemma bounds the variance of the loss estimate.

Lemma D.4. Forand h € [H] and any (xp,ap) € X, X A, it holds that |lf7,“1,(xh., ap)| < Tlp'

Proof. First notice that for any ¢ and any (2, ay) € X), x A, we have

‘ 2

H(byt (:L'h«, ah)

Yo pralsn)via(y(sn). b (sn, an, bn)

‘ (8n,bn)€xp xB 2

> pealsnvia(wsn), bu) [|@(sn, an, bu)ll,

(sh,bn)exnxB

IN

=

< Z P1: h(éh)Vl r(y(sn), bn)
(sh,br)ExnxB
(ii)
<1, (21

—~

where () is due to Assumption 2.1; and (iz) follows from the proof of Lemma 2 by Kozuno et al.
2021).
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Recall that p* = (1 — )" + 7. Let @, == {¢”t (zn, (Lh)} . It is then clear that
(zh,ap)EX, XA

10, (s an)| = 18" (wn,an) " Qi dern (s, an. byl
(i) ¢ _
< M’V (m}taa}L)TQMt{]1¢t|

(i) .
< [[¢” (mha(lh)”Q;:} d:élg ||¢||Q,I1}
Wt h h nt.h

< sup |92, 1)
pedt (veI)

(iii) 1
<

— )

vp

where (7) is because |rp, (sp, an, bp)| < 1; (i7) is by the Cauchy-Schwarz inequality; and (7i7) comes
from Eq. (21). ]

D.2.3 FINAL PROOF THE STABILITY TERM

We are now ready to bound the STABILITY term.

Lemma D.5. The STABILITY term is bounded by

STABILITY < nT X Hd.
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Proof. Plugging Eq. (20) into Eq. (19), we have
. 1
<‘[Lt7£t> + . Z log Z(x1)

T1E€X1

= <ﬂt,£t> + %logEt(Q))

. 1 A
= <Mt,£t> + —1logE,: [exp | —n Z ' (@, ap)lh (on, ap)
17 (mh,ah,)EXh x A

L)

@, o1 ) A
< <,ut,€t> + ;IOgEZt 1-7n Z 2" (zn, an)l (zh,an) + | 1 Z 2" (T, an)lh (xn, ap)

(Th,an)EXp XA (Th,an)EX XA

@) ;. 1 N
< <Mt7ft> — =Bz [n Y Z'va(en,an)lh (s, an)
n (Ih,ah,)EXhX.A

2

1 N
+ 7]Ezt n E Ztl:h(ﬂjh,ah>€2(xh7ah)
" (zh,an)EXL XA

- <[ﬁ7£t> - Y Ex [Ztlzh(mhaah)E;L(xhaah)

(zh7ah)€Xh x A

1 N
+=E. [ (0 Y. Zn(wnan)l(zn,an)
n (zh,an)EXL XA

1 .
=-FE,: 7 Z Zt1:h(’£h, ah)%(%a an)
n (Th,an)EXn XA

<7 > ilalan,an) > ialen, an)l(zh, an)?
(Th,an)EX, XA (zh,an)EXH XA
<nX > ia(en an)l(zh,an)? | (22)

(zh,an)EXn XA

where |#] < 1 follows from setting v > nX p*l and Lemma in conjunction with Assump-

tion 3.2; (i) is from exp(—z) < 1 — x + 2% for * > —1; (i) comes from Vo > 0,logz < x — 1;
(4i7) is by the Cauchy-Schwarz inequality.

The proof is then concluded by taking summation of Eq. (22) over ¢ and using Lemma

E PROOF OF REGRET GUARANTEES OF

To start with, notice that I, is an affine subspace of R§64 satisfying X linear constraints: for any
Th € X, a

> (@, an) = pan1(Tho1,an-1),

ap€A
where (xp,_1, ap—1) is the unique predecessor of z;, under perfect recall condition. Thus IT,,,x can
be decomposed as IT,.x = (F +u) N Ri((‘;‘ where F is a linear subspace and u € I ,,y.
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With slight abuse of notations, we further denote (1) = S W}, - s and define its
convex conjugate function ¥* on Rgé“:
U*(y) == sup (z,y)—V(x). (23)

AX
mERzo

Also, we denote Dy (x,y) = U*(x) — ¥*(y) — (VI*(y),x — y) as the Bregman divergence
induced by ¥*. The following lemma shows the canonical regret decomposition of FTRL algorithm
(Zimmert & Seldin, 2019; Lattimore & Szepesvari, 2020).

