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A Proofs and Derivations

A.1 Proof of Proposition 1]

Proof. We begin with the original definition of the objective function 7 (¢):

T
j(¢):qu&(ZO:TyaO:TflySO:T) ;Rt(st’at*) ’

which defines the expected cumulative reward over a fixed horizon, where the expectation is over full
trajectories (zo.7, ao:7—1, So:7) given a policy 7. By linearity of expectation, we can interchange
the expectation and the sum,

T
J(9) = ZEP¢(ZO:Ta ag:7—1, S0:T) [Rt(st’ at’l)]

t=1
Now, consider the term Ep¢(') [Rt(st, at,l)] . The reward R, depends only on the state s; and the

previous action a;_ 1. We can thus marginalize out variables corresponding to future times ¢’ > ¢ and
past states Sg.¢—1:

J() =

M=

Ep¢(20;t, ao:—1,5¢) [Rt(St, at_l)}

o~
Il
A

Ep(st | 20:t, @0:t—1) P (20:¢, @0t —1) [

Il
M=

Rt(staat—l)]a

~
I
=

where p(s¢ | zo:¢, ao:1—1) is the belief state and pg(zo:¢, ag:t—1) is the marginal probability of the
history. Now, we can apply the law of total expectation to decouple the expectation over the history
(20:t, ap:t—1) from the expectation over the state s; leading to:

T
B(¢) = Ep¢(ZO:T7 ag:r—1) [ZEP(St | Z0:45 @0:t—1) [Rt(st’ atl)”

The outer expectation with respect to pg(zo:7, @o:7—1) averages over all possible histories of obser-
vations and actions generated under the policy 7. The inner expectation with respect to p(s; | -)
averages the reward R; over the possible states s;, given a specific history (zo.¢, ag:t—1). This ob-
jective is consistent with the definition of POMDP objectives according to [Kaelbling et al.|[[1998]].
To simplify the expression, we define an auxiliary function ¢; representing the expected immediate
reward at time ¢ given the history up to that point as:

(20, @0it—1) = Ep(st | 200, A0:—1) [Rt(styat—l)}-

This definition effectively integrates out the dependency on the latent state s, by averaging according
to the belief state distribution. Substituting this definition back yields

T
B(¢) = Ep¢(ZO:T7 ao:7—1) [Zét(zo:n aO:t—l)] )
t=1

with py (20:7, ag:7—1) being the belief-space generative process
T—1

pqﬁ(Zo:T, ao:T—l) = p(Zo) H p(2t+1 \ 20:t5 ao:t) 7T¢(at | 20:t5 ao:t—l),
t=0

where p(zg) = Ep(s0) [9(z0]50)] and

P(2e+1 | 205, Q0:t) = // 9(Ze41 | Se41) f(Se41 | 8¢, ae) (St | 20:¢, @0:t—1) dse dsgqr,
82

as required. O

10



371

372

373

374
375

376

377

378

379

380

A.2  Proof of Proposition

Proof. We begin with the definition of the risk-sensitive belief-space objective
1
Bn(¢) = H 10gp¢(01:T)'
Since n > 0 is just a scalar, we focus on the gradient of the log-marginal likelihood log ps(O1.7)
V¢ BU (qﬁ) X V¢ log p¢(01;T)

1
— Uyps(On,
p¢(01:T) ¢p¢'( 1T)

1
— mv¢ /p¢(ZOT7 aO:Tfl) p(Ol;T ‘ ZO:T‘7 aOCT*l) dZO:T daO:T—L

Under suitable regularity conditions, we can interchange differentiation and integration (see Mohamed
et al.|[2020]] for details on when this is admissible)

1
Vs BW(¢) X ——53 / V¢P¢(ZO:T,CLO:T—1)10(01:T | ZO:T7aO:T—1) dzo.7 dag.7—1.
p¢(01:T)
Next, using the log-ratio trick, V f = f Vlog f, the expression becomes:
1
X —= /pqﬁ(ZO:Ta ao:T—1, Ol:T)vqb 10gp¢(ZO:T7a0:T—1) dzo.7 dag.7—1
p¢((91:T)

