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Abstract

Stochastic and adversarial data are two widely studied settings in online learning.
But many optimization tasks are neither i.i.d. nor fully adversarial, which makes
it of fundamental interest to get a better theoretical understanding of the world
between these extremes. In this work, we establish novel regret bounds for online
convex optimization in a setting that interpolates between stochastic i.i.d. and
fully adversarial losses. By exploiting smoothness of the expected losses, these
bounds replace dependence on the maximum gradient length by the variance of
the gradients, which was previously known only for linear losses. In addition,
they weaken the i.i.d. assumption by allowing, for example, adversarially poisoned
rounds, which were previously considered in the expert and bandit setting. Our
results extend this to the online convex optimization framework. In the fully i.i.d.
case, our bounds match the rates one would expect from results in stochastic
acceleration, and in the fully adversarial case, they gracefully deteriorate to match
the minimax regret. We further provide lower bounds showing that our regret upper
bounds are tight for all intermediate regimes in terms of the stochastic variance and
the adversarial variation of the loss gradients.

1 Introduction

Two of the main approaches for solving convex optimization problems under uncertain data are
stochastic convex optimization (SCO) [21}130]] and online convex optimization (OCO) [37]]. These
two models are very different in their assumptions and goals, despite the fact that they share many
techniques. In SCO it is assumed that the loss functions follow an independent, identically distributed
(i.i.d.) process, and the goal is to minimize the excess risk, which is the optimization error under the
expected loss. By contrast, in OCO the losses can be chosen adversarially and the goal is to minimize
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the cumulative regret, which is the difference between the cumulative incurred losses over rounds
against the best fixed strategy in hindsight. Much less is known about what happens in between, in
scenarios that interpolate between the i.i.d. and adversarial settings. This intermediate setting has
drawn major attention in the recent years in the expert and bandit setting [14] [2] [36], however,
as mentioned in [14], little is known for online convex optimization. Our work studies this in a
generalization of the OCO setting, in which nature chooses distributions for the data that may vary
arbitrarily over time, and we provide regret bounds in terms of two quantities that measure how
adversarial these distributions are. The standard OCO setting corresponds to the case where the
distributions are point-masses on adversarial data points.

Main Contribution. Our main contribution is a new analysis of optimistic online algorithms
[25 126] that takes advantage of smoothness of the expected loss. This analysis allows for a gradual
interpolation between worst-case adversarial regret bounds and the best-known expected regret
bounds in the stochastic case, and also provides quantifiable improvements for intermediate casesm
To capture the full range between i.i.d. and fully adversarial settings, we consider a similar adversarial
model as in [27], i.e., nature chooses distributions D; in iteration t, and the learner suffers loss
fi(xe, &) with & ~ D;. Importantly, we do not assume that the distributions D; are all the same, but
they may vary adversarially over time.

To properly quantify the interpolation between the i.i.d. and fully adversarial settings in the regret
bound, we introduce two parameters for the loss sequence. Namely the cumulative variance, o,
which captures the stochastic aspect of the learning task, i.e., the variance of the D;; and the
cumulative adversarial variation, Y, which captures the adversarial difficulties of the data, i.e.,
the difference between E¢op,[Vf(-,&)] and E¢op, | [Vf(-,)]. With these two key quantities,
our first main result in Theorem shows that the expected regret E[Rr(u)], that is the difference
between the cumulative losses of the learner and a fixed solution in hindsight, is bounded by

E[Rr(u)] = O(D(or + 51)VT + LD?), (1)

where L is the smoothness constant of the expected functions F* = E¢op, [f(-,£)]. If, in addition,
the functions F* are yu-strongly convex, then in Theorem [7| we obtain (below, x := L/u is the
condition number)

