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Abstract

Value decomposition has long been a fundamental technique in multi-agent reinforce-
ment learning (RL) and dynamic programming. Specifically, the value function of
a global state (s1,82,...,8y) is often approximated as the sum of local functions:
V(s1,82,...,8N) = Zf\;l Vi(s;). This approach has found various applications in
modern RL systems. However, the theoretical justification for why this decomposition
works so effectively remains underexplored. In this paper, we uncover the underly-
ing mathematical structure that enables value decomposition. We demonstrate that a
Markov decision process (MDP) permits value decomposition if and only if its transi-
tion matrix is not “entangled”—a concept analogous to quantum entanglement in quan-
tum physics. Drawing inspiration from how physicists measure quantum entanglement,
we introduce how to measure the “Markov entanglement” and show that this measure
can be used to bound the decomposition error in general multi-agent MDPs. Using the
concept of Markov entanglement, we proved that a widely-used class of policies, the
index policy, is weakly-entangled and enjoys a sublinear O(y/N) scale of decompo-
sition error for [N-agent systems. Finally, we show how Markov entanglement can be
efficiently estimated in practice, providing practitioners with an empirical proxy for the
quality of value decomposition.

1 Introduction

Learning the value function given certain policy, or policy evaluation, is one of the most fundamental
tasks in RL. Significant attention has been paid to single-agent policy evaluation (Sutton & Barto,
2018; Bertsekas & Tsitsiklis, 1996; Tsitsiklis & Van Roy, 1996). However, when it comes to multi-
agent reinforcement learning (MARL), single-agent methodologies typically suffer from the curse
of dimensionality: the state space of the system scales exponentially with the number of agents. To
tackle this problem, one common technique is value decomposition,

N
V(s1,82,...,8N) & ZVl(sz) ,
i=1

where V; is some local function that can be learned independently by each agent. It quickly fol-
lows that this decomposition greatly reduces the computation complexity from exponential to linear
dependency on the number of agents N.

The remaining question is whether this decomposition is effective. This is non-trivial due to the
coupling of agents—individual agent’s action and transition depend on other agents. In the past
several decades, both positive and negative results have been reported. Back to the last century,
Whittle (1988); Weber & Weiss (1990) apply Lagrange relaxations to decompose the global value
and obtain the well-known Whittle index policy. The Lagrange decomposition idea has also been
proved successful in many other important multi-agent tasks such as network revenue management
(Adelman, 2007; Zhang & Adelman, 2009), resource allocation (Kadota et al., 2016; Balseiro et al.,
2023), and online matching (Brown & Zhang, 2022; Shar & Jiang, 2023; Kanoria & Qian, 2024).
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However, Lagrange decomposition relies on the knowledge of system dynamics and Adelman &
Mersereau (2008) show its decomposition error can be arbitrarily bad for general multi-agent MDPs.
In more recent days, practitioners apply online (deep) reinforcement learning to train a local value
function for each individual agent. This practice gives birth to state-of-the-art dispatching policies
in ride-hailing platforms and has been well recognized by the operations research community, such
as DiDi Chuxing (Qin et al. (2020), Daniel H. Wagner Prize, 2020) and Lyft (Azagirre et al. (2024),
Franz Edelman Laureates, 2024). Intervention policies based on a similar value decomposition idea
also demonstrate substantial empirical advantages and have been deployed by a behavioral health
platform in Kenya (Baek et al. (2023), Pierskalla Award, 2024). In broader MARL literature, value
decomposition serves as one key component of centralized training and decentralized execution
(CTDE) paradigm, achieving strong empirical performance (Sunehag et al., 2018; Mahajan et al.,
2019; Rashid et al., 2020). However, recent research has started reflecting on the invalidity and
potential flaw of value decomposition in practice (Hong et al., 2022; Dou et al., 2022).

Despite all these empirical success and failures, there remains little theoretical understanding of
whether and how we can decompose the value function in multi-agent MDPs.

1.1 This paper

In this paper, we will uncover the underlying mathematical structure that enables/disables value
decomposition. Our new theoretical framework quantifies the inter-dependence of agents in multi-
agent MDPs and systematically characterizes the effectiveness of value decomposition. For simplic-
ity, we will demonstrate the main results through two-agent MDPs indexed by agent A and B. We
later extend our results to general /N-agent MDPs in Appendix J.

We start with a trivial example where two agents are independent, i.e. each following independent
MDPs. It’s clear that the global value function can be decomposed as the sum of value functions of
local MDPs. As two agents are independent, it holds P™(s'y, sl | s4,58) = P™(s'y | s4)-P™(ss |
sp), or in matrix form,

Py = Pi® Pg,

where ® is the tensor product or Kronecker product of matrices. The important question is whether
we can extend beyond this trivial case of independent subsystems.

A Sufficient and Necessary Condition We introduce a new condition called “Markov Entangle-
ment” to describe the intrinsic structure of transition dynamics in multi-agent MDPs.

Definition 1 (Markov Entanglement). Consider a two-agent MDP with transition P} . If
there exists
K . .
Piz=) ;P o PY,
j=1

then P} is separable; otherwise entangled.

Compared with the preceding example of independent subsystems, Markov entanglement offers an
intuitive interpretation: a two-agent MDP is separable if it can be expressed as a linear combination
of independent subsystems. We then demonstrate,

separable P} 5 <= decomposable V[,

where V[ is decomposable if there exist local value functions V4, Vg such that Vi;(sa, sp) =
Va(sa) + Vp(sp) for all (sa,sp). This result sharply unravels the secret structure of system
dynamics governing value decomposition. As a sufficient condition, our finding strictly generalizes
the previous independent subsystem example, extending it to scenarios involving interacting and
coupled agents. As a necessary condition, we prove that exact value decomposition under any



74
75

76
77

78

79
80
81
82

83
84
85
86

87
88
89

90
91
92
93

94
95
96
97
98

99
100
101
102
103
104
105

106

107
108

Markov Entanglement

reward requires the system dynamics to be separable. Taken together, this result provides a complete
characterization of when exact value function decomposition is possible in multi-agent MDPs.

More interestingly, our Markov entanglement condition turns out be a mathematical counterpart of
quantum entanglement in quantum physics, whose definition is provided below.

e D

Definition 2 (Quantum Entanglement). Consider a two-party quantum state pap. If there
exists

K
pAB:Zz]pSZ)@p(Bg)a CBZO,
j=1

then p op is separable; otherwise entangled.

The quantum state is represented by a density matrix, a positive semidefinite matrix with unit trace,
analogous to transition matrix in the Markov world. The concept of quantum entanglement describes
the inter-dependence of particles in a quantum system, while Markov entanglement describes that
of agents in a Markov system.

Decomposition Error in General Multi-agent MDPs General multi-agent MDPs can exhibit
arbitrary complexity, with agents intricately entangled. This raises a critical question: can value de-
composition serve as a meaningful approximation in such scenarios? To address this, we introduce
a mathematical quantification to measure the Markov entanglement in general multi-agent MDPs,

E(Pfy) = ,min d(Pjp.P). 0

where Psgp is the set of all separable transition matrices and d(-, -) is some distance measure. In
other words, the degree of Markov entanglement is determined by its distance to the closest separable
transition matrix. This concept also has a counterpart in quantum entanglement measurement.

E(pap) = pg})iSrElP d(pas,p),

where pspp is the set of all separable quantum states. In quantum physics, various distance mea-
sures have been designed for density matrices and capture different physical interpretations (Nielsen
& Chuang, 2010). In the Markov world, we analogously design distance measures for transition
matrices and relate them to the value decomposition error,

Hdecomposition error of Vi H = O(E(P}{B)) .

where ||| depends on the distance we use to measure Markov entanglement. We explore diverse
distance measures including the well-known total variation distance and its stationary distribution
weighted variant. We also design a novel agent-wise distance incorporating the multi-agent struc-
ture, which may be of independent interest to the MARL community. We further demonstrate how
different distance measures give birth to the decomposition error in different norms.

Applications of Markov Entanglement Finally, we leverage our Markov entanglement theory to
analyze several structured multi-agent MDPs. We prove that a widely-used class of index policies is
asymptotically separable, exhibiting a decomposition error that scales as O(\/N ) with the number
of agents N. This result theoretically justifies the practical effectiveness of value decomposition
for index-based policies. Our proof builds on innovations that integrate Markov entanglement with
mean-field analysis. We also show that Markov entanglement admits an efficient empirical estima-
tion, thus helping practitioners determine when value decomposition is feasible.

1.2 Other related work

In the first section, we have reviewed typical empirical works on value decomposition. Here, we
complement that discussion with related literature on theoretical insights.
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Prior theoretical research has extensively investigated the decomposition of optimal value functions
in multi-agent settings. A prominent area involves decomposition via Lagrange relaxation. The per-
agent decomposition error is proven to decay asymptotically to zero (Weber & Weiss, 1990; 1991;
Verloop, 2016) and enjoys a quadratic or exponential rate (Gast et al., 2023; 2024; Brown & Zhang,
2022; Zhang & Frazier, 2021; 2022). Other work generalizes to Weakly-Coupled MDPs (WCMDPs)
(Balseiro et al., 2021; Brown & Zhang, 2025; Gast et al., 2022). Despite these advancements,
characterizing decomposition error for general multi-agent MDPs remains unknown. In contrast,
our Markov entanglement theory analyzes value decomposition for general multi-agent MDPs under
arbitrary policies, including optimal ones.

Another line of theoretical work has concentrated on policy optimization via value decomposition.
Despite reported empirical successes, rigorous theoretical analysis remains challenging. Baek et al.
(2023) derived an approximation ratio for a specific index policy on a two-state RMAB. Wang et al.
(2021); Dou et al. (2022) analyzed the convergence of the CTDE paradigm under strong exploration
assumptions, while also highlighting scenarios of divergence. In contrast, our work instead focuses
on policy evaluation rather than optimization. This enables us to derive clear and interpretable
bounds on the decomposition error for general finite-state multi-agent MDPs that only require the
existence of a stationary distribution.

