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Abstract

Neural scaling laws have played a central role in modern machine learning, driving1

the field’s ever-expanding scaling of parameters, data and compute. While much2

research has gone into fitting scaling laws and predicting performance on pre-3

training losses and on discriminative evaluations such as multiple-choice question-4

answering benchmarks, comparatively little research has been done on fitting5

scaling laws and predicting performance on generative evaluations such as math-6

ematical problem-solving or coding. In this work, we propose and evaluate two7

different pretraining scaling laws for fitting pass-at-k on generative evaluations8

and for predicting pass-at-k of the most expensive model using the performance9

of cheaper models. Our three scaling laws differ in the covariates used: (1) model10

parameters and pretraining tokens, (2) log likelihoods of gold reference solutions.11

We make four main contributions: First, we show how generative evaluations12

offer new hyperparameters (in our setting, k) that researchers can use to control13

the scaling laws parameters and the predictability of performance. Second, in14

terms of scaling law parameters, we find that the parameters + tokens scaling law15

stabilize for the last ∼1.5−2.5 orders of magnitude, whereas the gold reference16

likelihood scaling law stabilizes for the last ∼5 orders of magnitude. Third, in17

terms of predictive performance, we find both scaling laws perform comparably,18

although the log likelihoods of gold reference solutions predicts slightly worse for19

large k. Our framework provides researchers and practitioners with insights and20

methodologies to forecast generative performance, accelerating progress toward21

models that can reason, solve, and create.22

1 Introduction23

Neural scaling laws, which predictably map resources to the performance of neural networks, are24

foundational for developing frontier AI systems (Kaplan et al., 2020b; Hoffmann et al., 2022b). Such25

empirical regularities for improving model performance from scaling parameters, data, and compute26

have driven pursuit of ever-larger models. Much of the research in neural scaling laws has focused on27

fitting and predicting model performance on pretraining losses, e.g., (Kaplan et al., 2020b; Hoffmann28

et al., 2022b; Clark et al., 2022; Hernandez et al., 2022; Sardana et al., 2024; Muennighoff et al.,29

2023; Porian et al., 2024; Pearce & Song, 2024) and on “downstream” discriminative evaluations like30

multiple-choice question-answering, e.g., (Schaeffer et al., 2023; Gadre et al., 2024; Schaeffer et al.,31

2024; Grattafiori et al., 2024; Chen et al., 2025; Bhagia et al., 2025).32

While both pretraining losses and discriminative evaluations are undeniably useful, many capa-33

bilities we care about are generative: writing books, autoformalizing mathematics, or conducting34

cutting-edge research. Comparatively little research has investigated scaling laws for generative35

evaluations (OpenAI et al., 2024; Hu et al., 2024); for a deeper discussion of related work, please36

see Appendix B. Unlike pretraining losses and discriminative evaluations, generative evaluations37
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introduce new considerations such as which metric is used to quantify performance and how samples38

are drawn from the model, including the sampling temperature (Ackley et al., 1985) and the sampling39

algorithm, e.g., top-k (Fan et al., 2018), top-p (Holtzman et al., 2020).40

In this work, we propose a framework for fitting scaling laws and predicting performance on generative41

evaluations, focusing on a particular setting: benchmarks with verifiable binary rewards, with multiple42

attempts per problem, with performance scored using the “pass-at-k” metric (Kulal et al., 2019; Chen43

et al., 2021). We chose this setting due to its widespread use in the literature (First et al., 2023; Brown44

et al., 2024; Hassid et al., 2024; Hughes et al., 2024; Chen et al., 2024; Ehrlich et al., 2025; Kwok45

et al., 2025). In this setting, we make the following contributions:46

1. We propose three scaling laws that fit and predict pass-at-k from two different covariates:47

(1) model parameters and pretraining tokens (Sec. 3) and (2) likelihoods of gold reference48

solutions (Sec. 4).49

2. We reveal that a hyperparameter specific to this setting – the number of attempts per problem50

k – offers a new lever to change the parameters of the scaling laws as well as how accurately51

the scaling laws extrapolate to more expensive models.52

3. We quantify how stable each scaling law’s parameters are, finding that parameters the53

parameters + tokens scaling law stabilize by the last ∼1.5−2.5 orders of magnitude of54

pretraining compute, whereas parameters for the gold reference likelihood scaling law are55

stable over the last ∼5 orders of magnitude.56

4. We quantify how predictive each scaling law is, finding that all three comparably predict the57

performance of the most expensive model based on cheaper models.58

2 Methodology59

Benchmark To study how language model performance changes during pretraining on generative60

evaluations, we used GSM8K (Cobbe et al., 2021), a well-established benchmark containing 8, 50061

grade school math word problems designed to evaluate a model’s ability to perform multi-step62

mathematical reasoning. Each attempt at solving a problem yields a binary outcome: the attempt is63

either successful or unsuccessful. Due to limited budget, we used a randomly chosen subset of 12864

problems. See Appendix C for a description of how many samples we drew per problem per model.65

Metric To evaluate the performance of each model, we used the ubiquitous pass-at-k metric (Kulal66

et al., 2019). For the i-th problem, a model’s pass rate at k attempts is the probability of the event that67

any of k attempts are successful. Because generative evaluations sample from the language model,68

this per-problem pass rate must be estimated. We use the unbiased, low variance and numerically69

stable estimator introduced by Chen et al. (2021), which, for each problem, draws ni > k samples,70

counts the number of successes si ∈ [0, ni], and then averages over all subsets of size k:71

passi@k
def
= 1−

(
ni − si

k

)
/

(
ni

k

)
. (1)

For a benchmark B of |B| problems, a model’s benchmark pass rate at k attempts is estimated as:72

passB@k
def
=

1

|B|
∑
i∈B

passi@k (2)