1
E[Rr(u)] = O ( (02ax + E2ay) log T + LDk log KJ) :
i

Both bounds are tight: we prove matching lower bounds in Theorems [6] and In Section
we show that our results match the known adversarial regret bounds as well as the best results
in the i.i.d. case. For the latter, only the linear case was so far obtained directly via a regret
analysis (see Sec. 5.2 in [23]], and prior work [12, 4]). Using optimistic mirror descent, they

obtained the regret guarantee of Rp(u) < O(\/ Zthl IV f(x¢, &) — m¢||2), where my; denotes an

optimistic guess of the gradient that is chosen before round ¢. In the i.i.d. case with the prediction
my = Vf(x¢-1,&-1), this can be shown to imply that the expected regret is upper bounded by

E[Rr(u)] = O(avV/T + \/Z;T:l E[|VFt(x;) — VF*(x4—1)|?]), where o denotes the variance of
the stochastic gradients. This simplifies to

E[Ry(u)] = O(cV/T)  for the i.i.d. case with linear functions VF*,

which is a special case of (I)), because 0 = & and S = 0 for i.i.d. losses, and VFt(mt) =
VF'(z¢—1) and L = 0 for linear functions. It is not immediately obvious how to generalize this
result to general convex functions with smoothness L > 0, however. In this case, we can guess the
appropriate regret bound based on known convergence results for stochastic accelerated gradient
descent (SAGD) [17, [8]]: if we knew in advance that the losses would be i.i.d. and we did not
care about computational efficiency, then we could run a new instance of SAGD for each round ¢.
Summing the known rate for SAGD over ¢ then gives E[Rr(u)] < O(ov/T + L) (for more details
see the batch-to-online conversion in Appendix [D)). This raises the question if a similar bound can
also be obtained directly via a regret analysis, without assuming i.i.d. observations in advance. This

't is well-known that in the fully adversarial case smoothness does not yield asymptotic improvements on
regret [11]], whereas for SCO improvements can be obtained only under low-noise [8].



question is then answered by our result (I)), which indeed reduces to this rate for general convex
smooth i.i.d. functions, matching the aforementioned bound up to constants. We achieve this by using
smoothness to bound E[|VF?(z;) — VF!(z¢_1)||?] < L E[||z; — 24_1]|?], which can be canceled
by a negative quadratic term that we obtain from an improved analysis of the regret. The use of this
negative term in the analysis dates back to [20], who used it to achieve an improved O(1/T") rate on
the extra-gradient method.

In addition to unifying the analysis of these two extreme cases and obtaining the best-known results
via one algorithm (OFTRL (2) for convex functions and OFTRL on a surrogate loss (3) for strongly
convex functions), our results give new insight for intermediate cases. Thus, as a second main
contribution we shed light on a setting that is neither fully adversarial nor i.i.d. To illustrate this, we
highlight some examples here, which received attention in the recent literature.

Adversarial corruptions:  Consider i.i.d. functions with adversarial corruptions, as considered
in the context of the expert and bandit settings in [[14], [2]. If the (cumulative) corruption level is
bounded by a constant C, in [14] an expected regret bound of E [Rr(u)] = O(R5 + /CR5.) was
obtained, where 5. denotes the regret with respect to the uncorrupted data. In [[14], the authors raised
the question of whether it is possible to obtain regret bounds with a similar square-root dependence
on the corruption level C for online convex optimization. Indeed, for this intermediate model, we
derive a regret bound

E [Rr(u)] < O(RS + DVGC),

for the general convex case from our Theorem[5] We elaborate on this in Section 4.2}

Random order models The random order model (ROM) dates back to [18] in combinatorial online
learning. It has drawn attention in the online convex optimization community as an elegant relaxation
of the adversarial model [31}16]. Complementary to the results in [31], we show that the dependence
on G in the regret bound can be reduced to a dependence of o, where o denotes the variance of
gradients in the uniform distribution over loss functions fi, ... fp. Thatis,

E[Rr(u)] < o(pa\/TlogTz)),

where & denotes a slightly weaker notion of variance (see Corollary [I0). We derive these results from
our main theorem under stronger assumptions than in [31]], namely, we require individual convexity
of the adversarial choices whereas [31]] only assume cumulative convexity. However, we also obtain
a better rate with o instead of G as the leading factor, so the results are not directly comparable. We
also consider a variant of the random order model, which we call the multiple pass random order
model (multi-pass ROM). This is inspired by multiple shuffle SGD and can be considered another
intermediate example between adversarial and stochastic data. We elaborate on both examples, i.e.,
the ROM and multi-pass ROM in Section 4.3

