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A Notation

Let D,V ∈ Z>0. We denote by SymV the set of V × V symmetric matrices, respectively. For a
vector x ∈ RD, we denote by ‖x‖2, ‖x‖1 the 2-norm and 1-norm of x, defined by ‖x‖2 :=

√
x>x

and ‖x‖1 :=
∑
i |x|i, respectively. For matricesA,B ∈ RD,V , we denote by 〈A,B〉F the Frobenius

inner-product ofA andB, defined by Tr
(
A>B

)
, and denote by ‖A‖2,op the operator norm with

respect to the 2-norm defined by ‖A‖2 :=
∑
x∈RV ,x 6=0

‖Ax‖2
‖x‖2

. We denote by ‖A‖∗ the nuclear

norm ofA defined by the sum of singular values. For symmetric matricesA,B ∈ SymV , we write
A � B ifA−B is positive semi-definite. For an integerK ∈ Z>0, a set X , a function f : X → RK
on X , and a function l : RK → R, we define the composition l ◦ f by (l ◦ f)(x) := l(f(x)). Also,
for a function set F ⊂

{
f
∣∣ f : X → RK

}
, we define l ◦ F by {l ◦ f | f ∈ F}.

B Proof of Theorem 1

In this section, we prove Theorem 1. We first recall the theorem.

Theorem (Theorem 1 in the body text). Let Z = RD,LD,SD or ID, and (ẑv)
|V|
v=1 and (z∗v)

|V|
v=1 be

empirical and expected risk minimizers defined by (13). Under Assumptions 1 and 2, the following
inequality holds with probability 1− d:

RZ
(

(ẑv)
|V|
v=1

)
−RZ

(
(z∗v)

|V|
v=1

)
≤ 2ωZ(R)

M

∑
•=+,−

K•∑
k=1

L•k

(√
2Mν•kZ ln |V|+ κZ

3
ln |V|

)
+ Il(B)

√
ln 2

d

M
,

(26)

where ωZ is defined by ωRD (R) = ωID (R) := (2R)
2, ωLD (R) := cosh2R + sinh2R and

ωSD (R) := 2 arccos (1−cos 2R)√
−cos 2R(cos 2R−2)

, κLD = κSD = κID = 1
2 and κRD = 2, and ν•k :=∥∥∥E(i•k,m,j•k,m)E

Z
i•k,m,j

•
k,m

>
EZi•k,m,j•k,m

∥∥∥
op,2

for k = 1, 2, . . . ,K• and • = +,−. Here, EZi,j is

defined by

[
EZi,j

]
i′,j′

:=


aZdiag if (i, j) = (i′, j′),

aZoff if i′ = j′ = i or i′ = j′ = j and (i, j) 6= (i′, j′′),

0 otherwise,
(27)

where aR
D

diag = 1, aR
D

off = −1, aL
D

diag = − 1
2 , aS

D

diag = aI
D

diag = 1
2 , and aL

D

off = aS
D

off = aI
D

off = 0. Il(B) is
the range of l defined by

Il(B) := max
{
l
(
δ+, δ−

) ∣∣∣ sm ∈ S, (zv)Vv=1 ∈ B
}
−min

{
l
(
δ+, δ−

) ∣∣∣ sm ∈ S, (zv)Vv=1 ∈ B
}
,

(28)
where S := (V × V)

K+

× (V × V)
K− .

Our generalization error bound derivation is based on evaluation of the Rademacher complexity [31,
32, 33] of the loss function l as a function of positive-negative pair sequence with representations
as parameters. First, we define the Rademacher complexity below. Consider F ⊂ {f |f : X → R},
where X is the domain of the functions in the set F . Let M ∈ Z≥0 be the number of data points,
and suppose that data points x1, x2, . . . , xM ∈ X are independently distributed according to some
unknown fixed distribution D. The Rademacher complexity of F is defined as follows:

Definition 2. Let σ1, σ2, . . . , σM be random values such that σ1, σ2, . . . , σM , x1, x2, . . . , xM are
mutually independent and each of σ1, σ2, . . . , σM takes values {−1,+1} with equal probability. The
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Rademacher complexity RD,M (F) with respect to D is defined by

RD,M (F) := E(xm)Mm=1
E(σm)Mm=1

[
1

M
sup
f∈F

M∑
m=1

σmf(xm)

]
. (29)

By evaluating the Rademacher complexity, we can derive a generalization error bound by the
following theorem provided by Bartlett and Mendelson [37] and arranged by Kakade et al. [38].
Theorem 2 ([37, 38]). Let l : X → R be a loss function. Define the empirical risk function
R̂(xm)Mm=1

(f) and expected risk functionR(f) by

R̂(xm)Mm=1
(f) :=

1

M

M∑
m=1

l((f(xm))), R(f) := Ex l(f(x))). (30)

Assume that l is Ll-Lipschitz continuous and bounded. Define
Il(F) := sup

x∈X ,
f∈F

l(f(x))− inf
x∈X ,
f∈F

l(f(x)). (31)

Then for any δ ∈ R>0 and with probability at least 1− δ simultaneously for all f ∈ F we have that

R(f)− R̂(xm)Mm=1
(f) ≤ 2RD,M (F) + Il(F)

√
ln (1/δ)

2M
. (32)

From this theorem, we can easily derive an upper bound for the excess risk of the empirical risk
minimizer as follows.
Corollary 1. Define the empirical risk minimizer f̂ ∈ F and expected loss minimizer by f∗ ∈ F by

f̂ := argmin
f∈F

R̂(xm)Mm=1
(f), f∗ := argmin

f∈F
R(f), (33)

and we callR
(
f̂
)
−R(f∗) the excess risk of f̂ . Then for any δ ∈ R>0 and with probability at least

1− δ we have that

R
(
f̂
)
−R(f∗) ≤ 2RM (F) + 2Il(F)

√
ln (2/δ)

2M
. (34)

Proof. We have that

R
(
f̂
)
−R(f∗)

=
(
R
(
f̂
)
− R̂S

(
f̂
))

+
(
R̂S
(
f̂
)
− R̂S(f∗)

)
+
(
R̂S(f∗)−R(f∗)

)
≤
(
R
(
f̂
)
− R̂S

(
f̂
))

+
(
R̂S(f∗)−R(f∗)

)
,

(35)

where the last inequality holds from the definition of f̂ . We complete the proof by evaluating the first
and second term by Theorem 2 and Hoeffding’s inequality, respectively.

