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Abstract

We study the convergence to local Nash equilibria of gradient methods for two-
player zero-sum differentiable games. It is well-known that such dynamics converge
locally when S > 0 and may diverge when S = 0, where S > 0 is the symmetric
part of the Jacobian at equilibrium that accounts for the “potential” component of
the game. We show that these dynamics also converge as soon as S is nonzero
(partial curvature) and the eigenvectors of the antisymmetric part A are in general
position with respect to the kernel of .S. We then study the convergence rates when
S < A and prove that they typically depend on the average of the eigenvalues
of S, instead of the minimum as an analogy with minimization problems would
suggest. To illustrate our results, we consider the problem of computing mixed
Nash equilibria of continuous games. We show that, thanks to partial curvature,
conic particle methods — which optimize over both weights and supports of the
mixed strategies — generically converge faster than fixed-support methods. For
min-max games, it is thus beneficial to add degrees of freedom “with curvature”:
this can be interpreted as yet another benefit of over-parameterization.

1 Introduction

Min-max optimization is notoriously subtler than minimization, even in convex-concave settings.
While many of the proof techniques for minimization have a natural equivalent in the min-max
world, some common intuitions fail to transfer. The picture is clear for strongly convex-strongly
concave (SC-SC) min-max games: all the classical gradient methods converge exponentially (for
small enough step-sizes) with worst-case convergence rates dependent on the strong convexity and
strong concavity parameters jiz, [ty. But, most famously perhaps, for bilinear min-max games the
last iterate of simultaneous Gradient Descent-Ascent (GDA) diverges, while the Proximal Point (PP)
method converges, and alternating GDA and the continuous-time limit of all of these algorithms —
Gradient Flow (GF) — exhibit a cycling behavior.

Based on those two extreme cases, it still seems that part of our intuition from minimization, where
the last-iterate convergence rate is indeed determined by the strong convexity parameter, is preserved.
In this paper, we argue that this intuition is in fact overly pessimistic, and that gradient methods
behave in general more favorably in the min-max setting than in the minimization setting.

Let us first look at a basic example. Consider a bilinear min-max game regularized by a quadratic
term only in one scalar variable:
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(a) Local convergence of the GF iterates for a fixed draw of P € R?*? and various values of cv. Only the final
phase of the dynamics is shown, so here we see the iterates evolve along the “dominant” eigenspace of M (the

subspace along which convergence is the slowest).
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(b) Observed and predicted (fiar) normalized conver-
gence rate r /1 of GDA with a small step-size 7, i.e.,
Hwk | + Hka = O((1 — r)*), vs. regularization
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(c) Spectrum of the Jacobian M for a fixed draw of
P € R**? (green) and its approximation by Equa-
tion (3.1) (gray)

strength « (the higher the faster). Each color rep-
resents one draw of P € R?*2,

Figure 1: Convergence of gradient methods on a random bilinear game regularized by %x% for small
step-sizes. The fact that fi,s, and so 7 /7, scale linearly with « (for small ) is explained by Prop. 3.1.

Here there is no strong convexity in either player (so i, = p,, = 0), yet as observed on Fig. 1a, Fig. 1b,
when P € R4*4 is random with independent standard normal entries, GDA (with a small step-size)
typically converges at an exponential rate that scales linearly with ov.!

As we will see, this phenomenon is a consequence of the existing theory for general smooth min-max
games

(1.1)

min max f(z,y)
with a local Nash equilibrium (NE), or local saddle point, z* = (x*,y*). It is well-known from the
dynamical systems literature that GF converges locally to z* if
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with M = Lo - oy’ | (2*) e Rvtm)x(ntm)

g = in R(A) >0,
aa = 2 R
the Jacobian of the skewed gradient field at z*, and where Sp(-) denotes the spectrum, i.e., the set of
eigenvalues. For our starting basic example, this quantity® can be visualized in Fig. 1c. Moreover,
s also characterizes the convergence behavior of gradient methods (GDA, PP, etc.) in the leading
order in the step-size 7: they all converge to z* with the rate njias + O(n?), see App. A for a review.’

While the condition fij; > 0 is very general and tight, it is not obvious how to control or interpret it.
Our purpose with this paper is to explore what this condition entails and to emphasize some of its
surprising consequences.

!Julia code for the numerical experiments is available at https://github.com/guillaumewl6/
local_cvgce_minmax.

*In numerical analysis and stability theory, the quantity —jias is known as the spectral abscissa of —M.

3More precisely, gradient methods converge locally (for small enough step-sizes) if min aesp(m) R(A) >0,
and only if minxegp(ary fo3 F(A) > 0. Throughout this paper we will assume for simplicity M invertible so
that those two quantities are equal.
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The rest of the paper is organized as follows. In Sec. 2 we show that, generically, jips > 0 as long
as the problem has partial curvature, i.e. the diagonal blocks of M are non-zero. In Sec. 3, we
study more precisely the case of games where the “interaction” component dominates the “potential”
component, i.e., when V2, f(z*), V3, f(2*) < V2, f(z*). For such games, in a certain random
setting, we show that fips scales as the average of the eigenvalues of the potential part, instead of
the minimum as an analogy with minimization problems would suggest. In Sec. 4 we consider the
computation of mixed Nash equilibria of continuous games using particle methods, a setting where
the convergence under partial curvature has a striking consequence. By optimizing over both the
weights and supports of the mixed strategies, one obtains dynamics that generically converge faster
than fixed-support methods, even when the latter are using the optimal supports.

For ease of exposition, in most of the paper we focus on the local convergence of GF. We discuss the
convergence of discrete time algorithms in Sec. 3.2.

1.1 Related work

Throughout this paper, by “convergence” we mean convergence of the last iterate to a (local) NE,
while a different line of work also considers convergence of the averaged iterate [Nem04], and another
considers convergence to any critical point [ALW21]. Also to prevent possible confusion, let us
mention a related but distinct line of work [DH19; Doa22] that considers using different step-sizes to
update the x and the y variables. The resulting two-timescale dynamics can be analyzed globally
assuming a min-max analog of the Polyak-t.ojasiewicz inequality, using quite different considerations
than the ones developed in this paper.

Analysis of GDA and PP for SC-SC, bilinear or convex-SC games. The fact that PP converges
for SC-SC and bilinear min-max games is well-established since at least [Roc76]; for a modern
reformulation, see e.g. [MOP20]. The convergence of simultaneous GDA for SC-SC games and its
divergence for bilinear games is also a classical fact, see e.g. [LS19; Lu22]. The cycling behavior of
alternating GDA for bilinear games is proved in [BGP20, Theorem 4].

As shown more recently in [NK17, Appendix G] and [ZWLG22, Theorem 6], convexity in =z,
strong concavity in y and non-degeneracy of the interaction component are in fact sufficient to
ensure 17 > 0, and so local convergence of GDA. The setting of the former work corresponds
to V2, f(z*) =0, =V, f(z*) >~ 0 and V2, f(z*) full-row-rank, extended in the latter work to

V2, f(2*) = 0. Those two works also provide bounds on fi,; for those specific cases in terms of the
least eigenvalues of —V2_ f(z*) and of V2, f(2*)V2, f(z*)".

Spectral analysis-based convergence analyses. Our approach to analyzing min-max algorithms
is to directly study the properties of the update operator (e.g., of T'(z) = z — (sz ! f) (z) for
Yy

simultaneous GDA). Specifically, by a classical result on discrete-time dynamical systems, the local
exponential convergence is characterized by the spectral radius of that operator’s Jacobian. This
approach is used for example in [Gid+19] to analyze the local convergence behavior of alternating
GDA with negative momentum, and in [AMLG20] to derive tight convergence bounds — dependent
explicitly on 7 and Sp(M ) — for simultaneous GDA and multi-step Extra-Gradient.

Average-case analysis of the (local) convergence rate. In [PS20; DPS21], the authors analyze
the convergence of gradient methods for affine operator problems — i.e., for finding z such that
M(z — z*) = 0 — when M is a random normal matrix with a known spectral distribution. They
derive average-case optimal methods for this setting. Our analysis in Sec. 3 also has an average-case
flavor, but our random model is different: we assume that the symmetric .S and antisymmetric parts
A of M are independent and that S < A. In particular we do not require M to be normal (i.e., S and
A do not commute a priori, which is the typical case in min-max optimization).

Hypocoercivity. In the context of partial differential equations (PDEs), the phenomenon that a linear
PDE 0,u; = —Lu; may exhibit linear convergence to 0 even when the generator L is not coercive, is
called hypocoercivity and is studied in detail in [Vil09]. This is precisely the infinite-dimensional
analog of the phenomenon studied in the present paper: still denoting by S, A the symmetric resp.
antisymmetric parts of M, coercivity of L corresponds to S > 0, while hypocoercivity corresponds to



fiar > 0. Specifically, [Vil09] shows how to construct Lyapunov functions to establish hypocoercivity
and convergence rates of certain PDEs, by exploiting properties of the iterated commutators of S
and A. By contrast our focus is on the finite-dimensional case, where it is easier and more natural to
directly study the spectrum of M.

1.2 Notation

For any matrix 7' € Ra%d or C4%4_ denote by Sp(T") C C its spectrum, i.e., the set of its eigenvalues,
and by p(T') = maxcsp(r) |A| its spectral radius. Recall that the spectral radius is distinct from the
operator norm, which is the largest singular value, although they coincide for Hermitian matrices.
Denote eigenspaces as Ex(T') = {z € C% Tz = Az} and let Eigvecs(T) = Uy csp(ry Er(T) the
set of all (complex) eigenvectors. ||-|| denotes Euclidean or Hermitian norm. For a collection of
square matrices (resp. scalars) (Cy)g, Diag((Cy)) denotes the (block-)diagonal matrix with blocks
(resp. coefficients) (Ck ).

2 Characterization of local convergence

Consider the general smooth min-max game of Equation (1.1) and assume M is invertible. We
decompose M into its symmetric and antisymmetric parts as

V= A v } Q P Q 0 0 P
M=| el Vel | 9 Tl s= |90 A= 0 T
—ny f —Vyy f —-P R 0 R —-P 0
By the second-order optimality condition in the definition of NE, @ > 0 and R > 0.

Following [Let+19], S and A can be thought of intuitively as the “potential” resp. “interaction” (or
Hamiltonian) components of the two-player zero-sum game (1.1). Indeed, consider the quadratic

-
game min,ecrn MaXyecRrm % <?j) V2f(z") (;) = %xTQx — %yTRy + 2T Py 3, which is

essentially sufficient to understand the local behavior of GF for (1.1) around z*. Then we can interpret
the terms in () and R as quadratic potentials to be optimized independently by each player, with the
bilinear term in P capturing all of the interaction between the players.

Partial curvature generically suffices. Let us recall that fip; = minycgp(ar) R(A) governs the
local convergence of GF around the local NE z*. It is a general fact that this quantity is nonnegative
(the proof is included below). In the following theorem, we give necessary and sufficient conditions
for it to be positive, in terms of geometric conditions on @), R and P.

Theorem 2.1. The following conditions are equivalent:
(2) fiar > 0.
(73) Eigvecs(A) NKer S = {0}.
(iii) For any eigenvector x of PP (i.e., left-singular vector of P), x & Ker Q or PT 2 ¢ Ker R.
(iv) For any eigenvector y of PT P (i.e., right-singular vector of P), Py ¢ Ker Q or y & Ker R.

As a consequence of Thm. 2.1, the condition ji5; > 0 holds generically in the following sense: for
any fixed S # 0, the set of matrices P such that fips > 0 is dense and open in R™*™. In particular,
this property holds with probability 1 if P is drawn from an absolutely continuous distribution and is
independent from () and R, as in the experiment of Fig. 1.

Proof. Let A € Sp(M) and z € C™""™ non-zero such that Mz = (S + A)z = Az. Since S and A
are real and symmetric resp. antisymmetric,

Z Sz =257= (2782)T =278z, so 'Sz €R
and z' Az =2 Az = (2TAZ)T = —zT Az, so z" Az € iR.
So by taking the real partin z' (S + A)z = A | z||%,
RO |27 =252 = R(z)TSR(2) + S(2) T8S(2) > 0



since S = Diag(Q, R) = 0. This shows that fip; > 0.

Now let us show the equivalence of the conditions.

(7d) = (i): By contraposition, suppose there exists A € Sp(M) with (A\) = 0, and let z non-zero such

that Mz = Az. Thenz' Sz = R(\) [|z]|*> = 0,50 z € Ker S. So Mz = Az = Az, and
z € (Ex(A) NKer S)\ {0}.

(i) = (4i): By contraposition, suppose there exists A € Sp(A) and a non-zero z € E5(A) N Ker S.
Since A is antisymmetric, then R(\) = 0. On the other hand, Mz = (S + A)z = Az = Az,
ie., A € Sp(M). So fips < R(A) =0.

(i) = (4ii), (iv): By contraposition, suppose there exists an eigenvector = of PP T such that x € Ker Q) and
PTx € Ker R, and denote o € R such that PP Tz = o2z (since PP = 0). Then

icx\ | @ Pl ficx) o’z . fiox
() =[5 B () = (inrr) = (57%)

and so —io € Sp(M). This shows (i) = (#it), and (i) = (4v) follows analogously.

