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S1 Connections to Other GP Approximations

S1.1 Pivoted Cholesky Decomposition

Theorem S3 (Pivoted Cholesky Decomposition)

Let (j;)_, be a set of indices defining the pivot elements of the pivoted Cholesky decomposition and
P € R™ "™ the corresponding permutation matrix. Assume the actions of Algorithm 1 are given by
the standard unit vectors s; = Pe; = e;,, i.e.

(8i); = (e5,); = {1 q7=J (817)

0 otherwise

Then Algorithm 1 recovers the pivoted Cholesky decomposition, i.e. it holds for all i € {0,...,n}
that
P'Q,P=L,L], (S18)

where L; € R™*% is the (partial) Cholesky factor of PTKP as computed by Algorithm S2.
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— Algorithm S2: (Pivoted) Cholesky Decomposition

Input: kernel matrix K, permutation matrix P_
Output: lower triangular L;, s.t. LiLZT ~ PTKP
1 procedure CHOLESKY(K, P)

. ‘ 2 A+ PTKP
1= 2 . -

3 forie {1,...,n}do

4 L+ A /A X

5 AeA—LIT=PTKP — L,LT
i—3 6 Li=(Li-1 L)

7 return L;

PTKP L; LT
Figure S1: Cholesky decomposition. Every column added to the lower triangular Cholesky factor

L defines the ith “right angle ruler”-pattern in T K P. The bottom right matrix in gray given by
PTKP — L;L] = PTKP — 3", ;1] changes every iteration.

Proof. We proceed by induction. Assume (S18) holds after ¢ iterations of Algorithm 1. For the base
case ¢ = 0, it holds by assumption that PTQo P = PTKCyK P = 0. Now for the induction step
i — 7+ 1, we have

mHK’did} K= — K> Ks;1s] KX, K
= mlﬂ K(Xo— C)Ksi18],, K (20— C)K
= (K- Qsisl (K- Q)
o 17‘1 1(K PL,LTP")s; . s],,(K — PL;,L]P")
- (K — PL,LTP")Pe,,, el ,PT(K — PL;,LTPT")

\/ el,,PT(K — PL,LTPT)Pe, \/ el,,PT(K — PL,LT PT)Pe,
P(PTKP - L;L])e;.; el ,(PTKP—L,LT)PT
\/eTH(PTR'P — L;LT)ei \/ T (PTKP - L,L])e;1;
= Pl I]

z+1

where 1,1 is given by Algorithm S2. Combining this with one more use of the induction hypothesis
we obtain

PTQZ‘+1P =PTQ,;P + PTKdZ+1dZ+1KP

Ti+1
LT
= L;L] + il = (Li lisa) (ng:l) =L L],

This proves the claim.

S1.2 Singular / Eigenvalue Decomposition

Theorem S4 (Singular / Eigenvalue Decomposition)
Let the actions s; = u; of Algorithm I be given by the eigenvectors u; of Kin arbitrary order. Then
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fori e {1,...,n} it holds that
Ci =UA;'UT = SVD;(K™Y)
Qi = U;A,UT = SVD;(K),
where U = (uy,...,w;) € R"" and A = diag(\1,...,\;) € R is the diagonal matrix of
eigenvalues of K with the order given by the order of the actions.
Proof. 1t holds by assumption and eq. (S37), that
Ci=S;(STKS;)"'ST = U,(UTKU;)"'U] = U;A;'UT,
as well as
Qi = KC,K = KU,A'UTK = UAA AU = U AUT

This proves the claim. O

S1.3 Conjugate Gradient Method

Algorithm S3: Preconditioned Conjugate Gradient Method [38]

Input: kernel matrix K, labels Yy, prior mean p, preconditioner P
Output: representer weights v; ~ K~ !(y — p)

1 procedure CG(K’7 y— U, p)

2 vy < 0
3 sg 0
4 while ||7;]|, > max (8o ||yl|y; Ouor) aNA i < oy do
5 ri1+ (y—p) — Kvig
H— P 'r, )TKs;_

6 s+ P 11°Z‘_1 — %&%si_l

P lp,_)Tr,_
7 ’Ui(*’l}i71+( :Tf(lzir Ls;
8 return v

Theorem S5 (Preconditioned Conjugate Gradient Method)
Let P € R™*"™ be a symmetric positive definite preconditioner. Assume the actions of Algorithm 1
are given by .