Now, let’s recall the definition of py (207, ag:7—1) from ()

vqb Bn (¢)

T-1

pqs(Zo:T, aO:Tfl) = p(Zo) H p(2t+1 \Zo:t, ao:t) 7T¢(at | 20:t, ao:t71),
t=0

and the definition of ¥ from (3]

pe(20:7, a0:r—1, O1:1)

Vr (201, ao:r—15 @) = py(20.1, ao:r—1| Orr) =

p¢(01:T)
Plugging them back into the gradient expression, we get:
T—1
Ve By(9) o E\I/T Vg log ¢ p(20) H p(2t+1 | 20:t, a0:t) T (ar | 20:4, ao:t—1)
t=0
T-1 T-1
=By, |Velog H mo(a | 206, aoie—1) ¢+ Vg log  p(20) H P(zt41 | Z0:¢, o:t)
t=0 t=0
[7-1
= E\IIT Z Vy log mg(as | 20:t, Go:t—1) |
t=0
as required. O
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A.3 Derivation of Equation ()
We omit the dependence on ¢, and start from the definition of U7 in (3)),

Ur (201, a0:7—1) = p(20:1, @o:7—1 | Or:r)
T-1
=p(20| Or.1) H pla | zo:t, ao:—1, Orr) P(2e41 | 2010, @005 Or:7)
=0
T-1
= p(ZO | OlzT) H p(Zt+1 | 20:t5 A0:t Ot+1:T)p(at |ZO:t7 agp:t—1, Ot+1:T)-
=0

For the final step, we use the fact that z;1; and a; are conditionally independent of O;.; given
(20:t, ap:t—1). Using Bayes’ rule, we have

P(Ors1:7 | 20:4, a0:t)
P(Ori1:7 | 20:t, G0it—1)

P(at \ 20:ty A0:t—1, Ot+1:T) = TF(at | 20:t, ao:t—l)

where 7(a; | 20:¢, ap:¢—1) is the prior (unconditioned) policy. Putting everything together, we get

T—1
(Ot 1.7 | 20:4, a0:t)

\I’T 20:T5A0:T—1) X P20 OI:T P(2¢41 | 20:¢, G0: 70 1.7 ,
| : ol ) g) (a2 | 20 ne )p(0t+1:T|ZO:taaO:t71)

as required.

B Decision-Making in POMDPs

B.1 Bellman’s Optimality Equations

In this section, we briefly review the fundamentals of optimal decision-making in partially observable
Markov decision processes. We use b; := p(s: | zo:, ao:+—1) to denote the belief state. The solution
to a POMDP can be formulated in terms of optimal value functions, V; and @), over beliefs and
actions (b, a;) as follows [Thrun et al., {2005, Chapter 15]:

Vi(be) = max Qi (bt, ar), )
Qi(be, ar) = /P(Zt+1 | b1, ar) p(bet1 | bty at, 2e41) {£t+1(bt+1»at) (10)
+ Vi1 (bes1) | dzegr dbeyr,
where (1 (b1 1,a¢) = Ey, [Rt+1 (st+1, at)] is the expected reward defined in Proposition and

b;41 is the updated belief after following action a; and observing 2, 1, retrieved according to a Bayes
filter [Sarkka and Svensson, 2023]):

bes1(st+1) o< g(ze41 | $141) /f(5t+1 | 5¢,ae) be(se) dsy.

Unlike in fully observable Markov decision processes (MDPs), where value functions are defined
over finite-dimensional spaces, POMDP value functions V; and Q); are defined over the belief space
— an infinite-dimensional space of probability distributions over S. This makes solving Bellman’s
optimality equations significantly more challenging. Crucially, the value of information gathering is
implicitly encoded into the value function through the predictive distribution over future observations

P(ze41 | bg, ar) = //Q(Zt+1 | st41) f(St41] 56, a¢) be(s¢) dse dsiqr, (11)

so that the expected utility of an action a; depends not only on immediate rewards but also its effect
on future belief refinement. This way, an agent can account for the long-term value of observations
that improve its understanding of the latent state and thus influence subsequent decisions.