(91), (iv) == (i9): By contraposition, suppose there exists A = 0 € Sp(A) and a non-zero z = (z,y) €
E)(A) NKer S. Expanding the blocks in Az = Az,

Py=1 PTPy=o2
y T wm‘ and so Ty U2y
—P 'z =10y PP'x=o0"x.

Moreover, this implies that z = 0 <= y = 0, and since z # 0, then both z # 0 and
y # 0. So x is an eigenvector of PP and, since Sz = 0,z € KerQ and P' 2 = —ioy €
Ker R, which contradicts (ii7). Likewise, y is an eigenvector of PTPand y € Ker R and
Py = iox € Ker @, which contradicts (iv). O

Geometric interpretation using real vectors. We draw the attention of the reader to the fact
that (4¢) involves complex eigenvectors. For a rephrasing in terms of real objects, note that if
z € Eiy(A)witho € R, then A[R(z) $(2)] = [R(z) S(2)] [_OU

g

0
span(R(z), J(2)) is a “rotation plane” of the GF for the bilinear game min, max, =" Py, in the
sense that the projection of GF on Fj,(A) is a circular motion with constant speed o. Condition (%)
expresses that for each such Fj;,(A), there exists an eigenspace £, (S) of S (for a 4 > 0) that is
not orthogonal to it. This causes the GF for min, max, %xTQx — %yTRy + 2" Py projected on
F;»(A) to spiral down to 0 instead of cycling around it.

] ; geometrically, Fi,(A) =

One may naturally wonder whether a notion of non-orthogonality between the potential (.S) and
interaction components (A) can be used to bound the convergence quantitatively; this is developed in
the next section in the particular case S < A.

3 Convergence rate when interaction dominates (S < A)

Let us now discuss the case of games with a small symmetric part, that is, whose Jacobian at optimum

is M, = A + a.S for some symmetric S = [OQF 1?2]’ antisymmetric A = _?D—r 0
small o« > 0. In this section we assume n = m (the general case is technically more challenging as
Prop. 3.1 requires A to have distinct eigenvalues, which requires [n — m| < 1).

and some

3.1 Convergence rate of Gradient Flow

As discussed previously, the normalized local exponential convergence rate 7 /7 of gradient methods
in the asymptotic regime 7 — 0 — or equivalently, the convergence rate of GF — for a game with
Jacobian at optimum M, is equal to jips, . We can estimate this quantity using the standard formula
for the asymptotic expansion of the eigenvalues of a perturbed matrix, which takes an interesting
form in our context.



Proposition 3.1. Suppose that P is full-rank and has distinct singular values, and let P = ULV T =
Z;L:1 Ujujv; be its singular value decomposition. Then it holds

mm u; Quj—&—v RUJ)—i-O( 3.

-1 (
UM, = 3¢ R

2
This expansion explains in particular why the normalized convergence rate r /7 ~ fips., iS approx-

imately proportional to « in Fig. 1. Interestingly, the error term is O(a?), which suggests that the
approximation can be reasonably accurate even for quite large values of «, as illustrated in Fig. lc.

Proof. Here M, = A has distinct eigenvalues {iso;,s € {—1,1},1 < j < n}, with unit-norm

. . —isu; /v 2 . . .
eigenvectors A isu; / f) 180 ( LU / f) By the calculation of the eigenvalue deriva-
£ < v;/V2 I\ iV ) &

tives from [Tao08], we obtain the following expansion for Sp(M,,):

. 1 1 1 2
Sp(M,,) = {zsoj+2oz (u]TQuj + UJTRUj)JrZOzz Z . — (Sslu;r/Q’LLj + va,Rvj)

iy,
(s",3")#(s.9) 1805 T80
+0(a®), se{-1,1},1<j < n} 3.1
Now the zeroth- and second-order terms are all in ¢IR, hence the announced expansion for fips,. [

Estimate of the leading term under a probabilistic model. Assuming the singular vectors
(U1, ooy tp), (1, ..., vy ) of P are distributed uniformly at random — which is the case for example if
P has i.i.d. Gaussian entries by rotational invariance* —, the leading term in the expansion of /iy,
can be estimated in expectation as follows. The proof is placed in App. B, where we also include a
high-probability version of the estimate as Prop. B.5.

Proposition 3.2. Suppose Q, R are fixed and U,V are independently distributed uniformly on the
set of n X m orthonormal matrices. Then

Tr(S) 151 Tr(S)
- (1—2Tr(SF)\/1og <E 1%12 u; Quj—&—v Ruy;| < "
where ||-|| . denotes the Frobenius norm. In particular, provided that ﬁgﬁ? > 2y/Togn(1 + ¢) for
F
some fixed ¢ > 0, we have E [minlgjgn ujTQu] + vaRvj] = % asn — oo.

Note that I S(” ) which always lies in the interval [1, v/2n], is a measure of the effective sparsity of

the spectrum of S (larger meaning less sparse), so the condition %HS ) > 24/logn(1 4 ¢) means the

spectrum of S is well spread-out. So the proposition shows that the exponential convergence rate
depends on the average of the eigenvalues of S, when oS < A and the spectrum of S is well
spread-out. This fact should be contrasted with the case of minimization, where the convergence rate
scales as the minimum eigenvalue of the Hessian.

Interestingly, when the spectmm of S is sparse, the typical behavior of the leading term in the
expansion of fipz, , min; u; TQu; + v;Rvj, is quite different. In this case, that quantity depends on
the geometric mean of the non-zero eigenvalues of S, rather than the arithmetic mean, as formalized
in the following proposition. The proof is placed in App. B, along with a high-probability version of
the estimate in Prop. B.9.

Proposition 3.3. Suppose Q, R are fixed and U,V are independently distributed uniformly on the
set of n X n orthonormal matrices. Let s1 > ... > sy > 0 = S$y41 = ... = S, the eigenvalues of S.

“If P = USV " has i.i.d. Gaussian entries, then P has the same law as U ' PV, for any ﬁ, V € O, the

set of 7 X n orthonormal matrices. So (U, V) has the same law as (U ' U, V' V). This shows that (U, V') is
distributed according to the Haar measure on the product group O,, X Oy, thatis, U and V are independently
distributed uniformly on O,,.



Table 1: Expansions of p(VT'(z*)) in o and 5 for classical gradient methods

p(VT(2*))? = max;<ay|...]

Algorithm  T'(z) VT(z*) +0(na’ + n2a?)
Sim-GDA  z — ng(2) I—-nM 1—2an (ETSuJ]—) + 7720]2
Alt-GDA  see text I—n(I—-2AM+0(m*) 1-2an (@irSwj) +0(n?)
EG z—mng(z—ng(z)) I—nI—nM)M 1—2an (@j S'lUj) — 772%2- +0(n?)
Then

1

ST
. 18] _=2
E mlnu;Quj —|—vaRvj >  max ,Un 1S I | s .
j<n Sc{1,...rren ies

In particular, E [minjgn u;—Quj + vJTRvj} > n=+ L whenn — oo and r and s € R” are fixed.

Numerically, the quantity min;<,, u;'— Quj + v;r Ruv; indeed scales as n~ %! under the conditions of
the proposition, suggesting that our lower estimate could be tight.

3.2 Convergence rate of discrete-time algorithms

Prop. 3.1 gave an expansion of the normalized convergence rate 7 /7 of gradient methods (for a game
with Jacobian at optimum M), non-asymptotically in « and in the asymptotic limit n — 0. In this
subsection, we give expansions of the convergence rate r that are non-asymptotic in « and 7).

The algorithms we will consider can be written in the form 2**! = T'(2*) with the update oper-
ator T dependent only on V f and on step-size 7, and satisfying z* = T'(z*). It is well-known
that local convergence of such methods is determined by p(VT'(z*)), where VT is the Jacobian
of T and p(-) denotes spectral radius. Namely, if p(VT'(z*)) < 1 then the iterates converge lo-
cally with ||z% — 2*|| = O ((p(VT(2*)) + €)¥), with & > 0 an arbitrarily small constant [Ber97,
Proposition 4.4.1].

In Table 1 we give an expansion for p(VT'(z*)) for three classical gradient methods: simultaneous
GDA (Sim-GDA), alternating GDA (Alt-GDA), and Extra-Gradient (EG). Let us clarify immediately
that throughout this paper, statements made about “GDA” without further specification apply to both
Sim-GDA and Alt-GDA. In the second column we denoted by g(z) = (_va ! f) (2) the skewed
]
gradient field of the game, and in the third column we wrote M instead of M, for concision. In
the fourth column, +i0; denotes the eigenvalues of A assumed distinct and w; are the associated
eigenvectors — equivalently, the singular value decomposition of P is P = Z?:l O U v;.r and for
each j < n, @}Swj = EJ:_”San =1 (ujTQuj + vaRvj). We refer to App. D for the derivation
of this table and for explicit bounds on the “O(-)” terms.

Informally, as one can directly see from the fourth column, Sim-GDA requires a very small step-size
for the first term in 7 to overcome the terms +n2c2, while for EG those terms actually appear with a
favorable sign, and Alt-GDA neither benefits nor suffers from those terms. We also see that Alt-GDA
is quite faithful to GF, in that their normalized convergence rates coincide up to terms of order 73 + %
All of these insights are in line with common intuition in the min-max optimization literature [BGP20;
Lu22], as well as with our numerical experiments for the next section, Fig. 2.

A symmetrized formulation of Alt-GDA. In order to derive the rate for Alt-GDA, we used the
following symmetrized formulation of it: we let (29, y'/?) € R? x R? and

Vk € N, ohtl = ok _ T]wa(a?k,yk“h) Vk € N, okt — zk+12+zk
Vk € N + 1/27 yk+1 — yk + nvyf(xk+1/2’ yk‘) Vk‘ c N + 1/27 yk+1/2 — yk+12+yk .

That is, « gets updated with the gradient rule at integer time-steps, y at half-integer time-steps, and
we define ¥, y* at non-updating time-steps as the average of the preceding and following updating

k+1

time-steps. Assuming 1 < ||Vﬁ£f||;ol A HVnyH;ol we show in App. C that z is indeed entirely



determined by z¥ = (2, y*) for each k € N, and that the associated update operator T satisfies

2 T
n Vg(z) — Vg(z

T(:) = 2 mg(2) + L A()9() + O g(=)]) where  A(z) = Y= VIE)

For comparison, the usual formulation of Alt-GDA considers as the iterates (Z*, §*) = (2%, y*+'/?).

We emphasize that (¥, §*) and (2, y*) have the same convergence rate if they converge exponen-

tially, as one can check directly from the definition.

4 Illustration: sparse mixed Nash equilibria of continuous games

In this section we apply the above considerations to a particular class of min-max problems, which is
of its own interest in game theory. Namely we consider the classical problem of finding the mixed
Nash equilibria (MNE) of two-player zero-sum games, that is, given strategy spaces &X', ) and a
payoff function f : X x ) — R, solving the min-max problem
in, max {F(u,v) = Eonpy~uf(z,9)]}

Here P(X) denotes the space of probability measures — representing mixed strategies — over X'
Let us focus on cases where X and ) are continuous sets, say, X =) = T! the one-dimensional
Euclidean torus,” and f : T! x T! — R is smooth. The above min-max problem is then infinite-
dimensional, and algorithms to solve it explicitly must be based on reparameterized formulations.
More specifically, suppose that the MNE (p*, v*) is unique and “sparse”, i.e., has finite supports:
supp(p*) = {z},1 < I < N}, supp(v*) = {y%,1 < J < M} (this is the case for example if f is
a sum of separable functions [SOP08]).

In this setting there are two natural reparameterizations and associated algorithms:

1. If the optimal support points {z}};, {y%}, are known, then we may reparameterize by

= Zévzl arbps, v = Z]JVIZI bsé,+ and optimize over the ar,b;. The problem reduces to
a constrained bilinear game

N M
i Fi(a,b) b =a'Pb
B s | o) = 325 ) =

I=1J=1

where A denotes the standard simplex. A classical approach is then to apply Mirror Prox (MP)
with entropy link function [Nem04] (MP is the Bregman-geometry analog of EG).

2. If only the number of optimal support points is known, then we may reparameterize by y =
Z?le ardy,, Vv = 21}4:1 bsd,, and optimize over both the weights (a;,b;) and the support
points (z1,ys). The problem reduces to

N M
min ma; Fy(a,x,b, b g,
(@2)EANX (TN (by)eAns x (THM { ) ZZ arbs fl@r y])}

I=1J=1

A possible approach is to iteratively update (simultaneously) the a, b using MP steps with step-size
n and the z, y using EG steps with step-size v, for some parameter v > 0. This algorithm is
called Conic Particle Mirror Prox in [WC22], but for concision we will refer to it simply as “EG”
in this section. Note that the main challenge in that reference is to deal with the case where N
and M are unknown, but here we assume they are known for the sake of simplicity.

In Fig. 2, we show the dependency on 7 and y of the local convergence rate of MP and EG, as well as
that of the analogs of Sim-GDA and Alt-GDA and GF for the problem min , ,) max, .y F2(a, z,b,y)
in order to illustrate the insights from Sec. 3.2. We used a randomly generated payoff function f, and
the convergence is measured by the iterates’ /o distance to the solution; see Sec. F.1 for details.