8¢ = P lp,

. P lr, )TKs;_ S19
s7¢ =P lr g — ( TT ) K s i—1 (519
Si_lei—l
the preconditioned conjugate gradient method. Then Algorithm I recovers preconditioned CG
initialized at v§ = 0, i.e. it holds fori € {1,...,n} that
s;=d; = s¢ (S20)
v; = vy ¢ (S21)
Ti—1 = 7'7;(1(;1. (822)

Proof. First note that by assumption s; = s for all 7. We prove the remaining claims by induction.
For the base case we have by assumption dy = XK sg = 59 = s and vy = 0 = v§“. Now for
the induction step ¢ — ¢ + 1 assume the hypotheses (S20), (S21) and (S22) hold Vj < i. Using the

properties of CG it holds for j* < ¢ that

sTKsj =0 (S23)

(P_l'l"i)TSj/ =0 (824)

(P~ 'r)Tr; =0 (S25)

<Sl, ey Si> = <’I"07p_1_f(’l“0, ey (P_lk)i_l’r‘o> = <P_1T0, ey P_l’)“i,1> (S26)
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We now first show K -conjugacy of the actions in iteration 7 + 1. We have for 7 < ¢ that

(Pilri)TKsi

ks, = (P - p S T,
L . (P~ 'r,)TKs;
- (P 1ri)TKSj T TK

Now if j = 1, clearly sl-THIA{sj = sLlIA{si = 0. If j < 4, we have using (S26), that

I:’_lIi'sj € <P_1K’r‘0, ey (P_l_f()j’r‘0> - (15_11"0, ey P_l’l“j>. (827)
Therefore we obtain for j < 7, that
J
sl Ks; E TP Ks; Ty (Zwﬁlre> 2, (528)
(=1
Thus in combination we have
vje{l,....i}: sl Ks;=0. (S29)
Now for the search direction we have
. d; clT
dij1 =% Ksi11 = <20 - Z )Ksz—i-l
=1
‘ dTKSH—l (520) s; K8L+1 (S30)
— nj
J
(S29)
= Si+1-

Further, we have for the solution estimate, that v; 1 = v; + d; 1 ‘;”—Ll It holds that

(I:’_l'r'i)TKsi
— == S8

H—1 T
Q41 = S;rJrlTi = (P T — TKS- z) T
] (3
(S25) , 75—
= (P77 g ¢ (P~ Yry_)Tr "= (P 1ry) Ty
=
as well as
.S - (530)
i1 =S KX Ksi =d] | Ksiy = sl Ksij

Combining the above and recalling Algorithm S3, we obtain

(pflri)”“i _ ..CG
T . — Vi1

1+1

v; +dit

Viy1 = U; +d 1
" T i 8.1 Ksit

Finally, the residual is computed identically in Algorithm 1 as in Algorithm S3, giving
=(y—n) - Ko, = (y —p) - Ko%= r{C.
This proves the claims. O

Corollary S2 (Preconditioned Gradient Actions as CG Actions)
Choosing actions .

=P r,_, (S31)
in Theorem S5 instead also reproduces the preconditioned conjugate gradient method, i.e. it holds
forie {1,...,n} that

d; = s$¢ (S32)
v; = v ¢ (S33)
rio =15, (S34)
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Proof. Tt suffices to show that d; = s$C. The rest of the argument is then identical to the proof of
Theorem S5. We prove the claim by induction. For the base case by assumption s; = P~ 1ry = s{€.
Now for the induction step ¢ — 4 + 1, assume that d; = s; for all j < 4, then

di, =S, KP '

=(I-CK)P'r;

= P 'r, - D{(D]KD,)"'DIKP " 'r, By eq. (S37).

Z Plr - SCO((SCO)TKSIG) L (SEG)TK Pl
Now by the same argument as in eq. (S28) in the proof of Theorem S5 we have for all j < ¢ that
TJP*IKS.?G = 0. Therefore

= Pl — 509 (99 TR s09) T (899 TR P!

