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Abstract

We consider the problem of solving stochastic monotone variational inequalities
with a separable structure using a stochastic first-order oracle. Building on standard
extragradient for variational inequalities we propose a novel algorithm—stochastic
accelerated gradient-extragradient (AG-EG)—for strongly monotone variational
inequalities (VIs). Our approach combines the strengths of extragradient and
Nesterov acceleration. By showing that its iterates remain in a bounded domain and
applying scheduled restarting, we prove that AG-EG has an optimal convergence
rate for strongly monotone VIs. Furthermore, when specializing to the particular
case of bilinearly coupled strongly-convex-strongly-concave saddle-point problems,
including bilinear games, our algorithm achieves fine-grained convergence rates
that match the respective lower bounds, with the stochasticity being characterized
by an additive statistical error term that is optimal up to a constant prefactor.

1 Introduction

The variational inequality (VI) problem plays a central role in a wide range of optimization problems
with convex structure, including convex minimization, saddle-point problems, and games [Facchinei
and Pangl| 2003 [Nemirovski, [2004, Nemirovski et al.,[2009} Juditsky et al., 2011, Jordan et al., 2023].
A general VI problem aims to find a solution 2* € Z that satisfies:

W(z"),2" —2) <0, VzeZ, ey

where Z is a finite-dimensional closed and convex feasible set and WV(+) is a monotone operator
in the following form:

W(z) = VF(2) + H(z) + J'(2) = E¢[VF(2:6)] + E¢[H(=: ()] + T'(2), 2

where F is continuously differentiable with L-Lipschitz continuous gradient and is p-strongly
convex, H is an M -Lipschitz monotone operator, J’ € 3.J is the subgradient of a simple and convex
function, ¢ and ¢ are drawn from distributions D¢ and D¢, respectively. This formulation captures
a separable structure in which H usually models the competing forces in a system, and J models
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a nonsmooth factor. In addition, we consider the stochastic setting where we can only access V.JF
and H through their unbiased estimators V.F(z; £) and H(z; {) respectively.

A notable instance of the VI problem (T)) with separable structure (2)) is the widely studied bilinearly
coupled strongly-convex-strongly-concave saddle-point problem:

Lin max F(x,y) = F(x) + H(x,y) - Gy) = Ee [f(: O] + B¢ (b=, y: O] - Ee [9(y: 1,
(&)

where H(z,y) = ' By — ¢ "u, + u;y is the bilinear coupling function with the coupling
matrix B € R™*™. Note that (3) is a special instance of (I)) when taking F(z) = F(x) + G(y),
H(z) = [VeH(x,y); —VyH(z,y)] and J = 0. In addition to a wide range of applications in
economics, problems of form (3) are becoming increasingly important in machine learning. For
instance, (3) appears in reinforcement learning, differentiable games, regularized empirical risk
minimization, and robust optimization formulations. It can also be seen as a local approximation
of the nonconvex-nonconcave minimax games—e.g., the generative adversarial network (GAN)
[Goodfellow et al., [2020]—around a local Nash equilibrium [Mescheder et al., 2017, |[Nagarajan and
Kolter, 2017]].

In this paper, we aim to improve the efficiency of solving () by utilizing the structural information
of the monotone operator in (Z). More specifically, we consider the case when F is strongly
monotone, or zero. Although optimal convergence results have been obtained for the monotone VI
problem (T)) [Chen et al., 2017] as well as the special case of convex-concave saddle-point problem
with bilinear coupling (3) [[Chen et al.l [2014], it remains open how to design an optimal algorithm
for the strongly monotone VI problem. Notably, for the special case (3) when F' and/or G are
strongly convex, several concurrent works have independently obtained the optimal convergence
rates [Kovalev et al., 2022, Thekumparampil et al., 2022} Jin et al., [2022} Metelev et al., [2022], |L1
et al.,[2022b]]. On the other hand, when both £’ and G are zero, optimal convergence results have
been obtained by [Li et al.|[2022a] and the accelerated-gradient optimistic gradient approach [Li et al.
2022b|]. We defer a more complete overview of related work to the appendix.

1.1 Main Contributions

We start with the strongly monotone VI problem in an unbounded feasible set, extending the scope
of recent work such as |Jin et al.|[2022] and going beyond earlier studies that focus on nonstrongly
monotone VIs in a bounded feasible set [Juditsky et al., 2011 (Chen et al., 2017]E] We propose a
class of algorithms named stochastic accelerated gradient-extragradient (AG-EG), which combine
Nesterov acceleration with the extragradient method. By employing either a strong-convexity shifting
technique or a scheduled restarting scheme, our algorithm achieves convergence rates that match
the lower bounds for the general strongly monotone VI problem (T, the special SC-SC saddle-point
problem (3), and bilinear games, in both deterministic and stochastic settings, thus providing a unified
optimal solution. In sharp contrast to the accelerated mirror-prox (AMP) algorithm proposed by [Chen
et al.| [2017]], Jordan et al.|[2023]], our analysis does not rely on the boundedness of the feasible set
Z, which makes our algorithm projection-free. We also extend our algorithm to VIs with bounded
feasible set and/or nondifferentiable convex regularization through proximal mapping. We summarize
our contributions as follows:

(1) We present a direct approach for separable strongly monotone VIs, where the iteration complexity
lower bound due to Zhang et al.|[2022] is matched as O (\/% + % + < ) log (% %) , which
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admits a sharp near-unity coefficient [§2.3] Theorem [2.3]. Here o is the weighted, uniform
variance bound on the stochastic gradient and stochastic operator.

(2) We also present a stochastic AG-EG algorithm equipped with scheduled restarting, which achieves
the sharpest possible iteration complexity of O ((\/% + %) log (%) + -2 ) for finding an

#252
e-optimal point. The deterministic part matches the complexity lower bound in [Zhang et al.
[2022]], while the stochastic part matches the optimal statistical error.

'VIs in an unbounded feasible set is more difficult to solve because existing algorithms and analyses crucially
rely on the boundedness of the feasible set.



When specializing the VI problem to bilinearly coupled SC-SC saddle-point problems, our results
have the following implications:

Strongly-convex-strongly-concave (SC-SC) Saddle-Point Problem. For the class of SC-SC
saddle-point problems, the stochastic AG-EG descent-ascent Algorithm [I] equipped with scaling
reduction, achieves an iteration complexity of

/L L Amax (BT B) 1 o2
o (( ;Tzi v LTg + \  wruc ) log (5) + ;&42) ’ “)

where F' : R” — R is Lp-smooth and pp-strongly convex, G : R™ — R is Lg-smooth and
pa-strongly convex. When the optimization problem is deterministic, the complexity upper bound
matches the lower bound of Zhang et al.| [2022]][§3.1] Corollary 2.§]|.

Bilinear Games. For bilinear games (V f(x; £) = 0 and Vg(y; &) = 0 almost surely), Algorithm
equipped with scheduled restarting achieves an iteration complexity of

Amax (BB ¥ Amin(BBT)Aimax (BTB) o2,
O( )‘min((BBT)) log ( v oBil > T /\min(éalé-r)f?)7 ®)

where 0'123“ is the variance of the stochastic gradient on the bilinear coupling term. When there

-
is no randomness, this complexity result reduces to O ( % log (%)) for bilinear games,

matching the lower bound of [Ibrahim et al.| [2020] [ Corollary E]

Organization. The rest of this paper is organized as follows. Section [2] proposes the Accelerated
Gradient-Extragradient Descent-Ascent algorithm for strongly monotone VIs, showing that it achieves
an accelerated convergence rate, and extending to VIs with bounded domains with proximal operator.
Section [3]discusses two specific instances of saddle-point problems, where our proposed AG-EG
algorithm has a convergence rate that matches the corresponding lower bounds. Finally, Section 4]
summarizes our results and suggests future directions.

Notation. Let Aoy (M) (resp. Amin (M) be the largest (resp. smallest) eigenvalue of a real symmet-
ric matrix M. Let a V b = max(a, b) (resp. a Ab = min(a, b)) denote the maximum (resp. minimum)
value of two reals a, b. For two nonnegative real sequences (a,,) and (b,,), we write a,, = O(by,)
ora, < by, (resp. a, = Q(b,) or a, = by) to denote a,, < Cb,, (resp. a, > Cb,) foralln > 1

for a positive, numerical constant C, and let a,, < b,, if both a,, < b,, and a,, = b, hold. We also

~

let a,, = O (b,) denote a,, < Cb,, where C hides a polylogarithmic factor in problem-dependent
constants. We let [x;y] € R"™™ concatenate two vectors £ € R™ and y € R™. Finally for two
real symmetric matrices A and B, we denote A < B (resp. A = B) when vl (A-B)v <0
(resp. v (A — B)v > 0) holds for all vectors v.

2 Accelerated Gradient-Extragradient Descent-Ascent Algorithm

In this section, we focus on accelerating the extragradient algorithm for the strongly monotone VI
problem in (I)) with separable structure (2). Our algorithm design draws inspiration from the work
of |(Chen et al.| [2017]] on the stochastic Accelerated MirrorProx (AMP) algorithm for nonstrongly
monotone VIs. The AMP algorithm applies Nesterov-type acceleration on top of the mirror-prox
method [Korpelevich, 1976, [Nemirovski, [2004]] and attains the optimal iteration complexity of

@ (\/g + %) However, the big-O notation hides the diameter of the feasible set, and the existing

theory for the AMP algorithm can only deal with VIs with bounded domain. Our algorithm not
only achieves the optimal convergence rates for the strongly monotone VI problem with separable
structure but we also remove the dependency on the diameter of the feasible set. Therefore, our
algorithm can deal with VIs with unbounded domains.

%For the function class of bilinear games, we assume that n = mm where B is a nonsingular square matrix,
so that Amin (BBT) > ( and the complexity makes sense. See for more on this.



Throughout §2] we maintain conceptual simplicity by presenting all our algorithm designs in the
deterministic setting, while presenting the convergence results in the more general stochastic setting.
These results can be easily reduced to the deterministic setting when the stochastic noise vanishes.

2.1 Setting and Assumptions

In this section, we formally introduce our assumptions. We first state the smoothness and monotonicity
assumptions that we impose on F and H.

Assumption 2.1 (Monotonicity, strong convexity and smoothness) We assume that function F(-)
is continuously differentiable with L-Lipschitz continuous gradient and is u-strongly convex. That is,
forany z,2' € Z,

Sllz = 2'[1P < F(z) = F(2') = VF(2') (2 = 2) < £z = 2|
Furthermore, operator H(+) is monotone and M-Lipschitz in the sense that for any z, 2z’ € Z,

(H(z) — H( )z~ 2) >0, ||H(z) — H()| < M|z 2/|.
Second, we impose assumptions on the noise variance.

Assumption 2.2 (Unbiased gradients and variance bounds) We assume that z € Z, samples
§ ~ D¢ and ¢ ~ D¢ are drawn from given distributions such that the following conditions hold:

E¢[VF(2:6)) = VF(2), Ec[H(2; ()] = H(2), and
Ee [|VF(2:€) = VF()I?] < ok Ee IR0 — M) < 0B (©)

For all results in this work, we suppose that Assumptions[2.1]and [2.2]hold with appropriate parameter
settings. Given a desired accuracy € > 0, our goal is to find an e-optimal point defined as:

Definition 2.1 (c-Optimal point) A point z € Z is called an e-optimal point for the VI problem
in[@ifz—z"<e

2.2 The ExtraGradient (EG) Algorithm

We first consider the case where Z is the entire space R™ and the objective is smooth (J = 0).
The extragradient (EG) algorithm, introduced by Korpelevich! [1976], is designed to address cyclic
behavior in saddle-point problems by introducing an extrapolated point for gradient evaluation. In
the context of VI problems (), let z; represents the ¢-th iterate of the EG algorithm. The update rule
of EG is as follows:

Zip1 = z¢ — V(20 — PV (24)), (7
where i > 0 is the step size. For a L-smooth and p-strongly monotone operator W, |Tseng|[[1995]],

Mokhtari et al.|[2020],|Gidel et al.|[2019al] have shown that the EG algorithm achieves an iteration
complexity of O(rlog(1/e)), where x = L/ denotes the condition number of the problem.