12



404

405
406

407
408

410
411
412
413
414
415
416
417
418

419

420
421
422
423
424

425
426
427
428
429
430
431
432
433
434
435
436
437
438

439
440
441
442
443
444
445
446

447

448

449
450

B.2 The QMDP Approximation

To simplify Bellman’s optimality equations in POMDPs, |Littman et al.|[1995]] introduced what is
known as the QMDP approximation, which replaces with the approximation

Qi (be, az) = /bt(st) [Qt(stvat)} dsy

= // bt(St) f(3t+1 ‘ St at) {Rt+1(3t+17 (lt) + V;t+1(3t+1)} d5t+1 dsg,

where Q: (s, a;) is the Q-function of the corresponding fully observable MDP. While this approach
is algorithmically simpler, it relies on a strong, crude assumption — action values are estimated as if
the latent state will be perfectly observable from the next time step onwards [Littman et al., |1995].
This effectively ignores the need for, and potential value of, future information gathering, as it fails
to account for how future observations z;; might refine the agent’s knowledge of the latent state
and improve decision-making. Consequently, this method decouples the procedures of probabilistic
inference and decision-making, which are inherently intertwined in POMDPs, making any reduction
in belief uncertainty merely incidental, rather than a directed outcome of the policy. For this reason,
methods that use QMDP fail to address the core POMDP challenge of actively balancing the need
to reduce state uncertainty (exploration) against maximizing expected extrinsic rewards based on
the current state of belief (exploitation). Since optimal POMDP policies must achieve this balance,
policies derived via the QMDP approximation are inherently sub-optimal [Ross et al., 2008].

B.3 The Belief-Space Generative Process

The Bellman equations in (9) and are computationally tractable only for a limited class of contin-
uous POMDPs. As a result, state-of-the-art methods typically rely on sampling-based approximations.
In reinforcement learning for POMDPs, a key difference from fully observable MDPs lies in the
generative process used to produce the necessary Monte Carlo samples. This distinction critically
affects how belief-space policy or value iteration algorithms are developed.

In MDPs, interaction with the environment directly yields a transition tuple (s, a,r,s’), sampled
according to the true dynamics f(s’| s, a) and reward function R(s, a, s’). This generative process
aligns with the assumptions underlying Bellman’s optimality equations for MDPs [Puterman, 2014,
Sutton and Bartol |2018]]. In contrast, optimal decision-making in POMDPs must operate in the
space of beliefs. The relevant transition tuple becomes (b, a,r, z’,b'), as implied by Bellman’s
equations for POMDPs. Simulating such a tuple requires sampling the next observation z’ from the
predictive observation distribution under the current belief as described in (TT). Recent reinforcement
learning approaches for POMDPs that aim to learn in the belief-space deviate from this generative
process [Igl et al.,[2018| Meng et al., 2021} Yang and Nguyen, |2021]. Rather than sampling 2’ from
the distribution implied by (L1)), these methods sample observations by interacting with the true
environment, effectively drawing from the ground-truth conditional g(z’ | s’), where s’ is the true,
but unobserved, state. Additionally, the reward signal r = R(s, a, s’) registered through this zrue
interaction reflects the immediate value of the hidden state transition executed within the environment,
rather than the expected reward associated with a belief transition as required by (10).

As a result, belief updates based on direct interactions with the environment yield a next belief o’
that evolves along a trajectory driven by state-space dynamics, rather than the idealized belief-space
dynamics specified by Bellman’s equations (T0). Using tuples (b, a,r, z’, b") generated via interaction
with the underlying environment in policy or value iteration schemes can lead to updates that diverge
from the optimal POMDP solution. In effect, such algorithms appear to estimate a belief-space
Q-function based on state-space Monte Carlo samples of the reward. This mismatch may hinder an
algorithm’s ability to accurately estimate the value of information gathering, as observed rewards are
tied to specific latent states rather than reflecting their expected utility under the agent’s belief.

C Backward Sampling

C.1 Overview

Backward sampling is an algorithm used to generate more diverse samples from the smoothing
distribution [Godsill et al., 2004, |[Lindsten and Schon, [2013]]. While the smoothing distribution can
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be represented by the ancestral lineage of the trajectories generated by the particle filter, backward
sampling prescribes an additional step: compute the likelihood that each particle from the previous
time step could have led to a given current particle, and sample an ancestor from this distribution.
As aresult, backward sampling can generate trajectories that were not explicitly formed during the
forward pass.