1.1 Related work

As mentioned in the previous section, our work is inspired by results in the gradual variation and
in the stochastic approximation literature. The gradual variation literature dates back to [12], with
later extensions by [4] and [25, 26]. In addition to some technical relation to the aforementioned
work, there is also a natural relation between our parameters o and X7 and variational parameters
in [33], [12]] or [4]. However, as we elaborate in Remark [d] there are some fundamental differences
between these variational parameters and o7, Y7, which prevent us from directly obtaining a smooth
interpolation from these results. It is also interesting to note that there is a relation between X
and the path length parameters considered in dynamic regret bounds [35}34]]. However, since their
analysis targets a fundamentally different notion of regret, namely dynamic regret, the results are
incomparable.

With respect to the results, our findings are fundamentally different from the stochastic approximation
literature, since we do not rely on the assumption that the data is following a distribution. However,
we were inspired by analysis techniques and the convergence thresholds set by this literature. Our
approach of obtaining accelerated rates by negative terms arising from smoothness in a regret bound
has previously been used in the context of variational inequalities and saddle-point problems. Using



this idea, [20] obtained improved rates O(1/T) for the extra-gradient method. More recently [[17]
showed that acceleration in stochastic convex optimization can benefit from negative terms arising in
optimistic FTRL via an anytime-online-to-batch conversion [5]. Although an important inspiration
for our approach, the techniques of [17] do not directly carry over, because they evaluate gradients
at the time-average of the algorithm’s iterates, making them much more stable than the last iterate,
which comes up when controlling the regret. Algorithms used both in SCO and OCO follow a vast
literature on stochastic approximation methods, e.g. |28} 21} 24]. For this work, we are particularly
interested in the more recent literature on acceleration in SCO [8, [15, [17]]. In this research field
efficiency is traditionally measured in terms of excess risk. On the one hand, regret upper bounds can
be converted into excess risk bounds, through the so-called online-to-batch conversions [3[]; on the
other hand, excess risk guarantees do not directly lead to regret bounds, and even if they do some key
features of the rates might be lost. These latter methods, known as batch-to-online conversions are
discussed in Appendix D}

Outline In Section 2] after setting up notation and basic definitions, we introduce the stochastically
extended adversarial model, a generalization of the standard adversarial model similar to the model
used in smoothed analysis. Our main results can be found in Section[3] In Section[d] we illustrate our
results by highlighting several special cases, such as the random order model and the adversarially
corrupted stochastic model. Finally, in Section [5] we set our findings into a broader context and give
perspective for future work.

2  Setting

We recall the online convex optimization (OCO) problem. Here, we consider a sequence of convex
functions f1, ... fr defined over a closed and bounded convex set X C R%, which become available
to the learner sequentially. In the standard adversarial model, the learner chooses x; € X in round ¢,
then function f; is revealed and the learner suffers loss f;(x). The success of the learner is measured
against all fixed u € X. Hence, the goal of the learner is to minimize the regret, that is, the difference

between their cumulative loss Zthl fi(xz¢) and that of the best fixed choice in hindsight, namely
. T
mingex Y _,_q fe(w).

Throughout the paper we use the notation [T] = {1,...,T}. We follow the convention that d..
denotes a Dirac measure at a point ¢, and || - || denotes the Euclidean norm.

2.1 Stochastically Extended Adversarial Model

We extend the aforementioned adversarial model by letting nature choose a distribution D, from a
set of distributions. Then the learner suffers loss f(z:, &) where & ~ D;. Note that if the set of
distributions is sufficiently rich, this model contains the standard adversarial model and the stochastic
model as special cases (see Examples|[T|2).

