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Abstract

This paper investigates the problem of bounding counterfactual queries from a
combination of observational data and qualitative assumptions about the underlying
data-generating model. These assumptions are usually represented in the form
of a causal diagram (Pearl, 1995). We show that all counterfactual distributions
(over finite observed variables) in an arbitrary causal diagram could be generated
by a special family of structural causal models (SCMs), compatible with the
same causal diagram, where unobserved (exogenous) variables are discrete, taking
values in a finite domain. This entails a reduction in which the space where the
original, arbitrary SCM lives can be mapped to a dual, more well-behaved space
where the exogenous variables are discrete, and more easily parametrizable. Using
this reduction, we translate the bounding problem in the original space into an
equivalent optimization program in the new space. Solving such programs leads to
optimal bounds over unknown counterfactuals. Finally, we develop effective Monte
Carlo algorithms to approximate these optimal bounds from a finite number of
observational data. Our algorithms are validated extensively on synthetic datasets.

1 Introduction

This paper studies the problem of inferring counterfactual queries from the combination of non-
experimental data (e.g., observational studies) and qualitative assumptions about the data-generating
process. These assumptions are represented in the form of a causal diagram [32], which is a
directed acyclic graph where arrows indicate the potential existence of functional relationships among
corresponding variables; some variables are unobserved. This problem arises in diverse fields such
as artificial intelligence, statistics, cognitive science, economics, and the health and social sciences.
For example, when investigating the gender discrimination in college admission, one may ask “what
would the admission outcome be for a female applicant had she been a male?” Such a counterfactual
query contains conflicting information: in the real world the applicant is female, in the hypothetical
world she was not. Therefore, it is not immediately clear how to design effective experimental
procedures for evaluating counterfactuals, let alone how to compute them from observations alone.

The problem of identifying counterfactual distributions from the combination of data and a causal
diagram has been studied in the causal inference literature. First, there exist a complete proof system
for reasoning about counterfactual queries [19]]. While such a system, in principle, is sufficient in
evaluating any identifiable counterfactual expression, it lacks a proof guideline which determines the
feasibility of such evaluation efficiently. There are algorithms to determine whether a counterfactual
distribution is inferrable from all possible controlled experiments [41]. There exist also algorithms
for identifying path-specific effects from experimental data [[1] and observational data [42].

In practice, however, the combination of quantitative knowledge and observed data does not always
permit one to point-identify the target counterfactual queries. Partial identification methods concern
with deriving informative bounds over the target counterfactual probability, even when the target
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Figure 1: DAGs @-@ containing a treatment X, an outcome Y, an ancestor Z, and exogenous
variables U; Z in @) is also referred to as an instrumental variable.

itself is non-identifiable. Several algorithms have been developed to bound counterfactuals from the
combination of observational and experimental data [30, 136, 13} 4} (14} |35} 23| 24, 16} 25! |49].

In this work, we build on the approach introduced by Balke & Pearl in [3]], which involves direct
discretization of the exogenous domains, also referred to as the principal stratification [[17, 34]]. Con-
sider the causal diagram of Fig.|lal where X, Y Z are binary variables in {0, 1}; U is an unobserved
variable taking values in an arbitrary continuous domain. [3] showed that domains of U could be
discretized into 16 equivalent classes without changing the original counterfactual distributions and
the graphical structure in Fig.[Ia] For instance, despite it being induced by an arbitrary distribution
P*(u) over a continuous domain of the exogenous variable U, the observational distribution P(z, y|2)
must be reproduced by a generative model of the form P(x,y|z) = >, P(z|u, 2) P(y|z, u)P(u),
where P(u) is a discrete distribution over a finite exogenous domain {1,...,16}.

Using the finite-state representation of unobserved variables, [4] derived tight bounds on treatment
effects under the condition of noncompliance in Fig.[Ta] [L1.[21] applied the parsimony of finite-state
representation in a Bayesian framework, to obtain credible intervals for the posterior distribution of
causal effects in noncompliance settings. Despite their optimal guarantees, these bounds are only
applicable to the specific noncompliance setting in Fig. For the most general cases, a systematic
procedure for bounding counterfactual queries in arbitrary causal diagrams is still missing.

Our goal in this paper is to overcome these challenges. We investigate the expressive power of discrete
structural causal models (SCMs) [33]] where each unobserved variable is drawn from a discrete
distribution, takes values in a finite set of states. We show that when inferring about counterfactual
distributions (over finite observed variables) in an arbitrary causal diagram, one could restrict domains
of unobserved variables to a finite space without loss of generality. This observation allows us to
develop novel partial identification algorithms to bound unknown counterfactual probabilities from
the observational data. More specifically, our contributions are as follows. (1) We introduce a
special family of discrete SCMs, with finite unobserved domains, and show that it could represent
all categorical counterfactual distributions in an arbitrary causal diagram. (2) Using this result, we
translate the original partial identification task into equivalent polynomial programs. Solving such
programs leads to informative bounds over unknown counterfactual probabilities, which are provably
optimal. (3) We develop an effective Monte Carlo algorithm to approximate optimal counterfactual
bounds from a finite number of observational data. Finally, our algorithms are validated extensively
on synthetic datasets. Given space constraints, all proofs are provided in Appendices[A]and

1.1 Preliminaries

We introduce in this section some basic notations and definitions that will be used throughout the
paper. We use capital letters to denote variables (X)), small letters for their values (z) and Q2 x for
their domains. For an arbitrary set X, let | X | be its cardinality. For convenience, we denote by P(x)
probabilities P(X = «); for an arbitrary subdomain X C Qx, P(X) = P(X € X). Finally, the
indicator function 1 x_,, returns 1 if an event X = x holds true; otherwise 1 x—, = 0.

The basic semantical framework of our analysis rests on structural causal models (SCMs) [33,
Ch. 7]. An SCM M is a tuple (V, U, F, P) where V is a set of endogenous variables and U is
a set of exogenous variables. F' is a set of functions where each fyy € F decides values of an
endogenous variable V' € V taking as argument a combination of other variables in the system. That
is, v < fy(pay,uy), Pay C V, Uy C U. Exogenous variables U € U are mutually independent,
values of which are drawn from the exogenous distribution P(w). Naturally, M induces a joint
distribution P(v) over endogenous variables V, called the observational distribution. Each SCM
is associated with a causal diagram G (e.g., Fig.[I), which is a directed acyclic graph (DAG) where
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solid nodes represent endogenous variables V', empty nodes represent exogenous variables U and
arrows represent the arguments Pay -, Uy of each function fy,.

An intervention on an arbitrary subset X C V, denoted by do(x), is an operation where values of
X are set to constants x, regardless of how they are ordinarily determined. For an SCM M, let
M, denote a submodel of M induced by intervention do(x). For any subset Y C V/, the potential
response Yy (u) is defined as the solution of Y in the submodel M, given U = u. Drawing values
of exogenous variables U following the probability measure P induces a counterfactual variable Y,.
Specifically, the event Y, = y (for short, y,) can be read as “Y would be y had X been «”. For any
subsets Y, ..., Z, X,...,W C V, the distribution over counterfactuals Yy, ..., Z,, is defined as:

P Ygy- ooy Zep) = A ]lYm(u):y A\ --~/\]lzw(u):zdP(u). ()
U

Distributions of the form P(y,) is called the interventional distribution; when the treatment set
X = (, P(y) coincides with the observational distribution. Throughout this paper, we assume
that endogenous variables V' are discrete and finite; while exogenous variables U could take any
(continuous) value. The counterfactual distribution P (Y, - - . , 24, ) defined above is thus a categorical
distribution. For a more detailed survey on SCMs, we refer readers to [33 Ch. 7].

2 Discretization of Structural Causal Models

For a DAG G with endogenous V' and exogenous variables U, let P* denote the collection of all
counterfactual distributions over variables V. Formally,

P ={P Yx, -, 2w) |VY,...,.Z, X,.... W CV}. 2)
Let .# be the family of all the SCMs compatible with the causal diagram G, i.e., .# =
{VM | Gnr = G}f} Counterfactual distributions in G are defined as the collection {Py; : VM € .4}
that contains all counterfactual probabilities induced by SCMs M in the candidate family .#. In this
section, we will show that counterfactual distributions in any causal diagram G could be generated by
an alternative family of “generic” SCMs compatible with G, which we will define later.
Definition 1 (Counterfactual-Equivalence). Fora DAG G, let .# , .4/ be two sets of SCMs compatible

with G. 4 and A4 are said to be counterfactually equivalent (for short, ctf-equivalent) if for any
M € ., there exists an alternative N € .4 such that Py, = Py, and vice versa.

Our analysis rests on a special family of SCMs where values of each exogenous variable are drawn
from a discrete distribution over a finite set of states.

Definition 2. An SCM M = (V,U, F, P) is said to be a discrete SCM if

1. Values of every U € U are drawn from a discrete distribution P(u) over a domain 2;; let
6., denote the probability P(U = u), for any u € Q.

2. Values of every V' € V are decided by function v < fy (pay,uy) = f‘(/pa"’”‘/), where for
Vpay ,uy, f‘(/pa"""") is a constant in the finite domain 2y,.

Given a causal diagram G, our goal is to construct a family of discrete SCMs .4 that is counter-
factually equivalent to the original family of SCMs .. Our construction utilizes a special type of
clustering of nodes in the diagram, called the confounded component [45]].

Definition 3. For an DAG G, a subset C C V is a c-component if any pair X,Y € C'is connected
in G by a bi-directed path of the form V; <> Vo < -+ < V,,n = 1,2,..., where (1) V] = X,
Vo =Y;(2){Vi,...,V,} C Viand 3) each V; ++ Vj isasequence V; <~ U, — V;and U, € U.

A c-component C' in G is maximal if there exists no other c-component that contains C'. We denote
by C(G) the collection of all maximal c-components in G. Naturally, c-components in C(G) form a
partition over endogenous variables V', which, in turn, defines a partition {UyccUy | VC € C(G)}
over exogenous variables U. Therefore, for every U € U, there must exist a unique c-component
in C(G), denoted by C, such that U € Uy ¢, Uy . For example, exogenous variables Uy, Us in
Fig. [la|corresponds to c-components Cy, = {Z} and Cy, = {X, Y'} respectively; while the causal
diagram of Fig.|1b|only has a single c-component {X,Y, Z}.

"We will use the subscript M to represent the restriction to a specific SCM M. Therefore, Gas represents the
causal diagram associated with SCM M ; so does the collection of counterfactuals Py;.
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Theorem 1. For a DAG G, consider the following conditiomﬂ (1) A is the set of all SCMs
compatible with G; (2) N is the set of all discrete SCMs compatible with G where for every U € U,
its cardinality |Qu| = [[ycc,, QpPay = Qv |, i.e., the number of functions mapping from Pay to
V for every variable V' in the c-component Cy. Then, 4 and N are counterfactually equivalent.

Thm. [T|establishes the expressive power of discrete SCMs in representing counterfactual distributions
in a causal diagram G. It implies that the counterfactual distribution P (Y, . . ., 24 ) in any SCM M
could be generated using a generic model as follows, for diy = [[y ¢, [Py, = Qv |,

P(yw7---azw> = Z Z ]le(u):y/\"'/\]lZw(u):z H O (3)

UeU u=1,...,dy Ueu
Among above quantities, ,, are parameters of the exogenous distribution P(u) over a finite domain
{1,...,dy}. Counterfactual variables Y, (u) are recursively defined as follows:
Ty ifY e X
Yo(u) ={Yz(u) | VY € Y}, where Y, (u) = {gg/{Vm(u)IVGPay},uy) otherwise “)

where xy is the value assigned to variable Y in constants . As an example, consider the causal
diagram G described in Fig. where X, Y, Z are binary variables in {0, 1}. Since G has a single c-
component {X,Y, Z}, exogenous variables Uy, U must share the same cardinality d in the proposed
family of discrete SCMs .4". It follows from Thm. the counterfactual distribution P(z, ./, y,) in
any SCM compatible with G could be written as follows:

d
P(Z, xz’7yz’) = Z ]lE(Zul):z A ]lgg(z’,ul,uz):m A ﬂ£§f/’u2):y9u19’u27 %)

wy,ue=1

where E(Zul), 5;’“1’“2), fg’uﬂ are parameters taking values in {0, 1}; 8,,,, i = 1, 2, are probabilities

of the discrete distribution P(u;) over the finite domain {1, ...,d}. The cardinality d = |Qz| x
|0z — Qx| x |Qx — Qy| = 32. The total cardinalities of domains for Uy, Us are thus 2d = 64.