We use the notation for Feynman—Kac models from Section [3.1] and follow the presentation in
Corenflos|[2024] Chapter 3]. The formula for backward sampling is based on the trivial identity

Qr (330 T)
Qi (wo:¢)
After performing particle filtering, we will have weighted particles {x{.,, w }N_, that form a discrete

approximation to the filtering distribution Q¢ (xq.;) for all ¢t € {0,...,T}. We can use these to form
an approximation to Qr(zo. | £141.7) as

Q; ($0:t) .

Qr (OUOt \ Tt41: T) 08 @T(Io T)

N
Qr(zout | ze41:7) Z Oz, (T0:t),
where the smoothing weights w;' are given by
~ QT(LC” Tt 1'T) ~ N ~
W = T\ "0t Ht41:TT) wl, Wt =W/ Z W (12)

Qt(xg:t)

Thus, we need to compute the ratios Qr (z§.;, ¢+4+1.7)/Q¢(z].;) in addition to the filtering weights
wy'. The full backward sampling procedure is as follows:

1. Sample a particle at the final time step: S7 ~ Categorical(N, {w}}N_) and z7 = 237 .

2. Then fort € {T —1,...,0}, sample an ancestor S; ~ Categorical(N, {w!}]_,) and set
TpT = (xf‘ T4 1:T ), W1th the smoothing weights w;* computed using (12).

C.2 Details for the Nested SMC Algorithm

We now discuss how to compute the smoothing weights for our nested SMC algorlthm (Algorlthm 2).
Observe that one "particle" of the outer particle filter is the set {2, a;—1, B, s+ } =: ©,, defined
forevery ¢t € {1,...,T}. When doing backward sampling, at time ¢, we will have already sampled a
trajectory O 1.7, and we need to sample an ancestor ©f,, for some n € {1,..., N}. Denoting the
distribution of ©F., by WM | the fraction we compute to sample an ancestor for time ¢ is given by (12)
\I/M(G)gt, O¢11.7) . ‘I’M(Zo £ Q0—15 Bo t—1> 50%& M y Zt41:T5 QT BthM, S}_%T)
M - M nl:M  nl:M
v (0.4 Ui (28 -1, Boa 1, 80 ™)

T—1
x H T (as | 20:4> A0 —15 2t 1055 Qtis—1) (13)

s=t

Probability of sampling future actions

Transition probability for the state

M
nB{" nB"
H Wy f(siialse L ar)
m=1 v
Probability of sampling By

Note that we have only written down the terms that are unique to each ancestor ©g,,, as the terms
that are common for all n will be normalized away. By using (12) and the stored filtering weights,
we can now perform backward sampling for Algorithm [2]

The algorithm developed thus far, while correct, can be improved in two major ways. First, when
we compute the probability of transitioning from a belief state {s7™, wl™}M_, to a belief state
{s7%4,1/M}M_,, the expression in (T3) looks at the pairwise alignment of individual particles (i.e.,

the probability of sampling s’} ; from S;LB:”). This is likely to yield very low probabilities for all n
except the previously traced ancestor index A;_1, because even if the particle sets represent similar
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posterior distributions, their pairwise alignment can be arbitrarily poor. To fix this, we use a solution
proposed by [Igbal et al|[2024] and integrate over the the resampling indices B}, yielding the
following transition probability for belief states

M
. . B™ ) .
p(sti | 7P ay) :/ [T #Cspia 1577 an) aw (B}

m=1

M
m nBy" .
[T [ st 107 o) aw (st
m=1

M M
= T D wi™ rlstin [ 57" a0) ¢ - (14)
m=1 | k=1

In the second line, we have used the fact that the resampling indices are sampled independently from
a categorical distribution. We replace the second line in (T3) with (T4).