Lemma E.1. The regret of can be decomposed as

T
s:Rgax < #IGIII_[aX [_\II(M)] +E ZD‘I’*(V\II(Mt) _Etavm(:u’t))
i t=1

PENALTY
STABILITY

Proof. Let ! € Tl,,, be some realization plan. For all ¢ € [T, the instantaneous regret against '
at step ¢ can be decomposed into

(=t = o (217) o () = Q2]+ [t ) e (=2 = (<21)

where ®(y) = sup,,cq, .. (n,y) — ¥ ().

Taking summation of the above display over ¢ yields

< -
< Mg}{b}ix[ ()]

where () comes from /ﬂ € M nax; and (4) is due to the fact that ¥ is a non-positive function.

On the other hand, due to that IT,,,.x = (F +u) N R)Z(é“, we have

+0 (<L) — @ (-1
+ @ (V\If (b)) +g" =) —® (V¥ (u') + g")

()
()

D8 + @ (VO ()~ ) — 0 (T (u))
(o)
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where (i) follows from L' + V¥ (u?) 4+ g* = 0 for g* € F; (i4) is due to the fact that y € R¥4,

P(y+g')=  sup  (my+g")—T(p
ue(F-i—u)ﬂ]R}Z((’)“

= ( sup <M,y+gt>‘1’(ﬂ)> +(uwy+g)

A
NEFOR’ﬁo

=< sup <uvy>—‘11(u)>+<“vy+gt>

A
uGFﬁR)Z‘O

( sup (,y) -V (N)) + <u’gt>

ue(F+u)m]R§64
=o(y) + (u,g") ;

(iii) is by the observation that Vy € R¥X4, ®(y) < ¥*(y) and p! = argmaxgepxa (T, VY (ut)) —

U () which implies that ® (V¥ (ut)) = U* (VU (u)); and (iv) comes from the definition of
Dy (z,y).

O

The following lemma shows that the STABILITY term can be bounded by the variance of the loss
estimate, which is the expected version of Lemma E.6 in Fiegel et al. (2023). We also present the
proof here for completeness.

Lemma E.2. Let v, = Dy« (VU (ut) — 08, VU (ut)) for all t € [T). Then, it holds that

T
STABILITY = E [Z vt} .
t=1

Furthermore, we have

S E N 3

t=1 h=1 (:L’h,ah)EXh XA

*7E#t7yt |:,U/t (xhaah)ét(‘rfma‘h)Q
pl:h(‘rh) o

Proof. To begin with, for all ¢ € [T], we define
fulw) = Dy (VU (') = ul', V¥ (1)) |
for u € [0, 1], such that f;(0) = 0 and f;(1) = v;. Also notice that dom(¥*) = RE# and both ¥

and U* can be decomposed according to each infoset-action pair (xp, ap,). Specifically, we have

"
U (p) = Z Z W an (10 (Thyan))

h=1 (zp,ap)EX) XA

and

H
V)= Y V. @),

h=1 (x4,an)EXn XA

Then the derivative of f; can be expressed as

H
R =3 > dhenan) [ @nsan) = VUL o, (VW00 (s (@hsan) = ulf, (2, 00))] -
h=1 (z,an)EX XA

(24)
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Moreover, recall that we choose negative entropy as the potential function. Therefore, it holds that

)) _ p;:h (‘Th) [

Ve, an (P10 (Zh, an log (p1., (zr) p1:n (zh, an)) + 1],

Ui
AVAVS Tp,a :exp{*— T, ap)) — 1 —log (p7.,, (x ],
woan Y (Thsan)) o (@) (y (zh, an)) g (p1.n (7n))
and
VU o (V‘I’xh,ah (1., (znyan)) — ull, ($h7ah))

= exp | (P o o, o) i o) = 0 o 0) ) = 1o 91 02)|
o by, (zh, an)
- :ul:h (xhv ah) eXp [ u p‘{:h (:’Eh) ]
t 77@}; (1‘}“ ah)
> 1., (Th,an) [1 - U—pih (@) ] (25)

where the last inequality follows frome™™ > 1 — z forall z € R.