Notations We abbreviate subscripts (8) := (s1.x) = (51, S2, ..., Sn). Particularly, for two-agent
case, when the context is clear, we abbreviate (s) := (sap) = (sa, sp). Let [N] = {1,2,...,N}
and Z* be the set of positive integers.

2 Model

We consider a standard two-agent MDP M 45 (S, A, P, 7 4, T5,7) with joint state space S = Sy X
Sp and joint action space A = A4 x Ap where A, B represent two agents. For simplicity, let
|Sal = |Sg| = |S| and |A4| = |Ag| = |A|. For agents at global state s = (s4,sg) with
action @ = (a4, ap) taken, the system will transit to s’ = (s, s’3) according to transition kernel
s’ ~ P(- | s,a) and each agent i € {A, B} will receive its local reward r;(s;,a;). The global
reward r 4 g is defined as the summation of local rewards r45(s,a) == ra(sa,aa) + r5(sB,aB),
or in vector form rap € RISPIA® .= r, ® e + e ® rp, where ® is the tensor product and
e = 1 € RISl is the vector of all ones.! We further assume the local rewards are bounded, i.e. for
agenti € {A, B}, |ri(si, a;)| < 1l forall (s;,a;).

max

Given any global policy 7: S — A(.A), the global Q-value under policy 7 is defined as the dis-
counted summation of global rewards Q% 5(s,a) = E [Y_;°  v'rap(st,a’) | 7, (s°, a®) = (s, a)]
where v € [0,1) is the discount factor. The value function is then defined as Viz(s) =
Eqon(|s) (R p(s,a)]. We denote Pfp € RISPPIAPXISI*IAI* a5 the transition matrix induced by
m where Pi; (s',a' | s,a) = P (s’ | s,a) -7 (a’|s’). Then by the Bellman Equation, we have
Qhp=UI—- *yP}‘TB)_l T 4. Our objective is to decompose this global Q-value Q7 5 as the sum-
mation of some local functions Q4 and Qp, i.e. @7 5(s,a) = Qa(sa,aa) + Qp(sp,ap), orin
vector form,

Qip=Qa®etexQp. (2)
Notice we formally introduce our research question using Q-value instead of V-value function as in
the introduction. Q-value decomposition is a stronger result that implies V-value function decompo-
sition. It also turns out that Q-value further incorporates action information enabling more general
theoretical analysis. More discussions can be found in Appendix B.

2.1 Local (Q-)value functions

Recent literature offers several algorithms for learning local (Q-)values. In this paper, we use a
meta-algorithm framework in 1 to summarize their underlying principles.

'In Appendix L.4, we extend our results to multi-agent MDP model where the global cannot be decomposed.
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Meta Algorithm 1: Leaning Local Q-value Functions

Require: Global policy 7; horizon length T'.
. T—
1: Execute 7 for T epochs and obtain D = {(st, 5, aly 5,7 5, ', a'4'3) t:11'

. . : T—1
2: Eachagent i € {A, B} fits QT using local observations D; = { (s, af, rf,si*' al™")} "

This meta-algorithm framework is simple and intuitive: each agent independently fits its local Q-
values based on its local observations. Notably, the framework requires no prior knowledge of the
MDP, and learning can be performed in a fully decentralized manner. Furthermore, we use term
meta in that we do not pose restrictions on how agents estimate their local Q-values. For tabular
case, one can plug in Temporal Difference (TD) learning (Sutton & Barto, 2018) or its variants. For
large-scale problems, one can apply linear function approximations (Baek et al., 2023; Han et al.,
2022; Bertsekas & Tsitsiklis, 1996) or more sophisticated neural networks (Qin et al., 2020; Sunehag
et al., 2018; Mahajan et al., 2019).

Despite the flexibility in fitting local value functions, it is helpful to call out a particular approach:
TD learning for local Q-values in the tabular case, as it facilitates the analysis and reveals the struc-
ture of value decomposition in the next section.

Local TD learning. Although each agent’s environment is not Markovian in a local sense (it is, more
precisely, partially observed Markovian), one can still define its “marginalized” local transition ma-
trix under the stationary distribution. Mathematically, for agent A, we denote P} € RISIAIXIS]IA]
as its local transition where

PZ(SCMGLX | s4,04) = Z Z Pip (S%Bva;lB | saB,aaB) Wap(sB.ap | sa,aa).  (3)

’ ’
sp,ap $B,AB

Here, 7y 5 € A(S) denotes the global stationary distribution under policy 7 (for convenience, we
assume 7 induces a unichain, i.e. u7 5 is unique and strictly positive).? Given this "marginalized"
local transition, the local Q-values obtained by Meta Algorithm 1 using tabular TD learning converge
to the solution of the following “marginalized” Bellman equation:

Q= =~P5) " 7a.

By symmetry, we can derive analogous results for agent B, obtaining its transition matrix PZ and
local Q-values Q7. Next, we show how () and Q) contribute to the exact value decomposition.

3 Exact value decomposition

To begin, recall the key condition we identify in the introduction: Markov Entanglement in Defi-
nition 1. Our first theorem shows that an MDP with no Markov entanglement is indeed sufficient
for the exact value decomposition. More importantly, local TD learning (or Meta Algorithm 1 more
generally) is guaranteed to recover such decomposition, i.e. Q%5 = Q% ® e + e ® Q.

Theorem 1. Consider a two-agent MDP M ap and policy w: S — A(A). If two agents are
separable, then the Eq. (2) holds

Qip=Qh®etexQf.

This theorem shows that even when the system is not independent, as long as it can be represented as
a linear combination of independent subsystems, the global Q-value admits an exact decomposition.
In Appendix D, we provide an MDP instance where agents are coupled but not entangled.

2For whp(sp,ap | sa,aa) to be well-defined, we require p7 5 (sa,a4) > 0. If u7 z(s4,a4) = 0O, then action
a4 is never taken in state s 4 under policy 7, and we exclude such pairs by restricting the feasible action set A(s4). All
theoretical results apply to the remaining valid state-action pairs.
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3.1 Necessary condition for the exact value decomposition

We then investigate whether Markov entanglement is necessary for the exact Q-value decomposition.
The answer is in general no, since one can construct trivial counterexamples suchas r4 = rp = 0
or v = 0, where the decomposition trivially holds. On the other hand, we focus on a stronger and
more general concept of the exact value decomposition that holds under any reward kernel given
v > 0. Formally, we present the following theorem.

Theorem 2. Consider a two-agent Markov MDP M 4 p with discount factor v > O and n: S —
A(A). Suppose there exists local functions Q;: r; — RISIAl for i € {A, B} such that Q7 =
Qa(ra) ® e+ e® Qp(rg) holds for any pair of reward v 4,7, then A, B must be separable.

Combined with Theorem 1, we conclude Markov entanglement serves as a sufficient and necessary
condition for the exact value decomposition. We also emphasize that Theorem 2 considers general
local functions ();. This generality accommodates all methods for fitting local @);, such as deep
neural networks, provided that the training relies solely on the local observations of agent i.

4 Value decomposition error in general two-agent MDPs

In general, the system transition P 5 can be arbitrarily entangled. In these scenarios, we investigate
when value decomposition Q7 ® e + e ® Q7F is an effective approximation of Q7 5. As mentioned
in the introduction, we define the measure of Markov entanglement in Eq. (1) as certain distance
between P ; and its closet separable transition matrix. We will examine several distance measures
for transition matrices and relate them to the decomposition error.

4.1 Entry-wise error bound

Total variation distance One widely used metric for transition matrices is Total Variation (TV)
distance. Specifically, for two transition matrices P, P’ € RISFIAPXISPIAF | define

HP_ P/”TV = (s ;?g‘gXADTV(P('ﬂ' | s,a),P/(-,- | 370‘))7 4)

where Drv is the total variation distance between probability measures.

Agent-wise distance We further introduce a more refined distance specially designed for multi-
agent MDPs. Formally, the Agent-wise Total Variation (ATV) distance between two transition ma-
trices P, P’ € RISPIAPXISPIA® ¢ agent A is defined as

HP_P/”ATVA = (s’lglgngDTV ,z:/ P(')' ‘ S’a’)’ Z] Pl('a' | s,a) : 4)
SBp:%p Sp%p
The ATV distance w.r.t agent B can be defined similarly. Intuitively, compared to TV, ATV fo-
cuses on an individual agent and measures the difference between its local transitions. One can
also verify ATV is tighter distance, i.e. [|[P — P'|ypy, < [P — P'|lpy. We can plug ATV
into Eq. (1) and obtain the measure of Markov entanglement w.r.t ATV distance E;(P}5) =
minpepggp | Pip — Pllspy, fori € {A, B}. In fact, one can also verify

E(Pip) =min max  Dry(Pip(.-| s,a). Pal: | sa,04)) ©
Py (s,a)eSxA

The following theorem connects these measures to the value decomposition error.

Theorem 3. Consider a two-agent Markov system M g and policy w: S — A(A) with the mea-

sure of Markov entanglement E 5 (P} ), Eg(PJ ) defined in Eq. (6), then the decomposition error

is entry-wise bounded by the measure of Markov entanglement,

4y (Ex(PIg)rd  + Ep(Pig)rE,.
HQQB*(QQ@E%FE@QE)HOOS ’Y( Al AB)(la_’wgB( AB) a)'
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4.2 Error weighted by stationary distribution

Entry-wise error bound is a very strong result for Q-value decomposition. This comes with the
entry-wise TV bounds in both TV and ATV distance. An alterative choice is to consider an error
weighted by the stationary distribution. Formally, consider

|eis—@aeetenqn)| =3 uiss.a)|Qisls.a)~(@F(sa.a0)+QE(s5.a5))|

A stationary distribution weighted error bound is common in policy evaluation literature (Cai et al.,
2019; Tsitsiklis & Van Roy, 1996; Bhandari et al., 2021).

Distance weighted by stationary distribution To analyze this 17 5-weight decomposition error,
we analogously propose the (1) 5-weighted distance measure of Markov entanglement. Specifically,
we have the following u’, 5-weighted version of Eq. (6).

