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ABSTRACT

Inference-time steering enables pretrained diffusion/flow models to be adapted to
new tasks without retraining. A widely used approach is the ratio-of-densities
method, which defines a time-indexed target path by reweighting probability-
density trajectories from multiple models with positive, or in some cases, neg-
ative exponents. This construction, however, harbors a critical and previously
unformalized failure mode: Marginal Path Collapse, where intermediate densities
become non-normalizable even though endpoints remain valid. Collapse arises
systematically when composing heterogeneous models trained on different noise
schedules or datasets, including a common setting in molecular design where de-
novo, conformer, and pocket-conditioned models must be combined for tasks such
as flexible-pose scaffold decoration. We provide a novel and complete solution
for the problem. First, we derive a simple path existence criterion that predicts ex-
actly when collapse occurs from noise schedules and exponents alone. Second, we
introduce Adaptive path Correction with Exponents (ACE), which extends Feyn-
man—Kac steering to time-varying exponents and guarantees a valid probability
path. On a synthetic 2D benchmark and on flexible-pose scaffold decoration,
ACE eliminates collapse and enables high-guidance compositional generation,
improving distributional and docking metrics over constant-exponent baselines
and even specialized task-specific scaffold decoration models. Our work turns
ratio-of-densities steering with heterogeneous experts from an unstable heuristic
into a reliable tool for controllable generation.

1 INTRODUCTION

Generative models based on stochastic interpolants, such as diffusion models (Ho et al, 2020} [Song
and flow matching (Lipman et al,[2023)), have become state-of-the-art systems for cre-
ation and scientific discovery [Rombach et al.| (2022); [Schiff et al.|(2025); Xie et al.|(2024). These
models learn to transform noise at £ = 0 into complex data at £ = 1 by following a learned proba-
bility path defined by ordinary or stochastic differential equations. A key to their practical success
is inference-time control: the ability to steer pretrained models toward new goals without retraining.
Concretely, we are interested in problems where one wishes to impose several constraints by reusing
separate models for each constraint rather than retraining a single monolithic model. This increas-
ingly involves composing multiple pretrained experts, making robust steering a central bottleneck

for progress (Skreta et al.| [2025b; [Mark et al.|,[2025)).

A widely used steering mechanism is the ratio-of-densities p(x)" /q(2)"2, which reweights the
probability landscape to favor modes of p while suppressing those of ¢q. This construction arises
naturally in Bayesian model composition and admits many existing guidance techniques as special
cases. For example, cla551ﬁer-free guldance Ho alimans|, |2021) can be written as targeting
a distribution proportional to p(z | y)7/p(x In Appendlx D D.1} we show that reward-tilted
sampling, product-of-experts conditioning, and contrastlve decoding also fit a common ratio-of-
densities template whose intermediate densities must remain normalizable along the flow.

In settings where experts share the same noise schedule (e.g., CFG with jointly trained condi-
tional/unconditional pairs), this approach is typically stable. However, many scientific applications
involve composing heterogeneous models (i.e., trained on diverse datasets, modalities, and noise
schedules) where modularity is highly advantageous for flexibility and cost-efficiency. For exam-
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(a) Marginal Path Collapse (b) Adaptive path Correction with (c) Evolution of Criterion C(t)
(Constant Exponents) Exponents (ACE) C(t) > 0 = Valid Marginal Path, C(t) < 0 = Marginal Path Collapse
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Figure 1: Marginal Path Collapse and Our Solution (ACE). (a) The heuristic steering path using
constant exponents starts correctly but then diverges into nonsense towards the end. (b) Using the
same pretrained models, ACE uses adaptive exponent schedules (Bump= 30 visualized) to guaran-
tee the path existence criterion C'(¢) > 0 for all ¢, enabling smooth transport to the target. (c) Graph
of C(t) for the constant schedule dips below zero, while ACE guarantees positivity for all time.

ple, in molecular design, scaffold decoration (Guan et al.l 2009)) starts from a known “scaffold”
fragment that binds a protein and asks the model to generate side chains and poses that improve
properties while preserving binding. This task naturally combines unconditional de-novo (DN) mod-
els (Hoogeboom et al.| [2022a; [Ketata et al.,|2024)), conformer (CONF) models for 3D geometry (Xu
et al.,|2022;|Hassan et al.,2024), and pocket-conditioned structure-based drug-design (SBDD) mod-
els (Schneuing et al.,[2024; |[Huang et al.,|2024b) all trained on different datasets and noise schedules.

Moreover, a growing body of work on task-specific and adaptive noise scheduling (Vignac et al.,
2023} |Lee et al., 2024} |Choi et al.| 2025} Seo et al.| 2025) and our own survey of DN/CONF/SBDD
models (Appendix [E.3] Tables [E.2HE.4) show that different tasks and modalities require different
allocations of noise across the trajectory, reinforcing that heterogeneous scheduler combinations are
not only common but often necessary in practice.

The Hidden Flaw: Uncovering Marginal Path Collapse. Despite its apparent simplicity, ratio-
of-densities steering can fail in heterogeneous settings. We identify a critical and frequent failure
mode, Marginal Path Collapse, which occurs when the intermediate densities along the stochastic
interpolant become non-normalizable and cease to exist, even though the endpoint distributions at
t = 0and ¢t = 1 are perfectly valid (Figure. [T). Collapse arises from a mathematical imbalance
between the steering exponents and the shrinking variance of the interpolant as ¢ — 1. When ex-
perts have different noise schedules or dimensionalities, their contributions contract at incompatible
rates, causing the resulting ratio to grow rather than decay at infinity, violating normalizability. We
show that this scenario is systematic when composing heterogeneous models trained with common
schedules such as linear, cosine, or sigmoids, and, combined with the task-specific scheduler trends
above, this implies that many realistic scientific workflows will routinely enter such invalid regions.

SDE/ODE samplers and Feynman—Kac correctors assume that the guided path defines a normal-
izable density at every timestep. When an intermediate density becomes non-normalizable, then
its score ceases to exist. The sampler still evolves particles under a well-posed SDE/ODE, but the
resulting flow transports a different density path rather than the intended one. Consequently, the
terminal distribution at ¢ = 1 no longer matches the target distribution.

A Framework for Guaranteed Path Stability. In this work, we provide a comprehensive solution
to Marginal Path Collapse, transforming ratio-of-densities steering into a reliable and principled
framework. Our contributions follow a clear “Diagnosis-and-Solution” pipeline:
1. Diagnosis: Path Existence Criterion. We derive a rigorous and easy-to-compute criterion
that predicts exactly when collapse occurs from the noise schedules and exponents alone.
This criterion explains why constant-exponent heuristics appear stable in shared-schedule
settings yet fail under heterogeneous compositions.

2. Solution: Adaptive Path Correction with Exponents (ACE). Building on this diagnosis,
we extend the Feynman—Kac PDE to support time-varying exponents. This allows ACE to
dynamically adjust steering weights throughout generation to ensure the path existence cri-
terion is satisfied at all times. ACE provably guarantees a valid probability path whenever
the endpoints are valid.

Validation. On a synthetic 2D checkerboard benchmark, ACE eliminates collapse and reduces dis-
tributional error by over 5x. On flexible-pose scaffold decoration (Chen et al., 2025} Xie et al.,[2024;
Ghorbani et al., [2024]), a practical molecular design task requiring heterogeneous DN/CONF/SBDD
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Table 1: Comparison of inference-time control methodologies. Unlike heuristics (e.g., CFG) or
FKC (Skreta et al., 2025a), our framework provides a principled criterion with adaptive correction

(ACE), guaranteeing valid paths even under heterogeneous or time-varying settings.
Handles Time-Varying /

Methodology Primary Goal Handles Heterogeneity? Negative Exponents? Guarantees Path Existence?
Heuristic Guidance (e.g., CFG) Improve sample quality heuristically heuristically X
Feynman—Kac Correctors (FKC)  Provide unbiased samples X X X
Our Work (Criterion + ACE)  Guarantee a valid, stable path v v v

composition, standard steering fails at high guidance scales due to path collapse, whereas ACE
remains stable and discovers molecules with substantially improved docking scores. On composi-
tional image generation, we show that even when the path-existence criterion holds, time-varying
exponents can sharpen intermediate distributions and improve sample quality in practice (+9.57%p
on COCO-MIG), suggesting ACE as a general steering paradigm rather than only a fix for collapse.

Our work provides a simple safeguard against a common failure mode and establishes the theoretical
foundations for safely composing heterogeneous generative models, as summarized in Table[T]

2 METHOD

2.1 PRELIMINARIES: HETEROGENEOUS PRODUCT/RATIO-OF-DENSITIES

Stochastic Interpolants and Probability Paths. We begin by formalizing the notion of a probabil-
ity path. A probability path (or expert) {q; }:c[0,1) on R” is a family of densities with respect to the
Lebesgue measure such that ¢; is normalizable to 1 for every ¢. In practice, paths are often gener-
ated by a stochastic interpolant of the form X; = o, Xo + 8: X1, t € [0, 1], where X ~ N(0, 1),
X, ~ ¢ (target density), and «, 3; are nonnegative differentiable noise schedules satisfying bound-
ary conditions g = 1 = 1,1 = By = 0. The law of X} defines ¢;. Stochastic interpolants can
express both diffusion and flow matching by choosing proper oy, 5; (Albergo et al.|[2023).

Heterogeneous Dimensionalities. Given n heterogeneous experts {qii)}te[m], i1=1,...,neach
supported on R% and exponents ; : [0, 1] — R, we embed them into a common ambient space R?
with d = max;<;<n d;, via coordinate projections and canonical embeddings. For each expert
i, let I; C {1,...,d} denote the coordinates it acts on. The projection m; : R? — R selects
components in I;, and the canonical embedding ¢; : R% — R? inserts them back (zeroing the
rest), satisfying m; o ¢; = Idgae,. The lifted densities are (jt(i) = qt(i) o m;, and the heterogeneous
product/ratio-of-densities is

- ~(i i(t
h(z) = [[ @7 @),  zerd (1)
i=1
We say that the family {f;},c(0,1] has the path existence property if h, € L*(RY), vt € [0,1].
When so, p} = hy/Z, is the corresponding normalized probability path with Z;, = [, hy(z) d.
Heterogeneous Noise Schedules. Throughout the paper, we will assume that each expert path
{qt(z) }tejo,1) is generated by its own interpolant

X =P x 4+ gD xOD teio,1] )

where Xéi) ~ q(()i) = N(0,14,), Xl(i) ~ q%i). When agi) #+ aij) for some i # j, we refer to h; as
having heterogeneous noise schedules.

Path existence requirement. SDE/ODE samplers and Feynman—Kac correctors assume that p; =
ht/Z; exists at every timestep, requiring the h; to be integrable. If h; becomes non-normalizable
(Marginal Path Collapse), then pj and its score cease to exist. The sampler still solves a well-posed
ODE/SDE, but the resulting flow transports a different density path {p}} rather than the intended
{p;}. The terminal distribution p} produced by the sampler no longer matches the desired target p}
(see Remark in Appendix[A2).

2.2 MARGINAL PATH COLLAPSE

Even if both endpoints hg and h; are integrable, path-existence is not guaranteed. A simple Gaussian
example demonstrates the phenomenon (Figure [2).
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(a) Non-integrable Region in Gaussian Path _ (b) Effective Variance across time
B : — G
a3t
a2t

. ——- break point
§: |: -=- break point

3 Ax T3 0o 02 0a o6 08 10
Invalid Path ¥ t

Figure 2: Non-integrable Region in the ratio-of-Gaussians example (Eq. E[) Although the ratio is
well-defined at the endpoints, the intermediate variance explodes, causing Marginal Path Collapse.

Why collapse occurs. Let h(z) = q(l)q(g) / q(3) ) where each component is a Gaussian pat

under the linear interpolant X; = (1 — ¢) X, + tX7:
i = N0, ((1— 02+ 22)1), o = N0, (1 =12 +72)1),
a” = N0, (31—t +2)1), o = N0, Gu-02+ 1) B

Att = 0 and t = 1, the ratio hy o< N(0,02:(t)I) for some finite o%(), making it integrable.
However, by directly computing the ratio at t = 0.5, hy(x) > C - exp(+0.01]|x||?), for some
constant C' > 0, which is not integrable on R?. In fact, we can plot the probability path p} and its
effective variance o2(t) across time as in Figure [2| showing that intermediate paths do not exist
despite valid endpoints. We analyze the more general Gaussian mixture case in Appendix

The Gaussian example provides a crucial intuition: Marginal Path Collapse occurs when the vari-
ances of the numerator terms shrink “slower” than the variances of the denominator terms. This
creates a temporary, fatal imbalance where the combined density becomes explosive rather than de-
caying at infinity. While this closed-form example is illustrative, most real-world models, especially
those operating on complex data like molecules or images, involve non-Gaussian and compactly
supported target distributions where such a direct variance calculation is impossible.

A natural and pressing question arises: can we find a general criterion that diagnoses the risk of
collapse for these more complex cases, without needing a closed-form expression for the path?

2.3 PATH EXISTENCE CRITERION FOR COMPACTLY SUPPORTED DENSITIES

Compactly supported distributions are common in scientific applications, where data are bounded
by physical constraints. In this setting, we can derive a clean criterion for path existence.

Theorem 2.1 (Path Existence Test for Compactly Supported Densities). Foreacht =1,...,n,
let 7;(t), oztz , {qtZ Yeejo.1), hi(x) be as defined in Eq. and We only assume additionally
that qg ) has compact support foralli =1,... n.

If hy(z) is integrable and for every coordinate k € {1, ...,d}andallt € [0,1),

'Yz
Z n @)

7 k:EIL

then {hi}icjo,1) has the path existence property. Conversely, if there exists a cooridnate k* €
{1,...,d} and t* € [0,1) such that Cy-(t*) < 0, then {hs}c(0,1) is not integrable at t*
(Marginal Path Collapse).

We provide a proof in Appendix [BI] This theorem provides a tractable checklist: to certify path
existence, one only needs to verify endpoint integrability and the positivity of the coefficients Cj(t),
which in practice can be checked on the discrete timesteps used by the sampler.

'A Gaussian path from g0 = N(0,011) to ¢ = N(0,021) has the closed form expression ¢ =
N (0, (o1(1 = t)* + o2t?)I)
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(a) Common Noise Schedules a; (b) Evolution of Criterion C(¢) w/o ACE (c) Evolution of Criterion C(t) w/ ACE

T ACE guarantees
C(t)>0
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Figure 3: Common noise schedules and Marginal Path Collapse. (a) Representative noise sched-
ules o used in modern diffusion and flow-matching models. (b) Path-existence criterion C'(t)
(Eq. H) for several heterogeneous three-expert compositions h; = qil)qu) / qt(g), formed from these
schedules. Many combinations enter a region where C'(¢) < 0, implying non-normalizable interme-
diate densities. (c) Under ACE with a bump function (here B = 50), the corrected exponents ensure

C(t) > 0 for all ¢, guaranteeing path existence.

Figureillustrates the effect of this test on standard noise schedules. Panel (b) plots C(t) for several
heterogeneous compositions h; = qt(l)qt(Q) / q§3) built from linear, cosine, DDPM-style, and related
schedules, revealing that many realistic combinations enter a region with C(¢) < 0. This shows
that widely used heuristic schedules can induce Marginal Path Collapse even when each individual
expert is well behaved. Panel (c) shows that applying ACE with a bump function restores C'(¢) > 0

throughout the trajectory, converting these invalid heuristic paths into valid probability paths.

This discovery motivates the central goal of our work: to develop a method that can correct any
given set of schedules to ensure the path existence criterion is always satisfied, thereby transforming
unstable heuristics into a robust, guaranteed methodology. We introduce this method next.

2.4 ADAPTIVE PATH CORRECTION WITH EXPONENTS: BUMP FUNCTION PROTOCOL

We develop our correction protocol, ACE, by first constructing a valid exponent schedule 7;(¢) and
then deriving the sampling dynamics that follow this corrected path.

In application scenarios, we need control over the initial distribution p§; = II7"_, (p(()i) )70/ Z4 (usu-
ally fixed to A/(0, 1)) and the target distribution pi = II"_, (p{”) () /Z,. However, we do not
need to fix the intermediate marginals p}, ¢ € (0,1). The idea is to choose an appropriate ;(t)
that preserves the original exponent values at the beginning and end, ;(0) = ~;(0),%:(1) = (1),
while ensuring the intermediate densities are all normalizable.

Theorem 2.2 (Adaptive Exponents with Bump Functions). Let a set of noise schedules {agl)}
and exponent boundary values {v;(0),~;(1)} be given. Assume that the criterion Cy(t) (Eq.
E|) is positive at the boundaries. That is, Cy,(0) > 0 and lim;_,1_ Cy(t) > 0 for all coordinates
k. Then, there exists a set of differentiable functions {7;(t)} such that 4;(0) = v;(0), % (1) =
~i(1) for all i, and the criterion Cy(t) > 0 is satisfied for all k and t € [0, 1).

We provide a constructive proof in Theorem [B.2]showing that there always exists a positive constant
B > 0 such that choosing one index j and changing ¥;(t) = ~;(t) + Bt(1 — t) (adding a bump
function) now satisfies the path existence criterion for all £. We call this the bump function protocol.

Now we have established "what” we are going to sample from. The next question is "how” to
sample from the corrected probability path. The weighted SDE below is derived by extending the
Feynman-Kac Correctors (FKC) (Skreta et al.| (2025a), Alg. [2)) to time-dependent exponents ; (t).