MP (the algorithm based on the reparameterization F7) converges to the MNE for any small enough
7 with an exponential rate at least proportional to n? [WLZL21], and this scaling is tight numerically

The choice of ¥ = ) = T" is made for simplicity of exposition. The discussion below extends straightfor-
wardly to toruses of any dimension, and could be extended to X', Y Riemannian manifolds without boundaries at
the cost of more technical notation.
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Figure 2: Observed local convergence rates r (i.e., |z* — 2*|| = ©((1 — r)¥)) for various conic

particle methods using step-size 7 for the weights (a, b) and 7 for the positions (x, y) and for a fixed
random draw of f. (left) Fixing n = 1072, we observe a rate for GF (we plot 7 - fi,) scaling as 72 as
predicted in Prop. 4.1. Interestingly, Alt-GDA has exactly the same behavior, while the behavior of
Sim-GDA and EG differ for small v, due to the corrective terms shown in Table 1. (right) Fixing
v = 1072, we observe a rate scaling as 7 for EG and its variants, and as 1> for MP; the convergence
of EG is mostly faster than MP.

(green dots in Fig. 2b). Its explicit variant (Mirror Descent-Ascent) and its continuous-time flow are
known to diverge for any n [BP18] [MPP18].

EG is known to converge locally to the MNE for any small enough 7 (and any v > 0) with
an exponential rate at least proportional to n?, despite the non-convexity of Fy, under some non-
degeneracy assumptions [WC22, Sec. 3.1]. However numerically the convergence rate of EG typically
scales as 77, not 2 (orange dots in Fig. 2b) — a fact which we will explain below. The explicit variant
of EG and its continuous-time flow have not previously been analyzed; the discussion below will
give a characterization of when they converge locally.

Note that, at least for the particular f and ~y used for Fig. 2b, EG converges locally faster than MP for
the same 7 (in number of iterations, the per-iteration costs differing only by a constant factor), even
though the former does not use the knowledge of the {z7}}, {5 }! In other words, even when the
optimal support points are known, it is beneficial to use the overparameterized formulation F, where
we also vary the support points.

Overparameterization induces partial curvature. Let us inspect the “Jacobians” at optimum for
the two dynamics, MP vs. EG with parameter . Due to the simplex constraints and the non-Euclidean
nature of the updates for a, b, the relevant matrices are Myp and M., defined below, in the sense
that the exponential convergence rate of each algorithm is jiprn + O(n?) (see Sec. F.2, F.3). Namely,
omitting half of the antisymmetric off-diagonals for readability,

0 I1,D, PD,IL}

—(x)7 0

where D, = Diag(y/a*) (square roots being taken component-wise) and II, € RWV-DxN jg
any matrix such that HGH;r = In_1 and HIHQ = Iy — Va* \/a*T, and likewise for D, and
I, € RM =DM and for EG,

Myp =

0 0 1,D, PD,II} V7 oDy [0y P]Dy,
w10 YDiag(82,Pb*)  \/7Da[0:PIDLII]  vD,[02,PD,
R EON aGN 0 0
— (*)T — (*)T 0 —'yDiag(agyPTa*)
where [0, P|;; = 0. f(x},y7). and likewise for 9, P, 02, P, 92, P, 92, P.

For MP, it is clear that the equivalent conditions of Thm. 2.1 are violated for any payoff function f,
and so fipr,,, = 0. For EG, depending on f and , they may or may not be violated. For all of the
random payoff functions we considered in our experiments, we observed that iy, > 0, suggesting
that the conditions hold generically. They are violated for certain f’s however, as shown in Sec. F.4,
so that the scaling in 2 of the convergence rate proved in [WC22] is tight in the worst case.



More precisely as we show in the next proposition, assuming that the blocks of M., are in general
position, we expect fips, to scale as ~2, which is indeed observed in the numerical experiment
reported in Fig. 2a. The proof, placed in Sec. F.5, relies on the same tools as Prop. 3.1, that is, on the
asymptotic expansions of the eigenvalues of perturbed matrices.

Proposition 4.1. Let Sy symmetric and Ay, A1, As antisymmetric real matrices of the form
0 0
Sa

Il
hN
(=}

\

* 0 o0

and M, = vS2 + Ao + \/YA1 + Az for all v > 0. Then jiy, = O(y?) as vy — 0.

5 Conclusion

We have investigated the local convergence of gradient methods for min-max games and found
that they converge generically under partial curvature. In more specific settings, we have obtained
quantitative estimates of the local convergence rate which exhibit the average of the eigenvalues
of S as the driving quantity for typical problems. For the computation of mixed Nash equilibria of
continuous games, this leads to a behavior of conic particle gradient methods that is more favorable
than that described by the worst-case bounds.

More generally, our analysis leads to the following insights: (i) worst-case bounds might be looser
in min-max optimization (compared to minimization) as they fail to capture the interplay between
interaction and potential parts; (ii) the addition of new degrees of freedom with curvature typically
accelerates the local convergence, as we illustrated in Sec. 4.

We note that the phenomenon described in this paper is fundamentally a consequence of the fact
that the skewed gradient field’s Jacobian at optimum has a positive-semidefinite symmetric part.
This property is satisfied at local Nash equilibria of min-max games, i.e., of two-player zero-sum
differentiable games, but is not true for general differentiable games.
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A Local convergence rates of classical gradient methods

Consider a game mingegn maxyerm f(z,y) with local NE 2z* and let M =
Vi’ yyf
can be written in the form z**! = T'(2*) with the update operator T’ dependent only on V f and on
step-size 7, and satisfying z* = T'(z*). It is well-known that local convergence is determined by
p(VT'(z*)) where VT is the Jacobian of T'. Namely, if p(VT'(z*)) < 1 then the iterates converge
= O (p(VT(2*)) 4+ €)*) with € > 0 an arbitrarily small constant [Ber97,

z*), assumed invertible for simplicity. Gradient-based iterative methods

Proposition 4.4.1].

Table 2 summarizes the local convergence rates of three classical gradient methods, up to third order
in 7. The last two columns of the table are valid for 17 < 7.« (given by the second column), and
the O(-)’s hide only universal constants. In the last column, we denoted i = jis for concision, and
L = p(M). “k-EG” stands for k-step Extra-Gradient. The table was extracted from the proofs of
[AMLG20, Appendix E].

As shown in the fourth column, the quantity [ip; appears naturally in the bounds on the local
convergence rate 1 — p(VT'(z*)), with all methods benefitting from fi; being larger. Moreover,
the rate depends linearly on [ij; in the asymptotic regime of small 7, as can be seen in the third
column, since 1 — p(VT(2*))? ~ 2nminyegp(ar) R(A) = 2nfips.° This asymptotic equivalence
corresponds to the fact that GF, the continuous-time flow of all of the classical gradient methods, has
local exponential convergence rate equal to jips. (Of course using a large 7, or following a different
continuous-time flow than GF, may lead to faster convergence, but it may require knowledge of
problem parameters or the use of more complex adaptive schemes.)

Interestingly, as can be seen in the third column, EG may have a slower convergence rate than GDA
if [S(A)| < R(A) for A = arg ming, 57y R(-), when 7 is small.

Table 2: Moduli of eigenvalues of VT'(z*) for classical gradient methods

Algorithm Nmax {|V|2 ,VE Sp(VT(z*))} Upper bound on p(VT'(z*))?
Sim-GDA 0 1—2pR(\) + 02 A, A € sp(M)} 1 — 2nji + n2L2
) _ 1— 29RO — 72 (A — 4R(N)?
Ilzgc; (1v c)éL (A) =7 (I *— 4R\ ) o ma (2 L)
(k=22 (=0 O(L A e sp0n)
2L2
PP > {1+271§R(>\1)+n2|/\2| A€ Sp(M)} 1 —max (1+2’fm’ 1+n2L2>

B Details for Sec. 3.1

B.1 Proof of Prop. 3.2

For ease of reference, we restate the proposition below.

Proposition 3.2. Suppose Q, R are fixed and U,V are independently distributed uniformly on the
set of n X m orthonormal matrices. Then

Tr(S) 151 i T T
(1 - 2Tr(S) Viegn | <E n Quj +v; Ru;

n

Tr(S)

IN

where ||-|| . denotes the Frobenius norm. In particular, provided that ﬁg(ﬂs) > 2y/logn(1 + c) for
some fixed ¢ > 0, we have E [min; <<, u; TQu; + vj—-'—Rvj] = % asn — oo.

81 — p(VT(2*))? i “|I>and 1 — p(VT(2")) is the one for
sz -z H Hence those two quantities differ by a factor 2 at first order in 1. Equivalently, the additional factor

2 comes from the fact that p> = [1 — (1 — p)]*> ~ 1 — 2(1 — p) when p is close to 1.
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For the sake of concision, let W = ﬁﬂ and w; = W,; = (uj ), and (in this appendix only) y =

min;j<, u; Quj +v; Rv] = minj<, w; Ts w; the quantity which we want to estimate. Furthermore,
denote s > > s, >0=5p41 =... = Sg, the elgenvalues of S, and assume S is diagonal w.l.0.g.
Also let, for allj <n, Ni,...,Np, Ml, wesy M, ~ %2 i.i.d. and independent of U and V, and pose

VN uj
a; = .

VM v
Note that for each j, a; ~ N(0, I,,). Indeed, /Nju; ~ N (0, I,) since it is isotropic and its norm
has the correct distribution, and likewise for \/M; v;; so a; ~ N (0, I5,) as the concatenation of
two independent standard Gaussian vectors.

Lemma B.1. We have ~E [min;j<, a] Sa;] <Eu < Ins)

n

Proof. Let J := argmin,, w;—Swj. Then a—'J—Sa_] = N(;u}—QuJ + M_]v}—RvJ. Now J is a
deterministic function of the (w;)j<y, and (N;, M; )<, areii.d. and independent of (w;) j<n, S0 we
have the conditional expectation E[N|(w;);<n] = EN; = Ex?2 = n and likewise for M ;. Thus,

E [a)Sas|(w;)j<n] = E[Ns|(w))j<n] uj Qus + E[My|(w))j<n] v Rvs = np,
and the first inequality follows by taking total expectations.
For the second inequality, Eu < Eu Qui + v, T Rvy. Now letting agl) VN ug ~ N(O,In),
Niu{ Quy = (a(l))TQa 1), so taking expectations on both sides, nEu] Qu; = Tr(Q). So Eu <
Tr(Q)+Tr(R) _ Tr(S) [

n n

Let for concision (; = ajTSaj for each j < n.

Lemma B.2. The moment-generating function of (1(~ (3 ~ ... ~ (,) is
Ee'St = H(l —25t)" Y2 forall t<
=1

1
2max; s,

Proof. Since ¢, = Y7, s1a1[1]% and a1[1]2 ~ %2 i.i.d., we have Eefll* = (1 — 2)=1/2 for all
t < Land Befr = [[7_, Betsrll® = [T (1 — 2s;¢)~1/2 forall £ < O

2mwxl s °

We now lower-bound the expectation of min;<,, ¢; using a Chernoff bound-type argument, which we
note does not require independence.

Lemma B.3. We have

: 151
Egnglgg] > Tr(S) (1 - 2Tr(5€) Vlogn)

where ||-|| » denotes Frobenius norm, i.e., {a-norm of the vector of eigenvalues.
Proof. By Jensen’s inequality and monotonicity of exp(-),

vVt >0, exp (t E max —Cj> < Eexp <t max —Q) = Emaxexp (—t(;) .
So, taking log and optimizing the bound,

Em<aX( ) < 1nf logIEméixexp(( G))
j<n

1 T
H(=C)| — inf = —1/2
< 1nf log [nEe ! ] = t11>1£ ; log |fL ll_ll(l + 2s;t) ]

1 .
= inf = <log - Zlog (1+ 251t)> =: inf g(1). (B.1)

t>0 t
l 1
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By calculating we find that ¢/(f) > 0 < > ;_, {log(l + 2s1t) — 142_521;)5} > 2logn. With the

case r > logn in mind, let us evaluate at t(!) defined by 2;21 2(s1t)% = 2logn, i.e., D =
Viogn/ ||S| . (This choice is obtained by Taylor expansion for ¢ — 0 of the condition ¢'(¢) = 0.)
Using that log(1 + y) >y — 24? fory > 0, we get

o) = o (n 5 3os (1203

< 157 logn—lz 28 VlOg” 4210gn
Viogn 2 — ISz 27 |1S)I%
[ <10g Te(S)v/logn +1ogn>

Viogn HS”F
= —Tr(S) + 25| p V1ogn.
Thus, Eminj<, ¢; > —g(t®) > Te(S) — 29| p vIogn = Tr(S) (1 —2lls /logn n) O

The upper bound of Prop. 3.2 is shown in Lemma B.1, and the lower bound follows immediately
from substituting Lemma B.3 into Lemma B.1.

B.2 Proof of Prop. 3.3

For ease of reference, we restate the proposition below.

Proposition 3.3. Suppose Q, R are fixed and U,V are independently distributed uniformly on the
set of n X n orthonormal matrices. Let $1 > ... > sy > 0 = S$;41 = ... = Sa,, the eigenvalues of S.
Then

L

18] 2 ST
E mmuTQu]—l—v Rvj| > max | | E Hsl .
j<n sc{l,..ryen s

In particular, E [minjgn u‘;—Quj + v‘;erj} > n=+ L whenn — oo and r and s € R” are fixed.
We are still exactly in the same setting as for Prop. 3.2, so all the lemmas of Sec. B.1 apply. We

. . . /N u;
also reuse notations from that subsection: y = min;<,, u-TQw +o] Rv;,a; = J "7 ) where
gty QU Uy 05 @5 =\ /ATy

Y
Ny, ooy Ny My, ..., M, ~ %2 i.i.d. and independent of U and V, and G = ajTSaj for j < n. We
also assume S diagonal w.l.0.g.