Pass rates are sometimes phrased as the fraction of problems in the benchmark solved (“coverage”),73

but these two quantities are mathematically equivalent (Brown et al., 2024; Schaeffer et al., 2025b).74

For the sampling and language model family descriptions, see the appendix sectio I.75

3 Fitting and Predicting Pass Rates from Parameters and Tokens76

We assessed how well the benchmark passB@k can be (1) fit and (2) predicted as a function of the77

number of model parameters N and pretraining tokens D.78
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Figure 1: Scaling Law Parameters Vary with Attempts per Problem (Full Fit). In comparison
with pretraining loss scaling laws and discriminative evaluation scaling laws, the number of attempts
per problem k introduces a new hyperparameter that affects the parameters of generative evaluation
scaling laws, and also how predictable passB@k is. Here we show the effect of k for the pretraining
compute scaling law (Eqn. 6); for a side-by-side comparison with our next two scaling laws, see
Appendix D. Left: The irreducible error E0(k) falls roughly exponentially with k and is ≈ 0 by
k≈ 102, consistent with the probability that a problem remains unsolved decaying exponentially
in the number of attempts. Center: The compute prefactor C0(k) increases monotonically with k,
indicating that once E0(k)→0, variation is dominated by the compute-dependent term. Right: The
compute exponent α(k) increases smoothly, from ∼0.15 at k=1 to ∼0.3 at k=104, implying steeper
and more regular scaling at larger k. Hue corresponds to k.

3.1 Fitting Pass Rates from Model Parameters and Pretraining Tokens79

Motivated by Hoffmann et al. (2022b), we posited that the negative log of benchmark pass rates80

might instead follow a scaling law as a function of model parameters N and pretraining tokens D:81

− log
(
passB@k

)
(N,D, k) = E0(k) +

N0(k)

Nβ(k)
+

D0(k)

Dγ(k)
, (3)

where E0(k) is the irreducible error, N0(k) is the parameter scaling prefactor, β(k) is the parameter82

scaling coefficient, D0(k) is the token scaling prefactor and γ(k) is the token scaling coefficient.83

We fit this parameters + tokens scaling law. Visually, this law provides a better characterization of84

performance for the full range of models, with the fitted curves appearing tighter and reducing the85

residual scatter (Fig.9). The irreducible error term Ê0(k) decreases with the number of attempts per86

problem k, although it does so more gradually, reaching zero by k ≈ 3 × 102 (Fig. 5). However,87

despite the improved global fit, we observed that the largest-compute model checkpoints in our88

dataset exhibit a comparatively large relative error, suggesting that while this law better explains the89

performance of less-trained models, it may struggle with extrapolation to the frontier.90

3.2 Predicting Pass Rates from Model Parameters and Pretraining Tokens91

We evaluated how predictive the parameters + tokens scaling law is using the same backtesting92

approach (Section F.2). We again used Pythia 12B model trained for 300B tokens as the target,93

and iteratively fit Eqn. 3. The relative error in predicting the target model’s performance decreases94

and then plateaus as more capable models are included in the fit (Fig. 10, Top Left). For all values95

of k, these extrapolations become reliable once the largest checkpoint used for fitting is within96

approximately ∼2−2.5 orders of magnitude of the target’s compute. Similarly, the five backtested97

scaling parameters converge to their full-fit values once models within this same compute range of98

∼1.5 − 2.5 orders of magnitude are included (Fig. 10, Other Five Panels). For small k, this law99

shows a slight predictive advantage over the compute-only baseline (see Appendix K), an effect that100

vanishes at larger k.101

4 Fitting and Predicting Pass Rates from Gold Reference Likelihoods102

Generative evaluations oftentimes contain not just problems and correct answers, but also “gold103

references”: high quality responses that reach the correct answer from the given problem. For104

autoregressive language models, one can straightforwardly compute the likelihood of the gold105
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Figure 2: Scaling of Pass Rates with Gold Reference Likelihood (Full Fit). Each panel fits Eqn. 5,
− log(passB@k) = ξ0 +K0(k) · [− log

(
GoldProbB

)
]κ(k), for k ∈ {1, 102, 104}. Regressing the

gold reference log-likelihoods against the pass rates produces a visually tighter fit with less residual
scatter than the compute scaling law (cf. Fig. 7). As k increases, the irreducible error ξ̂0(k) falls
toward zero and the exponent κ̂(k) increases, making the relationship a steeper, purer power law.

reference given the problem, as well as the arithmetic mean over the benchmark’s gold reference106

probabilities:107

GoldProbB
def
=

1

|B|
∑
i∈B

pθ(Gold Referencei|Problemi), (4)

For our gold reference likelihood scaling law, we assessed how well the benchmark passB@k can be108

(1) fit and (2) predicted as a function of the log likelihoods of the gold references.109

4.1 Fitting Pass Rates from Gold Reference Likelihoods110

Motivated by Schaeffer et al. (2024), we tested whether this average likelihood of the gold responses111

can be accurately regressed to fit and predict benchmark pass rates passB@k.112

− log
(
passB@k

)
(GoldProbB, k) = ξ0(k) +K0(k) ·

[
− log

(
GoldProbB

)]κ(k)
(5)

Perhaps surprisingly, we discovered that this straightforwardly computable quantity serves as an113

accurate predictor of benchmark pass rates. As shown in Figure 2, regressing against the negative114

log likelihood of the gold references produces a visually tighter fit than the pretraining compute115

law (Fig. 7). The residual scatter is reduced, and the relationship between − log(passB@k) and116

− log(GoldProbB) has a smaller reducible error and more closely resembles a power law. We next117

examined how the number of attempts per problem k influences the scaling law’s parameters (Fig. 6).118