2.3 Accelerating the ExtraGradient Algorithm, Direct Approach

The convergence rate of the EG algorithm is far from optimal for the strongly monotone VI problem
in (T)) with separable structure ([2). Firstly, the update rule in (7) takes WV as a whole without utilizing
the separable structure. This prevents us from exploiting the properties of V.. Secondly, in the case
of bilinear games, the established lower bound for EG is (y/k log(1/¢)) rather than Q(k log(1/¢)).
This discrepancy highlights the potential for accelerating the EG algorithm in various directions. We
first rewrite the EG update rule in (7) as follows:

Zp 1= 241 — MWV (zi-1) = zi—1 — n(H(z-1) + VF(2-1)),
zi =21 =WV (2o1) = 2o —(H(z_1) + VF(2,_1)). (8)

To accelerate the process based on V.F, we consider Nesterov’s second acceleration scheme on
minimizing a single convex function F [Tseng} 2008} [Lan and Zhou} 2018} [Lin et al.,[2020c]:

2™ = (1 — )2 Fouzi1, 2 = 241 — alV}"(z;“fl), 28 =(1—a)z® | +auz, 9)
¢
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where o is the extrapolation step size in the standard three-line Nesterov scheme. Here we adopt
the notation 2™ and 2 to indicate the middle point and the aggregated point [Chen et al., 2017,
respectively. Next, to achieve acceleration, we replace the gradient of V. F evaluated at both z;_;
and z,_ 1 in (8) by the gradient evaluated at the extrapolated point 2", in (). Furthermore, we shift
the index of 2% by to indicate the use of z,_ 1 instead of z; in the ¢ update in (9). In addition,
we take into account the p-strong convexity of F and shift the gradient of the strongly convex
part V. [4]|z — z0[|?] = u(z — z0) from VF(2) to H(z) as W(z) = (VF(z) — p(z — 20)) +
(H(z) + pu(z — 20)), we obtain the following update rule for a direct version of an accelerated EG
algorithm (different step size schemes for 7 are required for different algorithmic designs):

zp = (1- at)zzg_% + 21,
zi_1 = z1 = (H(zeo1) + VF(2R) — p(zl) — 26-1))
Zi=za - (H(z )+ VFE) - (= - 2y)

z:g;f(l—at) fi oz g

(10)

We call the algorithm in (I0) the accelerated gradient-extragradient, direct approach (AG-EG-Direct),
and postpone its full description to Algorithm [2]in §C.1] The final output of the direct approach is
z7 after T iterates. The following theorem records the convergence rate and iteration complexity of
AG-EG (direct approach).

Theorem 2.3 (Convergence of stochastic AG-EG, direct approach) Suppose Assumptions
2
andnhold. Fixany r € (0,1), 8 € (0,00), let kg = % + (H% and set the step size

upper bound & = z

1+4/1+7rKg
stochastic AG-EG (direct approach) satisfy that forallt = 1,...,T, we have

t
Elz: — 2*|% < ||zo — 2*||? (§+1)H(1—as )+ 32 Za I1 a-an. an

s=1 T=s+1

. For any sequence of step sizes oy € (0, &) and ny = %, the iterates of

where we define o = %\/ﬁraétr +(2+ %)0123&1-

In the rest of the paper, we use the same definition ¢ as in Theorem[2.3] The proof of Theorem [2.3]is
provided in We further note that one possible choice of step size is to let o, = «, such that (1T)
reduces to

Ellz— 27> < llzo — 2°|]* (£ +1) e + 350

For any given 7' > 1, by choosing the optimal o = 7 (1 + log (302 ( + 1) llzo — 2| ))
&, (TI)) implies
Ellzr — 2** < 20 - 2*I1% (£ +1) e + 387 (1 4+ 1og (455 (£ +1) 120 - 2°1) ) -

Prescribing the desired accuracy € > 0, the iteration complexity to output an e-optimal minimax

pointisE]
O(( u‘;;)log<(ﬁ+1) Hzofz*||2/52)>.

. . . . . . . 2 . .
We conjecture that the logarithmic factor in the optimal statistical rate # is removable using

a proper diminishing step size, a possibility that we reserve for future study. In the setting of
deterministic optimization, setting o = 0 and r — 17, 8 — 07 in Theorem [2.3| we obtain the
optimal iteration complexity bound as follows:

(1+\/1+7+> 1og((§+1)/52). (12)

3Throughout this work, we focus on the iteration complexity whereas the required number of queries to the
stochastic gradient oracle is three times the iteration complexity.




Algorithm 1 Stochastic AcceleratedGradient-ExtraGradient (AG-EG) Descent-Ascent Algorithm,
with Scheduled Restarting

Require: Initialization z([)o], total number of epochs . > 1, total number of per-epoch iterates

(Ts:s=1,...,.7), stepsizes (ag,m : t =1,2,...).
fors=1,2,...,%do
Set 2", + ng—l]’ z0 z([f_l],zgld — z([)s_l}

for ¢ :21,2,...,TS do
Draw samples &, _ 1 D¢ from oracle, and also (, _ 1 ¢t ~ D¢ independently from oracle
Zy 1 Ze1 (’}:[(zt_l; Go1)+ VF (2 Et—%))

28 (L—a)z®, +ouzy s
t 3 t 5 2

2t Ze—1 — T (ﬁ(zp%%@) + V]}(Z?Ldﬁftf%))

d a,
Z;n “— (1 — at+1)z£% + Aty 12

end for

Set 21 « 25

1 {//Warm-start using the output of the previous epoch}
s 2

end for
Output: zgy]

Remark 2.4 Our complexity bounds fundamentally differs from the previous analysis [|Chen et al.|
2017\ Jordan et al.,|2023|] for separable smooth (strongly) monotone VIs. The convergence results
in previous studies are dependent on the diameter of the domain, whereas our convergence rate is
independent of the domain parameters and eliminates the need for projection onto a bounded domain.
Moreover, our contributions go beyond those of|Chen et al.| [[2017] by extending the analysis to the
strongly monotone case. In comparison withlJordan et al.|[|2023|], we design an algorithm where NV F
is strongly monotone and resolve the open problem of extending the analysis to the stochastic case.
Additionally, our complexity bound in (12) indicates a near-unity coefficient on the condition-number
exponent, improving the corresponding coefficient in|Chen et al.|[|2017} Theorem 15] by an asymptotic
factor of 4.

The direct approach, which reduces to EG when V.F = 0 and i = 0, falls short of attaining optimality
within the specific regime of bilinear games. In the next subsection, we will introduce a new algorithm
that can overcome this limitation.

2.4 Accelerating the ExtraGradient Algorithm with Scheduled Restarting

In this subsection, we solve problem (1)) by further accelerating the stochastic EG algorithm. Rather
than directly relying on the strong monotonicity of VF, the inner updates of our new algorithm
are identical to the updates in (I0) with 4 = 0. Due to the domain-independent nature of our
analysis, we can apply the scheduled restarting technique [O’donoghue and Candes|, [2015| [Roulet
and d’ Aspremont, [2017, Renegar and Grimmer, [2022] to the outer loop, accelerating the algorithm
from sublinear convergence to linear convergence. In addition, the output of our algorithm is the
aggregated point zi}gi , after T iterates. We present the full algorithm in Algorithm
2

We first present the convergence rate of a single epoch (i.e., the inner loop) of Algorithm [I]in
Theorem To accommodate more flexibility in the choice of parameters, we introduce three
constants r, 3, and C in the theorem statement.

Theorem 2.5 (Convergence of stochastic AG-EG, one epoch) Suppose Assumptions[2.1)and 2.2]
hold. For any fixed epoch length T > 1, any constant r € (0,1), 8 € (0,00), C' € (0, 00), choose
step sizes oy = t_%l and . such that

L —2LvB+ /My, (13)



where B = M The output z' 1 of a single epoch ofAlgorithmsatisﬁes
C\E[zo—=*]*’ T
2
* +C 2
E‘ 271~ 2| < (2L rAYEE M) E |20 — 2" TﬁB Ellzo — z*|°,

(14)
where the prefactor A = 1 + C?Bn; < 1+ C? reduces to 1 when o = 0.

The proof of Theorem 2.3]is provided in §D.3] We make a few remarks on Theorem [2.5]as follows:

Remark 2.6 In the setting of deterministic optimization, by taking o = 0, r — 17, 3 — 0% in our
analysis, with step size choice n; = m we obtain that

125y = =" < ey (3 + M) 120 — =1, 15)

In this setting, the algorithm is independent of B and requires no knowledge of ||zo — z*||%. In

the face of stochasticity, we choose C' = 1 when the initial distance to the optimal point is known.

Alternatively, when only an over-estimate Ty of \/E||zg — 2*||? is available, we can set (large
1)

enough) C' oo 2 1 to obtain

2L
— 2P < 2 (+2 1j5M) 2+ 421, (16)

El|z7 = w(T+) \ T VT

T— 1

Remark 2.7 When the constants are not a concern, the coarse-grained choices of r = % and =1
would suffice. Nevertheless, to optimize the constants, the tradeoff between the deviation of r from 1
and B from 0 is crucial, as it determines a balance between the stochastic gradient noise variance
and the convergence rate coefficients.

To prepare for our multi-epoch result with the help of scheduled restarting, we perform an induction

based on (T6) as follows. Supposing that E||z5 ™ — 2*||2 < T2e!~* hold, by taking r = 1 and
8 =1, we have

IE”Z([)s] — 2|2 < LT 5+ FQ 1-s 4 1—\061%

~ HTZ’

T

Setting the right-hand side of the above 1nequa11ty to satisfy < I'2e~*, and solving for T, we need the

epoch length satisfies T =< \/; + % + m. Thus, we can obtain the total iteration complexity
0

as s
L M o M eS—1
S [VE+ ] = (VE+ ) s+t 5

s=1

where S = {log E—?‘ . This yields the following multi-epoch iteration complexity bound:

Corollary 2.8 (Iteration complexity of stochastic AG-EG with scheduled restarting) Under the
same condition of Theorem[2.3] the stochastic AG-EG with scheduled restarting in Algorithm[I| with

2
epoch length T, < \/% + % + W has a total iteration complexity of

(<f+ M)log + 5 ) a17)

Note that the hard instance constructed by |[Zhang et al.|[2022] can be modified in a straightforward
way to establish a lower bound of ((\/% + %) log (%)) for our monotone VI (T)), demonstrating
the optimality of Corollary in the deterministic separable setting. An alternative optimality

argument proceeds as follows: the first term \/% matches the lower bound for the minimization of a

strongly convex function F [Nesterov,[2004], and the second term 2. matches the lower bound for

VI for non-strongly monotone operator when VJF = 0 [Ouyang and Xu, 2021]]. This together gives
a lower bound for solving monotone VI (1) via a similar argument by [Thekumparampil et al.| [2022].