Hence, it suffices to evaluate the Rademacher complexity of l ◦ FBZR , where FBZR ⊂{
f
∣∣∣ f : (Z × Z)

K+

× (Z × Z)
K− → RK+ × RK−

}
is defined by

FBZR :=
{
f

(zv)
|V|
v=1

∣∣∣ (zv)
|V|
v=1 ∈ B

Z
R

}
, (36)

with f
(zv)

|V|
v=1

: (Z × Z)
K+

× (Z × Z)
K− → RK+ × RK− defined by

f
(zv)

|V|
v=1



(
i+1 , j

+
1

)(
i+2 , j

+
2

)
...(

i+K+ , j
+
K+

)
,

(
i−1 , j

−
1

)(
i−2 , j

−
2

)
...(

i−K− , j
−
K−

)

 :=




δZ

(
zi+1

, zj+1

)
δZ

(
zi+2

, zj+2

)
...

δZ

(
zi+
K+
, zj+

K+

)

,

δZ

(
zi−1

, zj−1

)
δZ

(
zi−2

, zj−2

)
...

δZ

(
zi−
K−
, zj−

K−

)



.
(37)
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However, the difficulty is that the loss function defined in Section 2.3 can be so complex that we
cannot evaluate its Rademacher complexity directly in that it is the composition of multiple functions
and the data distribution is not independent with respect to each element. Our following lemma
overcomes this difficulty.
Lemma 3. Suppose that l : RK → R is a function Lipschitz continuous with respect to each
element of the parameter with Lipschitz constant Lk for k = 1, 2, . . . ,K. Let X1,X2, . . . ,XK be
sets. We consider a set F ⊂ {(f1, f2, . . . , fK) | fk : Xk → R, for k = 1, 2, . . . ,K} of sequences of
functions. Define a set of functions Fk ⊂ {f | f : Xk → R} by

Fk :=

{
fk

∣∣∣∣ ∃f1, f2, . . . , fk−1, fk+1, fk+2, . . . , fK ,

(f1, f2, . . . , fk−1, fk, fk+1, fk+2, . . . , fK) ∈ F

}
(38)

Define a set l ◦ F ∈ {g | g : X1,X2, . . . ,XK → R} of functions by

l ◦ F :=

{
l(f1, f2, . . . , fK) : X1 ×X2 × · · · × XK → R,
(x1, x2, . . . , xK) 7→ l(f1(x1), f2(x2), . . . , fK(xK))

∣∣∣∣ (f1, f2, . . . , fK) ∈ F
}
, (39)

Let D be a distribution on X1 ×X2 × . . .XK , and denote its marginal distribution on Xk by Dk for
k = 1, 2, . . . ,K. Then the Rademacher complexity of l ◦ F with respect to D is given by

RD,M (l ◦ F) =

K∑
k=1

LkRDk,M (Fk). (40)

We prove Lemma 3 later.
Remark 10. If K = 1, Lemma 3 is equivalent to the Ledoux-Talagrand contraction lemma [36].

In the following, we prove Theorem 1 using Lemma 3.

Proof of Theorem 1. Using Lemma 3, we can decompose the Rademacher complexity of l ◦ FBZR as
follows:

RD,M

(
l ◦ FBZR

)
=

∑
•=−1,+1

K•∑
k=1

LkRD•k,M

(
F0,BZR

)
, (41)

where F0,BZR ⊂ {f | f : Z × Z → R} is defined by

F0,BZR
:=
{
f

0,(zv)
|V|
v=1

∣∣∣ (zv)
|V|
v=1 ∈ B

Z
R

}
, (42)

with f
0,(zv)

|V|
v=1

: Z × Z → R defined by

f
0,(zv)

|V|
v=1

(i, j) := δZ(zi, zj). (43)

Here, D is the distribution of the positive-negative pair sequence((
i+k,m, j

+
k,m

)K+

k=1
,
(
i−k,m, j

−
k,m

)K−
k=1

)
, and D•k is its marginal distribution with respect to(

i•k,m, j
•
k,m

)
where • = −,+.

Therefore, it suffices to evaluate the Rademacher complexity of F0,BZR . In the following, we achieve
the evaluation by converting the function to that of the Gram matrix.

First, we introduce the Gram matrix. Let zv be the coordinate vector of zv. We define the Gram
matrixG

(zv)
|V|
v=1
∈ Sym|v| of representations (zv)

|V|
v=1 by

G
(zv)

|V|
v=1

:=
[
z1 z2 . . . z|V|

]>[
z1 z2 . . . z|V|

]
(44)

if (zv)
|V|
v=1 ∈

(
RD
)|V|

,
(
SD
)|V|

, or
(
ID
)|V|

, and

G
(zv)

|V|
v=1

:=
[
z1 z2 . . . z|V|

]>

−1

+1
+1

. . .
+1

[z1 z2 . . . z|V|
]
, (45)
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if (zv)
|V|
v=1 ∈

(
LD
)|V|

.

For S ⊂ Sym|V|, we define
FS := {fS | S ∈ S} , (46)

where for S ∈ Sym|V|, we define fS : V × V → R

fS(i, j) = 〈S,Ei,j〉F . (47)

By the definition of δZ , we have that

f
(zv)

|V|
v=1

(i, j) :=

(
hZ ◦ fG

(zv)
|V|
v=1

)
(i, j), (48)

where

hRD (x) = hID (x) := x, hSD (x) := arccos2 (x), hLD (x) := arcosh2 (x). (49)

Define GR ⊂ Sym|V| by

GZR :=
{
G

(zv)
|V|
v=1

∣∣∣ (zv)
|V|
v=1 ∈ B

Z
R

}
. (50)

By applying the Ledoux-Talagrand contraction lemma [36] (or Lemma 3 with K = 1), we have that

RD•k,M

(
F0,BZR

)
≤ LhZRD•k,M

(
FGZR

)
, (51)

where LhZ is the Lipschitz constant of hZ . Here, we have that

LhRD
= LhLD

= LhID
= 1, LhSD

=
2 arccos (1− cos 2R)√
− cos 2R(cos 2R− 2)

. (52)

Define Qλ ⊂ S |V| by

Qλ :=
{
G ∈ Sym|V|

∣∣∣G � O, ‖G‖∗ ≤ λ.
}
. (53)

The following is valid.

GZR ⊂


Q|V|R2 if Z = RD or ID,
Q|V| if Z = SD,
Q|V|(cosh2 R+sinh2 R) if Z = LD.

(54)

The above result for Z = LD is the consequence of Lemma 8 in [21]. Those for Z = RD,SD, and
ID are according to a basic property of the Gram matrix (e.g., Lemma 4 in [21]).

Therefore, evaluating RG
D,M (FQλ) completes the proof of Theorem 1. The following lemma gives

RG
D,M (FQλ).

Lemma 4.