Consistent with our findings for the prior two scaling laws, the irreducible error term ξ0(k) collapses119

toward zero as k increases and the exponent κ(k) increases smoothly.120

4.2 Predicting Pass Rates from Gold Reference Likelihoods121

Using our backtesting approach once more, we evaluated how well the gold references scaling law122

can predict the performance of our most expensive model. For small k, the gold reference likelihoods123

scaling law has slightly lower relative error at predicting the most expensive model’s performance,124

but worsens for larger k (Fig. 11 Upper Left). The most remarkable result, however, is the stability of125

the scaling law’s parameters. In stark contrast to the parameter + token scaling laws whose parameters126

only stabilized when fit on models within ∼2 orders of magnitude of the target, the parameters for127

the gold reference law are exceptionally robust: the backtested estimates for the three parameters128

converge to their final values when fitting on models up to ∼5 of magnitude cheaper than the target129

(Fig. 11, Other Three Panels) and for all values of k. This significantly stable finding suggests that130

the relationship between gold reference likelihoods and pass rates is a consistent signal, enabling131

long-range forecasts from comparatively inexpensive models.132
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Mostafa Dehghani, Fangyu Liu, Sid Mittal, Junhyuk Oh, Seb Noury, Eren Sezener, Fantine Huot,532

Matthew Lamm, Nicola De Cao, Charlie Chen, Sidharth Mudgal, Romina Stella, Kevin Brooks,533

Gautam Vasudevan, Chenxi Liu, Mainak Chain, Nivedita Melinkeri, Aaron Cohen, Venus Wang,534

Kristie Seymore, Sergey Zubkov, Rahul Goel, Summer Yue, Sai Krishnakumaran, Brian Albert,535

Nate Hurley, Motoki Sano, Anhad Mohananey, Jonah Joughin, Egor Filonov, Tomasz Kepa, Yomna536

Eldawy, Jiawern Lim, Rahul Rishi, Shirin Badiezadegan, Taylor Bos, Jerry Chang, Sanil Jain, Sri537

Gayatri Sundara Padmanabhan, Subha Puttagunta, Kalpesh Krishna, Leslie Baker, Norbert Kalb,538

Vamsi Bedapudi, Adam Kurzrok, Shuntong Lei, Anthony Yu, Oren Litvin, Xiang Zhou, Zhichun539

Wu, Sam Sobell, Andrea Siciliano, Alan Papir, Robby Neale, Jonas Bragagnolo, Tej Toor, Tina540

Chen, Valentin Anklin, Feiran Wang, Richie Feng, Milad Gholami, Kevin Ling, Lijuan Liu, Jules541

Walter, Hamid Moghaddam, Arun Kishore, Jakub Adamek, Tyler Mercado, Jonathan Mallinson,542

Siddhinita Wandekar, Stephen Cagle, Eran Ofek, Guillermo Garrido, Clemens Lombriser, Maksim543

Mukha, Botu Sun, Hafeezul Rahman Mohammad, Josip Matak, Yadi Qian, Vikas Peswani, Pawel544

Janus, Quan Yuan, Leif Schelin, Oana David, Ankur Garg, Yifan He, Oleksii Duzhyi, Anton545

Älgmyr, Timothée Lottaz, Qi Li, Vikas Yadav, Luyao Xu, Alex Chinien, Rakesh Shivanna,546

Aleksandr Chuklin, Josie Li, Carrie Spadine, Travis Wolfe, Kareem Mohamed, Subhabrata Das,547

Zihang Dai, Kyle He, Daniel von Dincklage, Shyam Upadhyay, Akanksha Maurya, Luyan Chi,548

Sebastian Krause, Khalid Salama, Pam G Rabinovitch, Pavan Kumar Reddy M, Aarush Selvan,549

Mikhail Dektiarev, Golnaz Ghiasi, Erdem Guven, Himanshu Gupta, Boyi Liu, Deepak Sharma,550

Idan Heimlich Shtacher, Shachi Paul, Oscar Akerlund, François-Xavier Aubet, Terry Huang, Chen551

Zhu, Eric Zhu, Elico Teixeira, Matthew Fritze, Francesco Bertolini, Liana-Eleonora Marinescu,552

Martin Bölle, Dominik Paulus, Khyatti Gupta, Tejasi Latkar, Max Chang, Jason Sanders, Roopa553

Wilson, Xuewei Wu, Yi-Xuan Tan, Lam Nguyen Thiet, Tulsee Doshi, Sid Lall, Swaroop Mishra,554

Wanming Chen, Thang Luong, Seth Benjamin, Jasmine Lee, Ewa Andrejczuk, Dominik Rabiej,555

Vipul Ranjan, Krzysztof Styrc, Pengcheng Yin, Jon Simon, Malcolm Rose Harriott, Mudit Bansal,556

Alexei Robsky, Geoff Bacon, David Greene, Daniil Mirylenka, Chen Zhou, Obaid Sarvana,557

Abhimanyu Goyal, Samuel Andermatt, Patrick Siegler, Ben Horn, Assaf Israel, Francesco Pongetti,558

Chih-Wei "Louis" Chen, Marco Selvatici, Pedro Silva, Kathie Wang, Jackson Tolins, Kelvin Guu,559

Roey Yogev, Xiaochen Cai, Alessandro Agostini, Maulik Shah, Hung Nguyen, Noah O Donnaile,560

Sébastien Pereira, Linda Friso, Adam Stambler, Adam Kurzrok, Chenkai Kuang, Yan Romanikhin,561

Mark Geller, ZJ Yan, Kane Jang, Cheng-Chun Lee, Wojciech Fica, Eric Malmi, Qijun Tan, Dan562

Banica, Daniel Balle, Ryan Pham, Yanping Huang, Diana Avram, Hongzhi Shi, Jasjot Singh, Chris563

Hidey, Niharika Ahuja, Pranab Saxena, Dan Dooley, Srividya Pranavi Potharaju, Eileen O’Neill,564