Comparison with related work One could naively apply the discretization procedure in [3]] and
obtain a family of discrete SCMs that are sufficient in representing distributions in an causal diagram.
However, such parametrization is not necessarily complete. To witness, consider again the causal
diagram in Fig. [Tb|with binary X, Y, Z. Applying the discretization in [3]] leads to a family of discrete
SCMs compatible with a different diagram in Fig.|[Ic| where the cardinality of exogenous variable
U is equal to d = 32 (see Appendix [D|for details). However, this parametrization fails to capture
some critical constraints over counterfactual distributions since it does not maintain the original
structure of the causal diagram. For instance, counterfactual variables Z and Y, in the original
diagram of Fig. [1b|are independent due to independence restrictions [33, Ch. 7.3.2]; while Z and
Y, in Fig.[lc|are generally correlated due to the presence of unobserved confounder U. Compared
with [3], the discretization method in Thm. [T|captures all constraints over counterfactual distributions
while requiring only a factor of |U| increase in the cardinality of exogenous domains.

More recently, [15] proved a special case of Thm. [I] for interventional distributions in a specific
class of causal diagrams that satisfy the running intersection property. When there is no direct arrow
between endogenous variables, [38]] showed that the observational distribution in a diagram could be
represented using finite-state exogenous variables. Thm. || generalizes these results by showing that,
for the first time, all counterfactual distributions in an arbitrary causal diagram could be generated
using discrete exogenous variables taking values from a finite domain, without any loss of generality.

2.1 Partial identification of Counterfactual Distributions

To demonstrate the expressive power of discrete SCMs, we investigate the problem of partial iden-
tification of counterfactual distributions. For an SCM M* = (V U, F, P), we are interested in
evaluating an arbitrary counterfactual probability P(yz, .. ., 2y ). The detailed parametrization of
M* is unknown. Instead, the learner only has access to the causal diagram G and the observa-
tional distribution P(v) induced by M*. Our goal is to derive an informative bound [I, r| from the
combination of G and P(v) that contains the actual counterfactual probability P(yz, . . ., Zuw)-

For every V € V, Qpq,, — Qv is the set of all functions mapping from domains Q2pqa,, to Qy-.
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Let .4 denote the family of discrete SCMs defined in Thm.|I| which are compatible with the causal
diagram G. We derive a bound [l, | over P(yx, - - . , 24 ) from the observational data P(v) by solving
the following optimization problem:

[i,7] = min / max {PN(ym, . 2w) | YN € N, Py(v) = P(v)} ©6)

For instance, consider again the double-bow diagram G in Fig. The observational distribution
P(z,y, z) in any discrete SCM in .4 could be written as:

d
P(.Z’, Y, Z) = Z 115(2“1):2 A ]lgg(z,ul,u,z):x A ]15§f‘“2):y0"10“2' (7

uy,ug=1

One could derive a bound over the counterfactual distribution P(z, x,/,y,) from the observational
data P(zx,y, z) by solving polynomial programs which optimize the objective Eq. (5) over parameters

Oy s Oy, €500, €85 1002) el242) ubiect to the observational constraints Eq. (7).

As a corollary, it follows immediately from Thm. that the solution [I, 7] of the optimization problem
Eq. @) is guaranteed to be a valid bound over the unknown counterfactual P(yg, . . ., Zw)-

Corollary 1 (Soundness). Given a DAG G and an observational distribution P(v), let .# be the set
of all SCMs compatible with G and let M, = {NM € # | Py;(v) = P(v)}. For the solution [l, 1]
of Eq. (@), Prr(Yas - - s 2aw) € [I,7] for any SCM M € M,

Since the underlying SCM M* € .#,, Corol. implies that the derived bound [/, 7] must contain the
actual counterfactual probability P(Ygz, . .., Z4). Our next result shows that such a bound [/, ] is
provably tight, i.e., it cannot be improved without additional assumptions.

Corollary 2 (Tightness). Given a DAG G and an observational distribution P(v), let /M be the set
of all SCMs compatible with G and let M, = {NM € .4 | Py;(v) = P(v)}. For the solution [l, 1)
of Eq. @, there exist SCMs My, My € M, such that Ppg, (Yas - -+ s Zaw) = b, Prty (Yas -+ oy Zap) = T

Corol. 2| confirms the tightness of the bound [/, 7] obtained from Eq. @ Suppose there exists a valid
bound [I’, 7] strictly contained in [l, r]. One could construct from Corol. 2Jan SCM M compatible
with the causal diagram G and the observational distribution P(v), but its counterfactual probability
P(Yz, - .., z) lies outside [I, '], which is a contradiction.

The optimization problem of Eq. (6) is reducible to equivalent polynomial programs (see Appendix[E).
Despite the soundness and tightness of derived bounds, solving such programs may take exponentially
long in the most general case [29]. Our focus here is upon the causal inference aspect of the problem
and like earlier discussions we do not specify which solvers are used [3} 4]. In some cases of
interest, effective approximate planning methods for polynomial programs do exist. Investigating
these methods is an ongoing subject of research [26, 31} 148l 28] 27].

3 Bayesian Approach for Partial Identification

This section describes an effective algorithm to approximate the optimal counterfactual bound in
Eq. @) provided with finite samples v = {v(”) }5:1 drawn from the observational distribution
P(v), and prior distributions over parameters 6,, and fg,p av-uv) (possibly uninformative).

We first introduce Markov Chain Monte Carlo (MCMC) algorithms that sample the posterior distribu-
tion P (O | ©) over a counterfactual probability Ot = P (Y, - . . , 24 ). More specifically, for every

V € V, V¥pay,, uy, parameters fg,p “v"v) are drawn uniformly over the finite domain €2y,. For every
U € U, exogenous probabilities 6, are drawn from a generalized Dirichlet distribution [12]. We will
take the view of a stick-breaking construction [40] which successively breaks pieces off a unit-length
stick with size proportional to random draws from a Beta distribution. Parameters 6,, are proportions
of each of the pieces relative to its original size. Formally,

u—1
Vu=1,2,...,dy, gu:Mu H(l*,u,i), NuNBeta(agi)a l(]u)>’ ®)
=1



210
211
212

213
214

215

216

217
218
219

220
221
222

223
224

225

226

227
228

229
230
231
232

233

234
235

- --- A A -~ ~

U, “« U, <7 U1<2) U @ A U N) * U )
C5—>‘—>b,\ \ , Q—»Cf—»@,\ ‘—»b—» )
- 1 \\’

\\ ’, -~ ~‘§~|"’— ’,r’\\ //

~ o _- ‘\“—_..——"""‘"‘——_._—"“ ~ o _-

D R m---" " T e _____-ZXp~
&z £x &y

Figure 2: The data-generating process for the observational data {X () y () z(n) }7]:[:1 in an SCM
associated with the causal diagram in Fig.|1b| For every exogenous variable U € U, 0y = {0, | Vu}.

For every endogenous variable V € V', &, = {f‘(fa"’"") | Vpay,, uv}.

where dy = HVGCU |Qpa, — Qy|and a(u) (u) > () are hyperparameters. Finally, we truncate
this construction by setting 14, = 1. Note from Eq (8) that all parameters 6,, for u > dy; are equal
to zero. As an example Fig.[2]shows a graphical representation of the data-generating process over

parameters ¢, and &, (pavuv) associated with SCMs in Fig. spanning over N observations.

Gibbs sampling is a well-known MCMC algorithm that allows one to sample posterior distributions.
For convenience, we introduce the following notations. Let parameters 8 = {0, | VU € U, Vu}

and £ = {fg/pa"’"") |VV e V,Vpav,uv}. The set U = {U(")}T]L1 are exogenous variables

affecting N observations V' = {V(”) }7]:;1; we use u to represent their realizations. Our blocked
Gibbs sampler works by iteratively drawing values from the conditional distributions of variables as
follows [22]]. Detailed derivations of complete conditional distributions are shown in Appendix [F}

Sampling P (@ | ©,60,£). Exogenous variables U (™), n = 1,..., N, are mutually independent
given parameters 6, £&. We could draw each (U ) 9,¢, V) corresponding to the nth observation
independently. The complete conditional for U (™ is given by

P (u(”) | q;(”),o,g) I] (e ) I1 ¢.. 9)

Vev v e UeUu

Sampling P (£,0 | v,4). Parameters &, 6 are independent given V', U. Therefore, we will derive
complete conditional &, 6 separately. Note that in discrete SCMs, the nth observation of variable

V € Vis decided by v(™ «— ") given pal™ = pay,, ul" = uy. Thus, draw values of each

fg’ aviuv) o £ from the complete conditional defined as:
P( (pay ,uy) | o '11) _ Ilgi/pavyuv):v(i) if 327 S.t. pa,( ) _ paVaug/) = uy, ' (10)
v ’ 1/|Qv] otherwise.

Letn, = 22;1 1,,(n —, records the number of values in u(™) that are equal to u. By the conjugacy
of the generalized Dirichlet distribution, the complete conditional of 6,, is given by, for every U € U,

u—1 du
Vu=1,2,...dy, eu:NuH(l_Ui)7 ty, ~ Beta (a( —|—nu,ﬂ + Z nk.> . (1D
i=1 k=u+1

Doing so eventually produces values drawn from the posterior distribution over (0, & U | V). Given
parameters 6, £, we compute the counterfactual probability 0.4 = P(Yg, . .., 24) following the
three-step algorithm in [33] which consists of abduction, action, and prediction. Thus computing 0
from each draw 0, &, U eventually gives us the draw from the posterior distribution P (6 | ©).

3.1 Collapsed Gibbs Sampling

We also describe an alternative sampler that applies to stick-breaking priors with a known Pdlya
urn characterization. Formally, consider stick-breaking priors in Eq. with hyperparameters
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ag‘) = ay/dy and BI(J“) = (dy — u)ay /dy for some real ayy > 0. Let U_,, denote the set
difference U \ U™); so does V_,, = V' \ V(™) Our collapsed Gibbs sampler first iteratively draws
values from the conditional distribution of (U (n) | U_,, V) ,n=1,..., N, as follows.

Sampling P (u(”) | 0,4 ) At each iteration, draw U (™) from the conditional given by
P (u 5.0, H P (v | pol? ul?, o0 ) H P(u™ o u ). (12)

Among quantities in the above equation, forevery V € V,

. _ o ) ) ()
P (v | pal?, v, n)Z{ﬂ”("):”(” 1030 7 gy = ol =

1/1Qv| otherwise.
For every U € U, let i_,, be a set of exogenous samples {u), ... =1y (N} Tet
{uj,...,u}} denote K unique values that samples in @_,, take on.
M ifu("):uz,forkzl,...,K
(n) | = _ _Jay+N-1
P(u™ |vo_p,u_yp) = (14)
av(l = K/dv) ifu™ & {ul,.. . ul}
ay + N —1 1 ’

where nj, = Z#n ]luﬁ):u; records the number of values in u(?) € @_,, that are equal to uj.

Doing so eventually produces exogenous variables drawn from the posterior distribution of (U | V).
We then sample parameters from the posterior distribution of (6, & | U, V'); the complete conditional

P (&,60 | v,u) are given in Egs. and (11). Finally, computing s from each sample 0, £ gives
us a draw from the posterior distribution P (O | ©).

When the cardinality di; of exogenous domains is high, the collapsed Gibbs sampler described here is
more computational efficient than the blocked sampler, since it does not iteratively draw parameters
0, £ in the high-dimensional space. Instead, the collapsed sampler only draws 6, § once after samples
drawn from the distribution of (U | V) converge. On the other hand, when the cardinality dy is
reasonably low, the blocked Gibbs sampler is preferable since it exhibits better convergence [22]].

3.2 Credible Intervals over Counterfactual Probabilities

Given a MCMC sampler, one could bound the counterfactual probability 6.+ by computing credible
intervals from the posterior distribution P (6 | ©).