Recall from Lemma B.1 that Ey > %IE min;<y, ¢;. The proposition then follows immediately from
the following lemma.

Lemma B4. Lerany S C {1,...,r}, denote rs = |S| and Gs = [[]}cs sl]l/rs. Then we have

2
Eminjgn Cj Z é rsn s GS-

Proof. Recall from (B.1) that

.1 .
Eraxta) = by <1°g -5 Yttt + 2szt>) = 2ot

I<n
7= 23

and that ¢'(t) > 0 < > ,_, [log(l + 2sit) — %ﬁf{t} > 2logn.

With the case 7 < logn in mind, let us evaluate at t® defined by 3°;_; [log(1 + 2s;t) — 1] =
2logn, i.e., [[j_; (1 + 2s;t) = €21°8"+7 = n2e” — more precisely, let ¢(2) be the smallest positive
such ¢ (since there may be several solutions to that polynomial equation). Then g(t(?)) = t<2> (=r/2).

Let us further upper-bound ¢(?) by some u > 0. Since t(2) is defined as the smallest positive
root of the polynomial P(t) = [[,_,(1 + 2s;t) — n¢", and since P(0) < 0, it suffices to pick
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any u > 0 that P(u) > 0. Since P(t) > [[[;_, 2s:)]t" — n?e" for any ¢ > 0, we may choose

u=(n*e")7/ [T 1281]

Thus we have

ﬂv-‘

1 1 [T, 250"
~Eming < g(1%) = jr(-r/2) < L (r/2) = HEER ()
ML s]""
Egnlrrlléj>r 61.112/,,_ .

This shows the lemma in the case S = {1, ...,r}.

For the case of arbitrary S C {1, ...,r}, drop some terms in the Chernoff bound-type inequality; that
is, upper-bound — 3, 5 log(1 + 2s;t) by zero:

.1
) 1]11<12CJ < lnf - <log - = Zlog (1+ 2slt)> < %r>1(f) n <log - = Zlog (1+ 25lt)>

23 leS

=:gs(t)
Thereafter, going through exactly the same considerations as above, we obtain the inequality where
we restricted attention to the components [ € S. O

B.3 High-probability bounds for the spread-out spectrum case

In this subsection we provide a high-probability counterpart to the expectation estimate from Prop. 3.2,
where we showed E [min;<, u] Qu;j + v] Rv;] ~ ) when ﬁ;(\f) > Q(y/logn).

Proposition B.5. Suppose Q, R are fixed and U,V are independently distributed uniformly on the
set of n X n orthonormal matrices. Then, denoting p = min;j<y u;'—Quj + U]T Ru;,

Tr(S _ Tr(8)2 2 "
Vo<~y<1, P(MZ 2< )(1—7)> > 1—ne “9IF —2e7%
n

 Te(8)2 2

4Tr(S _ L TmsizY g2 REF
and Yy >0, P (u < ( )(1 —|—’y)> > l—e Tr(s)F 27 ify < Tr(S)IISI
K 1—e SISTY —2e~%  otherwise
where ||-|| » denotes the Frobenius norm and ||-|| denotes the operator norm.

The remainder of this subsection is dedicated to proving the above proposition. Let as in Sec. B.1

N; u, .. .
aj = <\/]\73Ui> where Ny, ..., Np,, My, ..., M,, ~ x? i.i.d. and independent of U and V/, and

G =aj Saj for j < n. Alsodenote s; > ... > s, > 0 = s,41 = ...S2,, the eigenvalues of S, and
assume S diagonal w.l.o0.g.

Lemma B.6. Foreachj, P (5 < ) =1 - ¢ ¥ andP (3 < 4) > 1%,
J J

Proof. Since N; ~ X2, we have the classical concentration bounds [LM00, Equations (4.3), (4.4)]

Yt >0, ]P’(an<2\/>+2t>>1—et and P<N7n> 2f)>1—e

n

Evaluating the first inequality at ¢ = g yields N; < n + < 2n with probability > 1 — e~ s.
n
4

% yields Nj > n—

T
vz

n n
B 4
Evaluating the second inequality at t = > 7 with probability > 1 —e~5. [

7And this approximation of P(t) intuitively makes sense to do since our choice of t® was guided by the

Ansatz that 1i§lstlt ~ 1,ie. sit > 1, foralll <r.
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Letting the random variable J = argmin; ., u;r Quj + v;r Ru; that is only dependent on U and V,
so independent of the N;, M;, we have B

1 1 1
:E~\/NJU—JFQ\/NJUJ+M7J'\/ JUJR\/ J'UJ>( >a;SaJ

Ny My

1 1
=\, Moy ) s Ses
and so by union bound, using that Ny ~ Ny and M ; ~ M; by independence,

Ve>0, P(u>c)>P <5n<1£1 ajTSaj > 2nc> — 27 %, (B.2)

Let for concision (; = ajTSaj for each 7 < n. Recall from Lemma B.2 that the moment-generating
function of ¢y (~ (o ~ ... ~ () is
T

Ee't = JJ(1 - 2s,t)7"/? forall t<

2max; s;
=1

We can now use union bound and Chernoff’s bound to lower-bound min;<,, ¢; with high probabil-
ity. The derivation is essentially an instantiation of the general subexponential tail bound [Wail9,
Sec. 2.1.3] using our precise knowledge of the moment-generating function of the ;.

Lemma B.7. Forany 0 < v <1, we have

Tr(S)2
P (mlnCJ > T;(S) (1- ’y)) >1—ne I5I% 4
n

i<n

where ||-||  denotes Frobenius norm, i.e., {2-norm of the vector of eigenvalues.

Proof. By union bound, since the ¢; are identically distributed, P (min; (; < z) < nP(¢; < z). By
Markov’s inequality,

T

. 1 _ . _
P(G1<2)=P(-( > —=) < inf —Ee ' = inf e [T+ 2si) =1/

t>0 e~ =1

1 T
<z)<i - = =i .
logP ({1 <) < tlI>1(f) tx 5 lg_l log(1 + 2s;t) %gg gz (1)

By calculating we find that ¢,(t) > 0 <= 2z > >, 1i8215tt With the case

x~E¢ = Tr(S) < r in mind, let us evaluate at 81 defined by 2z = > ;_, 2s;(1 — 2s;t) =

2Tr(S)—4 ||S||F tie, t) = T:f‘(l‘;)uf Assume henceforth that < Tr(S) so that ) > 0. Using
F

thatlog(1 +y) > y — 1y? fory > 0, we get

+(1) _Ti - 1 2$T(5’)—x>
90 = = s 22 <+ "SsIE

2
Tr(S)x — x? -
Si_f
2||51% Z 2||S||F 42 ( 2|51 )

l 1
2
_ Tr(S):L’g;n2 fTr(S)Tr(S) ;:c n ||SH§7 (Tr(S) 2x>
21|51 2||SII% 21|51
— 1 ' $—1'2— T 2 T T 1 r —$2
=SS [T TP £ TS+ (1HS)
1
=——— _[Tx(S) — z].
A
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Hence we have shown
1
J
F

and the announced bound follows by a change of variables v = 1 — ﬁ

Combining (B.2) with Lemma B.7 yields the high-probability lower bound

_Tx(S)2 2
wsyst P(oz T0-0)) 2 1o T et
n

which is exactly the lower bound of Prop. B.5.

For a high-probability upper bound on y = min;<,, ijSwj, in the regime of interest in this
subsection it is sufficient to start from

1 1 1
u < wISwl = E . \/NluIQ\/Nlul + E -/ Mjv, TR/ M v < ( V M) aISal

so that, by union bound and Lemma B.6,
VO >0, P(u<C)>P (afsa1 < %0) _9e %, (B.3)

Hence it is sufficient to upper-bound ¢; = a{ Sa; with high probability.
Lemma B.8. For any e > 0, we have

£2

— LN 2
PG <THS) +e)> {L—e TUF  f0<e<TE
1 — e Smxs otherwise.

Proof. (1 = Y_;_, sia1[l]? is subexponential with parameters ( Y o—1(2-8)?, maxj<, 4 - sl> as

a linear combinations of independent x? random variables a;[l]> which are subexponential with
parameters (2,4) [Wail9, Sec. 2.1.3]. The announced subexponential tail bound follows by a direct
application of [Wail9, Prop. 2.9]. [

Combining (B.3) with Lemma B.8 yields the high-probability upper bound

2

“SSET - 1112
V& Z 0, IP) (ILL S 4W> 2 1 —¢ SHS!F - 26 s n 1f€ S maxl};l
n 1—¢ ®maxis; —2¢~ 3%  otherwise

Tr(8)2 2 .
_ L ssiE Y g - _sIE
andso Vy>0, P (M < 4T1"(S) (1 + A/)) > 1—e Tr(;;w 2e7®  ify < Tr(S)[mgxl si]
" 1—¢ ®mexisi —2e~%  otherwise

by the change of variables Tr(S)y = &, which is exactly the upper bound of Prop. B.5.

B.4 High-probability bounds for the sparse spectrum case

In this subsection we provide a high-probability counterpart to the expectation lower estimate
from Prop. 3.3, where we showed E [minjgn ujTQuj + vaRvj] pe n~7~! when n — oo with
r = rank(S) and s € R" fixed.

Proposition B.9. Suppose Q, R are fixed and U,V are independently distributed uniformly on the

set of n X n orthonormal matrices. Let s1 > ... > sy > 0 = S;41 = ... = S, the eigenvalues of S.
Then denoting (n = minj<y, u;»rQuj + vJTRvj,for any S C {1,...,r},

IS]

1

S ! .

VOo<~<1, P M>—U el [Hsl] (I=7)] > 1—e"27 =25,
les
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The remainder of this subsection is dedicated to proving the above proposition. As we are exactly in
the same setting as for Prop. B.5, all the lemmas of Sec. B.3 apply. We also reuse notations from that

. /N u, .. .
subsection: a; = <\/ﬁjj vj<> where Ny, ..., Ny, My, ..., M,, ~ x2 ii.d. and independent of U and

V,and ¢; = a;Saj for j < n. We also assume S diagonal w.l.o.g.

Given (B.2), in order to prove the proposition it suffices to derive a different lower tail bound for
min;<, ¢; that is more adapted to the sparse spectrum case.

Lemma B.10. Letany S C {1,...,r}, rs = |S| and Gs = [[],cs Sl]l/rs. Then

1

. rs -2 s _rs
> T . — > _— ’Y'
VyeR, P Ijnglrrllcj_ en s lel (I—9)|>1—e 72

les

Proof. Let any z € R. By Markov’s inequality,

1 .
P (m_in G < x) =P (max(—gj) > —x) < inf ——Eet™2%i(=6) = inf et* - Emax et(=6),
J J

t>0 et t>0 7

Now for any o > 1, by monotonicity and concavity of y — '/,
1/a 1/a

1/«
at(—=¢;) < at(—¢;) at(—=¢;)
(r]ng)t(e ) <E Z e E Z e

j<n j<n

= [nEeote)] e

Emaxe!"4%) = E
j<n

IN

Hence, taking the infimum over « and substituting into the above inequality,®

1/«
P (min(j < x> < inf e - inf [nEeo‘t(fcl)]
J t>0

a>1
1
logP (min; <) < inf tz+ inf — (1 log Ee!(=¢))
og (mjln@ < :c) < %r>10tx+oltr§1a ogn + log e
1
— inf - f,( B(—cl)) _
t11>10t [x—l—}gl;tﬁ logn + logEe
Let, as in the proof of Lemma B.4,

g(B) = % (logn + logEe‘ﬁCl) = % (logn - %Zlog(l + 25;5)) and wu = gn% [H 511 T .
=1

One can check, by lower-bounding log(1 + 2s;u) by log(2s;u) for each term, that g(u) < +(—r/2).
Hence,

o < . .
log P (mijj < x> < %ggt {x + éréftg(ﬂ)] < inf t(x+ g(u))

T 0<t<u

gu(aﬁ—g(u))éux—g:g- (%x—l).

Hence we have shown that for all x € R,

P (mjian < :z:> <exp <; (1 - ;;295)) .

81n fact one can check, by inverting inf; and inf,, and optimizing first over ¢, that the infimum over the joint
(t, &) is always attained at some (¢, 1); that is, the true optimum is always at « = 1. What introducing the extra
degree of freedom « affords us is a way to obtain a tractable upper bound, whereas upper-bounding the inf;
with o = 1 fixed seems more difficult.
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The inequality of the lemma with S = {1, ..., r} follows by the change of variable v = 1 — %x and
substituting the expression of w.

The inequality for arbitrary S C {1,...,r} follows by exactly the same considerations as above
applied to

gs(B) = % <logn - %Zlog(l + 2516)> and wus = gn% [H Sz]

les les
instead of ¢g and u, noting that g(8) < gs(5) for any 5 > 0. O

Combining (B.2) with Lemma B.10 yields the high-probability lower bound

1 S 2 181 n
VyeR, P|p> —un ST Hsl (1—) Zl—e_%w—%_g
2n e ies

forany S C {1, ..., 7}, which is exactly the inequality of Prop. B.5.

C A symmetric expression for Alt-GDA

This appendix contains results stated in Sec. 3.2 and used in Sec. D.3 and that may be of independent
interest.