Foreachi = 1,...,n, let v;(t) : R — R be differentiable with respect to ¢ and {qii)}te[o,l] denote
probability paths (defined in Eq. [TH2) associated with the stochastic differential equation (SDE):

i i i i i olD)2 i i i i
X0 g, ax? = (o (X0) + 25V l0g o) (X)) dt + 0w )
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where ") is a Wiener process in R%, s{” (z()) := V_¢) log ¢!” (), 2() € R% is the score
function, and the fields v”), s{”) € C! are measurable. We embed vector fields 3" : R% — R in
R? via f),g’) =40 vt(z) om; : R — R, The following theorem establishes our sampling algorithm:

Theorem 2.3 (ACE: Adaptive path Correction with time-dependent Exponents). If the path
existence criterion (Eq. EI) holds, then for any differentiable vector field v : R? —
R, the stochastic process given by the following weighted SDE/ODE with st(X;) :=

S (057 (X), D (Xy) = =V 8 (X)) + (v (X)) — 57 (X)) - 57 (X):

2
ax, = (vF (X0) + %7 (X) ) dt + ordW, ©)
) ) 2 ) ) )
dlog " (X;) = <D§Z> + % (55 + v 59)) dt+ o153 - dW, (7)
n . n .
dlogw,(X;) = [v 0f (X0 + Y w0 log g (Xe) + D ()D (X |dt (8)
1=1 =1

with initial values X ~ p§y,wo = 1,log q(()i) (Xo) follows the probability path
N 1 /. i i (t)
i) = Z[I(@@) " req
i=1

where t € [0,1], Q; := supp(p;) and Zy is the normalizing constant only dependent on t.

We provide the full derivation and proof in Theorem Note we can minimize costly divergence

computations when simulating the SDE in Theorem [2.3|by choosing v; = > | v; (t)f),fl). We use

this choice in our scaffold decoration experiment for better numeric stability and faster inference.

Practical Remark. Theorem @ characterizes the weighted SDE whose marginal p} follows the
corrected ratio-of-densities path. In practice, we implement this dynamics using a particle system
with importance weights: at each step we propagate particles under the drift and diffusion in Eqs.[6}-
[7} update their log-weights via Eq.[8] and trigger a resampling step whenever the effective sample
size (ESS) falls below a threshold. During resampling, high-weight samples are duplicated and low-
weight ones are removed in proportion to their weights. As illustrated in Figure [4] this procedure
eliminates out-of-distribution trajectories in ACE, whereas the no-resampling heuristic (NR) leaves
invalid samples in the batch. The complete algorithm for Theorem [2.3]is provided in Algorithm[T]

(a) Path Correction via Resampling (ACE): Successfully removes invalid samples
-~ N\

/ ¥

| )

(b) No Resampling (NR): Out-of-distribution invalid samples remain in the batch

Ground Truth p;

Figure 4: Visualization of the sampling trajectories. (a) ACE appropriately assigns weights to
valid samples such that at each resampling step (green-to-orange), invalid samples are discarded. (b)
No resampling (NR), a common heuristic (e.g., CFG), has no corrective mechanism that removes
out-of-distribution samples.
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2.5 APPLICATION: FLEXIBLE-POSE SCAFFOLD DECORATION

We now demonstrate the practical necessity of our framework on flexible-pose scaffold decoration,
a task that illustrates all components of the heterogeneous ratio-of-densities setting developed so
far. Here the goal is to generate molecules M = (M>3¢, MR) that preserve a given scaffold bond
topology 7°¢ and stably bind to a protein pocket P, while allowing the scaffold’s 3D pose to adapt
within the pocket (Figure[5). This naturally yields the heterogeneous ratio-of-densities target

PIM™ | TOM™) = T) p(M | M & P)

M| TP , 9
PM | T P) o S ©)
where M < P denotes stable bindingEland T () extracts molecular topology (Appendix .
Following classifier-free guidance, we introduce a guidance scale w > 1,
p(M | T, P) )‘”
P (M) o< p(M ( ; (10)
(M) ccp(a) (P2

so that larger w enforces stronger scaffold and pocket conditioning. Crucially, this formulation
(Eq.[PHIO) decomposes into three pretrained diffusion experts:

* (¢'V and ¢(®) Unconditional de-novo model (DN) for p(M>) and p(M)
+ (¢®) Topology-conditioned conformer model (CONF) for p(M3¢ | T5°)
+ (¢™) Pocket-conditioned SBDD model for p(M | P)

Writing the four corresponding factors with exponents 1 (t) = —w, 72(t) = —(w — 1), y3(t) =
w, Y4(t) = w shows that Eq. is exactly a heterogeneous ratio-of-densities composition of the

form pj o Hi(qgi))%'(t) studied in Section

Because existing DN, CONF, and SBDD experts are trained with heterogeneous noise schedules
(see survey Tables [E3] and [E4), the constant-exponent path obtained from Eq. [I0] violates
the path-existence criterion (Theorem [2.1)) for guidance scales w > 1.1, resulting in Marginal Path
Collapse. Therefore, to raise w while preserving path existence, we construct an ACE-corrected
exponent schedule using Theorem In practice, we apply a bump function of the form B(t) =
30¢(1—t) to one of the positive-exponent terms (here ~y4), which suffices to ensure Cy () > 0 for all
t and thereby guarantees a valid probability path. Finally, by simulating the importance-weighted
SDE of Theorem [2.3] we obtain unbiased samples from the corrected path, and hence from the
desired target distribution p,, (M) in Eq.

Input Conditions Samples M
( Pocket's 3D Structure P\
>3 . cop ACE
u \.zf' L Pretrained Diffusion Models (Ours)

Topology-Conditioned Model
PM™ | T(M? = T)

64

Unconditional Model
+ p(M*)
Pocket-Conditioned Model
Scaffold Topology 7 % p(M | M < P)

FKC|"

oo
;/ Invalid: Scaffold and R-group are fragmented

Figure 5: Diffusion Steering Framework for Flexible-Pose Scaffold Decoration. Qualitative re-
sults reveal that ACE, successfully modeling the ratio-of-density path, generates valid molecules
containing the scaffold topology, while FKC (constant exponent baseline) generates invalid, frag-
mented molecules as a result of following an ill-defined probability path.

’Defined via docking energy UP°* (M - P) < 7Pk,
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3 EXPERIMENTS

Synthetic Checker Dataset. We construct a synthetic benchmark that mirrors the heterogeneous
conditioning structure encountered in our molecular task (Eq.[9). In both settings, one condition
acts locally on a subset of variables (e.g., scaffold topology A affecting only M*), while another
acts globally on the full configuration (e.g., pocket binding B affecting (M*°, M®)). As discussed
in Section [E.T] and illustrated in Figure [E.Z] this form of heterogeneous conditioning is pervasive in
scientific problems such as scaffold decoration, linker generation, and protein—protein glue design.

To create the simplest possible analog of Eq.[9] we let X and Y be 1D variables having joint prior
(X,Y) ~ Pchecxer and impose two constraints: A = {X > 0} (local constraint on X) and B =
{X +Y > 0} (global constraint coupling (X, Y")). This induces the heterogeneous factorization

p(X,Y | B)
XY |AB X,Y,B|A X | Ap(Y,B| A X XA
p(XLY A B) oc [ 4) g P T AP, B A, X) o0 p(X | A== .

For (x), we use the fact that once X is given, A has no effect on Y, B, which can expressed by
A LY,B| X, implying p(Y,B | A, X) = p(Y,B | X). Thus, exactly as in Eq.[9] the target
distribution naturally decomposes into three heterogeneous experts: a 1D expert for p(X | A), a 2D
expert for p(X,Y | B), and a 1D expert for p(X).

To test the theoretical phenomenon identified by our path-existence criterion, we deliberately assign
these experts a set of noise schedules drawn from Figure [3] many of which are known to induce
Marginal Path Collapse. In Table we use agl) = oz,@ =1-1, agd) = — 43 + T2 — 4t + 1.
Importantly, the collapse behavior we observe here is not specific to this choice: Figures
evaluate realistic and widely used schedules (DDPM, sigmoid, linear, cosine, polynomial) and show
that the same failure patterns arise, confirming that the phenomenon is not an adversarial artifact.
See implementation details and hyperparameter study in Appendix [C}

Flexible-Pose Scaffold Decoration. We evaluate ACE on a realistic scientific task requiring het-
erogeneous DN/CONF/SBDD composition. Dataset details, implementation, and metrics appear in
Appendix [C.2] Briefly, we combine pretrained models EDM (Hoogeboom et al 2022b) as DN,
GeoDiff (Xu et al.} 2022)) as CONF, and DiffSBDD (Schneuing et al.,[2024) as SBDD as defined in
Section @ We evaluate on subsets of CrossDock (Francoeur et al., [2020): CrossDock-Weak and
CrossDock-SBDD. As diffusion-steering baselines we adopt NR and FKC (Skreta et al., 2025a)),
and.as task-specific scaffold-decoration models we inclnde Delete (Chen et al] 2025)_DiffDec (Xie
et al.,[2024)), and AutoFragDiff (Ghorbani et al., 2024)).

3.1 RESULTS

We present the main quantitative results in Tables 2] @] and[3] Across both synthetic and molecular
settings, ACE achieves substantial improvements over NR and FKC, reflecting the benefits of en-
forcing the path-existence criterion and correcting heterogeneous ratio-of-density paths. We clarify
that ACE differs from NR and FKC only by its adaptive exponent correction (with B=30 for all
experiments); all other components and hyperparameters are shared across methods.

Table 2: Distributional similarity metrics (lower is better). For each metric, we report the minimum
and mean =+ standard deviation across 5 seeds. Best values are in bold. NR denotes no resampling,
the common heuristic using only mixed scores. FKC refers to Feynman—Kac correctors, which fail
when path-existence conditions are not satisfied. Path existence (O/X) is shown under Path Validity.
W, W, MMD (RBF)

Method Path Validity Exponent Schedule
Min Mean £Std Min  Mean £ Std Min Mean £ Std

NR X 077 0.78+£0.02 1.06 1.07+0.02 0066 0.068 +0.001 Constant

FKC X 209 2134+0.04 239 244+0.05 1.07 1.43 +£0.31 ;

ACE (B = 10) X 147 2024065 1.77 23240.67 0.44 0.78 £0.23

ACE (B = 20) (0] 0.13 052+077 0.18 0.64+090 0.009 0.12+0.24

ACE (B = 30) (0] 024 0.28+0.036 035 040+051 0019 0.027+00064 o 0o o Bi(1—1)

ACE (B = 40) (0] 032 036+0.031 044 0475+£0.025 0.034 0.043 £ 0.0099 P

ACE (B = 50) (0] 030 040+0.07 038 053+£0.10 0.034 0.052+0.01

ACE (B = 100) (0] 043  052+0.07 056 0.69+0.12 0.070 0.080 +0.011
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Table 3: Comparison of NR, FKC, and ACE for CrossDock-Weak and CrossDock-SBDD. Higher
is better for Validity and OSR; lower (more negative) is better for Vina scores. Best values are bold;
second-best are underlined. FKC and ACE share all hyperparameters with the only difference being
the addition of the bump function in the exponents of ACE. NR is FKC without resampling.

| | CrossDock-Weak | CrossDock-SBDD
Method | Path Validity | Validity (%) | Vina Score (kcal/mol) | OSR (%) | Validity (%) | Vina Score (kcal/mol) | OSR (%)

| | | Mean Median Top3  Best Worst | | | Mean Median Top3 Best Worst |
NR (w = 1.0) o 93.30 -4.12 -4.33 -447 460 -3.48 62.20 100.0 -3.61 -1.85 -2.60 -4.10 -1.80 50.0
NR (w = 1.1) X 88.58 -3.34 -3.30 -422 -537 -143 40.00 99.10 -3.65 -4.05 -433 460 -1.50 40.0
NR (w = 1.2) X 90.05 -3.58 -4.04 -453  -538 -1.62 48.88 100.00 -4.01 -4.00 -421  -440 -3.55 40.0
NR (w = 1.3) X 84.77 -2.93 -2.95 -3.66 499  -0.92 44.44 97.15 -2.68 -3.69 -394  -415  0.00 30.0
NR (w = 1.4) X 81.91 -2.58 -2.24 -3.54  -5.10  -0.44 33.33 96.20 -2.36 -1.70 -3.38  -430 -0.00 20.0
FKC (w = 1.0) o 93.30 -4.12 -4.33 -447 -460 -3.48 62.20 100.0 -2.28 -1.85 -2.60 -410 -1.80 50.0
FKC (w =1.1) X 94.30 -4.50 -4.57 -470 -484 -393 64.40 98.10 -3.40 -4.15 -428 -440 -2.05 30.0
FKC (w =1.2) X 86.70 -3.46 -3.42 -3.81 -450 -251 57.80 98.10 -3.04 -3.70 -385 -4.05  0.00 40.0
FKC (w = 1.3) X 83.80 -2.67 -2.83 -293  -3.04 -1.80 40.00 95.20 -2.39 -2.40 -245 255 225 50.0
FKC (w =1.4) X 78.10 -2.20 -2.48 -259 274 -1.33 28.90 100.0 -4.16 -4.10 -425 -445  -4.00 50.0
ACE (w = 1.0) o 93.30 -4.12 -4.33 -447 460 -3.48 62.20 100.0 -2.28 -1.85 -2.60 -4.10 -1.80 50.0
ACE (w = 1.1) o 96.70 -5.12 -4.92 -533  -5.88 -4.74 91.10 100.0 -4.88 -4.90 -493 -5.00 -4.70 100.0
ACE (w =1.2) () 98.60 -5.44 -5.67 =575 -584 -4.59 94.40 100.0 -5.04 -5.05 -5.08 -515 -4.95 100.0
ACE (w = 1.3) o 100.0 -5.72 -5.71 -5.78 -5.86 -5.56 93.30 100.0 -4.68 -4.75 -4778 -485 -4.35 90.0
ACE (w = 1.4) o 97.10 -5.37 -5.43 -548 -556 -5.05 80.00 96.20 -2.90 -2.50 =320 -4.60 -245 60.0

Table 4: Comparison on CrossDock-Weak and CrossDock-SBDD. Higher is better for Validity
and OSR; lower (more negative) is better for Vina scores. Best values are bold; second-best are
underlined. O indicates the method requires a reference scaffold pose; X indicates it does not.

| | CrossDock-Weak | CrossDock-SBDD
Method | Req. Ref. Pose | Validity (%) | Vina Score (kcal/mol) | OSR (%) | Validity (%) | Vina Score (kcal/mol) | OSR (%)
\ \ | Mean Median Top3 Best Worst | \ | Mean Median Top3 Best Worst |
Delete (o] 69.52 -1.83 -2.21 227 237 -112 28.89 93.30 -4.98 -4.95 -523 -5.65 -4.55 100.0
DiffDec (o] 82.86 -2.77 -2.60 -3.03 -336  -2.28 35.56 95.20 -1.76 -2.55 -293 -3.35 0.00 30.0
AutoFragDiff o 98.10 -4.82 -5.02 -543  -583  -3.38 73.33 100.0 -4.61 -4.60 -495 -540 -3.95 60.0
ACE (w = 1.2) X 98.60 -5.44 -5.67 -5.75 -584 -4.59 94.40 100.0 -5.04 -5.05 -5.08 -5.15 -4.95 100.0
ACE (w = 1.3) X 100.0 -5.72 -5.71 -5.78 -586 -5.56 93.30 100.0 -4.68 -4.75 -478 485 -4.35 90.0

4 DISCUSSION

ACE Prevents Collapse at High Guidance Scales. High guidance scales (w > 1) are crucial for
generating high-quality molecules but are also where the risk of path collapse is highest. Our results
make this trade-off explicit. As shown in Tables[3]and ] ACE maintains near-perfect validity (96.7—
100%) and improves docking scores from —5.12 (w=1.1) to —5.72 (w=1.3) as w increases. In
contrast, the FKC baseline, which uses a constant exponent, suffers catastrophic path collapse: its
validity plummets to 78.1% and its docking score to —2.20 at w=1.4; qualitatively, in Fig. 5] the
generated molecules are fragmented and chemically invalid. On CROSSDOCK-SBDD, ACE attains
its best mean at w=1.2 (—5.04) with 100% validity and 100% OSR, whereas FKC exhibits weaker
means and lower OSR (30-50%).

Prevalence of Marginal Path Collapse. In Appendix we evaluated all 53 = 125 three-expert

w

annealed compositions iy = qﬁl) (qf) / q,@) formed from five standard noise schedules (DDPM
2020)), cosine (Nichol & Dhariwal, 2021]), sigmoid 2022)), linear
2023)), and polynomial (Hoogeboom et al., 2022a))). Excluding trivial homogeneous cases, across
100 heterogeneous schedule compositions the collapse rate increases sharply with guidance scale:
41% (w=1.0), 66% (w=2.0), 77% (w="7.5), and 80% (w=15). See Table@]and Figure@ Thus,
collapse is a systematic and prevalent failure mode whenever experts differ in schedules.