Definition 4. Fix a € [0,1). A 100(1 — )% credible interval [l,, 7] for 0. is given by
lo=sup{z |Ply<z|v)=a/2}, ro=inf{z|Ply<z|v)=1-—a/2}. (15)

For a 100(1 — )% credible interval [l,,, 7], any counterfactual probability . that is compatible
with observational data v lies between the interval [, and r, with probability 1 — «. Credible
intervals have been widely applied for computing bounds over counterfactuals provided with finite
observations [20}, 47, [37, 8, 46]). As the number of observational data N grows (to infinite), the 100%
credible interval [lg, 7o) eventually converges to the optimal asymptotic bound [/, 7] in Eq. (6) [11].

Let {6(*) }thl be T samples drawn from P (6 | ©). One could compute the 100(1 — )% credible
interval for 6.+ using the following consistent estimators [39]:

fa(T) = (/DT Fo(T) = g([(A—a/2)TT) (16)

where §(1(@/2TD ¢(I(1=a/2)TT) are the [(c/2)T|th smallest and the [(1 — a/2)T"|th smallest of

{9(” } Our next results establish non-asymptotic deviation bounds for the empirical estimates of
credible intervals defined in Eq. (I6) for finite samples.

Lemma 1. FixT > 0and § € (0,1). Let function f(T,0) = /2T~ 1n(4/§). With probability at
least 1 — 8, estimators 1o, (T), 7o (T) for any o € [0,1) is bounded by

1o(T) € [la—pr.8)s Lot r(1.5)] Fa(T) € [Tatf(T,6)s Taf(1,5)) - (17)

3For any real o € R, [«] denotes the smallest integer n. € Z larger than o, i.e., [o] = min{n € Z | n > a}.
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We summarize our algorithm, CREDIBLEIN- Alzorithm 1: C I
TERVAL, in Alg. It takes a credible level gorithm 2: CREDIBLEINTERVAL
o and tolerance levels 67 € as inputs' In par- 1: Il'lpllt: Credible level a, tolerance level (5, €.

ticular, CREDIBLEINTERVAL repeatedly draw ~ 2: Output: An Cgedible interval [lo, ha| for O
T > [2¢721n(4/5)] samples from P (0u¢ | ©). 3: LetT = [2¢7%In(4/0)].
It then computes estimates o (T), ho (T) from  4: Draw samples {6, .. Q(T)} from the

drawn samples following Eq. (I6) and return posterior distribution P et \ U
them as the output. It follows immediately from 5. Return interval [l (T) (Eq .)
Lem.|l|that such a procedure efficiently approx-

imates a 100(1 — a))% credible interval.

Corollary 3. Fix 6 € (0,1) and ¢ > 0. With probability at least 1 — 6, the interval [I,7] =
CREDIBLEINTERVAL(a, §, €) for any o € [0, 1) is bounded by | € [lo—e,lote| and # € [Pote, Ta—e)-

Corol. [3]implies that any counterfactual parameter 6.y compatible with observational data v falls
between [/, #] = CREDIBLEINTERVAL (v, 8, €) with probability P (Hmf e [i,7] | 1‘)) ~l—ate As

the tolerance rate € — 0, [/, #] converges to a 100(1 — a)% credible interval with high probability.

4 Simulations and Experiments

We demonstrate our algorithms on various simulated SCM instances and a real world patient dataset
collected from the International Stroke Trial (IST) [[10]]. Overall, we found that simulation results sup-
port our findings and the proposed bounding strategy consistently dominates state-of-art algorithms.
When target distributions are identifiable (Experiment 1), our bounds collapse to the actual, unknown
counterfactual probabilities. For non-identifiable settings, our algorithm obtains sharp asymptotic
bounds when closed-form solutions already exist (Experiments 2 & 3); and improves over state-of-art
bounds in other more general cases where the optimal strategy is unknown (Experiment 4).

In all experiments, we evaluate our proposed bounding strategy based on credible intervals (ci). In
particular, we draw 4 x 10% samples from the posterior distribution over the target counterfactual
(Qctf | V). This allows us to compute 100% credible interval over 6.+ within error ¢ = 0.05, with
probability at least 1 —d = 0.95. As the baseline, we also include the actual counterfactual probability
6*. For details on simulation setups and additional experiments, we refer readers to Appendix [C|

Experiment 1: Frontdoor Graph This experiment evaluates our sam- U, Us
pling algorithm on interventional probabilities that are identifiable from R
the observational data. Consider the “Frontdoor” graph described in 1% I

Fig.where X,Y, W are binary variables in {0, 1}; Uy, Us € R. In this ®—>M

case, the interventional distribution P(y,) is identifiable from P(x, w,y) )

through the frontdoor adjustment [33, Thm. 3.3.4]. We collect N = 10* Figure 3: Frontdoor
observational samples V' = {X ™) Y () W(1N_ from a randomly

generated SCM. Fig. fia] shows samples drawn from the posterior distribution of the target probability
(P(Yy—o = 1) | V). The analysis reveals that these samples collapse to the actual interventional
probability P(Y,—o = 1) = 0.5085, which confirms the identifiability of P(y, ) in Fig.

Experiment 2: Instrumental Variables (IV) This experiment evaluates our bounding strategy in
non-identifiable settings, while closed-form solutions for the optimal bounds over target probabilities
already exist. Consider first the “IV”" diagram in Fig. [l where X, Y, Z € {0,1} and Uy, U € R.
The non-identifiability of P(y, ) from the observational data P(z,y, z) with the instrument Z and the
unobserved confounding between X and Y has been acknowledged in [3]]. For binary X, Y, Z, [2]
derived closed-form, sharp bounds over P(y,) (labelled as opt). We collect N = 10* observational
samples V' = {X () Y () 7N from a randomly generated SCM instance. Fig. [4b]shows
samples drawn from the posterior distribution of (P(Yw,o =1)| V) As a baseline, we also include
the optimal bound opt, and posterior samples obtained from the Gibbs sampler of [[11]], which utilizes
the canonical partitions of exogenous domains in [2]] (bp). The analysis reveals that our algorithm
derives the valid bound over the actual probability P(Y,—o = 1) = 0.3954; the 100% credible
interval converges to the optimal IV bound ! = 0.1468,r = 0.6617.
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Figure 4: Histogram plots for samples drawn from the posterior distribution over target counterfactual
probabilities. For all plots (a]-[d), ci represents our proposed algorithms; bp stands for Gibbs samplers
using the representation of canonical partitions [2]]; 6* is the actual counterfactual probability. (b
opt represents the optimal asymptotic bound, if exists. (@) nb stands for the natural bounds [30].

Experiment 3: Probability of Necessity and Sufficiency (PNS) We now study the problem of
evaluating the probability of necessity and sufficiency P(Y,—1 = 1,Y,—o = 0) from the observational
data P(z,y) in the “Bow” diagram of Fig. where X,Y € {0,1} and U € R. The sharp bound for
P(Yy,=1 = 1,Y,—¢ = 0) from P(x,y) was introduced in [44] (labelled as opt). We collect N = 10*
observational samples V' = { X (™) Y(")1N_ from an SCM instance. Fig.shows samples drawn
from the posterior distribution of (P(Y,—; = 1,Y;—o = 0) | V). As a baseline, we also include the
optimal bound opt, and posterior samples obtained from the Gibbs sampler which discretizes the
exogenous domains using canonical partitions [2] (bp). The analysis reveals that our 100% credible
interval (ci) matches the optimal PNS bound [ = 0, = 0.6775, i.e., the proposed strategy achieves
the sharp bound over the counterfactual probability P(Y,—1 = 1,Y,—o = 0) = 0.1867.

Experiment 4: International Stroke Trials (IST) IST was a large, randomized, open trial of up
to 14 days of antithrombotic therapy after stroke onset [10]. In particular, the treatment X is a pair
(i,7) where ¢ = 0 stands for no aspirin allocation, 1 otherwise; j = 0 stands for no heparin allocation,
1 for median-dosage, and 2 for high-dosage. The primary outcome Y € {0,...,3} is the health
of the patient 6 months after the treatment, where 0 stands for death, 1 for being dependent on the
family, 2 for the partial recovery, and 3 for the full recovery.

To emulate the presence of unobserved confounding, we filter the experimental data with selection
rules f )((Z), Z € {0,...,9}, following a procedure in [49]. Doing so allows us to obtain N = 3 x 103
synthetic observational samples V' = {X (") Y() Z()1N__ that are compatible with the “Double
bow” diagram of Fig. We are interested in evaluating the treatment effect E[Y,_; o] for
only assigning aspirin X = (1,0). Fig.[4d|shows samples drawn from the posterior distribution
of (E Yo—(1,0)] | V). As a baseline, we also include a naive generalization of the discretization
procedure (bp) [2]] (see Appendix@]) and the natural bounds [36, [30] estimated at the 95% confidence
level (nb) [49]. Posterior samples of ci and bp are drawn using our proposed collapsed sampler
due to the high-dimensional latent space. The analysis reveals that all algorithms achieve bounds
that contain the actual, target causal effect E[Y,— 1 o)] = 1.3418. Our bounding strategy obtains a
100% credible interval I.; = 1.2604, r,; = 1.4687, which consistently improves over all the other
algorithms (I, = 1.1121,rp, = 1.8073, 1, = 1.1195,7,, = 1.6221).

5 Conclusion

This paper investigated the problem of partial identification of counterfactual distributions, which
concerns with bounding unknown counterfactual probabilities from the combination of the obser-
vational data and qualitative assumptions of the data-generating process, represented in the form of
a directed acyclic causal diagram. We studied a special family of SCMs with discrete exogenous
variables, taking values from a finite set of unobserved states, and showed that it could represent all
counterfactual distributions (over finite observed variables) in an arbitrary causal diagram. That is,
this new family of discrete SCMs is counterfactual equivalent to the original family of candidate
SCMs compatible with the causal diagram. Using this result, we developed a novel algorithm to
derive bounds over counterfactual probabilities from finite observations, which are provably tight.
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A On the Expressive Power of Discrete Structural Causal Models

In this section, we provide a detailed proof for Thm. [I] which establishes the expressive power
of discrete SCMs in representing counterfactual distributions over finite observed domains. For
convenience, we will focus on the following equivalent definition of discrete SCMs which will
facilitate the understanding of the proof.

Definition 5. An SCM M = (V,U, F, P) is said to be a discrete SCM if

1. For each exogenous U € U, its domain (;; is discrete and at most countable;

2. For each endogenous V' € V, its domain {2y is discrete and finite;

3. Values of each endogenous V' € V are given by v <— hy,, (pa ) where h,,,, is a function
mapping from finite domains of Pay to V.

For every V' € V, we denote by 4, a hypothesis class containing all function mapping from
domains of Pay to V, ie., J6& = Qp,, — Qy.

The main challenge in our proof is to show that given an arbitrary SCM M with arbitrary exogenous
domains, one could construct a discrete SCM N, with bounded cardinality of exogenous domains,
such that NV and M induces the same counterfactual distributions and the causal diagram. To illustrate
this idea, consider the sample “Bow” graph in Fig. [ldwhere X, Y are binary variables in {0, 1}.
Since Y is not a descendant of X, counterfactual variable X,, = X for any y € {y, i.e., intervening
on Y has no causal effect on X [18]]. It is thus sufficient to consider the counterfactual distribution
P(x,yz=0,Yz=1)- Let functions in the hypothesis class H x be ordered by hgp = 0 and hg?) =1
and let functions in the hypothesis class Hy be ordered by:

m (@) =0, (@) =, W (@) = -, @) =1 a8
Let ./ be the set of all SCMs compatible with G and let .4 be the set of all discrete SCMs compatible
with G and discrete exogenous domain || < 8. To prove the counterfactual equivalence between
A and ¥, it suffices to show that for any M € M, one could construct an N € A so that
P (2, Yo—0, Yo=1) = Pn(x, Yz=0, Yz=1). The construction procedure is described as follows. Let
the exogenous U in N be a pair (Ux, Uy ) where Ux € {1,2} and Uy € {1,...,4}; values of X
are given by x <« h(;(”‘); values of Y are given by y <+ hgﬁ‘ ")(x). It is verifiable that in such IV, the
counterfactual distribution P(z, y,—0, yz—1) equates to, for all ¢, j, k € {0, 1},

Py(X =i,Yyo=3, Yooy =k) = Py(Ux =i+ 1,Uy = 2j + k +1). (19)
For any SCM M € M, let the exogenous distribution Py (ux,uy) be, for all 4, j, k € {0, 1},
Pyv(Ux =i+ 11Uy =2j+k+1)=Pu(X =4,Yom0 = j,Yom1 = k). (20)

It follows from Egs. and (20) that M and N coincide in the counterfactual distribution
P(2,Yz—0,Yz—=1). That is, when inferring counterfactual distributions in Fig. with binary X,Y,
we could assume that the exogenous variable U is finite and discrete, without any loss of generality.