As announced in Sec. 3.2, we analyze a symmetrized formulation of Alt-GDA, whose definition we
recall here for ease of reference: let (z°,y'/?) € R? x R? and

Vk € N, aF = gk — v, f(ak, yF ) Vk € N, gt = Lﬂ;ﬂk
{Vk N+ 1, gl = yh gy, f@b g T ke N4 1, it = Ve
(C.1)
Note that this symmetrized formulation is indeed equivalent to standard one (used e.g. in [Gid+19;
BGP20; ZWLG22; GLWM?22]), via the correspondence Vk € N, % = zF and §* = y**+'/2. We
emphasize that, as one can easily check from the definition, the symmetrized iterates (2¥);, =
(z*, /%), converge if and only if the classical ones (2¥);, = (2%, y**'/?)ren do, and if they converge
exponentially, then they have the same convergence rate.

The following proposition shows that the evolution of the symmetrized Alt-GDA iterates can be
expressed approximately in terms only of the (skewed) gradient field g(z).

Proposition C.1. Assume n < HV?me;ol A vawf‘
defined by (C.1) satisfy

. Then the symmetrized Alt-GDA iterates

‘—1
oo

Vk € NU (N4 14), 2571 = 2F —ng(2¥) + %QA(zk)g(zk) +0 (n*]]9(z")]])

0 Vi, f
most 107° [[g )| (V7] (L4 12, £, %) + 927 o)1)

Remark C.1 (High-resolution ODE for the symmetrized iterates). The symmetrized update operator

where A(z) = { } (2). More precisely the “O(-)” term is a vector with norm at

with the O(n®) term neglected, 2 — 2 — ng(z) + %ZA(Z) g(z), leads to a different high-resolution
ODE than the one derived by [GLWM?22, Eq. (12)] for the standard formulation. The one derived in
that reference is

iz . on[Q PJ,. . Q Pl _

oo -1 Blewe s | F0 fle = o

while the high-resolution ODE corresponding to the symmetrized update z¥*1 ~ T'(z*) can be
shown — simply by applying the high-resolution ODE for explicit Euler steps [Lu22, Eq. (20)] to the
vector field —g(z) + 3 A(2)g(z) — to be

dz

T =00 - IO + B = o) - 1§ 3] Glato)
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There is no contradiction here, as the classical Alt-GDA iterates 3* are not identical pointwise to
the symmetrized ones z*; instead the correspondence involves a time-shift of 4-1/2 for one of the
variables. Informally, the former high-resolution ODE tracks the evolution of the Alt-GDA iterates
using a piecewise-constant (forward in time) interpolation scheme, with the arbitrary choice of
measuring at time-steps where y was updated more recently than x, and the latter tracks the same
iterates but using a piecewise-linear (trapezoidal) interpolation scheme.

Proof. As usual in this paper we let for concision z*¥ = (z%,9*) for all k € N U (N + 1/2).
Denote L., = HmefHoo, Ly, = Hvznyoo, Ly = Hvinyoo’ Ly = Lyy V Lyy V Lgy and
L3 = ||V3f]| . Throughout this proof we will write & or &’ to denote elements of [—1, 1] or of the
unit ball of R” or R™ or R®*™, and that may change from line to line.

Let £ € N. By Taylor expansion with remainder in Lagrange form,
R U\ C A CARTAARS)

1 L . 2
st oo ()

Now

kK4 yk+1/2 +yk71/2 B yk+1/2 _ ykfl/z
B 2 - 2

and Yt — kTR =V f(2R ) =V f(2F) e (77Lyy Hy’“ —yr

)

k+1/2

Y

)

1 1
— nvyf(zk) +e (nLyy2 Hyk-i-l/z o yk: /2

since yk—l/z . yk _ y’“—lh B yk+1/2 ;r yk—1/2 _ _yk+1/2 ;yk—l/Z _ (yk+1/2 B yk) .
Moreover, the above computation also shows that
Hy’““/z —y" R < ||V FEM)] + nLyy% Hy“l/z — Yt
ndso [y =y | < 9, (€2)

for any n < 2/L,,. In particular, since we assume n < 1/L,, then Hy’“l/2 - yk*1/2’| <

2n ||V f(2%)]|- Thus, using this last fact to express the error terms in terms of ||g(2*)|| = ||V f(z")]|,
by substituting into the Taylor expansion of 2**1 k

— x" we obtain

1

o (o2 o)
8

= UV ) = GPTRAEE) V) 4 e (g 9G] + 2 o) €

1 _
Te <n2LmyLyy2 Hyk"‘rl/Q _ yk 1/2

By the symmetric calculations, we have

1
Uk € N+ 12, g™t =y =0V f(2") = n* Vi, [(25)Vaf (%)

sae (Lay o 9G]+ 2 o) . €
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Now let us compute an expansion for the increments between non-updating time-steps. Let k € N
and let us compute y*+1 — g/

k+32 k+1/2 k+1/2 k—1/2 )
Yty Y +y 1 3 -
yk 1—yk— - _7<yk+2 yk 1/2)

2 2 2
1 1/y _1/
=5 (Wyf (96’“*1,2/” / ) +nVyf (x’“,y’“ / ))
0 (29,0 () + V2 () - (@8 = ab) 4 92, F(ER) - (4 = yF) 4+ 92, F(ER) - (0 - )]

L L3 || s L IRVALE
+€<7723||xk+1xk|| 3 H lc+/zyH)+€/<7723Hykyk /2 >

1 1/o —1/
= nVyf(") + o0V f(h) - (@ = at) + invf,yf(zk% (= =2y
=0
)
1 2
= 1V, f() + 5aVE S () - @ —ab) e (n'Ls (24 22,07) [l9(M)]))

Here in order to bound the error term in ka“ — gk H we used that

Ja*+t = aH|| = |Vt ,y’““/?

+e (nL23 ek — 2| + n% Hy’”l/z —

<77HV (2 ||+77L H k+1/2_ka

=" Hvxf || + any ki yk71/2 < 77(1 =+ ny'r]) Hg(zk)H
o541 — okl < (24 222,%) [|o(H)||”
since ||yF+'/2 — y*='2|| < 20|V, f(2*)|| as shown previously (C.2). Hence, substituting the

expansion of xk+ — ¥ from the previous paragraph, we have
1 . 1
Hh e N, P g = g ) b VAR - |Vl - PO VG
3 L= (2 L2 2 NI L. L k g NI
+ne 3( + Loyn ) ||g(z )H + Ly yyHg(Z )H + 5 Hg(z )H

V) PR Vo d e (L (5 + ) I + §28 ) ).
(C.5)

By the symmetric calculations, we have
1
Vk e N+ 1/, gFtl — b = —nVa:f(zk) — 5172Viyf(zk) . Vyf(zk)
) 2 9
soe (Lo (3 + 2 ) oGO + 322 o)) . co)

The announced expansion for z¥*1 — 2% both at time-steps k& € N and k € N + 1/2, follows
immediately from (C.3), (C.4), (C.5) and (C.6). O]

The above Prop. C.1 is already a good indication of the fact that local convergence of Alt-GDA
can be analyzed via the spectrum of V {id —ng + ";A . g} (z) =1—-nM + éAM. In fact,

since the error term in the above proposition is O(n* ||g(z*)||), one can follow the potential-based
approach developed in [Lu22, Sec. 4] (via continuous-time) or [WC22, Sec. H] (for a special case),
to lower-bound the decrease of ||g(zk) || or sz -z || at each iteration. However that approach may
require 7 to be smaller than actually necessary. The following proposition offers a more direct path to
linking convergence of Alt-GDA to spectral properties of the aforementioned matrix.
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Proposition C.2. Assume n < ||mef||;o1 A ||V§yf||;o1 Consider 2% = (2%, y*) renuv41)) the
symmetrized Alt-GDA iterates defined by (C.1).

Forany k € NU(N+1/2), 2K 412 s entirely determined by z*. More precisely, there exist well-defined
Vk € N, PARNEE T;{f(zk)

operators T;/ 27 Tlg/f such that .
P Yoty Vk € N+ 1/, Sh+1/2 Tyl;{f(zk)

Moreover, for z* such that g(z*) = 0, it holds T;{f(z*) = Tylg/f (%) = 2" and
2
1 1 * 1 1 * n
V(Te 1] (), VT o Th] (%) = T — M + T AM + OGr").

More precisely the “O(-)” term is a matrix with operator norm — and so spectral radius — at most
2031 ANl (IIAl v H|S|H)2 where |||-|| denotes operator norm.

Thanks to the above proposition, one can analyze the local convergence of the integer-time-step

iterates (z*)en, say, by applying the usual analysis to its well-defined update operator T;f ) T;{f;
that is to say, by bounding the spectral radius of its Jacobian at z*.

For comparison, the update operator fzy for the standard formulation is given by ¢! =

(y n va{(k+1 ~,>€)) Denoting M = {_%T Z] as usual the Jacobian of g at a fixed point z*,

the Jacobian of Twy at z* writes [ZWLG22, Sec. A.3]
ry ~ [nPT I—-nR 0 I 77P—r — UQPTQ I— 77R n?PTP

which cannot be written only in terms of the symmetric and antisymmetric parts of M. Interestingly,
in order to heuristically obtain an expression for a “Jacobian” that is symmetric in the x and y players,
a natural idea is to simply consider the average

VT, (2%) + VT, (z*)
2

I— nQ——PPT —nP+ L PR
nPT —2PTQ T-nR- " PP

,,72

which yields the same matrix as in Prop. C.2 (ignoring the O(n?) term).

Proof. Denote Ly, = ||V2,f|| s Lyy = ||[Va, fll o Lay = [|[ V2, fll s L2 = Laa V Lyy V Lay
and L = || V7],

Let £ € N. We have by definition

Rt — 2=V f(L’“ y ) 4t

g = gk — GV fak, )
k+1/2 _ yk 1/2 _|_7,]v f(x y 1/2) and so {yk+1/2 _ 2y k+1/2 ’I’]V f( k, ka . yk+1/2)

y’“ =gk —(y ’“*1/"’—1/)

i.e {xk+l/2 = -’Ek - %nva:f('rkvyk+l/2)
dd) 1 1
YR = YR 4 gV fa, 29 -y ).
It remains to check that the second equation determines y**'/2 completely for any given z* and y*.
And indeed, thanks to our assumption that Z L,,, < 1, the mapping y — y* + 10V, f(z*, 2% —y) is

a contraction, so in particular it has a unique fixed point. This shows that z**'/* is entirely determined
by 2F for k € N, and the case k € N + 1/2 is similar.

Moreover the above also shows that Tmé is characterized by

gt =gk — gV, f(a® k+1/2)

k+1/2 | k+1/2 T 1/2 —
({E 'Y ) ( Y ) {yk-i-l/z :yk + %nv f yk-l-l/z)

(a*
and symmetrically for Tylg/f. So by substituting, we indeed find that T;{f (z*,y*) = T;g/f(x*, y*) =
(z*,y*). In order to compute the Jacobian, let any small 6 = (J,, é,), and consider T;{f (z*40) —
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T;{f(z*) = A = (A, Ay). Then, denoting 3’ the unique solution of y' = y* + &, + 31V, f(z* +
0z, 2y* + 26, —y'), we have

Yy -y =0+ [ y (@ +02,2y" + 26, —y) =V, f(z7)]
Iy =yl < 1811+ 3 Loy 162 + Lyy (218, 1 + ly* = /1]
1 n B
Tr7s (19014 5 Ly 180+ Lys2118,11) = O (1321 + 116,1)

since we assume that nL,, /2 < 1/2, and so

Y —y =8 (VI +v§yf<z*><26y+y*fy'>+0(u5m||2+||6y||2)]

vy = [T 292,060 (54 D IV3 000 + 293, 5(95,) ) +0 (1502 + 16,1)

This directly gives an expansion for Ay =1y’ — y*, and we have

Do = 8= SVl 4 80y)) — Ve ()]

A *
— <
ly yH_l

= 60— 51 [V2S ()80 + V2, F()0 — 7)) + O8I + 16,1)
= 8= D92, 10— D9 S [T+ 292,160 (5, + L (V3021060 +29, 12105,
+ 0151+ 118,1)
2 —
{1 308160 = V2,0 [T+ 193, 060) hse o

- {”v? ) [+ 2,06 (s f(Z*))}5 + O(l18I1” + 118, 1°
2

2]

f

Writing for concision [ 5 g”ﬁ”f] (z%) = [ ]?T PR} as usual in this paper, the above expan-
ol o

sions write

2 -1 —1
Ax:{l—gQ—ZP[I—gR} PT}m{—gP[f—gR] <I—nR>}6y+0<naxn2+||6y||2>
—1 —1
= {[r- 2 e hoe {[1- 3R] - nm o, + 0 (160 4 10, 12)

which implies by definition of the Jacobian that
- ) .
-1 —%P[Il ”R] 'pT —%P[I—gf% (I —nR)
[I—1R| 1P [I—1R] (I -nR)

By symmetry, the Jacobian for Tyg/g can be obtained from the above expression by swapping 7 for

—n, Q for —R, PT for P, and swapping the lines resp. columns of the block matrix, yielding

PN B VA To' 0 gra) -[1-30 7P
VT,i(z%) _gPT[Ing]_I(I—nQ) I—gR—’f;T[I 3 ]1P_'