Es(Pig) = nlljiAnZuQB(s,a)DTV (PZ{B(.,. | s,a), Pa(-,- | SA,GA)) ) @)

Eq. (7) substitutes the ;1 5-weighted average for the maximum operator in Eq. (6). Finally, we have
the following variant of Theorem 3.

Theorem 4. Under the same setup as Theorem 3 with |7y p-weighted measure of Markov entangle-

ment E4(P% ), Eg(PJ} ) defined in Eq. (7), the 17y g-weighted decomposition error is bounded,
< 47 (EA(PZB)TIA;Iax + EB (PATB)TIEax)
Wip (1—7)?

Finally it’s straightforward to extend our results to multi-agent MDPs, detailed in Appendix J.

|ons — @i@e+ewqp)|

5 Applications of Markov Entanglement

In this section, we apply Markov entanglement and demonstrate a widely-used class of index policies
is asymptotically separable. To begin, we introduce the model of Restless Multi-Armed Bandit
(RMAB, Whittle (1988)). In an N-agent RMAB, each agent follows a homogeneous two-action
MDP with action 1 meaning activate and O idle. A central decision maker will activate M < N
agents at each timestep and leave other agents idle. In other words, agents transit independently but
are coupled under constraint ZZ\; a; = M. In RMAB, arguably the most classical and widely-used
policy is the index policy, which we formally define as

Definition 3 (Index Policy). There exists a priority index v for each local state s. The decision
maker will always activate agents in the descending order of the priority until the budget constraint
M is met. Ties are resolved fairly via uniform random sampling of agents at the same state.

The index policy traces back to the well-known Gittins Index (Weber, 1992), Whittle Index (Whittle,
1988; Weber & Weiss, 1990; Gast et al., 2023), and fluid-based index policies (Verloop, 2016; Gast
etal., 2024). Qin et al. (2020); Azagirre et al. (2024); Baek et al. (2023); Nakhleh et al. (2021); Wang
et al. (2023); Avrachenkov & Borkar (2022) apply data-driven method to optimize index policies
and report great empirical success in industrial implementations. Understanding the mystery behind
such success calls for a theory for general index policies. We then present our main theorem.

Theorem 5. Consider an N -agent restless multi-armed bandit. For any index policy satisfying mild
technical conditions, there exists constant C' independent of N, such that for any agent i € [N], its
ui. -weighted measure of Markov entanglement is bounded, E;(Py. ) < C/v/N.

Theorem 5 requires two standard technical conditions for index policies: non-degenerate and uni-
form global attractor property, detailed in Appendix K. Theorem 5 justifies index polices are asymp-
totically separable. Combined with an N-agent version of Theorem 4, we obtain the sublinear
decomposition error for index policies

N

QT:N(Sv a) - Z Q?(Siv ai)

i=1

<O(N).

«
KN
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This sublinear error result explains why the value decomposition in Qin et al. (2020); Azagirre et al.
(2024); Baek et al. (2023) manages to effectively approximate the global value function in large-
scale practical applications.

5.1 Efficient verification of value decomposition

For practitioners, verifying the feasibility of value decomposition is challenging due to the exponen-
tial computational complexity of estimating the global Q-value. As a solution, Markov entanglement
offers an efficient way to empirically test whether value decomposition can be safely applied. Con-
sider the 17y 5-weighted measure of Markov entanglement in Eq. (7), we have

T
11 _
Es(Pip) ~ 512}:1?2 Z |Pip(sh,ay | s',a") — Pa(s'y,aly | s%y,a")| (8)

A

In other words, we can apply a Monte-Carlo estimation for E 4 (PJ 5). Notice Eq. (8) is convex for
P4, which enables efficient solutions. As a result, Eq. (8) provides an efficient estimation of Markov
entanglement via simulation and can be easily extend to N-agent MDPs.

Numerical experiments. Finally, we empirically study the value decomposition for the index policy
on a circulant RMAB benchmark (Avrachenkov & Borkar, 2022; Zhang & Frazier, 2022; Biswas
et al., 2021; Fu et al., 2019) that has 4 different states each local agent. As a result, the global state
space scales as large as 4800 > 101000 for NV = 1800 agents. The specific transitions and rewards
are introduced in Appendix M. For each RMAB instance, we sample a trajectory of length 7' = 5N
and use the collected data to i) solve Eq. (8) to estimate the measure of Markov entanglement; ii)
train local Q-value decomposition. It quickly follows from the results in Figure 1:

Empirical Measure of Entanglement Error Weighted by Stationary Distribution
10.0 Monte-Carlo 6.0 Local TD
— o(N) — o(/N)

8.0 5.0

4.0
6.0

3.0
4.0
2.0

2.0
1.0

0.0 0.0

0 300 600 900 1200 1500 1800 0 300 600 900 1200 1500 1800
Number of Agents Number of Agents

Figure 1: Circulant RMAB under an index policy. Left: empirical estimation of Markov entangle-
ment multiplied by the number of agents, N E; (Py ). Right: p-weighted decomposition error.

The estimated Markov entanglement decays as O(1/+/N) in the left panel, consistent with theoreti-
cal predictions. This also implies a low decomposition error scaling of O(\/N ), as seen in the right
panel. Furthermore, the simulated trajectory has a length of 7' = 5N while the global state space has
size | S|V, making both entanglement estimation and local Q-value decomposition sample-efficient.

6 Conclusion

This paper established the mathematical foundation of value decomposition in MARL. Drawing
inspiration from quantum physics, we propose the idea of Markov entanglement and prove that
it serves as a sufficient and necessary condition for the exact value decomposition. We further
characterize the decomposition error in general multi-agent MDPs through the measure of Markov
entanglement. As application examples, we prove widely-used index policies are asymptotically
separable and suggest practitioners using Markov entanglement as a proxy for estimating the effec-
tiveness of value decomposition.
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417 A Linear algebra with tensor product

418 We briefly introduce the basic properties of tensor product or Kronecker product. Let A €
419 R™xmi B ¢ R™2%"2 then

a11B algB ce alnlB
A B = a1 B az B cee aon, B € RM1m2 Xnans
am1 B am2B ... amn,B

420 Tensor product satisfies the following basic properties,

421« 1. Bilinearity For any matrix A, B, C and constant k, it holds k(A ® B) = (kA) ® B =
422 A®(kB),(A+B)C=AC+BxC,and A® (B+C)=A®B+AxC.

423 2, Mixed-product Property For any matrix A, B, C, D, if AC and BD form valid matrix
424 product, then (A ® B)(C ® D) = (AC) ® (BD).

425 B Decompose value functions

426 Compared to the decomposition of Q-value, the value function further requires the reward to be
427  state-dependent. To illustrate, notice by Bellman equation,

Vig =T —~Pig) 'rhp,

428  where we abuse notation and denote Pf (s’ | s) =) m(a | s)P(s' | s,a) andreward r7 5(s) =
429 Y m(a | s)rap(s,a). Akey subtlety arises because 77 5 may not be decomposable—even when
430 rap is decomposable—unless the reward r 4 g is state-dependent. Consequently, we cannot directly
431 apply the "absorbing" equation as in the proof of Theorem 1.

432 On the other hand, Q-value decomposition bypasses the state-dependence assumption and provides
433 a stronger condition that directly implies value function decomposition. As a result, while learning
434 local value functions may seem more intuitive, we recommend learning local Q-values instead and
435 using them to approximate the global value function.

436 C Proof of Sufficiency

437 Theorem 1 admits a simple proof based on the several basic properties of tensor product. First of
438  all, given P}, = Zjil :z:jPIE‘]) ® Pg), we have

K
r / ’ _ )y ’ G) /. ’
Phg (84, 85,a4,a5 | sa,8B,aa,ap) = E xj Py (s\y,ay | sa,aa)Py’ (55,55 | sB,aB).
i=1

439  Recall P} in Eq. (3), it’s evident that

K
Pi(shay |sayan)= > DY a;P{ (s, dy | 54,a0)PY (5%, 55 | sB,ap)ufip(sE, ap | sa,a4)

’ ’ 3 y —
sg,aly sBrap j=1

K
ijpxglj)(s;ha;l | SA>G'A) Z Wap(ss,ap | SAaaA) Z P](B’j)(sjB»S;B | 5B,aB)
j=1

’ ’
$B,aB sp,ap

K
= lePIgj)(S{A7 a;l | SA, U,A) 5
j=1

12



440
441

442
443
444

445
446

447

448
449
450
451
452
453
454
455

456
457
458
459

Markov Entanglement

where the second last equation holds by rearranging the summation. This leads to P} =
Zfil :JciPX). It remains to show Eq. (2), and notice that

t
oo K
(I-7Pip) ' (rawe)=> 7" | Y a;PP 0P | (raze)
t=0

Jj=1
t

. oo K )
OISy [ aPP | ra) we
t=0 j=1
—(I-+P) 'ra)we=Qime,
where we refer to (i) as an “absorbing” technique based on the bilinearity and mixed-product prop-

erty of tensor product®. Specifically, since Pe = e for any transition matrix P, we have for any
t,

K
SoPP o Py | (race)
j=1
t—1
K . . K . .
Y 2;PY 0 PY Sy (Pj,”m) ® (pg>e)
i=1 j=1
t—1
K . . K .
= ijPlgj)QQPg) Z:rjPlgj)rA ®e
j=1 j=1

t

K .
.= ijp,g]) ra | ®e.
=1

Similar results can be derived for P such that (I —yP7,) ' (e®rp) = e ® Q%. Finally,
combining the above results, we have

QZB:(I*VPXB)_erB:(I*’YPXB)_l(TA(@eJFe@TB):Q7A®e+e®Qg~

D An illustrative example of coupling and Markov entanglement

To elucidate the concept of Markov entanglement, we present an example of two-agent MDP where
agents are coupled but not entangled. Consider a two-agent MDP M 45 with |A4| = |Ag| = 2,
where action 1 means activate and 0 means idle. Each agent i € { A, B} has its own local transition
kernel P;. We examine the following policy: at each time-step, we randomly activate one agent
and keep another idle, i.e. w(a | s) = 1/2if a = (0,1) or a = (1,0). Consequently, this
policy couples the agents through the constraint a4 + ap = 1 at each timestep. However, we
will demonstrate that despite this coupling, there’s no entanglement. Specifically, we construct the
following decomposition

1 1
Pi, = §Pg ® P+ 5P}1 ® PS, )

where P refers to the transition matrix of agents i € {A, B} taking action a € {0, 1}. Intuitively,
the right-hand side of Eq. (9) describes how at each time step, the global system randomly selects
between two possible transitions: P ® P} or P§ ® PY. This example thus clearly demonstrates
a coupled system can still be separable and thus admits an exact value decomposition.