For the remainder of this section, we will generalize the construction described above to arbi-
trary causal diagrams. Our analysis rests on the framework of structural causal models and the
measure-theoretic probability theory. Formally, each U € U is associated with a probability space
(Qu, Fu, Py) where Q is a sample space containing all possible outcomes; F; is an event space
containing subsets of Q¢; and Py is a probability measure mapping from events F; to reals in [0, 1].
Values of exogenous variables U are drawn following the product measure P = Qu ey Py. We refer
readers to [6, [7] for a detailed introduction to the measure-theoretic probability theory.

A.1 Canonical Partitions of Exogenous Domains

Our proof for Thm. [T]relies on a family of canonical models which any SCM could be reduced to
while maintaining counterfactual distributions and the network structure encoded in the induced
causal diagram. Fix an endogenous V' € V. Given any configuration Uy = uy, the induced
function fy (-, uy ) must correspond to a unique element in the hypothesis class 7%, . Naturally, such
a mapping leads to a finite partition over the exogenous domain €7, .

Definition 6. For an SCM M = (V,U, F, P), for each V € V, let functions in .74, be ordered by
{h@}ielv where Iv = {1,...,my},my = |54/]. A collection {L{‘(,i)} is said to be canonical

i€ly

partitions of (exogenous domains of) V' if for all ¢ € Iy, L{‘(}) = {Vuv | fv(uy) = hg) }
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Figure 5: Canonical partitions of exogenous domains of X,Y and Z. In @), each canonical partition
Z/{;) is covered by a finite set of (almost) disjoint cells (e.g., [2, 3] X [0, 1]).

As Uy varies along its domain, regardless of how complex the variation is, its only effect is to switch
the functional relationship between Pay and V among elements in the class .773,. Formally,

Lemma 2. Foran SCM M = (V. U, F, P), foreachV € V, fy € F could be decomposed as:

fr(pay,uv) = 3 b (pay)1, - 1)

i€ly
Proof. By the definition of the canonical partitions U(i), 1t =1,...,my, for any uy € U‘(/TV),
v uy) = hg;")(-). Fix Pay = pay. We have fy(pay,uy) = h%;")(pav). Since L{‘(}),
i=1,...,my, form a partition over domains 27, , given the same pay,, uy, the r.h.s. of Eq. @
must equate to hi,r v) (pay, ), which completes the proof. O

As an example, consider an SCM M associated with the “Double bow” graph of Fig. [Tb| where
X, Y, Z are binary variables in {0, 1}; Uy, Us are continuous values in [0, 3]. More specifically,

Ui ~ Ul’lif(O,S),i = 172, Z fz(ul) = ]lulg]_ﬁ,

(22)
x4 fx(z,ur,u2) = Locu <42 ® Locyy<ato, Y fy(z,u) = locyy<ayo,

where @ is the “xor” operator. We show in Fig. [5] the canonical partitions induced by functions
fx, [y and f7 respectively. To illustrate, Table[I]describes how the functional mapping between X
and Y switches among Hy as values of Uz move across canonical partitions.

0<lU; <1 1<U; <2 2<U; <3
X=0 V=1 Y =1 Y =0
X=1]Y=0 Y=1 Y=1

Table 1: Output of fy (x,us) in Eq. (12[) For any us, fy (x,us) never equates to hg})(x) = 0.

The decomposition of Lem. 2]implies that function fy could be written as follows:

Sy (z,u2) = Luyepo,)® + Luyen,2) 7% + Lusere 1 (23)

A natural question as this point is whether one could (1) discretize the exogenous domains of Uy, Us
following canonical partitions of X, Y, Z and (2) replace the original U; , U, with a discrete exogenous
variable U with cardinality of 2 x 4 x 4 = 32. Fig.|lc|shows the causal diagram of the modified
discrete SCM. However, such a discretization procedure does not maintain the network structure
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of the original causal diagram in Fig. [Tb] thus failing to encoding some critical constraints over
counterfactual distributions. For instance, variables Z and Y, are independent since they are solutions
of exogenous variables U; and Us respectively; Uy, Us are mutually independent. On the other hand,
for any discrete SCM of Fig. such an independence relationship does not necessarily hold: Z and
Y, could be correlated since they are solutions of the same exogenous variable U'.

A.2 Decomposing Canonical Partitions

Previous example calls for a more fine-grained decomposition of canonical partitions. To begin the
discussion, we introduce a special type of subdomains called cells.

Definition 7 (Cell). Foran SCM M = (V U, F, P), foreach V € V, Ry is said to be a cell in
domain Qy,, if Ry = Xyev, Rv,y where Ry, C Qy, forevery U € U.

By definition, for |Uy| = 1, any subset of Q,, is a cell (e.g., see Fig. . However, it is not
always the case when |Uy| > 2. For instance, U§,4) in Fig. is not a cell. To see this, let
Ry,u, = Ry,u, = [0,1) U (2, 3]. It is verifiable that Z/l}(f) # Ry,u, X Ry, since Ry,y, X Ry,u,
consists of subsets [0, 1)2 and (2, 3]2 which is contained in 2/} )

Arbitrary subsets A, B of an event space are said to be almost disjoint if their intersection has measure
zero, i.e., P (AN B) = 0. Our next result shows that each canonical partition could be decomposed
into a countable union of almost disjoint cells.

Definition 8 (Covering). Foran SCM M = (V, U, F, P), forany V € V, let Uy be an arbitrary
subset of {7, A countable set of cells {Rgﬁ)} is said to be a covering of Uy if (1) for any

jeJv
i 7, Rg) and Rg/j) are almost disjoint; (2) Uy C UjerRg); 3) P (Uy) = Zjer P (Rg))
Lemma 3. Foran SCM M = (V U, F, P), there exists a covering {Rg)} ; for each canonical
JjeJv

partition U‘(/i),for anyi € Iy, any V € V.
Proof. We now consider a stronger statement showing that any subset Uy, C €17, has a covering.
For any A C Qy,,, define a set of countable collections C(.A) with cells Ry € Qg

C(A) = {C C Fy, | Cis at most countable and A C Ug,ccRv} . (24)

By definition of product measure P [[6, Theorem 9.2], we have:

PUy) = inf{ Z P(Rv)|VCeC (Uv)} . (25)
Ry eC
We could thus obtain a countable set C of cells Ry € Q. such that
Uy C URvGCRV7 P(UV) = Z P(Rv) (26)
Ry eC

What remains is to show that every pair ’Rg), Rg) € C are almost disjoint. This is equivalent to

proving the following statement:

P(UryecRv) = Y P(Ry). (27)
Ry eC
It is sufficient to show that
P(UryecRv) > Y P(Ry). (28)
Ry eC

Suppose now the above equating does not hold. There must exist a set ' € C (Ug, ecRv ) such that

P(UryecRv)= Y P(Ry)< Y, P(Ry). (29)

Ry eC! RveC

*For convenience, we use [a, b]? to represent the Cartesian product of intervals [a, b] x [a, b].
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By the definition of C (Uy/) in Eq. (24), we also have C’ € C (Uy). This means that

PUy)< Y PRv)< > P(Ry), (30)
Ry el RveC
which is a contradiction to Eq. (26). This means that set C forms a covering {T\’,g)} — over
JeEJv

domains of Uy, where Jy is a countable indexing set.

Consider the partition U;g) in Fig. Let cells Rgg) =[j—1,4]% j = 1,2,3. Itis verifiable that
Z/l)((l) - Uj=172,3Rg§). Since finite points in Q7, x Qg (e.g., u1 = ug = 1) has measure zero,

P (u)((”) = P((U1,U3) € [0,1)2U 1,22 U (2,3]?) = j; 3P (Rﬁ?) . 31)

By Def. {Rgp, Rg?), Rg?) } is thus a covering of U )((1 ). The characterization of canonical partitions
and coverings permits us to decompose counterfactual distributions in the canonical form as follows.
Lemmad4. Foran SCM M = (V. U,F,P), letI =XyeylIly. ForY,....Z X,..., W C VE]

P(Yar2w) = O Ay iy=y A Az, =2 P ( A u@) : (32)

vev

where variables of the form Y, (1) is defined as:
Ty ifYyeX

Y. (i) ={Yz(2) | VY € Y} where Y, (i) = {hﬁ) ({Ve(3) | V € Pay}) otherwise

Moreover, let {Rgﬁ)} is a covering of each canonical partition Z/{(i); andlet J = Xycydy.
JjeEJv
The above equation could be further written as, for any ¢ € 1,

P(/\M@):ZP(/\R@):ZHP A RU . (33)

vev jed vev jeJUeU Vech(U)

where ch(U) are child nodes of U in DAG G, i.e., ch(U) ={VV e V |U € Uy }.

Proof. We first show that for any Y, X C V, given any u, x, *xy,
Ly, =y =D Mva=y ] 1,y cur- (34)
iel vev

Let Gx be a subgraph obtained from the causal diagram G by removing all incoming arrows of X.
Forany Y € Y, let An(Y')g be the set of ancestor nodes of Y in a DAG G, including Y itself. We
will prove Eq. by induction on n = maxy ¢y ‘An(Y)gY‘.

Base Case n = 1. Inthiscase,forY ¢ X NY, 1y, (w)=y = ly=sz, where xy be the values
assignedto Y inx. For Y € Y \ X, we must have Pay = (). This implies

Ly, =y = Ly (uy)=y (35)
= ]ly=2iery hg/i)ﬂuy e # By Lem. 2] (36)
= Z ﬂhgf):y]luyeui(,i) (37

i€ly

>For any index sequence 4 € I, we use iy to represent the element in 4 with restriction to V' € V. We omit
the subscript V' when it is obvious; therefore, Z/{‘(,Z) = Z/{‘(,Z V), h&;) = hgﬁ‘/). The same appliesto j € J.
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627 The above equation implies

]le(”)zy = H Ly—ay H Z ]l =y uyeu( R (38)

YeEYnXx Ye(Y\X)iely

= Z H ]ly:my H ]lhg,i)zy H ]luveu‘(j) (39)
el YeEYNX Ye(Y'\X) Vev

= Z Ly, (5)=y H ]luvelxl‘(j)' (40)
icl Vev

628 The last step follows from the definition of variables Y (%) given index ¢ € I.

e20 Induction Case n = k + 1. Assume that Eq. (34) hols for n = k. We will prove for the case
60 n=K+1ForYeXnNY,ly, (u-y = ly—z,. ForY € Y \ X, the decomposition in Lem. ]2| I
631 implies:

Ly, (w=y = Lpy ({Va(u)|VePay },uy)=y (41)
=L, B (VaIVePay DL o *42)
= Z Z]lhgf)(pay):y]l{Vm(u)|V€Pay}:paY]luyeu§j)- (43)

i€ly pay

e32  Since Eq. holds for Case n = k, the above equation could be further written as

Iya(w=y = Z Z]lh(y’(pay) y uyeu“zﬂ{‘/ ()|VEPay }=pay H Ly eu (44)

iely pay il Vev
= Z Z ]lhg,i)(pay):y]l{vm (i)|[VePay }=pay H ]luv 61/1‘(}) (45)
i€1 pay Vev
- Zﬂh@({vm(iﬂvway}):y H Ly eus- (46)
el Vev