= s?ﬁ By eq. (S19).
This proves the claim. O

Corollary S3 (Deflated Conjugate Gradient Method)

Let the first 0 < £ < n actions (si)le of Algorithm 1 be linearly independent and the remaining
ones be given by s; = P~1r,, where P ~ K is a preconditioner. Then Algorithm 1 is equivalent to
the preconditioned deflated CG algorithm [63, Alg. 3.6] with deflation subspace span{.S;}.

Proof. By the form of preconditioned deflated CG given in Algorithm 3.6 of Saad et al. [63] and
Corollary S2, it suffices to show that the residual r; satisfies S} 7, = 0 and that for all ¢ > ¢, it holds
that

S?efCG = dz = (I - Ci_lK)Si.

Now it holds by Lemma S2 and eq. (S37), that

STry=S](I - KC/))(y—p) = S](I - st(sgksf)—lsg)l(y —p)=0.
=0

This proves the first claim. Now, by Saad et al. [63, Alg. 3.6], the search directions (s?efCG)?:é 41 Of
preconditioned deflated CG are given by

00106 = 509 — §,(STK S,) ' STK P 'r;
= (I~ Cpy1.(i1)K)si — S«(S]KSy)'S]KP ', Corollary S2
= - C£+1:(i—1)K)3i — C/Ks;
(
(

I— Ci_lK)Si

This proves the claim. O

Remark S1 (Preconditioning and Algorithm 1)

Iterative methods typically have convergence rates depending on the condition number of the system
matrix. One successful strategy in practice to accelerate convergence is to use a preconditioner
P =~ K [64]. A preconditioner needs to be cheap to compute and allow efficient matrix-vector
multiplication v ++ P~!v. Now, Algorithm 1 implicitly constructs and applies a deflation-based
preconditioner, which are defined via a deflation subspace to be projected out [65]. In Algorithm 1 this
is precisely the already explored space span{.S;} = span{D;} spanned by the actions. Therefore, if
we run a mixed strategy, meaning first choosing actions that define a certain subspace and then choose
residual actions, we recover the deflated conjugate gradient method [63] (see Corollary S3 for a proof).
Alternatively, one can also use byproducts of the iteration of Algorithm 1 to construct a diagonal-plus-
low-rank preconditioner of the form P = 02T + UUT ~ K where U = K D; diag(n,...,n;) €
R™*? Therefore, again if running a mixed strategy, one can first construct a preconditioner and then
accelerate the convergence of subsequent CG iterations. In this sense one can double-dip in terms of
preconditioning (conjugate) gradient iterations by combining these two techniques at essentially no
overhead.
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v, + span{D;}* ¥
| S

=span{S;}+K

v;_1 + span{d;}

Figure S2: Geometric perspective on the probabilistic linear solver learning representer weights v,.

S1.4 Inducing Point Methods

Theorem S6 (Approximate Posterior Mean of Nystrom, SoR, DTC and SVGP)

Let Z € R™ ™ be a set of distinct inducing inputs such that rank(Kxz) = m < n. Then
the posterior mean of the Nystrom variants subset of regressors (SoR) and deterministic training
conditional (DTC) is identical to the one of SVGP and given by

w()=k(,Z)(KzxKxz+0°Kzz) 'Kzx(y — )

; H (S35)
=q( X)Kxz(Kzx(q(X,X)+0°I)Kxz) Kzx(y— )

Proof. First, note that by eqns. (16b) and (20b) of Quifionero-Candela and Rasmussen [20] the
posterior mean of SoR and DTC is identical and given by

w()=k(2)(KzxKxz +0°Kzz) 'Kzx(y — p)

Now, by Theorem 5 of Wild et al. [43] the posterior mean of SVGP for a fixed set of inducing
points is equivalent to the Nystrom approximation, which takes the form above. Recognizing that
Kzx Kxz € R™*™ is invertible, it holds that

u()=k(,Z)(KzxKxz+0°Kzz) 'Kzx(y — p)
=k(,Z)(Kzz(Kz,KzxKxz +0°I)) ' Kzx(y — p)
=k(,Z2)K,,(KzxKxz) ' (KzxKxzK,;KzxKxz +0*°KzxKxz)) 'Kzx(y — p)
=k(Z)K,, KzxKxz(Kzx(KxzK,,Kzx +0°I)Kxz) 'Kzx(y — p)
=q( X)Kxz(Kzx(q(X,X)+0’)Kxz) 'Kzx(y — p)