It is worth noting that while both complexity bounds in Corollary [2.8] and Theorem [2.3] match
the lower bound in [Zhang et al.| [2022] for strongly monotone VIs with separable structure, the
direct approach in §2.3|reduces to the last-iterate independent-sample stochastic extragradient (SEG)
algorithm in bilinear games. Consequently, the deterministic part (¢ = 0) fails to match the lower
bound in|Ibrahim et al.|[2020]. In the stochastic case with noise variance bounded away from zero,
the direct approach in @can exhibit nonconvergence behavior [Hsieh et al.|[2020, §3]. The AG-EG
algorithm in §2.4|resolves this issue by restarting the average-iterate SEG, matching the lower bound
results (see §3.2{for more details). In addition, the complexity bound in also eliminates the log
2

prefactor of the statistical error term # compared to Theorem The optimality of our algorithm

lies in not only the optimization complexity but also the statistical error rate —M‘;ez . Here the -optimal
point z is defined as ||z — 2*|| < [

2.5 Extension of AG-EG to Proximal Algorithms

In previous subsections, we have focused on the case where the feasible set Z represents the entire
space and the nondifferentiable convex function J is dropped. We now extend the AG-EG algorithm
and its analysis to the more general setting that has a bounded feasible set (via Euclidean projection
onto the feasible set) as well as a nondifferentiable convex regularization term (via a proximal
operator). These settings are useful in various applications, such as the variational inequality on
the Lorentz cone where projection onto Z = {(x,t) € RV : ||z|| < ¢} is required [Chen et al.,
2017], and the two-player game that involves projection onto the probability simplex, among others.
To deal with bounded feasible set Z, we adopt a variant of the EG algorithm, where we project the
extrapolated point and the main iterates back onto the feasible set Z of W:

. 1
i1 = Pz [z — W (zi-1)] = arg (z = zi—1,MV(2¢-1)) + 3 |z — Zt71||2,

1
z; = Pz [zt_l — nW(zt_%)] = argrzneig <z — Zt—1777W(Zt_%)> + 3 lz —z1]|*, (18)

where Pz (z) = argmin, ¢z ||z — 2'||? is the Euclidean projection operator. To handle the nondif-
ferentiable simple convex function J, we replace the projection operator in (I8) by the following
proximal mapping defined via a Bregman divergence B(-, -):

prox; (v) = argmin (v,u — z) + B(z,u) + J(u). (19)
uez
In fact, can be seen as a special case of (T9) when choosing the Bregman divergence B(z,u) =

]|z — u]]* and J(u) as the set indicator function of the feasible set Z. Therefore, by substituting
the prox-mapping (I9) into the AG-EG updates introduced in §2.4] we obtain the more general
proximal AG-EG algorithm in Algorithm [3] (See in §C.2)), which reduces to Algorithm [T when
J =0,B(z,u) = 1|z — u||? and Z = R". Moreover, we assume that B(-, -) is p5-strongly convex.
Without loss of generality, in contrast to the previous assumption of u-strong convexity for 7, we
instead assume that F is u-strongly convex with respect to the Bregman divergence 5(, -) (See, for
example, Hazan and Kale|[2014]], Xu et al.|[2018]]). Similar to Corollary@ we have the following
iteration complexity result, whose proof is deferred to §D.5}

Corollary 2.9 (Iteration complexity of stochastic proximal AG-EG with scheduled restarting)
Under the same condition of Theorem[2.3] the stochastic proximal AG-EG with scheduled restarting

in Algorithm with epoch length Ty < | —L— 4 2 1 o Blzg.2)

5 T2.1_s haS a Z()lal iteration mplele
HrEB 122295 14 }LBFOE b co y

L M 1 02B(z0,2")
O (ol + ik )1os (1) + TEzs)).
For the deterministic case, proximal AG-EG with scheduled restarting has a total iteration complexity

of O (( L4 i) log (%)) to output an e-optimal point of (T)).

puB | ppB

“The optimal statistical error rate ;TQT has been achieved by a multistage algorithm in Fallah et al.{[2020],
where the e-optimal point is defined by Hz -z H2 < ¢e. In our paper, the e-optimal point is defined by

Hz — 2" H < e. Therefore, our statistical error rate can be translated into :Q—T using their definition, which
matches their result.



3 Implications for Specific Instances

In this section, we discuss the implications of our AG-EG algorithm and its convergence rates when
applying to two instances of saddle-point problems.

3.1 Strongly-Convex-Strongly-Concave Saddle-Point Problem

For the stochastic bilinearly-coupled SC-SC saddle-point problem (3)), we note that the smoothness
and strong convexity parameters Lg, L, g, and pug of F' and G may differ. To accommodate these
variations in curvature information, we employ a scaling reduction technique. This technique enables
us to convert the SC-SC with equal strong convexity parameters for ' and G by reparametrizing the
objective function. The same argument is also applicable to the direct approach.

In lieu of (3], we consider
minmax % (&,9) = F(&) + H(&,9) — G(¥),
@ g

where .Z (i,

H(z,y),

y) = % (x,y) with the symbolic reparametrization & = @, § = Z—gy, H(&,9) =
G(g) =
“F £VG(y) (the stochastic oracles h,§ follow the same rule). It is straightforward to verify
)

G(y) and also their derivatives VAI?(:% ) = “—FV vH(z,y), VG(y) =

that J( is p-strongly-convex-u-strongly-concave. The essence of our update rules can be
summarlzed by the rescaled updates on y:

Y =Yp1— Mt (*Vyh(ﬁ’t—%agt—%;@) + Vg(’f/?fl; t—%))

S Y =Y~ e M (—V h(wt—layt—l;ct) + Vg(f/ﬁl?ft—l)) .

Therefore, it suffices to analyze Algorithm |3 I for (w y) and due to this scaling reduction, we
only need to prove all results for the case of ur = pug = p. It is also straightforward to justify

corresponding scaling changes as: L = L V “—FLg, M = “—F)\max(BTB) and y = pp. The
following corollary is recovered by reverting the scaling reduction from .%# ( ,Y) to F(x,y).

Corollary 3.1 (Iteration complexity of stochastic AG-EG on SC-SC saddle-point problem)

-
For solving (@), Algorithmwith an epoch length T < ,/ ;LT,Z \ ﬁ—g + W + u%FU;el*"'

has a total iteration complexity of

/L L Amax (B B) 1 o2
O(( vaﬁ+ LFRG >1og(€)+#%52>.

In the deterministic case, the iteration complexity in Theorem[2.8|matches the lower bound established

by Zhang et al|[2022], i.e., ((\/LF % LG + \/ mex(BTB) ) log (i)) Moreover, our algorithm

HFHG

achieves the optimal statistical rate of —3 7 up to a constant prefactor.

Remark 3.2 A well-known finding regarding the second scheme of Nesterov acceleration is its
connection to the primal-dual method [|[Lan and Zhou, 2018, |Lin et al.| |2020c]. This finding has
been incorporated into the design of the LPD algorithm [[Thekumparampil et al.| |2022)], where a
Chambolle-Pock-style primal-dual method is utilized as an approximation of proximal point methods,
instead of the extragradient used in this paper. The LPD algorithm [Thekumparampil et al.| |2022)]
also achieves the optimal complexity for the deterministic bilinearly-coupled saddle-point problem.

3.2 Bilinear Games

In this subsection, we consider the particular case of bilinear games. We assume n = m such that B
is a nonsingular square matrix, V f (x; £) = 0 and Vg(y;£) = 0 a.s., so (3) reduces to

minmax % (x,y) = E¢ [h(@,y;()] = H(z,y) =2 By —x'uy +u, y, (20)
x Yy



and Algorithm [3]reduces to the independent-sample extragradient descent-ascent algorithm for (20).

The saddle point [z*; w;} in this case is the unique solution to the linear equation

0 B[+ [u . (2] _[-B) M,
{—BT 0] L};} = {uy} , which has a closed-form solution L};} = { B iu, .

Our results imply the following iteration complexity for solving stochastic bilinear games.

Corollary 3.3 (Iteration complexity of stochastic AG-EG, bilinear games) For _solving (20),

. o _ 1 . . . . N
choose the step sizes a; = 1 andny = S in which case Algonthmwzth an epoch
o . /2max(B'B) . . ;
length T =< T (BBT) has the total iteration complexity of
Amax (BT B) Y Amin(BBT ) Amax (BT B) o2,
O ( Amin(BBT) log ( oBil + Amin(éBBlT)Ez : o2y

Note that our choice of the step size is maximal and is independent of the noise. In the deterministic
setting, letting oy < € {‘/ Amin (BB T)Amax (BT B), the complexity bound in Corollary |3—._3|reduces

Amax (B B) 1 . . .
to O e (BBT) log (g) , which matches the lower bound in [Ibrahim et al. [2020]]. Notably,

Azizian et al.|[2020b]] proposed an algorithm achieving an upper bound that matches the lower bound
in|Ibrahim et al.| [2020]].Li et al.|[2022a]] also proposed a lower-bound matching SEG algorithm that
uses a shared sample in both steps under an unbounded noise assumption. In contrast, our algorithm
is in the independent-sample setting with bounded noise variance.

Remark 3.4 Standard acceleration techniques do not attain the optimal nonasymptotic convergence
rate for bilinear games [|Gidel et al.| | 2019b)]. This limitation applies to various algorithms, including
the direct approach [§2.3]], as well as several other acceleration techniques [Thekumparampil et al.)
2022| |Kovalev et al., |2022| Jin et al.| [2022|], all of which fall short of achieving optimal acceleration
for bilinear games. Therefore, matching both lower bounds in a single algorithm in the general
stochastic setting has been an open problem. While |Li et al.| [2022b|] present an algorithm that
achieves both lower bounds in a single algorithm, it relies on the use of optimistic gradients rather
than extragradients on the bilinear coupling function. Furthermore, our algorithm and analysis is
more general than those in|Li et al.| [2022D|] as we can handle the general variational inequality with
proximal operators.

4 Conclusions

We have presented a stochastic extragradient-based acceleration algorithm, AG-EG, for solving
stochastic monotone variational inequalities with separable structure. The iteration complexity of our
algorithm matches the lower bound and is independent of the size of the feasible set. When specialized
to solving the bilinearly coupled saddle-point problem (3)), our AG-EG algorithm simultaneously
matches lower bounds due to [Zhang et al.| [2022] and |[Ibrahim et al.| [2020]] for strongly-convex-
strongly-concave and bilinear games, respectively. To the best of our knowledge, this is the first time
that all three lower bounds have been met by a single algorithm. There are some remaining issues to
be addressed, however, including the case of one-sided nonstrong convexity, the setting of unbounded
noise variance, and the characterization of the full parameter regime dependency on Api, (BB ).
These are left as important directions for future research.
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The supplementary material is organized as follows. Section [A]provides specific examples in our
minimax optimization setting. Section [B]compares our work with prior related works. Section [C]
discusses the stochastic AG-EG algorithms in detail. Section [D] proves the main results. Finally,
Section [E] provides proofs of auxiliary lemmas that support the proofs of main results.

A Examples
We conduct an overview of some applications in this section.

Reinforcement learning. Reinforcement learning problems can be formalized as Markov Decision
Processes (MDPs) where, at each step ¢t = 1,...,n, the learner receives a four-element tuple,
{st, at, 74, St41}, wWhere (s, a¢) is the current state-action pair, r; is the reward received upon
choosing a;, and s, is the next state drawn from a transition distribution. For example, policy
evaluation with a linear function approximator can be formalized in terms of the minimization of the
mean squared projected Bellman-Error (MSPBE) [Dann et al., 2014] based on a set of tuples:

1 2 P g2
min 5 /A0 —bllc-. + 5 e~ (22)

where A = L300, d(s)(d(s)) — 19(se1))T, b = L mp(s), and C =
LS d(s1)P(s,) " for a given feature mapping ¢. To reduce the computational cost incurred by
calculating the inverse of matrix C,|Du et al||[2017]] propose an alternative minimax form of (22)):

1
moinmax gHOHQ —w' A6 — §||W||20 +w'b,
which falls under the umbrella of problem (3)) whenever C is positive definite.

Quadratic games. Another class of examples arises in the setting of bilinear games, where the
minimax objective is:

%yTMGy —x Vo + vy, (23)
where M, M are real-valued matrices of dimensions n x n and m x m. This has the form (3}
with F(z) = ix"Mpz — @ " ve, G(y) = 3y Mgy — V;—y and H(z,y) = = By. A particular
case we will be considering in §3.2]is the case of bilinear games; i.e., where there are no quadratic
terms. We provide a detailed analysis of the nonasymptotic convergence in this setting in §3.2]and
show that the upper bound on the convergence rate given by our algorithm matches the lower bound

of Ibrahim et al. [2020, Theorem 3].