RD•k,M (FQλ) ≤ λ

M

[√
2Mν•k ln |V|+ κZ

3
ln |V|

]
, (55)

where

κZ :=

{
+2 Z = RD,
+ 1

2 Z = LD,SD, ID. (56)

We obtain Theorem 1 by applying Lemma 4 to (54) that appears in (51).

The followings are proofs of the lemmata that appeared in the above proof.
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Proof of Lemma 4. For λ ∈ R≥0, define Qλ1 by

Qλ1 :=
{
λuu>

∣∣∣u ∈ R|V|, ‖u‖2 = 1.
}
. (57)

Since Qλ1 is the convex hull of Qλ and the Rademacher complexity of a function class equals that of
its convex hull [37, Theorem 12-2], we have that

RG
D,M (FG(Qλ)) = RG

D,M
(
FG

(
Qλ1
))

= E((i•k,m,j•k,m))
M

m=1
∼(D•k)

M Eσ

[
sup
‖u‖2≤1

1

M

M∑
m=1

σm

〈
λuu>,EZi•k,m,j•k,m

〉
F

]

= E((i•k,m,j•k,m))
M

m=1
∼(D•k)

M Eσ

[
sup
‖u‖2≤1

1

M

M∑
m=1

σmλTr
(
uu>EZi•k,m,j•k,m

)]

=
λ

M
E

((i•k,m,j•k,m))
M

m=1
∼(D•k)

M Eσ

[
sup
‖u‖2≤1

M∑
m=1

σm Tr
(
u>EZi•k,m,j•k,mu

)]

=
λ

M
E((i•k,m,j•k,m))

M

m=1
∼(D•k)

M Eσ

[
sup
‖u‖2≤1

Tr

(
u>

(
M∑
m=1

σmE
Z
i•k,m,j

•
k,m

)
u

)]

=
λ

M
E((i•k,m,j•k,m))

M

m=1
∼(D•k)

M Eσ

∥∥∥∥∥
M∑
m=1

σmE
Z
i•k,m,j

•
k,m

∥∥∥∥∥
op,2

,
(58)

where ‖·‖op,2 denotes the operator norm with respect to the 2-norm defined by

‖A‖op,2 := max
‖u‖2≤1

‖Au‖2 (59)

To evaluate this, we can apply the following the matrix Bernstein inequality.

Theorem 3 ([41] Theorem 6.6.1). LetA1,A2, . . . ,AM ∈ Sym|V| be independent random matrices
that satisfies

EAm = O, ‖Am‖op,2 ≤ σ. (60)

Then

E

∥∥∥∥∥
M∑
m=1

Am

∥∥∥∥∥
op,2

≤

√√√√2v

(
M∑
m=1

Am

)
ln |V|+ 1

3
σ ln |V|, (61)

where v is the matrix variance statistics defined by

v(A) :=
∥∥EA2

∥∥
op,2

. (62)

Note that v
(∑M

m=1Am

)
=

∥∥∥∑M
m=1 EA

2
m

∥∥∥
op,2

=
∑M
m=1

∥∥EA2
m

∥∥
op,2

is valid since

A1,A2, . . . ,AM ∈ Sym|V| are independent. We apply Theorem 3 to the right hand side of (58)
by substitutingAm by σmEZi•k,m,j•k,m . Here, EσmEZi•k,m,j•k,m = O is valid because Eσm = 0. The

singular values of σmEZi•k,m,j•k,m is equal to those of σmẼZ , where

ẼRD :=

[
+1 −1
−1 +1

]
, ẼLD :=

[
0 − 1

2
− 1

2 0

]
, ẼSD = ẼID :=

[
0 + 1

2
+ 1

2 0

]
. (63)

Those singular values equal to the square root of eigenvalues of
(
σmẼ

Z
)2

=
(
ẼZ
)2

. Here,(
ẼRD

)2

=

[
+2 −2
−2 +2

]
,

(
ẼLD

)2

=
(
ẼSD

)2

=
(
ẼID

)2
:=

[
+ 1

4 0
0 + 1

4

]
, (64)
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and the eigenvalues of
(
ẼRD

)2

are 0,+4 and those of
(
ẼLD

)2

,
(
ẼSD

)2

and
(
ẼID

)2

are + 1
4 ,+

1
4 .

Hence, the singular values of ẼRD are 0,+2 and those of ẼLD , ẼSD and ẼID are + 1
2 ,+

1
2 .

Hence, we have that
∥∥∥σmERD

i•k,m,j
•
k,m

∥∥∥
op,2

= +2 and
∥∥∥σmELD

i•k,m,j
•
k,m

∥∥∥
op,2

=
∥∥∥σmESD

i•k,m,j
•
k,m

∥∥∥
op,2

=∥∥∥σmEID
i•k,m,j

•
k,m

∥∥∥
op,2

= + 1
2 . We define κZ :=

∥∥∥σmEZi•k,m,j•k,m∥∥∥op,2
. The remaining part is the

evaluation of v
(∑M

m=1 σmE
Z
i•k,m,j

•
k,m

)
.

We have that

v

(
M∑
m=1

σmE
Z
i•k,m,j

•
k,m

)
=

M∑
m=1

∥∥∥∥E(σmEZi•k,m,j•k,m)2
∥∥∥∥

op,2

= M

∥∥∥∥E(EZi•k,m,j•k,m)2
∥∥∥∥

op,2

= Mν•k .

(65)

Therefore, we have that

E((i•k,m,j•k,m))
M

m=1
∼(D•k)

M Eσ

∥∥∥∥∥
M∑
m=1

σmE
Z
i•k,m,j

•
k,m

∥∥∥∥∥
op,2

 ≤√2Mν•k ln |V|+ κZ
3

ln |V|, (66)

which completes the proof.

Proof of Lemma 3. For ((x1,m, x2,m, . . . , xK,m))
M
m=1 ∈ (X1 ×X2 × · · · × XK)

M

and σ2, σ3, . . . , σM ∈ {−1,+1}, for all ε ∈ R>0, there exist(
f+

1,1, f
+
2,1, . . . , f

+
K,1

)
,
(
f−1,1, f

−
2,1, . . . , f

−
K,1

)
∈ F such that

sup
(f1,1,f2,1,...,fK,1)∈F

[l(f1(x1,1), f2,1(x2,1), . . . , fK,1(xK,1)) + u1(f1,1, f2,1, . . . , fK,1)]

< l
(
f+

1,1(x1,1), f+
2,1(x2,1), . . . , f+

K,1(xK,1)
)

+ u1

(
f+

1,1, f
+
2,1, . . . , f

+
K,1

)
+ ε,

(67)

and

sup
(f1,1,f2,1,...,fK,1)∈F

[−l(f1(x1,1), f2,1(x2,1), . . . , fK,1(xK,1)) + u1(f1,1, f2,1, . . . , fK,1)]