The second improvement we make to the algorithm concerns its computational complexity. Com-
puting the smoothing weights with (I3)) and[T4]for a single n at a single time step ¢ has complexity
O(M?T), leading to the full backward sampling algorithm having complexity O(N M?T?) to sim-
ulate a single trajectory. We improve this to O(M?2T?) by using a modified version of backward
sampling from Bunch and Godsill| [2013]], in which the ratio in needs to be computed for only
two, rather than NV, possible ancestors. For details, we refer to Dau and Chopin| [2023]].

D Evaluation Details

D.1 Architectures

For history-dependent policies, used in both P30 and SLAC, we use a gated recurrent unit [GRU,
Cho et al.,[2014], a type of recurrent neural network [RNN, |[Elman, [1990], to encode the history into a
fixed-size vector (Table[I)), similar to[Yang and Nguyen| [2021]]. This embedding is passed to a multi-
layer perceptron (MLP) to get the mean m and standard deviation o of the action distribution (Table[2).
Actions are then sampled from a Gaussian distribution, a; ~ N (m, o).

Table 1: The GRU encoder architecture used for P30 and SLAC.

Layer Size Activation
Input dim(Z x A) -
Dense 256 RelLU
LayerNorm - -
Dense 256 RelLU
LayerNorm - -
Dense 128 -
LayerNorm - -
GRU 128 -
GRU 128 -
Dense 128 -

Table 2: The MLP decoder architecture used for the policies of all algorithms except P30. For P30,
the noise is independent of the input, and hence the output dense layer has size dim(.A).

Layer Size Activation
Input Variable -
Dense 256 ReLU
Dense 256 ReLU

Dense 2 x dim(A) -

The policy in DVRL uses the belief state, which is a weighted particle set, as input. We concatenate
the particles and their weights, flatten them, and use a dense layer to encode the belief state as a vector
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of size 32. This encoded vector is then passed to the decoder in Table [2]to generate the mean and
standard deviation of the Gaussian action distribution. The process for DualSMC is similar, except
we do not include the weights because the particles are resampled before being passed to the policy,
and we append the mean of the particles to the belief state before flattening [Wang et al., [2020].

For the belief-dependent policy for P30, we use the set transformer architecture from Lee et al.
[2019] to encode the belief state. The set transformer ensures that the network output is invariant to
permutations of the particles in the belief state. The encoded belief state is passed to the same MLP
decoder in Table 2]

Finally, SLAC, DualSMC, and DVRL also have critic networks. The critic networks for SLAC and
DualSMC have the same architecture, given in TableE} The critic networks for DVRL use the belief
state as input (encoded in the same way as for the policy), and the architecture is given in Table ]

Table 3: Critic network architecture for SLAC and DualSMC. The input is state, action, and time.
The input state is randomly sampled from the belief distribution.

Layer Size Activation
Input dim(S x A)+1 -
Dense 256 RelLU
Dense 256 ReLU
Dense 1 -

Table 4: Critic network architecture for DVRL. The input is the encoded belief state, action, and time.

Layer Size Activation
Input 32 +dim(A4) +1 -
Dense 256 ReLU
Dense 256 ReLU
Dense 1 -

D.2 Training Details

SLAC, DualSMC, and DVRL all use soft actor-critic [SAC, Haarnoja et al.,2018]] as the base RL
algorithm. Our SAC implementation and the hyperparameters chosen for training are based on the
implementations in CleanRL [[Huang et al.| 2022]] and Brax [Freeman et al.,|2021]]. Please see the
code for full hyperparameter specification for all reference algorithms.

For all algorithms considered (including P30), we use a particle filter with 32 particles to track the
belief state. Additionally, for P30, the outer particle filter has 128 particles. Unlike in Algorithm
which would use all 128 trajectories to perform one gradient step, we use mini-batches of 16
trajectories and perform 8 gradient updates per nested SMC run to improve sample efficiency.

For P30, we use an additional slew rate penalty in the reward function that penalizes large changes in
action in adjacent time steps. We found that this was necessary to ensure that the trajectories sampled
using Algorithm [2]are smooth-enough for the GRU networks to learn.

All our experiments were carried out on an NVIDIA A100 80GB GPU. For complete details, including
the scripts used for the experiments, see the code attached in the supplementary material.
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