3We introduce several basic properties of tensor product in Appendix A.
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E Comparison with quantum entanglement

It turns out that our Markov entanglement condition serves as a mathematical counterpart of quantum
entanglement in quantum physics. We provide the formal definition of the latter for comparison.

Definition 4 (Two-party Quantum Entanglement). Consider a two-party quantum system composed
of two subsystems A and B. The joint state p sp is separable if there exists K € 7", a probability

Y., and density matri {(”, U)} h that
measure {x;} ;. and density matrices 3 p’, pj; s Sl tha

K
pPAB = Z ;0% ® pF .

If there exists no such decomposition, p op is entangled.

The density matrices are square matrices satisfying certain properties such as positive semi-
definiteness and trace normalization, which can be viewed as the counterparts of transition matrices
in the Markov world. Despite the similarities in mathematical form, quantum entanglement imposes
an additional constraint requiring {xj} ik 0 be a probability measure, i.e. > 0. In contrast, our
Markov entanglement defined in Deﬁn1t1on 1 permits general linear coefficients {z;} . je[k] 3 long
as Z j=1%; = 1. This distinction raises the important question of whether negative coefficients are
indeed necessary in characterizing Markov entanglement.

To start with, we introduce the set of all separable transition matrices

K K
Psep=<¢ P >0 P:ijPX)(@P](;),ij:l ,
j=1 j=1

where K € Z% and { pY P(J )} " are transition matrices. P > 0 calls for every element of
Jje

Psep to be a valid transition matrix. It’s clear that a transition matrix P} 5 is separable if and only if
P75 € Psep. On the other hand, a direct analogy of quantum entanglement gives us the following
set that further requires non-negative coefficients,

I \/
o

K
Pip={ P >0 ij ® PY Z

Interestingly, it turns out 77;;:[, ¢ Psep. In other words, there exist separable two-agent MDPs
that can only be represented by linear combinations but not convex combinations of independent
subsystems. Specifically, consider the following basis

1 0 1 0 0 1 0 1
Eoo—(1 0>, E01—(0 1>, Elo—(1 0), E11—<O 1>

And the corresponding transition matrix we provide is

05 0 0 0.5
05 0 0 0.5 1 1 1 1
P=105 0 0 o5 |~ §Eoo ® Eqo + §E1o ® By + §E11 ® Eqo — §E10 ® Eqg

0 05 05 0
One can also verify P can not be represented by the convex combination of tensor products of

these basis. This result justifies the necessity of negative coefficients in  and highlights a structural
difference between Markov entanglement and quantum entanglement

14
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F Proof of Theorem 2
We provide the full proof of Theorem 2 in this section.

Step 1: Characterize the Orthogonal Complement. To start with, we consider the smallest
subspace containing all transition matrices 2p = span(P) where P are the set of all transition
matrices in R™*™. We then study the dimension of Qp.

Lemma 1. The dimension of Qp is dim(Qp) = m? — m + 1.

Proof. Let Z;; € R™*™ such that

Zq;'(a,b){(l) (“:iAb:lZ’?V(GZb) '

One basis for all transition matrices is given by {Z;;}; jc[m) Whose cardinarlity is m?2—m+1. O

Let Qpe2 = span(P; ® P3) be the minimal subspace containing all separable transition matrices.
It quickly follows that

dim(Qpe2) = (dim(Qp))2 .

We then construct the orthogonal complement of {2pz2 under Frobenius inner product. Let
{€j}jemm—1) be a set of vector in R™ such that ¢; = (1,0,...,0,-1,0,... ,0)T with the first
element 1 and j + 1-th element —1. Notice that

Tr (es;rP) =Tr (s;rPe) =0,
for all ;. Consider the following subspace

m—1 m—1
Q=10> (e )eW)+ > Wi (gel) | Wi, W, e R

j=1 j=1
We then show ' is exactly the orthogonal complement of 2 pe2. First, notice that
dim(©') = 2(m — 1)m? — (m — 1)2.

and thus dim () + dim(Qpe2) = m*. Moreover, one can verify for any X € Qpg2 and Y € (Y,
Tr(X "Y) = 0. As aresult, it holds
Q/ == Q#@z .

Step 2: Connection to “Inverse'' The decomposition of Q-value ultimately concerns with the
properties of (I —yP7;)~!. The following lemma bridges this gap.

Lemma 2. Given any transition matrix P and v > 0, P is separable if and only if (1 — ~v)(I —
vP)~ Y is separable.

Proof. (=) One can verify that (I —yP)e = (1 — v)e, which implies (1 —v)(I —yP) lisa
transition matrix. Moreover, (1—v)(I —vP)~' = (1—v) >_.2 (yP)" falls in Qpe2 as P € Qpeo.

(<) This side is more involved. Denote U := (1 — 7)(I — vP)~!. Then if the spectral radius
p(I =U) < 1, then

Ul=I-I-U)"'= i([ —U)' € Qpoo .
=0
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This implies U~" = 2= (I —7P) € Qps2 and thus P € Qpaz, finishing the proof. It then suffices
to show p(I — U) < 1. Notice that

TS5 P R ke R RS Sk M
MIZO) =1 @) =1 Sy = Ty

Let \;(P) = a + bi and taking modulus for both side

|y = N(P)

i -oi =[5
Iy —yAi(P)]

‘1—7)\¢(P)|

:\/H(l—v)(?cw—v—l)

\/72(1 —a)® +7°b°

(1 —7a)? + 72

(1-7)?
<yl- <1
—\/ (1 =~a)? +~20? <

We conclude the proof given p(I — U) = max; [\,(I —U)| < 1. O

Step 3: Put it together By Lemma 2, if P7; is entangled, then (1 — ~)(I — yP% ;)" ! is also
entangled. Then there exists Y € Q' # 0 such that Tr(Y T (I —yP73)~!) # 0. We apply singular
value decomposition to all WL > Wi ; and conclude there exists some j and w,v € R™ such that

either Tr((eg; ) ® (vu') (I —vPfp)~") # 0or Tr((vu') ® (eg) ) (I —vPip)~") # 0. We
assume the former without loss of generality, it holds

(e @u")(I —yPip) ' (e®v) #0.

Now set 74 = 0 and rg = v. Since 7 5 is decomposable, there exists some local function
Q 4, Qg such that

(I—~P5p) He®v)=Qs(0)Re+e®Qp(v).
Left multiply by (¢/ ® '), we have
(e; ®u")(I —vPip) H(e®w) = (] ®u')(Qa(0)®e) #0,
Then set r4 = 0 and g = —v, we can similarly derive
—(e; ®u )T —yPjp) '(e®v) =(¢; ®u')(Qa(0)®e) #0,

This gives use (¢; ® u')(Qa(0) ® e) = 0, which is a contradiction.

G Decomposition via general functions

Entangled P precludes the local decomposition with local value functions, but may admit decom-
positions with more general functions.

There exist other possible ways for value decomposition. For example, Sunehag et al. (2018);
Dou et al. (2022) consider Q% z(s,a) = La(sa,aa,7ap) + Lp(sp,ap,rap) where L4, Lp
are learned jointly via minimizing the global Bellman error*; Rashid et al. (2020); Mahajan et al.

4In Appendix G, we provide an example of entangled MDP that allows for an exact value decomposition where L 4
depends on both r 4 and 5.
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(2019); Son et al. (2019); Wang et al. (2020) consider general monotonic operations beyond addi-
tive decompositions. These methods introduce possibly richer representations at the cost of more
sophisticated implementations and less interpretability, which is beyond the scope of this paper.
Consider P = 1 (ee")® (ee")+6 (ee") @ (ec"), where e = [1,1],e = [1 —1]. Clearly such P is
entangled. We also have P* = 1 (ee") ® (ee") for k > 2. Then (I —yP)~! = I+ %72 (ee”)®
(ee”) + 6y (ee”) @ (ee"). Then for any 74,75, we have (I — yP) ' (ry@e+e®@rp) =
ra®e+hgy (7+72) /2e®@e+rpRe+ hp (’y+72) /2e ® e+ 25y (eTrB) € ® e where hy =
e'ra,hp=¢'rg.

H Proof of Theorem 3

Additional Notations For (semi-)norm || - ||, and norm || - || 3, we define the «, f-norm for matrix
A as

[Allas = sup [[Az|a .

m\ [-3:1

We further abbreviate || Al = || Al|a,o- Moreover, we define the operator || taking the absolute
value of each element of vector or matrix .

To prove the theorem, we introduce the key technique of analyzing perturbation bounds of the tran-
sition matrix, which is also used in Farias et al. (2023).

Lemma 3 (Lemma 1 in Farias et al. (2023)). Let P, P’ € R™"*" such that (I—P)~! and (I-P’)~!
exist. Then it holds

I-P)Yy'=I-P)'+(I-P) (P -P)(I-P)".
We are then ready to prove the main theorem.

Proof of Theorem 3. Let P4, Pg be the optimal solution to Eq. (6) w.r.t agent A, B. For any subset
of state-action pairs of agent A, 7 C Sy x A4, we have

Y (Pi=Pa)y, ujsman)

’ !
s'y,a’y €F

=1 > D> > (Pip—Pa®Ps)yasa tan(ss an | sa,a4)

’ ’ ’ U
s'y,a'y €F s'g,a'y $B,AB

IN

S D> D (Pig-Pa ® PB) (s a|s.a)| HaB(SB,aB | $4,04)

$B,aB |s'y,a’y €F s'y,aly

> Ea(Pip)ihp(ss.ap | sa,a4) = Ea(Pjp)

S$B,aB

IN

where the last inequality follows from the definition of agent-wise total variation distance. Since the
result holds for any F and (s4,a4) € Sa X Aa, we have

||P,Zr - PA”TV < EA(P;{B)v

and similar results hold for Pg.