1
F(x,y) = §wTMFw +x By —

Regularized empirical risk minimization. The problem of the minimization of the regularized
empirical risk for convex losses and linear predictors is a core problem in classical supervised
learning:

1 n
min L(Azx)+ F(x) = — Li(a] ) + F(x
i, L(A%) +F(@) = 3 Lifal @) + Flo),
where A = [ay,...,a,]' € R"*< consists of feature vectors {a;}, £;(y) is a univariate convex loss

for the ith data point, and F'(x) is a convex regularizer. A standard construction turns this empirical
risk minimization problem into a saddle-point problem as follows:

1 n 1 n
i F TAy - L* =F — yla — =Y LMy;).
min max F(z)+ 2" Ay (v) (sc)+n§xy a n; (y;)
Legendre dual function of £(y) = =
See|Zhang and Xiaol|[2017]], Wang and Xiao|[2017]], X1ao et al.|[2019] for in-depth discussions of

solving this problem under such a dual form of representation.

B Related Work

Here we compare our results with related work on saddle-point (minimax) optimization in the machine
learning and optimization literature. In Table[T] we compare our AG-EG algorithm with previous
work on solving saddle-point optimization problems, in terms of gradient complexity.
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Bilinear games. In the bilinear game setting, where Ly = yur = Lg = pug = 0, a lower bound has

been established by |Ibrahim et al.|[2020]]: €2 (1 / %};E’; lo ( ) ) The study of bilinear game has

been initiated by Daskalakis et al.|[2018]] for understanding saddle-point optimization. They proposed
the optimistic gradient descent-ascent (OGDA) algorithm and achieved a sublinear convergence
rate. Subsequently, the classical methods of ExtraGradient (EG) and Optimistic Gradient Descent
Ascent (OGDA) algorithms were proven to have a linear convergence rate for strongly monotone and

% log(é)) iteration complexity [Gidel et al.,2019b, Mokhtari

et al.l 2020]. |Azizian et al.|[2020al] proved that by considering first-order methods with a fixed
number of composed gradient evaluations and the last iterate as output (this class of methods is called
Amax (B B)
Amin(BBT)
EG is optimal. In the absence of strong monotonicity assumption, |[Loizou et al.| [2020]] provided the
first set of nonasymptotic last-iterate convergence guarantees for smooth games over a noncompact
domain from a Hamiltonian viewpoint. The proposed stochastic Hamiltonian gradient method attains
convergence in the finite-sum bilinear game setting as well. In a very recent work, [Kovalev et al.

Lipschitz operator with (’)(

1-SCLI and excludes momentum and restarting), the (’)( log(é)) iteration complexity for

[2022] derived an O(% log(%)) iteration complexity for convex-concave saddle-point

problems with bilinear coupling. This is comparable to the rates in [Daskalakis et al.| [2018]], /Liang
and Stokes|[2019]], (Gidel et al.|[2019b]], [Mokhtari et al. [2020], Mishchenko et al.|[2020]. To match

the Q( %};’;E; log(%)) lower bound provided by [Ibrahim et al.|[2020], |Azizian et al.[[2020b]]

considered EG with momentum. They used a perturbed spectral analysis encompassing Polyak
momentum. Nonetheless,|Azizian et al.|[2020b|] only provided accelerated rates in the regime where
the condition number is large. |Li et al| [2022a] is the first to show that a variant of stochastic
extragradient method converges at an accelerated rate for bilinear games with unbounded domain and
unbounded stochastic noise using restarted iterate averaging, and matches the lower bound [Ibrahim
et al.,[2020]] in the deterministic setting.

Smooth and strongly-convex-strongly-concave saddle point problems. Lower bound has been
recently studied by [Ouyang and Xu|[2021] for smooth convex-concave minimax optimization, and
by |Zhang et al.| [2022] for strongly-convex-strongly-concave saddle-point problems. The latter is of

order 2 ( (\/ Le vy L i+ \/ ‘“ZXFEG B)) log (%) ) As for upper bounds, earlier extragradient-based

methods [Tseng, 1995] and accelerated dual extrapolation algorithm [Nesterov and Scrimalil 2011]]

achieve, when restricted to the bilinearly coupled problem, an iteration complexity of O (ﬁ—; \%

ﬁ—g + 4/ %13513)). The same iteration complexity has also been achieved by |Gidel et al.| [2019a],
Mokhtari et al.| [2020], Cohen et al.|[2021] from a relative Lipschitz ViewpointE] Improving upon

. . . . 2 LpL )\max(BTB) ]
this result, |Lin et al.|[2020b]] achieved a complexity of O <\/ i ug + \/ TG ) using proper

acceleration methods. |Wang and Lil [2020] achieve @(\/ Le v LG + \/ max(B'B)  LplLg +

HF bFpG bFhG

Amax (BT B)

HFHG
et al.| [2022]] for the quadratic minimax game. For the same problem, |Xie et al.[[2021]] achieved
a complexity of (’N)({*/LFLG Le + \/ mex (BT B)) These works improve upon |Lin et al.
HFPRG \ KR HFRG

[2020Db] in a fine-grained fashion where separate Lipschitz constants on different parts of the objective
are allowed. In early 2022, three concurrent works Kovalev et al.[[[2022]], Thekumparampil et al.
[2022], Jin et al.|[2022] study the deterministic problem and independently match the lower bound by
Zhang et al.|[2022]. The main novelty of this work is that both lower bounds [brahim et al.| [2020]
and|Zhang et al.|[2022] are achieved in a single algorithm, plus an optimal statistical error rate up

) iteration complexity and a Hermitian-skew-based analysis nearly matches |Zhang

SMokhtari et al.| [2020] report an O ( LFVLGJ;FVA::X(B B)
can be obtained via a scaling-reduction argument: consider yr = pq case first, then consider the general case

) complexity, but the mentioned complexity

by rescaling the y variable by a factor of

- - ) )
®Note the cross term here, (’)(‘\‘/ Amax(B B) M), cannot be absorbed into the summation of the
HFRG e

remaining terms.
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to a constant prefactor in the stochastic setting. Recently, an independent work by [Li et al.|[2022b]
also proposed a single algorithm that can achieve the optimal rates for both settings. However, their
algorithm is based on optimistic gradient, and is less general than the variational inequality setting
studied in this paper.

Setting Bilinearly-coupled Bilinear Stochastic
Method SC-SC Game VI
EG / OGDA _ Ass(BTE)
[Mokhtari et al.|2020] Lp LG 4+, /2max(BTB) Amax(B_B)
[Cohen et al.|[2021] e uria Amin(BBT)
Minimax-APPA Lyilg Amax (BT B) o X
[Lin et al.{|2020b] LFRG LERG
Proximal Best Response </Amx(BTB) . LrLe | \/)\,MX(BTB) _ X
[Wang and Li 2020\ HFRG HFRG HFHG
DIPPA
LpLg (Lp /L Amax (BT B) —
(iXie et al.|2021] ‘ \/ e (W v “2) TV e X
LPD Lo | \/ imax(BTB) Amax(B'B) X
[Thekumparampil et al.|2022) M e WFRG Amin(BBT)
APDG Lry Lo 4 \/A.W(B‘B) Amax(BTB) X
[Kovalev et al.||2022] WP pG WFIG Nnin (BB 1)
PD-EG Ly \, La max(BTB)
[Tin et al.| 2022] ‘ \/u:' Vie T \/ e - X
EG+Momentum o Amax(BTB) X
[Azizian et al.|[2020b] Amin(BBT)
SEG with Restarting o Nnae (BT B)
[Li et al.|[2022a] Amin(BBT)
AG-EG-Direct Ir vy Lo 4 \/ max (BT B) Amax(BTB)
(this work) wr " pG ARG Amin(BBT)
AG-EG with Restarting Lr\ Lo 4 \/ max (BT B) Amax(B'B)
(this work) KF  HG KFHG Amin(BBT)
Lower Bound =
L L max (BT B) o (L O Amax (B B) 1 _
e VEVE SR wn)  a(fee)
Stochastic No bounded No bounded
Reference e . . . . . .
variational inequality domain assumption noise assumption

[Korpelevich!|1976] )
[Juditsky et al./20711] LyMp? 4 o, p? X X
[Hsieh et al.[[2020]

[Li et al.; 2022a] for bilinear games ‘ %Fg ‘;—221"% X
[Chen et al.|[2017] \/f M2 | o212
[Lan and Ouyang|[2021] D+TD+ED X X

This work o[ 2T+ M2 1 2212 X

Lower Bound

[Zhang et al.| 2022} 0 (\/§D +Mp2 ”—§D2>
[Ouyang and Xu|[2021] ) : i

x
x

Table 1: A comparison of the first-order gradient complexities of our proposed algorithm with selected
prevailing algorithms in terms of gradient complexity for solving a variety of saddle-point problems. Upper
tabular: comparison of several cases such as general bilinearly-coupled SC-SC, bilinear games for finding
an e-optimal point, as well as a column indicating whether the stochastic variational inequality (VI) case is
discussed. Lower tabular: complexities for stochastic VI for finding a point of € primal-dual gap, as well as
columns of domain/noise assumptions (note that I'g < D). The row in red background is the convergence result
presented in this paper. The "—" indicates that the complexity does not apply to the given case. A polylogarithm
factor in each upper bound in the table is ignored.

Stochastic minimax optimization. Stochastic minimax optimization has been studied intensively
as a special case of the variational inequalities. It is widely assumed in the classical literature on
stochastic variational inequality [Juditsky et al., [2011] that the set of parameters and the variance
of the stochastic estimate of the vector field are bounded. |Chen et al.|[2017] extended the analysis
of Juditsky et al.| [2011]] and achieved an accelerated convergence rates for a class of variational
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Algorithm 2 Stochastic AcceleratedGradient-ExtraGradient (AG-EG) Descent-Ascent Algorithm,
Direct Approach

Require: Initialization z¢, total number of iterates T', step sizes (a,n : t = 1,2,...)
1: Set 2", + 2o, 209 «+ z¢

2 fort=1,2,...,T do
3:  Draw samples §t7% ~ D¢ from oracle, and also thé , Gt ~ D¢ independently from oracle

oz Lz (ﬁ(th; thé) + Vﬁ(%‘sn—dl;gtf%) — (2P — zt71)>
500 2%, (1—ay)z®; torzy

-3 -3 2
6z zZpo1— M (’H(zt7%§Ct) + V}-(Z?Ldl; ftfé) — (2, — thé))

ag
70 2 (1 - atH)zt”_% + 12

8: end for
9: Output: zp

inequalities. [fusem et al.|[2017]] proposed an analysis of stochastic extragradient using large batches
to reduce the variance. Mertikopoulos et al.|[2018]] showed almost sure convergence of Stochastic EG
to a strictly coherent solution (a.k.a., star-strict monotone variational inequality problem). In a similar
vein, Ryu et al.| [2019] showed that stochastic gradient descent ascent (SGDA) with anchoring almost
surely converges to strictly convex-concave saddle points. [Fallah et al.| [2020]] developed a multistage
variant of SGDA and stochastic optimistic gradient descent ascent with constant learning rate decay
schedule. We improve upon their rates since their iteration complexity depends on a significantly
larger condition number than our method and is infinite in the absence of strong convexity and strong
concavity. They achieved the optimal dependency on the noise variance but suboptimal dependency
on the condition number. [Hsieh et al.|[2020] developed a double step size extragradient method
and proved the last-iterate convergence rates under an error bound condition similar to star-strong
monotonicity. [Kotsalis et al.| [2020] proposed a simple and optimal scheme for a class of generalized
strongly monotone (stochastic) variational inequalities. Due to the unconstrained nature of stochastic
bilinear games, these two assumptions do not hold in this case because the noise increases with
the value of the parameters. [Mishchenko et al.|[2020] showed that stochastic extragradients can be
computed under a different step size, which removes the bounded domain assumption, while still
requiring the bounded noise assumption. They also discussed the advantages of using the same
mini-batch for the two stochastic gradients in stochastic extragradient. In another vein, Jelassi et al.
[2020] focused on stochastic extragradient in games with a large number of players. They proposed
an extragradient algorithm that randomly updates a small subset of the players at each iteration. [Yan
et al.|[2019,2020], Rafique et al.|[2021]] studied the nonsmooth setting and obtained fast rates. More
recent works consider minimax optimization problems without convexity and/or concavity, where the
goal is to find first-order and second-order stationary points [Lin et al.} 20204l |Guo et al., 2020, |(Chen
et al.| 2021} |Yang et al.| 2022| |Luo et al.} 2022} |Sebbouh et al., 2022]. One interesting direction is to
extend our algorithm to these settings and obtain a fine-grained complexity bound with optimal rates.