VT, (") =

By straightforward but tedious computations, and noting that [I — gR] ~! commutes with R, we
arrive at the following expression for V [T;Elg/f T;:{f] (%) = VT Y(2¥) - VT;?(Z*) (since z* is a
fixed point of both operators):
v [T o Ty (=)
2 —1 2 3
I—-nQ—-"2PPT[I j13@] (I-nQ) —nP+%LPR+%ZPPT[I- %9] p
nPT[I-3Q]  (I-1Q) . *PT 1 -3Q]

I— nQ——PPT —77P—|—’7PR
nPT—2PTQ I—-nR-LP'P

+E:I—77M—|—%AM+E
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where the error term F is
2 n~1—1 3 -1
~PPT{[1-3Q] (T-n@) -1}  ZPPT[1-3Q]'P
—1 2 —1
nPT{I-3Q) (1-nQ) - (1-3Q)} -%P {[I-3Q " - 1}P
thanks to our assumption that 3 L, < 1. More precisely, by bounding the operator norm of each
block and summing the bounds, and using that ‘H [ — gQ] -1 H‘ <3, H’g@‘”k =

=0(r)

1
—ananz S

leﬂ < 2, one can check that
n 17 (7 o2 n° o3 a2 . o2 N
<|lr-2 Ziep? -2 e p|-L Tiep?-2
i < |7 2] || (e guan+ Tueht + ane- i + e - i)
1
<—— . 2PIIP| v 2<223IP NP v 2,
ST PN2I Y QD= < 29IV I
g 0 P Q 0
Note that by definition of A = _PT 0 and S = | § p|. we have Al = |IP]| and

ST = Wl v 2

This proves the claimed expansion for V [T;{,ZOT%Q} (2*), and the expansion for

\Y {T;:/f o T;ﬂ (z*) follows by symmetry. 0

D Details for Sec. 3.2

In this section we prove the expansions of the convergence rates of discrete-time algorithms (with
non-asymptotic bounds in 1 and «) reported in Table 1. That is, we derive approximate expressions
for p(VT'(z*)) the spectral radius of the update operator’s Jacobian at optimum, for various update
rules (GDA, EG, etc.), when the skewed gradient field’s Jacobian M has a small symmetric part.

We will repeatedly make use of the following estimate for the spectrum of a perturbed normal matrix.
The expansion itself is a special case of [Tao08, Egs. (5) and (7)] for M normal, explicitly pointed
out in that reference. Deriving the explicit bound on the error term involves rather tedious calculations
however, so the proof is deferred to Sec. D.5.

2
Proposition D.1. Let My, My, My € R or C¥*% and M, = My + aM; + % Ma. Assume M
is normal and has distinct eigenvalues; denote its eigenvalue decomposition as Mow; = \jw; with

(w;); unitary, and let vy = ming; |\ — \;|. Then for all o such that H'aMl + %MQ‘H < 4:}027,

w;Mﬂl)k) (@;—lej)
N — M

2
_ a”__
Sp(My) =S Aj + ozijlej + ?ijMgwj 4 o? Z (
k#j
where ||-||| denotes operator norm and for each j, |r;| < o - 8dg || M || <|||M2H| + 4d761|||M1||\2).

+7;,1<5<d

In the remainder of this section, consider S real symmetric and A real antisymmetric in R4*¢, and let
M = M, = aS + A. Assume A has simple eigenvalues and denote its eigenvalue decomposition as
Aw; = iojw; with o; € R. This corresponds exactly to Sec. 3 with the correspondence d :=n + n
and Sp(A) = {io;,j < d} = {isd;,s € {—1,1},j < n} with (7)<, the singular values of P.
Furthermore, let for concision y4 = ming; |oy — ;| and Lg = ||S|||, La = || A]|l-

Throughout the derivations of this section, we will write €, €', €; or €’; to denote elements of [—1,1]
or of the unit ball of R?, and that may change from line to line. Likewise, ¢, ', ¢ NS ; will denote
elements of {z € C; |z| < 1} or of the unit ball of C%, and that may change from line to line.

D.1 Simultaneous GDA
The Sim-GDA update rule is z* T = T'(2¥) = 2* — ng(z*), so the update operator’s Jacobian at

optimum is
VT(z*)=1-nM = (I —nA) —anS.
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Observe that / — 1A is normal with eigenvalue/eigenvector pairs (1 — ino;j, w;). Hence let us apply
Prop. D.1 with My = I — nA and M; = —nS (and My = 0). We get that

~nLs4v2d Lg-4v2d’

Vo < L M4 VA

2w ] Swy|?
Sp(VT'(2*)) =< 1 —nio; — om@jTSwj + a? Z M
oy

3 2. .—2713 .
¢ (3227 2L3) 1< j<d
e — ¢ (32d%y,°Lg) 1<) <

It seems unlikely that the term in o will ever lead to friendly expressions, so we will bound it
uniformly; let us nonetheless note that it is pure imaginary. Namely, since

<a n’yAl Z |wZSw]’ D.1)

22 n |w ka| <a2nz WgSwﬂ
j

—maj + inoy
=||Sw;I*?<LE
then we may write that term as a7 - €j (fygle). For the spectral radius we get

VT (2*)? = A?
p(VT'(2")) Aesprglgg(z*))ll

= max‘l — anw; Sw; + o’n - €;32d>y° LY | + |noj + o?n - ey, Ly + oy - €]32d%y 2L ?
- Tg;{l = 2an (W] Sw;) + n°o; + O(a’n + o’n?)

and more precisely one can check that the O(-) term is absolutely bounded by a?n -
12842y, 2L (1 +50La) + a®n? - 2y, ' LEL 4, for all a < T

D.2 Proximal Point

The PP update rule is z**1 = T'(2*) with T~!(z) = 2 + ng(z) so the update operator’s Jacobian at

optimum is VT'(z*) = (I +nM)~". So Sp(VT'(z*)) = {X"1, X e Sp(I +nM)} and so, by the
exact same calculations as for Sim-GDA with 7 replaced by —n,

-1
p(VT(2%))* = m<1n 1+ 2an (w Swj) + 77202 +0(a®n + a®n?)
i<

forall a < s 4 W’ and we have the same absolute bound on the O(-) term as for Sim-GDA.
D.3 Alternating GDA

As we show in App. C, for any n < ||V§z f ||;o1 A ||v§y f ||;O1 the (symmetrized) Alt-GDA update
operator’s Jacobian at optimum is

VT(z*)=VT(z*) + E forsome E € R with ||E|| < 21n3La(LaV aLg)?,
= n? n? n?
where VT'(z*) =1 —nM + EAM = (I —nA+ 2A2> +a (—775 + 2AS) .

Observe that I — nA + %2A2 is normal with eigenvalue/eigenvector pairs (1 —moj — %20?, wj).

Hence let us apply Prop. D.1 with My =1 —nA + §A2 and M; = —nS + %AS (and M2 = 0).
Further observe that

TAka =w; (Z 101w, ) Swy, =10; - w, T Swg.
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YA
So we get that, for all @ < —4m_LS(1+gLA),

Sp(VT(z%))

2 w! (S —2AS w; (S —21AS)w;
=< 1—nio; — no+aw ( nS + AS)U}]"‘OZQZ j(, 2 )wk)(ka( 345) wy)
2 ey —ino; +inok + 5 (—o3 + o})

3
+a377.(j (32d27A2L§ <1+gLA) ),1<j<d}

2 2
oy I . B
) {1 —wia; — "0} —an (W] Swy) + a'io; - (] Sw;) +i-a’n-; (13" L)
3
oty ¢ (32d27;2L§ (1+gLA) )+a27,3.¢ (valLiL4/4), 1§j§d}.

Here for the second equality, we computed the coefficient for the term in o as

5 n* (@] (S — 3AS) wi) (W) (S - 3AS) wj)

ey —inoj + ino, + ﬁ(—af +03)

Z w T Swy, — me ka) (wgSwj — giokEZSwJ Z | TS | ( — 220]) (1 — giak)
= n nw; owg ;

> ox = o7) + Jof - o] 2 @ =) (1~ 3o+ 7))

T 2 n?
77|“’j ka| —19% —172 172

— : 1+ . =in-ei(vy L) +1° - ¢ L% - L% /4

; i(or — ;) 1—ig(ox + ;) m & L)+ G (0 A/4)

where the last equality follows from the same bound as in (D.1). For the spectral radius we get
2 2

2
1-— %02 —an (w Sw])

p(VT(2%))? = max

i<d 7

2
+ ‘naj + a%aj . (E;Swj) + O(a’n)

+0(an + o®n?)
4

_ N 4 2 2 —T 3.2 (=T
= I§1§a§(1 + R 2an (wj Swj) + an’o; (wj Swj)
+ 7)20]2- — an30]2- (E;-'—Swj) + 0(a®n + a*n?)
4
— =T /' 3 2 2
= rjngaécl — 2an (wj Swj) + R + O(a’n + a™n?).

The two cancellations that occur in the last line (of £7*0? and of +an®o? (w; Sw;)) are consistent

with the intuition that Alt-GDA is a good symplectic integrator. More precisely, one can check that

the final O(+) term is absolutely bounded by an-512d%y ;2L (14+nL )% +a?n?-4dy ' LELA(1+
4 _

nL4)*, forall a < YNeTEA (1+"LA)

Finally, by smoothness of the eigenvalues of perturbed matrices (Lemma D.2),
p(VT(z*))? = p(VT(z*) + E)? = p(VT(z*)? + O(nP).

One could further derive explicit bounds on the O(n?) term in that last expression by controlling the

distance to normality of V7'(z*) — since it is continuous in a and normal for o = 0 — and adapting
the proof of Lemma D.5 to matrices that are close to normal.

D.4 Extra-Gradient
The EG update rule is z¢T1 = T(2*) = 2* — ng(z¥ — ng(2*)) so the update operator’s Jacobian at
optimum is

VT(z*)=1—-nM(I—-nM)=1-nA—anS +n>*M?

= (I —nA+n*A%) +a(-nS+n*(AS + SA)) + %oﬂ (2n25?).
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Similarly as in the previous subsection, observe that I — nA + n?A? is normal with eigen-
value/eigenvector pairs (1 — ino; — n*c3,w;), and that

W, (AS + SA)wy, = i(0; + ok) - T, Swy.

Let us apply Prop. D.1to My = I —nA+n?A2%, My = —nS+n?(AS+SA) and My = 212S?. The
proposition yields a bound for all « such that oz|||S —n(AS + SA) + anS? || < 24 for which a

4v2d’
simpler sufficient conditionis v < 1A 4@'LS(1*:7’?LS(1+2LA)). Using that || M1 || < nLg(14+2nLa)

to upper-bound the term in a3, we get that for all such a,

Sp(VT(z")) = {1 — oy — 7720? + (—nﬁ}rSwj + 7722i0j@;r5’wj) +a’n wTSQwJ

n*w; (S —n(AS + SA))wy, - W), (S — n(AS + SA))w;

+a?
§ —inoj + ino + n*(— O'j +02)

+a®n- ¢ - 8dy ' Ls(1+2nLa) (2nL% + 4dvy,; ' LE(1+2nLa)?) 1 < j < d}

= {1 —ino; — 7720']2- —an (E}Swj) + 2ian’o; (E;Swj)
+i-a’n- €; (’YzlL%) + o’n? - 5; (QVZlL?gLA) + oz2772EjTSQw]
+a’n- ¢ (512d%y*L5(1 +1La)*) 1 <5 < d}.

2

Here for the second equality we computed the terms in o~ as

n? w (S — n(AS + SA))wy, - W, (S — n(AS + SA))w,

o®}
oyt —ino; + inog +n*(—oF + o3)

_ 2 Z (w; ) Swy) (1 —in(oj +ox)) - (Wy, Swy) (1 —in(oj + o))
i(ox — 05) (1 —in(ox + o))

k#j

n|w; Swy, _
QZ ‘@ﬂcw (1—in(or+0;)) =i-a’n-e; (va'LE) + o®n &) (v4'Lg - 2La)
J
where the last equality follows from the same bound as in (D.1). For the spectral radius we get

p(VT(2))* = = max |1 —n? a —an (w Sw;) 4+ O(a’n? |2 + |-no; + 2am°0; (E;Swj) + O(a2n)|2

+0(a’n)

= rjngégl + 1740;-1 —2n%0? — 2am (W ( TSwj) + 2a7730 (w;rSwj)

+n? a — don’o ( TSwJ) +0(a®n + o*n?)
= m%ac)ld —2an (wj Swj) — n* j —2an’c o; (@;Swj) + 7740;»1 +0(e®n + a*n?)
i<

and more precisely one can check that the final O(-) term is absolutely bounded by o7 -
222 2L (1 +nLa)" + a®n? - 15dy "LELA(1 +nLa)2.

D.5 Proof of Prop. D.1

The following lemma summarizes the eigenvalue derivative formulas up to order 2 for perturbed
matrices with distinct eigenvalues.

Lemma D.2 ([Ta008]). Let M, € C¢* dfor a € (=1, 1) a smooth curve of matrices such that My has
distinct eigenvalues. Then there exists an open interval I > 0 such that M, has distinct eigenvalues
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forall a € I; in particular they are diagonalizable. Denote their eigenvalue decompositions as M, =
Zz:1 Ak (@) vr ()W () T; that is, the eigenvalues of M, are (\i(t)), the associated eigenvectors
are (vi (), and (wy()), is a dual basis to the basis of eigenvectors, i.e., Wi (a) T vj(a) = 1.