We introduce some notation to make this more precise. Let X C R? be a closed convex set and
= a measurable space. Define f : X x= — R and assume f(-, &) is convex over £ € Z. Suppose
® is a set of probability distributions over =. For any D € ©, we denote the gradient mean by
VFP(z) := Eeup [Vf(2,€)] and the function mean by FP (z) := E¢op [f (7, €)]. Furthermore,

denote by 02, an upper bound on the variance of the gradients

0} = max Ecuo [|V/(2.6) - VF2(@)||’]

We introduce some shorthand notation when distributions are indexed by rounds. Given ¢ € [T, we
write F! and o7 instead of FP¢(z) and a%t, respectively. Let us now introduce the stochastically
extended adversary protocol.

Definition 1 (Stochastically Extended Adversary (SEA)). In each round t, the learner chooses
x; € X, the SEA picks Dy € ©. The learner and the SEA then both observe a sample & ~ Dy, and
the learner suffers loss f(xy,&t).

We note that the SEA model is closely related to the adversarial model considered in the context
of smoothed analysis [27, 10, 32]]. However, in contrast to this line of work, we do not focus on



distributions with sufficient anti-concentration (c.f., Def. 1.1 in [10]). Indeed, this restriction would
exclude, among others, the fully adversarial case as described below. Note also that we assume
that the SEA is an adaptive adversary, which has access to the realizations &;, so the distribution
Dyy1 may depend on &y, ..., &. This assumption is not relevant for the fully adversarial or the
i.i.d. settings. In the former, because there is no randomness, and in the latter, because there is no
change in distribution. However, it is important for some of the intermediate cases, and in particular
for the random order model. The SEA model contains several common settings from the literature as
special cases. To illustrate this, we list some examples.

1. Adversarial Model: The SEA chooses a Dirac measure d., € © in each round. Then for
any & ~ d,, the SEA selects f(-, &), and the model reduces to an adversary selecting
directly the functions fi( - ).

2. Stochastic LI.D. Model: The SEA chooses a fixed D € © and selects D; = D at each
round ¢.

3. Adversarially Corrupted 1.I.D. Model: The adversary selects an i.i.d. source D and
perturbs the data with adversarial corruptions. This fits in our framework as follows:
given a corruption level C' > 0, the SEA chooses distributions D; = D ® &, such that
ter 5P || Benn [V £ (2,€)] = Egr, [V (2,€)]] < C.

4. Random Order Model (ROM): Among a fixed family of losses F = (f;, ¢ € [n]), the
SEA randomly picks functions in F via sampling without replacement, possibly performing
multiple passes over the losses and reshuffling between the passes. Formally, define = = [n],
and f(z,§) = fefor{ € 2. If t € [nk,n(k + 1)] isin epoch k € N, then the SEA chooses
the distribution D; = Unif(E\ {&, : s € [nk + 1,n(t — 1)]}), which is uniform on the
functions that have not yet been sampled in epoch k.

To quantify the hardness of the loss sequence, we introduce the cumulative stochastic variance and
adversarial variation; we also define an average of these quantities.

We denote by [E the expectation taken with respect to the joint distribution of (x1,&1, ..., z7, &r).
Note that the choice of the adversary D, can be random itself, as it depends on the past observations
(of both the player’s actions and the realizations of the &;’s). In this case, o, is also a random quantity.

Definition 2 (Cumulative Stochastic Variance and Cumulative Adversarial Variation). Suppose the
SEA chooses distributions D1, ..., Dr. Recall that o is a shorthand for O‘?Dt. The cumulative
stochastic variance and the cumulative adversarial variance are defined as

T T
oy =E {Z 04 and S}, = ]E{Z sup |VF!(z) — VF* (2)|]”
t=1 t=1%

We also let G and Sr denote the square root of the average stochastic variance or adversarial
variation, respectively; that is, 6% = U[(i)T] /T and 2 = EEIQ:)T] /T.

Note that in the special case when all f; are fully adversarial, 7 = 0. On the contrary, in the
stochastic case, i.e., if all for each round ¢, the distribution D, is equal to a fixed (but arbitrarily
chosen) D, then ¥ = 0. In this case, &7 reduces to the common definition of the gradient variance
upper bound in the SCO literature [7,[8]]. If however, the SEA chooses one distribution D; for the
first rounds and then switches to a different distribution D, then o can only be upper bounded
by max(o;, ;). This upper bound can be pessimistic, however, for some results it gives a better
intuition. For this purpose we also define the maximal stochastic variance and maximal adversarial
variation.

