Supplementary material for the manuscript “Implicit
Regularization in Stochastic Gradient Descent with momentum”

This appendix is organized in the following manner. In Section [I} we prove Theorem 5.1 for (SGD+M)
in the main paper by showing the following two parts:

e In Theorem we prove that the local error between the continuous piecewise-differentiable trajectory
and the Heavy Ball momentum SGD in each iteration is O(h?®). This Theorem depends on Lemma
which shows that higher order derivatives are bounded.

e Then in Theorem we prove that the global error between the continuous trajectory and the Heavy-
ball momentum update is O(h?).

In Section 2| we prove Theorem 4.1 in the main paper for (GD+M) by showing that this is sub-case of
Theorem 5.1 (in the main paper) when the mini-batch loss Ej, is the full-batch loss E for each of the piece-
wise differentiable trajectory in Corollary (appendix). Finally, we presented the proof for Remark-5.2
and Remark-5.3 in Section [4] and Section [3l

1 Proof of Theorem 5.1

Throughout the appendix, || - || represents ¢ norm for vectors and matrices, and Frobenius norm for 3 or
4-dimensional tensors.

Theorem 1.1. [Bound on the local error| Let the loss for each mini-batch E, be smooth and sufficiently
(4-times) differentiable, and its zeroth to fourth order derivatives are bounded, then in each iteration, the
Heavy Ball momentum SGD update

x"M =x" — hWVE,(x") + B(x" —x""Y), n=1,2,..,N

x! =x" — WV Ey(x%) (1.1)

xX*=x1=0
is locally O(h®)-close to the flow of the following modified ODE when updating the n'" mini-batch

X(t) = —=VGn(X(t)) — An(X(1)), fort, <t <tniy (1.2)

with t, = nh. Specifically, the following equality holds for each iteration

X(tnt1) = X(tn) — hVE,(X(ty)) + B(X(tn) — X(ta—1)) + O(h%). (1.3)
Here

n

Gul®) = 2B, A(R) = 5 3 5 HCR),

k=0 k=0
and Cp(X) = V2Gr(X)VGr(X) + BV2G1_1(X)VG_1(X)) with initial condition Cy(x) = V2Go(X)VGo(X).

Proof. Before proceeding with the proof, we state that the continuous trajectory x(t) is differentiable in the
whole domain [0, 7] except at the grid points ¢,,n = 0,1,.... N, N = L 1. Thls is because in the interval
tn, <t < tp4+1, the continuous trajectory is given by X'(t) = —VGn(X( ) — (x( )), whereas in the the
interval t,—1; < t < t,, the trajectory is defined by X'(t) = —VG,-1(X(t)) — An—1(X(t)). We notice the
following:
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e the right-hand side and the left-hand side derivatives of the trajectories at any boundary point ¢, are
not equal, i.e, X'(t}) # X'(t,,),n =0,1,..., N. Here we define X'(t; ) = 0.

e based on Lemma the norms of the first to third-order derivatives of the trajectory x(t), t € [0, T
can be bounded by constants independent of . Hence from we can compute the left and right side
derivatives at t; (any boundary point Yk = 1,2, ...,n) as follows:

L X'(t}) = =VG,(X(tn)) — An(X(t,)) as it belongs to trajectory t, <t < t,41
(tn))VGn(X(tn)) + O(R)

3. X'(t;)) = =VGp_1(X(tn)) — An—1(X(ts)) as it belongs to trajectory ¢,—1 <t < t,

4 X'(t;) = VG (X(tn)) VGno1(X(tn)) + O(h)

2. R(LH) = V26, (X

As ||x"'(t)|| is bounded by a constant (Lemma |1.3]), the Taylor expansion of the trajectory x(t) is done at
the point ¢, on both sides:

(1 11) = Klt) + X (0D + (1) + O(h?), (1.4)
X(tn) = X(tn-1) + hi/(t;) — %2~”( 2)+ O(hg) (1.5)

Recall that the main objective of this theorem is to find how well the continuous trajectory x(¢) satisfies the
H.B momentum update equation Hence we plug X(t,,) into and examine the resulting error, which is
also known as the Local Truncation Error (LTE) in the numerical ODE literature. The calculation is carried
out as follows

i(tn-kl) - §(tn) - B(i(tn) - ;((tn 1))

~ h? _ ~ h? _
= BR () + R (1) — BOR () - TR (1)) + ()