Impact of Path Collapse Duration. Our empirical analysis suggests that the presence of Marginal
Path Collapse is a more critical determinant of failure than its total duration: even short collapse
intervals are sufficient to induce significant performance degradation. Figures [E-6}-[E-TT| show eval-
uation results and visualizations for schedule combinations exhibiting a wide range of collapse du-
rations (from 7.5%, 9.0%, 10.9%, 11.4%, up to 48.8% of the full trajectory). While the precise
error level varies due to secondary factors (e.g., magnitude of the criterion violation), the failure
trend is consistent: NR suffers from inherent approximation errors regardless of path existence,
whereas FKC performance degrades specifically because criterion violations destabilize the impor-
tance weights. In contrast, ACE reliably restores valid paths and consistently recovers the target
distribution across all tested durations.

Selection of the Bump Parameter B. Since the path-existence criterion C'(¢) depends solely on
the analytical schedules, candidate values of B can be pre-screened efficiently without expensive
model evaluation. Empirically, we find that B = 30 consistently yields strong performance across
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all schedule combinations in the synthetic experiments (Fig. [E.6) and in the scaffold-decoration
task (Tables @H3). The method also exhibits high stability: increasing B further (e.g., B = 100)
maintains performance far superior to NR and FKC, with only marginal degradation relative to
the optimum (see Figure. [6). This reflects a trade-off: while increasing B guarantees removal of
path collapse, it also acts as a scalar multiplier on the guiding vector field, linearly amplifying
inherent network approximation errors. Since larger B incurs no additional computational cost,
we recommend initializing with B = 30, which is generally sufficient to satisfy the criterion, and
increasing it only if performance issues persist.

W Distance ( 4 ) W, Distance () MMD-RBF (| )

20 ¢ b
2
15 06
| 04
10 4 |
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05 S —e—r———r——" 3‘\".—. 02
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Path (’;vllu[;sc‘ o Path Existence Guaranteed
Figure 6: Sensitivity to the bump parameter B. Performance peaks near B = 30, but remains
robust even at high values (B = 100), whereas criterion violations at B = 10 cause significant
degradation. Shaded regions denote variance across 5 seeds.

Steering Experts Outperforms Specialized Models. Our scaffold-decoration experiments
highlight the key advantage of our compositional framework: rather than training a mono-
lithic, task-specific model, ACE achieves superior performance by flexibly combining existing
DN/CONF/SBDD experts. Unlike specialized baselines that require a reference scaffold pose
(Delete, DiffDec, AutoFragDiff), ACE requires no such input and still achieves stronger docking
and robustness. On CROSSDOCK-WEAK, ACE attains a mean docking score of —5.72 (w=1.3),
outperforming AutoFragDiff (—4.82) with higher validity (100% vs. 98.1%) and OSR (93.3% vs.
73.3%). On CROSSDOCK-SBDD, ACE reaches a mean of —5.04 (w=1.2) and 100% OSR, sur-
passing Delete (—4.98, 100% OSR) and AutoFragDiff (—4.61, 60% OSR).

Related Work. Diffusion models can be steered at inference time using ratio-of-densities methods
such as classifier-free guidance (Ho & Salimans|, 202 1;|Chung et al.| 2025)), but these lack guarantees
that the sampling path remains valid. Feynman—Kac correctors (FKC) (Stoltz et al., 2010; [Skreta
et al., 2025a; Mark et al., 2025) provide principled foundations under restrictive assumptions (e.g.,
homogeneous models and constant exponents), leaving real-world scenarios vulnerable to Marginal
Path Collapse. Our work introduces a path-existence criterion and the Adaptive path Correction with
Exponents (ACE) framework, which extend FKC to heterogeneous pretrained models and time-
varying exponents, enabling robust multi-expert composition for applications in molecular drug
design (Guan et al.} [2023}; [Schneuing et al.| 2024} |Gao et al., 2024). We provide a comprehensive
review of related work in Appendix D]

Broader Applications. We further demonstrate on a compositional image generation benchmark in
Appendix [E.4]that even in homogeneous settings, where path existence already holds, ACE can yield
additional gains over NR and FKC. We discuss limitations and further directions in Appendix [F}

5 CONCLUSION

We identified Marginal Path Collapse as a fundamental failure mode in ratio-of-densities diffusion
steering and provided ACE, a framework that provably prevents it. Our path existence criterion
serves as a diagnostic tool to predict collapse, while our ACE framework first utilizing dynamic
exponent scheduling provably prevents it by ensuring a valid probability path from noise to data.
Empirically, ACE eliminates collapse, reduces distributional error by more than 5x on benchmarks,
and enables stable scaffold-based molecular design where existing methods fail. By transforming
ratio-of-densities steering from an unstable heuristic into a theoretically grounded methodology, our
work establishes both the foundations and the practical tools needed for robust inference-time con-
trol. We hope these contributions pave the way for reliable composition of heterogeneous generative
models in both creative applications and high-stakes scientific domains.
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Use of Large Language Models. Large language models (LLMs) were used to assist with writing,
including grammar, style, and clarity improvements, and for organizational feedback on early drafts.
LLMs were not used for generating original scientific content, designing experiments, or analyzing
results. All technical contributions, experiments, and conclusions are the work of the authors.
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Appendix

The source code is available at To_Be_Updated.
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A THEORETICAL FOUNDATIONS OF ACE FOR HETEROGENEOUS
RATIO-OF-DENSITIES

A.1 MAIN THEOREMS AND PROOFS

Definition A.1 (Ratio-of-Density Probability Path). Fix ¢ € [0, 1] and let x be a o-finite ref-
erence measure on R?. Fori = 1,...,n, let qtl) : R% — [0, 00) be measurable densities and

{jy) = qu‘) o ; be their canonical lifts to R?. We define the ratio-of-densities path as the
family of functions {pj }+c[0,1) given by:

pi(x) = hgf), where hi(z) = H ((jﬁi) (33))7 , (A1)

i=1

provided the following existence conditions are satisfied:

* Support Inclusion: Let [y = {i : 7, > 0} and I_ = {i : 7 < 0}. Then
supp([ s, e supp(ILies ") =: Q,, preventing singularities on the bound-
ary 0€);.

« Integrability: The unnormalized product h; belongs to L' (p) with 0 < Z; < oo.

Remark. Measurability of h; is guaranteed as the product of compositions of measurable func-
tions with continuous projections. The integrability condition ensures pj is a valid Radon-Nikodym
derivative dP} /dp.

Proposition A.1 (Expectation identity under Feynman—Kac dynamics). Let (p;):cjo, 1) be a
family of probability densities on R% evolving according to the weighted Feynman—Kac PDE
0 o2
Gii(a) = =V () 0) + G Bu(o) + ) (30) = [awm ). a2

where v, : R® — R% is a drift field, o, > 0 a scalar diffusion coefficient, and g, : R* — R a
measurable weight function.

Consider the diffusion process
dry = ve(xy) dt + op AWy, Zo ~ po,

driven by a standard Brownian motion (Wy);>o. Define the weight process

wr = exp </0Tgs(xs)ds> .

Then for any bounded test function ¢ : R — R,

1

Eprlé(er)] = Z—Elwr é(er)], (A3)

where the expectation on the right is with respect to the law of the process (x¢)icjo,1], and
Zp > 0is a normalizing constant for wr independent of .

Proof. The proof can be found in Proposition A.1. of Skreta et al|(2025a) or Section 4 of |Stoltz
et al.| (2010). O
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Theorem A.1 (Adaptive path Correction with time-dependent Exponents (ACE)). For each
1€{1,...,n}, let

be differentiable with respect to t and {qt(i)}te[o,l] denote probability densities in R% with

respect to the Lebesgue measure. Suppose each probability path {qt(i)}te[o,u is associated
with the stochastic differential equation (SDE):

i i i i) (i o2 i i i i
X~ ax? = (o(X0) + 2 Viog P (X))t + oaw (a4
or, equivalently, the ordinary differential equation (ODE):
XP ~gd, dx = o (x )t (A.5)

where Wt(i) is a Wiener process in R%, si )( ) := V) log q( )( @), 20 € R% js the

score function, and the fields ’uy), s,@ € C! are measurable.

Let d = max; d;, m; : RY — R% be g linear projection map, and 1; : R4 — R% pe a linear
embedding map such that w;ov; = 1d;. For a vector field f@ :R% — R define its canonical
extension f(i ‘R 5 R4by fO) = 1,0 fD oy, For qt(l) : R% — [0, 00), define the canonical
lift 7 - R — [0,00) by ¢ = ¢ o 7.

If the assumpnons of definition - A.1| hold, then, for any differentiable vector field v{
R? — RY, the stochastic process given by the following weighted SDE/ODE with s} (X;) :=

S (05 (),
Xo ~ pg,wo = 1,log q((f)(Xo) . standard gaussian density
dXt = (U: (Xt) + %?SI (Xt))dt + O'tth or dXt = ’U: (Xt)dt
. . ) 2 ) ) .
dlog g, (X,) = ( Voo — o) 0+ (s 50+ V- §§’))> dt + 0,5 - aw,
or

dlog " () = |-V 57 (X)) + (07 (X0) — 57 (X)) - 517 (x,) ] dt

dloguwi(Xe) = | V07 (Xe) +3_4i(t) log "’ (Xy)
2 nO( =V t>+(vz‘<xt>—a§“<xt>)~§§“<Xt>)]dt

i vi(t)
follows the probability path p}(z) = Z% I, ((jt(t) (x)) , ¢ € Q where t € [0,1],

i (t)
Q= supp(p;) and Z, = [, [] ( (x)) dx is the normalizing constant only de-

pendent on t.

Proof. From eq. . ) (or, equlvalently, eq. ) each probability path {qt }eeqo,1) solves the

Fokker-Planck PDE given by 8tq -V (v qt( )) Dividing both sides by qt( ), we get,
A logq) = —v ol — . 5 (A.6)
By the Leibniz product rule,
1 - ~(i)\ 7 ® 7 * - . ~(7 ~(1
Zat 11 (qt( )) *@ HeXP (% )log g’ )) Py (%(t) log ;" + 7:(t)d: log g ))
i=1 1=1
(A7)
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We derive the unified Feynman-Kac PDE for the heterogeneous product {p; }+co,1) by the following:

O¢logp; = Z( i(1)1og G\ + i, log 4" ) — O¢log Zy (A8)

i=1

-Z(v logqt)+%6tlogq /ptZ(% (t)log gt +~i(t)d log 4’ )dw
i=1

(A.9)
=-V.v —vf s} (A.10)
+ Vs 4y (30108 d” + 0 log ) (A1)
i=1
=gt
[Z ( t)log G + i(t)d; log dt(i))] (A.12)
i=1
==V-vp v sy + 90— Epy [91] (A.13)
where we used the boundary assumption from definition [A.T|and the divergence theorem:
Ep; [V - 0f + 0 - 7] :/ (V- (@) + v/ (2) - 57 (2))p; (v)d (A.14)
Q
= [ V(v (2)p; (2))dx =/ (v (z) pi(x))-dS=0  (A.15)
Qt BQt \\,-/
0 on 92
Multiplying p; on both sides of eq. (A.13) yields:
Op; = =V - (vipy) + i (90 — Ep; 9:]) (A.16)
where
=V.-v +v;-sf+ Z (% logqt D4 ~:0¢ log G, )) (A.17)
i=1
=V v v sy (m(t) log " + (=7 - vf” — of? - 5{")) (A.18)
i=1
—-V. £)1 —v.5® x =00y () A.19
v} + % ogqt '+ o+ (vf —0,"”) - 5 (A.19)

=1

We can obtain the value of log (jf@ (X:) by simulating an ODE (if X; follows an ODE) or an SDE
(if X, follows an SDE).

A logq) = —v -5 — 5. 50 (A.20)

ODE case: dX; = v (X;)dt

d 7 ~(2 - dX
pn log 4 (X1) = B, log 4. (x = X;) + Vlog g\ (x = X;) - dtt (A21)
= -V (X0) + (v (X0) — 5,7 (X))) - 517 (X)) (A22)

SDE case: dX; = (vt* (X2) + Ls; (Xt)) dt + oy dW,

For the SDE case, we must use It6’s formula to find the differential d log q( 9 (Xt). Given the function
f(t,x) and the SDE for X, above, It6’s formula states that

df (t, X) = (atfm Vxf+ s METV o )) dt + (Vx f)TSdWV,,
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where f(t, X;) = log cjt(i)(Xt), e =i + %?52‘, and 3y = o1.
Applying that Vx f = Vx log(jt(i) = EEi) I Tr(2TVE Y = %?Axf = %?V : E,Ei):

> 2

dlogg” (X;) = (—V o+ =) 50+ 2 (s s + v 59)) dt + o3 - aw,
(A23)

By Proposition we can sample from p} by simulating the following weighted SDE or ODE
starting from Xy ~ pfj, wo = 1:

SDE: dX; = (v;‘(Xt) ¥ %fs:(xt))dt Yo dWy,  dlogws = g:(X3)dt (A.24)
ODE: dX; = v;(X;)dt, dlogw; = g(Xy)dt (A.25)

Our result extends, subsumes, and unifies prior formulations (Skreta et al.| (2025a)); Mark et al.
(2025)) in the literature. ]

Remark. Interpretation. The auxiliary weight process (w;) plays the role of a likelihood ratio
corrector: it accounts for the discrepancy between the law induced by the forward dynamics (X;)
and the target density p;. In other words, although the marginal of X; alone may not coincide
with p, the pair (X, w;) ensures unbiased recovery of expectations under p; via Proposition
This extends and unifies earlier formulations of weighted Feynman—Kac dynamics in the literature
(Skreta et al.l |2025a; [Mark et al., |2025)).

Remark. Practical simulation. From an algorithmic perspective, the weighted SDE/ODE requires
no additional training or architecture-specific modifications. Practitioners only need to simulate
sample paths (X;) according to the chosen dynamics and accumulate weights via the exponential
update dlogw; = g4(X;) dt. In practice, this can be carried out efficiently with Sequential Monte
Carlo (SMC) or particle filtering methods, where the weights w; play the usual role of importance
weights.

Although the heterogeneous Feynman—Kac framework (Theorem [A.1) may appear abstract, its
input—output structure is remarkably simple: given the forward dynamics and score functions

{vt(i), s,gi) }:, one can simulate particles (X¢, w;) and obtain unbiased estimators for expectations un-
der py. This makes the method broadly applicable without architectural constraints such as attention-
map control or model-specific fine-tuning.
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A.2 ALGORITHMIC FORMULATIONS AND COMPARISON: FKC vs. ACE Reviewer

jeuE,

Here, we present the algorithmic tables for FKC and ACE. As the tables indicate, FKC arises as a naNy

special case of ACE when the gamma schedule is constant. This results in an extra update for log ¢
components, which is needed because 5;(t) # 0.

Algorithm 1 Adaptive Correction with Exponents (ACE, Ours)

Require:

e Batch size N, initial particles Xg ~ pg, weights wg =1/N

e Networks: scores s‘(g? and velocities Uéj) for the paths qt(i)

e Projection 7, embedding t;, time-varying exponents ; (t)

e Base drift vj;, noise schedule oy, steps T, resampling threshold 7

At + 1/T

fort =0,At,...,1 — Atdo
Mixture score: s} (z) = Z? () 87 (@) with 57 () = ufsy) (mi(2),1)).
Drift: p;(z) = vj(z,t) + %’Sf (z)
Component drift correction with v( )( ) = ti(vy (¢ )( i(2),1)):

A A AT

D (x) = =V -5 (2) + (vj(a,t) — 8\ (2)) - 38 (),
6: forj=1,...,Ndo

7: Propagate particle: Xt+At = X + ,ut(X])At + o VA §t, §t' N(0,1)

8: Update log-components: log qg +) R, =log qt( DI 4 Alog q(l) 7 At with

Alogqt(i)’j:D()(Xj) (st 5§)+V s(l>—|—atst VAL

9: Update weight: log wf ta; = log wi + Alog wi At with

Alogw] = V- ui(X{,t) + Y 4(t) logq(”’”er #) D (x7)
=1

10: end for

! 2
11: Compute Effective Sample Size (ESS) = M

> j (wiJrAt)z
12: if ESS < 7N then ;
. . . Wi At
13: Resampl.e particles according to {Zj o
14: Reset w), A, = 1/N
15: end if
16: end for
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Algorithm 2 Feynman—Kac Corrector (FKC, (Skreta et al.,[2025a))

Require: 4 4

e Batch size N, initial particles X} ~ pj, weights w) = 1/N

e Pretrained component networks: scores sé? and velocities véz) for q,ﬁ”
e Projections 7;, embeddings ¢;, constant exponents -y;
e Base drift vj;(x, t), noise schedule oy, total steps T, resampling threshold 7
At + 1/T
fort =0,At,...,1— Atdo . 4 }

Mixture score: s} (z) = Y1 v; & () with 5" () = 1(s}) (mi(2),1)).

2
Drift: p;(x) = v;(z, t) + % si(x)
Component drift correction with 17t(i) (x) =y (fuéi) (mi(x),t)):

A A AT

D (@) = =V 5" (@) + () — 3 (@) - &7 (@),
6: forj=1,...,Ndo 4 ' 4 ' '
7: Propagate particle: X/, ., = X/ + (X} )At + o, VAL, & ~N(0,1)
Update weight: log w) A = log w! 4+ Alogw! At with

Alogw! =V - v(’;(Xf,t) + Z%— Dt(i)(Xf‘)
i=1

9: end for

w2
10: Compute Effective Sample Size (ESS) = M

> j (wi+At)2
11: if ESS < 7N then ;
12: Resample particles according to { ——tat—
) Z;‘ Wi At
13: Reset w), A, = 1/N
14: end if
15: end for

Remark. Remark on computability vs. validity. The FKC algorithm remains numerically com-
putable even when Marginal Path Collapse occurs: the mixed score sf and the update rules in
Algorithm 2] produce finite values at every step. However, this computability does nor imply that the
algorithm is sampling from a valid probability model. FKC is theoretically justified only when the
target path p; (x) o hy(x) exists as a family of normalizable densities for all ¢ on the discretization
grid. If for some t* the ratio-of-densities integrand h,- fails to lie in L' (i.e. Z;+ = fht* = 00),
then pj. does not exist, and the drift field s}. used by FKC is no longer the score of any probability
density. As a result, the reverse SDE/ODE and the weighted Feynman—Kac dynamics no longer
transport the intended ratio-of-densities path {p; }: instead they follow a different density path {p} }
determined by their coefficients. Even though the sampler remains numerically well-defined, its
terminal law p; is no longer equal to the desired target p7.