< −l
(
f−1,1(x1,1), f−2,1(x2,1), . . . , f−K,1(xK,1)

)
+ u1

(
f−1,1, f

−
2,1, . . . , f

−
K,1

)
+ ε,

(68)
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respectively, where u1(f1, f2, . . . , fK) :=
∑M
m=2 σml(f1(x1,m), f2(x2,m), . . . , fK(xK,m)). Then,

we have that
Eσ1

sup
(f1,1,f2,1,...,fK,1)∈F

[σ1l(f1,1(x1,1), f2,1(x2,1), . . . , fK,1(xK,1)) + u1(f1,1, f2,1, . . . , fK,1)]

=
1

2

{
sup

(f1,1,f2,1,...,fK,1)∈F
[l(f1,1(x1,1), f2,1(x2,1), . . . , fK,1(xK,1)) + u1(f1,1, f2,1, . . . , fK,1)]

+ sup
(f1,1,f2,1,...,fK,1)∈F

[−l(f1,1(x1,1), f2,1(x2,1), . . . , fK,1(xK,1)) + u1(f1,1, f2,1, . . . , fK,1)]

}

<
1

2

{[
l
(
f+

1,1(x1,1), f+
2,1(x2,1), . . . , f+

K,1(xK,1)
)

+ u1

(
f+

1,1, f
+
2,1, . . . , f

+
K,1

)]
+
[
−l
(
f−1,1(x1,1), f−2,1(x2,1), . . . , f−K,1(xK,1)

)
+ u1

(
f−1,1, f

−
2,1, . . . , f

−
K,1

)]}
+ ε

=
1

2

{[
l
(
f+

1,1(x1,1), f+
2,1(x2,1), . . . , f+

K,1(xK,1)
)
− l
(
f−1,1(x1,1), f−2,1(x2,1), . . . , f−K,1(xK,1)

)]
+
[
u1

(
f+

1,1, f
+
2,1, . . . , f

+
K,1

)
+ u1

(
f−1,1, f

−
2,1, . . . , f

−
K,1

)]}
+ ε

=
1

2

{[
l
(
f+

1,1(x1,1), f+
2,1(x2,1), . . . , f+

K,1(xK,1)
)
− l
(
f−1,1(x1,1), f+

2,1(x2,1), . . . , f+
K,1(xK,1)

)
+ l
(
f−1,1(x1,1), f+

2,1(x2,1), . . . , f+
K,1(xK,1)

)
− l
(
f−1,1(x1,1), f−2,1(x2,1), . . . , f+

K,1(xK,1)
)

. . .

+ l
(
f−1,1(x1,1), f−2,1(x2,1), . . . , f+

K,1(xK,1)
)
− l
(
f−1,1(x1,1), f−2,1(x2,1), . . . , f−K,1(xK,1)

)]
+
[
u1

(
f+

1,1, f
+
2,1, . . . , f

+
K,1

)
+ u1

(
f−1,1, f

−
2,1, . . . , f

−
K,1

)]}
+ ε

=
1

2

{
K∑
k=1

ek,1Lk

(
f+
k,1(xk,1)− f−k,1(xk,1)

)
+
[
u1

(
f+

1,1, f
+
2,1, . . . , f

+
K,1

)
+ u1

(
f−1,1, f

−
2,1, . . . , f

−
K,1

)]}
+ ε

=
1

2

{[
(+1)

K∑
k=1

ek,1Lkf
+
k,1(xk,1) + u1

(
f+

1,1, f
+
2,1, . . . , f

+
K,1

)]

+

[
(−1)

K∑
k=1

ek,1Lkf
−
k,1(xk,1) + u1

(
f−1,1, f

−
2,1, . . . , f

−
K,1

)]}
+ ε

= Eσ1
sup

(f1,1,f2,1,...,fK,1)∈F

[
σ1

K∑
k=1

ek,1Lkfk,1(xk,1) + u1(f1,1, f2,1, . . . , fK,1)

]
+ ε,

(69)
where ek,1 ∈ {−1.0,+1} is defined by

ek,1 := sgn

(
l
(
f+

1,1(x1,1), . . . , f+
k−1,1(xk−1,1), f+

k,1(xk,1), f−k+1,1(xk+1,1), . . . , f−K,1(xK,1)
)

− l
(
f+

1,1(x1,1), . . . , f+
k−1,1(xk−1,1), f−k,1(xk,1), f−k+1,1(xk+1,1), . . . , f−K,1(xK,1)

))
(70)
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Since the above is valid for all ε ∈ R>0, we have that

Eσ1
sup

(f1,1,f2,1,...,fK,1)∈F
[σ1l(f1,1(x1,1), f2,1(x2,1), . . . , fK,1(xK,1)) + u1(f1,1, f2,1, . . . , fK,1)]

< Eσ1
sup

(f1,1,f2,1,...,fK,1)∈F

[
σ1

K∑
k=1

ek,1Lkfk,1(xk,1) + u1(f1,1, f2,1, . . . , fK,1)

]
.

(71)

Taking expectation with respect to σ2, σ3, . . . , σM , we have that

Eσ1,σ2,...,σM sup
(f1,1,f2,1,...,fK,1)∈F

[σ1l(f1,1(x1,1), f2,1(x2,1), . . . , fK,1(xK,1)) + u1(f1,1, f2,1, . . . , fK,1)]

< Eσ1,σ2,...,σM sup
(f1,1,f2,1,...,fK,1)∈F

[
σ1

K∑
k=1

ek,1Lkfk,1(xk,1) + u1(f1,1, f2,1, . . . , fK,1)

]
.