This proves the claim. ]

S2 Theoretical Results and Proofs

S2.1 Properties of Algorithm 1

Lemma S1 (Geometric Properties of Algorithm 1) . .
Leti € {1,...,n}, and assume X is chosen such that XK s; = s;j forall j <i(e.g. £o = K~ ').
Then it holds for the quantities computed by Algorithm I that

span{S;} = span{D;} (S36)
C; = D;(D]KD;)"'D] = S;(STKS,)™'S] (S37)
C; K is the K-orthogonal projection onto span{D; } (S38)
3. K is the K -orthogonal projection onto span{D; }* ¥ (S39)
dIKd; =0  forallj<i (S40)

where S; = (s1---8;) € R"*"and D; = (d - - - d;) € R™*,

Proof. We prove the claims by induction. We begin with the base case i = 1.
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By assumption it holds that S; = s7 = Eoksl = d; = D;. Now by Algorithm 1, we have
C, = 1 d1 dl, which with the above proves (S37) By the batched form (S37) of C;, the statements
(S38) and (S39) follow immediately. Finally, K- orthogonality for a single search direction holds
trivially.

Now for the induction step ¢ — ¢ + 1. Assume that egs. (S36) to (S40) hold for iteration ¢. Then we
have that

di+1 = EiKSH_l = Si+1 — C KSH_l (837) Si+1 — Si(SiTIA(Si)*SiTIA{siH S span{S,-_H}

By the induction hypothesis the above also implies span{S;1} = span{D;;1}. This proves
eq. (S36). Next, we have by the induction hypotheses (S37) and (S40) that

1
Citi=Ci+ 5di+1d2+1
1

= D;(D]KD;)"'D] +
Ni+1

.
diyid; iy

1+1

_ Z dde

= Di+1 (Dz+1KDz+1)_1DiT+1

This proves the first equality of eq. (S37). For the second, first recognize that an orthogonal
projection onto a linear subspace span{ A} with respect to the B-inner product is given by P4 =
A(ATBA)~!ATB. The projection onto its B-orthogonal subspace is given by P41, = I — Pa.
Therefore eqs. (S38) and (S39) follow directly from the above argument. Now since projection onto a
subspace is unique and independent of the choice of basis, we have by span{D; 1} = span{S;;1}
that

CiK=Pp,, =Ps,., =5Si(STKS,)"'STK

Now since K is non-singular, the second equality of eq. (S37) follows. Finally, we will prove
K -orthogonality of the search directions. Let 7 < 7 + 1, then it holds that

i+1 i+1

dl+1Kd = ( EiKSiJrl )TK dj =0

I — | —

€span{S;}+K espan{S;}
by egs. (S36) and (S39). This completes the proof. O
Corollary S4 A A
Leti € {1,...,n}. It holds for C; K, the K -orthogonal projection onto S;, that

(C;K)? = C;K (S41)

C,KC; =C; (S42)
Further for H; = K =1 - C;K the K-orthogonal projection onto Silf‘, we have

H} = H, (S43)

H'KH,= H'K = KH;, (S44)

Proof. By Lemma S1, it holds that C; = S;(STKS;)~'ST. Therefore
CiKC; = S;(STKS;)"'STKS;(STKS;)"'ST = C..
This proves (S42) and (S41). Define H; = I — CiK, then
H,H;, = (I - C;K)(I - C;K) =1 —-2C;K + (C;K)*> = I — C;K = Hj
as well as
H'KH;, = (I -CK)'K(I - C;K) = (K — KC,K)(I — CiK)
= K - 2KC,K + K(C,K)?
=K -KCK=HJK = KH,.
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Lemma S2
Let ¥ = K1, then it holds that

Ci(y—pn) =, (545)
Yily—p)=v. —v;. (546)