Under standard regularity assumptions on the drift and diffusion, the Fokker—Planck equation asso-
ciated with a given SDE has a unique weak solution for each initial probability density. Therefore, if
there exists ¢, with h;, ¢ L' (Marginal Path Collapse), there is no probability path {p;} that both (i)
coincides with h;/Z; whenever h; € L' and (ii) solves the same Fokker—Planck equation globally.
The path produced by FKC, {p}}, is hence a different solution induced by its own initial condition
and cannot coincide with the intended ratio-of-densities path.

Empirically, in every heterogeneous setting we tested, violation of the path-existence criterion (The-
orem [2.]) leads FKC to complete failure (typically through unstable or degenerate importance
weights) despite the algorithm itself producing finite updates. This behavior is exactly the Marginal
Path Collapse phenomenon. Our path-existence criterion characterizes when Z; < oo holds, and
Theorem 2.2]shows how ACE constructs corrected exponent schedules ensuring that the entire path
{P }tejo,1) 1s well-defined, allowing the weighted SDE established in Theorem [2.3and Algorithm|]
to provide unbiased samples from the desired target.
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B INTEGRABILITY PRESERVATION ALONG STOCHASTIC PATHS

The problem of preserving integrability for ratios of products of densities along stochastic paths
is non-trivial. While general ratios can exhibit pathological behavior where integrability is lost,
imposing a structural condition of component-wise dominance for GMMs, or positivity of a sim-
ple criterion for compactly supported densities, is sufficient to prevent such failures. This section
demonstrates that under these conditions, integrability, once established at endpoints, is maintained
throughout the evolution.

B.1 MATHEMATICAL PRELIMINARIES

Definition B.1 (Generative Stochastic Path for Stochastic Interpolants). Let X ~ N (0,T) and
X1 ~ p1(x) be independent random variables. A generative stochastic path is a time-indexed
random variable X; for ¢ € [0, 1] defined by the sample-wise interpolation:

Xy = oy Xo + 5 Xa (B.1)

where oy, §; are non-negative, differentiable functions of ¢ satisfying the boundary conditions
Qg = 1,50 :Oanda1 :0,61 =1.

Remark (Ornstein-Uhlenbeck Process and Flow Matching as Special Cases of Stochastic Inter-
polants). The generalized path encompasses the two most common paths in generative modeling.

* Flow Matching (Linear Path): Setting oy = 1—¢ and 3; = t gives the linear interpolation
path X; = (1 — t)Xo +tX;.

« Diffusion Models (OU-like Path): Setting c; = e~ Jo 7(5)4s and B, = /1 — =2 Jo 1(s)ds
corresponds to the path generated by an Ornstein-Uhlenbeck process, commonly used in

diffusion models.

Our results hold for the general path, which includes these specific cases.

Lemma B.1 (The relationship between the velocity and score). Suppose vi(x) is a locally
Lipschitz vector field which generates the probability path p; between py ~ N(0,1) and p;
with differentiable schedules oy, B, such that Xy = oy Xg + 8: X1 ~ pi. Then the score can be
expressed as a function of the velocity field by:

1 .
Vlog pi(z) = A (Ut(ﬂf) - %37) (B.2)
it (ant — Oét)
Specifically, for oy = 1 —t, 8y = t (Flow Matching), the score can be expressed as
tvg(r) —
Viogpi(x) = % (B.3)
Proof. The proof can be found in B.4 of Domingo-Enrich et al.|(2024). O

Lemma B.2 (Sum of Independent Random Variables). Let A and B be two independent ran-
dom variables in RY with probability density functions p4(a) and pg(b), respectively. The
probability density function of their sum, C = A + B, is given by the convolution of their
individual PDFs:

pe(e) = (ra*p0)(©) = [ palwpa(c— )iy B4)

Proof. The proof can be found in Chapter 6 of Ross et al.| (1998)). O

25



Under review as a conference paper at ICLR 2026

Proposition B.1 (Distribution Along the Path of the Stochastic Interpolant). The probability
density function p;(x) of the random variable X; = o, X + ;X1 is given by the convolution
of the scaled final density with a Gaussian kernel:

pi() = (Zp () *Veelo.atn 8.5)

Proof. X is the sum of two independent random variables: A = ;X and B = $; X;. The density
of Ais N(z]0,a?T). The density of B is ﬁfliipl(ﬁ) By lemma the density of their sum X is

the convolution of their respective densities. O

Lemma B.3 (Integrability of Exponential Functions with Quadratic Exponents). Let

flx) =exp(—32T Az + bz +c)

be an exponential function with a quadratic exponent, where A € R4*4

f € LY(R?) if and only if A = 0.

is symmetric. Then

Proof. (=) If A = 0, then —1z " Az dominates the linear term b' z, so f(z) is bounded by a
Gaussian density and is therefore integrable over R?. (<=) Suppose A # 0. Then there exists a unit

eigenvector v of A with eigenvalue A < 0. Decompose z = tv + y with y L v; in this orthogonal
basis the exponent becomes

—INE bt — LyTAy+bly.
Consider integrating f over the unbounded tube

Cr={ty) :lyl <r}, >0

If A < 0, the term —%)\t2 grows positively and the integral diverges. If A = 0, then the exponent
along the ¢-direction is at most linear: If by # 0, the integrand grows (or decays too slowly) linearly;
if by = 0, the integrand has no decay along ¢. In either case the integral over C, diverges. Hence
f ¢ L*(R%) whenever A is not positive definite. O

B.2 COMPACTLY SUPPORTED DISTRIBUTIONS

We consider compactly supported densities, a condition satisfied by the vast majority of real-world
data. Examples include:

+ Images/Videos: Pixel values are bounded, typically in a hypercube like [0, 1]#>*W*C
Videos are a sequence of images spread across the time dimension 7, bounded in a hyper-
cube of even higher dimension, like [0, 1]#*WxCxT,

* 3D Molecules/Shapes: Atomic coordinates are constrained within a finite volume centered
at the center of mass.

Proposition B.2 (Isotropic Gaussian to Compactly Supported Target Density). Let po(x) =
N (x;0,021) and let py be a probability density with compact support in RY. Let {pt}efo,
be the probability path generated by stochastic interpolant X; = a;Xo + 5: X1. Then, for
any t € [0,1), there exist finite positive constants 0 < Cy, ps, Vi, Ry < 0o such that p:(x) is
bounded by Gaussian envelopes:

—llz = pell® + el = Vi
2afcrg

o o 2 2
| el - P+

2 2
2050

) <pi(r) < Crexp (
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Proof. Let Ni(z) = N(x;0,071) be the density of oy X, where 07 = a?o3. Let p;(y) be the
density of Y; = (5, X;. Since p; is compactly supported, p; is supported on a compact set €2;. The
path density is the convolution p; = N; * p;.We analyze the ratio p;(x) /N;(x):

_ 20 -y — llyl2 2z-Y — ||Y])?
pe(z) [ Nz y)pt(y)dy/Q exp( z-y— [yl >pt(y)dyEyN,,t [exp< z Y]]

Ni@ ~ Jo, Ni@) 207 207

Upper Bound: Let Ry = sup,cq, |lyll < co. Using Cauchy-Schwarz, 2z - y — [|y||* < 22| R,.

Thus,
2|zl R\ 1 —[|]* + 2[|= || R:
pe(w) < No(w) exp ( 2?7 )~ (2rno2)a2 P 207 '

Completing the square in the exponent yields the form in the proposition statement.

Lower Bound: We apply Jensen’s inequality (E[e?] > eF[)). Let iy = E[Y] and V; = E[||Y]?].

pi () 2z -Y — ||Y])? ) 2z -y — Vi
> exp (Eyn,, |22 Y O T
Ni(x) —eXp< Y [ 207 TP\ 27

Multiplying by NV () and rearranging terms yields the lower bound. O

Remark. The compact support assumption is crucial. It ensures R; < oo (valid upper bound) and
the existence of all moments ¢, V; (valid lower bound). For heavy-tailed target distributions (e.g.,
Cauchy), these moments may not exist, invalidating the lower bound.

Theorem B.1 (Integrability Preservation Condition for Compactly Supported Targets). For
each i € {1,...,n}, let {qt(z)}te[m] be probability paths in R% generated by Xt(z) =

aii)Xéi) + Bt(i)Xfi) where Xéi) ~ q(()z) = N(0,1) and X{i) ~ qgi) has compact support.
Let d := max; d; and v;(t) € R for t € [0, 1].

Let 1y : RY — R% be projections onto coordinate sets I Define the lifted product
hu(a) = T](@" (o))

If hy () is integrable and for every coordinate k € {1,...,d} and all t € [0,1),

i(t)
Cr(t) == 1 s, (B.6)
iikel; (ag ))2

then {hi}sc(0,1) has the path existence property (i.e., hy € L'(R?) for all t € [0,1]).

Conversely, if there exists a coordinate k* € {1,...,d} and t* € [0, 1) such that Cy»(t*) <0,
then {h¢}1e(0,1) is not integrable at t* (Marginal Path Collapse).

“We can write 7;(21, ..., %a) = (Tkys -, Tr,, ). Let Ii := {k1,..., ka,} be the set of coordinate

indices that 7; projects onto. Lifted densities are dgi) = qgi) o ;.

Proof. 1. Sufficiency for path existence.
Endpoint (¢ = 1): Integrability of h; holds by assumption.

Interval ¢ € [0, 1): We construct an integrable upper bound. Applying Propositionto the lifted
densities (jf) () = qu) (m;(x)), we use the upper bound formula for ~y;(¢) > 0 and the lower bound
formula for ~;(¢) < 0 (since negative exponents reverse the inequality).

Vi Vi

—lims (@) 1242l (@) | RS — g @)= § 124D 2= v D

(i) (7)
m) < I (e 7 [0 (cwe =r

v:>0 i <0
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The integrability is determined by the coefficient of the quadratic term ||«||? in the exponent. Ex-
panding ||7;(x)[|* = >, ¢ I, x3, the aggregate quadratic term in the exponent is:

d
R

i=1 kel itkel;

By Condition | the coefficient for every z7 is strictly negative. Thus, the upper bound behaves as
exp(—3z " Ay + O(||z||)) with positive definite A, ensuring integrability (Lemma

2. Sufficiency for Marginal Path Collapse at t*.

We construct a diverging lower bound. Applying Proposition[B.2]using the lower bound formula for
~i(t) > 0 and the upper bound formula for v;(t) < 0, we derive:

g @2 2y @\ T R L e s A

i i)
h,t(l') > H C_7i6 2(a (>)2 H C+71'6 2(‘15. )?

v: >0 v <0

The quadratic term in exponent is precisely equation since the quadratic terms are the same for
both upper and lower bounds in Proposition Thus, the exponent can be written as — fxTAa: +

D(x), where A is a diagonal matrix with entries A;; = >, /. (ﬁﬁf?z , and D(z) collects the linear
kel (o

and constant terms. At time ¢*, since Ag«x+ < 0, the matrix A is not positive definite (A % 0), and
by Lemma [B3] the lower bound diverges, leading to Marginal Path Collapse.

Remark As a consequence of Theorem- (sufficiency), the path p; = h./Z;, t € [0,1] with
fRd h(x)dx is well defined on RY, establishing the conditions for ACE (Theorem D

B.3 ADAPTIVE EXPONENTS AND BUMP FUNCTION CORRECTIONS

If the criterion in Theorem is violated, we can adapt the exponents ~y;(¢) to restore integrability.
We present two cases: the general continuous case and the practical discretized case.

Theorem B.2 (Adaptive Exponents). Let o\ be differentiable on [0,1] with a” = 1,a!" =

0, and ag > 0fort € (0,1). Let v;(t) be the linear interpolation of fixed boundary values

7i(0),v; (1) such that

n

St () = (Z}Ef;

satisfies S(0,{vi}:) > 0 and lim;_,;- S(t,{v:}:) > 0.

Then, there exist differentiable functions 7;(t) satisfying the boundary conditions such that
S(t,{3:}i) > 0forallt € [0,1).

Proof. We prove by constructing a working solution. Note that the solution is not unique.

Step 1. First check if the default solution (linear interpolation of boundary values), v;(t) = tv;(0) +
(1 — t)y,;(1) for all 4 satisfies S(t,{7v:}:) > 0 Vt. If so, we are done. If not, we may construct a
valid solution in a single corrective step.

Step 2. If ~; fails, it is because 3t € (0, 1) such that S(¢, {~;}:) < 0.

1. Find the time ¢, where the sum S(t,{v;};) is at its minimum. We can ensure that this
exists, since there exists d1,d2 > 0 such that V¢ € [0,01) U (d2, 1), S(¢, {vi}:) > 0. This
comes from our assumption S(0, {~;};) > 0,lim; 1 S(¢, {~:}:) > 0 and the continuity
of S(t, {7:}:) with respect to t. Then, S(t,{7;}:) is a continuous function on a compact
set [01,02] which admits a maximum and minimum value. Since the negative values of
S(t,{~i}:) are all contained in the compact set [01, d2], Ftmin € [d1, d2] such that

Shin = rr[léq] St {viti) = Snin St {vi}i) = S(tmins {7i}i)
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2. Define the bump function by b(¢) = ¢(1 —¢) such that 5(0) =
nonnegative on [0, 1]. We denote the minimum value of b(¢) on

3. We will choose the index j such that 778;“"‘) is the largest. This will have a greater positive

Qg
impact when the denominator is small.

b(1) = 0 and b(t) is always
te [(51, (52] by bmin > 0.

min

4. Let cpin := minyes, 5,] bmin/ (agj )2. This exists and is positive since a(] )

continuous on [01, d3]. We also have the inequality,

b(t
Cmin S () Vt € [61752}
(a(j) 2

is positive and

5. Finally, define the adaptive exponent via ¥;(t) := v;(t) + B - b(t) where
B= ('Smi“ + 1)
Cmin
All other functions are preserved: 7; = ~; Vi # j.

Now we verify that S(t, {¥; };) with our adaptive exponent 7; (t) is strictly positive for all ¢ € [0, 1].
Fort € [0,01) U (62,1], S(¢, {%:}i) > S(¢, {v:}:) > 01is already positive. For ¢ € [d1, d2],

S(t, {7i}i) = St {vi}s) + ('Smm + 1) b(t) > Smin + S (tmin)| + Cmin > 0

Canin (aﬁ”)Q

from the positivity of cpip. O

Remark. For numeric stability, we want each 7, (t) to stay as constant as possible. In other words,
the functions that satisfy the boundary conditions while minimizing change,

/ (52 0))2dt
0

i=1

are the functions we want. The best a simplest candidate solution is therefore the constant function,
~i(t) = vi(0) = 7;(1). Our solution guarantees

/ Z (7:(£))%dt < ('Sm“‘l +1>
Cmin

Theorem B.3 (Adaptive Exponents for Discretized Sampling). Consider a discretization of

the time interval 0 = tg < -+ < tpr = tena < 1 and let a,@,%( t),S(t,{v:}:) be defined
as in Theorem Assume S(0,{v;};) > 0. Then there exist differentiable functions ¥;(t)
preserving boundary values such that the criterion sum

%

S(t,{¥i}i) =

is strictly positive for all t € [0, tenq)-

Proof. Since tenq < 1and a!” > 0on [0, 1), the term 1/(a!”)? is bounded on the compact interval
[0, tena] If S(t, {7:}:) < 0 at some point, let t,,i, € (0, tenq] be the time minimizing S(¢, {~;}:)
and Sy, be the minimum value. Since S(0, {~;};) > 0, there exists 6 > 0 such that S(¢, {v; };)
is positive on [0, §]. We choose a smooth bump function b(¢) such that (0) = 0, b(1) = 0, and

b(t) > 0 on [J,tend]. Pick index j. Since a(J ) is bounded and non-zero on [0, tena], the quantity
b(t)/ (oz,EJ))2 is bounded and non-negative. Let Cppy;, > 0 be its minimum on [§, tena)-
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We update 7;(t) = v;(t) + B - b(t). For t < 4, the sum is always positive. For ¢ € [J, ten, the new
sum is

S(t {5 = S0, () + B (bfj))) > Sun+ B+ Cuin

By selecting B sufficiently large, we can force S(t,{%;}:) > 0 over the entire sampling interval

while maintaining the fixed boundary values for the exponents. O

B.4 GAUSSIAN MIXTURE MODELS

We investigate integrability preservation for Gaussian Mixture Models (GMMs). Consider proba-
bility paths {p; };c[0,1] generated by stochastic interpolants (Definition |B. 1), where the initial distri-
bution py is standard normal N(0, I') and the final distribution p; is a GMM.