(72)

Likewise, if we fix σ1, σ2, . . . , σm′−1, σm′+1, σm′+2, . . . , σM we have that

Eσm′ sup
(f1,m′ ,f2,m′ ,...,fK,m′)∈F

[
σm′ l(f1,m′(x1,m′), f2,m′(x2,m′), . . . , fK,m′(xK,m′))

+ um′(f1,m′ , f2,m′ , . . . , fK,m′)
]

≤ Eσm′ sup
(f1,m′ ,f2,m′ ,...,fK,m′)∈F

[
σm′

K∑
k=1

ek,m′Lkfk,m′(xk,m′) + um′(f1,m′ , f2,m′ , . . . , fK,m′)

]
,

(73)

where

um′(f1, f2, . . . , fK) :=

m′−1∑
m=m′+1

σm′
K∑
k=1

ek,m′Lkfk,m′(xk,m′)+

M∑
m=m′+1

σml(f1(x1,m), f2(x2,m), . . . , fK(xK,m))

(74)
and

(
f+

1,m′ , f
+
2,m′ , . . . , f

+
K,m′

)
,
(
f−1,m′ , f

−
2,m′ , . . . , f

−
K,m′

)
∈ F are functions that satisfies

sup
(f1,m′ ,f2,m′ ,...,fK,m′)∈F

[l(f1,m′(x1,m′), f2,m′(x2,m′), . . . , fK,m′(xK,m′)) + um′(f1,m′ , f2,m′ , . . . , fK,m′)]

< l
(
f+

1,m′(x1,m′), f
+
2,m′(x2,m′), . . . , f

+
K,m′(xK,m′)

)
+ um′

(
f+

1,m′ , f
+
2,m′ , . . . , f

+
K,m′

)
+ ε,

(75)

and

sup
(f1,m′ ,f2,m′ ,...,fK,m′)∈F

[−l(f1,m′(x1,m′), f2,m′(x2,m′), . . . , fK,m′(xK,m′)) + um′(f1,m′ , f2,m′ , . . . , fK,m′)]

< −l
(
f−1,m′(x1,m′), f

−
2,m′(x2,m′), . . . , f

−
K,m′(xK,m′)

)
+ um′

(
f−1,m′ , f

−
2,m′ , . . . , f

−
K,m′

)
+ ε,

(76)

respectively, and ek,m′ ∈ {−1.0,+1} is defined by

ek,m′ := sgn

(
l
(
f+

1,m′(x1,m′), . . . , f
+
k−1,m′(xk−1,m′), f

+
k,m′(xk,m′), f

−
k+1,m′(xk+1,m′), . . . , f

−
K,m′(xK,m′)

)
− l
(
f+

1,m′(x1,m′), . . . , f
+
k−1,m′(xk−1,m′), f

−
k,m′(xk,m′), f

−
k+1,m′(xk+1,m′), . . . , f

−
K,1(xK,1)

))
.

(77)
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Taking expectation with respect to σ1, σ2, . . . , σm′−1, σm′+1, σm′+2, . . . , σM , we have that

Eσ1,σ2,...,σM sup
(f1,m′ ,f2,m′ ,...,fK,m′)∈F

[
σm′ l(f1,m′(x1,m′), f2,m′(x2,m′), . . . , fK,m′(xK,m′))

+ um′(f1,m′ , f2,m′ , . . . , fK,m′)
]

≤ Eσ1,σ2,...,σM sup
(f1,m′ ,f2,m′ ,...,fK,m′)∈F

[
σm′

K∑
k=1

ek,m′Lkfk,m′(xk,m′) + um′(f1,m′ , f2,m′ , . . . , fK,m′)

]
.

(78)

By induction, we obtain that

Eσ1,σ2,...,σM sup
(f1,f2,...,fK)∈F

[
M∑
m=1

σml(f1(x1,m), f2(x2,m), . . . , fK(xK,m))

]

≤ Eσ1,σ2,...,σM sup
(f1,f2,...,fK)∈F

[
M∑
m=1

σm

K∑
k=1

ek,mLkfk(xk,m)

]

= Eσ1,σ2,...,σM sup
(f1,f2,...,fK)∈F

[
K∑
k=1

M∑
m=1

σmek,mLkfk(xk,m)

]

≤
K∑
k=1

Lk Eσ1,σ2,...,σM sup
(f1,f2,...,fK)∈F

[
M∑
m=1

σmek,mfk(xk,m)

]

=

K∑
k=1

Lk Eσ1,σ2,...,σM sup
fk∈Fk

[
M∑
m=1

σmek,mfk(xk,m)

]

=

K∑
k=1

Lk Eσ1,σ2,...,σM sup
fk∈Fk

[
M∑
m=1

σmfk(xk,m)

]
,

(79)

which completes the proof. Here, the last equality holds since the distribution of the random variable
σmek,m is the same as that of σm.

C Proof of Proposition 1

First, we recall the proposition.
Proposition (Proposition 1). (a) Suppose that the data distribution is given by (6) and (7). Then we
have that

ν+
k,Z=

1

2
· (1− r+) maxi∈V deg (i) + r+(|V| − 1)

[(1− r+)|E|+ r+|V|(|V| − 1)]
≤ 1

2
· maxi∈V deg (i)

|E|
, (80)

ν−k,Z=
1

2
· (1− r−)[(|V| − 1)−mini∈V deg (i)] + r−(|V| − 1)

[(1− r−)[|V|(|V| − 1)− |E|] + r−|V|(|V| − 1)]
≤ 1

2
· (|V| − 1)−mini∈V deg (i)

|V|(|V| − 1)− |E|
,

(81)

for Z = LD, ID,SD, and for Z = RD we have that

ν+
k,RD≤

2[(1− r+){2 maxi∈V deg (i)}+ r+|V|]
(1− r+)|E|+ r+|V|(|V| − 1)

≤4 · maxi∈V deg (i)

|E|
, (82)

ν−
k,RD≤4

1

|V|
(|V| − 1)− (1− r−) mini∈V deg (i)

(|V| − 1)− (1− r−) |E||V|
≤4 · 1

|V|
(|V| − 1)−mini∈V deg (i)

(|V| − 1)− |E||V|
. (83)

(b) If the conditional distribution of negative pairs is given by (8), then we have that

ν−k,Z =
1

2
· (1− r−) maxi∈V deg (i) + r−(|V| − 1)

[(1− r−)|E|+ r−|V|(|V| − 1)]
≤ 1

2
· maxi∈V deg (i)

|E|
, (84)
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for Z = LD, ID,SD, and

ν−
k,RD = 2

[
(1− r−) maxi∈V deg (i) + r−(|V| − 1)

(1− r−)|E|+ r−|V|(|V| − 1)
+ 1

]
≤ 2

[
maxi∈V deg (i)

|E|
+ 1

]
. (85)

Proof of Proposition 1. (a) Since P
[(
i+k,m, j

+
k,m

)]
is given by (6), the i-th row and the j-th column

of E(i•k,m,j•k,m)E
Z
i•k,m,j

•
k,m

>
EZi•k,m,j•k,m is given by[

E(i+k,m,j
+
k,m)E

Z
i+k,m,j

+
k,m

>
EZ
i+k,m,j

+
k,m

]
i,j

=

{
1
2 ·

(1−r+) deg (i)+r+(|V|−1)