Substituting Eq. (25) into Eq. (24) shows that

H lft( )
Ay <uds 3 d e ph, (an,a) TESE

*
T
h=1 (Ih@h)GXh,XA pl:h ( h)

The proof is concluded by integrating the above display from 0 to 1 over v and taking the expectation
on both sides. O

E.1 ADDITIONAL DISCUSSIONS ON ASSUMPTION 4.1

Intuitively, this assumption says that the environment transition P and opponent’s policy v, are
balanced enough in the sense that p‘l’fh (xp,) induced by P and »/* is not too large compared with the
“balanced” transition p7., (x2) for any z1, x2 € X and h € [H]. Indeed, consider the case where the
game tree is an k-ary tree and [P is uniform distribution at every underlying state s, then it holds that
A = 1. On the other hand, the worst-case scenario is that A = O(X) if p¥.,; (1) = 1 for some z; €
Xpr. Nevertheless, this extreme case is very unlikely to happen in practice unless it simultaneously
happens that (a) the environment state transitions along the trajectory { (s, an, bpn) fhejr—1] leading
to sy s.t. x(sy) = x1 satisfy pp(spa1 | Sh,an,brn) = 1 for all (sp,,ap,by) along the trajectory;
and (b) the opponent knows the underlying environment transitions and the mapping y : S — Y so
that the opponent can ensure ! ;| (y(sg—1),br—1) = 1 by setting v*(by, | y(sz)) = 1 for all
(sn, br,) along the trajectory.

E.2 PROOF OF THEOREM 4.2

In this section, we provide the proof of Theorem 4.2, which takes p* as the transition probability
function over infoset-action pairs.

Proof of Theorem 4.2. Combining Lemma E.1, E.3 and E.4, with p* computed by Comput ing—p*,
we have that

T
mmax

< PENALTY + STABILITY

H
<3 log (X A) + gTHd)\, (26)

which along with choosing n = 4/ % finishes the proof.
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We note that leveraging 3 as well as Assumption 4.1 necessitates identifying a transition probability
function p* with its minimum visitation probability achieving 5. Finding such p* is done by the
procedure illustrated in Appendix

E.2.1 BOUNDING THE PENALTY TERM

The lemma below directly follows from Lemma E.5 of Fiegel et al. (2023), with its proof provided
here for completeness.

Lemma E.3. For any fixed learning rate n and transition probability function p*, it holds that

H
PENALTY < — log (X A) .
n

Proof. ltis clear that

—_

1 ) 1 & 1< H
—U(p) = 0 Z‘I’h (PTop - pa:n) S = Zlog XpA) < " Zlog (XA) = glog (X4),
h=1 h=1 —

3

where (i) comes from Lemma A. 1. O

E.2.2 BOUNDING THE STABILITY TERM

Lemma E.4. For any fixed learning rate n and transition probability function p*, it holds that
STABILITY < gTHdA.

Proof. Recall that 3 = maxseps minge(f) 2, ex, D1:n(Tn). Then, one can see that

T H
STABILITY < E gzz > TEH v [uﬁzh(zh,ah)ﬁt(xh,ahﬂ
= :l(zh,ah)eXhXApl:h h
_77 T H 1
t t t _
<E 522 ik S P @pba(eh an)d” (e, an)@” (xh,an) QL
L t=1 h=1 (zh,an)EXL XA
@) |n & . o ot T -1
<E 52 Atr Z Ml;h(l‘h,ah)(ﬁ (h,an)” (zn,an) Qut,h
t=1 h=1 (zh,an)EXL XA

(@) p
< §TH dA,
where (7) is due to Assumption 4.1; and (i¢) comes from Lemma B.1. O

E.2.3 COMPUTING p*

The procedure Comput ing—p* can compute p* in Eq. (9), via backward dynamic programming in
O(X A) time.

E.3 PROOF OF THEOREM
This section presents the proof of Theorem

Proof of Theorem 4.4. Combining Lemma E.1, and E.6, with p}., () = 1forall ), € X, we
have that

RT < PENALTY + STABILITY

X(1+1logA
< X0 Hlogd) 0y @7
n 2
which concludes the proof by noticing that n = 2);53‘4 O
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Algorithm 5 Comput ing—p*

1: Input: Tree-like structure of X' x A.

Initialization: Transition array p[-] of size X ; auxiliary array f[-] of size X, C[-, ] of size
X x A.Forall g in Xy, initialize flzy] = 1.

forh=H —1to1ldo
for x5, in X}, do
for aj, in A do

Compute Clzn, an] =, . cc(wp,an) fTn+1l
Compute f[zp] = max,es Clzp,al.

end for
end for
end for

: for x1 in X do

Compute plx] = Sz

: end for
:for h=1to H —1do

for zj,ay in X}, x Ado
for z;, 1 in C(zp, ap) do

Compute p[zp1] = plzn] -

end for
end for
end for

: return p.

r) EXY f[xl] :

flznt1]

Th41 €C(zp,ap) f[mlz+1] .