2
—hVGn(i(tn))—hAn(i(tn))Jrh2V2Gn(>~<(tn))VGn( (tn)) + PAV 1 (X(tn)) + BhAn 1 (X(tn))

+ ﬁ}gV?Gn,l(i(tn))VGn,l(i(tn)) + O(h%)
—h(VGu(X(tn)) = BVGr_1(X(tn))) =h (An(X(tr)) = BAn-1(X(t0)))

VB, (X(tn) LG,

(P26 R(1)) TG (R (1)) + BTG s (1)) VG 1 (R(0))) +O(17)

C,, (by definition)

~ h h? .
= —hVE,(x(t,)) — h§C’n(x(tn)) + ?Cn(x(tn)) + O(h?)
= — hVE,(X(t,)) + O(h).
The equation has been simplified using the following two identities which is easy to verify:

VGn(;((tn)) - BVanl(;((tn))) = En(i(tn))

and
AR (1)) — A (1)) = 2C

Hence we proved that the solution of the continuous trajectory satisfies the discrete H.B. momentum updates
up to an error of order O(h?).
O
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Corollary 1.2. The piecewise ODE (L.1]) in Theorem can be equivalently written as:

X (t) = —=VEL(X(t)) fort, <t <tny,

. nol 1.6
where, En(i)=Gn(§)+%(IIVGn(i)Ilz+2Zﬁ"’THVGr(§)H2), o)

r=0
which is what we used in the statement of Theorem 5.1 in the main paper.

Proof. By the definition of the ODE in Theorem [I.I} we can see

An(X(t) = g D BT (VEGRF)VGE(R) + BV Gro1 (X) VG- (X)) + gB”VQGO(i)VGk(i)
k=1

n

= % Y BTIVEGHE())VGRR(D) + b > BrTHIVEG 1 (R(1) VGro1 (R(1))
k=0

2
k=1
n—1
_ gv2en(§(t))vcn(§(t)) 1S VR GR(R (D) VAR ().
k=0

Therefore we can rewrite as
X'(t) = VG (X(t)) - %V (IIVGn(ii(t))ll2 +2 i: B”kIVGk(i(t))ll2> = VE,(X(t)), (1.7)
k=0

where £, (%) = G (%) + & (IVGa )2 + 25020 8" *IVGLE)12). O

Lemma 1.3. Under the assumption of Theorem let x(t) be defined as in (1.2)), then the first to third
order derivatives of X with respect to time are bounded, i.e., there exists constants ci, ca, c3 such that
=) < cx, X" < ez, X)) < cs, for all t € [0,T7.

Proof. Although the continuous trajectory X(¢) is defined piece-wise, with the a step-size h, we want to
obtain a constant (i.e., h-independent) upper bound for its derivatives so as to faithfully truncate the
Taylor-expansion to get an error of O(h?). By the assumption of Theorem we have boundedness
of |[V(® Ey(x)|| for 0 < o < 4, i.e., with some constant cg, for all 1 <n < N,

sup [V E, (%) <, 0<a<4,

where || - || denotes the Frobenius norm of the tensors.
Then we can immediately bound the derivatives of G and Cy, for any k, x, and 0 < o < 4,

« e - n— a o - n— [ fod c
IV G (R)| = kzzoﬁ FY@E )| < kZ:Oﬁ kv B ()| < 1—0B7 (1.8)
- - _ N ~ 1
ICE) < IV2GR@)VGR )| + BV () VG- (X)) < A=y jgzca (1.9)

Now, using (1.8]) and (1.9) and the boundedness of h (i.e., h < T'), we can show that for some constant ¢y,

n

Z Bn—kck (i)

k=0

n h n
< n—k 3 e n—k ot 1.10
< I;JB max | By ()] + Zjoﬁ max | Ci ()| (1.10)

R < [Cu &) +

co c2h(1+p)
= T—pp T 20-5p

=C1.
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Next we show that ||X”(t)| is uniformly bounded,

n

X'(t) ==Y B FVEL(X(1)X (t)

k=0
- g D B (VAGLE) R (B VGR(E(E) + V2GR(X(1) V2GR (X(1)X (1))
h=0 0
BB (VPG EOR (D]V Gy (%(1)) + VG (K1) VG 1 (KR (1)
k=0

(1)

Hence we have:

h hp

H(I)Il+mll(ﬂ)

%@l < 1S 5T EEOR )] + 5 . (L11)
k=0

(1-5)

Individually examining ||(I)|| and ||({])]], we have
1D < IVPGREO)E (] VGRED)] + IV Gr(X(1) VG X)X (1)
< [IVPGREO)IIF O VGREE) + [V2GREO)IPIF ()] < 251
Here in the last inequality we used the fact that ||X'|| < ¢1 as in (1.10). Similarly, ||(IT)]| < 2c3c;. Putting

these inequalities into [[.1I} we have for some constant c:

hp

IR @< 12 8" V2 BEO)R ()] + 5 2(1-5)

h
2 WH(UH +

I(ID)]| < ca.