Definition B.2 (Gaussian Mixture Model). A Gaussian Mixture Model (GMM) p(z) in R?
is a probability density of the form:

Zw] (x; s, 25) (B.8)

where weights w; > 0 sum to 1, and each covariance matrix 3J; is positive definite.

Product of GMMs. Similar to the compactly supported target case, integrability at the boundaries
does not automatically imply integrability at intermediate times. A counterexample is provided
in the main text (Eq. [ and Fig. [2), demonstrating that intermediate paths can diverge even when
endpoints are valid.

To guarantee integrability for ratios of product-of-GMMs, we must enforce a stronger structural
condition. We first derive precise exponential bounds.

Lemma B.4 (Exponential Bounds for GMMs). Let g(x) = Z'jjzl c;N(x; pj, Xj). Define the
extremal eigenvalues Amax (q) := max; Amax(X;) and Amin(q) := min; A\yin (2;). Then there
exist finite constants K, L+ > 0 such that for all x € R%:

2
(o) < Koo (17w pa), ®9)
q(z) > K_exp (_x||2 —L |x||) . (B.10)
o - 2)\min(q) B '

Proof. Upper Bound: ¢(z) < E N (x; pj, ¥;). For each component j, we bound the quadratic
form in the exponent using Raylelgh quotients:

1
(lll* = 2l 1)-

(2 = 1) 27 (@ = 115) 2 Anax(8) 7 |l — gy 1* = @
Substituting this into the Gaussian PDF, we define L = max; )\H ] and collect constants into
K.

Lower Bound: ¢(x) > ¢;«N (z; pj~, X;+) for any index j*. We upper bound the quadratic form:

(@ = py=) "S5 @ = o) < Amin(Z) 2 = py ‘<5 ( )(IleH2+2IIxIIHMrII+||uj*ll2)-
Substituting this yields the form in eq. (B.10) with L_ = A”’“ (”) O

We now state the sufficient and necessary conditions for integrability of heterogeneous products.
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Theorem B.4 (Integrability Preservation for Heterogeneous Products). Let {qt(i)} be GMM
probability paths generated by Xt(l) = aﬁ”Xé’) + ﬂt(l)sz) with Xéz) ~ N(0,I). Let 7; :
R? — R% be projections onto coordinate index sets 1;, and define the composite function
gu(x) =TT (@ (@), where @i = g o i

For each coordinate k € {1,...,d} and time t € [0, 1), we define two stability coefficients.
The sufficiency criterion C,i”ﬁ (t) is defined as:
suff L Vi Vi
SO — et > — (B.11)

itk€I;,v; >0 /\max(qtl)) itk€I;,v; <0 Amin(g; )

The necessity criterion C}*“(t) is defined as:

Cre) =y, ——+ Y — (B.12)

itk€I;,7vi>0 )‘min(qtz ) itk€1I;,7; <0 /\maX(Qtl))

If g1 () is integrable, then:

1. (Sufficiency) IfC";”ﬁ(t) > O0forall kand allt € [0,1), then g;(x) is integrable for all
t €[0,1].

2. (Necessity) Conversely, if there exists a coordinate k and time t such that C}*°(t) < 0,
then gi(z) is not integrable.

Proof. Sufficiency (C$*(¢) > 0): We construct an integrable upper bound for g;(x). To upper
bound a product with positive and negative exponents, we require an upper bound for terms with
v; > 0 and a lower bound for terms with ; < 0 (since negative exponents invert the inequality).

Applying Lemma B4}

o (2))|12 Vi (2|2 Vi
,%akjﬂmi”m(z)“ 7%,[_@”“@:)”
gi(z) < H Ky je 2max(’) H K_ e 2wt

vi>0 vi<0

d n
]‘ su
= K exp (-2 PN GE S §i||7ri(m)||> .
k=1 i=1

The coefficient of the quadratic term 7 in the exponent corresponds exactly to C{*(¢) defined in
Eq. The linear terms are bounded by D||z|| for some finite D > 0 (the constants ¢; are also
finite). Thus, the exponent behaves as — 3 " diag(C**(t))z 4+ O(||z||). Since C{*(¢) > 0 for all

k, the quadratic decay dominates the linear growth, ensuring integrability on R<.
Necessity (C;¢“(t) < 0): We prove this by constructing a lower bound that diverges. To lower

bound the product, we require a lower bound for terms with v; > 0 and an upper bound for terms
with v; < 0. Applying the reverse inequalities from Lemma [B.4}

)2 Vi ()2 n
TammOn SR LIOTAN —pE et Lslm@l |
gt(x) > H K. e Prmin (@) H K'+ e 2Amax (a; ')

vi>0 vi <0

d
= Kexp (-é > Cret)ai - D(x))

k=1

where the quadratic coefficient is exactly C2°(t) defined in Eq. [B.12} and D(z) captures linear
terms. The exponent is quadratic with coefficient matrix A, a diagonal matrix whose entries are
Aj; = C¢(t). Let k* be a coordinate such that C}¢°(t) < 0. Then Ay« < 0, so A is not positive

definite (A 3 0), and by Lemma the integral over RY diverges. O

Revisiting the counterexample in the main text. We apply Theorem [B:4]to analyze the pathologi-
cal Gaussian path example presented in Eq. [3]and Figure 2] of the main text. Since the components
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are single Gaussians (trivial GMMs with J = 1), the spectral bounds collapse to the scalar variance:
)\max(qt(l)) = /\min(qt(l)) = 02(t). Consequently, the sufficiency and necessity criteria coincide:
C3uit(t) = CB¢(t) =: C(t).The dimension is d = 1. The exponents are 7; = 1,72 = 1 (numerator)
andy3 = —1,74 = —1 (denominator). The variance paths are given by o2 (t) = (lft)Qof’O +t20i2’ 1-
We evaluate the criterion at the critical time ¢ = 0.5:

01(0.5) = (0.5)%(1) + (0.5)%(0.5) = 0.375  05(0.5) = (0.5)*(1) + (0.5)*(7) = 2.0

02(0.5) = (0.5)%(1.5) + (0.5)%(1) = 0.625 0¢2(0.5) = 0.625 (identical to ¢'*))
Substituting these into Eq.[B.12} C'(0.5) ~ —0.03 < 0. Since C(0.5) < 0, the necessity condition

of Theorem implies that go 5(2) is not integrable. This theoretical prediction aligns perfectly
with the empirical divergence and “Marginal Path Collapse” illustrated in Figure 2}

C EXPERIMENTAL SETUP

For full reproducibility, we provide the exact analytical expressions for the noise schedules «; and
(¢ used in our experiments in Table@ The stochastic interpolant is defined as X; = a; X+ 5: X7.

Table C.1: Exact formulations of noise schedules used in experiments.

Schedule Name Signal Scale o Noise Scale j3;
1—t 1—t t
1—t2 1—t2 t
cos(5t) cos (5t) sin (Zt)
DDPM exp (—1(19.9t2 + 0.1t)) 1—a?
Sigmoidf V1—exp(—n(l—1)) t
Custom 1 — 4t 4 72 — 4¢3 t

Custom: This polynomial schedule was used specifically for the synthetic quantitative benchmark
(Table [2) to test robustness against non-monotonic effective variances. DDPM corresponds to the
variance preserving (VP) schedule with linear 3-scheduling from i, = 0.1 to Bpax = 20 (scaled

to t € [0, 1]). The expression is derived from oy = \/exp(— fot B(s)ds). For Sigmoid we utilize
a numerically stable formulation involving the softplus function. The term 7(z) is defined as:

20
n(x) = Esoftplus (12(z — 0.5)) + 0.001z, where softplus(z) = log(1 + ).

C.1 SYNTHETIC DATASET: 2D CHECKER

Dataset. We evaluate the fidelity of samples generated by ACE, NR, and FKC by computing dis-
tributional discrepancies against the ground truth, reporting Wasserstein distances (W7, Ws) and
Maximum Mean Discrepancy with an RBF kernel (MMD). The ground truth 2D Checkerboard dis-

tribution on the domain D = [74, 4}2 is formally defined by the density:
p (z,y) = 1 1 Q*J + Lny i odd) 1((x,y) € D) (C.1)
ecker |4, ! 2 : 2 18 ' 5 & ) .
Check Yy 3 2 Yy

where |-] denotes the floor function and 1(-) is the indicator function. The support consists of
alternating 2 x 2 squares.

Implementation. For all experiments, we sampled 10,000 samples over 1,000 SDE steps with noise
level o, = 0.5. For the 2D benchmark experiments, we chose to resample based on Effective Sample
Size (ESS), a commonly used technique in sequential Monte Carlo (Naesseth et al., 2019). We used
a threshold of 0.7 (Hyperparameter study in Figure. [C.T). For both 1D and 2D experiments, we used
a multilayer perceptron (MLP) with a time embedding module concatenated to the input. The main
network consisted of four hidden layers of 256 units with SiLU activations. Depending on the task
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dimensionality, the input layer size was d + 256 (where d = 1, 2 for 1D/2D inputs, respectively) and
the output dimension matched the data dimension. Models were trained with the interpolant loss
(Albergo et al., 2023) using the Adam optimizer at learning rate 2 x 10~3, for 2000 epochs on 1D
tasks and 10,000 epochs on 2D tasks. We use (Hutchinson| [1989) to compute divergences.

W, Distance (! ) W, Distance (| ) MMD-RBF ({) Total Var. ()

o—¢ — o

4 25 0.90

4
L]
—— 085

o—l o —l —————o. 20 ~
3 ./ . . ./ ——e X /
0.80 Method

15 @
—eo~ FKC

2
2 10 0.75 —e— ACE

Score

1 4 05

o
. g —————. 065 | O

O —g—————.

® 0 O———o—o .

0.2 0.4 06 08 02 0.4 06 0.8 02 04 06 08 02 0.4 06 08
ESS Threshold (1) ESS Threshold (7) ESS Threshold (7) ESS Threshold (1)

Figure C.1: Performance comparison across varying ESS Thresholds. Across multiple ESS
thresholds, 7 € {0.1,0.3,0.5,0.7,0.9}, ACE displays stable performance (with best values at
7 = 0.7) across different hyperparameter settings, outperforming FKC by a large margin. FKC
consistently performs worse, implying its performance degradation is due to path collapse and not
due to suboptimal parameter tuning. We used the same evaluation setup as in our main experiments.
Shaded regions denote variance across 5 seeds.

Path collapse frequencies. For annealed three-expert composition qil)(qf) /qt(?’))w, there are
5% = 125 total triplets, 120 heterogeneous triplets (excluding agl) = a§2) = a§3)), and 100

likelihood-nonhomogeneous (a?) #* a§3)) triplets, the heterogeneous steering case. Among the
100 heterogeneous steering cases, path collapse frequencies are given in Table. [E.5|with the full list
of schedule compositions given in Figure. [E.3]

Visualization Details. All sample/trajectory visualizations use seed 0. In criterion plots Figures 3]
and we visualize the criterion C'(¢) to demonstrate the prevalence of path collapse. To maintain
a consistent and readable scale across all 100 combinations, we fix the y-axis range to [—20, 100].
For the majority of schedules, we plot the full trajectory ¢ € [0, 1]. However, in some cases (e.g.,
high-guidance regimes w = 15), the criterion may exhibit rapid asymptotic growth (exceeding 300)
followed by a sharp singularity as ¢ — 1. In these cases, to prevent visual clutter, we cease plotting
the line segment once it exits the visible y-axis frame. This visualization strategy focuses on the
relevant operational range for discretized sampling (¢ < 4, Theorem , where the sign of C'(t)
determines numerical stability.

C.2 FLEXIBLE-POSE SCAFFOLD DECORATION

Dataset. We evaluate on a subset of CrossDocked2020 (Francoeur et al 2020). To stress the
benefit of flexible scaffold decoration, we select 9 ligand—pocket pairs (CrossDock-Weak) with
weak binding (Vina score > —5 kcal/mol). To test generalization, we build an auxiliary dataset
(CrossDock-SBDD) by sampling ligands from DiffSBDD and extracting scaffolds as a ring plus
atoms within two bonds. The task is to generate ligands that (i) preserve the scaffold topology and
(ii) achieve favorable binding to the pocket.

Our Implementation As described in Sec. 2.5] we combine pretrained density models: GeoD-
iff [2022), DiffSBDD (Schneuing et al., 2024), and EDM (Hoogeboom et al., 2022b) as
the conformer generation model, structure-based drug design model, and de novo generation model,
respectively, enabling generation that preserves scaffold topology while allowing scaffold poses to
adapt within the pocket. Unless stated otherwise, we use 500 denoising steps with resampling every
10 steps. For weighting the ratio-of-density, we use the weight values 1.1, 1.2, 1.3, and 1.4. For each
pocket—scaffold pair, we sample five candidates per seed, repeat over two seeds, and report mean.
We run our experiment on Python 3.8.9 and NVIDIA-A100 GPUs. We also note that we run ACE
with batch size 10 and it takes 2 GB GPU VRAM.

Baselines We compare ACE with the FKC and NR methodologies in flexible scaffold decora-
tion by constructing FKC, which applies FKC to the target density (Section [2.3)) while sharing the
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same pretrained topology-conditioned, unconditional, and pocket-conditioned models. NR is imple-
mented as FKC without resampling. To further illustrate the benefit of flexibility, we adapt strong
pocket-aware generative models to a fixed-pose regime by clamping scaffold atom coordinates to the
reference pose and permitting generation only for non-scaffold atoms: Delete (Chen et al., 2025)),
DiffDec (Xie et al., [2024), and AutoFragDiff (Ghorbani et al., 2024)).

Metrics. For comparison between ACE and baseline diffusion steering methods NR, FKC, we
evaluate the sampling path using three metrics. (i) Validity measures whether generated molecules
are chemically consistent without fragmentation or the docking process of QVina2 (Alhossary et al.,
2015) success. (i1) Docking Score, computed with QVina2 (Alhossary et al.,|2015)), assesses pocket
compatibility. For each protein pocket, we report the Mean, Median, Best, Top-3, and Worst scores,
as well as the Optimization Success Rate (OSR), defined as the proportion of generated molecules
with docking scores better than the reference ligand. We further compare our flexible scaffold dec-
oration pipeline against fixed-scaffold decoration baselines with the same metrics.

D BACKGROUND AND RELATED WORK

Our work sits at the intersection of three key areas: inference-time control for generative models,
the theory of path sampling correctors, and the practical challenge of composing pretrained models
for scientific discovery. We situate our contributions in relation to each (Table [I).

Inference-Time Control and Guidance. A major advantage of diffusion models is their steerability
at inference time. Classifier-free guidance (CFG) is a widely used heuristic that mixes conditional
and unconditional scores to enhance sample fidelity (Ho & Salimans| 2021} (Chung et al., |2025).
More recent work has proposed training-free or post hoc steering frameworks, including universal
training-free guidance (Ye et al.| 2024; Bansal et al., 2024]), scalable steering pipelines (Singhal et al.,
2025), and energy- or self-guided sampling approaches (Epstein et al., 2023} [Yu et al., 2023; Song
et al., [2023). These methods often adopt ratio-of-densities formulations (e.g., p(z | €)% /p(x)¥~1),
a powerful primitive that also underlies contrastive decoding in language models (Li et al.| [2023a))
and controlled generation in discrete diffusion models (Schiff et al.|[2025; Hasan et al.|[2025). While
practically effective, these approaches focus on how to steer (e.g., by mixing scores) but provide no
guarantees that the resulting sampling path remains valid when models are combined multiplica-
tively. Our work is the first to formalize and solve this underlying path-existence problem.

Theoretical Foundations and Path Sampling Correctors. The steering of stochastic processes
has been studied using the Feynman—Kac (FK) formula (Stoltz et al.| [2010), which connects path-
wise sampling weights to principled unbiased estimators. This provides the basis for modern cor-
rector methods in diffusion models (Skreta et al., [2025a;b; Mark et al., 2025 [Hasan et al., [2025).
Feynman—Kac Correctors (FKC) can in principle yield unbiased samples, but their guarantees re-
quire restrictive assumptions: (i) homogeneity of models with compatible noise schedules and di-
mensions, and (ii) constant exponents in the ratio-of-densities. These assumptions exclude important
real-world cases, such as heterogeneous pretrained models or time-dependent negative exponents for
denominator annealing. When violated, the FK framework provides no guidance, and Marginal Path
Collapse occurs. Our work extends the FK formulation by introducing a path-existence criterion for
heterogeneous products and incorporating time-varying exponents into an FK-style partial differen-
tial equation, enabling robust correction beyond prior limits.

Composing Pretrained Models for Scientific Discovery. The ability to combine specialized pre-
trained models is central in domains like structure-based drug design (SBDD). A researcher may
wish to compose a protein-pocket conditioned ligand generator (Guan et al., 2023 |Schneuing et al.,
2024), a molecule conformer generator (Xu et al., [2022), and a denovo generation model (Hooge-
boom et al.,2022b) into a single product distribution. Similar needs arise in scaffold decoration and
fragment-based pipelines (Tan et al.l 2022} [Hu et al.| [2023} |Liu et al.| 2025). However, naive mul-
tiplicative composition can trigger path collapse, making the generative process invalid. Our ACE
framework directly enables robust multi-expert composition by guaranteeing path existence and pro-
viding adaptive exponent scheduling. This transforms composition from an unreliable heuristic into
a principled, verifiable procedure. Applications to SBDD and scaffold decoration are especially
compelling, as contemporary diffusion methods (Peng et al.| |2022; |Gao et al.| [2024; Huang et al.,
2024d:c) often assume fixed poses or homogeneous conditions—assumptions ACE can relax.
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D.1 COMMON STEERING OBJECTIVES AS RATIO-OF-DENSITIES PATHS.