E.3.1

BOUNDING THE PENALTY TERM

To bound the PENALTY term, we establish a refined analysis, which shaves off an O(\/Z) fac-
tor compared with the direct combination of Lemma E.5 of Fiegel et al. (2023) and the setting of

p;:h(q"h) =1

Lemma E.5. Setting pt.,,(xn) = 1 for all ), € X. For any fixed learning rate 1), it holds that

X(1+1logA)

PENALTY < ——————2""2

Ui

30



Under review as a conference paper at ICLR 2024

Proof.
| &
—U(p) === W (i - 1)
Kt
| A
=—=>" > pan(wn an)logprn(en, an)
77 h=1 (zh,ah)GXhXA
| &
= Yo > maea(@s)ua(anlen) (log prni(en) + log pn(anlzn))
h=1 (zn,an)EXn XA
LA
—= ( > panea(zn) <1Ogﬂ1h (@n) + Y i ah|$h)10guh(ah|xh)>>
77 h=1 \zp€X} ap€A
| A
<=3 < > —punoa(@n)logpn1(zn) + Y s 1(xh)10gA>
n h=1 \z, X} zp EX,
(i) 1
< = (Xn+ Xnlog A)
Kt
_ X(1+logA)
n
Here (i) comes from the fact that —z logz < 1 for all z € [0, 1]. O

E.3.2 BOUNDING THE STABILITY TERM

The upper bound of STABILITY term when setting pf.,(x,) = 1 is guaranteed in the following
lemma, the proof of which is omitted since it is essentially the same as that of Lemma E.4.

Lemma E.6. Setting p}., (xp) = 1 forall ), € X. For any fixed learning rate 1, it holds that

Z Z Z E Y {Mi:h(mha an)l (zn, ah)Q]

t=1 h=1 (zp,an)EXp XA

THd.

STABILITY <

l\.’JIS l\.’)l@

F PROOF OF REGRET LOWER BOUND
In this section, we present the proof of Theorem 4.6.
Proof of Theorem 4.6. We consider an A-ary tree POMG instance, in which

e B = 1 so that there is actually no opponent effectively (and hence the dependence on the oppo-
nent’s action b is omitted in what follows);

s Xj, = S) = A" ! for all h € [H], which means that X}, = S}, and there is actually no partial
observability;

* rp(s,a) = 0forall h € [H — 1], and r (s, a) is a reward sampled from Bernoulli distribution
Ber (7 (s,a)) with mean 757 (s, a) = (¢(s, a), ).

By the construction, there exists a unique action sequence (a1, ..., a,—1) that determines s (and
hence xp) and the transition is deterministic. Following similar arguments by Bai et al. (2022);
Fiegel et al. (2023), it can be shown that if algorithm Alg achieves regret RL_ on this POMG
instance, then Alg can be used to tackle a stochastic linear bandit problem with A" “arms” and
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obtain the regret with the same order as 7, where the reward for “arm” (a1, as,...,aq) (i.e.,
g max

(spr,am)) is sampled from Ber({¢p (s, am), 0)).

We now first consider the case when H > d. In this case, ¢ and 6 satisfy ¢(s,a)1.q—1) €
{1,137, @(s,a)a = 1/4, 0.1 € {—A,A}*~! with A = 1/(8V/2T) and 6; = 1. More-
over, since | Sy x A| = AH=1. A = AH as wellas H > d and A > 2, ¢ can be chosen such that
{b(s,a)[1:a-11}(s,a)esuxa = 11, 1}9=1 (omitting the duplicate feature vectors). Then by canon-
ical analysis for the regret lower bound of stochastic linear bandits (see, e.g., Theorem 24.1 by Latti-
more & Szepesvari (2020); Lemma 25 by Zhou et al. (2021)), there exists a 0{?}571] € {-A AL
such that R” > (d — 1)VT/(16V/2) = Q(Vd2T).

In case when H < d, we can choose ¢ such that the stochastic linear bandit problem, on which Alg

suffers the same regret as on the POMG instance, has 2 distinct feature vectors since A > 2 and
AT > 2H Then by similar reasoning of the construction of ¢ and 6 in the case H > d and the

proof of Corollary 3 by Zhou (2019), there exists a 418 such that R” > Q(+/dHT). The proof is
concluded by combining the results of the two cases.

O
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