C Algorithms

In this section we provide delayed algorithms for the AG-EG (direct approach) and the AG-EG with
bounded domain and proximal operator.

C.1 Stochastic AG-EG, Direct Approach

The full algorithm for AG-EG, direct approach is shown in Algorithm 2]

C.2 Stochastic AG-EG, with Restarting and Projection

The full algorithm for AG-EG, with restarting and projection is shown in algorithm
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Algorithm 3 Stochastic AcceleratedGradient-ExtraGradient (AG-EG) Descent-Ascent Algorithm,
with Scheduled Restarting

[0]

Require: Initialization 2", total number of epochs . > 1, total number of per-epoch iterates
(Ts:s=1,...,.),step sizes (cay,n; : t = 1,2,...), ratio of strong-convexity params. # = Z—i
fors=1,2,...,.% do

Set 28, « z[0571]7 zg zésil],zgld — zgsfu

for ¢ :21,2,...,Ts do
Draw samples §t7% ~ D¢ from oracle, and also thé , ¢t ~ D¢ independently from oracle
z,_3 « proxl (mﬂ(zH; Go1)+ WtVJ:'(Z?ldl;étf%))

a, a,
L (l—a)z®s fovz,
t 3 t 5 bl

2y + prox2.’ (mﬂ(zt_% $C) +mVF (2 §t_%))

z

Zt—1
2P (1 - 1)2)®  + oz
end for ’
Set zy" z?sg_ 1 {//Warm-start using the output of the previous epoch}
end for ’
Output: z([)y]

D Proofs of Main Results

In this section we present the proofs of our main results. §D.T]illustrates the scaling reduction
argument used in the instance of bilinearly-coupled saddle-point problem. §D.2|provides auxiliary
lemmas. With a slight adjustment of their presentation order §D.3] proves Theorem 2.5 §D.4| proves

Theorem [2.3] proves Corollary 2.9 and finally §D.6| proves Corollary [3.3] Throughout the
section, we assume that the Bregman divergence B(-, ) is up-strongly convex.

D.1 Scaling Reduction Argument

Here we illustrate the scaling reduction argument that reduces our analysis of our AG-EG Algorithm|[T]
under bilinearly-coupled saddle-point problem to the one with equal strong-convexity parameters of
F and G using a reparameterized objective function; the same argument applies to Algorithm [2]and
we omit the details. The idea is in fact analogous to mirror descent-ascent with respect to a Bregman
divergence, and our goal here is to detail this argument for our analysis.

In lieu to (3)) we consider

minmax F (&, ) = F(@) + H(@,9) - G(y),

where we have .% (&, §) = .Z (z,y) with the symbolic reparameterization & = @, §j = ﬁ—gy,

H(&,§) = H(x,y), h(& 9;¢) = h(z,y;0), G@) = G(y), §(#:¢) = g(y;€) and also their
derivatives

<S>

Vol (@.9) = [TV H,y),  Veha,9:0) =\ [ LV y:0)
and
VO@) =\ [TEVGty), Vi) =[S Vel:e).
It is straightforward to verify F (z,9) is arguably pu-strongly-convex-u-strongly-concave. The

essence of our update rules is captured by 8 lines corresponding to Lines in Algorithm[I} which
becomes:

ﬁgtfé = Ciit71 — Mt <Vf(§3;n:il,§t,%) + vih(i’tfhgtfl; thé)) ) (243)

Gioy = s~ (—Voh(@en, B0 Goy) + Vo6 ). (24b)

19



i:g_l = (1 — at)fc:g_é + ati:t7%> (24C)

Yooy = (L=a)fl g + @y, (24d)
Ty =Tt 1 — N (Vf(irtn—dﬁft—%) + V@h(it—%a@t—§§<t)) ; (24e)
Yy =Ypq — Mt (—Vgh(iit,%,@tf?gt) + Vg(@;nfl;ftfé)) , (241)

= (1 - ap)@}® | + v, (24g)
g7 = (1- ) s+ dy (24h)

The rest translations are also straightforward, represented by
:ﬁtfé = (ACt,1 — M <Vf(iﬁ?1jl, ft,%) + vih(i:tflv gtfl; thé))
ST =T (Vf(m?fl,ét_%) + Vah(zi-1,9,-1;¢ —%)) )
as well as
~ ~ A ~ ~md
Y = Y1 — (—V@h(wt_%,yt_%;@) + Vg(yt—l; t—%))
S Y =Yg — M- Z—g (—Vyh(wt,%,ytfé;@) + vf]('g:ﬁnfl;gtf%>) :

It is also straightforward to justify that Assumptions [2.1] and [2.2] are rediscovered by reverting
the scaling reduction from .% (&, y) to .# (x, y). Therefore, it suffices to analyze Algorithmfor

Z (&, 9) and due to this scaling reduction, we only need to prove all results for the case of z—g =1

To keep the notations simple, till the rest of this work we slightly abuse the notations and remove the
hats in all symbols.

D.2 Auxiliary Lemmas

We first state the following basic lemma to handle the inner-product induced terms for extragradient
analysis:

Lemma D.1 . Given 0, ¢, v, € Z, a simple and convex function J(-), and also 81, 85 that satisfies
@1 =proxg(81), s = proxy(82), (25)
then for any z € Z we have

1
(02,01 =2) + (1) = J(2) < 5 =102 - 81]* + B(0,2) — B(py,z) — B(B,py).  (26)

Furthermore, when taking J = 0, Z = R% and B(z,u) = 1/2|z — u

2 reduces to:

1 1
(02,901 —2) < 5[|02 — dul* + 516 - z)* = lloy —2|* — 16 — ¢y |?]. 27

Proof of Lemma [D.1]is provided in §E.I] Lemma is standard and commonly adopted in
extragradient-based analysis; see Lemma 2 of [Chen et al.,|2017]] for one with similar flavor.

En route to our proofs of Theorems [2.3]and 2.3] we first introduce some notations. Let Z € Z and let
the pointwise primal-dual gap function be

V(z|2)=F(z) - F(2)+ (H(2),z— 2). (28)
We prove that this quantity is lower bounded by a positive quadratic function:

Lemma D.2 For L-smooth and u-strongly convex F(z), simple and convex J, and for any z € Z
we have

V(z|2%) = F(z) = F(z*) + (VH(z*),z — 2") + J(2) — J(z*) > E ||z — 2*|°. (29)

=
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Proof of Lemma[D.2]is provided in §E.2} Our final auxiliary lemma on the key properties on step
sizes writes as follows:

Lemma D.3 Our step size choice (13) satisfies (i) n; < %; (ii) <% it > 1) is a nonnegative,
nondecreasing arithmetic sequence with common difference 4/ #M ; (iii) Mny < 1, and (iv) the
step size condition

2L

=g L+ A)ME > 0. (30)

r

Proof of Lemma|[D.3]is provided in §E-3]

D.3 Proof of Theorem [2.5]

Proof.[Proof of Theorem [2.3]]
We first introduce some notations. Denote the incurred stochastic noise terms as
t—1 ~ 1 ~
A =VF(EM:6.1) - VF(EN), Ay =H(z1:¢ 1) — Hize),
Ay =H(z15G) — H(z 1)

2

3D

For our martingale analysis we adopt the filtrations .7-"5 =0 (58 18 = %, %, ey s < t) and ]-'f =
o (Cs 18 = %, 1, %, o,8< t), and also F; = U(]-'t§ U ]—'f) be the o-algebra generated by the union

of ]-'f and ]-'f . We are ready for the proof which proceeds as the following steps:

Step 1. Estimating the primal-dual gap function difference sequence. We provide the following
Lemma (D-4), whose proof is in §E.4;

Lemma D.4 For arbitrary z € Z the iterates of Algorithm[]satisfy for t = 1, ..., T, almost surely

V(zﬁ% |z) —(1-— at)V(zfi% | 2)
(32)

~ 2L 2
< (VF(2M) + H(ze_1) 21 —Z) + “ ‘ Z_1 - zt,lH .

Note the proof only relies on the interpolation updates in our algorithm as in Lines[6|and|[8] and hence
this result holds in a per-trajectory (almost-sure) fashion.

Step 2. We target to prove the following lemma, the complete proof is in §E.3|

Lemma D.5 For our choice of n, that satisfies, for a given r € (0,1), (30) of Lemma iv) that
T — tz_Tle — (14 B)M?n? > 0, we have forany z € R", y e R™ and t = 1,..., T that

| 2)]

t - -
< Bz =217 =l = 2] + (iode + @+ Hofa) e

t(t + I)E[V(zzfé | 2)] - (t = DEE[V(2*

o

(33)

Now for a given 1 < 7 < T, we finish the proof by telescope the above recursion for ¢ =
1,..., 7. We conclude from our choice of step size as in (T3) that satisfies (30) so by denoting

o= %\/%TU%H + (2+ §)og;, we have by Lemrnai)
T T T
1 2 1 2 _ 2 2 2
(oo + @+ Boda) Som =307 tm <307 3
CVE[|zo — 22] T(TH+3N(T+1) T(T+3)(T+1
_ 352, (lzo — 2[17] T(T +3)( ) _ T(T+5)( ) .o [z — 24,
o[T(T +1)2]/2 3 [T(T +1)2]1/2
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%. Finally by summing over ¢t = 1,...,7, we have
zZp—=

T(T+DEV(_, | 2)]

T
<
t=1

where B =

3‘@..

.
B[z~ 21 1z~ 21°) + (508 + @+ 3)oBa) D
t=1

r

1 . t t-1 - T -

=Bl AP+ 3 (- - S ) Bl - 217 - Llar - 2P
m o \Tt  Th-1 nr
T(T+ %)(T +1)
-Cor/E|zg — 2|2

P VR
Following the above derivations and apply Lemma Bii) we obtain i — ;:—i = #M . Rear-
ranging the terms along with Jensen’s inequality, and noting that

T(T+Y(T+1)  T(T+H(T+1) 211/2
TT+ 02 = ey =TT
proves the following inequality (34).