[(1−r+)|E|+r+|V|(|V|−1)] if i = j,

0 if i 6= j,
(86)

for Z = LD,SD, ID, and[
E(i+k,m,j

+
k,m)E

Z
i+k,m,j

+
k,m

>
EZ
i+k,m,j

+
k,m

]
i,j

=


2[(1− r+) deg (i) + r+(|V| − 1)]p+ if i = j,

−2p+ if i 6= j and (i, j) ∈ E ,
−2r+p+ if i 6= j and (i, j) /∈ E ,

(87)

for Z = RD, where p+ is given by p+ = 1
(1−r+)|E|+r+|V|(|V|−1) . In other words, we have that

E(i+k,m,j
+
k,m)E

Z
i+k,m,j

+
k,m

>
EZ
i+k,m,j

+
k,m

= 2
[{(

1− r+
)

diag (d) + r+(|V| − 1)I
}
−
{(

1− r+
)
A+ r+

(
11> − I

)}]
p+

= 2
[(

1− r+
)
L+ r+

(
|V|I− 11>

)]
p+,

(88)

where diag (d) ∈ R|V|,|V| is given by

diag (d) :=


deg (1)

deg (2)
. . .

deg (|V|)

, (89)

A ∈ R|V|,|V| is the adjacency matrix defined by

[A]i,j :=

{
1 if (i, j) ∈ E ,
0 if (i, j) /∈ E ,

(90)

and L ∈ R|V|,|V| is given by L := diag (d)−A.

Hence, we have that

ν+
k,Z =

1

2
· (1− r+) maxi∈V deg (i) + r+(|V| − 1)

(1− r+)|E|+ r+|V|(|V| − 1)

=
1

2
· maxi∈V deg (i)

|E|
·

(1− r+) + r+ 1
maxi∈V deg (i) (|V| − 1)

(1− r+) + r+ |V|
|E| (|V| − 1)

,

(91)

for Z = LD,SD, ID. Here, since maxi∈V deg (i) ≥ |E|
|V| , the right hand side is decreasing with

respect to r+ and takes its maximum 1
2 ·

maxi∈V deg (i)
|E| if r+ = 0. Also, for Z = RD, we have that

ν+
k,Z =

∥∥2
[(

1− r+
)
L+ r+

(
|V|I− 11>

)]
p+
∥∥

op,2

≤ 2
[(

1− r+
)
‖L‖op,2 + r+

∥∥|V|I− 11>
∥∥

op,2

]
p+

≤ 2

[(
1− r+

){
2 max
i∈V

deg (i)

}
+ r+|V|

]
p+,

=
2[(1− r+){2 maxi∈V deg (i)}+ r+|V|]

(1− r+)|E|+ r+|V|(|V| − 1)

= 4 · maxi∈V deg (i)

|E|
·

(1− r+) + r+|V| 1
2 maxi∈V deg (i)

(1− r+) + r+|V| |V|−1
|E|

,

(92)
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Here, since 2 maxi∈V deg (i) ≥ 2 |E||V| ≥
|E|
|V|−1 , the right hand side is decreasing with respect to r+

and takes its maximum 4 · maxi∈V deg (i)
|E| if r+ = 0.

Similarly, we have that[
E(i−k,m,j

−
k,m)E

Z
i−k,m,j

−
k,m

>
EZ
i−k,m,j

−
k,m

]
i,j

=

{
1
2 ·

(1−r−)((|V|−1)−deg (i))+r−(|V|−1)

(1−r−)(|V|(|V|−1)−|E|)+r−|V|(|V|−1) if i = j,

0 if i 6= j.

(93)

for Z = LD,SD, ID, and[
E(i−k,m,j

−
k,m)E

Z
i−k,m,j

−
k,m

>
EZ
i−k,m,j

−
k,m

]
i,j

=


2[(1− r+){(|V| − 1)− deg (i)}+ r+(|V| − 1)]p+ if i = j,

−2r+p+ if i 6= j and (i, j) ∈ E ,
−2p+ if i 6= j and (i, j) /∈ E ,

(94)

for Z = RD, where p− is given by p− = 1
(1−r−)(|V|(|V|−1)−|E|)+r−|V|(|V|−1) . In other words, we

have that

E(i−k,m,j
−
k,m)E

Z
i−k,m,j

−
k,m

>
EZ
i−k,m,j

−
k,m

= 2
[{(

1− r−
)
((|V| − 1)I− diag (d)) + r−(|V| − 1)I

}
−
{(

1− r−
)(
11> − I−A

)
+ r−

(
11> − I

)}]
p−

= 2
[(

1− r−
){

((|V| − 1)I− diag (d))−
(
11> − I−A

)}
+ r−

(
|V|I− 11>

)]
p−,

(95)

Hence, for Z = LD,SD, ID, we have that

ν−k =
1

2
· (1− r−)((|V| − 1)−mini∈V deg (i)) + r−(|V| − 1)

(1− r−)(|V|(|V| − 1)− |E|) + r−|V|(|V| − 1)

=
1

2
· 1

|V|
(|V| − 1)− (1− r−)(mini∈V deg (i))

(|V| − 1)− (1− r−) |E||V|

(96)

Here, since mini∈V deg (i) ≤ |E|
|V| , the right hand side is decreasing with respect to r and takes its

maximum 1
2 ·

1
|V|

(|V|−1)−(mini∈V deg (i))

(|V|−1)− |E||V|
if r = 0.

Also, for Z = RD, we have that

ν−k,Z =
∥∥2
[(

1− r−
){

((|V| − 1)I− diag (d))−
(
11> − I−A

)}
+ r−

(
|V|I− 11>

)]
p−
∥∥

op,2

≤ 2
[(

1− r−
){
‖(|V| − 1)I− diag (d)‖op,2 −

∥∥11> − I−A
∥∥

op,2

}
+ r−

∥∥|V|I− 11>
∥∥

op,2

]
p−

≤ 2

[(
1− r+

)
2

{
(|V| − 1)−min

i∈V
deg (i)

}
+ r−|V|

]
p+,

= 2
(1− r+)2{(|V| − 1)−mini∈V deg (i)}+ r−|V|
(1− r−)(|V|(|V| − 1)− |E|) + r−|V|(|V| − 1)

≤ 4
(1− r+){(|V| − 1)−mini∈V deg (i)}+ r−(|V| − 1)

(1− r−)(|V|(|V| − 1)− |E|) + r−|V|(|V| − 1)

= 4
1

|V|
(|V| − 1)− (1− r−) mini∈V deg (i)

(|V| − 1)− (1− r−) |E||V|
.

(97)

Here, since mini∈V deg (i) ≤ |E|
|V| , the right hand side is decreasing with respect to r and takes its

maximum 4 1
|V|

(|V|−1)−mini∈V deg (i)

(|V|−1)− |E||V|
if r = 0.
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(b) (Skipgram type negative sampling case) Consider the setting in Example 1 (b). By the same
discussion in (a), we have ν+

1 = 1
2 ·

(1−r) maxi∈V deg (i)+r(|V|−1)
[(1−r)|E|+r|V|(|V|−1)] holds. Here, the right hand side is

decreasing with respect to r and takes its maximum 1
2 ·

maxi∈V deg (i)
|E| if r = 0.