Anand Gokulchandran, Ryan Foley, Kai Zhao, Mike Dusenberry, Yuan Liu, Pulkit Mehta, Ragha565

Kotikalapudi, Chalence Safranek-Shrader, Andrew Goodman, Joshua Kessinger, Eran Globen,566

Prateek Kolhar, Chris Gorgolewski, Ali Ibrahim, Yang Song, Ali Eichenbaum, Thomas Brovelli,567

Sahitya Potluri, Preethi Lahoti, Cip Baetu, Ali Ghorbani, Charles Chen, Andy Crawford, Shalini568

Pal, Mukund Sridhar, Petru Gurita, Asier Mujika, Igor Petrovski, Pierre-Louis Cedoz, Chenmei Li,569

12



Shiyuan Chen, Niccolò Dal Santo, Siddharth Goyal, Jitesh Punjabi, Karthik Kappaganthu, Chester570

Kwak, Pallavi LV, Sarmishta Velury, Himadri Choudhury, Jamie Hall, Premal Shah, Ricardo571

Figueira, Matt Thomas, Minjie Lu, Ting Zhou, Chintu Kumar, Thomas Jurdi, Sharat Chikkerur,572

Yenai Ma, Adams Yu, Soo Kwak, Victor Ähdel, Sujeevan Rajayogam, Travis Choma, Fei Liu,573

Aditya Barua, Colin Ji, Ji Ho Park, Vincent Hellendoorn, Alex Bailey, Taylan Bilal, Huanjie Zhou,574

Mehrdad Khatir, Charles Sutton, Wojciech Rzadkowski, Fiona Macintosh, Konstantin Shagin, Paul575

Medina, Chen Liang, Jinjing Zhou, Pararth Shah, Yingying Bi, Attila Dankovics, Shipra Banga,576

Sabine Lehmann, Marissa Bredesen, Zifan Lin, John Eric Hoffmann, Jonathan Lai, Raynald Chung,577

Kai Yang, Nihal Balani, Arthur Bražinskas, Andrei Sozanschi, Matthew Hayes, Héctor Fernández578

Alcalde, Peter Makarov, Will Chen, Antonio Stella, Liselotte Snijders, Michael Mandl, Ante579

Kärrman, Paweł Nowak, Xinyi Wu, Alex Dyck, Krishnan Vaidyanathan, Raghavender R, Jessica580

Mallet, Mitch Rudominer, Eric Johnston, Sushil Mittal, Akhil Udathu, Janara Christensen, Vishal581

Verma, Zach Irving, Andreas Santucci, Gamaleldin Elsayed, Elnaz Davoodi, Marin Georgiev, Ian582

Tenney, Nan Hua, Geoffrey Cideron, Edouard Leurent, Mahmoud Alnahlawi, Ionut Georgescu,583

Nan Wei, Ivy Zheng, Dylan Scandinaro, Heinrich Jiang, Jasper Snoek, Mukund Sundararajan,584

Xuezhi Wang, Zack Ontiveros, Itay Karo, Jeremy Cole, Vinu Rajashekhar, Lara Tumeh, Eyal Ben-585

David, Rishub Jain, Jonathan Uesato, Romina Datta, Oskar Bunyan, Shimu Wu, John Zhang, Piotr586

Stanczyk, Ye Zhang, David Steiner, Subhajit Naskar, Michael Azzam, Matthew Johnson, Adam587

Paszke, Chung-Cheng Chiu, Jaume Sanchez Elias, Afroz Mohiuddin, Faizan Muhammad, Jin588

Miao, Andrew Lee, Nino Vieillard, Jane Park, Jiageng Zhang, Jeff Stanway, Drew Garmon, Abhijit589

Karmarkar, Zhe Dong, Jong Lee, Aviral Kumar, Luowei Zhou, Jonathan Evens, William Isaac,590

Geoffrey Irving, Edward Loper, Michael Fink, Isha Arkatkar, Nanxin Chen, Izhak Shafran, Ivan591

Petrychenko, Zhe Chen, Johnson Jia, Anselm Levskaya, Zhenkai Zhu, Peter Grabowski, Yu Mao,592

Alberto Magni, Kaisheng Yao, Javier Snaider, Norman Casagrande, Evan Palmer, Paul Suganthan,593

Alfonso Castaño, Irene Giannoumis, Wooyeol Kim, Mikołaj Rybiński, Ashwin Sreevatsa, Jennifer594
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A Language Model Usage704

Language models were used by the authors to aid or polish the writing of the paper. Authors take full705

responsibility for the content.706
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B Related Work707

The study of neural scaling laws, which characterize how model performance predictably improves708

with resources, has become a cornerstone of modern large-scale machine learning (Hestness et al.,709

2017; Kaplan et al., 2020a; Hoffmann et al., 2022a; Roberts et al., 2022; Bahri et al., 2024). Foun-710

dational work demonstrated that pretraining loss follows a power law with respect to model size,711

dataset size, and training compute (Kaplan et al., 2020a; Henighan et al., 2020; Hoffmann et al.,712

2022a). These principles now guide the development of nearly all state-of-the-art language models713

(OpenAI et al., 2024; Team et al., 2024; Grattafiori et al., 2024; DeepSeek-AI et al., 2025; Qwen et al.,714

2025; Zhipu-AI et al., 2025). This research area has since expanded to explore scaling properties in715

diverse domains, including computer vision (Zhai et al., 2022), machine translation (Ghorbani et al.,716

2021), and even for optimizing inference-time compute rather than training (Wu et al., 2024; Snell717

et al., 2024). Despite this breadth, scaling laws for complex, multi-step generative tasks—which718

often represent the ultimate goal of language modeling—have remained comparatively underexplored719

due to the challenges of evaluation. Our work builds most directly on recent efforts to forecast720

performance on such generative evaluations. The GPT-4 Technical Report pioneered this direction721

by showing that the negative log pass rate on a subset of the HumanEval coding benchmark scaled722

predictably as a power law of pretraining compute (OpenAI et al., 2024). They successfully predicted723