Proof. We prove the statement by induction. By assumption Cy(y — ) = vg. Now assume (S45)
holds. Then for 2 — ¢ 4+ 1, we have
H dz‘T+1 (y — 1)

1
Civi(y—p) = (Ci+ —di1d] ) (y — p) = vi +

diy
Ni+1 Mi+1

Now by the update to the representer weights in Algorithm 1 it suffices to show that o; 41 =
d], ,(y — p). We have

di,(y—p)= (ZiKsi1)T(y — p) = 82+1K2i(y )
o - R
=sl KK = Ci)(y—p) = sl ((y —p) — Kv)) = ], 7 = .
]

Lemma S3
Let 30 = K1, Cy = 0 and consequently vy = 0, then it holds for the residual at iteration
i€ {1,...,n} that

Ti-1= K(’U* - 'Ui—l) (S47)
=KY¥, 1Kv, (S48)
= (K — Qi_1)vs. (S49)

Proof. 1t holds by definition, that
rioi=(y—p)— Kvi_1=Kv, — Kv,_1 = K(v* —Vi_1).
Further we have by eq. (S46), that
=KX, 1(y— p) = K2, Kv,,
and finally, by the definition of the kernel matrix approximation in Algorithm 1, we obtain
=K(K'-Ci_1)Kv, = (K — Q;_1)v,.
O

Proposition S3 (Batch of Observations)
Let 3 such that X0 K s; = s; forall j € {1,...,i}. Then after i iterations the posterior over the
representer weights in (4) is equivalent to the one computed for a batch of observations, i.e.

v, = EOIA(SZ(SZTIA(EOIA{SZ)*SJ(y — H)
¥ =% - S0KS;(STKZ K S;) 'STKX,

Proof. This can be seen as a direct consequence of recursively applying Bayes’ theorem

p(’U | {Oé}m {S' m ) o p(am | Smav*)p(v* | {O‘l}:l_lla {Si an_ll)
* 1fi=1> 1 i=1) — — m— .
’ ’ fp(am | Smav*)p(v* | {ai};lllv {Si}gill)dv*

However, here we also give a geometric proof based on the projection property of the precision matrix
approximation C;. By using eq. (S37) and the assumption on X, we have that
Ci=5;(STKS;)" 'S8T =% KS,(STKZ,K S;)"' ST
=% KS;(STKZ, K S;) 'STKY,
This proves that
2 =3%-Ci=3- % KS,(STKZ,KS,;) 'STKX,
Now by eq. (S45) it holds that C;(y — ) = v;. This proves the claim. O
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Proposition S4 (Posterior Contraction)
Let S; € R™** be the actions chosen by Algorithm 1, then its posterior contracts as

tr(Z;3, ') = tr(2;K) = n — rank(S;).

Proof. Since £y = K1, we have by eq. (S37), that
tr(2;351) = tr((Zo — Ci)K)
= tr(I, — Si(STKS;)'STK)
= tr(I,) — tr(STK S;(STKS))")
CRixi

= n — rank(S;)
Now, if the actions S; are chosen linearly independent, then rank(S;) = i. O

Theorem S7 (Online GP Approximation with Algorithm 1)
Let n,n' € N and consider training data sets X € R"*% y € R" and X' € RV *? 4 ¢ R".
Consider two sequences of actions (s;)7~, € R" and (3;)™" € R™™ such that for all i €

{1,...,n}, it holds that
§ = (%) (S50)

Then the posterior returned by Algorithm 1 for the dataset (X ,y) using actions s; is identical to
the posterior returned by Algorithm 1 for the extended dataset using actions 8;, i.e. it holds for any
i€ {l,...,n}, that

ITERGP(NH k7X7ya (Sl)l) = (Mukz) = (la’ia ];'L) = ITERGP (Mak7 <§/> ) <,!'Jy/> a(§1)1> .