633 We thus have

Ly, (w=y = H Ly=ay H Z]lh(”({vm(z)WePay}) uH uyeul) 47

Yeynx Ye(Y\X) i€l

= Z H Ly—ay H ]lhg;‘)({vm(mvepay}):y H ﬂuveuy‘) (48)
i€l YEYnX Ye(Y\X) Vev

= Z ]lYm(i):y H ﬂquM‘(j) . 49)
iel vev

634 The last step follows from the definition of variables Y, (%) given index ¢ € I.

635 We now consider the proof of Eq. (32). The statement of Eq. (34) implies that for any
636 Y,....Z, X,... WCV,

P (Ygy- oy 200) = /Q ]lYm(u):y/\"'/\]lZw(u):zdP(’u') (50)
U
/ <Z 1y, (i)=y H ]lu culi )> Ao A (Z ]lZw(i):z H ]luveu‘(,i)> dP(u) (28
Qu \jer vev el Vev
/ Z]ly @)=y NNz, (5)== H ]luveuy)dP(u) (52)
U iel vev
= Z ]lym(l): - A ]lzw (3)= z/ eu‘(})dp(u) (53)
iel Qu yey
=Y v,y A Az P ( A\ u&”) : (54)
iel Vev
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What remains is to prove Eq. (33). We first show that, for any A € F,

P(uf na) =3 P(RYAA). (55)

JjEJv

Let A = Q\ A. Since {Rg)} is a covering of U, we have L{‘(/i) C UjerRg). This implies
jedy

P (u&’) A A) < j;v P (Rg) A A) P (u‘@ A A”) < j;v P (R‘V” A AB) . (56)

We will next show that the above inequality relationships are both tight. Suppose say, the inequality
in Eq. (59) is strict. We must have

P(uf?) =P (Ul nA) + P (U 1 A%) (57)
<> P(RYAA)+ D P(RY AAL). (58)
jedv jedv

The above equation implies
P(uf) <> P(RY), (59)
jedy
which is a contradiction. The property of Eq. implies, for any ¢ € I,

P(/\M&”):ZP(/\ R&’). (60)

Vev jeJ Vev

Since each cell RE} ) is a Cartesian product of subsets Xy, Rg )U of each exogenous domains and
exogenous variables in U are mutually independent, we must have, for any j € J,

P(/\ R(Vj)>: el A rY 61)

Vev UeU Vech(U)

The above equations together prove Eq. (33). O

Consider again the SCM M described in Eq. (22). Note that the only function in the hypothesis class
‘Hz compatible with event Z = 1 is h(ZQ) = 1. Similarly, event X,—o = 0, X,—; = 0 corresponds to

the function hgg) (z) = 0in Hx. Applying the decomposition of Eq. gives:

P(Z=1,X00=0,X.0i =0) = > P(UP ) nti?) =P (uf nta’). @

i=1,....4

Among above quantities, the canonical partition L{éz) = {u; €10,1.5]}isacell. U )((1 ) has a covering
of {(u1,u2) € RY | j = 1,2,3} where RY) = [j — 1,7, Eq. (33) implies

P (uﬁ’ /\Z/I)((l)) = Y P(UL€[0,15]A (U1, Us) € [j - 1,5%)
j=1,2,3
—P(U, €[0,1)P(Us € [0,1]) + P(Us € [LL15) P (Us € [1,2]).  (63)
Computing Egs. and gives P(Z =1,X,—9=0,X.—; = 0) = 1/6. One could verify this

answer from the parametrization of SCM M in Eq. (22)) using the three-step algorithm introduced in
[33]] which consists of abduction, action, and prediction.
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A.3 Bounding Cardinalities of Exogenous Domains

The decomposition in Lem. []implies a discretization procedure that could reproduce all counterfactual
distributions in any SCM M = (V,U, F, P). First, we decompose the exogenous domain s, for
each V' € V into the canonical partitions. Second, we further decompose each canonical partition
using its covering. By doing so, we obtain a partition over the exogenous domain 27, which consists
of countably many (almost) disjoint cells; each cell is assigned with a function (say, hy ) in the
hypothesis class 73,. Finally, for each configuration Uy, = uy/, we find the cell partition containing
uy and generate values of V' using the associated function hy . We formalize this data-generating
process using a canonical family of SCMs described as follows.

Definition 9. An SCM M = (V, U, F, P) is said to be a canonical SCM if for each V € V, let
{Rg)} be a covering of Qyy,, ; function fy € F is given by, fori; € {1,...,my},j € Jv,
Jjedv

fr(pay,uv) = > by (pay)L, o (64)
JjEJV

Consider the SCM M described in Eq. (22) as an example. Let N be a canonical SCM compatible

with the DAG of Fig. its covering cells (e.g., RE?) and corresponding functions (hg?) (2))
associated with X, Y, Z are graphically described in Fig. [5|respectively. It immediately follows from
Lem.[d]that M and N generate the same collection of counterfactual distributions P*.

Lemma 5. For a DAG G, let M be an arbitrary SCM compatible with G. There exists a canonical
SCM N compatible with G such that Py; = Py, i.e., they coincide in all counterfactual distributions.

Proof. ForeachV € V in SCM M, let {Rg)} o denote a covering for a canonical partition
jedy

Z/l‘(/i), i € Iy. Since {L{‘(/i)}ie 1, forms a partition over the exogenous domain ;.. The collec-

tion {’Rg) |je J‘(}), Ve V} forms a covering over {),,. Let Jy be the union of indexing set

Uier, J‘(,i ), Naturally, any element j € Jy must belong to a subset J, (i); let 7; denote such index

1. We construct a canonical SCM N using coverings {Rg)} and index ¢; described previ-
j€Jv

ously. Let J = XyeydJy. ForanyY,...,Z, X,..., W C V, the counterfactual distribution

P(Yz, .-, Z) in the canonical SCM N is equal to

P(yma R zw) = Z ]le(ij)=y ARRRNA ]lZw(ij)zzP ( /\ R8)> ) (65)
jedJ Vev

where ; is the indexing sequence (;) .. Lem. |4l together with some reordering over indices in ¢,
J€J 3
implies that M and N induce the same collection of counterfactual distributions. O

Given a canonical SCM, one could immediately obtain a discrete SCM by discretizing exogenous
domains following the covering cells. Since each cell is a Caresian product of subsets (Def. [7), the
resulting discrete model must induce a causal diagram with the same network structure.

Lemma 6. For a DAG G, consider the following conditions: (1) . is the set of all SCMs com-
patible with G; (2) N is the set of all discrete SCMs compatible with G. Then, .# and . are
counterfactually equivalent.

Proof. For any cell Rgf) = Xvevy Rgﬁ)U, we call Rg)U the projection of ’Rg) to domains of U.
We will describe a discretization procedure that discretize domains of each U € U following the
intersections of projections ﬁVech(U)'Rg}U? Vj € Jy. Foreach V € ch(U), for any infinite binary

sequence 1y, € {0,1}7V, let an event A o € Fu, be,forj € Jy,
Vv,U

(9) e (4)
Ay =B vy =1 (66)
W | Qu\RYy ifrdy, =0.
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Forany ry = {ryy : V € ch(U)}, letasubset A,., € Qp be
Av= (1 ) A - (67)
Vech(U) jedv
Since A Vry, enumerates all possible intersections of projections RVU, we could obtain
(4)

probabilities over any intervention ﬁvech(U)Ru .y using the join probability P (A, ).

rV,U

It now suffices to show that distribution P (A,,) has countable support, i.e., the set Ay =
{A;, : P(A,,) > 0} has at most countably elements. Since P is a probability measurable,
P(A,,) € [0,1]. By the construction of Eq. , we must have > P (A;,) = 1. If the
sum over an uncountable set of reals is finite, then there exist at most countable number of events
A, such that P (A,,) > 0, i.e, the set Ay is countable. O

Lem. [6| implies that one could represent all counterfactual distributions in a causal diagram using
a countably infinite number of exogenous states. To prove Thm. [I] what remains is to bound the
cardinality of the exogenous domain. More specifically, we will show that any discrete SCM M with
cardinality |Qu| > [[y ¢, |74, YU € U, Cy is the c-component that contains all child nodes of
U, can be modified into a discrete SCM N with [Qy| <[]y, cCo |74/], VU € U, while maintaining
all counterfactual distributions P* and the same network structure in the causal diagram.

Theorem 1. For a DAG G, consider the following conditiomﬂ' (1) A is the set of all SCMs
compatible with G; (2) N is the set of all discrete SCMs compatible with G where for every U € U,
its cardinality |Qu| = [[ycc,, 92Pay ] j
V' for every variable V' in the c-component Cyy. Then, 4 and N are counterfactually equivalent.

Proof. Lem.[d]implies that it suffices to prove that for any discrete SCM M € M, there exists a
finite SCM N € A such that M and N coincide in the joint distribution over canonical partitions

( Avev U (i )> C-components in C(G) implies the following decomposition

P(/\ZA@) I1 P(/\U“) (68)

vVev cec(9) veC

We now focus on the consistency for the joint probability P (/\vec Z/{‘} ) for each C € C(G).

Fix a c-component C.. Let P be a vector representing probabilities of (P < Avec Z/{‘(/i )>) r which
i€
could be seen as a point in d — 1-dimensional real space where d = ], |73 |ﬂ Let Ue denote

the collection Uy ¢cUy . Fix an exogenous U € Ug. Let P, ( Av cCc Z/l‘(} ) ) denote joint distributions
over canonical partitions when U is fixed as a constant u € ;. More specifically,

P AW) S Mt T ru) ®

veC u\uVeC c(U\U)

Similarly, let ]5; be a vector in R%~! representing probabilities of P, (/\VGCU\(/i))' By basic
probabilistic operations, we must have P = > ﬁuP(u) Thatis, P € R* !isa point lies in the
convex hull of a set {ﬁu | Vu € QU}. The Carathéodory theorem [9, [13] implies that we could write

P as a convex combination of at most d points in {]3“ | Vu € QU}. That is, for d distinct values

{ul, e ,ud} in QU,
d
P=> w4P,,, where wy > 0,k =1,...,d, and Y wi = 1. (70)
k=1

*For every V € V, Qpq,, — Qv is the set of all functions mapping from domains Q2pqa,, to Qy-.
"By definition, P is a vector with d = IIvcc |#4/| elements. Since ), P </\vch\(/i)) = 1, it only

takes a vector with d — 1 dimensions to uniquely determine P.
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We could replace P(u) with a distribution P’(uy) = wy over a finite discrete domain Q}, =
{u1,...,uq} and obtain a discrete SCM N that reproduce all counterfactual distributions in M with
cardinality [Qu| <[]y ¢, |#|forafixed U € U. Finally, we complete the proof by repeatedly
applying this replacement for every U € U. O

A.4 Partial identification of Counterfactual Distributions

To demonstrate the expressive power of discrete SCMs, we investigate the problem of partial iden-
tification of counterfactual distributions. For an SCM M* = (V U, F, P), we are interested in
evaluating an arbitrary counterfactual probability P(yg, .. ., 24 ). The detailed parametrization of
M* is unknown. Instead, the learner only has access to the causal diagram G and the observa-
tional distribution P(v) induced by M*. Our goal is to derive an informative bound [I, r| from the
combination of G and P(v) that contains the actual counterfactual probability P (Y, . . ., Zw)-

Let .4 denote the family of discrete SCMs defined in Thm. [1| which are compatible with the causal
diagram G. We derive a bound [I, 7] over P(yz, . . ., 24 ) from the observational data P(v) by solving
the optimization problem in Eq. @ It follows immediately from Thm. [1|that the solution [I, 7] of
the optimization problem Eq. (6) is guaranteed to be a tight bound over the unknown counterfactual
PYzy -y Zw)-

Corollary 1 (Soundness). Given a DAG G and an observational distribution P(v), let 4 be the set
of all SCMs compatible with G and let #, = {NM € # | Pp;(v) = P(v)}. For the solution [l, 7]
of Eq. (6). Pri(Yz, - - -+ Zw) € [L,7] for any SCM M € M.