GPT-4’s performance by extrapolating from smaller models over approximately three orders of724

magnitude (OpenAI et al., 2024). We adopt their proposed functional form for our compute-based725

law and extend their work by systematically analyzing how the number of attempts, k, reshapes the726

law’s parameters. Furthermore, our rigorous backtesting reveals the brittleness of this compute-only727

law, finding it reliable only across 1-2 orders of magnitude in our setting. Separately, our work shares728

a philosophical motivation with Hu et al. (2024), who investigate emergent abilities. They argue729

that seemingly unpredictable jumps in performance on discriminative tasks can be understood as730

smooth, continuous improvements when measured by the model’s underlying log-likelihoods. We731

apply a similar insight to a different problem: forecasting. We operationalize the log probability732

of gold-standard solutions not just as an explanatory tool, but as a direct covariate in a predictive733

scaling law for generative tasks, and we empirically demonstrate its superior stability for long-range734

extrapolation.735
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C Methodology: Number of Samples Per Problem Per Model736

Because sampling from language models is expensive and because our compute budget is limited, we737

needed to judiciously choose how many samples to draw per problem per model. A key consideration738

is that the number of samples per problem sets the resolution, i.e., if we draw n samples per problem,739

then any pass rate on that problem below 1/n will appear to be 0. Since pass rates typically increase740

with pretraining compute, we chose a loose heuristic based on the pretraining compute of each model.741

For a model with C pretraining FLOP, we aimed to sample742

Num. Samples per Problem = clip(100 · 1023−log10(C), 3.2e4, 1e6).

3.2e4 was chosen so that we would have more samples per problem than the largest number of743

attempts per problem k we considered (1e4). Fig. 3 shows how many samples per problem per model744

we had at the time our analyses were conducted. Additional sampling would have likely benefited745

our analyses.746
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Figure 3: Number of Samples per Model per Problem. This heatmap visualizes how many samples
we had drawn per model (y-axis) per problem (x-axis) at the time our analyses were conducted.
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D Scaling Law Parameters by Number of Attempts Per Problem k747

For the three scaling laws we consider, we visualize how the fit parameters change as a function of748

the number of attempts per problem k (Fig. 4, Fig. 5, Fig. 6).749
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Figure 4: Pretraining Compute Scaling Law Parameters by Number of Attempts per Problem
(Full Fits). We visualize how the parameters of Eqn. 6 change with respect to k. Hue corresponds to
k.
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Figure 5: Model Parameters and Tokens Scaling Law Parameters by Number of Attempts per
Problem (Full Fits). We visualize how the parameters of Eqn. 3 change with respect to k. Hue
corresponds to k.
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Figure 7: Scaling of Pass Rates with Pretraining Compute (Full Fit). Each panel fits Eqn. 6
− log

(
passB@k

)
(C, k) = E0(k) + C0(k) · C−α(k) to GSM8K pass rates for Pythia checkpoints

across ∼5 orders of magnitude of pretraining compute. Panels show k ∈ {1, 102, 104}. The fit curves
capture the trend moderately well and reveal two effects of increasing k: (i) the irreducible error
Ê0(k) falls from 2 → 0 as k increases from 1 → 100; and (ii) the compute-dependent terms increase
with k: the prefactor grows from Ĉ0(k = 1) ≈ 1e3 to Ĉ0(k = 10000)∼ 7.8e5 and the exponent
rises from α̂(k = 1)≈0.120 to α̂(k = 100)≈0.325. Takeaway: Larger k makes the relationship a
pure power law and makes pass rates a steeper function of pretraining compute.

E Compute Scaling Law750

We took the standard approximation for pretraining compute of C ≈ 6 ·N ·D (Kaplan et al., 2020b;751

Hoffmann et al., 2022b; Pearce & Song, 2024; Gadre et al., 2024; Schaeffer et al., 2024; Porian et al.,752

2024).753

F Fitting and Predicting Pass Rates from Pretraining Compute754

For our first scaling law, we assessed how well the benchmark passB@k can be (1) fit as a function of755

pretraining compute C and (2) predicted from pretraining compute.756

F.1 Fitting Pass Rates from Pretraining Compute757

Motivated by the GPT-4 Technical Report (OpenAI et al., 2024), we posited that the negative log of758

benchmark pass rates follows a scaling law as a function of model pretraining compute C:759

− log
(
passB@k

)
(C, k) = E0(k) +

C0(k)

Cα(k)
, (6)

where E0(k) ≥ 0 is the irreducible error, C0(k) > 0 is the compute scaling prefactor, and α(k) > 0760

is the compute scaling exponent. In contrast with prior research on scaling laws, parameters that were761

previously constant are now parameterized by the number of attempts per problem k. Thus, k can be762

viewed as a hyperparameter that offers a new lever to change the predictability of scaling laws in a763

way that is not available for pretraining loss or discriminative evaluation scaling laws.764

We fit the scaling law parameters based on the model checkpoints’ pretraining compute and their765

corresponding passB@k. Visually, the fit scaling laws captured the trend reasonably well for different766

values of number of attempts per problem k (Fig. 7). We next evaluated what role the number of767

attempts per problem k has on the scaling law parameters: As k increases, the irreducible error term768

E0(k) falls roughly exponentially with k and is effectively 0 by k ≈ 1× 102 (Fig. 1 Left). This is769

consistent with the probability a problem goes unsolved falling exponentially with the number of770

attempts per problem (Levi, 2025; Schaeffer et al., 2025b). Thus, by increasing k, Eqn. 6 becomes a771

pure power law with no irreducible error. In comparison, as k increases, the compute prefactor and772

compute exponent also increase, with the compute prefactor rising ∼4 orders of magnitude (Fig. 1773