The eigenvalues of M, are smooth over I and their first two derivatives at any o € I are given by,
using e to denote differentiation w.r.t. o and leaving the dependency on o implicit,

(wj M) (w] Muy)
A — A

i = w,’;ka and My = w;;ka + QZ

j#k

where we denoted wj, = Eg. Furthermore the eigenvectors vy, and dual basis vectors wy, can also be
chosen smooth and their derivatives at any o € I are given by

wr M vk wiMu;
Wy M5 J
U = ~Vj + CrUk and W} w — CcpWi
Z Ak J k— Z Ak — k
J#k J#k
for some scalars cy, that reflect the normalization of the eigenvectors.

By applying a Taylor expansion with remainder in Lagrange form to the eigenvalues A; () of the

matrix M, = My + aM; + %QMQ of Prop. D.1 — since the eigenvalues are smooth by the above
lemma —, we have that for all a in some neighborhood of zero,

2 3
Ar(@) = A\ (0) + @i (0) + %/\k(O) + % Ai(€) forsome 0 < & < . (D.2)

By substltutlng the expressmns from Lemma D.2 for the first two elgenvalue derivatives, we already
get the terms in o and a2 in Prop. D.1. In order to control the last term in a3, we need to compute
the third eigenvalue derivatives A ;(§). Note that M, is never assumed normal for any £ > 0, which
is why we do not use normality in Lemma D.2 nor in Lemma D.3 below.

Lemma D.3. Under the conditions of Lemma D.2,

N = wi oy + 32 | (i Vg () W) + (wie by () Ny |
; J

1
Ak — A

(wiMuv;)(w? le)(wl Muy,)
+6
2 (A = A5) (A = M)

gk

(wiMu;)(wiMug) .
_ 62 O )\32 wi Muy,.
i#h B

In particular,
mpoe Kl ]+ oy ]+ o2
where v = minjp |A\j — Ag|, x = maxy, ||vi|| ||we|| and ||-|| denotes operator norm.

Proof. By differentiating the identity M vy, = Axvg, we have that
Moy, + Moy = Moy + Mgx
Muy, + 2Miy + Moy = Agvg, + 20,05, + iy
Moy, + 3Mby + 3Mi, + M 0x = X pog + 3360k + 3Nkt + A 0k
Also note that wi M = A\pwj,. By multiplying the third identity by w}; on the left, we have that
wi Moy + 3wi Moy, + 3w M, +wiM 6, = N + 3\witp + 3\pwi v + Apw} '
wi Moy + 3w Moy, + 3wi Mi, = A + 3N\ewiog + 3Aewii

since (wyM) ¥ k= AWy, 'k Now let us compute 9. By multiplying the identity for the second
derivatives by w} on the left for any j # k, we have that

ijvk + ijMi)k 4+ wiM vy, = ').\kw;ka + 2/'\16711;’('% + /\kw;-‘iik

1

J = m (ZAkw;vk — ’LU;MUIC - 2w;M’Uk> .
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Hence we can compute
wi My, — Mwiip = wiM > (wii)v; — Agwj i,
J
1 . .
= Z (wk]\/[v]> ﬁ (2/\kw O — W *Mouy, — 2w ka> (wi Mug) (widx) — Apwi g
— kg
ik ~

since \p = w,’;M v by Lemma D.2. Substituting back into the identity for the third derivative
left-multiplied by w};, we find that
wi Mu;

/\k = wkak —|—3wkM11;€ —3)\kwkvk —|—3Z N — A
— Ak

(2/'\kw;-‘i)k - ijvk - Qw;ka) .

The claimed expression for X will follow by substituting the expressions for vy, A\ and g, from
Lemma D.2 and simplifying. Namely, letting for concision d;; = A; — Ay and M, = wi Mug,

Mjk = w;ka and similarly for J\Z/jk, Mjk for any 7, k < d, we have

- ~ . M; .. Moo M
Ak = Mg, U = E —kaj + cpug, N = My + 2 § ki gk
7 Ok Zi Ok

and in particular w} v, = ]gj" for all j # k and so
°J

MM . Mo M
)\k—Mkk+3Zk]7+3Mkkck—3 Mkkﬁ-QZ% Ck
it M itk M
ng I My A Mjk M My, .
—3) 6> 5 ey T2~ Make
J#k J#k Ot T 1k
My, My, + My M, My [ - M, MM,
iy Mot Mt 57 B (5, S 5 Ml
2k kj 2k ik kj 1%k kl

In order to simplify the last term, we simply write it as

Z My M My B Z M My, _ Z Mo My My, B Z My My, M
— i, Ok Ok : Ok jOn , i '
J#k I#k J\l#k Ji#k J

By substituting, we obtain the announced expression for Ak O

In order to bound the term in A (€) in (D.2), we want to control
(@) =min|;(e) — A(e)] - and () = max jvi ()] lwi(e)]

the uniform eigengap resp. maximal eigenvalue condition number, uniformly in « for o in a neigh-
borhood of zero. Now assuming M has distinct eigenvalues then (0) > 0, and assuming My is
normal — as is the case for Prop. D.1 — then x(0) = 1. So we want to bound the perturbation of the
eigenvalues and eigenvectors uniformly.

For the eigenvalues, thanks to the assumption that M is normal, we easily get the following bound.
Lemma D.4. Under the conditions of Lemma D.2, if additionally My is normal, then it holds

max [Ag () = A (0)] < | Mo — Mol

for all o € I the maximal open interval containing 0 such that Voo € I', || My — Mo|| < 374(0).

In particular, we have for all o € T’

v(a) = 7(0) = 2| Mo, — Mol|| > 0.
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Note that I’ C I the interval from Lemma D.2, since (o) > 0 if and only if M,, has distinct
eigenvalues.

Proof. Let A any eigenvalue of M, and v such that M,v = Av and ||v|| = 1. Since M, is normal,
it is orthonormally diagonalizable, so we may write it as My = UyAoU, with Uy unitary and
Ao = Diag((Ar(0))). Then, letting ¢ = Ug—v and A = M, — Mg and A = UJAUO,

Mav = (Mg + Ay = Uy (Ag + A)Tg v = v, ie., (Ao +A)o =\

~ 2 2
andso min |A = o;l* < D7 18111% 1A = dog ” = || (Ao + B)a|| < || Aa| < ay?
J -
j
since Uy is unitary and ||v|| = 1.
This shows that for any A € Sp(M,,), there exists a A\, (0) € Sp(My) which is close to it, i.e.,
Vk, 35 st |Ak(a) — X (0)] < || Mo — Mol|-

A fortiori, we can ensure that the smooth parametrization of the eigenvalues (A;(«))x satis-
fies the inequality announced in the lemma, by restraining o to some I’ small enough so that
argmin; [Ar(a) — A;(0)| = k for all @ € I'. More explicitly, this can be achieved by choosing

I’ such that sup,¢ /| Mo — Mol|| < 4 minj,x [A;(0) — Ax(0)| = 2+(0). Hence the choice of I’
announced in the lemma. U

For the eigenvectors, also using the assumption that M is normal, we get the following bound.

Lemma D.5. Under the conditions of Lemma D.2, assume additionally that My is normal, and
choose the normalization of the eigenvectors (v ()i, such that ||vi(a)|| = 1 and v (0)-vi () € Ry
forall k. Then

2v/2[| Mo, — Mo
7(0)

and  ||lwi(a) — vi(0)]| < Vd |lwe(a)]|

VE, [lvk(a) — vk (0)]] <

2v/2[| My, — M|
7(0)

forall o € I the interval from Lemma D.4.

In particular, we have

. (0)
x(@) < ~(0) — 2v/2d|| M — M|

forall o € I" the maximal open interval containing 0 such thatVo € 1" || M, — M| < ﬁ’y(O).

Proof. We will write for concision vy = vi(«a) and vor = vg(0) = wg(0) since My is normal,
and Ay = Mg(a), Ao = A\k(0). Fix @ € I’ and let A = M, — Mj; by Lemma D.4 we have
maxy, [\, — Aox| < JA[] < 57(0).

Fix k. Subtracting Movor = Agxvox from (My + A)vg, = A\pvg, we have

Mo (v, — vor) + Ave = Ak — AokVor = Aok (v — vor) + (Ax — Aok )vok
(Mo — XorI) (v, — vor) = —Avg + (A — Aok )Vok

.2
> oj = Aokl [o50k|” = I1(Mo = Ao D) (v — vor) | < AP (lo ]l + 1)% = 4[| A
iZh

N

where v, = ng, using the unitary basis (vo;); to compute the norm on the left-hand side. The

left-hand side is further lower-bounded by 7(0)* 3=, ;. |v§§jka2 = ~(0)? (1 - |v(’§kvk|2), $0

2 4HIAH|2.
7(0)?

1 — [ugyvx]
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Consequently, by our choice of normalization: v (0)v,(c) € R, we have

Aty _sia®

2 * *
v — vkl =2 — 2R(v3vk) =2 — 2|vgvk| <21 —14/1 <
H || ( 0k ) ‘ 0k | 7(0)2 7(0)2

using that Vy € [0,1], 1 — /1 — y2 < 2. This shows the first inequality of the lemma.

Let us now show the control on wy, = wj(«) — the second inequality of the lemma. Using the
unitary basis (vg;); to compute the norm, we have ||w} — v, [|* = D itk lwive,|” + |wiver — 17
and since by definition wjv; = 1,_, we can bound each term as

) . . . o 2V21A]
Vi # k, |wivoj| < |wivj| + [wi(vo; — ;)| < 0+ [lwill TS0)
* # " . .0 2V2)|1A
and. oo = 1] = fugon = 1+ ui oo = o) < oo vl < gl 2500
So in total, ||wj, — va‘kHQ <d- ||w,”€‘||2 Sﬂ‘(ﬁ)‘lf , as announced.
The second part of the lemma follows by noting that ||vg|| ||wg|| = 1 - ||wk]| is bounded by
2V/2||A
el < ooell + ok — vl < 1+ vV | 22020
7(0)
1 7(0)
= w < =
ol A L T S0 —2vavalal
v
for all v such that the denominator in the second line is positive, as announced. O

By combining the three above lemmas, we have that under the conditions of Lemma D.2, if addition-
ally My is normal, then for all « in a neighborhood of zero such that ||| M, — M| < %, one can
check that y(a) > 27(0) and x(a) < 2 and so

1

T T . . E
gz 3] < gt + sancoy+{ae]] - [z + seacop-#[ ][

In particular, for a matrix M, = My + aM; + %Mg with M, normal, the right-hand side translates
exactly to the bound on |r;| announced in Prop. D.1. So that proposition follows directly from (D.2)
and the above discussion.

E Local convergence of equality-constrained Mirror Flow

This appendix contains results used in App. F.

Let X, Y convex subsets of R™ resp. R™ and ¢, : X — R, ¢, : YV — R strictly convex and
differentiable. Let Z = X x Y and ¢ : Z — R with ¢(z,y) = ¢, (z) + ¢, (y). Consider a twice
continuously differentiable min-max objective f : X XY — R, denote g(z) = Diag(l,, —I,n)V f(z)
and M (z) = Vg(z). Throughout this appendix we make the following assumption.

Assumption 1. The constraint set is defined by equalities: Z = {z € R"™™; Az = b} = 2z, + Ker A4,
where zy, is any solution of Az, = b. Furthermore, ¢ is strictly convex and three times differentiable.

Definition E.1 ([AW20, Proposition 1]). For an initial point z° € Z, the mirror flow (MF) with link
function ¢ is the unique curve z(¢) such that z(0) = z° and

d
d—j =—®;'P.g(2) = —gerr(2),

where @ denotes the Hessian of ¢ at z and P, .= — AT [AD AT At
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One can check that P> = P, and that P,®, = ®_,P]. Furthermore, P,AT = 0, ie.,
ImP] C KerA, and in fact InP] = KerA since (ImP)t = KerP, = Im(I —
P,) C ImA" = (KerA)t. In particular the MF preserves the constraint set, since

%(Az —b)=—APT® 1g(2) = 0. As a consequence, gog can be seen as an operator from the
affine space Z = z;, + Ker A to itself.

Lemma E.1. The Jacobian of gog : R"™ — R"*™ at a local NE z* is equal to ' P« - M (z*).
Furthermore, the Jacobian of ger : Z — Z (seen as an operator between affine spaces) at z* is
Meg(2*) = @ P, - M(2*)P.L

which is a linear operator from Ker A to itself.

Proof. In this proof, write for concision P = P, and ®~! = ®_!. Using Einstein’s summation
notation, pose

Pi=P=T-AT[AD'AT] 42" and QY=Q=0"'P.
In particular geg(2) = Qg. Now

V{Qg}'; = [aj] = (QV9); + 55 9v (E.1)
Using formula (59) from [PP+08]: ag—: = fol%Yfl, we have that
8((1)_1)“ —1\ia —
7 — _(q) 1) abj(q) 1)bl
asz T —14T—1 4\ 8 —1 4T —1 4T1—1 gq5—1\tF
527 =—(A'[A97'A"] A)l Kgj (P'AT[A® AT 71407
a A(I)flAT —1\1ab B
_(AT)la {[ azj ] } (A‘I) 1)bk
where K = V3¢(z), and after calculating and simplifying,
oP,* R _
82’lj = (I - P) Ku;(®7'P)™*.
So
oQ™ 1 a0BF a@hH)"
0z (@) 027 + 027 F
— _((I)—lp)zs stj(q)_lp)tk _ _stKsthtk
o0k )
and finally % = Q" Ko5(Qo)"

Now gesr(2*) = 0, so Qg = 0 at z*. The first part of the lemma follows by substituting into (E.1).