T(T + DBV (S, | 9]+ T Bller - 3P
(34)

-
1 - - =

< n—EHzo — 2P+ \/HEEM ) Ellzi1 - 2|+ [T(T + 1)°]/? - Co/Ellz0 — 2|2
1 t=2

Step 3. Bounded Iterates We conduct the following “bootstrapping” argument to arrive at our

final theorem. Starting from the recursion (34) we have by setting 2 = z*, Lemma|[D.2]implies that

its first summand on the left hand 7 (7 + 1)E[V(z‘;’§_ , | 2%)] is nonnegative, and hence we can drop
2

itand have forany 7 =1,...,T

T .
—E[lz7 — 2*° (35)
nr

.
1 * *
< aEHzO—z 124+ HEM Y Bz — 27|+ [T+ 1)%2 - CoJE |20 — 27|
t=2

T
= (2LV B)E||zo — 2*|> +\/ ZEM Y E|zi 1 — 2*|* + [T(T + 1)°]"/? - Co\[E||zo — 27 *.
t=1
Ro

=071
(36)
Converting (36) to a version of partial sum Q7 = 3, Bz, — 2*||2 thatforall T = 1,...,T
T . T
—E|z7 —2*|° = —(Q7 — Q7)) < \/HEMQr 1 + Ro+ (BLVB)Qy. 3
nT nr (37

Do

(37) is equivalently written as

From here and onwards, we denote k; = + = 2LV B + #Mt foreacht =1,...,T. Dividing

nt_?

both sides of the above display by k7741 = % . % gives
_ D
Qr < Q71 n o
KRT+1 KT KT - KT+1
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Telescoping up from 1,...,7 —1for1 <7 < T yields

T-1 T-1
Q QO Do Qo 1
+ <=+4D O E—
Z Rt - Rt41 K1 0 t_zl Rt Rt41
where we applied Lemma ii) thatforallt =1,...,7 — 1 we have k11 — K = %—BM This
yields
T-1
[155 Z [ } _1_1
—1 Rt - Ht+1 =1 Rt+1 R1 RT
and hence

145 MQT e MQO+D /1+5MZ
KRt
t=1

Ht+1 K1 kT
Next, we rearrange the above quantity and derive
TEMQy+ Do p, 4/ TPMQo+ (Ro+ (FLVB)Q) D, 0.+ Ro Do
K1 KT K1 w0 ke R
Plugging this into (37) we have for all iterates 1 <7 < T
. R Co[T(T + 1)%'/?
K1
) o o (38)
= (1+C Bm)EHzO*z 1%,
—_———
A

where the prefactor A lies in [1,1 4 C?] and reduces to 1 when the argument is set as 0.

Now we drop the second summand on the left hand of (34) with z* = 2*, T = T. Combining with

(38) gives
T(T+DEV(z7_, [ 27)]

.
1

= TTEHZO — 2P + /M Y CBl|z1 — 2| + [T(T +1))]/? - CoJE || 20 — 2*||*
1 t=2

(iL VB + “;BM) Ellzo — z*||?

+ #M(T —1)-A-E|zo — 2*||2 + Co[T(T + 1)2]1/2 Ellzo — 2*|2
= <3L +4 lfﬂMT> E|lzo — 2*|% + (& + C)o[T(T + 1)2]V2\/E] 20 — z* |,

Using (29) in Lemma[D.2]again lower bounds the left hand in the last display as

IN

2
> 0.

*

T(T+ VEV (5, | 2")] = §7(

g
1 — 2
2

Dividing both sides by £7'(T + 1) concludes

2(fL+A\/1+TBMT) 2L+ Clo
< Ellzo — 2" + =775~ VElz0 — 2|1,
pT (T +1) uT/2

and hence concludes (T4) and the whole proof of Theorem [2.3]
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D.4 Proof of Theorem 2.3

We overload function notations ', H to the new group accordingly where F(z) < F(z) — & ||z —

zo||? is non-strongly convex and H(z) < H(z) + p.(z — 2z0). For convenience we repeat the
iterates of Algorithm [2]as

e (Vf(z?i‘l; §o1) +H(zi15 (1) — p(2fe) — zt—l)) ;

ag ag
=)z s tagzy 1,
t 3 t 5 2

Zy=2Z41— 1 (Vf(z?‘fl;é}fl) +H(z_1:G) — =z - zi%%)) ;

z

2M = (1 - )2 Zy oz,
with the initialization zg = 20 = 2", € R"*™. We continue to assume the noise-related setting as

. . 2 .
in (3T). Our proof proceeds in the following steps:

Step 1. We prove the following generalization of Lemma|D.4] whose proof is in §E.6}

Lemma D.6 For arbitrary z € R"™™ and o, € (0, 1] the iterates of Algorithm E satisfy almost
surely

V(zZ,12) - (1-a)V(zE, | 2)

t t—

(SN

2 2
< a(VF(214) + H(z, ) yZp-L — z) + atzL ‘ Z4-1 — thlH - Qe

(39)

Step 2. Analogous to Step 2 in the proof of Theorem [2.3]in we conclude for all z € R”,
zeR™,

77,5E<V.7:"(z;nf1, t—1 )‘f'H(zt—f:Ct) S z)

1 _ 1— (14 B)M?n? 2

< 5 (Bl - 217 - Bl - 217) - oy ]
Ui 1y 2
+3(2+B)UBA

To show this, note that
77t<v~7:—(zrﬁ1?ft7%) H(z, ,Ct) -1 - )
1 2 2 _ 77752 1 2
<5 e =217 = llze = 217 = Nz — 20 l?) + S 1 H(20m 45 G) = Az Gy
To handle the stochastic terms, Young’s inequality combined with the martingale structure, along
with the definition of M, indicates

2 12 2
E[[#zm356) = Alziai oy :EH’H(zt,%)—H(zt,l)fA;2 +E|as,|

< (1+B)M?E||z,_, —zt,1||2+(1+%)JEHA;;‘* +E| AL

Combining the last three displays gives

E(V ]}(z;nfﬁft—%) +7:L(zt—%;<t)7zt—% - %)
1 ~ - 1— (14 B)M?n? 2
<3 wal—dﬁ—Ewm—zWD— LM -y - 2
2
+ % ((1+ E[ A% N ||2> (40)
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Combining this with Lemma[D.6] we have
EIV(=E, | 5)] - (1 - 0BV (2 | 2)]

2
Z, 1 —Z

2 2
< uEB(VF(ZM) + H(z, _1), %1 2>+QELEU Zi_1 fzt_lH } — a i E U

= uB(VF (26 1) + H(z 15G), 201 — 2)

2

2
—atIE<A +At P21 —Z)+2L LR [Hzt_l -z 1H } — o pi {Hzt 1 _ZH ]

< 2 (5 (Bhzes = 217~ Bz - 217 - = ey o]

77t t = a?L
(2+ )UBH) oszE(A 2+A 21— Z)+ EIEUzt_ézt_lH}

2

2
~ a2y -

Continuing this estimation gives (note Young’s inequality applies, and ]E(A H + AH, Zp1— z) =
t

E<A]:_%,Zt7% — 2zi-1))
BIV(2, | 2)] ~ (1 - aB[V (2 4 | 2)

]

21 — 2Zt-1

< 5 (Ellzes = 21°) = Bllze = 2I%) = 5= (r = el = (1+ 5)Mn7) E[)
sy -]

S (Bl - 317 - Blla: - 217) - 55 (- acln - (14 HM)E

21 —Zt-1
2

1—
Lo 12 MEU
2’)’],5

2
2,1 —thlH
t 2

« « 2 112
+ t277t (2+%)0%11+2(t7mEHA *atﬂ*E“ Z,1-Z ]
< at (E[Hzt_l —2|] - E[||z - z|| }) — X (=L — (1+ B)M*p?) E ’z —k
= 277t 2,',” t—1
2
- atlu’*E |:‘ Zt7% - '%H :| + atznt (ﬁagtr + (2 + )UBll)

By applying Young’s inequality, it yields
~ ~ (0%
E[V(22, |2)] - (1 - BV (22 4 | 2)] - “5% (Tsod + 2+ $)ok)

t

Lo
27]t

< o227 =21 ‘
< g (Bllzis — 21~ Ellz - 217) atu*E[

2
(7“ —ayLm — (1+ 5)M277752) E[H’zt—é — zt_lH }

2
Zy_ 1 —Z

2
< o= (1= anElllze— — 2] — E[l}= - 2|)) + %EmzH -2’ - atu*ﬂa[

12
z 1 — Z
=3 H

2
Zy 1 — Zy_ .
t_§ t 1”

< g (= aBllz = 217 - Ell= - 2)) +sz“

Setting n; = at we have

* 2 ’
e (== (02 o) By -]

EVGE, 12) PARl20 - 217 - (1 - o) (BV(2E% 5 | )]+ 2El20- — 2]

ol
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af 12 1\.2
+ (1_7>O—Str+(2+E)UBil)'

2y
Step 3. By the definition oy we have r — 2 — ( ;TL* + %) a? > 0, so we obtain regularity
condition oy < @ = L of Theorem [2.3] Since we assumed both I’ and G
1 (Lo (4B)M?
F 4| 147 oy + Hz

are nonstrongly convex and H is a u,-strongly-convex- i -strongly-concave isotropic quadratic, this
implies

. . . . . - 3a?
E[V(2, | 2)]+ ZEllz - 2] < (1 - o) (EIV(22 4 | 2)] + ZElllze - 27) + 500

2 2 2 2 2,
Plugging in z = 2™ gives
EV(z]|2")]=F(2) - F(=z")+ (H(z"),z—2") > (VF(z") + H(z"),z — 2*) =0,

and also

E[V(2|2")] < (VF(z") + H(z"), 2 - 2") + 5 |2 - 2"|* = § |2 - ="*,

so (by the fact that "¢, = z¢ and 2", = 2z¢)
2 2
:LL*E *2<]EV ag * ILL*E %12
< Elllze = 27T < E[V(2,Z, | 27) + T E[llz — 27|']
i t L o342 t
< (v z*>+2*||zoz*|2)H<1aT>+22MT[ 11 (1%,)] o?
T=1 =1 * T/=7+1

L+pu 302 <
< ||Z() — Z*||2 T* H(]_ — qu—) + Za?r H (1 —aT/),

Dividing both sides by &+ gives (TT) and our theorem.

D.5 Proof of Corollary 2.9

The proof of Corollary 2.9 mostly follows the proof of Theorem [2.3]and Corollary [2.8] except that
we modify some steps to adapt to the proximal operator. The proof is as follows:

Step 1. Estimating the primal-dual gap function difference sequence. We have the following
Lemma (D.7), whose proof is in §E.7}

Lemma D.7 For arbitrary z € Z the iterates of Algorithm(l|satisfy for t = 1,...,T, almost surely
V(z{ i 12) = (1 —a)V(2, | 2)
2 2

< (VF(2M) + H(zy1), 201 —2) + Q?QL Hzt—% - Zt—lH2 + oy (J(ztfé) - J(2)

(41)
Note the proof only relies on the interpolation updates in our algorithm as in Lines[6|and[8] and hence
this result holds in a per-trajectory (almost-sure) fashion.