Next we have
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(I =Plp) " (rawe)~ (I —7P]) 'ra) @e
=(I—yPip) ' (ra®e)—(I—7Ps®Pp) ' (ra®e)
(I =Py Pp) " (rawe)— (I-1P5) 'ra) @e
DI —PT) Y(rawe)— (I —vPs® Pg) ' (rae)
(I)
n ((I—yPA)‘er) ®e— ((I - ypg)‘lm) Qe

(I1)

—~
N2

555  where (%) also follows the same “absorbing” technique in the proof of Theorem 1.
556  For (I), apply Lemma 3, it holds

H(I AP Mrage)— (I —yPyi@ Pp)  (ra® e)H

o0

=|{@ = +Pi1p) " 4Py —vPa e Po) (T —yPac Pp) (race)

oo

= H(I - ’YPXB)_luoo H(WPZ{B —vP4 ® Pg) ((I — Pyt 7“,4) ® eHOO

(1) _
I = vPIp) 7 29Ba (P || = vPa) |
<2EA(PEp)Tinax 2YEA(PEp)ri

T \—1 max
< T (I =vPip) ||, < 1-9)2

557  where (¢) follows by the definition of agent-wise total variation distance when ||7 4|/ # 0, and also
558 trivially hold when |7 4]|oc = 0. Similarly, for (I1) we have

(- paea) oo (r-sp e e

(e ]
=[[(T =P @ —aPp ) |
- H(I*VPX)_I (vPi —vPa) (I*WPA)_erHOO
2/VEA(PXB)rrI?1aX
(1—")
559 Then we have
- - AvE 4 (PTL)rA
|- Pin)  rawe)— (I —PD)  ra) e < PEAELR
o0 (1-7)
560 We can derive similar results for agent B, i.e.,
_ _ AvEp(PT B
| =~Pip) cors) —ew (1 -Pp " rs)|_ <™ f;;g;ymax.

561 Putit all together we have

4’7(EA(P.Z{B)TI¢mX + EB(PATB)TIEax)
(1)

562 O

IN

|@as - (Qaee+renqp)|_
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Markov Entanglement

I Proof of Theorem 4

We first introduce the p-weighted ATV distance Formally, we introduce the following norm.

Definition 5 (ji-norm). Given a transition matrix P € RISIAXISIAl it occupancy measure®

p € RISIAL for any vector € RISIAl the pi-norm is defined as

Izl = > pls.a)|a(s,a) =pu" |z . (10)

(s,a)eSx.A

One can verify that y-norm satisfies triangle inequality and is a valid norm when (s, a) > 0 for all
(s,a). Otherwise p-norm is a semi-norm in general. We then introduce the distance

Definition 6 (u-weighted Agent-wise Total Variation Distance). Given probability distribution

2|42 ) - . s .
€ RISFIAL the y-weighted total variation distance between two transition matrices P, P’ €
2 2 2 2
RISFIAFXISITIAR v, 1t agent A is defined as

sup [ (P —P')(z®@e),-

2o =1

DO =

”P_P/”#—ATVA =

The p-weighted ATV distance w.r.t agent B can be defined similarly. We claim that the u-weighted
ATV is also a counterpart of ATV distance in Definition 5. This follows from the constrained
optimization formulation of ATV

1
1P = Plllyry, =5 suwp [(P=P)(ze)s. (11)

ll2]loo=1

Thus p-ATV substitutes p-norm for the original ¢..-norm. We plug pu-weighted ATV into Eq. (1)
and obtain the corresponding measure of Markov entanglement E(P7 ;) and E4(PJ ). Similar to
ATV in Eq. (6), this y-weighted version of E 4 (P} ) admits the following formulation

Ea(Pip) < I%inngB(&a)DTv (PZ{B('w | 5,a), Pa(-- | SA,GA)) : (12)
A

s,a

This recovers Eq. (7) that substitutes the p-weighted average for the maximum operator in Eq. (6).
Thus intuitively, E(PJ}5) w.r.t y-weighted ATV distance measures how closely agent A can be
approximated as an independent subsystem under the stationary distribution.

We provide the proof for two agents here, one can easily generalize the proof to multi-agent sce-
narios. Compared to the proof of Theorem 3, this proof follows similar framework and differs in
several details.

The first one is the following lemma for the “localized” stationary distribution

Lemma 4. P} has stationary distribution p’y with

V(sasaa), ph(sa,an) = > php(sa sp aa,ap).

$B,aB

In other words, the local stationary distribution of each agent is exactly the marginal distribution of
global u’; 5.

SSince p € RISIAL s the stationary distribution of P € RISIAIXISIIAL we use “stationary distribution" and “occu-
pancy measure" exchangeably when the context is clear.
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Proof of Lemma 4. 'We proof by verify the definition of stationary distribution. For any (s'y, da/,), it
holds

Z ( Z IU'QB(SAvsBaaAaaB)> Pﬂ-(SIAva% ‘ sAaaA)

SA,0A $B,aB

= Z Z 1Wap(54,SB,aa,ap) Z Z P (S%vs/B?afAvalB I SA73%7QA7G/II3)M7AB(‘9%’G73 | sa,aa4)

S$A,a4A SB,AB S/BVG‘SB s’é,a'é

= Z Z IU‘ZB(SB7CLB | SA,(IA) Z Z PT (524,5/3,(124,(1/3 ‘ 5,475%,(1,47(1%),UQB(SA7S%,(1A,Q%)

SA,0A SB,AB s'g,a'y 87,0’

_ L N R A " "y, " ”
- E : E : E P (SA’SBaaAvaB | SAvSBaaAvaB>NAB(SA’SBvaA’aB)
54,04 s'y,aly s%,a’

— T / ! ! /
= E Wap(sa,8p,a4,aR) .

’ ’
Sp,ap

where the last equation follows from the definition of p% ;. Hence we conclude that
ZSB’QB whp(sa,se,aa,ap) is a stationary distribution of PJ. O

We are then ready to prove Theorem 4. We first note that similar to ATV distance in Eq. (6), the
optimal solution to E4 (P} ) w.r.t 7 z-weighted ATV distance also only depends on P4. Thus,
let P4, Pp be the optimal solutions to E4 (P} ), Eg(Pj ) respectively.

Let z € RISallAal with ||z, = 1. Following the same technique in the proof of Theorem 4, we
have

7!'T T
pwa |(Pi — Pa)x|

= Z [LZ(SA,G,A) Z (PX_PA)(S’A,Q’A SA4,a4) w(S;}?a{A)

SA,a4 s’y ,aly

= > wh(sasan)| Y, w(shh,da) Y Y (Pig— Pa® PB) g aijaa Map(55,a8 | 54,04)

SA,0A s’y a0y s'5,a’; $B,0B

SZ Z x(sy, aly) Z (Pip — Pa® PB)(sf,aqs,a) Wap(s,a) < 2EA(Pjp)

s,a |s'y,a’y sg,a’g

where the second last inequality follows from Lemma 4. We then conclude

and similar results hold for Pf. We then apply the decomposition

(I =7Pip) " (ra@e) — (I —P) "ra) @e
=(I—~yPiz) Y (ra®e)—(I—yP, @ Pg) ' (ra®e)
(I)
+ ((I —’yPA)_er> ®Re— ((I—*yP}{)_er) ®e

(1)
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Markov Entanglement

For (I), we have

|1 =2Pip) " rawe) ~ (T - yPaw Pe) " (rawe)|

P
Hap

= (1= 4Ps) " 1Py — v Pa @ Pp) (I 1Py 0 Pp) ™ (ra )

Kap
@ 1 _
< ||((vPIs —7Pa e Po) (T = 1Pa) 1) @ ¢f
- Kap
2vE(r) H 1 27 E(T) T max
< A o I
e e

where (i) follows from the fact that for any x

1P|l = n' [Pz < p" Pl| = p'|z| = ||,

For (IT) one can use Lemma 4 to verify

H ((I Py rA) ®e— ((I N rA) ® e’

n
Hap

|| =P A (T PD)

™

KA

And similar results to (I) holds. We then conclude the proof of Theorem 4.

J Results for multi-agent MDPs

In quantum physics, the concept of quantum entanglement of two-party system can be well extended
to multi-party system. In this section, we demonstrate a similar extension of two-agent Markov
entanglement to multi-agent settings. We begin with the model of multi-agent MDPs.

Consider an N-agent MDP M. (S, A, P, 71.n,7) with joint state space S = x ¥ ;S; and joint

action space A = x X, A;. For simplicity, we assume |S;| = |S| and |A;| = |A| for each agent i.
For agents at global state s = (s, S2, . .., si) with action @ = (a1, as, .. .,an) taken, the system
will transit to 8’ = (s}, sh, ..., sy) according to transition kernel s’ ~ P(- | s,a) and each agent

i € [N] will receive its local reward r;(s;, a;). The global reward r1.y is defined as the summation
N .
of local rewards 71,y (s, @) == >, 7i(s;, a;), or in vector form,

N
riy € RIS = Z(e@’)i_lri(@e)]\[_i :
i=1

We further assume the local rewards are bounded, i.e. for agent i € [N], |ri(s:a:)]
7t for all (s;,a;). Given any global policy 7: & — A(A), we denote Py

max

RISIVIAIY x|S|V AN

m INA

as the transition matrix induced by 7 where Py 5 (1. x5, @1 x | 1.5, 01:N) =
P (s}., | s1:n,a1:8) 7 (a). v | 81.y) - Then the global Q-value is defined by Bellman Equation

T n = (I =7PF )~ 'r1. . The local Q-values follow the similar framework to Meta Algorithm 1
where each agent ¢ € [N] fits QT using its local observations. We then sum up local Q-values to
approximate the global Q-value, i.e.