To check the second part of the lemma, simply use that (IJ;I P.="Pl ®_.! and that P is a projector

onto the kernel of A, as remarked under Definition E.1. : O

The next lemma is a special case of the stable manifold theorem [Per13, Section 2.7].

Lemma E.2. Let Z = z, + T Z an affine subspace of R%. Let a continuously differentiable operator
g : Z — Z and denote its Jacobian as Vg : Z — TZ x TZ. Suppose there exists z* such that
g(z*) = 0 and minycgp(vg(z+)) R(A) > 0.

Then for any € > 0, there exists C > 0 and a relative neighborhood of z* such that, for any 2° in
that neighborhood, the flow % = —g(z) converges exponentially to z* with

|2(t) — z*]|* < C Hzo - z*||2exp <2 { min( o R(A) — 6] t) .

AeSp(Vyg

—~ 1 1
Proposition E3. If M = ®_2P,. - M(z*) - PL.®_.% is invertible and satisfies the equivalent
conditions of Thm. 2.1, then MF converges locally exponentially to z* at a rate [ig;.
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Proof. M is similar to Mg (2*). In particular they have the same eigenvalues. So the proposition
follows immediately from the above two lemmas.

Remark E.1. The matrix M can be interpreted as

[N

2*

— _1 1 _1
M=0_2P.®2% - &2 M(z")®
—_—

=:R_x :R;

1 1

T

P BLPLOLE.
—_

Note that .~ is an orthogonal projection. Furthermore, the central factor consists in a transformation
of M (z*) that is compatible with the block structure:

_1 _1
o If we write M (2*) = S 4+ A with S symmetric and A antisymmetric, then ®,.2 M (2*)®,.2 =
1 1

11 _ _1
$,.250,.7 + ®,.2 A®_.? and the first term is symmetric and the second term is antisymmetric.

1
2

o If we write M (2*) = { @ g} with ), R symmetric, then
x
i, ®

_pT
1 Q P z T P
o o.2||-P" R f(qf%Pcp ) IR

0 o
is of the same form, where ®- is the Hessian of ¢, at * and similarly for ®,-.

_1 1
B2 M(2)D..7 = _

Nl
N

y*

We state an analogous result for Mirror Descent-Ascent (MDA) and its variants, Mirror Prox (MP)
and Bregman PP. Its proof, omitted for brevity, involves exactly the same ideas as for MF.

Proposition E.4. Under the assumptions of Prop. E.3, if additionally ¢ is strongly convex, then MDA,
MP and Bregman PP converge locally exponentially to z* for any small enough step-size at a rate

niiz; + O(n?).
F Details for Sec. 4

In this appendix we provide details for Fig. 2, derive the first-order term (in 1) in the local convergence
rate of MP and EG, and discuss a counter-example. For our purpose it is sufficient to consider only
the continuous-time flows of those algorithms.

F.1 Details for Fig. 2

In the numerical experiment reported in Fig. 2, we used the same random payoff functions as in
[WC22, Section 4]:

f(l'ay) =R Z Z Ckle27ri(lcw+ly) for (Ckl) c C(2K+1)X(2L+1), (F.1)
_K<k<K —L<I<L

with K = L = 2 and R(cx;), S(cr1) drawn independently from the standard Gaussian distribution.
We measured the distance between the solution z* = (a*, 2*,b*, y*) and the iterates 2F by

*12 * 112 * 12 * (12 * (12
Iz =277 = lla = a® [ + 1o = "7 + [l — ™" + [ly — "
For z in a neighborhood of z*, ||z — z*|| is an upper bound on the duality gap of the original MNE
problem up to a constant dependent only on f [WC22, Proposition 3.1 and Claim C.3].

F.2 First-order term in the local convergence rate of MP

Denote the joint variable as z = (a,b) € Ay x Ajps and let z* such that (p*,v*) =
(Z I a?éac; g bjéy;) is the MNE. The continuous-time flow of MP is MF (Definition E.1) with
0

-
(z) =, zrlogzr, A= [16\[ 17} € R2X(N+M) and p = 1 . So by Prop. E.4, the first-order
M
term in the local convergence rate of MP is iy, for some Myp which we now compute.
1
ai b5

ward calculations P, = Diag (IN —1n(a*) T, Ipr — lM(b*)T), so that R~ = fIJZ_:/QPZAI):/f =

Following the notations of App. E, we have &, = Diag <( ) , (i) ), and by straightfor-
I J

34



Diag (I N —Va* \/a*T, Inr — Vb V/b* T). In order to project out the constraints explicitly, let II,
any matrix in RN=D*N with orthonormal rows, i.e., II,II] = Iy_;, and such that IT II, =

In — Va*va* T, and likewise for II;, € RM=1)xM Eor example the rows of II, may be obtained
by completing the unit vector v/a* into an orthonormal basis and removing v/a* from the basis. Then
R.- as a linear projector from RN*M to {/a*}* x {/b*}*+ ~ RN*M=2 can be written as the
matrix R.- = Diag(Il,,1I,).° So M as a linear operator over {v/a*}* x {v/6*}* can be written as
the matrix, denoting D, = Diag(y/a*) and D, = Diag(+/b*) for concision,

Myp = R.-®_.*M(z*)®_.*RL.

— Diag (II,, IT,) Diag (\/CT \/17) [_?ﬂ ﬂ Diag (\/cT \/17) Diag (I, 11, )

B 0 11,D, PD,IT]
= |-11,D,PT D,II] 0 '

F.3 First-order term in the local convergence rate of EG (conic particle methods)

As in the main text, we write “EG” to refer to the Conic Particle Mirror Prox algorithm of [WC22].

Denote the joint variable as z = (a,z,b,y) € Ax x (T} x Ay x (T)M and let any z* such that
(u*,v*) = (32 ajbar, >, b6y, ) is the MNE. The flow is given by the system of ODEs

da db

== —®, ' P,V F(2) and == O, PV, F(z) (F.2)
dx . 1 dy . 1

— =-4D — | V. F — =D — F(z).

i ~vDiag <a1> V. F(z) 5 — YDiag (b]) VyF(z)

Here F'(z) = Y ;> ;arbsf(xr,ys), v is a constant parameter, &, = Diag( ) and P, =

1
ar
Iy —1na', and ®; and P, are defined similarly.

In general, the flow (F.2) does not match the structure of Mirror Flow because of the factor “Diag(i)”

in the equation for :% [GWS21, Section 2.4]. However, by adapting the reasoning of App. E — namely
only Lemma E.I needs to be adapted — it is easy to show that the statement of Prop. E.3 holds also
for this dynamics. By the same adaptation one can show that the statement of Prop. E.4 holds also for
EG. Hence the first-order term in the local convergence rate of EG is 7., for some M., which we
now compute.

The statement of Prop. E.3 applies to M = R.. - <I>Z_*1/2M (2*)@2—*1/2 - RI. where
b.. = Diag((a%) ,la*,(b%) ,lb*) and P.- = Diag (Pa-,In, Py, Inr) s0 that Ry =
1)1 b

@;*I/QPZ* <I>l/f = Diag (IN —va*y/ a*T, In, I — \/IT*\/ZT*T, IM) . In order to project out the con-

straints explicitly, let IT, € RV-DXN 11, ¢ R(M—=1*M the same matrices as in the previous subsec-
tion. Then R~ as a linear projector from R2N+2M o {1/a*} - x RN x {V/b*}+ x RM ~ R2N+2M -2
can be written as the matrix R,- = Diag (Il,, Ix, Iy, I5r). Moreover by [WC22, Claim C.2], drop-
ping superscript *’s for concision only in this equation,

0 0 P 0, PDiag(b)
. 0 Diag(a)Diag(d2, Pb) Diag(a)0,P  Diag(a)d2, PDiag(b)
M(z") = —pT — (Diag(a)d,P) " 0 0
— (9, PDiag(h))" — (Diag(a)d2,PDiag(b)) " 0 —Diag(b)Diag(02, P a)

where [0, P];; = 0.f(x},y7}), and likewise for 9, P, 92,P, 92, P, 07,P. So, finally, M =
Rz*tl)z_*l/QM(z*)@;*l/zR; as a linear operator over {v/a*}* x RN x {/b*}+ x RM can be written

The expression “Diag(Il,,I1;)”, as well as “Diag (I1,, I, IIy, Ins)” in Sec. E.3, constitutes a slight abuse
of our notation “Diag”, since II, and II; are not square matrices. To remove any ambiguity: by Diag(Ilq, II5)
11, Onv—1)xM

b

we mean the matrix
Om—1)xN

, and similarly for Diag (I, In, Iy, Inr).
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as the matrix, denoting D, = Diag(y/a*) and D, = Diag(+/b*) for concision,

0 0 I1,D, PD,II;} fH D,[0,P]D,
wo | 0 Diag(@2,Pb)  \AD.[0. P|DyII] Da[02, P D,
A OOl O 0 0
— (*)T — (*)T 0 —vDiag(asyPTa*)

F.4 An example where the first-order term in the local convergence rate of EG is zero

Consider the payoff function defined by (F.1) with co9 = cp2 = —1i, ¢11 = 2 and ¢x; = 0 otherwise,
ie., f(zr,y) = sin(4drx) + sin(4ny) + 2 cos(2wx + 27y). As shown in [WC22, Example 4.1], the
MNE is unique and given by a* = b* = (%, %) ¥ = (%, g) and y* = (%, %) So we can compute

M., explicitly in this case: we find

(=2 2 _ _ 2 1/2 2 1L\ (1672 [ 8r?  —8x?
P = ( 2 _2) ) azp - ayp - Oa a’I"I'P (1/2) ayy (1/2) - (167‘1’2 ) aTyP - —87‘(’2 871'2

and D, = Dy = %I , and so (for a certain choice of I1, and II;, each of which is anyway determined
up to a sign)

0 0 0 -2 0 0

0 ~(4m)? 0 0 ~(@2m)?  —y(2r)?

M. — 0 0 y(4m)? | 0 —y(2m)?  y(2m)?
T2 0 0 0 0 0
0 —y(2m)? ~(@2m)? | 0 y(47)? 0

0 A0 AEn?| 00 A

This matrix clearly does not satisfy condition (ii7) of Thm. 2.1, so fiar, = 0.

FE.5 Proof of Prop. 4.1

For ease of reference, we restate the proposition below.
Proposition 4.1. Let Sy symmetric and Ay, A1, Ay antisymmetric real matrices of the form

0 * 0

* 0 o0

52: ,AOZ

and M., = vSs + Ao + \/7A1 + vAs for all v > 0. Then fing, = O(y?) as vy — 0.

Pose o = /7, My = Ao + A, My = Ay and My = 2(Ay + S3), where A, is any antisymmetric
matrix such that ||A.|| < e and My has distinct eigenvalues. We will prove the proposition by

applying the spectral expansions of Sec. D.5 to the matrix curve M, = My + aM; + O‘;Mg.
Adopting the notations of that section, we have the expansion for the eigenvalues A\ («v) of M,:

Ae(0) = Me(0) + e 0) + %A (0) + 2 K(0) + & Ku(0) + 00,

with {\;(0)}x = Sp(Mp) C iR by antisymmetry, }\k(O) = v}, Aivor € iR — where vgy, are the
eigenvectors of My — by normality of My and antisymmetry of A;, and

. (’UskAl'Uoj)(’US -Al’l)ok)
Ak (0) = 203, (Ag + So)vop + 2 E J
k:( ) Ok( 2 2) 0k = )\k (0) — >\j (0)

ciR

since v(y;, A1vo; = —(ijA1v0k)*, and

1 * * * *
0) = 32 m [(UOkA1UOJ)<vOjM2v0k) + (UOkMWOj)(UoJ‘Alvokﬂ

vochwoJ (v5;Arvon) (vg Arvor) (vgkAlvOj)(ungka)v* )
+6 Z 2, (0)) (A (0) = A (0)) Z (e (0) — A, (0))2 oxA1v0k

R
ciR &

Jil#k Ji#k
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as one can check by computing the convex conjugate of each of the underbraced expressions.

Now, let K the set of indices corresponding to the non-zero eigenvalues of Ay, and
KC = {1,...,d} \ K. Note that the eigenvectors of Ay are of the form

* 0
vkeK, m=|"| and vhek® o=
0 *
Furthermore, note that
* 0 * *
0 * 0 0
Al % = 0 ) ‘92 * = Oa A2 % = 07
0 * 0 0
0 * 0 0 0 0
* 0 * * * *
Al =1+] Aol =1o] 42101 =10
* 0 * * * *

Using this structure, one can check that for all & € K, R\, (0) = 0-(1) and R X, (0) = 0-(1).

Thus, the spectrum of M, consists of eigenvalues (corresponding to indices h € KC) with RAL(0)
non-zero a priori, in which case R\, (o) = ©(a?) = O(7), and of eigenvalues (corresponding to
indices k € K) with R\ (a) = O(a?) + 0.(1) = 0(722) + 0:(1). By letting € — 0 and using that
eigenvalues are continuous, this shows that fip;, = O(7?) as v — 0.
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