Finally, we bound the thrid order derivative

(1) = — 3 B EVI B R (R (1) - 3 BV ELR()R (1)
k=0

k=0

B pdD) b oSN d(ID)
BEP DLt LD Bt

Bounding the norm on X”/(t) based on this expression is straightforward.

O

Theorem 1.4 (Bound on the global error). Let X(t) be the solution to (1.2]) and assume the conditions in
Theorem hold. Then the global error |e™|| = ||X(t,) — x"|| is of order O(h?), where X(t,,) is the solution
of the ODE in (L.2) at the n'" boundary point and x™ is the discrete H.B Momentum update.

Proof. In Theorem 1.1, we already showed that the solution of the piecewise ODE X(t,,) satisfies
X(tnt1) = X(tn) — hVE,(X(t,)) + B(X(ty) — X(tn—1)) + O(h%), (1.12)
and by definition, the discrete H.B momentum update satisfy
x" T = x" — WV EL(x") + B(x" — x"1). (1.13)
Let the error at the n** update is denoted by e,, = X(t,,) — X,,, then subtracting the two updates, we have:

eni1 =€, + Ble, —en 1) — h(VEL(x") — VE,(X(t,))) +O(h?). (1.14)
M




By the assumption in Theorem there exists some constant c; such that [|[V2E, || = maxy [|[V2E, (x)| <
c1. Then M can be bounded by

1M = | VEn(x") = VEu(X(ta)) | < IV Eullscllenll < cillen. (1.15)

Now taking the norm on e, ; — e, and applying triangular inequality on the right hand side of (1.14)),
we have for some constant c:

lenss — enll < Bllen — enill + hIMlls + ch® < Blen — en—i | + hellen]| + ch. (L16)

Defining three quantities d; = é, dy = 12513’ and d3 = CB’ now we prove the following statement using
principle of induction

lenl < die®"™n?  |lens1 —en| < dze®™Mh3,  n>0. (1.17)

We first show that base case. When n = 0, by definition we have [leo| = [|x(0) — x°|| = 0. And by (L.14),
ller — el < ch3 < dsh?, hence the induction base holds.

Assume the proposmon ) holds for (n — 1), that is, ||e,_1| < die??"™=Dh2 and |le, — e, 1| <
dse®"(»=Dp3 then in the nth case,

lenl] < llen—1ll + llen — enll
< dledgh(nfl)hQ +d3ed2h(n71)h3

dsh

_d1(1—|— y ) d2h(n—1)p2 :d1<1+d2h)ed2h(n—1)h2

1
S dl ed2 hnh2

and by (1.16)),

leni1 — en|| < Bdze®" ™= Vh3 4 heidie®™"h? + ch®

dic
< ds (73 +8 + ) ed2hnp3 _ dgethnhS.
—,_/
=1

Then we have proven that the claim (1.17)) also holds for the n'" case.

2 Proof of Theorem 4.1 (IGR-M)

Corollary 2.1. Let the loss E for full-batch gradient descent be smooth and 4-times differentiable, then
GD-momentum update

X" =x" — WVE(x") 4+ B(x" —x"71), n=12.,N
is O(h2) close to the flow of the piecewise ODE
(1) = —ﬁvﬁn&(ﬂ), £ € [ty brsl, (2.1)
where the modified loss is given as
Bu(R(0) = (1= " )VE(R(D) + 5 | 00— 574%) = -+ 1) T2 B(x(0) VE(x(0)

For later intervals when k > iggg (we only ruled out a very small number of the initial intervals, as this lower

bound grows very slowly (logarithmically) as h — 0), the modified loss and the ODE both become independent
of k, that is, the the later GD+momentum updates x™ is O(h?) close to X(t,) which is the solution to

with B(X()) = BX()) + {5205 IV EX(1)|12
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Proof. Corollary (2.1) is a special case of Theorem and the result straightforwardly follows by setting
E,=Fforalll<n<N.
O

3 Proof of Remark 5.2

Theorem 3.1. The expectation of the IGRM for (SGD+M) taken over the draw of random batches is

E(IGRM,) = MU0 |V ER(1))]? + qrlae BV E; (&(1) — VEE(1))|?). This expected IGR for (SGD+M)

is greater than that of the expected IGR for (SGD) taken with respect to the draw of the batches.