Proof. Without loss of generality, we assume .#, # 0, i.e., G and P(v) are compatible. For any
M € #,, Thm. |l|implies that there exists a discrete N € .4 such that Py(v) = Py (v) =
P(v) and Py (Yg,- -, 2w) = Pr(Ya, ..., 2w). The optimization problem of Eq. (6) ensures
Py (Yas - - -, 2w) € [I,7], which completes the proof. O

Corollary 2 (Tightness). Given a DAG G and an observational distribution P(v), let # be the set
of all SCMs compatible with G and let #, = {NM € # | Pp;(v) = P(v)}. For the solution [l, ]
of Eq. (@) there exist SCMs My, Ms € M, such that Prp, (Y, -+ - s Zw) = b Prty Yy oy Za0) =1

Proof. Let A, = {VN € 4 | Py(v) = P(v)}. The optimization problem of Eq. (6) ensures that
there exist discrete SCMs Ny, Ny € A, such that P, (Yz, - - -, 2w) = Iy PNy (Yy - - -y Zo) = 7. For
any N;, i = 1,2, Thm.implies that one could find an SCM M; € ., such that Py, (Yo, - - - , Zaw) =
Pn,(Yz, - - - Zw). This completes the proof. O

A.5 Acyclic Directed Mixed Graphs

In the causal inference literature [43| 45|, a causal diagram could also be represented by an acyclic
directed mixed graph (ADMG), where exogenous variables are not explicitly shown. Formally, an
ADMBG associated with an SCM M = (V' U, F, P) is an augmented DAG where nodes represent
V', arrows represent arguments Pay, of each function fy ; and a bi-directed arrow between nodes
Vi and V; indicates the presence of unobserved confounders (UCs) affecting both V; and V7, i.e.,
Uy, NUv, # Qﬁ For instance, Fig. @ shows an ADMG compatible with SCMs described in Fig. @
Similarly, it is also compatible with SCMs graphically described in Fig. That is, an AD

describes an equivalence class of DAGs (more than 1). [43| Def. 5] introduce an algorithm to project
a DAG to an ADMG which maintains the same causal relationships over endogenous variables.

We will study an inverse algorithm that translates an ADMG into a DAG while maintaining all
counterfactual distributions. Our construction rests on a novel object called the confounded clique.

Definition 10 (c-clique). For an ADMG G, a subset C' C V is a c-clique if any pair V;,V; € C'is
connected by a bi-directed arrow in G, i.e., V; <+ V; € G.

8The definition of ADMG used here differs from the one studied in [[13]. According to [[15], the ADMG in
Fig.[6b]uniquely corresponds to the DAG in Fig.[6a} the ADMG for the DAG of Fig.[6c]is not defined.
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Figure 6: DAGs (@ [d) containing a treatment X, an outcome Y, and a covariate Z; and (b) their
corresponding ADMG; (@) an ADMG that is counterfactually equivalent to the DAG in Fig.

A c-clique C in G is maximal if there exists -
no other c-clique that contains C'. We denote Algorithm 2: INVERSEPROJECT

by ¢(G) the set of all maximal c-cliques in 1 Input: An ADMG G

an ADMG G. For instance, the ADMG of 2: Output: A DAG H.

Fig. [bc| has a single c-clique C = {X,Y,Z}. 3 LetH =¢G.

Fig. [6d| contains two c-cliques C; = {X,Z}  4: for each c-clique C in ¢(G) do

and Cy = {X,Y}; while it only contains a sin- For every pair V;, V; € C, remove
gle c-component {X,Y, Z}. Vi <> V; from H.

DB W

. o 6:  Add an exogenous node U in H.
Our algorithm INVERSEPROJECT, described in =~ 4. pq; every V € C,add U — V in H.
Alg.[2} translates an ADMG into a DAG by re-  g. and for ’

placing bi-directed arrows in each c-clique with
arrows from a new exogenous variable. As an
example, Fig. [6c| shows an DAG obtained from the ADMG of Fig. [6b] where exogenous variable
U corresponds to the c-clique C' = {X,Y, Z}. Fig.|lb|shows a DAG obtained from applying IN-
VERSEPROJECT to the ADMG of Fig.[6d] The following proposition shows that INVERSEPROJECT
constructs a DAG that generates the same counterfactual distributions in the given ADMG.

Lemma 7. For an ADMG G, let H be a DAG obtained from INVERSEPROJECT(G), consider the
following conditions: (1) # is the set of all SCMs associated with G; (2) N is the set of all SCMs
associated with H. Then A and N are counterfactually equivalent.

Proof. By the definition of ADMGs, a backdoor path V; <— U, — V; € H indicates the presence
of a bi-directed arrow V; <+ V; € G. Therefore, any SCM N compatible with the DAG H is also
compatible with the ADMG G. Thatis, N € .4 implies N € .Z.

It suffices to show that for any SCM M compatible with the ADMG G, there exists an SCM
N compatible the DAG H such that for any X C V, Py/(v|do(z)) = Py(v|do(zx)). Let c?-

components ¢(G) = {C1,...,C,}. We will construct a partition Uy, ..., U, over exogenous
variables U in M. Let U; = Uyec, Uy and U, = Uvec, Uy \ (Uj<iUi> fori = 2,...,n. By
construction, we must have Ui C Uyec, Uy . Finally, we obtain an SCM N compatible with DAG ‘H
by (1) simply grouping exogenous variables U in M into the partition U = {Ui,...,U,} and (2) use

U as the exogenous variables in the modified model V. Since structural functions F' and exogenous
distribution P remain the same, M and /N must coincide in all counterfactual distributions. O

To characterize counterfactual distributions in an ADMG G, we could apply procedure INVERSEPRO-
JECT to obtain a DAG H. Lem. [7]and Thm. [I|imply that one could assume exogenous variables in G
to be exogenous variables in H with finite domains, without loss of generality.
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B Monte Carlo Estimation of Credible Intervals

In this section, we provide proofs for the large deviation bounds for empirical estimates of 100(1 —
a)% credible intervals introduced in Sec.

Lemma 1. FixT > 0and 6 € (0,1). Let function f(T,8) = /2T~ 11n(4/6). With probability at
least 1 — 6, estimators I, (T), 7o (T) for any o € [0, 1) is bounded by

1o(T) € [la—pr.8)s Lot r(r5)] Fa(T) € [Tatp(T,6), Taf(1.5)) - 17)

Proof. Fix € > 0. If [o(T) > lo 4., this means that there are at most [(c/2)T] — 1 instances in

T
{Hiff) } that are smaller than or equal to /. That is,
t=1

P(i( )>la+€) <p <Z110(5><la+ < [(a/2)T] - 1) (71)

<P ‘
< <tZ Lo, <(a/2) ) (72)
1 at+e €
<P <T;]l9§$)§la+e STy 2> (73)
T 2
< exp (—5) : (74)

The last step in the above equation follows from the standard Hoeffding’s inequality.

If [, (T) < lo_, this implies that there are at least [(/2)T"] instances in {GC(tf) } that are larger

than or equal to [, .. That is,

T
P (ZQ(T) < za,e) <P (Z ooy > [(a/2)T]> (75)
t=1
T
=P (Z oW, . = (@/2) ) (76)
t=1
1 a—€ €
<Pl=)> 1w > + = 77
(T ; 00 <lae = 3 2)
2
< exp (T26> . (78)

The last step follows from the standard Hoeffding’s inequality. Similarly, we could also show that
2

P (EQ(T) < hw) < exp (—T;> , P (EQ(T) > ha,e) < exp (—T;Q) .9

Finally, bounding the error rate by /4 gives:

Te? 5
exp (—26) =1 = e=+/2T"11n(4/9). (80)
Replacing the error rate € with f(7',§) = /27~ 1n(4/6) completes the proof. O

Corollary 3. Fix § € (0,1) and ¢ > 0. With probability at least 1 — 6, the interval [I,7] =
CREDIBLEINTERVAL(«, 6, €) for any o € [0, 1) is bounded by | € [loy—e,lo+e] and # € [Tote, Ta—e)-

Proof. The statement follows immediately from Lem. by setting /27— 11n(4/4) < e. O

24



814

815
816
817

818
819

820
821
822

823
824

825

826
827

828

829
830
831

832

833
834
835
836
837
838
839
840

C Simulation Setups and Additional Experiments

In this section, we will provide details on the simulation setups and preprocessing of datasets. We
also conduct additional experiments on other more involved causal diagrams and using skewed
hyperparameters for prior distributions. For all experiments, we will focus on stick-breaking priors in
Eq. (8) with hyperparameters agju) = ay/dy and 6[(}‘) = (dy — w)ay/dy for some real ayy > 0.
This is equivalent to drawing probabilities 6y = {6, | Yu} from a Dirichlet distribution defined as:

M Qdy
dy’ ' dy
All experiments were performed on a computer with 32GB memory, implemented in MATLAB. We

are in the process of translating the source code to other open-source platforms (e.g., Julia). We will
release them if the paper is accepted.

0y ~ Dirichlet ( ) , where ; = ay,Vi=1,...,dy. (81)

Experiment 1: Frontdoor We collect N = 10* observational data V' = {X (") y' (") yw ()N
from an SCM compatible with the “Frontdoor” graph in Fig.[3] defined as follows:

Uy ~Unif(0,1), Uy~ N(0,1),

X ~ Binomial(l,px), where py = Uy,

1
W ~ Binomial(l, py), where py = T op(—X — )’ (82)
1

1+exp(W—-Uy)"

In this experiment, we set hyperparameters oy, = dy, = 8 and ay, = dy, = 4.

Y ~ Binomial(l,py), where py =

Experiment 2: Instrumental Variables (IV) We collect N = 10* observational samples V =
{x) y() 7zmAN_ from an SCM compatible with the “IV” graph in Fig.|la defined as follows:

UlNN(Ovl)a UQNN(051)7

1
Z ~ Binomial(1, , wWhere =,
(1,pz) P2 T exp(— 1)
1 (83)
X ~ Bi ial(l h =
inomial(l, px), where px [T oxp(—Z —0y)’
1

inomial(l, py ), where py 1+ exp(X — Us +0.5)

In this experiment, we set hyperparameters oy, = dy, = 2 and ay, = dy, = 16.

Experiment 3: Probability of Necessity and Sufficiency (PNS) We collect N = 10* observa-
tional samples V' = { X () Y ("1N_ from an SCM compatible with the “Bow” graph in Fig.
defined as follows:

U~N(0,1), FE ~Logistic(0,1)
1

X ~ Binomial(l,px), where px = -———,
inomial(l,px), w px 1+ exp(U)

(84)

Y + 1x_viEt0.1>0-

In this experiment, we set hyperparameters oy = dy = 8.

Experiment 4: International Stroke Trials (IST) IST was a large, randomized, open trial of
up to 14 days of antithrombotic therapy after stroke onset [10]. The aim was to provide reliable
evidence on the efficacy of aspirin and of heparin. The dataset is released under Open Data Commons
Attribution License (ODC-By). In particular, the treatment X is a pair (¢, j) where ¢ = 0 stands for
no aspirin allocation, 1 otherwise; j = 0 stands for no heparin allocation, 1 for median-dosage, and 2
for high-dosage. The primary outcome Y € {0, ..., 3} is the health of the patient 6 months after the
treatment, where O stands for death, 1 for being dependent on the family, 2 for the partial recovery,
and 3 for the full recovery.
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Figure 7: DAGs for Experiment 5 (a), Experiment 7 (b)), and Experiment 8 (d), containing a treatment
X, an outcome Y, ancestors Z, W, and exogenous variables U.

To emulate the presence of unobserved confounding, we filter the experimental data with selection
rules f )((Z), Z € {0,...,9}, following a procedure in [49]. More specifically, given a collection
of IST samples {X (™) Y (") Ué")}ﬁzl where UQ(”) is the age of the nth patient. For each data
point (X () y ) UQ(H)), we introduce an instrumental variable Z(™ € {0, ...,9}. Values of the
instrument Z (™ for nth patient are decided by

ZM =10 x U], where U™ ~ Unif(0,1). (85)

We then check if X (") satisfies the following condition
1

() 7™ (86)
1+ exp (JJ1 < US™ /100 — Z<n>/10)

XM = |6 x px|, where px =

If the above condition is satisfied, we keep the data point (X )y () 7z 1("), U2n)> in the
dataset; otherwise, the data point is dropped. After this data selection process is complete, we hide

columns of variables Ul(")7 UQ(”). Doing so allows us to obtain N = 3 x 103 synthetic observational
samples V = { Xy () 7z }5:1 that are compatible with the “Double bow” diagram of Fig.
In this experiment, we set hyperparameters o7, = 10 and ay, = 10. As a baseline, we estimate the
treatment effect E[Y,_(; oy] = 1.3418 for only assigning aspirin X = (1,0) from the randomized

trial data containing 1.9285 x 10* subjects.