Proof. Define X = <§,> andy = (y/>. We begin by showing that the search directions of both

Yy
! di
d, = (0) . (S51)

We proceed by induction. For ¢ = 0 it holds by definition of Algorithm 1 and eq. (S50) that

dy = 59 = (“3)) - (‘(l)o) . (S52)

Now for the induction step ¢ — ¢ + 1, assume that (S51) holds for j € {1,...,4}. Then, we have

methods satisfy

dip1 =i 1(k(X, X) + 0L )3i1
= (In-‘rn’ - él(k(Xv)N() + O-QIn-&-n’))gi-H

dj(dj)T(k(Xa X) + 021n+n’)§i+1

WS L)@ 0 (EEE ) ()

S~
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R

where we used that 7j; = 37 (k(X, X) + 0*I,, 1 )d; = s]TIA('dj = 7). This proves eq. (S51). Now
recognize that

a; =351, =8](y—p—KCi(y— p))
J

—S}(y—u—(KJrOQI)Z% dj (§ — 1))
=1

=1
=si(y—pu—KCj(y —p))
=sT;
Therefore, we finally have that
fii(-) = p(:) + k(- X) 05 = p() + k(- X) #dj
j=1""

= p() + k(- X)v;i

as well as
Bil) = KCo) = b XOGHE ) = k() = K X) Y 2 di(d)Th(K )
j=1"
= k(? ) - k(vX) ;d](d])Tk(X7 ) = k(a ) - k‘(,X)ClkE(X, ) = kz(v )

O

Remark S2 (Streaming Gaussian Processes)

Theorem S7 shows that any variant of IterGP can be used in the online setting where data arrives
sequentially while the algorithm is running. Now, if we assume data points arrive one at a time, we
choose unit vector actions (IterGP-Chol) and perform one iteration of Algorithm 1 after each data
point, then Algorithm 1 simply computes the mathematical GP posterior.

S2.2 Approximation of Representer Weights

Proposition 2 (Relative Error Bound for the Representer Weights)
For any choice of actions a relative error bound p(i), s.t. ||v, — ;|| g < p(7)||vs| g is given by

p(’L) = (’l_);': (I — Clk) 1_J*>% < )\max(I - CzK) <1 (9)
I — |
projection onto span{S; } - K

where U, = v, /||vs| . If the actions {s;}7—, are linearly independent, then p(i) < 6,—;.

Proof. Define H; = E,;K' =1I- C’iK. We have by Lemma S2, that

(S44)

lv. — il % = [Hv. | g = (Hv)TKHw, = v, Hv. = ] Hv.|Jv.| %

This proves the first equality of Proposition 2. Further it holds that
|Hiv|| g = | K2 Hivl2 = (I~ K2 CEK K .2 < |1 - KECK oo
= Amnax(I = K2 CiK%)||v. | -
Now by Weyl’s inequality and the fact that K:C;K? is positive semi-definite, it holds that

)\max(Hi) = )\max<I - IA(%CZIA{%) < )\max(I) - )\mm(IA{%C'LK%) < 1.
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Now, recall that similar matrices A and B = P~ A P have the same eigenvalues. Therefore
I-K}CK}=K¥I-CR)K
and I — C;K have the same eigenvalues. Finally, since by eq. (S39) H; is a projection onto

span{S,}*X, it has full rank at iteration n if the actions are linearly independent and therefore
Amax (H ) = 1. This proves the claim. O

S2.3 Convergence Analysis of the Posterior Mean Approximation

Theorem 1 (Convergence in RKHS Norm of the Posterior Mean Approximation)
Let Hy, be the RKHS associated with kernel k(-,-), 0® > 0 and let p, — i € Hy, be the unique
solution to the regularized empirical risk minimization problem

argmin ey, £ (X7, (F(5) =y + ()% + [ £117,) (1D

which is equivalent to the mathematical posterior mean up to shift by the prior i [e.g. 1, Sec. 6.2].
Then fori € {0,...,n} the posterior mean p;(-) computed by Algorithm 1 satisfies

lits — p1illyg, < p@)c(0™) e — prollyg, (12)

where 1o = 1 is the prior mean and the constant c(0?) = (/1 + X f’iK) —laso? —0.