Proof. To avoid confusion of notation use, we use E as the symbol for expectation and E as the loss-function.
Here the operator E denotes the expectation is with respect to the draw of all the random batches. Recalling
from (1.7)), the implicit regularizer while updating the n** mini-batch was of the form:

1GRM, =" <||ven<>~<<t>>2 +2iﬁ”k||vek<i<t>>n2> ,

k=0

n—1
E(IGRM,) = (E(Hven(i(t»n?) +2 Zﬁ”-kmvck(i(t)w)) . (3.1)

k=0
Here as the expectation E is taken over the draw of random batches, we first derive E(||VG,,(X)||?) as follows

E ([VGn(x(®)]?)

=E (( S E®) (Y BTV E (?c(t))))

k=0 r=0
izﬂzn % (|VE (1)) +Z Z BT RE (VEW(R ()T VE(X(1)))
i=0 k=0r= Okgér
_25271 21E |VE || _|_Z Z 52" [ kE VEk( ( ))TVEr(i(tr))) +O(h)
i=0 k=0 r=0,k#r
117

(3.2)

We obtain the last step by replacing the variables X(t) by X(¢;), X(tx) and X(¢,), respectively. We note that
changing from X(t) to X(t;) introduces an O(h) error from Taylor series. This O(h) error gets multiplied
with the coefficient % in front of the regularizer. This overall O(h?) error does not affect the regularizer
because it is of O(h).

Note that the random selection of i*" mini-batch F; is independent of X(t;), we calculate I11 as
Hr=>%" Y p" " *ERt)) VERX(t)).
k=0 r=0,k#r

Recall that the full-batch gradient loss is defined as VE(X) = 45 Z;‘il VE;(x), where E(; is the jth
mini-batch as in (7) of the main paper. The summands in the first term in (3.2]) become

E(|VE;X(t))I?) = IVEE(t:)]* + EIVE:(X(t:)) — VEX(t:)]. (3-3)
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We can calculate E(||[VG,,(X(2))]|?) as follows

E(|VGA(X(1)]%)
—252" YE(|VE:(X(t:))]?) +z Z BTV E (X ()T VE(X(t:)) + O(h)
i=0 k=0r=0,k#r
= > B (IVEEE)? +E(IVE(X(t)) - VE&(t)]))
=0
Y BB VER(E)) + Olh)
k=0r=0,k#r
Y R B () V() + 3 B HE(VER() - VEGE)]) + O(h)
k=0r=0 i=0

2

Zﬂ” "VE(X +Zﬂ2" YE (IVE(X() = VEX()|?) + O(h).
i=0

_ BnJrl 2 . 9 1— 62n+2 B _ 9
- (55 ) VBRI + L (IVEG(®) - VEO)I) + 00
We write the second to last line similarly as before because changing X(¢x) to X(t) only introduces O(h)
error.

Similarly for any such k, we will have

_ ﬁk+1 _ /82k+2
-3 -3
Putting the expression for E(||[VG, (X(t))]|?) and E(||VG(X(t))||?) into we get:

E(|VG&(®))I?) = (1 ) IVEGW)P + * E(|VE;(X(t)) — VEX(t))I*) + O(h).

E(IGRM,) (3.4)
~ % (E(IIVGn(i(t))2) +2 Zﬁ”’“E(IIVGk(i(t))IF)) (3.5)
k=0
n+1 _ pk+1\ 2
ZZIVE(i(t))HQ(( _W) +22ﬁ" k(l £ ) ) (36)

n—1 1— ﬁ2k+2

2n+2
+ZE(HVEZ-(%))—VE<i<t>>||2>( - e

For large number of iterations n, (3.7) reduces to

h(1+ B)

E(IGRM,) = IR

IVEE®)?

h (% . % 2
+4(1_ﬁ)21E(||VEZ( (1)) = VE®))[*).