Center) and the compute exponent rising moderately from 1.20× 10−1 to 3.25× 10−1 (Fig. 1 Right).774
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Figure 8: Predicting Pass Rates from Scaling Pretraining Compute (Backtesting). We evaluate
predictability via backtesting: we iteratively fit Eq. 6 on subsets of models up to a maximum
pretraining compute, then extrapolate to predict the most expensive model’s − log

(
passB@k

)
. The

most expensive model is Pythia 12B-parameter 300B-token (≈ 2.16× 1022 FLOP). The x-axis in all
panels is the ratio of the largest-compute checkpoint included in the fit to the target model’s compute.
Top Left: Relative error decreases as higher-compute checkpoints are included and then plateaus: for
k∈{1, 102} the plateau occurs once the fit includes checkpoints within ∼2 orders of magnitude of
the target; for k=104 it occurs within ∼1.5 order. Other Three Panels: Backtested estimates of the
scaling law parameters converge as the fit includes higher-compute checkpoints, stabilizing to full-fit
values once included models are within ∼2 orders of magnitude of the target.

F.2 Predicting Pass Rates from Pretraining Compute775

Previously, we fit Eqn. 6 using all available checkpoints. However, a key motivation for scaling laws776

is prediction: can we forecast the performance of an expensive model using cheaper models?777

We evaluated the predictability of pass rates via backtesting, a cross-validation-like process for778

evaluating forecasts in which cheaper models are used to predict the performance of the most779

expensive model. We fixed a target model checkpoint pretrained on Ctarget FLOP; in our work, we780

used Pythia-12B trained for 300B tokens, pretrained with approximately 2.16× 1022 FLOP. For a781

sequence of compute caps Cmax ≤ Ctarget, we: (i) fit Eq. 6 on all model checkpoints with compute782

C ≤ Cmax to obtain Ê0(k), Ĉ0(k), and α̂(k); (ii) extrapolate to the target compute horizon, and (iii)783

measure the absolute relative error to the target model’s − log
(
passB@ktarget

)
:784

RelativeError(k,Cmax)
def
=

abs| − log
(
passB@ktarget

)
− Ê0(k) − Ĉ0(k) · C−α̂(k)

target

)
|

− log
(
passB@ktarget

) .

We report results as a function of the compute ratio Cmax/Ctarget.785

Relative errors typically decrease and then plateau as higher-compute checkpoints are included in the786

fit (Fig. 8, top left). For k ∈ {1, 1e2}, reliable extrapolation requires that the largest checkpoint used787

for fitting is within ∼2 orders of magnitude of the target’s compute, and the relative errors plateau at788

1× 10−1. In comparison, for k = 1e4, reliable extrapolation requires ∼1.5 order of magnitude, and789

the relative errors plateau below 1. Similarly, the backtested estimates of the parameters Ê0(k), Ĉ0(k)790

and α̂(k) converge to their full-fit values once models within ∼1.5−2.5 orders of magnitude of791

Ctarget are included (Fig. 8, other three panels). For these models on this benchmark, the compute792
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scaling law provides useful forecasts so long as forecasts are made using models within ∼2 orders793

of magnitude of compute as the target model; when only smaller checkpoints are available, the794

predictive error increases and the fitted parameters are unreliable.795

G Relation Between the Compute Scaling Law and the Parameters + Tokens796

Scaling Law797

Here, we provide a concrete analytic relation between Eqn. 6 and Eqn. 3 provided in the main text.798

For a fixed benchmark B and number of attempts per problem k, we model799

− log
(
passB @k

)
(N,D, k) = E0(k) +

N0(k)

Nβ(k)
+

D0(k)

Dγ(k)
, (7)

and, when training under a compute budget C = cND,800

− log
(
passB @k

)
(C, k) = E(k) +

C0(k)

Cα(k)
. (8)

Compute-optimal envelope. Assume the excess loss beyond the irreducible term is additive and801

separable in (N,D) as in Eq. 7, with N0(k), D0(k) > 0 and exponents β(k), γ(k) > 0. For each802

fixed k, define803

A = N0(k), B = D0(k), β = β(k), γ = γ(k), (9)

and804

F (N,D) =
A

Nβ
+

B

Dγ
, F(C) = min

N,D>0:
cND=C

F (N,D). (10)

Then the compute law Eq. 8 is the compute-optimal envelope of Eq. 7, with805

E(k) = E0(k), α(k) =
β(k) γ(k)

β(k) + γ(k)
=

(
1

β(k) +
1

γ(k)

)−1

, (11)

806

C0(k) = (β + γ)β− β
β+γ γ− γ

β+γ A
γ

β+γ B
β

β+γ cα(k). (12)

The compute-optimal allocation along the envelope is807

N∗(C, k) =
(βA
γB

) 1
β+γ

(C
c

) γ
β+γ

, D∗(C, k) =
(γB
βA

) 1
β+γ

(C
c

) β
β+γ

. (13)

Derivation Sketch. Form the Lagrangian L = AN−β + BD−γ + λ (ND − C/c). First-order808

conditions give βAN−β = γBD−γ and ND = C/c, from which (A.5) follows. Substituting809

N∗, D∗ into F (N,D) yields F(C) = C0(k)C
−α(k) with α(k) and C0(k) as in Eqs. 11-12, and810