Many standard inference-time control techniques can be unified under the ratio-of-densities frame-
work, where the target density takes the form p*(x) o< [, ¢ (z)". Along the generative trajectory,
this induces a time-indexed family p; (z) o []; ngl) (x)7i, whose intermediate densities must remain
normalizable for valid sampling. Marginal Path Collapse is the violation of this assumption.
Classifier-free guidance (CFG): To enhance samples consistent with condition y, CFG reweights
the conditional model relative to the unconditional one, p*(x) o pg(z | y) pe(z)~7, implying the
path p; (z) o q:( | )7 q:(x)' =7 with score 7Vlog g:( | y) + (1 — 7)Vlog g ().
Product-of-experts: To enforce multiple constraints ¢y, ..., ck, one multiplies separate experts
Co K N K (k
¢ (x) = po(a | ), yielding p*(v) o< T[{, ¢™) () and the path pf () o< [T, ¢/ ().

Reward-tilted / RL-style guidance: Combining a base model py(z) with a reward r(z) creates a
target p*(x) o pg(x) exp(Br(x)). This can be viewed as a product of base density gpase(x) with a
reward-density gew () o exp(fr(x)), leading to the path p}(x) o< ¢¥3°(x) g% (x).

Contrastive / reference model decoding: To suppress generic patterns from a reference model py.f,
the target is defined as p* () o< pLy ()7 pret () ™7, inducing the path p () o M (2)Y g5t (x) 7.
Bayesian composition: When only conditionals py(z | ) are available, Bayes yields

p(@ | erx) o< p(x Hpc/clx ) o< plx HpewICk/pe()

prior marginal

The assumptions and derivation under the heterogeneous conditioning structure is given in Eq. [T}

This induces the path p}(z) x ¢ (z) Hk q; ( ) q,"**®(2)~! which fits our general ratio-of-
densities template.

Scientific applications. Our molecular DN/CONF/SBDD compositions for scaffold decoration,
protein glue generation, fragment linking are the examples of Bayesian composition; the full deriva-
tions are given in Section[E.}
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E ADDITIONAL ANALYSES: HETEROGENEOUS COMPOSITION AND PATH

COLLAPSE
E.1 HETEROGENEOUS CONDITIONING STRUCTURES IN SCIENTIFIC TASKS
Definition E.1 (Heterogeneous Conditioning Structure). We define a heterogeneous condi-
tioning structure as a property of the target distribution p(X,Y | A, B) where conditioning
variables exert partial or differing constraints on the system components. For instance, condi-
tion A may constrain only the subset X, while condition B constrains the joint system (X,Y").
This structure is distinct from global conditioning (where a condition affects all variables uni-
formly) and is pervasive in scientific modeling (see Figure[E.2).
VN
p(z | A)
y (1D expert)
- - @@
B: 2. +y>0 A: x>0
h | =)
A p(z,y | B)
x | (2D expert)
A =
Joint prior p(z,y | A, B) A
p(z,y) ) p(@)
’ (1D marginal)
A A
pa.y| 4. B) x pla.y | B) LELA pley | A,B) o< p(ay | B) L2
p(w) p(z)
(a) Heterogeneous conditioning structure. (b) Synthetic checker: 1D+2D experts.

Figure E.2: Illustration of heterogeneous conditioning structure and its decomposition. (a)
Heterogeneous conditioning structure: condition A acts only on X, condition B acts on (X,Y),
leading to the Bayes factorization p(z,y | 4, B) « p(x | A)p(z,y | B)/p(xz). (b) Synthetic
checker: A = {z > 0} constrains only the z-axis, while B = {z 4+ y > 0} constrains the joint
plane, motivating a heterogeneous composition of two 1D experts and one 2D expert.

Decomposition and Diffusion Steering. Crucially, these heterogeneous target structures can be
decomposed via Bayes’ rule (Eq. [IT)) into products of simpler marginal or conditional distributions.
This decomposition is powerful because it allows complex targets to be modeled by composing sep-
arate pretrained experts. We visualize this abstractly in Figure [E.2a] which highlights how the joint
prior governs the fusion of heterogeneous signals. For a concrete example, consider the constrained
distribution p(z,y | z > 0, 2 +y > 0) in Figure[E2b] It decomposes into

x A, B) x p(x B M
p(z,y| A, B) < p(z,y | B) @)

allowing a heterogeneous task to be solved by combining a joint expert p(z, y|B) with a marginal
expert p(z|A). While this compositional approach aligns with the principles of diffusion steering
(e.g., FKC (Skreta et all, [2025a))), previous frameworks overlook the implications of mixing ex-
perts with differing domains and schedules, a ’blind spot” that leads to the instabilities discussed in
Appendix [E2]

Prevalence in Molecular Generation. Heterogeneous conditioning is the norm in molecular dis-
covery. Figures and illustrate three critical tasks—scaffold decoration
Ghorbani et all, 2024} Xie et al., [2024), protein-glue generation (Kawasaki et al., [2023}; |[Slabicki
et al.,2020), and fragment linking (Sunseri & Koes| 2020} Tgashov et al., [2024)—that fundamen-
tally rely on this structure. In Examples we demonstrate that each of these tasks decom-
poses into a combination of three generative primitives: de novo generation (DN)
2022a)), conformer generation (CONF) 2022), and structure-based drug design
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(SBDD) (Schneuing et al [2024). Consequently, solving these high-value problems requires the
ability to faithfully compose these specific model families.

Common Notation and Primitives. In the following examples, we represent a molecule with N
atoms as a 3D point cloud M with bond topology 7. We denote the target protein pocket by P
(.pdb). The condition of stable binding is denoted as M <> P (satisfied when docking energy
UPock < 7Docky “We utilize three fundamental pretrained model families:

* DN: Unconditional De Novo generation (p(M)).

¢ CONF: Topology-conditioned Conformer generation (p(M | T)).

* SBDD: Pocket-conditioned Structure-Based Drug Design (p(M | P)).

Pocket cond. B
M P

Topology cond. A
T(MSC) — TSC

Joint prior «
M= (My@j
De novo (DN) Conformer SBDD
p(M*) p(M* | A) p(M | B)

p(M* | A)
p(M=)

p(M | A, B) o p(M | B)

(a) Scaffold decoration: DN/CONF/SBDD composition.

Cond. A

M Py
g s
\ AP e
/ \ 4 ) .
O oA
n/ ~
Cond. B Cond. B
TM*) =T M Py
M = (M, MR) M= (Miragngagthnkex) M= <M§KEE’M;HE’M1inker)
frag frag
PM{™ | 4) p(M3™ | B) M| ABC) = 4 PM™ | B) p(M5™ | ©)
~p(M|A,B)=pM|B ~p(M | A, B) = p(M ~p(M| A B,C)=pM]|A)
P(M | 4,B) = p(M| B) o 4,8) =i E e S T )
Scaffold Decoration Protein Glue Generation Fragment Linking

(b) Examples in molecular generation: Scaffold Decoration, Protein Glue Generation, Fragment Linking

Figure E.3: Formulation of heterogeneous condition generation and its dominance in molecu-
lar generative tasks. (a) Flexible-pose scaffold decoration mirrors the same structure: topology acts
only on the scaffold coordinates, pocket binding acts on the full ligand, and the de-novo model pro-
vides the marginal over scaffolds; together they form a DN/CONF/SBDD ratio-of-densities target.
(b) Iustration of three molecular generative tasks formulated under the heterogeneous-conditioning
framework: scaffold decoration, protein-glue generation, and fragment linking. Each panel specifies
the corresponding conditions, target distribution, and the decomposition into expert models for DN,
CONF, and SBDD.

Example E.1 (Scaffold Decoration). Scaffold decoration (Guan et al.l[2009) is a pivotal strat-
egy in lead optimization, enabling the refinement of physicochemical properties and potency
while preserving the biological activity of a validated core structure. The goal is to generate
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an R-group side chain MR optimized for binding to a pocket P, while preserving a conserved
scaffold backbone M* with fixed topology 7°¢ (SMILES).

Formulation. The task is to sample a molecule M = (M, MR®) from:
(M, MR) ~ p(M*, MR | T(M*) = T, (M, MR) & P). (E.1)

This exhibits the heterogeneous conditioning structure p(X,Y | A, B) where X = M* (con-
strained by topology A) and Y = MR (where the joint system is constrained by binding B).

Decomposition. Applying Bayes’ rule, we decompose the target into a ratio of experts:

PM™ | TM™) = T) p(M | M & P)

p* (M, MR - . (E.2)
( ) p(M)
ACE allows us to sample from this using off-the-shelf experts:
p(M* | T°¢) — CONF (Fixes scaffold geometry) (E.3)
p(M*) = DN  (Prior correction) (E.4)
p(M | P) — SBDD (Optimizes binding) (E.5)

Example E.2 (Protein Glue Generation). Protein glues (Mogaki et al,[2019) represent a trans-
formative therapeutic class capable of targeting “undruggable” proteins by inducing novel
interactions, such as ubiquitin-mediated degradation. This task requires designing a linker
MUimker that connects two molecular fragments M8 MT*8 such that they simultaneously
bind to two distinct protein surfaces Py, Ps.

Formulation. The full molecule M = (M8 AfFa8 pqlinker) jg sampled from:

M~ p(M | MT28 5 Py MEE Py, (E.6)

This corresponds to p(X,Y | A, B) where A constrains fragment 1 and B constrains fragment
2.

Decomposition. We decompose the posterior to isolate the binding constraints:

PIME™ | P1) p(My™® | Pa) p(M)

p* (M) x — — (E.7)
PIMY™E) p(M™)
This task effectively composes two local binding models with a global prior:
p(M™8 | P;) — SBDD  (Fragment-specific binding) (E.8)
p(M8) p(M) = DN (Global & Marginal priors) (E.9)

Example E.3 (Fragment Linking). Fragment linking (Bedwell et al.,[2022)) is the cornerstone
of fragment-based drug discovery (FBDD), enabling the construction of high-affinity ligands
by chemically bridging low-affinity fragments bound to adjacent sub-pockets. The goal is
to assemble a ligand by connecting two pre-determined fragments M8, ME?2 (with fixed
chemical topologies 77, 72) via a generated linker M'°* " ensuring the final structure binds
to a target pocket P.

Formulation. The molecule M is sampled from:

M~ p(M | TMPE) = 71, T(ME™) = T5, M P). (E.10)
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This represents a complex conditioning structure p(X,Y | A, B, C') where A, B enforce local
topology and C enforces global binding.

Decomposition. The target density factorizes as:

p(MI™® | T1) (M52 | T3) p(M | P)

p*(M) X fra fra, ! (El 1)
p(M®) p(My™)
ACE constructs this path by coordinating three distinct model families:
p(M™& | 7)) — CONF  (Fragment topology) (E.12)
p(./\/lgmg ) — DN  (Marginal correction) (E.13)
p(M | P) — SBDD (Global binding) (E.14)

From Heterogeneous Targets to Heterogeneous Paths. While the heterogeneous conditioning
structure dictates which expert models must be combined to define the target at £ = 1, the result-
ing probability path for t € (0,1) depends on the noise schedulers of those experts. This creates
a systemic challenge: different model families (DN, CONF, SBDD) are historically trained with
different noise schedules. We conducted a comprehensive survey of existing diffusion and flow-
based models across these domains (summarized in Tables [E3] and [E4). The results show
a lack of standardization, with the literature employing a fragmented mix of sigmoid, polynomial,
and cosine schedules. Therefore, constructing generative paths for heterogeneous scientific tasks
inevitably leads to heterogeneous schedules, where the mismatch in noise contraction rates induces
path collapse. This confirms that the collapse phenomenon is not an edge case, but an inherent
obstacle arising from the modular nature of scientific generative modeling. We provide a detailed
quantitative analysis of this phenomenon, demonstrating its systematic prevalence across standard
model combinations and its detrimental impact on sampling, in Appendix [E.2}

The Infeasibility of Homogeneous Composition. Since Tables show that several sched-
ulers appear across tasks, one might wonder whether composing models under a shared (homoge-
neous) scheduler could avoid path collapse. We clarify that using a common schedule across experts
is generally infeasible in molecular generation due to two fundamental constraints.

1. Heterogeneity in Representations. Unlike images, molecules admit multiple incompatible
representations. Some models encode atom types as continuous one-hot vectors Horehot ¢ RN
evolving under Gaussian convolution; others use categorical variables with discrete states
Koes}, 2025} [Lin et al.l [2023)) or operate in latent spaces (Ketata et al.l 2024} [Oestreich et al., 2024).
Because these spaces differ in dimensionality, continuity, and semantic meaning, they cannot be
embedded into a unified ambient space where a single diffusion path is consistently defined. This
fundamentally constrains which experts can be mathematically composed.

2. The “Empty Intersection” of Schedules. Even if we restrict our scope to models with compat-
ible continuous representations, a homogeneous triplet often does not exist. In our scaffold deco-
ration experiment, all applicable DN models (EDM, GCDM) employ quadratic schedulers, while
SBDD models (DiffSBDD, DualDiff) use either quadratic or sigmoid schedules. However, state-
of-the-art CONF models not use the quadratic schedulers but mostly adopt the sigmoid schedules.
Consequently, it is impossible to construct a homogeneous DN/CONF/SBDD triplet. This structural
mismatch necessitates the use of heterogeneous schedules (quadratic for DN/SBDD, sigmoid for
CONF), making the path-existence guarantees of ACE a prerequisite for reliable generation.
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Table E.2: (CONF) Diffusion and flow-based models for molecular conformer generation. N de-
notes the number of atoms.

Model / Paper Scheduler Main Datasets Domain
- o(p_ L —6
o = exp( — 3log(1 + €207 2)) —log(1 4 e °)])
. 3N
Geolef2022 ; — GEOM-QMY, GEOM-Drugs R
B = 1—5xp(—§[log(1+e ( ’2))—log(1+e*°)])
Qg = (L)tﬂlit
TorsionDiff 2022 100 GEOM-Drugs S0(2)M
B =1
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Table E.3:

(DN) Diffusion and flow-based models for de novo molecular generation across

coordinate-space, latent-space, and mixed graph—geometry domains. N denotes the number of
atoms and A , B, C the number of atom types, bond types, and formal charge types. A = [A], B =
[B], and C are the categorical spaces of A atom types, B bond types, and C' formal charge types.
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Table E.4: (SBDD) Pocket-conditioned (structure-based drug design) diffusion and flow-based mod-
els, including sigmoid, cosine, and quadratic noise schedules across 3D and mixed 3D—categorical
domains. IV denotes the number of atoms and A the number of atom types. A = [A] is the categor-
ical space of A atom types. For D3FG, N¢, and N, denote the numbers of functional-group atoms
and remaining atoms, respectively, and A¢, and A, denote the categorical spaces for functional-
group types and atom types.

Model / Paper Scheduler Main Datasets Domain

1
o :exp(f %[log(l«#em(" 2)) —log(1+e G)])
TargetDiff (Guan et al. 2023 CrossDocked2020 RN x AN

Be = ¢1 — exp( — S[log(1 + €12(t7%>) — log(1 + e*s)]>

ks
Q¢ = cos ( Et)
D3FG (Lin et al.|2023] CrossDocked2020 R3WVig+Naw) 5 AN o AN

™
Bt =sin( —t
2
ar =4/1—(1—(t—1)2)2 N r
DiffSBDD (Schneuing et al.] ‘ ( ( %) CrossDocked2020 R3N+AN

024] Bi=1—(t—1)2
- 1 —
o = exp( — Sllog(1+€*2¢72)) —log(1 + e 6)])
BindDM (Huang et al. - CrossDocked2020 R3N x AN
[2024b) Bt = ¢l — exp( — Zlog(1 + e12(t72)) _log(1 + e*s)])
[ s
o = cxp( — 3log(1 + €27 2)) _log(1 + ¢ “)])
DualDiff (Huang et al.) - CrossDocked2020 R3N+AN
2024 Bi = \/l — exp( — %’[log(l + e12(t7§>) — log(1 + 5;*6)])
(5)
ap = cos| —t
2 N
MolSnapper (Ziv et al.}2025] CrossDocked2020 R3N x AN

™
Bt = sin ( — 1‘,)
2

1
ap = exp( — Slog(1 + ff12(t7§)) — log(1 + eij)])

PAFlow (Zhou et al. 2025 - CrossDocked2020 R3NV x AN
By = w - exp( — 3log(1 + €27 2)) — log(1 + pr)])
o =1-—1t aN N
MolFORM (Huang & Zhang| ~ CrossDocked2020 RN x A
5005) Be =1

Collapsed Regime (C(t) < 0)

(Fails to connect fragments)
t=0 t = 0.964 t =0.976 t =0.988 t=1.0

/ Input Condition\

P :5TIN
7-sc . OH

HO. OH

NG J

Safe Counterpart (C(t) > 0)
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Figure E.4: Impact of Marginal Path Collapse on molecular generation. We compare sampling
trajectories for FKC and ACE on the scaffold-decoration task (w = 1.3, 500 steps). Both methods
target the same distribution p,, (M) o< p(M)(p(M | T°¢,P)/p(M))“. Crucially, FKC enters a
collapsed regime for ¢ € (0.974, 1) where the path existence criterion is violated (C'(¢) < 0). This
theoretical singularity manifests empirically as a failure to assemble, resulting in disjoint fragments
(top row). In contrast, ACE employs the bump correction B(t) = 30t(1 — t) to guarantee C'(¢) > 0
throughout the trajectory, reliably ensuring the successful formation of a connected, chemically valid
molecule (bottom row).
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E.2 PREVALENCE AND CONSEQUENCES OF MARGINAL PATH COLLAPSE

To confirm that Marginal Path Collapse is a systematic vulnerability rather than an edge case, we
present a quantitative analysis of its frequency across standard model combinations and examine its
downstream impact on generation quality.