4 Proof of Remark 5.3

Theorem 4.1. Let C be the covariance matriz of the driving force of (SGD) at the k" iteration i.e,
cov(VEg(x)) = C € RP*P then the covariance matriz for the driving force for (SGD+M) (with adjusted
learning rate) is cov((1 — B)VGi(x)) = 1+BC Here the random vectors Ey and Gy are evaluated at a fixed
point X.
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Proof. Assuming the stochastic gradient VEj(x) is sampled from a distribution with i.i.d entries where the
mean is the full-batch gradient VE(x) and the covariance matrix is C. Then by definition,

k

E((1 - H)VGi(x) = (1)) B E(VEi(x) = (1 - ) VE(x) ~ VE(x).

=0

From definition of C we have
C = E((VEk(x) — VE(x))(VEk(x) — VE(x))T) = E(VEL(x)VEL(x)") - VE(x)VE(x)". (4.1)

Then the covariance matrix for (SGD+M) is

cov((1 — B)Gr(x))
=E(((1 - B)VGr(x) — E((1 = B)VGk(x)))((1 = B)VGr(x) — E((1 — B)VGr(x))")
= E(VGL(x)VGL(x)")(1 = B)* —E((1 - B)VGL(x))E((1 — B)VGi(x))"
~ E(VGL(X)VGr(x)T)(1 - B)?> - VE(x)VE(x)". (4.2)

Now let’s evaluate E(VG}(x)VG(x)T) as follows:

E(VGk(X)VGk(X)T)
=E(D_ 8" *VELx) (D) " VELx)T)
k=0 k=0
Y B(VE,(VE,(T) 43 3 A E(VE(VE,()7)
p=0 C+VE(x)VE(x)TfromIZZI =0 7=0,57 VE(x)VE(x)T
_ [32k+2 _ pk+1 _ n2k+42
(C+YUHMVEQPU“OE%%)+VUXMVE@VK11fﬁ P -
_ [32k+2 _ pk+1
_ %c+ & . —Bﬁ PV EX)VEX)T. (4.3)

Putting [£:3] into we have:

cov((1 - B)Gr(x))
~ E(VGL(X)VGr(x)T)(1 - B)? — VE(x)VE(x)"

_ [2k+2 _ Rk+1
- ( 1 _Bﬂz C+ (1 1 _,85 )QVE(X)VE(X)T> (1-5)°- VE(X)VE(X)T
= (1 — 521k+223(21 - 5)2 C_ 5k+1(2 . Bk+1)VE(X)VE(X)T.

For a high enough iteration k, it reduces to:

(-0 _1-8

1— 2 1+BC'

cov((1 = B)Gr(x)) =
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5 Additional Experiments

We delay the result for CIFAR-100 classification here in the appendix. The final test accuracy is reported
in Table-1 in the manuscript.

5.1 CIFAR-100 classification results

1.0 1.0 1.0 1.0
0.8 08 0.8 08
206 0.6 20.6 0.6
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(c) ResNet-50 (d) DenseNet-121
Figure 1: Classification results for CIFAR-100 dataset with various network architectures with combinations of (h, 8)
chosen such that the effective learning rate ﬁ remains same. In all of the experiments, external regularization

like weight-decay, 1.r scheduler, dropout,label-smoothing are kept off (except Batch-normalization). The results have
been averaged over 3 random seeds having different initializations

5.2 Effect of learning-rate scheduler

Learning rate schedulers are a common practice in training classification networks hence exploring the effect
of IGR and IGR-M in schedulers is important. In the experiment, we train a Resnet-18 and a Resnet-50
network to classify CIFAR-10 dataset to compare the performance of (SGD) and (SGD+M) under the effect
of learning rate scheduler.

We observe that just like our previous experiments comparing (SGD) and (SGD+M), the test accuracy is
higher with increasing 5. We attributed this effect due to the stronger implicit regularization for momentum
than plain SGD. However, after the effect of scheduler, the learning rate is decreased by a factor of 10. This
diminishes the effect of the implicit regularizer for both SGD and SGD+M as IGR « h. However, from
empirical observations (Fig-2) the difference in test accuracy of (SGD) and (SGD-+M) (near convergence)
still exists but may not be in a pronounced way as the initial iterations. We believe this is because during
the earlier iterations, the significantly stronger IGR for (SGD+M) guides it’s trajectory through flatter sub-
manifolds than that of (SGD). The effect is prominent enough that even after scheduler is activated (also
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Figure 2: Classification result of CIFAR-10 with step scheduler (%) activated at epoch =250 with various 8 but the

same effective learning rate rhﬁ)

near convergence), (SGD+M) still has a slightly higher test accuracy than (SGD).