The probability P
[(
i−k,m, j

−
k,m

)]
of
(
i−k,m, j

−
k,m

)
appearing as the k-th negative edge is given as

follows:

P
[(
i−k,m, j

−
k,m

)]
=

∑
(i+1,m,j

+
1,m)∈V×V

P
[(
i−k,m, j

−
k,m

)∣∣∣(i+1,m, j+
1,m

)]

=

[
(1− r) deg

(
i−1,m

)
+ r(|V| − 1)

][
(1− r) deg

(
j−1,m

)
+ r(|V| − 1)

]
[(1− r)|E|+ r|V|(|V| − 1)]

2 .

(98)

Hence, the element in the i-th row and the j-th column of E(i•k,m,j•k,m)E
>
i•k,m,j

•
k,m
Ei•k,m,j

•
k,m

is given
by [

E(i−k,m,j
−
k,m)E

>
i−k,m,j

−
k,m
Ei−k,m,j

−
k,m

]
i,j

=

{
1
2 ·

(1−r−) deg (i)+r−(|V|−1)

(1−r−)|E|+r−|V|(|V|−1) if i = j,

0 if i 6= j.
(99)

for Z = LD,SD, ID, and[
E(i+k,m,j

+
k,m)E

Z
i+k,m,j

+
k,m

>
EZ
i+k,m,j

+
k,m

]
i,j

=


2 ·
[

(1−r−) deg (i)+r−(|V|−1)

(1−r−)|E|+r−|V|(|V|−1) −
[(1−r) deg (i−1,m)+r(|V|−1)][(1−r) deg (j−1,m)+r(|V|−1)]

[(1−r)|E|+r|V|(|V|−1)]2

]
if i = j,

−2 · [(1−r) deg (i−1,m)+r(|V|−1)][(1−r) deg (j−1,m)+r(|V|−1)]
[(1−r)|E|+r|V|(|V|−1)]2

if i 6= j,

(100)

for Z = RD. In other words, we have that

E(i−k,m,j
−
k,m)E

Z
i−k,m,j

−
k,m

>
EZ
i−k,m,j

−
k,m

= 2

[
(1− r−) diag (d) + r−(|V| − 1)I

(1− r−)|E|+ r−|V|(|V| − 1)
− [(1− r−)d+ r−(|V| − 1)1][(1− r−)d+ r−(|V| − 1)1]

>

[(1− r−)|E|+ r−|V|(|V| − 1)]
2

]
.

(101)

Hence, for Z = LD,SD, ID, ν−k = 1
2 ·

(1−r) maxi∈V deg (i)+r(|V|−1)
[(1−r)|E|+r|V|(|V|−1)] holds for k = 1, 2, . . . ,K−.

Again, the right hand side is decreasing with respect to r and takes its maximum 1
2 ·

maxi∈V deg (i)
|E| if

r = 0. For Z = RD, we have that

ν−k,Z =

∥∥∥∥∥2

[
(1− r−) diag (d) + r−(|V| − 1)I

(1− r−)|E|+ r−|V|(|V| − 1)
− [(1− r−)d+ r−(|V| − 1)1][(1− r−)d+ r−(|V| − 1)1]

>

[(1− r−)|E|+ r−|V|(|V| − 1)]
2

]∥∥∥∥∥
op,2

≤ 2

[
(1− r−)‖diag (d)‖op,2 + r−(|V| − 1)‖I‖op,2

(1− r−)|E|+ r−|V|(|V| − 1)

+

∥∥∥[(1− r−)d+ r−(|V| − 1)1][(1− r−)d+ r−(|V| − 1)1]
>
∥∥∥

op,2

[(1− r−)|E|+ r−|V|(|V| − 1)]
2

]

= 2

[
(1− r−) maxi∈V deg (i) + r−(|V| − 1)

(1− r−)|E|+ r−|V|(|V| − 1)
+
‖(1− r−)d+ r−(|V| − 1)1‖22

[(1− r−)|E|+ r−|V|(|V| − 1)]
2

]

≤ 2

[
(1− r−) maxi∈V deg (i) + r−(|V| − 1)

(1− r−)|E|+ r−|V|(|V| − 1)
+
‖(1− r−)d+ r−(|V| − 1)1‖21

[(1− r−)|E|+ r−|V|(|V| − 1)]
2

]

= 2

[
(1− r−) maxi∈V deg (i) + r−(|V| − 1)

(1− r−)|E|+ r−|V|(|V| − 1)
+ 1

]
,

(102)
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for Z = RD, where the right hand side is decreasing with respect to r− and takes its maximum
2
[

maxi∈V deg (i)
|E| + 1

]
if r− = 0.

D Proof of Lemma 1

We recall Lemma 1.
Lemma (Lemma 1). Suppose that (V, E) is a tree and δ∗ : V × V → R≥0 is given by its graph
distance. Then, there exist R ∈ R≥0, representations (z1, z2, . . . ,zV ) ∈ BR in L2, and threshold

θZ ∈ R that satisfy (24) for all i, j ∈ V . In particular,RZ
(

(z∗v)
|V|
v=1

)
= R∗.

Proof of Lemma 1. Following [29], for a weighted graph (V, E) with a nonnegative weight
function w : E → R≥0, take β < π

maxv deg (v) and let n := −2k ln
(

tan β
2

)
and η :=

max(i,j)∈E
−2k ln tan π

maxv=i,j deg(v)

w(i,j) . Here, k is the absolute value of the curvature of the hyper-
bolic space that we consider. In this paper, k = 1 always holds. For ε > 0, take τ so that it satisfies
τ > η and τ min(i,j)∈E w(i, j) > n 1+ε

ε . Then by the (1 + ε)-distortion algorithm, we can obtain
representations z1, z2, . . . ,zV ∈ L2 such that

(1− ε)τδ∗(i, j) < ∆L2(zi, zj) ≤ (1 + ε)τδ∗(i, j), (103)

for any i, j ∈ V , where δ∗ is the distance function on the weighted graph. Since k = 1 and we
consider an unweighted graph, where w(i, j) = 1 holds for all (i, j), n := −2k ln

(
tan β

2

)
, we have

that n := −2 ln
(

tan β
2

)
and η < n. Therefore, for τ > n 1+ε

ε , there exist representations that satisfy
(103).