N

Q?:N(Sa Cl,) ~ Z Q?(Si’ ai) .

i=1

To illustrate the extension, we first provide the definition of multi-party quantum entanglement here
for reference.
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Definition 7 (Multi-party Quantum Entanglement). Consider a multi-party quantum system com-
posed of N subsystems, indexed by [N]. The joint state p1.n is separable if there exists K € 77,

probability distribution {xi}ie[ K] and density matrices { p(ljj)\,} K] such that
JE

K
P1:N = ijpgj) ®pé]) ®~--®p§\3,).
j=1

If there exists no such decomposition, p1.n is called entangled.

Analogically, we define the Multi-agent Markov Entanglement,

Definition 8 (Multi-agent Markov Entanglement). Consider a N-agent Markov system M1.n and
policy m: S — A(A), the agents are separable under policy 7 if there exists K € 7, measure

{2} e[k satisfying Z;{ZI xj = 1, and transition matrices {Pl(]K,} - such that
Je

K
Piy=Y 2P oP)w aPy.

j=1
If there exists no such decomposition, the agents are entangled under policy .

For clarity, we use superscript s’ to denote the i-th element in state space and subscript s; to represent
the state at i-th arm. Furthermore, we denote S~ := S\ s’ and 8 := s1.y = {51,82,...,SN} 1S
the profile of N-arms.

Given any global policy =, for any agent i € [N],

Pl (si,af | siyai) = > > Py (s, ahn | sun,a1n) pln(s—irai | si ai).

Lsal s—ia—g

S

Definition 9 (Measure of Multi-agent Markov Entanglement). Consider a N-agent Markov system
Mi.n with joint state space S = x| S; and action space A = x| A;. Given any policy
m: 8 = A(A), the measure of Markov entanglement of N agents is

where d(-,-) is some distance measure.
The following theorem generalizes the results of value-decomposition for two-agent Markov sys-

tems in Theorem 3 to multi-agent Markov systems.

Theorem 6. Consider a N-agent MDP M.y with joint state space S = x| S; and action space
A = x| A;. Given any policy 7: S — A(A) with the measure of Markov entanglement E;()
w.r.t ATV distance, it holds for any agent 1,

1P7 = Pyl <2E(m).

where P; is the optimal solution of Eq. (13). Furthermore, the decomposition error is entry-wise
bounded by the measure of Markov entanglement,

4/7 (Zz]\il E’i(PlTSN)Tfnax)

QT:N(S’G) _ZQ?(‘SHGZ) (1 _7)2

i=1

‘ ’ ]

oo

The proof mainly follows the following lemma, which generalizes the key technique used in Theo-
rem 1.
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Markov Entanglement

Lemma 5. For any agent 1, it holds

K K
SoPP 9P @ 0Py |- ((e2) ri(0e)V ) = (e2) | Y. ;PP | (0e)V .
J=1 j=1

(14)

The lemma follows from the property of tensor product. We can also extend Theorem 4 to multi-
agent MDPs.

Theorem 7. Consider a N-agent MDP M. with joint state space S = x| S; and action space
A = x| A;. Givenany policy m: S — A(A) with the measure of Markov entanglement E;( P )
w.rt the 7. n-weighted agent-wise total variation distance, it holds for any agent 4,

|PF Pl oo < 2E:(PLy).

where P; is the optimal solution of Eq. (13) and u} is the stationary distribution of the projected
transition P. Furthermore, the 7. -weighted decomposition error is bounded by the measure of
Markov entanglement,

K Proof of Theorem 5

N

QT.n(s,a) = > QF (si,a:)

=1

_ 4 (S B Py )
8 (=)

P
Hi:n

We first provide an overview of the proof and introduce the technical assumptions.

To begin, we consider the system configuration m € AlS| where m, = 3 #{Agents in state s}
is the proportion of agents in state s. When N — oo, the transition between configurations will
become deterministic under index policy and 1 will approach its mean-field limit m*. Furthermore,
in the mean-field, each agent’s local transition will only depend its local state. As a result, the system
will de-couple and become separable as N — oo.

To formalize this intuition, we introduce the following lemma that connects Markov entanglement
measure with the mean-field analysis

Lemma 6. The measure of Markov entanglement w.r.t 1. i -weighted ATV distance is bounded by
the deviation of mean-field configuration,

Ey(m) < |S]* - E[lm — m*|l«] |
where the expectation is taking over the stationary distribution m ~ uf. .

We thus focus on the deviation from m to m™*. We extend the concentration analysis from Gast
et al. (2023; 2024) to derive a new stability bound for the RHS. Specifically, we finishing the proof
via demonstrating the deviation decays at the rate O(1/v/N).

One caveat here is that we have to restrict chaotic behaviors in the mean-field limit. We thus intro-
duce two technical assumptions.

We first define the transition of configuration under index policy 7 as ¢” : AlS| — AlSI such that
¢"(m) = E[m[t +1] [ m[t] =m,n] .

For ¢t > 0, we denote ®; := (¢™)* apply the transition mapping for ¢ rounds.

Assumption A (Uniform Global Attractor Property (UGAP)). There exists a uniform global attrac-
tor m* of ¢™ (), i.e. for all € > 0, there exists T(¢) such that for all t > T'(e) and all m € AlS|,
one has ||®(m) —m*||  <e.
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679 The UGAP assumption ensures the uniqueness of m™* and guarantees fast convergence from any
680 initial m to m*.

681 Assumption B (Non-degenerate RMAB). There exists state s € S such that 0 < 7*(s,0) < 1,
682  where m* is the policy under m*.

683 The non-degenerate assumption further restricts cyclic behavior in the mean-field limit.

684 Non-degenerate and UGAP are two standard technical assumptions for the index policy, which re-
685  strict chaotic behavior in asymptotic regime and will be further introduced in subsequent sections.
686 We note here these two assumptions are also used in almost all theoretical work on index policies
687  Weber & Weiss (1990); Verloop (2016); Gast et al. (2023; 2024).

688  Proof of Theorem 5. In the subsequent proof, we let v1 > vy > v3 > -+ > vg). This does not lose

689 generality in that we can always exchange state index. The proof consists of several steps

690 Step 1: Find m* Recall the transition mapping for configurations ¢™ : AlSI — AISI,
§"(m) = E[mlt +1] | mif] = m, ]

691 Notice that the definition of ¢™ does not depend on /N. We adapt from Lemma B.1 in Gast et al.
692 (2023) defined specially for Whittle Index,

693 Lemma 7 (Piecewise Affine). Given any index policy w, ¢™ is a piecewise affine continuous function
694  with |S| affine pieces.

695 When the context is clear, we abbreviate ¢™ as ¢. For any m € AlSl, define s(m) € [|S]] be

696 the state such that ngln)_l m; < o< Z‘?(T) m;. Lemma 7 characterizes for any m € Z; :=

1=

697 {m € AlSI| s(m) = i}, there exists K(m), bs(m) such that
d(m) = Ky(mym + by(m) -
698 By Brouwer fixed point theorem, there exists a fixed point m™* such that ¢(m*) = m*. The UGAP

699 condition guarantees the uniqueness of m™*. Our choice of 7* is the corresponding policy under
700 m*.

701 Step 2: Connecting policy entanglement with the deviation of stationary distribution Com-
702  bine Proposition 8 with the RMAB model, we have

703 Lemma 8. The measure of Markov entanglement w.r.t ui. -weighted ATV distance is bounded by
704 the deviation of mean-field configuration,

Ei(m) < |S]* - E[m —m|«] ,

705  where the expectation is taking over the stationary distribution m ~ pu7. .

706  Proof. Given the homogeneity of agents, we first demonstrate for any two agent i, 7, it holds

Yo uT(sin) In(ai = al sin) =7 (@i = a | si)| =Y p"(sun) (e = a| sv) — 7 (a5 = a | s))] -

S1:N S1:N

707  To see this, we first notice by the definition of index policy
Im(ai =al|si=sm)—n"(a|s)|=|r(e; =als;=s,m)—7"(a]s).

708 It then suffices to prove > . . o p(sun) = Do v=m H(SLN). If
709 >, e e n=m H(51:N) < ZSF&SLN:m 1(s1.n), we can exchange the agent index of 7 and j. This

24



Markov Entanglement

710 will result in the same stationary distributionand > 5, _ . ., pu(stn) 2 D0 o H(S1N)
711 and thus the equation. We then rewrite the bound in Proposition 8§,

E(r) < %S‘:p > u(sin) Yo Imlai | sin) =7 (ai | 55)]

S1:N a;

=sup Y p"(s1v) [m(ai = 1| s1n) = 7" (a; = 1] s)]

S1:N
1 N
=N ZNW(SI:N)Z |m(a; = 1] s1.n8) — 7 (a; =1 s;)]
S1:N =1
=> pu(m)Y mglr(a=1|s,m)-n*(a=1]s)
m sES

712 For any configuration m and state s, we have

mg|r(a=1]s,m)—7"(a=1]39)|
m™(a=1]|s)miIN + ks

- S

—7m*(a=1]s)

miN + {,
- MmN+l ks — L (a=1]5)
B N miN +/{

<IS[lm —m*[|o

713 where |ks| < (|S| —1)||m — m*||« N representing the additional fraction of state s to be activated
714 due to the deviation from m* and |/s| < ||m — m*|| N representing the deviation of m, from
715 m. The results then hold by taking summation over s and expectation over m.

716 O

717  Step 3: Concentrations and local stability To bound E [||m — m*||__], we start with several
718  technical lemmas from previous RMAB literature. We use the same notation ®; = ¢(P;_1).

719  Lemma 9 (One-step Concentration, Lemma 1 in Gast et al. (2024)). Let ¢[1] = m[1] — ¢p(m[0]), it
720 holds

S|
Eflle[t]llx [ m[0)] </ %7 -

721  Lemma 10 (Multi-step Concentration, Lemma C.4 in Gast et al. (2023)). There exists a positive
722 constant K such that for all t € N and 6 > 0,

Pr[||m[t] — ®(m)|, > 1+ K+ K>+ + K")§ | m[0] =m] < t|8|e‘2N52

723 Lemma 11 (Local Stability, Lemma C.5 in Gast et al. (2023)). Under non-degenerate and UGAP:
724 (i) Kg(m~) is a stable matrix, i.e. its spectral radius is strictly less than 1.