6 In the stable regime, convergence-rate of (GD+M) is (1i B larger

than (GD) using classical convergence analysis

In this section, we show that when (GD) with a learning-rate A and (GD+M) with an effective learning rate
F}LB) both fall inside the stable regime of (GD),then the convergence-rate of (GD+M) is ﬁ larger than
(GD).

Classical convergence of (GD) and (GD+M) is considered in a locally quadratic surface. On a standard
quadratic, the minimization is miny f(x) = %XTAX —bTx + ¢, where A is positive semi-definite matrix with
eigen-values in [p, L]. A simple change of variable would mean doing a minimization of the form miny %XT ¥x,
where ¥ contains the eigenvalues of A on the diagonal. Hence V f(x) = ¥x and V2f(x) = ¥. Furthermore,
the condition number of the objective function is denoted as k = %

For Heavy-Ball method, the iterates follow:

xM = xk - pVf(xF) + g(xF - xF) (6.1)
On a locally quadratic, the iterates roughly follow
<M =xkF — pyx 4 B(xF — xF7) = (1 + B)I — hE)x" — pxF! (6.2)

With slight rearrangement, which could be written as :

xht1 1+8)I—-hY —pBI| | x*
_Ja+s E 0
xF I 0 xk-1
xht1 1+8)I-hY —pI
Denoting y* = . and T = (1+5) P , the norm of ||y*||2 is derived as follows:
X 1 0

" = ITy* = 1Tyl < I T2 )ly Il < (p(T)* s (V)Iy°| (6.4)
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where p(T) is the spectral radius of T and T has an eigen-decomposition T = VDV~ k(V) being the

T o0 . . O
. . L . . 0o T, . . O
condition number of V. T is permutation-similar to the block-diagonal matrix T = ,
o o . . T,
1+B—aX; =B . . : . .
where T; = is a 2 x 2 matrix for j = 1,2..n. Letting r; denote the eigen-values for each

1 0

block matrix T; and would satisfy

L %((1+5—Q)\j):|:\/(1+B—h)\j)2—45)7 if(1+ﬁ—h)\j)2—45:Aj >0
T (1 +8—aN) £i/]4y], otherwise
to the block-matrix structure of T, the convergence factor p(T) is determined by the largest vectors among
all the block matrices T}, i.e, p(T) = max; r; = maxry, .

Now depending upon the 4 conditions A; < 0 =8 > (1 — \/W), A;>0=p8<(1- m) ,

|1 — hu| < |1 —vhL| and |1 — /Au| > |1 — VAL]|, we have four sub-cases to determine p(T):

1. If0<h§(ﬁi\/ﬁ)QandﬁZ(l—\/huf

where 7 = v/—1. Due

2. f0<h< (ﬁ\/ﬁy and 3 < (1 — v/hpu)?

3. h>(—=2—=)%?and 8 > (VhL —1)?

VEL+i
4. h> (ﬁiﬁ)2 and 3 < (VhL —1)?

For a small h and fixed 3, satisfies condition-2 and the effective learning rate lies in the stability regime
of GD. Under this particular condition (2), we have A; > 0, hence the spectral radius p(T) becomes (by
taking the larger ;) :

p(GD+M) _ %(1 4B —hu+ O T A—hp?—48) |considering the larger term| (6.5)

= 2048~y + /T~ B — 2kl + ) + F72) (6.6)

SE IRy B /3><\/ - ZCEDLII 1)) (6.7
1= T +0(h2)

~ %(1 48— hu— h(“l(lfﬁf) +(1—8)) [small h approximation] (6.8)

1 (1’1_“ 5 (6.9)

Similarly, for (GD) with learning-rate h minimizing a locally quadratic function, using the classical
convergence approach, we have [|x*| < p£||x0|| where p; = max(|1—hpul, |1 —hL|). Hence for a small enough

hie(0<h< Liﬂ), we have for the convergence rate for GD to be :

PSP =1—hp (6.10)

Putting h = %, we see that p pt Which means if we use a learning rate ﬁ times

larger for GD, it will match the convergence rate of (GD+M).
Equivalently under the same learning rate for (GD) and (GD+M) (say h), the convergence rate of

(GD+M) is ﬁ times larger than that of (GD),i.e, p(GP+M) ~ ﬁp(GD).