Proof. Let p(i) such that ||v, —v;|| g < p(i)||vs — vo| g, where vg = 0. Then, we have for
i €{0,...,n}, that

2 2 . 2
los = villk < lvi = will g < p(0)*[lvx = voll

= 00)* ([0, — wollc + 0 Auin(B) [0, — w03

Amin (K) L

<lve—woll3

o2

< o) <1 ; Am(K)) o, — voll%

Now by assumption 4;(-) = pu(-) + >°7_, (vi) k(- 2;) = pu(-) + k(-, X)Cyy. By the reproducing
property we obtain for A = v, — v; that

o — vill% = ATKA

> Ak, @)

23

=1 j=1

= Z AN (Ek(-, 20), k(- 25)) 1, k is the reproducing kernel of H,

= || s — ps ||ilk See Theorem 3.4 in Kanagawa et al. [36]

Combining the above and setting c(0?) = 1 + ﬁim we obtain

e = pillzg, = v = vill g < p(D)e(@®) 02 = voll g = p(i)e(o®) 1t = p0llyy, -
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S2.4 Combined Uncertainty as Worst Case Error

Theorem 2 (Combined and Computational Uncertainty as Worst Case Errors)
Let 0® > 0 and let k;(-,-) = ki(-,-) + k;""* (-, -) be the combined uncertainty computed by Algo-

rithm 1. Then, for any x € X (assuming © ¢ X if 0® > 0) we have

error of approximate posterior mean O

sup g(@) — p0(x) + () - pl(@) = V(@ @) + 0% and  (13)

9€Hko gl <1

L
error of math. post. mean ©  computational error ©

sup pi(x) — pd(x) = \/ k" (z, x) (14)

Hyo: <1
9€H Ko ”g”Hk”* computational error O

where pd(-) = k(-, X)K~'g(X) is the mathematical and 12 (-) = k(-, X)C;g(X) IterGP’s
posterior mean for the latent function g € Hyo. If 0® = 0, then the above also holds for x € X.

Proof. Letxy =, co = land ¢; = —(Ck°(X,x)), forj =1,...n, where k7(-,-) := k(-,-) +
025(-, ). Then by Lemma 3.9 of Kanagawa et al. [36], it holds that

( sup (9(z) — ui—’(@)) 2 = ( sup z": Cj!i(ﬂﬁj))2

g€Hko:|gllyy, , <1 g€Hko:llgllyy, » <1550

2

k’g(', iL‘o) — Z k((II, :cj)Cik"(-, :Ilj)
3=l Hyo
= ||ka('7 :13) - k(ma X)CZkU(Xv )”ilka
- <ka('a :13), ka('? "B)>Hw - 2<k0(’7 "B)a k(.’I}, X)CikU(Xa ')>HW
+ (k(x, X)Ck° (X, ), k(z, X)Cik? (X, )30
Now by the reproducing property, it follows that
=k (z,x) — 2k° (x, X)C;k° (X, x) + k7 (x, X )C;k° (X, X)C;k7 (X, x)

If 0 > 0 and x # x; or if % = 0, it holds that k% (x, X) = k(x, X). Further by definition
k?(X, X) = K and finally by (S42), it holds that C; K C; = C;. Therefore we have

= k(z,x) + 0% — 2k(z, X)C:k(X, x) + k(z, X)C; KCik(X , x)
= k(x,x) — k(x, X)Cik(X,x) + o>
= ki(z,x) + o?
We prove eq. (14) by an analogous argument. Choose ¢; == (K ' — C;)k (X, z));. We have

n

( sup (ui(w)ﬂf(w))>2( S chg(mj)f

QEHkU:”gHHkU <1 QE’Hk”:Hg”Hkogl =0
2

=D k(@ ) (K™ = Ck7 (- 2))

Jj=1 Hyo
A o 2

= ||k(@, X)(K~' = C)k™ (X, )|[3,,.

=k%(z, X) K 'KK 'k (X, ) — 2k (2, X)K ' KC:k° (X ,x) + k% (x, X)C; KC;k° (X, x)

Again, we use that k° (x, X ) = k(x, X ) by assumption and (S42). Therefore

= k(z, X)(K™' — C)k(X, x)

— ™ (@, )

This concludes the proof. O

27



IterGP-Cholesky

Variance

IterGP-PBR

Variance

IterGP-CG

Variance

IterGP-PI

Variance

----= Latent Function —— Mathematical Posterior Mean Mathematical Uncertainty Combined Uncertainty
e Data = Approximate Posterior Mean Computational Uncertainty Inducing Points

Figure S3: lllustration of IterGP analogs of commonly used GP approximations.