725 (i) For any €, there exists T (€) > 0 such that for all m € AlS!, || @1 (m) — m*

< €
[ee]

726 The first result implies there exists some matrix norm ||-|| 5 such that (| K sy

5 < 1. By the

727 equivalence of norms, there exists constant C}}, Cg, > 0 such that for all z € RIS
1 2
Calzlls <l < Chllzlls -
728 Combine the second result of Lemma 11 and non-degenerate condition, we can construct a neigh-

729 borhood N of m* such that N' = B(m*,e) N AlSl € Z ., where ¢ > 0 and B(m*,e) =
730 {m | |[m —m*||_ < €} is an open ball. We next show that m[0] under stationary distribution
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731 will concentrate in A" with high probability. Let T = T(e/2) such that for all m € AlS|,
732 ||[®7(m) —m*||_ < /2. It holds
Pr[m(0] # N] = Pr[[|m[0] — m|

o0

@ py [Hm[f] -m®

oo

oo

§Pr[

[mif] - @pm)| =51 mi0)=m] + Pr[|@p(m) —m*| > 3

:Pr[

[miT) — @z (m)| >

| m[0] = m} < T|S|e~2uN

733 where (i) follows from the stationarity m[T] and m[0] are iid and the constant u =

2
734 (2(1+K+K2+~-+K7"")) does not depend on V.

735  Step 4: Putit together Finally, we are ready to bound E [||m — m*|| _]. Notice for all m[0] € N,
736  we have

m[l] —m” = ¢(m[0]) + €[1] — m”
= Ks(m*) (m[O] - m*) + 6[1] .
737 Taking [|-[| 5 on both side,
[m[1] —m*|| 5 < [[Kyme) (m[0] —m")|
< | Ko

5+ el
3 [ml0] = m || + 1] -

738 Taking expectation on both side,
E[l[m[1] - m*| ;]
=E [ ¢(ml[0]) = m"[| - 1 {m[0] € N'}| +E |[6(m[0]) = m" |5 - 1 {m[0] ¢ N'}] +E [l]e[tl] ]

< [t B [[ml0] = m7[, - 1 {m{0] & A7}] + P fm{0] ¢ N] sup [}o(m{0]) = m [, +E [l

<[ K sme)

5B [Im{0] =m0 + Pr[m{0] ¢ N sup 6(m[0]) ="l + B el ]

739 By stationarity, one have E {Hm[l] — m*||ﬁ} =E [||m[0] - m*||5} This refines the above in-
740  equality,

CQ
BlImi0] - m’l.d) < T T (53[131 Pr{ml0] ¢ N [[g(m0]) — m||, +E [Ie[l]llgD
5

< ATy e £ M+ Ellttl)

C? . \/
B <TS|62uN + |5|> )

<
B C}}(l - HKs‘(m*) B) \/N

741 We combine Lemma 8 and conclude the proof of Theorem 5.

742 L Extensions of Markov entanglement

743 L.1 (Weakly-)coupled MDPs

744 Weakly-coupled MDPs (WCMDP) are a rich class of multi-agent model that capture many real-
745  world applications such as supply chain management, queuing network and resource allocations
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Markov Entanglement

Adelman & Mersereau (2008); Brown & Zhang (2023); Shar & Jiang (2023). Compared to general
multi-agent MDP, WCMDP further ensures each agent follow its local transition while the agents’
actions are coupled with each other. Formally,

Definition 10 (Weakly-coupled MDPs). An N-agent MDP M.N(S, A, P,r1.N,7) is a weakly-
coupled MDP if

* Each agent has local transition kernel P; such thatVs,a,s’, P(s' | s,a) = Hl L Pi(s} | si,a5).

/
7
» At global state s, agents’ joint actions a are subject to m coupling constraints Z 1d(si,a;) <
beR™

We then demonstrate that this weakly-coupled structure can further refine the analysis of Markov
entanglement measure.

Proposition 8. Consider a N-agent weakly-coupled MDP My.n(S, A, P,7r1.n,7). Given any
policy m: § — A(A) with measure of Markov entanglement E;(P[ ) w.rt the u7 \-weighted
agent-wise total variation distance, it holds for i € [N],

us 3 1 ™
Ei(Piy) < min 5 Do) Im(ai | s) = 7'(a; | s3]
S a;
where 7' : S; — A; is any local policy for agent i.

Proof of Proposition 8. We demonstrate the proof for two-agent WCMDP and the generalization
to multi-agent WCMDP is straightforward. Consider P} be the transition of agent A under local
policy m'. We focus on agent A

Ea(Pip)
1 T us 7\'/
<3 ZMAB(SJI) Z Php(sh,dy | s,a) — PX (s, a4 | s4,04)

L/ ’
ERLN

1 s us 7\'/
D) ZHAB(SJI) Z ZPAB(SlvaA | s,a) — P} (s | sa,a4)7'(dy | 8)

’ ! ’7
5404 | SB

@’ ZuABsa > D2 Pip(saals.a) =Y P(s' | s,a)n'(dy | sh)
5B

!’ 7
s'y,a’y | sy

:*ZMABSG > ZP (s'| s @) (n(aly | 8') —7'(as | $4))

sA,aA

SHILICD zps o) S ey |6 =05

(i5) 1 -
=5 Y wap(s) ) In(dy | s) — 7r'(a'A | sla)l -

’
ay

where () follows from the transition structure of weakly coupled MDP P(s’ | s,a) =
s4,a4) - P(s’z | sp,ap); and (i) comes from the fact that P™ (s’ | s) = > w(a | s)P(s’
and 3, 47 (s)P(s' | 5) = " (s").

Proposition 8 establishes an upper bound for Markov entanglement in WCMDP. Intuitively, this
bound characterizes how agent i can be viewed as making independent decisions. It takes advantage
of the weakly-coupled structure and shaves off the transition in Markov entanglement measure.

27



769

770
771
772
773
774

775
776
777
778

779
780
781

782

783
784

785
786

787

788

789

Under review for RLC 2025, to be published in RLJ 2025

L.2 Coupled MDPs with exogenous information

In many practical scenarios, the agents’ transitions and actions are coupled by a shared exogenous
signal. For example, in ride-hailing platforms, the specific dispatch is related to the exogenous order
at the current moment Qin et al. (2020); Han et al. (2022); Azagirre et al. (2024); in warehouse
routing, the scheduling of robots is also related to the exogenous task revealed so far Chan et al.
(2024).

We will then enrich our framework by incorporating these exogenous information. At each timestep
t, there will an exogenous information z; revealed to the decision maker. z; is assumed to evolve
following a Markov chain independent of the action and transition of agents. We assume z; € Z
and Z is finite.

Given the current state s and exogenous information z, the policy is givenby 7 : § x Z — A(fl),
where A refers to the set of feasible actions. We then have the global transition depending on
exogenous information z,

Pip.(s',a’, 2" | s,a,2) = P(s' | s,a,2) -w(a’ | §',2") - P(' | 2).

and global Q-value Q7 . € RISI"IAIMIZ]

oo N
Qhp(s,a,z) = E E T(Sit, ity 2t) | S0 =8,a0 =@, 20 =2

t=0 i=1

We assume the system is unichain and the stationary distribution is % 5,. Then we can derive the
local transition under new algorithm by

PAZ(S{Ava247Z/|SAvaA7Z): Z NJZBz(SBvaJB SA,CLA,Z) Z Png(S/7a/azl S,(l,Z),

./ ’
$B,aB s'g,a’g

Given the local transition, we have the local value Q% , = (I — vP4,) (7 4.) via Bellman Equa-
tion.

Combined with exogenous information, we consider the following value decomposition

QZXB(sa a, Z) = Qg(sAvaAv Z) + Q}TB’(SB? ap, Z) :

We start by introducing agent-wise Markov entanglement defined for each agent

K
Pip. =Y «;P{) o Py (15)
j=1

Proposition 9. If the system is agent-wise separable for all agents, then

Qlp. = Q. ®es|a +es)4 @ QE. -
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Proof. The proof is basically the same as Theorem 1. One can first quickly show that Py, =
K @ PY). And then it holds

K
S—uP @ Py | (raen ®es)a)

j=1
K =k

= ijP(j) ® P( 9 Zaﬁj (PXZ)(TA ® e|z|)) ® (Pj(gj)e)
j=1 . ]Zl

= ZIJP‘XJZ)@P(J) Z Az rA®e‘ ‘) ®e
Jj=1 j=1

t

K
.= Z:ijIE{Z) (T‘A®6|z‘) Ke.

O

We then provide the measure of Markov entanglement with exogenous information w.r.t agent-wise
total variation distance.

- 1
Ea(Pip, Z) =min g |\Pip, — Z% ) o Py’

J=1 ATV,

. 1
= minmax Z |Php.(84,as,2" | 8,a,2) — Pa,(s'y,ad/s,2" | sa,a4,2)| .
2o s'y,a’y 2"

(16)

Similar to Theorem 3, we can connect this measure of Markov entanglement with the value decom-
position error.

Theorem 10. Consider a N-agent Markov system M;.x. Given any policy w: S — A(A) with the
measure of Markov entanglement E;( Py, Z) w.r.t the agent-wise total variation distance, it holds
for any agent 1,

K
-S4 PY|| <2E(Pfy.2).

Furthermore, the decomposition error is entry-wise bounded by the measure of Markov entangle-
ment,

< 47 (Zi\il El(PfTN’ Z)rxznax)
. (=) |

oo

HQlN s,a,2) ZQ (siai, 2

In practice, exogenous information is often discussed in the context of (weakly-)coupled MDPs,
where each agent independent evolves by P;(s;+1 | i, a;, z). Interestingly, we can derive a similar
result to Proposition 8 that shaves off the transition in entanglement analysis.