(GD+M) ~, ,(GD)
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7 Role of variance in mini-batch gradients in finding better minima

Losses of deep neural network are usually highly non-convex containing a lot of local minima. A good
optimizer should have the ability of escaping local and bad (i.e., sharp) minimizers to settle for a good/flat
minimum. In SGD, the mini-batch gradient can be thought of as a noisy version of the full-batch gradient:
VE;(x) = VE(x)+mn;. So, when an optimizer is stuck in a valley having a bad local minima, the randomness
in the noisy gradient V E;(z) provides a possibility of escaping the valley (having a bad local minima). Very
recently, this intuition has been mathematically formalized by Ibayashi & Imaizumi| (2021). In their Theorem

1
2, the authors showed that the escape efficiency (reciprocal of mean exit time) of SGD is exp(f%AE)\m?u),
where B, h, AE and \,,., denote batch-size, learning rate, depth of minima and the largest eigenvalue of

the Hessian, respectively. In short, a smaller batch-size (B) and a larger learning rate are crucial to escaping
bad local minima.

8 IGR-M in 2D model with non-linear (sigmoid) activation

Beyond the linear case in Section-4.1 of the manuscript, now we consider a 2D nonlinear model that has
a Sigmoid activation function to explore the effect of IGR-M. The loss function E is minimized using two

learnable parameters (wq,ws) but with a sigmoid layer in-between. Here the optimization problem is as
follows:

2
1 1
(W1, W) = afvglfgzin —(y —wio(wox))? = afﬂ%fgin 3 (y - 1+1:iw2z) = E(wy,ws)
where o is the Sigmoid activation function. The norm of the gradient has the following expression in this
case:
IVE|? = OE |? OE |? B 1 n wizle w2 wy 2
IREDN Owy |  \(1+e w2m)2 * (1 4 e~war)d Yo fewe ) -

The dashed black curve plots global

minima given by the equation wy =
log(“L — . . - . .

—%. Unlike the linear -case, Initialization: wl=6, w2=2, effective Ir=0.01

(where the IGR was proportional to the ] '

norm of the weights wy and ws), here the
IGR |[VE|? has a more complicated level
set (Figure[3] So, to help understand the 1 \
effect of IGR-M, we plot two reference 5
curves, one is the dark blue curve that

N 102
0
represents the gradient flow for the orig- 3
. . . ---- Global minima 81
inal loss function, given as —— Original loss gradient flow
—14{ — Implicit regularizer gradient flow 61
Yy — oD
x/(t) = =VE(x(1))- —— GD+M,beta=0.5 0
GD+M,beta=0.8 20
where x = [wy,wz]T. The other is the =21 — GD+Mbeta=0.9 .
solid black curve that shows the gradient 0 1 2 3 4 5 6
flow for implicit regularizer |VE||? given wl
as:
2 Figure 3: Trajectories for (GD) and (GD+M) for various 8 but
X(1) = ~V|VEG()]. (GD) and (GD+M)

with the same effective learning rate ﬁ With increasing f3,
A method with a stronger IGR would the trajectory becomes closer to the gradient flow of the implicit
have a trajectory closer to the solid black regularizer (solid back line), hence supporting our theory. The
curve. So, we plot the trajectories of background color denotes the magnitude ||V E||3
(GD) (8 = 0) and (GD+M) with g =
0.5,0.8, and 0.9, with the same initialization (wy = 6, ws = 2). The effective learning-rate is kept the same
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for all the trajectories which equals the learning rate for GD, i.e., ﬁ = 0.01. We see how the trajectory
for (GD+M) is closer to the gradient flow for implicit regularizer (the solid black curve) than that of (GD).
More explicitly, we observe that all the trajectories converge to the curve of global minima. However, with a
larger 3, the trajectory becomes closer to the gradient flow minimizing ||V E|? (the solid black curve). This
observation agrees with our theorem which states the modified loss is a weighted combination of the original
loss E and implicit regularizer ||V E|?, and larger 3 leads to a larger weight for the regularizer |V E||?, hence
making it closer to the solid black curve.

9 Future directions

IGR, although a great tool for examining generalization, relies on low-order Taylor approximations that
works well under small learning rates. In addition, the current analysis is based on fixed values of 8 while
letting h — 0. In practice, to better guide the choice of hyper-parameters, a bound that is asymptotic in
both h and 8 (h — 0,8 — 1) might be more helpful. We leave it as future work.
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