Step 2. We target to prove the following lemma, the complete proof is in §E.8}

Lemma D.8 For our choice of n, that satisfies, for a givenr € (0, 1), that

2L (14 B)M?n?
- - >0, 42
tr1r us - (42)
we have forany z €e R", y e R andt = 1,...,T that
tt+ DEV(ZE, [ 2)] - (t = DIE[V (25 | 2)]
2t - - e
< 2t _ 12 1y,2 ) Ui
< 2 (BIB(zi-1. 2)] ~ BBz 2)) + (rod + 2+ Do) 22,

TuB

(43)
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We note that @3) in Lemma [D.§] only differs with (33) in Lemma [D.3] by the use of Bregman
distance B and a factor of 1/uz5 on the variance term. Following similar derivations as in the proof of

Theorem [2.5] we telescope the above recursion for t = 1,...,7 and choose the step size as
ps-+ = 2LV B+ /2, (44)
with B = cg\/:(izz(ﬂ)) that satisfies (42)). By denoting o = % ol +(2+ )O’Bll, we have
%
by Lemma i) and the same derivative as in @

(1 TO'Str 2+ 5 O'Bll) Ztnt < 302. bB th

O T(T + INT +1)

(T + 1)
Finally by summing overt = 1,...,7T, we have

T(T+DE[V(z7_, [ 2)]

2
~oupCy| —EB(z9, 2),
BB

T

2t - . e
< B(z¢-1,2)] —E[B(24,2)]) + ( =03, + (2 + i —
;m =1 D) = EB( 2D + (rode + @2+ Hloka) 3000
a t—1 2T
Z—B'z7 +2 ( )EBZ,%—EBZ72
o, Blzo ;;: P (2¢-1,2) - (z7.2)
T(T+3)(T+1) 2 R
-Coy| —EB
GRS e Vi (=02
2 M 2T
= —B(zg,2)+2 H EB(zi—1,2) — —EB(zT1, 2
m ( 0 ) ,UB; t—1 ) nr ( T % )
+[T(T +1)4Y2 . Co M—EB(zO, z).
B
Rearranging the terms proves the following inequality (@3).
2T -
T(T+ 1)E[V( 7— 1 | Z)] + FEB(ZT,Z)
T

(45)
2 M 2
< = B(z0,2) +2¢/ 22 ZEB 2 1,2) + [T(T +1)%)Y2 . Coy | —EB(z, 2).
Ui HB 5 HB
The same bootstrapping argument gives
EB(z;-1,2%) < (1+ C?Bm) EB(20, 2%),

which further derives

T(TH+E[V(2E , |27)] < ,ui ( L+ A MT) EB(zo,z")
2 B

(L 1 C)olT(T + 1)) %EB(zo, 2)
B

Again we can lower bounds the left hand in the last display as

ag £ *
T(T + DEV(2E_, | ') 2 5 T(T+1)EB( 2. ) > 0.
Dividing both sides by £7°(T" 4- 1) concludes
420+ Ay 22 MT
]EB(zag 2*) < ( TV EB(z0, 2*) + A +C) 2 EB(zp, 2*)
T?%v = MMBT(T+ 1) 05 MT1/2 15 0 )
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The rest of the proof follows the same bounded iterates argument and the restarting argument exactly
as in the previous proof of Theorem [2.5| with only a difference in a factor of 13 Similar derivatives
gives us a total iteration complexity of

02B(z0,2")
o (( BeB + uus) log( ) + uzu;E? )

o2B(z0,2")
WB + MMB + w2upliel=s"

with epoch length T =<

D.6 Proof of Corollary[3.3]

Before the proof we first adopt the scaling reduction argument as in §D.1] to argue that we only need
to prove the result for the case of bilinear games centered at zero, i.e., F'(z) = 0 = G(y) we have

L = p = up = 0. We set the iteration symbol z = [g] = {yx_—z*} and also .Z (&,9) = &' By,
y

with .Z (&, 9) being equal to .Z (x,y) defined as in (20) up to an additive constant. Our scaling-
reduction argument hence applies.

Proof.[Proof of Corollary From the update rule we have

2z, 1 =21 — NIz + 1,1, (462)
Z:g 1 = mzt 3 -+ t+1zt_l, (46b)
Zy = Zp_1 — nJZt_% + neq. (46¢)
md md . . . . _ 0 B .
Note the [z]"; y'] sequence becomes irrelevant in this update; J = _BT o | skew-
symmetric with JT = —J, so J? = —J " J is symmetric and negative semidefinite. We proceed with
the proof in steps:
Step 1. We target to show the last-iterate bound
Ellz:[|* < Ellzo + 2tn° 0 (47)
Note (46a) and together gives
= (I—nI +n*3%) 21 — 1" Te,_1 +ne: (48)

Taking squared norm on both sides of {8)), we have when 7 < , Z; does not expand in

-1
Amax (BT B)
Euclidean norm (noiseless), so

2
Ellzel* = E [(ze-1) " (L+023% 4 0'3%) 201] + E||=n2Te,_y + ey

(49)

2
<Elze1 |’ +E||n?Te,_y | +Ene?

< Ellze-a|* + 77 (1 + 7 Amax(BB)) o8y < El|ze—1|® + 200
Recursively applying the above concludes 7).

Step 2. We start from the update rule @#6b) which implies ( + 1)tz,* L= tt—1)z2 s +20z s
holds fort =1,...,T, so
T
2
= tz,_1.
. (T+1)T ; =2

T
(T+ 1Tz , = Zzt_% = zy

1\7

Using this to analyze our algorlthm:
tzg — (t— 1)ze—1 — 2e-1 = t(2e — 2e—1) = —J {tzt,%} + ntey,

so telescoping gives
T

T T
TZT — Z Zi_1 = —77-] Z tZt_% + 7’]2 té?t,
t=1 t=1

t=1
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which yields

T T
2 2
R }:t R — e N 7 o _E - §t ) 50
Ty Ty )T & T ST T (ZT tzlzt 1 nt:l Et) e

Obviously the least singular value of the matrix J can be lower bounded as oy, (J) > +/Amin (BB T).
We conclude from (50) along with Young’s inequality that

2 2
Amin(BBNE ||z, gEHJzaT{%
4 a ’ i
o 1
*(1+’Y)772(T+1)2T2E > (er—z)|| + 01+ )W nZtsf
t=1

= (1+)1+ (1+ D),
where applying the last-iterate bound together with some elementary estimates leads to

4

< —
= PT T 1PT

T
T [2E|lzr]® + 2B 121
t=1

T

4
T [4E]lz0® +4(T +t = o]
t=1

[ —
~ (T + 1)1
_ 16E[|zo[|* + 24n%0 3 T _ 16Amax(B B)E| 2| N 240d;)
- n?(T +1)2 - (T+1)2 T+1’

and, using the property of square-integrable martingales

— 2 2
= (T+12T2 "Ztst - T+12T2' ZtE”E I
4oy .nzT(T +3)(T+1) _ 4oy
A (T +1)21? 3 - 3T
To summarize we have for arbitrary v € (0, 00)

Amin(BBT)

2 16X max (BTB)E||z]|?> 2403, 4o,
<(1+7)< (T + 1) +T+B11 T35

5
Optimizing ~ gives along with v/a + b < \/a + /b for nonnegatives a and b:

%BBT / 16Amax (BT B)E| 2|2 N 2403, N [40,)
Amin (T +1)2 T+1 3T

16Amx(BTB EHZO||2 240]31 /40]31 4y/Amax (BT B) 7aBﬂ
< 1 1 /E 2
= \/ (T +1 T+1 "V 3T T+1 Izl +

Dividing both sides by 1/ Amin(BBT) and taking squares conclude the result.

1
2

E Proof of Auxiliary Lemmas

E.1 Proof of Lemma[D.1]

The analysis in this subsection is partially motivated by Lemma 2 of |Chen et al.|[2017].
Proof.[Proof of Lemma [D.I]] We first introduce the following lemma on the operator P:

Lemma E.1 (Lemma 2 in Ghadimi and Lan|2012 and Lemma 1 in Chen et al[2017) If ¢ =
Po(8) for arbitrarily chosen 0,8 € RY, then for Vz € Z, we have the following inequality

<6a ¢ - Z> + J(¢) - ‘](Z) < B(O,Z) - B(Ovd)) - V(¢,Z)
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By applying Lemma[E-]to (23], we have for any z € Z

(61,01 —2) + J(p1) — J(2) < B(0,2) — B(0,9,) — B(wy,2), (51
(62, — 2) + J(py) — J(2) < B(6,2) — B(6, py) — B, 2). (52)

Specifically, letting z = ¢, in (31) we have
(01,1 — p2) + J(p1) = J(p3) = B(0,3) — B(6, 1) — By, p2). (53)

Now, combining inequalities (52)) and (33)) we have
(02,00 —2) + (81,01 — o) + J(p1) — J(2) < B(6,2) — B(pz,2) — B(6, 1) — By, ¢2),

which in turn gives

(02,01 —2) + J(p1) — J(2)
< (82 = 01,1 — py) + B(0,2) — Blpy,2) — B(6, 1) — By, 2)-

An application of the Young and Cauchy-Schwartz inequalities gives

(82,601 —2) + () — J(2)
162 — 81lllley — poll + B8, 2) — Blpy,2) — B8, p1) — Bl 0)

1 1%

2182 = 81 + e —

+B(07Z) _B((p%z) _8(07901) - 8(9017902)

1

5162 = 81|* + B(8.2) — B(ipy,z) — (6. 01).
[225]

IN

IN

(54)

IN

In the last inequality, we uses the fact that

KB 2
7”901 —@oll” < Bley, #2)-
This establishes (27) and hence Lemma[D.T]

E.2 Proof of Lemma|[D.2]
Proof.[Proof of Lemma[D.2]]

Since F(z) is L-smooth and p-strongly convex. For the rest of this proof, we observe that the saddle
definition of z* satisfies the first-order stationary condition for problem (3):

VF(z")+H(z*)+ J (") =0. (55)
Furthermore, we have
F(z) = F(2") + (H(z"), z — 2") + J(z) — J(2")
> (VF(z"),z—2") + g Iz — 2*||° + (H(2"),z — 2) + (J'(2"), 2 — 27)
= (VF(E)+HE) + (), 2 - 2+ Bz =27 = Lz - 27,

where in both of the two displays, the inequality holds due to the yu-strong convexity of F, and the
equality holds due to the first-order stationary condition (53). This completes the proof.

E.3 Proof of Lemma([D.J|
Proof.[Proof of Lemma[D_.J]| Items (i)— (111) are stralghtforward For the proof of (30) in item (iv),

we note that n; = 7:(0; T, C,r, ) < which gives
2L+\/ \/ B n
L
ne— (14 B8)M?n; > ; (t - <L+ “;5Mt> m) >0,
T

41

and hence completes the proof.
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E.4 Proof of Lemma|[D.4

Proof.[Proof of Lemma[D.4]] From the convexity and L-smoothness of F" as in Assumption 2.1} we
know that for arbitrary z:

F(22,) = F(2) = F(22 ) - F(i) = (F(2) - F(24))

t,l t,l

2
< (VF@E), 28, -2 + k=, -2 | (T FE), 2 - 2,

Taking z = 2}® , in the above inequality, we have
2

F&E )~ F=2,) = FE ) - Flap) - (F(2 ) - F=)

t—1 t—1 t—3

t—l

< (VF@), 8, - ) + 4|

N | N P R e N )

2
Multiplying the first display by «; and the second display by (1 — «;) and adding them up, we have
F(2%2 )= (1 —a)F (2% ,) —a F(2)

t,l t,é
< (VF(EM), 22, -2 + & =2
< (VF@E) a2y — 20 )+ Haw(zy — 2 1)H2 (VF(), a0z = 21-1))

f | VR (- a2 o )

— a(VF(), 2,y — 2)

é - zt—lH27

(56)

where we applied the fact from our update rules that z 1T 2™ = oy (z,_ 1= Zi1).