Systematic Prevalence of Collapse. We evaluated all 53 = 125 annealed compositions of three
experts hy = qgl) (qt@) / q§3))w formed from five standard noise schedules: DDPM (]Ho etal. 2020|),
cosine (Nichol & Dhariwall, 2021), sigmoid 2022), linear (Lipman et al., 2023), and
polynomial (Hoogeboom et al., 2022a)). Excluding trivial homogeneous combinations, the results
confirm that path collapse is a widespread failure mode. As shown in Table [E3] the collapse rate
for heterogeneous compositions starts at 41% even at a unit guidance scale (w = 1.0). Crucially,
as the guidance scale increases, as in standard practice to improve sample quality, the collapse rate
rises sharply, reaching 66% at moderate guidance (w = 2.0) and 80% at high guidance (w = 15).
This indicates that in heterogeneous compositions, operating on invalid paths is the statistical norm,
not the exception.

Table E.5: Frequency of Marginal Path Collapse across 100 heterogeneous schedule compositions.
Higher guidance scales w drastically increase the likelihood of encountering invalid paths.

Guidance Scale (w) # Collapses % Collapses

1.0 41 41%
1.1 47 47%
1.5 52 52%
2.0 66 66%
7.5 77 77%
15 80 80%

Empirical Consequences of Collapse. The violation of the path existence criterion has tangible
negative impacts on generation performance, as illustrated in Figures[E:2]and [E.6HE-T1] We observe
distinct failure modes across domains:

* Functional Failure (Molecular Domain): In scaffold decoration, path collapse correlates
directly with the generation of chemically invalid structures. As quantified in Tables [3|-
[ baselines (NR, FKC) suffer from significantly higher rates of invalid samples when the
criterion is violated. Figure [E-4] visualizes this stark contrast: ACE produces chemically
valid molecules that respect valency constraints, whereas FKC generates fragmented, dis-
connected structures. While inherent network approximation errors can occasionally yield
invalid samples in any method, ACE’s failure rate is negligible (maintaining near-perfect
validity) compared to the systemic collapse observed in baselines.

Distributional Failure (Synthetic Domain): On synthetic benchmarks, the consequences
manifest as a loss of distributional fidelity (Figure[E.6)). NR fails to effectively remove out-
of-distribution samples due to its heuristic nature, regardless of path collapse (Table [E.6|
shows non-collapse results). More critically, FKC performance degrades because its impor-
tance weights rely on the assumption that the drift term corresponds to the score of a valid
probability distribution. When path collapse occurs, the simple mixture of scores, while
computationally possible, does not correspond to a score of normalizable distribution. This
theoretical violation destabilizes the importance weights, leading to unpredictable behavior
such as severe mode collapse (see trajectory plots in Figures [E.7HE.TT).

Marginal Path Collapse is a pervasive practical problem in heterogeneous model composition. Ig-
noring it leads to measurable degradation in both sample validity and distributional diversity. ACE
provides the necessary theoretical and practical fix to guarantee stable, high-quality generation in
these heterogeneous regimes.
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Table E.6: Metrics under Homogeneous Composition (collapse duration 0%). Across 5 seeds,

We evaluate the scenario where all expert schedules are identical (agz) = DDPM for all %), resulting
in a collapse duration of 0.0%. ACE criterion is naturally satisfied without correction (B = 0), mak-
ing ACE mathematically equivalent to FKC. Both methods significantly outperform the heuristic
NR (CFG) baseline, which suffers from approximation errors even when the path is valid.

Method Wi () Wa(l) MMD (RBF) (/)

NR (CFG) 0.859 £ 0.023 1.113 £0.023 0.077 £ 0.003
FKC 0.162 + 0.019 0.282 £+ 0.017 0.012 + 0.001
ACE 0.162 £ 0.019 0.282 £ 0.017 0.012 £ 0.001
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Figure E.5: Path existence criterion C'(¢) across heterogeneous schedule combinations. We vi-
sualize the evolution of C'(t) for the 100 heterogeneous triplets from Tableunder low (w = 1.0,
top) and high (w = 15.0, bottom) guidance scales. Left (Constant Exponents): A significant
fraction of combinations violate the existence condition (C(¢) < 0), with the frequency and mag-
nitude of collapse increasing sharply as w increases. Right (ACE): By applying the adaptive bump
correction, ACE guarantees C(t) > 0 for all trajectories, restoring valid probability paths even in
high-guidance regimes where baselines fail. Note that the y-axis is clipped to [—20, 100] for read-
ability; trajectories that diverge to extreme values or singularities near ¢ — 1 are cut off once they
exit the visual frame, as practical sampling terminates at te,q < 1 (see Theorem EI)
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Figure E.6: Quantitative evaluation of Heterogeneous Ratio-of-Densities Sampling. We evaluate
on a checkerboard distribtuion (x,y) ~ Penecker|—4, 4] subject to constraints A = {z > 0}, B =
{z +y > 0}. The z-axis denotes the conditioning configuration (14, 15). We consider the case

of combining three expert models q§ ), Qt(z)a qt(s) to form the heterogeneous ratio-of-densities h; =

q(l)q(2)/ q(g). The rows correspond to configurations of common noise schedules which induce

path collapse, where the labels denote the noise schedule a( 2 assigned to expert ¢. Across varying
conditions and metrics (Wy, W5, MMD), ACE (red) con51stently outperforms the baselines NR
and FKC (gray). This performance gap reflects the practical benefits of ACE in generating samples
across a guaranteed generative path, whereas baselines suffer from path collapse in heterogeneous
schedule scenarios. All results are evaluated across 5 seeds with 10k samples, 1k diffusion steps,
ESS threshold 0.7, and Bump 30 for ACE. See Figure. Elfor the corresponding criterion plot.
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Schedules: DDPM,DDPM,1 —t
A={x=0}, B={x+y=0}
14,15 =(0,0) 14,15 =(01) 1la,15 = (1,0) 14,15 = (1,1)

(a) No Resampling (NR)

Semples from pf Somples from p; Somples from pj ‘Somples from pf
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Figure E.7: Visualization of generative trajectories and final samples. We target the composite
density p* (x,y) o< pM(z,y | B)p® (x| A)/p® (z) using the heterogeneous schedule configura-
tion (agl), a§2), a,g?’)) = (DDPM, DDPM, 1 — ) and sampling with NR, FKC, and ACE.
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Schedules: cos (g t) ,DDPM,1 —t
A={x=0}, B={x+y=0}
14,15 = (0,0) 14,15 =(01) 1la,15 = (1,0) 1a, 15 = (1,1)

(a) No Resampling (NR)

Semples from pf Somples from p; Somples from pj ‘Somples from pf
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2 ’ 2 2 2

(¢) Our Solution (ACE)
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Figure E.8: Visualization of generative trajectories and final samples. We target the composite
density p* (x,y) o< pM(z,y | B)p® (x| A)/p® (z) using the heterogeneous schedule configura-
tion (agl), a§2), a,g?’)) = (cos(5t),DDPM, 1 — t) and sampling with NR, FKC, and ACE.
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Schedules: DDPM,1 —t%,1—t
A={x=0}, B={x+y=0}
14,15 = (0,0) 14,15 =(01) 1la,15 = (1,0) 1a, 15 = (1,1)

(a) No Resampling (NR)
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(b) Feynman-Kac Correctors (FKC)
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(¢) Our Solution (ACE)
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Figure E.9: Visualization of generative trajectories and final samples. We target the composite
density p* (x,y) o< pM(z,y | B)p® (x| A)/p® (z) using the heterogeneous schedule configura-
tion (o, a{? ¥y = (DDPM, 1 — #2, 1 — t) and sampling with NR, FKC, and ACE.
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T brd
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Figure E.10: Visualization of generative trajectories and final samples. We target the composite
density p* (x,y) o< pM(z,y | B)p® (x| A)/p® (z) using the heterogeneous schedule configura-
tion (agl), a§2), a,g?’)) = (cos(5t),cos(5t), Sigmoid) and sampling with NR, FKC, and ACE.
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Figure E.11: Visualization of generative trajectories and final samples. We target the composite
density p* (x,y) o< pM(z,y | B)p® (x| A)/p® (z) using the heterogeneous schedule configura-
tion (agl), a§2), a,g?’)) = (cos(5t),cos(5t), 1 —t) and sampling with NR, FKC, and ACE.
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E.3 NECESSITY OF TASK-SPECIFIC NOISE SCHEDULERS

A growing body of work on task-specific noise scheduling shows that different generative tasks
require different allocations of noise across the denoising trajectory. This follows from the view
that diffusion operates in two regimes, high-noise for global exploration and low-noise for local
refinement, whose relative importance varies by task. We further validate this trend in molecular
generation, and note that recent advances in learnable or adaptive noise schedulers also reinforce
this perspective. Together, these observations motivate the use of adaptive or customized noise
schedulers, and consequently, heterogeneous scheduler combinations.

Table E.7: Comparison of noise regimes and average regime statistics per tasks in Ta-
bles[E2JE3]E.4 The comparison is based on the literature perspective (Choi et al, 2022} [Rothchild

et al., 2023} |Chenl 2023} [Paviova & Welil, [2025). Asterisk(*) indicates significant difference from
DN (p < 0.001). |[Ry|, |R 1| are the lengths of two regimes.

(A) Comparison of High-Noise vs. Low-Noise Regimes (Choi et al| 2022} [Rothchild et al} Pavlova & Wei|

Regime Dynamics Feature Scale Priority Role in Denoising
‘R i (High-Noise) Large Transitions Global structure Exploration
R 1, (Low-Noise) Small corrective steps Local fine-grained details Refinement

(B) Average Noise Regime Statistics per Molecular Tasks in Tables |E2|E3IE4|

Task Global vs Local ~ Cond. vs Uncond.  Exploration vs Local Refinement  |Ry| |R.| |[Rul/|RL]
DN Global Uncond. Exploration 0.53 0.47 1.11
CONF Local Cond. Local Refinement 0.47* 0.53* 0.89%
SBDD Local Cond. Local Refinement 0.48%* 0.52%* 0.91*

High-noise vs. low-noise regimes. Recent analyses (Choi et al., 2022} [Rothchild et al., 2023}, [Chenl,

2023} [Paviova & Weil [2025)) in Table [E9] characterize two complementary denoising phases. The
high-noise regime (R ;;) performs large transitions that support global exploration and formation

of coarse structure. The low-noise regime (R ;) reduces to small corrective steps that refine local,
fine-grained features. Effective scheduling therefore requires balancing these phases according to
task needs. This distinction is summarized in Table[E.7[(A).

Emperically validated trends in conditional vs. unconditional molecular generation. As shown
in 2023)), the roles of Ry and R, indicate that larger images benefit from a longer Ry,
reflecting their need for stronger exploratory behavior. The insights naturally transfer to molecules.
Unconditional generation (DN) needs to explore many possible molecular shapes, so it naturally re-
lies more on the broader, exploratory behavior of R ;7. Conditional tasks (CONF, SBDD), however,
must fit specific structural requirements, and therefore gain more from the precise, detail-oriented
corrections that occur in R ..

We empirically confirm that existing molecular schedulers adhere to this pattern (Tables [E:2] [E3]
[E-4). Following [Paviova & Wei (2023)), we divide noise phases using SNR >1 (Ry) and SNR <1
(R ). For each model, we compute the interval lengths |R |, |RL|, and their ratio, then average
across models per task. The results in Table [E.7(B) show clear trends: DN favors R, whereas
CONF and SBDD prioritize R f..

These results reinforce our central claim: heterogeneous noise schedulers are not only reasonable
but necessary for the molecular tasks considered in Section [E.2]

Recent trends in task-specific scheduler design. Recent works further emphasize that optimal
schedules depend on task characteristics (Table[E-8). Image models adopt learned or adaptive sched-
ulers (Sahoo et al} 2024), while molecular models employ component-specific or trajectory-based
schedules (Vignac et al.l 2023} [Seo et all 2025). These methods directly challenge the assumption
of a universal, fixed schedule.

Foundational regime analysis. Table [E.9] compiles key works formalizing these roles. The low-
noise regime (R 1) is consistently identified as the phase responsible for precise, fine-scale refine-
ment, while the high-noise regime (R ) drives exploration and diversity. These findings directly
support task-specific allocations of denoising effort.
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Table E.8: References on Task-Specific and Adaptive Scheduling

Reference | Contribution

[Vignac et al| (2023) | Introduces component-specific molecular noise scheduling.

[Cee etal] (2024) | Presents a fully data-driven adaptive scheduler for time-series diffusion.

[Sahoo et al ] (2024) | Develops MULAN: learned multivariate adaptive noise processes.

Im‘ | Proposes per-element optimized forward trajectories for molecules.

[Sorokin et al | (2025) | Demonstrates adaptive allocation between R 7 (exploration) and R 1, (refinement).
[Choi et al] (2025) | Uses distinct channel-wise schedules to balance the diversity-accuracy trade-off.

Table E.9: Foundational References for Noise Regime Mechanism

Reference | Contribution

[Choi et al] (2022) | Identifies that certain noise levels offer a proper pretext task for the model to learn rich visual concepts.
Im‘ | Anaylze the diffusion dynamics in molecular generative models.

| Shows that optimal schedules vary with task and resolution.

Pavlova & Weil(2025) | Identifies R 1, as the phase in which precision and fine-scale structure dominate.

E.4 ACE BEYOND COLLAPSE: COMPOSITIONAL IMAGE GENERATION IN THE
HOMOGENEOUS REGIME

In the main text, ACE is used primarily to repair heterogeneous compositions where the path- Reviewer
existence criterion fails and Marginal Path Collapse occurs. In this section, we show that the same naNy
theory also yields gains beyond collapse avoidance on a compositional image generation bench-

mark, even in a strictly homogeneous setting where C'(¢) > 0 everywhere.

Tail concentration in the homogeneous o regime. Even when the path-existence criterion C'(¢) >
0 holds everywhere (i.e., no collapse), the coefficient C(t) still controls how tightly the composed
distribution py is concentrated. The following result summarizes this dependence and motivates why
time-varying exponents can improve sampling quality even in the homogeneous regime.

Proposition E.1 (Tail control from a quadratic envelope). Let {h:}¢c(o,1) be a family of non-
negative functions on R® and let p; (x) := hy(x)/Z; be well defined, so Z; := [pq hi(z) dz <
oo for all t € [0,1]. Suppose there exist constants m, > 0, K > 0, B > 0, and a function
C:10,1) — (0,00) such that Z; > m, forall t € [0,1] and

1
hi(z) < Kexp(—ﬁC(t) ||| + B||x||) forallz € R, t €[0,1].
Then there exist constants Ky > 0 and Ry > 0, independent of t, such that for all t with
C(t) > 0and all R > Ry,
B2

Pxnp; (IX] > R) < Ky exp(m) ct)”

4
2

exp(f%(?(t) R2). (E.15)

Consequently, for any € € (0, 1), the (1 — €)—quantile radius
Ri(e):=inf{R>0: P(|X|| < R)>1-¢}

satisfies

16 Ky B2 d
—— | log— + —— — = log C(t)]. E.16
C(t)[OgerQC(t) 5 e Ct) (E.16)
In particular, for fixed € and d, larger values of C(t) yield tighter tails and smaller effective
radii R () for p;, up to logarithmic corrections.

Ri(e) < Ro V
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Proof. Fix t with C'(t) > 0. Complete the square yields:
2

mie) < Kesn(5oe) exn(—500(lel - z05) )

Let Cryin := infye,1) C(s) > 0, which is positive on any compact subinterval where C(t) > 0.
Choose Rg > 2B/Clhyin such that for all ¢ and all R > R we have B/C(t) < B/Cin < Ro/2 <
R/2. Then, for any R > Ry and any z with ||z|| > R,

]

ol - = > 12l
T T 2o

hu(z) < Kexp(w( ) exp(—5C(0) 2]?).