E(k) = E0(k).811

Remarks.812

1. The compute exponent is the parallel sum of the (N,D) exponents: α = (1/β + 1/γ)−1.813

2. If β = γ, then α = β/2 and N∗, D∗ ∝ C1/2 with C0 = 2β−1(AB)1/2cβ/2.814

3. If one scales N and D at a fixed ratio (i.e., without re-optimizing with C), the effective815

compute exponent degrades to αpath = min{β, γ}/2.816

4. All quantities may depend on k; the mapping in Eqs. 11-13 applies point-wise in k. The817

conversion constant c enters only via C0, not α.818
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G.1 Multiplicative deviation from the optimal compute envelope819

Let (N∗(C), D∗(C)) denote the compute–optimal allocation in Eq. 13 and define the misallocation820

ratio821

r(C) :=
N(C)

N∗(C)
=

D∗(C)

D(C)
. (14)

A direct algebraic manipulation using the first-order optimality condition βA(N∗)−β = γB(D∗)−γ822

gives the exact factorization823

− log
(
passB @k

)
(C)− E0

− log
(
passB @k

)
opt(C)− E0

= Φ(r;β, γ) :=
γ

β + γ
r−β +

β

β + γ
rγ ≥ 1, (15)

with equality iff r ≡ 1. Equivalently, this produces a multiplicative correction to Eq. 8824

− log(passB @k)(C) = E0 + C0 C
−α Φ

(
N
N∗ ;β, γ

)︸ ︷︷ ︸
misallocation factor ≥1

. (16)

Thus the deviation from equality is fully parameterized by r via the dimensionless penalty Φ ≥ 1.825

Local and asymptotic behavior of the penalty. Let t = log r. A Taylor expansion of equation 15826

around r = 1 gives827

Φ(r;β, γ) = 1 +
βγ

2
t2 +O(t3), (17)

so small misallocations incur only a quadratic penalty in log-space. Along a power-law path N ∝ Cp828

(with constants absorbed into r), t =
(
p− γ

β+γ

)
logC +O(1); hence if p ̸= γ

β+γ the penalty grows829

polynomially:830

Φ(r(C)) ≍
{

β
β+γ r(C)γ , r(C) → ∞ (over-allocating N),
γ

β+γ r(C)−β , r(C) → 0 (under-allocating N).
(18)

This isolates the compute–optimal scaling C−α and expresses all off-ridge effects through a single,831

dimensionless factor depending only on the allocation ratio N/N∗ (or equivalently D∗/D).832

We conclude that if one matches the compute law without optimizing (N,D), the result is not a833

single power law in general: it is a compute–optimal power multiplied by a misallocation penalty834

Φ(N/N∗) ≥ 1.835

H How the Compute Scaling Law Emerges from the Parameters + Tokens836

Scaling Law837

The approximately equivalent performance between the compute scaling law (Eqn. 6) and the838

parameters + tokens scaling law (Eqn. 3) led us to ask whether a deeper connection might exist. We839

discovered that the compute scaling law is the compute-optimal envelope of the parameters+tokens840

scaling law. We summarize the insight here and defer a full explanation to Appendix G.841

Fix a benchmark B and attempts per problem k. Consider a compute budget C ≈ cND. The842

best achievable error is obtained by minimizing the right-hand side of Eqn. 3 over all (N,D) with843

ND = C/c. Evaluating at the optimizer yields Eqn. 6. The mapping of exponents and constants is:844

α(k) =
(

1
β(k) +

1
γ(k)

)−1

, E0(k) = E0(k),

with a closed-form C0(k).845

Compute-Optimal Allocation. Along the envelope (i.e., when Eqn. 6 is tight), the optimal split of846

compute between parameters and tokens is847

N∗(C, k) =
(

β N0(k)
γ D0(k)

) 1
β+γ

(
C
c

) γ
β+γ

, D∗(C, k) =
(

γ D0(k)
β N0(k)

) 1
β+γ

(
C
c

) β
β+γ

.
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Thus the parameter/token ratio shift with scale according to β, γ; when β = γ, both grow like C1/2.848

Departures from the Envelope. If training does not follow the compute-optimal allocation (N∗, D∗),849

define the misallocation ratio r(C) = N
N∗(C) = D∗(C)

D . The departure from the envelope is multi-850

plicative on top of Eqn. 6:851

− log
(
passB @k

)
(C, k) = E0(k) + C0(k) · C−α(k) ·

[
γ

β+γ r−β + β
β+γ rγ

]
︸ ︷︷ ︸

Φ(r;β, γ) ≥ 1

,

with equality iff r ≡ 1. Small deviations are benign (Φ = 1 + βγ
2 (log r)2 + O(log r)3) ), but852

persistent off-ridge scaling yields a growing penalty. A useful case: if one scales N and D at a fixed853

ratio (i.e., without re-optimizing with C), the effective compute slope degrades to αpath = min{β,γ}
2 .854

Takeaways. (i) The compute law is not an independent phenomenology; it is the optimal-allocation855

shadow of the parameters + tokens law. (ii) Use the allocation above to stay on-envelope when856

planning larger models. (iii) Implementation constants relating C to ND shift C0(k), but do not857

change α(k). All statements hold pointwise in k.858

I Methodology (Cont.)859

Sampling We used temperature-only sampling (Ackley et al., 1985) at τ=1.0 and did not sweep due860

to prior work (Schaeffer et al., 2025a).861

Language Model Family For our experiments, we used the Pythia family (Biderman et al., 2023),862

which contains 8 models from 14M to 12B parameters pretrained on 300B tokens from The Pile (Gao863

et al., 2020). We used 8 checkpoints per parameter size of the non-deduplicated variants, but excluded864

extremely overtrained checkpoints identified as abnormal by prior work (Godey et al., 2024). Each865

model checkpoint has a specific number of model parameters (N ) and has been trained on a certain866

number of tokens (D). We use intermediate checkpoints in lieu of fully trained models, and note that867

our results would likely improve with greater experimental control.868

J Discussion869

In this work, we investigated pretraining scaling laws for generative evaluations of language models.870