Let τ > max
{
n 1+ε

ε , 2
}

, and θL2 := 2τ2 and by the (1 + ε)-distortion algorithm, obtain represen-
tations z1, z2, . . . ,zV ∈ L2 such that they satisfy (103) for any i, j ∈ V . Let ε := 1

4 . Then, for
(i, j) ∈ E , we have that

θL2 − [∆L2(zi, zj)]
2

≥ θL2 − (1 + ε)
2
δ∗(i, j)

≥ τ2

(
2− 25

16

)
≥ 7

4
> 1.

(104)

For (i, j) /∈ E , since δ∗(i, j) ≤ 2, we have that

[∆L2(zi, zj)]
2 − θL2

≥ τ2(1− ε)2
[δ∗(i, j)]

2 − θL2

≥ τ2

(
9

4
− 2

)
≥ 1.

(105)

Hence, the representations always satisfy the condition (24). If the diameter of the graph is R(V,E),
then we can get the representations in BτR(V,E) , which completes the proof.

E Proof of Lemma 2

We recall Lemma 2 below.

26



Lemma (Lemma 2). Let (V, E) be a graph and define W and ρ by W := |V|(|V| − 1) and E :=
|E|
W . Define µ := min {µ+, µ−}, where µ+ := 1

W
1

(1−r+)ρ+r+ −
1
W

r−

(1−r−)(1−ρ)+r− and µ− :=

1
W

1
(1−r−)(1−ρ)+r− −

1
W

r+

(1−r+)ρ+r+ . In LGE, the expected risk of the expected risk minimizers

satisfiesRZ
(

(z∗v)
|V|
v=1

)
≥ R∗ + V R2

minµ. Here, V R2

min is not smaller than the number of disjoint 6-star
subgraphs in the graph for the 2-dimensional LGE.

Proof of Lemma 2. A truly positive pair appears as a positive pair in probability 1
W

1
(1−r+)ρ+r+ and

as a negative pair in probability 1
W

r−

(1−r−)(1−ρ)+r− . Also, a truly negative pair appears as a negative

pair in probability 1
W

1
(1−r−)(1−ρ)+r− and as a positive pair in probability 1

W
r+

(1−r+)ρ+r+ .

Hence, each pair that violates the condition (24) increases the expected risk by µ := min {µ+, µ−},
where µ+ := 1

W
1

(1−r+)ρ+r+ −
1
W

r−

(1−r−)(1−ρ)+r− and µ− := 1
W

1
(1−r−)(1−ρ)+r− −

1
W

r+

(1−r+)ρ+r+ .

Hence, we have that RZ
(

(z∗v)
|V|
v=1

)
≥ R∗ + V R2

minµ. Also, the achievable minimum expected risk

R∗ is ρ r−

(1−r−)(1−ρ)+r− and (1 − ρ) r+

(1−r+)ρ+r+ , which is attained if the condition (24) is always
satisfied.

In the following, we prove that V R2

min is no smaller than the number of 6-star subgraphs. The following
proves that for each 6-star subgraph, there is a pair that violates (5). Let c be the center of the 6-star
subgraph and v1, v2, . . . , v6 be its neighborhood. Define δ∗m := δ∗(c, vm). Let Bδ(z) be an open
ball of radius δ centered at z in R2. Assume that zc, zv1 , . . . ,zv6 ∈ R2 satisfies (5) and define
∆m := ∆R2(zc, zvm). For m,m′ = 1, 2, . . . , 6, zvm ∈ B∆m′ (zc) and zvm /∈ B∆m′ (zvm′ ) are
necessary. Hence, ∠zvmzczvm′ > 60◦. Thus, segments zczv1 , zczv2 , . . . ,zczv6 partition 360◦

into 6 angles larger than 60◦, which is contradiction.

F Proof of Proposition 2

We recall the proposition below.
Proposition (Proposition 2). Suppose that (V, E) is a tree and δ∗ : V × V → R≥0 is given by

its graph distance, and take R given in Lemma 1. Let ν1,LD :=
(√

ν+
1,LD +

√
ν−

1,LD

)2

. If M >(
3ωLD (R)

4|V|µV R2
min

(√
8ν1,LD ln |V|+

√
ln 2

d

)
+ 1

2
(√

8ν1,LD ln |V|+
√

ln 2
d

))2

, then HGE’s RZ
(

(z∗v)
|V|
v=1

)
is smaller than LGE’s.

Proof. If a, b, c > 0 and assume x > 0, then ax2 + bx < c ⇔ 0 < x < −b +
√
b2 + 4ac. We are

going to find M that satisfies

2ωLD (R)

M

∑
•=+,−

K•∑
k=1

L•k

(√
2Mν•

k,LD ln |V|+ 1

6
ln |V|

)
+ Il(B)

√
ln 2

d

M
< µV R2

min, (106)

where K+ = K− = 1, L+
1 = L−1 = 1, and Il = 1. Since we consider R that satisfies the condition

in Lemma 2, 2ωLD (R) ≤ Il(B) is valid. Hence, we consider the following condition.

ωLD (R)

2

√
2

1

M
ν1,LD ln |V|+ 4 · 1

6

1

M
ln |V|+

√
ln 2

d

M

 < µV R2

min. (107)

This corresponds to x = 1√
M

, a = 2
3 |V|, b =

√
8ν1,LD ln |V| +

√
ln 2

d , c =
µV R2

min

ωLD (R) . We can
formulate the condition as follows:

0 <
1√
M

< −b+
√
b2 + 4ac

⇔M >
1(

−b+
√
b2 + 4ac

)2 . (108)

27



Here, we have that

1(
−b+

√
b2 + 4ac

)2 =

(
b+
√
b2 + 4ac

)2
(4ac)

2

≤
(
b+ b

(
1 + 2ac

b2

))2
(4ac)

2

=

(
b
(
2 + 2ac

b2

)
4ac

)2

=

(
b

2ac
+

1

2b

)2

.

≤
(

b

2ac
+

1

2b

)2

.

=

 3ωLD (R)

4|V|µV R2

min

(√
8ν1,LD ln |V|+

√
ln

2

d

)
+

1

2
(√

8ν1,LD ln |V|+
√

ln 2
d

)


2

,

(109)

which completes the proof. Here, the first inequality holds since
√

1 + y ≤ 1 + 1
2y.

G Proof of Example 4

Proof. Example 4 We obtain the result by applying Proposition 2. Here, |V| = 1−λh
1−λ , |E| = |V| − 1.

The radius R is given by the proof of Lemma 1, ν1,LD :=
(√

ν+
1,LD +

√
ν−

1,LD

)2

is given by
Proposition 1, and µ is given by the first half of Lemma 2. From the second half of Lemma 2, we
have that V R2

min > λ2 if λ ≥ 5 and h ≥ 4.
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