C.1 Additional Simulations on Other Causal Diagrams

We also evaluate our algorithms on various simulated SCM instances in other more involved causal
diagrams. Overall, we found that simulation results match the findings in the manuscript. For
identifiable settings (Experiment 5), our algorithms are able to recover the actual, unknown counter-
factual probabilities. For other more general cases where the target distribution is non-identifiable
(Experiments 6, 7 and 8), our algorithms consistently dominate state-of-art bounding strategies.

Experiment 5: Napkin Graph This experiment evaluates our sampling algorithm on interventional
probabilities that are identifiable from the observational data. In this case, the bounds over the target
probability should collapse to a point estimate. Consider the “Napkin” graph in Fig. [[0a] where
X,Y, Z, W are binary variables in {0, 1}; Uy, Us, Us take values in real R. The identifiability of
the interventional distribution P(y,) from the observational data P(x,y,w, z) could be derived
by iteratively applying inference rules of “do-calculus” [33} Thm. 4.3.1]. We collect N = 10*
observational samples V' = {X () Y™ 7z W (N_ from an SCM defined as follows:

UlNN(Ovl)a UQNN(031)7 U3NN(O71)

1
W ~ Binomial(l, , where = ,
(Lpw) PW = (T~ T)
1
Z ~ Bi ial(1l h =
inomia ( 7pZ)7 where pz 1+exp(W — Ug)’ (87)
1
X ~ Binomial(l,px), where px = e Z T
1

Y ~ Binomial(1l h = '
inomial(l, py), where py 1+ exp(X — U — 0.5)
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Figure §: Histogram plots for samples drawn from the posterior distribution over target counterfactual
probabilities. For all plots (a]-[d), ci represents our proposed algorithms; bp stands for Gibbs samplers
using the representation of canonical partitions [2]]; 8* is the actual counterfactual probability; nb
stands for the natural bounds [30].

In this experiment, we set hyperparameters oy, = dy, = 32, ay, = dy, = 32, and oy, =
dy, = 4. Fig. shows a histogram containing samples drawn from the posterior distribution of
(P(YIZO =1)| V). Our analysis reveals that these samples converges to the actual interventional
probability P(Y,—o = 1) = 0.6098, which confirms the identifiability of P(y, ) in the napkin graph.

Experiment 6: Double Bow This experiment evaluates our bounding strategy in non-identifiable
settings where the optimal bounding strategy does not exist. In this case, our proposed algorithm
should improve over state-of-art bounds. Consider again the “Double Bow” diagram in Fig. [Tb]
where X,Y,Z € {0,1} and U;,U; € R. We collect N = 10* observational samples V' =
{xXM) y() Zzm)N_ from an SCM instance defined as follows:

UlNN(Oa1)7 UQNN(051)7

1
Z ~ Binomial(1, , where =,
(1,pz) bz 1+ exp(—Uh)
1 (88)
X ~ Bi ial(1l h =
inomial(l, px), where px L op(—Z —Th — )
1

Y ~ Binomial(l,py), where py =

1+ exp(X —Uz+0.5)

In this experiment, we set hyperparameters oy, = dy, = 32 and ay, = dy, = 32. Fig. @lshows
samples drawn from the posterior distribution of (P(szo =1)| V). As a baseline, we also include
the natural bounds [361130]] (rnb), and posterior samples obtained from the Gibbs sampler using a naive
generalization of the discretization procedure (bp) in [2]]. Our analysis reveals that all algorithms
achieve bounds that contain the actual, target causal effect P(Y,—o = 1) = 0.3954. Our algorithm
obtains a 100% credible interval I.; = 0.3054, r; = 0.4456, which dominates all the other algorithms
(lpp = 0.1778, 7y, = 0.6923, 1, = 0.1949, 1, = 0.6061).

Experiment 7: Triple Bow Consider the “Triple Bow” diagram in Fig.where XY, Z €{0,1}
and Uy, Uy, Uz € R. We collect N = 10* observational samples V' = {X () Yy () Z( N from
an SCM defined as follows:

Uy ~N(0,1), Uy~N(0,1), Us~N(0,1),

1
Z ~ Binomial(l, pz), where pz = ————,
(1,pz) bz 1+ exp(—Uh)
1
W ~ Binomial(l h -
inomial(l,pw ), where py 1+exp(—Z — Uy — Us)’ (89)
1
X ~ Binomial(l h =
inomial(l, px), where px = +exp(-=W — Uz — Us)’

1
1+exp(X —Us —0.5)
In this experiment, we set hyperparameters oy, = 0.001 x dy, = 0.032 and oy, = 0.001 x dy, =
0.032. Fig. [8c|shows samples drawn from the posterior distribution of (P(Y,—o =1) | V). Asa

Y ~ Binomial(l,py), where py =
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Figure 9: Prior distributions for @, E]) Experiment 9 and @) Experiment 10.

baseline, we also include the natural bounds [36, 30] (nb), and posterior samples obtained from
the Gibbs sampler using a naive generalization of the discretization procedure (bp) in [2]. Our
analysis reveals that while all algorithms achieve valid bounds (I, = 0.1964, rp, = 0.8148,1,;, =
0.3179, r,, = 0.7105), our algorithm obtains a 100% credible interval I.; = 0.5608,r,; = 0.6515,
which is the tightest bound over the target probability P(Y,—o = 1) = 0.6098.

Experiment 8: M+BD Graph Consider the “M+BD” graph in Fig. Where XY, Z €{0,1}
and Uy, Uy € R. In this case, the counterfactual distribution P(y, ) is non-identifiable due to the
presence of the collider path X < U; — Z < Uy — Y. We collect N = 10* observational samples
V ={X vy ZMN_ from an SCM instance defined as follows:

UlNN(031)7 UZNN(Oal)v

1
Z ~ Binomial(1, , where =T
(1,pz) bz 1+ exp(=U1)
1 (90)
X ~ Bi ial(1l h =
inomial(l, px), where px T op(—Z —Th — )

1
1+exp(X —Z—Us)’

In this experiment, we set hyperparameters o, = 0.01 x dy;, = 0.32 and oy, = 0.01 x dy, = 0.32.
Fig. @ shows samples drawn from the posterior distribution of (P(Yzzo =1)| V). As a baseline,
we also include the natural bounds [36! 30] (nb), and posterior samples obtained from the Gibbs
sampler using a naive generalization of the discretization procedure (bp) in [2]. Our analysis reveals
that all algorithms achieve bounds that contain the actual, target causal effect P(Y,—o = 1) = 0.5910.
Our algorithm obtains a 100% credible interval I.; = 0.4247, r.; = 0.6345, which dominates all the
other algorithms (I, = 0.2140, 7, = 0.8344,1,,, = 0.2230, r,, = 0.8296).

Y ~ Binomial(l, py), where py =

C.2 The Effect of Sample Size and Prior Distributions

We will evaluate our algorithms using skewed prior distributions. We found that increasing the size
of observational samples was able to wash away the bias introduced by prior distributions. That is,
despite the influence of prior distributions, our algorithms eventually converge to sharp bounds over
unknown counterfactual probabilities as the number of observational sample grows (to infinite).

Experiment 9: Frontdoor Consider first the “Frontdoor” graph in Fig. [3| where the counterfactual
distribution P(y,) is identifiable from the observational data P(z, y, w). The detailed parametrization
of the underlying SCM is described in Eq. (82). We present our results using two different priors. The
first is a flat (uniform) distribution over probabilities of U; and U, respectively, i.e., oy, = dy, = 8
and ay, = dy, = 4. The second is skewed to present a strong preference on the deterministic
relationships between X and Y'; in this case, oy = 300 X dy,, ¢ = 1,2, for prior distributions
associated with both Uy and Us. Figs. @ and |9b|shows the distribution of P(Y,—¢) induced by these
two priors (in the absence of any observational data). We see that the skewed prior of Fig. [9b|assigns
almost all weights to deterministic probabilities P(Y,—9 = 1) =1 or P(Y;—0 =0) = 1.

Fig.|10|shows posterior samples obtained by our Gibbs sampler when applied to observational data of
various sizes, using both the flat prior (Figs. [I0a]to[T0d) and the skewed prior (Figs.[T0¢|to[I0h). Both
priors eventually collapse to the actual, unknown probability P(Y,—o = 1) = 0.5085. As expected,
more observational data are needed for the skewed prior before the posterior distribution converges,
since the skewed prior is concentrated further away from the value 0.5085 than the uniform prior.

28



924
925
926
927
928
929
930
931
932
933

934
935
936
937
938
939

ci
,6*

O 02 04 06 08 1 0 02 04 06 08 1 0 02 04 06 08 1 0 02 04 06 08 1
(@) N =10 (b) N = 10? (c) N =10° (d) N =10*

ci

;6*

0 02 04 06 08 1 0 02 04 0.6‘0:8 1 0 02 04 0:6 08 1 0 02 04 06 08 1
(e) N =10 (f) N = 102 (g) N =10° (h) N = 10*

Figure 10: Histogram plots for samples drawn from the posterior distribution over probability
P(Y,—o = 0) in “Frontdoor” graph of Fig. B|using two priors. (a|-[d) shows the posteriors using
the flat prior and observational data of size N = 10, 102, 10% and 10* respectively; (]%|- IEI) shows the
posetriors using the skewed prior and the same respective observational datasets.
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Figure 11: Histogram plots for samples drawn from the posterior distribution over probability
P(Yy—o = 0) in “IV” graph of Fig. |la| using two priors. @ - @) shows the posteriors using the
flat prior and observational data of size N = 10,102, 10% and 10* respectively; (¢] - [o) shows the
posetriors using the skewed prior and the same respective observational datasets.

Experiment 10: IV Consider the “IV” graph in Fig. [Tb] where XY, Z are binary variables in
{0, 1}. The detailed parametrization of the underlying SCM is described in Eq. . In this case,
the counterfactual distribution P(y, ) is not identifiable from the observational data P(z,y, z) [5].
Sharp bounds over P(y,) from P(z,y, z) were derived in [2] (labelled as opr). We present our
results using two different priors. The first is a flat (uniform) distribution over probabilities of U;
and U respectively, i.e., ay, = dy, = 2 and oy, = dy, = 16. The second is skewed to present a
strong preference on the deterministic relationships between X and Y'; in this case, a3 = 300 x dy,,
1 = 1, 2, for prior distributions associated with both Uy and Us. Figs. and@shows the distribution
of P(Y,—o) induced by these two prior distributions (in the absence of any observational data).
We see that the skewed prior of Fig. [0d assigns almost all weights to deterministic probabilities
P(Yx:() = 1) =1lor P(szo = 0) =1.

Fig. [IT]shows posterior samples obtained by our Gibbs sampler when applied to observational data of
various sizes, using both the flat prior (Figs.[TTa]to [TTd) and the skewed prior (Figs. [ITe]to[ITh). Our
analysis reveals that 100% credible intervals of both priors eventually converge to the sharp IV bound
1 =0.1468,r = 0.6617 over the unknown counterfactual probability P(Y,—o = 1) = 0.3954. It is
interesting to note that, in this experiment, while the choice of prior distribution does not influence
the final counterfactual bound, it still has an effect on the shape of posterior distributions.
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D Naive Generalization of (Balke and Pearl, 1995)

In this section, we will describe a naive generalization of the canonical partitioning approach in [3]]
to the causal diagram of Fig. In particular, given any SCM M compatible with Fig. we will
construct a discrete SCM N compatible with the diagram of Fig.[Ic|[such that M and NNV coincide in
all counterfactual distributions P*.

We first introduce some useful notations. Let f, fx, fy denote functions associated with Z, X, Y
in SCM M. Let constants h(Zl) = 0 and h(Z2) = 1. Note that given any U; = wuq, fz(u1) must
equate to a binary value in {0, 1}. We define a partition U g ), 1 =1, 2, over domains of U; such that
uy € Z/Ig) ifand only if fz(u;) = hg). Given any uq, u2, fx (-, u1, us) defines a function mapping
from domains of Z to X. Let functions in the hypothesis class €2z — {2x be ordered by

hg)(z) =0, hg?)(z) =z, hg?)(z) = -z, h()?)(z) =1 91

Similarly, we define a partition L{;)J = 1,2, 3,4 over the domain 7, X Q, such that (u1,us) €

US) if and only if the induced function fx (-, u1,u2) = hg?. Finally, let functions mapping from
domains of X to Y be ordered by

hg,l)(x) =0, hg,z) () =z, hg) () = —, hgf) (x) =1. (92)
For any us, the induced function fy (-, us) must coincide with only of the above elements. Let
L{}(,q’), i =1,2,3,4 be a partition over {}y;, such that us € Ux(f) if any only if fy (-, ue) = hgi).