Integrating over {||z|| > R} in radial coordinates (dz = Syr?~1dr) yields

/ hi(z)de < Kexp(%)/ EXp(—%C(t) 7n2) Srt1dr.
ll=lI>R r=R

By the change of variables y = 1/C(t)/8 r, and the Gaussian tail bound P(z > s) < 2 exp(—s%/2)
for z ~ N(0,1) (Ross et al.} [1998)), there exists a constant Cy > 0 (depending only on d) such that

and thus

| (=) sarttar < Cactt ew(- ) 1),

Hence )

/leh( 2)de < KCy exp(Qg( ))C(t)_

By assumption, Z; > m, > 0 uniformly in %, so
BQ

By ( = /|m>Rht(x)dx < K v (555) €O )

Setting Ko := KCy/m, gives the tail bound in Equation[E.15] Finally, to get the quantile radius, it
suffices to enforce the right-hand side to be at most € and solve for R. This yields

d
2

eXp( 160() )

16 Ky B? d
R2>—[1 2o -4 Ct},
Z et oo el
and taking R > R, proves the bound in Equation [E.16] O

Application to heterogeneous ratio-of-densities. In the setting of Theorem [B:1] each lifted expert
( )

admits upper bounds of the form
i) < Criexp(—1 Y an(t)a} + Billel)),
kel
with a; 1 (t) > 0 and constants C';. ;, B; > 0 independent of ¢. Multiplying these bounds and raising
to the exponents ~; (¢) yields

d
ha() < Kexp(=5 3 Cult) o} + Bz,
where K, B > 0 are uniform constants and C}, (t) are precisely the coordinate-wise coefficients from
Equation il Defining C(t) := miny, Cy(t), we have 3, Ci(t)a? > C(t)||z]|2, so the envelope
matches the form in Proposition Theorem also implies that h; € L*(R?) and that the
normalizing constants Z; are uniformly bounded below on any compact set where C(t) > 0.
Therefore, all assumptions of Proposition [EI] hold for our heterogeneous ratio-of-densities path
p; = h¢/Z:, and the tail and quantile-radius bounds apply directly with this choice of C(t).

This proposition shows that even when C'(t) > 0 everywhere (no collapse), the magnitude of C(t)
still governs how concentrated p; is: for fixed e, the radius Ry () shrinks as C'(t) grows (up to
logarithmic factors). Thus, increasing C'(¢) at intermediate times (for example, via the time-varying
exponents of ACE) tightens the tails of p; and reduces its effective spatial extent. In practice, this
suppresses large intermediate spreads, stabilizes importance weights, and improves sample quality,
as we observe both in the 1D ratio-of-Gaussians trajectory and image experiment described below.
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(a) Path exists, but intermediate variance explodes (b) A larger bump stabilizes sampling trajectory
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Figure E.12: Stabilizing a ratio-of-Gaussians path via the bump parameter. We illustrate the
effect of the path-existence coefficient C'(t) on a 1D ratio-of-Gaussians example (Eq. . (a) With a

small bump applied to qt(l), C'(t) > 0 but dips close to zero around ¢ = 0.5, leading to a very broad
intermediate density: the effective variance (green curve) exhibits a peak, and particle trajectories
become highly dispersed. This behavior is consistent with Proposition [E-I] which shows that small
C'(t) yields weak tail decay and large quantile radii. (b) Increasing the bump parameter raises the
lower bound of C(t) throughout the trajectory, suppressing the peak in variance and producing a
much more confined intermediate distribution. The resulting path smoothly transports samples from
the Gaussian prior to the compactly supported target without large variance excursions.

Example E.4 (Compositional Image Generation). We consider compositional text-to-image
generation with region-wise prompts and bounding boxes. The task is generating an image
X conditioned on n region-specific object prompts ci., (with foreground masks F3.,) and a
global context prompt C'. The target distribution factorizes via Bayes’ rule into a product of
expert likelihoods:

1 (P e\
_ Yo(t) LASSUN BaV4
p(X | c1in, ) Z%H( () (E.17)
Cogsl;)sl?glllcy Local
Specifics

ACE Implementation with a Single Backbone: Crucially, we approximate all terms using a
single pretrained text-to-image model (Stable Diffusion (Rombach et al} 2021) v1.5/v2.1).

* po(X | C): the base model conditioned on the global prompt.

* po(F; | ¢;): the same model, applied to the cropped region F; (via masking) with
prompt c;.

* py(F;): the model on F; with a null prompt.

All experts share architecture and noise schedule, placing us in the homogeneous regime of
Theorem where the coefficient C'(t) remains strictly positive and no Marginal Path Col-
lapse occurs. In this limit, path existence is guaranteed even for constant exponents.

ACE vs. FKC and NR in the homogeneous regime. We apply our generic ACE sampler (Al-
gorithm [T) to this setup by treating each region-specific term in as an expert and compos-
ing their scores and drifts as in Section 2] Since the schedules are homogeneous, ACE does not
need to “rescue” a collapsing path. Instead, we use a small bump B = 5 in the region exponents
~i(t), which increases C(t) locally at intermediate times while preserving the endpoint distributions.
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Proposition [E.T|implies that this yields a tighter intermediate concentration for p}, reducing mass in
off-manifold regions and stabilizing importance weights.

We compare three steering schemes using the same backbone, schedules, and hyperparameterﬂ

* NR (CFG-like): score-difference heuristic without importance weights.
* FKC: constant exponents with Feynman—Kac weighting and resampling (Algorithm 2).
* ACE: time-varying exponents with a bump B = 5 (Algorithm [T).

Because C'(t) > 0 everywhere, FKC and ACE both operate on valid probability paths; the only
difference is the exponent schedule (i.e., constant vs. time-varying).

Comparison with Existing Paradigms. Existing approaches to this task generally fall into
three categories: (1) Methods that train adapters like GLIGEN (Li et al., [2023b), Make-It-
Count (Binyamin et al.| [2025)); (2) Auxiliary-guided methods like 3DIS (dewei Zhou et al.| [2025)
that rely on external signals (depth maps, LLMs); and (3) Architectural interventions such as box-
layout guidance (Wang et al.l 2024c) or attention-editing techniques (Chefer et al.,|2023;|Qiu et al.,
2025)) that modify model’s internal signals. In contrast, ACE offers a sampling strategy that achieves
unbiased modular composition using a single fundamental expert model without requiring retrain-
ing, external data, or architectural changes.

Empirical results on COCO-MIG. We evaluate on the COCO-MIG benchmark (Zhou et al.,
2024b) and report the instance attribute success ratio (%) and mloU (%) where the instance attribute
success ratio measures the fraction of region-wise instructions correctly matched in the generated
image. We compare ACE against NR and FKC, multiple diffusion baselines (Rombach et al., 2021}
Podell et al., 2023; [Esser et al., [2024; |[Labs, [2024)), and task-specific adapters (GLIGEN (L1 et al.,
2023b), InstanceDiff (Wang et al., 2024b), MIGC (Zhou et al.| [2024a), 3DIS (dewei Zhou et al.,
2025))). As shown in Table @L we observe a consistent hierarchy NR < FKC < ACE across back-
bones: FKC improves substantially over the heuristic NR baseline, and ACE with B = 5 further
improves both attribute alignment and spatial metrics, despite being applied in a regime with no path
collapse. Remarkably, ACE matches or exceeds a task-specific adapter GLIGEN (Li et al.| 2023b)
on several metrics, while remaining completely training-free.

Qualitatively, Fig. [E.13| shows that ACE produces sharply localized objects with correct attributes
in their designated boxes, whereas the Stable Diffusion baseline struggles to localize objects or
separate attributes. These results provide an empirical complement to Proposition even when
the path-existence criterion is satisfied, carefully shaping the exponent schedule can yield stronger
conditioning and improved sample quality.

Table E.10: Instance attribute success ratio (%) with the corresponding mIoU (%) shown in paren-
theses. L2-L6 denote the success ratios for tasks with 2 to 6 region-wise guidance conditions.
‘CLIP’ and ‘Local CLIP’ refer to CLIP scores computed on the entire image versus the full prompt,
and on local crops versus the corresponding local prompts, respectively.

Method Backbone L2 L3 L4 L5 L6 Avg CLIPT Local CLIPT
Base Diffusion Model with global prompt

SD1.5 SD1.5 5.59(18.83) 4.79(17.43) 2.83(14.95) 2.41(13.93) 2.21(15.94) 3.11(15.75) 24.64 18.36

SDXL SDXL 5.59(19.78) 4.48 (18.54) 2.81(16.67) 2.14(15.72) 2.80(18.42) 3.17(17.55) 25.71 18.63

SD3.5-M SD3.5-M  8.05(21.57) 8.46(21.37) 6.07(18.98) 5.02(17.39) 4.40(17.80) 5.86(18.85) 26.41 18.77

Flux.1-dev Flux.l-dev  8.83(22.00) 7.50(20.93) 4.86(17.75) 4.53(16.77) 3.22(16.49) 5.08(18.03) 26.17 18.56

Inference-time Control using only the base Diffusion Model

NR SD1.5  24.61(30.50) 24.19(29.81) 19.36 (25.64) 17.67 (24.42) 19.54(25.91) 20.24 (26.53) 24.96 20.21
FKC SD1.5  33.02(34.43) 31.18(33.34) 28.80(31.53) 25.46(29.63) 22.88(28.61) 28.27 (31.51) 25.44 20.66
ACE (B=5) SD1.5 4531 (41.48) 42.50 (40.60) 36.25(35.20) 32.75(32.66) 32.40(33.40) 37.84 (36.67) 25.59 21.18
NR SD2.1 26.52 (31.18) 25.76 (30.50) 20.94 (27.24) 18.83(24.77) 18.78 (25.31) 21.04 (26.93) 24.89 19.96
FKC SD2.1 39.69 (37.78) 34.93(35.91) 31.98(33.95) 28.42(32.07) 24.93(30.02) 31.99 (33.95) 25.27 20.64
ACE (B=5) SD2.1  46.25 (42.24) 41.04 (39.45) 41.72(37.96) 38.38 (37.17) 34.90 (34.82) 40.46 (38.33) 24.94 21.09
Adapter rendering methods (Requires Additional Training on new data or External Models)
GLIGEN SD1.4 3836 (33.96) 32.79(29.58) 28.67(25.95) 25.02(23.88) 26.98 (24.93) 28.84 (26.47) 2491 20.78
InstanceDiffusion ~ SD1.5  68.24 (62.67) 60.47 (55.75) 59.88 (54.15) 53.92(49.02) 57.14 (51.34) 58.49 (53.12) 2597 21.90
MIGC SD1.4  66.37(57.02) 63.10(54.47) 61.27(52.48) 57.25(49.49) 59.13 (51.38) 60.41 (52.16) 25.39 21.42
3DIS SD1.5  58.09(52.76) 51.48 (46.92) 46.15(42.46) 40.39 (38.16) 41.22(38.47) 45.23 (41.89) 24.02 21.24

3For the image experiments, it sufficed to resample once at t, = 0.3 due to a small batchsize of N = 3.
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Figure E.13: Qualitative results of compositional image generation with ACE. Compared to the base
Stable Diffusion 2.1 model (left), simulating the same model with ACE (right) yields better prompt
alignment and layout guidance — completely without additional training or external models.
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Table E.11: Runtime per image and peak GPU memory usage for generating a single image. Lower
is better. Baselines were evaluated on an NVIDIA A100 GPU, whereas ACE and FKC were evalu-
ated on an NVIDIA A6000. Since the A100 is approximately x 2.3 faster than the A6000, the raw
runtime gap between ACE, FKC and baselines is narrower than it appears.

Method Backbone Time (s) ‘ VRAM (GB) |
L2 L3 L4 L5 L6 Avg ‘ L2 L3 L4 L5 L6 Avg

SD1.5 SD1.5 148 148 154 152 152 151 264 264 264 264 264 264
NR SD1.5 579 724 865 1025 1141 867 | 522 522 522 530 556 531

FKC (A6000) SD1.5 14.87 19.14 23.16 27.11 30.89 2304 | 380 380 391 438 485 415

ACE (A6000) SD1.5 17.44 22.61 28.14 3329 3472 2724 | 471 471 472 472 472 472
SD2.1 SD2.1 1.47 148 147 1.62 148 1.50 | 3.05 305 305 305 305 305

NR SD2.1 541 651 7.89 943 1037 793 | 605 605 605 613 639 6.13

FKC (A6000) SD2.1 1420 1894 20.64 2423 2755 21.11 | 422 422 438 486 535 470
ACE (A6000) SD2.1 16.53 21.34 2582 30.72 32.19 2352 | 512 513 513 513 513 513
SDXL SDXL 345 336 329 336 338 337 | 898 898 898 898 898 898
SD3.5-M SD3.5-M 456 455 455 455 455 455 | 1761 17.61 17.61 17.61 17.61 17.61
Flux.1-dev Flux.l-dev 47.73 47.69 47.71 4771 4771 4771 | 67.64 67.64 67.64 67.64 67.64 67.64
GLIGEN SD1.4 261 262 262 262 261 262 | 601l 601 601 601 601 601

InstanceDiffusion SD1.5 6.77 822 970 11.14 1267 9.70 | 6.60 6.60 6.60 6.60 6.60 6.60
MIGC SD1.4 258 258 256 257 258 257 | 543 543 543 543 543 543
3DIS (A6000) SD1.5 10.56 10.84 11.03 11.14 11.38 1099 | 755 755 755 755 755 1755

F FUTURE DIRECTIONS FOR ACE

We conclude by outlining limitations and several promising directions for further development of
the ACE framework and heterogeneous model composition, both in theory and in practice.

Error propagation in model composition. A natural open question concerns the propagation of
errors when composing multiple expert models using ACE. In practice, does the modular composi-
tion of experts lead to error accumulation that degrades performance compared to training a single,
larger network? A systematic error analysis could clarify whether modularity introduces compound-
ing approximation error or whether the benefits of specialization dominate in practical scenarios.

Extension to arbitrary transport. We assumed that the stochastic interpolation is between a Gaus-
sian and compactly supported distribution, which is a common formulation in generative modeling.
However, tasks such as molecule or image editing, where a sample from the source distribution is
given and the task is to transport that sample to a target distribution, require a different formulation
since these models interpolate between two compactly supported distributions. Future work could
explore when Marginal Path Collapse occurs in these general transport problems.

Extension to infinite-dimensional spaces. Our reasoning was kept as general as possible so that it
may be naturally extended to infinite-dimensional settings. Viewing each data sample as a function,
rather than a point in finite-dimensional space, is both theoretically appealing and practically relevant
in certain generative modeling applications. For instance, by replacing 1 in definition [A.T] with a
Gaussian measure on a Hilbert space, one can develop a function-space analogue of ACE with direct
implications for models defined over functional data.

Practical efficiency via distillation. A key limitation of ACE in practice is that the inference
cost scales linearly with the number of experts. However, the weighted SDE/ODE formulation of
theorem [A-T] suggests that existing techniques for model distillation—such as consistency models,
flow map matching, or efficient SDE/ODE solvers—could be adapted to mitigate this cost.

Remark (Distillation of Weighted SDE). The probability path {p} (X¢)}:e(0,1, X¢ € R? can equiv-
alently be simulated by solving the ODE

*

Yo ~po ©4(1), dn::<[3]ow)(nyﬁ. (1)

Xy
log w;
formulation will enable efficient sampling while maintaining fidelity to the target distribution.

where YV; = } € R and 7 projects Y; to X;. Applying distillation techniques to this

Expanding modular generation to scientific frontiers. We demonstrated ACE’s capacity to re-
solve path collapse in high-dimensional, multi-modal settings through the scaffold decoration task,
where it successfully coordinated distinct modalities (bond topology, protein pocket, and 3D confor-
mation). This success suggests that ACE can extend to even more complex scientific tasks, such as

56

Reviewer
gBQy

Reviewer

gBQy,
nalNy



Under review as a conference paper at ICLR 2026

protein glue generation and fragment linking, by decomposing them into families of existing models
(de novo, conformer, and SBDD), though empirical validation on these tasks remains future work.

Optimizing exponent schedules for scientific and creative tasks. Our current ACE schedules
use simple bump functions chosen to satisfy the path-existence criterion and, in the homogeneous
regime, to modestly increase C(t) at informative times. The COCO-MIG experiments in Ap-
pendix [E-4] show that even such simple time-varying exponents can significantly improve sample
quality over both NR and FKC, despite the absence of path collapse. This suggests a promising
direction: treating the exponent schedules ~;(¢) themselves as objects to be optimized for down-
stream objectives such as alignment or diversity. A complementary line of work is to extend ACE to
truly heterogeneous creative pipelines that combine distinct backbones and modalities (e.g., global
image-editing models with local text-conditioned generators), where incompatible noise schedules
would otherwise induce collapse. In both cases, ACE provides the theoretical guarantees needed to
explore richer steering schemes without sacrificing validity.

Extension to hybrid process in mixed continuous-categorical domains. As we present in [E-I]
many scientific and molecular generative tasks involve data living in a product space of continu-
ous coordinates (e.g., 3D positions) and categorical variables (e.g., atom and bond types). Current
diffusion-based steering methods, including ACE, operate on continuous domains where interme-
diate densities are well defined under Gaussian interpolation. However, categorical variables do
not admit Gaussian smoothing, and thus lack a natural notion of intermediate densities or scores
along the diffusion path. This mismatch makes ratio-of-densities steering, and the study of Marginal
Path Collapse, substantially more challenging in hybrid domains. Future work could develop princi-
pled stochastic interpolants for mixed continuous—discrete representations, identify conditions under
which well-defined joint paths exist, and characterize when collapse arises in such hybrid settings.
Such an extension would enable theoretically sound steering for full molecular structures, jointly
evolving coordinates and atom/bond types, thereby broadening ACE’s applicability to richer molec-
ular generation pipelines.

A long-term vision: Towards a modular generative ecosystem. ACE demonstrates that complex
conditional generation can be achieved through the modular composition of pretrained expert mod-
els, offering a scalable alternative to monolithic, task-specific architectures. In the long run, this
suggests a paradigm shift toward a standardized practice for generative modeling on continuous do-
mains. Instead of training a bespoke model for every novel application, the community could curate
a library of highly efficient expert models for fundamental marginal densities, composing them ad
hoc using ACE. This modular paradigm opens the door to a principled framework for the collective
intelligence of Al, where distinct models collaborate to solve complex tasks beyond the scope of
their individual training.
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