Proposition 11. Consider a N-agent Weakly Coupled Markov system M;y.n. Given any policy
w: 8 — A(A) and its measure of Markov entanglement E;( Py ;, Z) w.r.t the U7, 5 -weighted agent-
wise total variation distance, it holds

- 1
Ei(Plszz)§§ Z 81N7 Z|7T a”b|31N7 ) (al‘s“ )|7

S1:N,Z

Sor any policies '.
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Proof. We provide the proof for two-agent MDP, which can be easily generalized to N-agent case.

EA(PATBaZ)

1

éiz#(sva’z) Z |P/T{Bz(si47a;bzl S,G,Z)—PAZ(S;‘,G,;‘,Z/ SA,(ZA,Z)|
s,a,z s'y,aly,2"

= Z (s,a,z) Z ZP;{BZ(S’,aA,z' 8,a,2) — Pa, (84,2 | sa,aa,2)7' (a4 | '4,2")
s

s,a,z sA,a;‘,z/

= Z (s,a,z) Z ZP;{BZ(S’,LLA,Z' s,a,z) — ZP(s',z’ | s,a,2)n'(dy | 8'y,2")
A s s

1
=5 u(s, a,z) Z ZP(S/,Z/ | s,a,z2) (m(dy | 8',2") — ' (dy | $4,2"))

s,a,z s'y,aly,2"

1

5 sazZPsz|sazZ|7raA\sz 7' (aly | 8y, 2")]
s’,z/

1
52 $,2) > Inaly | 8',2) = (s | s, )]
aly

L.3 Factored MDPs

Another common class of multi-agent MDPs is Factored MDPs (FMDPs, Guestrin et al. (2001;
2003); Osband & Roy (2014)), which explicitly model the structured dependencies in state tran-
sitions. For instance, in a server cluster, the state transition of each server depends only on its
neighboring servers. Formally, we define

Definition 11 (Factored MDPs). An N-agent MDP M1.n(S, A, P,r1.n,7) is a factored MDP if
each agent i has neighbor set Z; € [N| such that its transition is affected by all its neighbors, i.e.
P(Si | s,a) = P(Si | SZ,“CLZ?v)-

The neighbor set |Z;| is often assumed to be much smaller compared to the number of agents V.
This helps to encode exponentially large system very compactly. We show this idea can also be cap-
tured in Markov entanglement. Consider the measure of Markov entanglement w.r.t ATV distance
in Eq. (6),

EA(PT,) = D(P“~,~,,P-,-,)
(P%p) I%Ln(syglgng v (Pig( \30) A | 84,04)

= mi D (P7r o Pal-. . )
n’]g}qn (s,;}leag‘(XA TV AB( 9 ‘ SZA7aZA)7 A( 9 | SA7CLA)

Thus we conclude the agent-wise Markov entanglement will only depend on its neighbor set.

L.4 Fully cooperative Markov games

In fully cooperative settings, only a global reward will be reviewed to all agents. Unlike the modeling
in section 2, this global reward may not necessarily be decomposed as the summation of local
rewards. In this case, we propose meta algorithm 2 as an extension of meta algorithm 1.

This algorithm follows similar framework of meta algorithm 1 and differs at we now learn the
closet local reward decomposition from data. When the reward is completely decomposable, meta
algorithm 2 recovers meta algorithm 1. Thus intuitively, the more accurate we can decompose the
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Meta Algorithm 2: Q-value Decomposition with Shared Reward

Require: Global policy ; horizon length 7.

, inD = {(st 5, a4 g, "'y 5 S5, a4 =1
1: Execute 7 for T" epochs and obtain D = {(s'y 5, a’y 5,y 5, %5, a45) },_,

T-1
2: Bach agent i € {A, B} fits QT using local observations D; = {(s!,a l,n,sf“, ai™},_,
where the local reward (r 4, ) is learned via solving

t t t t 2
min Z (ras(s.@) = (ralsh,ah) +rp(sh.ah))) -

TA,T"B

global reward, the less decomposition error we have. Formally, we define the measure of reward
entanglement

e(rap) = TTLI}S ||rAB—(rA®e—|—e®rB)||%B . (17)
This measure characterizes how accurate we can decompose the global reward under stationary
distribution. We then obtain an extension of Theorem 4

Proposition 12. Consider a fully cooperative two-agent Markov system M ap. Given any policy
m: S = A(A) with the measure of Markov entanglement E4(PJp), Eg(Pjig) wrt the 17 -
weighted agent-wise total variation distance and the measure of reward entanglement e(r zp), it
holds

€(TAB) 4 (EA(PAB) T max + EB(PAB) max)
< + )
Mg 1-— (1 - )
is the bound of optimal solution of Eq. (17).

|@as - (@asetesqp)

A

where 11 .., mdx

Although Proposition 1 offers a theoretical guarantee for general two-agent fully cooperative
Markov games, its utility is greatest in systems with low reward and transition entanglement. Fully
cooperative settings remain inherently challenging—for instance, even the asymptotically optimal
Whittle Index may achieve only a %-approximation ratio for RMABs with global rewards Raman
et al. (2024). In practice, most research Sunehag et al. (2018); Rashid et al. (2020) relies on sophis-
ticated deep neural networks to learn decompositions in such settings. We thus defer a more refined
analysis of fully cooperative scenarios to future work.

M Simulation environments
In this section, we empirically study the value decomposition for index policies. Our simulations
build on a circulant RMAB benchmark, which is widely used in the literature Avrachenkov & Borkar

(2022); Zhang & Frazier (2022); Biswas et al. (2021); Fu et al. (2019).

Circulant RMAB A circulant RMAB has four states indexed by {0, 1,2, 3}. Transition kernels

P, =p(s,0,8"), ,eg foractiona = 0 and a = 1 are given by
/2 0 0 1/2 1/2 12 0 0
p_ |2 12 0 o p_ [0 12 12 0
°“1o0 12 172 o |’"t | o 0 1/2 1/2
0 0 1/2 1/2 12 0 0 1/2

The reward solely depends on the state and is unaffected by the action:
r(0,a) = -1, r(1,a) =0, r(2,a) =0, 7(3,a) = 1;Va € {0,1}.

We set the discount factor to v = 0.5 and require N/5 arms to be pulled per period. Initially, there
are N/6 arms in state 0, N/3 arms in state 1 and N/2 arms in state 2, the same as Zhang & Frazier
(2022). We then test an index policy with priority: state 2 > state 1 > state 0 > state 3.
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M.1 Monte-Carlo estimation of Markov entanglement

For each RMAB instance, we simulate a trajectory of length 7" = 6N and collect data for the later
5N epochs. Notice RMAB is a special instance of WCMDP, we thus apply the result in Proposition 8

T 1 : s
E;(Pliy) < §H}F{HZM1;N(3) > In(ai | s) = 7'(ai | 5:)|
S a;g
1 | 1«
z§n}ri/nT;aZ|ﬂ(ai|s)—w’(ai | s:)] (18)

Notice Eq. (18) is convex for " and 7’ only takes support of size |S||A| = 8. we thus apply efficient
convex optimization solvers. We replicate this experiment for 10 independent runs to obtain the
mean estimation and standard error in the left panel of Figure 1.

M.2 Learning local Q-values

For each RMAB instance, we simulate a trajectory of length 1" = 6N, reserving the later 7' = 5N
epochs as the training phase for each agent to fit local Q-value functions. During testing, we estimate
the u-weighted decomposition error using 50 simulations sampled from the stationary distribution.

The ground-truth 7., is approximated via Monte Carlo learning Sutton & Barto (2018), with
each estimate derived from 30-step simulations averaged over 3N independent runs. Due to the
high computational cost of Monte Carlo methods—especially for very large RMABs—we limit the
training phase to 10 independent runs and use the mean local Q-value as an approximation. Error
bars represent the standard error for both Monte Carlo estimates and p-weighted decomposition
errors.

In addition to p-weighted error, we also introduce a concept of relative error, defined as
N
HQT:N(sv a) — Zi:l Q7 (si,a;)

ratio of our value decomposition. We present our simulation results below.

‘ /QT.xll = - This relative error reflects the approximate
MTN : 1:N

Error Weighted by Stationary Distribution Relative Error
T
6.0 Local TD —— Local TD
— o(/N) — oann)
5.0 4.0%
4.0
3.0%
3.0
2.0%
2.0
1.0 1.0% ? I
5 L
0.0
0.0%
0 300 600 900 1200 1500 1800 0 300 600 900 1200 1500 1800
Number of Agents Number of Agents

Figure 2: Value Decomposition error in circulant RMAB under an index policy. Left: u-weighted
decomposition error. Right: Relative error, ||decomposition error||,, / |Q7. x|,

It immediately follows that the y-weighted error grows at a sublinear rate O(y/N) and the relative
error decays at rate O(1/+/N). This justifies our theoretical guarantees in Theorem 5. Furthermore,
we notice the relative error is no larger than 3% over all data points. As a result, the meta algo-
rithm 1 is able to provide a very close approximation especially for large-scale MDPs even with
small amount of training data ' = 5N while the global state space has size |S|V.
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M.3 Sample Complexity and Computation

While each RMAB instance has an exponentially large state space |S|", we show that our empir-
ical estimation of Markov entanglement—along with the decomposition error—converges quickly.
Specifically, we illustrate these errors for an RMAB instance with with 900 agents in Figure 3. As

Estimation Error and Decomposition Error

—— Estimated Entanglement Measure
Decomposition Error (Raw)
20.0 —— Decomposition Error (Smoothed)
. ---- Entanglement Measure
30.0

20.0

w
10.0

0.0

0 300 600 900 1200 1500 1800 2100 2400 2700
Sample Trajectory Length

Figure 3: Different errors in RMAB with 900 agents: empirical estimation of Markov entanglement
(blue); u7.-weighted decomposition error (green); the true measure of Markov estimated with
T = 10N samples (red dashed line).

exhibits in Figure 3, both errors decay and converges within 7" = 3N samples. Furthermore, the
empirical estimation of Markov entanglement converges in 7' < N samples, demonstrating its ef-
ficiency. Finally, we use standard convex optimization solvers to compute Markov entanglement,
which can be run efficiently on a single CPU.
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