Our work was motivated most directly by OpenAI et al. (2024)’s success at predicting pass rates at871

HumanEval (Chen et al., 2021), as well as by Hu et al. (2024).872

Key Findings Our work’s main contribution is the proposal and rigorous backtesting of three distinct873

scaling laws for pass-at-k, using (1) pretraining compute, (2) model parameters and pretraining tokens,874

and (3) gold reference log likelihoods as covariates. We demonstrate that a key hyperparameter in875

generative evaluation – the number of attempts per problem k – offers a novel lever for controlling876

the scaling law parameters and predictability. Empirically, we find that while all three laws have877

comparable predictive accuracy, the parameters of the gold reference likelihood law are uniquely878

stable, converging across nearly five orders of magnitude of compute. Finally, we establish a879

theoretical connection between the compute law and the parameters + tokens law, proving that the880

compute law emerges as the compute-optimal envelope of the parameters-and-tokens law.881

Limitations The main limitation of this work is that the empirical results are based on a single882

benchmark (GSM8K) and a single model family (Pythia). Additionally, we consider only pass-at-k883

generative evaluations, whereas other are of course worth considering as well.884

Related Work Due to space constraints, we defer related work to Appendix B.885

Future Directions Multiple next steps are clear. First, subsequent work should determine whether886

predictions can be made more accurately using either additional sampling or controlled pretrained887

models. Second, OpenAI et al. (2024) claimed subsetting and/or stratifying problems enabled better888

predictions; what exactly did this approach entail, and how much did it help? Third, the utility of the889

gold reference log likelihoods was perhaps surprising because if we think of next-token sampling as a890

branching process, there are likely exponentially many paths from the problem to the correct answer,891
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Figure 9: Scaling of Pass Rates with Model Parameters and Pretraining Data (Full Fit). Each
panel fits Eqn. 3, − log

(
passB@k

)
(N,D, k) = E0(k) +N0(k)N

−β(k) +D0(k)D
−γ(k). Relative

to the compute scaling law, using parameters N and tokens D instead yields tighter in-range fits for
all k. Consistent with Fig. 1, the irreducible error decreases sharply with k (e.g., Ê0 : 3.87→0 by
k≈102), after which variation is dominated by the (N,D) terms. Despite the better global fit, the
largest-compute model checkpoint in each panel exhibits comparatively large relative error.

and it is unclear that the benchmark-provided gold references have any meaningful relationship892

with likely samples from the model; this raises at least two future questions: (i) how general is this893

relationship across benchmarks and models, and (ii) to what extent can this indicator be trusted for894

predicting the performance of more expensive models, especially under optimization pressure?895

K Predictive Performance (Backtesting Results)896

To evaluate the predictive power of each scaling law, we performed backtesting: fitting the law on897

cheaper checkpoints and extrapolating to the 12B-parameter model trained on 300B tokens. For898

the compute scaling law, predictions become reliable once models within roughly two orders of899

magnitude of the target are included, after which errors plateau. The parameters+tokens scaling law900

provides tighter in-range fits and slightly lower relative error for small k, but still requires models901

within ∼2 orders of magnitude of the target for stable predictions. The gold reference likelihood902

law yields comparable predictive accuracy overall but exhibits exceptional stability: its parameters903

converge even when fit using models up to five orders of magnitude cheaper. Together, these results904

show that all three laws can forecast performance, with the gold reference law offering the most905

robust long-range signal. The following figures illustrate these findings in detail.906
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Figure 10: Predicting Pass Rates from Scaling Parameters and Tokens (Backtesting). We
evaluated how accurately the parameters + tokens scaling law (Eqn. 3) predicts the most expensive
model’s − log(passB@k). Top Left: The relative error decreases as higher-compute checkpoints are
included, plateauing once the fit includes models within ∼2 orders of magnitude of the target. Other
Five Panels: The estimates of the five scaling law parameters are initially unstable but converge to
their full-fit values once included models are within ∼2 orders of magnitude of the target.
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Figure 11: Predicting Pass Rates from Gold Reference Likelihoods (Backtesting). While the
overall predictive error is comparable to the other laws, it is slightly lower for small k and slightly
higher for large k. Top Left: The most striking result is the exceptional stability of the scaling
law’s parameters. In stark contrast to the compute and parameters+tokens laws, whose parameters
stabilized only when fit on models within ∼2 orders of magnitude of the target, the backtested
estimates for ξ̂0(k), K̂0(k), and κ̂(k) converge to their final values using models up to ∼5 orders of
magnitude cheaper than the target. Other Three Panels: This remarkable stability suggests that
the relationship between gold reference likelihoods and pass rates provides a robust signal, enabling
reliable, long-range forecasts from much cheaper models.

27


	Introduction
	Methodology
	Fitting and Predicting Pass Rates from Parameters and Tokens
	Fitting Pass Rates from Model Parameters and Pretraining Tokens
	Predicting Pass Rates from Model Parameters and Pretraining Tokens

	Fitting and Predicting Pass Rates from Gold Reference Likelihoods
	Fitting Pass Rates from Gold Reference Likelihoods
	Predicting Pass Rates from Gold Reference Likelihoods

	Language Model Usage
	Related Work
	Methodology: Number of Samples Per Problem Per Model
	Scaling Law Parameters by Number of Attempts Per Problem k
	Compute Scaling Law
	Fitting and Predicting Pass Rates from Pretraining Compute
	Fitting Pass Rates from Pretraining Compute
	Predicting Pass Rates from Pretraining Compute

	Relation Between the Compute Scaling Law and the Parameters+Tokens Scaling Law
	Multiplicative deviation from the optimal compute envelope

	How the Compute Scaling Law Emerges from the Parameters+Tokens Scaling Law
	Methodology (Cont.)
	Discussion
	Predictive Performance (Backtesting Results)