On the other hand, due to Line (&) in Algorithm[I]we have

(M(2), 28, — %) — (1 - a)(H(2), 25, — %) = (H(2), 28, — 2~ (1— ) (=%, — 2))

= (H(Z), z,_
Further, due to our monotonicity assumption on H we have
(H(2),z-1 — 2) < (H(z_1) 201 — 2).
Combining the above two displays together yields
(H(%),z:“i% —z)—(1- at)<7'[(2)7z:g_% —z) So(MH(z1) 21 — 2). (57)

Now, summing up Eqs. (56)), (37) and recalling the definition of V' in (28)), we conclude that

V(= 15) - (- V(=2 | 2)

= F(2 )~ (1 - @) P2 y) — acF(2) + (H(2), 22, —2) — (1L ag)(H(2), 2%, —2)

<o (VF(ZM) + H(z_1),2_1 — %)
and hence conclude (32) and Lemma|[D.4]

é - Zt—1||2,

E.5 Proof of Lemma[D.3]

Proof.[Proof of Lemma El] To bound the inner-product terms in (32)), by setting ¢; = Zi 1,
0 =2zi1,py = 2,01 =1 V‘F(ztfl;gt—é) + H(Zt—ﬁct—;))’ 0y =y <v}—(zt1;£t—;)
ﬁ(zt_% ; Ct)) as in Lemma|D.1|(with z = Z), we have

m(V]:'(Z?lf‘l;ftf%) + f’q(zt—%@)»ztf% - z)

<

N =

o =217 = = 217 ey =]+ 2oy 60) — Rosie I,
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where Young’s inequality combined with the martingale structure yields (also noting (31))

]E||7-l(zt,,,(t) H(zo 17<t7—)||
= IEH’H(ZF%) —H(z¢-1) — A;LL_EHQ +EHA§{

< (1+ B)ME|z,_y — 22+ (1+ DE[ A2
Combining the above two displays with expectation taken gives

{Ut<v~7:(zt 15 t——)+r}:[(zt—%§<t)7zt—% _2>}

e

1 i 3 2
< 5E [llzt_l 2l = e~ 2P [y — 2 } 9
772
+ 2 ((1 +B)M*

; )

Further, by deﬁmtlon of the primal-dual gap function and the definition of the noisy terms (31I)), by

2 12
iy fzt_lH +(1+1)EHA; : +]EHA;

taking oy = ;=5 in B2) of Lemmaand taking expectations on both sides, we have
o[, 19 - e[Vt 19)
2 . 2L 2
S mE<v.7:(Zt 1) + H(Zt 1) Zt % — Z> + WE Hzt7% — Zt,]_H

LE<V}-(Z75 1a£t_7)+H(Zt_7,Ct) Z_1 _2>_|_

2
t4+1 )EH%—%_Z“J‘

2
(t+1)2
_ﬁE<A 2 +A7-th7% —2>
Bringing in (58) into the above derivation, we obtain

ElV(=2, 12)] - Z%E{V(‘zig—% 2)

1
 EMla . — 32 — 22
< Bl =217 = - 2P
1 2L 2
- (1= a4 pMy IEH _ H
(t+1)77t< P L Ce) ) Ft-3 T Bt
+ (1+l)EHAt‘ —HEHA H B(A% P LAl 2 - %),
t+1 B H t+1 Ho =3

Recalling that we use the choice of 7, that satisfies for a given r € (0, 1) that r — t2JTL17/t —(1+
B)M?n? > 0. With some manipulations we obtain

B[V(=E, 12)] - B[Vt 1 2)

t+1
1
< | T _ 32
< G Bl — 2 = = - 2]
o (0 el sas ) - e i
1+ 5)E||A E||A® — K — 2z
+(t+1)<( R A K (4 Dy [P 2
2 t—1 t—1 - 2 ¢ -
— mE<A]_— s g 1 — Zt— 1> — m]E<A]_— 27Zt71 — Z> — mE<AH7zt7% - Z> .
I
(59)
Due to the law of iterated expectation applied to martingale difference cond1t10nsE[ | Fi— 1} =
OandE{AH \ ft—%] =0,7=1,2, we have
I=0.
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Moreover, for the rest of the terms in (59), we note that there is a basic quadratic inequality that

2 1 2
1—r =3 N t=3
o — 2<A}- (21— zt_1> < = . (39) reduces to

Zt—1 — Xt—é

a ~ t—1 a ~ 1 - ~
E[V(#, |2)] - —E[V(z2,12)] < o Bz = 27 = llze = 217

t+1
)+ TElar

Multiplying both sides of (60) by ¢(¢ + 1), we obtain forall ¢t = 1,...,T

+EHA§{

(60)

i (0 pefa?

He+ DE[V (22, [2)] - (t— B[V (22, | 2)]

2

t N -
< B[z = 2= 2 - 2] ]+tm< IEHA 1 E||AL, ||2>
t

e %)EHA;

t - -
< Bl = 2 llz= 2T+ (rodi + 2+ floba) o
where in the last line above we applied Assumption [2.2] so by law of iterated expectations
2 -
—E ||VF(Z56,3) - VRSP < ok,

2 N
= E [ A(z1-1:G,-y) = Hlze) 2] < o, (61

oas
F

H«:HAZ?

B AL 2 =Bz, ) - H(z-IF] < 0B

E.6 Proof of Lemma [D.6

Proof.[Proof of Lemma [D.6]] The proof of Lemma[D.6]goes in an analogous fashion as the proof of
Lemma[D.4] except that the display above (57) is replaced by

2

9

(H(2),2—1 — 2) < (H(z41), 241 — 2) — pia

Z1 —z‘

due to that H is a u,-strongly-convex- i, -strongly-concave isotropic quadratic function after scaling
reduction. Hence (57) becomes
2
Zp_ % -z H .

(62)

(H(), 22 —2) — (1 - ) (H(Z), 2%y — 2) < [<H<zt;>,zt; — 5 -

1
t—3

Therefore, we omit its detailed proof.

E.7 Proof of Lemma[D.7]

Proof.[Proof of Lemma[D.7] From the convexity and L-smoothness of F" as in Assumption 2.1} we
know that for arbitrary z:

F(zf,) = F(2) = F(z ) - F(2%) = (F(2) = F(21)))

1
t—35

< (VF(&M), 28, -2 + & |

gt 2| (vEE). 2 - ).

F&,) - F(E ) = F(2 ) - Fa) - (F,) - Fzm)

2ty 2| - (VR 2 - ),
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Multiplying the first display by a; and the second display by (1 — a;) and adding them up, we have
Flzf,) = (1 —a)F(zf5) —auF(2)

t—l
< (VF(E), 2 fz;n%>+é\ 2ty — 2| (VFE), (- a0z a2

<(VF(2), au(zim1 = ze-1)) + Sz, s —thl)Hz (VF(2P), 00(z — 24-1))

= a(VF(EM), 2y — 2)

; - zt—lH27
(63)

where we applied the fact from our update rules that z7* 1 zmd = ar(zy_1 — Z¢-1).
On the other hand, due to Line (6) in Algorithm 3] we have
(H(2), 25, —2) - (1 - a)(H(2), 225 — 2) = (H(2), 2,

Tt-3 t—3 3
= oy (H(Z), Zp 1 — z).
Further, due to our monotonicity assumption on H we have
<H(2)7zt—§ —-z) < <H(zt—%),zt—% - z).
Combining the above two displays together yields
(H(2), 2, —2)— (1-a)(H(Z), 2, —B) S oMz )2y —5) (68

Moreover, we have

J(E,) = J(2) = (1) (J(2,) = T(2) = J(=E,) = (1 - a) (=) — @] (2)
<apd(z,_3) —aJ(2) (65)
Now, summing up Eqs. (63), (64) and recalling the definition of V, we conclude that
V(E, 12) - (1-aV(=E | 5)
= F(2E )~ (1—an)F(22 ) — aF(3) + (H(2), 22, — 2) = (1 — a)(H(2), 5, — 3)

< al(VF(2) + Hlz 1), 23 — 2)
and hence conclude (@I)) and Lemma

é - zt71||27

E.8 Proof of Lemma[D.8

13

Proof.[Proof of Lemma @] To bound the inner-product terms in @I)), by setting ¢, = z,_
0 =21, 02 = 21,01 = (VG &)+ Harriy) ). 62 = (VF i) +

7—~L(zt_% ; Ct)) and J = nJ asin Lemma(with z = z), we have

M(VF(R 56 y) + Az G2y — B+ (J(zimy) = J(2)
2
SB(zt—hz) B(Xt’ ) B(zt——vzt 1)+7”H(zt——vgt) (Zt 1v<t——)||2’

where Young’s inequality combined with the martingale structure yields (also noting (31))
E||[(z,- 15G) — H(zi- 15 G- )l1?

= ElM(z,-y) — H(zi1) — A7 7| + E||Ag

12 2
< (L AMEl|z, g — 2| + (1+ HE| A, W)
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Combining the above two displays with expectation taken gives
E [m(VF (= 6y) + Az g3 G iy — 2) 4 (J(ziy) = T(3)
<E[B(zi-1,2) — B(xi, 2) — Blz,_y, 1)) 66)
2 L 112
+E[as ) .

2
n t—3
+ o ((1 + BM3E|z,_y — zia|? + (1 + )E[|Aj, ?

2
Zy 1=z H again gives

Applying the inequality B (ztfé JZi-1) > B
E [m(VF(ER56y) + Hlzio 3362y — 2) + e (T(zimg) = J(2))]
< E [B(zt—la 2) - B(Xt7 2)}

2 2 _1
- (“8 4 B)M2> Ellz,_3 — zeoall? + 5= ((1 + %)EHAL ’

2
+EHAt
2 2us 245 "

)
Further, by definition of the primal-dual gap function and the definition of the noisy terms (31), by
taking oy = 2 in (@) of Lemma and taking expectations on both sides, we have

t+1
B[V (=%, | 2)] - - EV( | 2)
t—3 t+1 t—35
2 . ) oL 2
< H—lEWF(zt_l) +H(z_1), 21 — 2) + WE’ Zp 1 — th”
2 -
+E (J(zt_%) - J(z))
2 o _ i 2L 2
= m]E<V]:(Ztil1§ t—%) +H(zt—%;<t)azt—% -2+ mE Hzt—% - Zt—lH
2 t— 1 - 2 ~
— AT+ ALz 2+ E (J(zt,%) - J(z))
Bringing in (66) into the above derivation, we obtain
t—1
ag ~ ag ~
B[V, 12)] - B[V (et 1 2)
2
e 2 N -
< ot (el -2fe )
1 2L 1+ B)M?n? 2
_ <MB gy L5) nt>E‘zt_1zt_1H
(t+1)ne t+1 15 2
Mt 1 -3 ¢ |12 2 t—3 t .
+m ((1+5)EHAH 2 +]EHAH —mE<A]_— 2 +AH’Zt—% —Z>.

Recalling that we use the choice of 7, that satisfies for a given r € (0, 1) that rug — tQJTle -

2. 2
(HB}Z# > 0. With some manipulations we obtain

1 t-1 o
E{V(zig_% | Z)] - mE[V(z:g_% \ z)}
2 = ~
< 9] -2fte9)
_12 2 1— 9
+ (tﬁﬁ <(1 + %)JEHA; ; —HEHA%{ ) - ME {Hzté —zHH ]
2 _1 9 . ) 9 )
_ mE<A_t7: 2,Zt—% - Zt—1> — mE<At}_ Q,Zt—l — Z> — mE<A§H7’zt—% _ Z> .

I
(67)
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HF] =

Due to the law of iterated expectation applied to martingale difference conditions E [
OandE{A | Fi_ 1} =0,7=1,2, we have
I1=0.

Moreover, for the rest of the terms in (67), we note that there is a basic quadratic inequality that

2 1 12
t—1 t—1
- 2<AF Sz — zt_1> < 5 |1AF . (67) reduces to

~ (A=r)us
Tt

E[V(zag | 2)} - %E[V( 2, |2)} < ﬁ (E[B(zt_l,z)} —E[B(zt,é)D

refa) - e

Zt—1 — Xt—%

(68)

1—7r t+1,u3

+ (tﬁﬁ <(1 + %)EHAZ
Multiplying both sides of (68) by ¢(¢ + 1), we obtain forall ¢t = 1,...,T
t(t+1)]E{V(z‘:§% |2)] (- 1)tE[v(za§§ |z)]

g

<2 (&[B(e11,2)] - B[5e0,5)]) + 2 (12,

2t - - l
< — (E{B(zt*hz)} _E[B(ztaz)}> + (ﬁagtr—i_ (2+ ) Bll) nt
Ui ps’
where in the last line above we applied Assumption[2.2] so by law of iterated expectations

1012

{)

(1+ %)EHA;

t

2 ~
Elalt]| =k {HVF(z?‘dl;fté)—VF(zt ) H } < o2,

1

E Aﬁf

{HH Zi— 1aCt—)H(Zt—1)H2:| < J%il, (69)

=E
3 2
[ H (Ze-1;G) — (zt—%)’ ] < oy
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