We now construct a discrete SCM N compatible with the casusal diagram of Fig. Let the
exogenous variable U in N be a tuple (Uz,Ux, Uy ), where Uz € {1,2}, Ux € {1,2,3,4} and

Uy € {1,2,3,4}. For any uz, values of Z are decided by h(ZuZ) where h(Zl) =0, h(Zz) = 1. Given
input z, ux, values of X are given by

€5 = ¢ (), 93)

where hg?(z), 1 =1,2,3,4, are functions defined in Eq. . Similarly, given input z, uy, values of
Y are given by

y &8 = B (), (94)

where hgf)(x), i = 1,2,3,4, are functions defined in Eq. . Finally, we define the exogenous

probability P(uz,ux,uy ) in N as the joint probability over partitions Z/{(Zi )7U}(g )7U§,k), i=1,2,
j=1,2,3,4,k =1,2,3,4. Thatis,

Py (Uz =i,Ux = j,Uy = k) = Par ((U1,U2) €U AU Al 95)

It follows from the decomposition in Lem. [4] that N and M must coincide in all counterfactual
distributions over binary X, Y, Z. The total cardinality of the exogenous domains in N is [Qp, X
Quy xQuy | =2x4x4=32.

However, the construction for the reverse direction does not hold true. That is, given an arbitrary
discrete N compatible with the causal diagram in Fig. one could not construct an SCM M com-
patible with the “Double bow” diagram in Fig. [Ib|such that M and NV coincide in all counterfactual
distributions. To witness, consider a discrete SCM N where P(U; = Uy) = 1, i.e., variables
Uz and Uy are always the same, taking values in {1,2}. Since in SCM N, values of Z(uz) and
Y.—1(uy) are given by

Z(ug) =" =0 x Lyymy +1 x 1yy—s,
Yooy (uy) = h{"7 (1) = 0 x Ly oy + 1 x Ly —s.

This means that counterfactual variables Z and Y,—o must coincide, i.e., P(Z = Y,—1) = 1.
However, for any SCM M compatible with Fig. [Tb] counterfactual variables Z and Y, must be
independent due to the independence restriction [33) Ch. 7.3.2], which is a contradiction.
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E Polynomial Optimization for Bounding Counterfactual Probabilities

In this section, we demonstrate how the optimization problem in Eq. (6) could be reduced to an
equivalent polynomial program. The main challenge here is to write the counterfactual distribution

P(Yz, ..., zw) in discrete SCMs as a polynomial function of parameters 5‘(/?“‘/’“‘/), 6,,. Since for
binary a,b € {0,1}, a A b = ab, this means that counterfactual distributions P (Y, ..., 2) ina

discrete SCM could be written as:

Parzw)= > > dyyw—y-Lz,=z ] Ou (96)

UEU u=1,...,dy UeU

ay U .
For convenience, we will represent parameters &y, (payuv) ,forevery V € V, any pay,, uy, as a binary

sequence {&)pav ) | Vo € Qv} such that £P*vv) ¢ {0,1} and >° . p., ¢Prvv) = 1 The
following proposition translates indicator functions of the form 1y, (), into a polynomial function

with regard to parameters &(,p “v ’uV), 0,

Lemma 8. For a discrete SCM M = (V U, F, P), forany X, Y CV, fix x,y, u. The indicator

Junction 1y, (4)=y could be written as

Ty, (w)=y = H Ty, (w)=y ©7)
Yey
Ty—zy ifYyeX
where ﬂym(u):y = Zf‘q(,pay’UY)]I{Vw(u)W\/ePay}:pay otherwise (98)
pay

Proof. By the basic property of indicator function, we must have, forany Y, X C V,

Iy, =y = |] 1vacw=y- (99)
YeyYy

Among quantities in the above equation, if Y C X, Ty, (y)—, is equal to 15, —y Where xy is the
assignment to variable Y in constants x. Otherwise, for Y ¢ X, Eq. (@) implies

]le(u)zy =1 ({Va (w)|VePay }uy) (100)
fy =Y
The indicator 1y, (), could be further written as:

- fé{Vw(u)\VePay},uy) _ Z

pay €Qpay

]l)Cn(7‘)::y éépa},7u§,)]l{‘ﬂn(QL)|VV’€I’ayr}::pa), (101)

The last step follows from the fact that values of counterfactual variables {V,(u) | VV € Pay }
given U = u must equate to an element in the domain Q p,,,, .

Recursively applying Lem. @to indicator functions Ly, (y)=y, - - -, L1z, (u)=z in Eq. @ allows us

to write any counterfactual distribution P(yy, . . ., Z4 ) as a polynomial function w.r.t. parameters
0., ff,p avuv) Therefore, the optimization problem in Eq. (6) is reducible to a series of polynomial
programs which maximizes the objective P(yy, . . ., 24 ) subject to the observational constraints in

P(v) and other basic parameter constraints over ,,, &()p “v") We will illustrate our algorithm using
various examples, summarized as follows.

Example 1: Double Bow Consider again the “Double bow” diagram in Fig. We could derive a
tight bound [l, r] over the counterfactual probability P(z, ., y.) from the observational distribution
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P(z,y, z) by solving the following polynomial program:

d
min/max P(Z,le,yz/) = Z ggm)gg(gz/,m,uz)gq(f;/,uz)gulaim
ul,u2:1

d
subjectto P(z,y,z) = Z ggm)g;z,ul,uz)gg(fmz)gul9u2

uy,u2=1
Ve, €00 (1-g0) =0, Y€l =1,
vV, z,u1, g, gg(ﬁz,uhuz) (1 _ gg(gz.,uuuz)) =0, ng(gz’ul’w) -1, (102)

Vy,x,uz, Eg(f’uﬁ (1 - fl(,x’uz)) = 0, Zgl(lw!“@ =1
Y

V’U/l, 0 < eul < ]-7 Zeul = 17

Ul

Vug, 0<0,, <1, Z"w =1.

U2

where the cardinality d = [Qz] X |Qz — Qx| x |Qx — Qy|.

Example 2: IV Consider the “IV” diagram in Fig. We could derive a tight bound [, 7] over
the counterfactual probability P(y,,,z,y) = P (Yy=o = v/, X = 2,Y = y) from the observational
distribution P(x,y, z) by solving the following polynomial program:

di d2

min / max P(y.,,z,y) Z Z f v u2)§ z,u2) Zf(z u2)g(u)g, 9,

U= 1’[1,2 1

d da

subject to P(x,y, z Z Z guglzmelemg, g,
ur=1uz=1

VZ,’LL]_, ggul) (1 —€§u1)) = O7 Zggul) — 1’

vx7z7u27 6;5;27u2) (1 - §£Z’u2)) - 07 Zg;zﬂl“?) — 17 (103)
x

vyaxau% fy(f’uz) (1 - af?(f’u2)) = (]’ Zé’?(fﬂ%) =1
Yy

Vuy, 0<0,, <1, Y 0, =1,

Ul

Vug, 0< 0y, <1, ) Oy, =1

Uz

where the cardinality d; = [Qz| and dy = |27 — Qx| X |Qx — Qy .

Example 3: Bow Consider the “Bow” diagram in Fig. We could derive a tight bound [, 7]
over the counterfactual probability P(y,,y.,) = P (Y, =y, Y,=, = y’) from the observational
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1010 distribution P(z,y) by solving the following polynomial program:

d
min / max P(y.,y.) = Z 51(/“”")515? Wy

u=1

sH

subject to P(z,y) Z “)f u)

Vo, u, £ ( u>)—o Zf (104)

Yy, x,u, fl(f’“) (1 ) Zg(“ =

Vu, 0<60, <1, > 0,=1

1011 where the cardinality d = [Qz — Qx|

1012 Example 4: Frontdoor Consider the “Frontdoor” diagram in Fig.[3] We could derive a tight
1013 bound [I, 7] over the interventional probability P(y,, ) from the observational distribution P(z,y, 2)
1014 by solving the following polynomial program:

mln/max P yac zl: i nyw u1)§ x,uz)

ur=lui=1 w

subject to P(x,y,w Z Z 3 ewglwunglaus)

ur=1lui=1 w

vV, u1, {7(5“) (1 — §£“)> =0, Zgé“) =1

Vy, w, Uy, gl(!w,ul) (1 (w u1)) Z g(w 1) (105)

Vo, uz, €00 (1= €)= 0, Zfﬁw _1,

w

Vuy, 0< 0y, <1, Y 0, =1,

u1

Vug, 0< 0y, <1, Y Oy, =1

Uo

1015 where the cardinality dy = [Qx| X [Qw — Qy|and d2 = [Qx — Qw|.
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F Derivations of Complete Conditional Distributions

In this section, we will provide detailed derivations for complete conditional distributions used in our
proposed Gibbs samplers in Sec. [3]

Sampling P (@ | ©,0,&). Variables U™, V(™ n =1,... N, are mutually independent given
parameters @, €. This implies

P(u|v,0.6) = [] P(u06.) (106)

UveU
_ H p(,u(n) |v<n)’9,€> (107)

UeU

The complete conditional for (U™ | V() 0,¢),n =1,..., N, is given by
P (u(") |v(”),0,€> x P (u(")v(") | e,g) (108)
< [T P (v 1 pal” wi,0.€) TT P («” 16.€). (109
vev veUu

Among quantities in the above equation, P (uv) | 6 5) =0, foru = u(") nd

P (W) |pa(v">,u(v”),0,5) =1 (00 (110)
£Vpav Uy,

Sampling P (£,0 | v,u). For every exogenous variable U € U, 0y = {0, | Yu}. For every

endogenous variable V € V, &, = {5‘(}’“‘““") | Vpawuv}. Since parameters £y, for every

V €V, 8y, forevery U € U are mutually independent, and they do not have common child nodes,
we must have

P(£,0]|v,a)= Hva\vu HP9U|vu) (111)
VeV Ueu
The above independence relationships imply that we could draw samples of posterior distributions

over (§v | V,U) and (0 | V,U) forevery V € V, U € U separately.
The complete conditional over (v | V,U), defined in Eq. , follows from the fact that in discrete
SCMs, the nth observation of variable V € V is decided by v(™) 587&"’“‘/) given pa%}l) = pay,

u&f ) = uy . The complete conditional over (9U |V, U) in Eq. , follows from the conjugacy of
the generalized Dirichlet distribution to multinomial sampling (e.g., see [22} Sec. 5.2]).

Sampling P (u(”) | 0, ﬂ,n). At each iteration, draw U () from the conditional given by

P (U(n) "Eaﬂ—n> X H P (U(n) |pa§/7})’u§?)7f7—naﬂ—n> H P (u(n) |6—n7ﬁ—") : (112)
vev

UeUu
Among quantities in the above equation, for every V € V,

P (o |l 5, )

n) (n)
pay’’ u _ _ 113
- L (m§}‘).u(v")) < \(/ cr ) |vn7un> . (113)
Z eV

L () (n) v
E‘</” v ootV )GQV

The complete conditional distribution over (fé}) avsuv) | V_n, V_n) , Vpay , uy, follows from the

definition of discrete SCMs, i.e., the nth observation of variable V' € V is decided by v

5‘(}’”‘/’“") given pa&,) = pay,, ugl) = uy . Formally,

_ _ | T if 30 # n, o'V = pa ,u(i) =uy,
P () | Vo, V) = 4= A S ST
1/1Qv | otherwise.
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1038 Marginalizing over the domain Qy in Eq. (TT3) gives the complete conditional in Eq. (T3). For every
1039 U € U, the complete conditional of P (u(”) | D_p, ﬁ,n), defined in Eq. (14), follows from the
1040 Po6lya urn characterization of generalized Dirichlet distributions (e.g., see [22] Sec. 4]).
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