S3 Implementation of Algorithm 1

S3.1 Policy Choice

As illustrated in Figure 2, the choice of policy of Algorithm 1 determines where computation in
input space is targeted and therefore where the combined posterior contracts first. However, the
policy also determines whether the error in the posterior mean or (co-)variance are predominantly
reduced first, as Figure S3 shows (cf. IterGP-Chol and IterGP-PBR). Therefore the policy choice
is application-dependent. If I am primarily interested in the predictive mean, I may select residual
actions (IterGP-CG). If downstream I am making use of the predictive uncertainty, I may want to
contract uncertainty globally as quickly as possible at the expense of predictive accuracy (IterGP-PI).
Such a choice is not unique to IterGP, but necessary whenever we select a GP approximation. What
IterGP adds is computation-aware, meaningful uncertainty quantification in the sense of Corollary 1
no matter the choice of policy.
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S3.2 Stopping Criterion

In our implementation of Algorithm 1 we use the following two stopping criteria. Our computational
budget can be directly controlled by specifying a maximum number of iterations, since each iteration
of IterGP needs the same number of matrix-vector multiplies. Alternatively, we terminate if the
absolute or relative norm of the residual are sufficiently small, i.e. if

||'r'iH2 < Jabstol or ||TZ||2 < 5reltol||y||2' (S53)

Of course other choices are possible. From a probabilistic numerics standpoint one may want to
terminate once the combined marginal uncertainty at the training data is sufficiently small relative to
the observation noise.

S3.3 Efficient Sampling from the Combined Posterior

Sampling from an exact GP posterior has cubic cost O(n?2) in the number of evaluation points 7.,
which is prohibitive for many useful downstream applications such as numerical integration over the
posterior using Monte-Carlo methods. Wilson et al. [46, 47] recently showed how to make use of
Matheron’s rule [45, 66, 67] to efficiently sample from a GP posterior by sampling from the prior
and then performing a pathwise update. We can directly make use of this strategy since Algorithm 1

. . . . . . ! 9
computes a low-rank approximation to the precision matrix. Assume we are given a draw f ;.. € Hj

/!
prior

f/() = f[/)ﬁor(')+k('5X)Ci(y_y,) (S54)

is a draw from the combined posterior by Matheron’s rule, which we can evaluate in O(noni) for n,
evaluation points, since C; has rank 3.

from the prior® such that ¢ ~ N/( (X),0?I) constitutes a draw from the prior predictive. Then

S4 Additional Experimental Results

Synthetic Parkinson’s Bike Sharing Synthetic Parkinson’s Bike Sharing

(n=1,024,d = 5) (n =5,287,d = 21) (n = 15,641,d = 16) (n=1,024,d = 5) (n=5,287,d = 21) (n=15,641,d = 16)
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(a) RBF kernel (b) Matérn(2) kernel

Figure S4: Generalization of CGGP and its closest IterGP analog. GP regression using an RBF
and Matérn(%) kernel on UCI datasets. The plot shows the average generalization error in terms of
NLL and RMSE for an increasing number of solver iterations. The posterior mean of IterGP-CG and
CGGP is identical, which explains the identical RMSE.

*In infinite dimensional reproducing kernel Hilbert spaces samples f ~ GP(u, k) from a Gaussian process
almost surely do not lie in the RKHS H;. [Cor. 4.10, 36]. However, there exists f' € ’HZ in a larger RKHS
MY O Hy, such that f'(x) = f(z) with probability 1 [Thm. 4.12, 36].
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Figure S5: Generalization of SVGP and its closest IterGP analog. GP regression using an RBF and
Matérn(%) kernel on UCI datasets. The plot shows the average generalization error in terms of NLL
and RMSE for an increasing number of identical inducing points. After a small number of inducing
points relative to the size of the training data, IterGP has significantly lower generalization error than
SVGP. For the “KEGGundir” dataset after ~ 128 iterations we observe numerical instability in some
runs when computing the combined posterior of IterGP using a Matém(%) kernel.