Definition 3 (Maximal Stochastic Variance and Maximal Adversarial Variation). Let o2, be an
upper bound on all variances o?. That is,

_ 2 2 . t . t—1 2
= {2% Elo7] and %%, = ?61% E i’g)c |VF!(z) = VF'"'(2)|

2

Jmax

Remark 4. As we mentioned in the introduction, the cumulative stochastic variance and the adver-

sarial variation have some similarities with parameters in gradual variation regret bounds. For linear
. . . T ) T

functions (ji, -), the bounds in [l12]] involve the parameter Varp = > ,_, |\t — fir||” where fir is



the average of the gradients. For OCO with general convex functions, [4|] provide upper bounds on
the regret in terms of the L,-deviation D,, = ZZ;I sup,ex |V fe(z) = Vi1 (2)|2. In Lemmas|[T3]
and([I4]in Appendix[A] we show that in the SEA framework, both of these types of bounds are generally
worse than ours, and that the difference can be arbitrarily large.

In [26]] the regret is bounded in terms of ZtT:1 llge — My||?. As mentioned in the introduction, unless
the loss functions are linear or the learneg has knowledge of the gradient mean, Zthl g — My||?

cannot directly be reduced to o[iT] or 2[1:T]'

2.2 Assumptions

In our analysis, we will frequently use several of the following additional assumptions. Some of these
were already mentioned in the introduction. We keep them all together here, for the convenience of
the reader and for clear reference. For any D € ©:

(A0) the adversary has access to independent samples £ ~ D.

(A1) the function f( -, £) is convex, and gradients are bounded by G a.s. when £ ~ D.
(A2) the expected function F' D is L-smooth, i.e, VF? is L-Lipschitz continuous.
(A3) forany z € X, the variance E¢vn[|Vf(z,€) — VFP (z)||?] is finite.

(A4) the expected function F'P (- ) is u-strongly convex.

We assume that [(A0) | always holds. Assumptions[(AT)][(A2)]and[(A3)]are standard in stochastic
optimization, and are similar to common assumptions for online convex optimization. There, it is
typically assumed that the adversarial samples f;(-) are convex (or even linear) and the gradient
norms ||V f;(-)|| are bounded. Note that we only require gradient Lipschitz continuity and strong
convexity to hold for the expected loss.

3 Algorithms and Regret Bounds

3.1 Convex Smooth Functions

We use Optimistic Follow-the-Regularised-Leader (OFTRL) (see, e.g., [16}125]) to minimize regret.
Let (1:)1e[r] be a non-decreasing and positive sequence of stepsizes, possibly tuned adaptively with
the observations. At each step ¢, the learner makes an optimistic prediction M; € R? and updates its
iterates as

t—1 2
xt:argmin{<x,Mt+ng>+”x}’ (2)
zeX s—1 ui

where we denoted by g; = V f(x¢,&;) the observed gradient at time ¢. To state our results, we denote
by E[-] the expectation with respect to the joint distribution of (z1,&1, ..., 2, &r). Our objective
is to bound the average regret:

E [Rr(u)] = E[i (e =)

The following theorem, proved in Appendix is our main result for convex functions.
Theorem 5. Fix a user-specified parameter v > 0. Under assumptions [(A2)](A3)] OFTRL,

with My = g;_1 and adaptive step-size n, = D?/(v + Zi;ll Ns |lgs — Ms||”), has regret
= 3v2DG 1
E[Rr(u)] < D(657 + 3vV2570)VT + \[T +v+ — (4D*G* +9L*D*). (3)
v

The algorithm needs to know only D. If G and L are also known, one can tune v = LD? + D>G? to
get

E[Rr(u)] < O(D(67 + S7)VT + DG + LD?).

Moreover, if only convexity of the individual losses holds[(AI)] then tuning v = 2DG ensures the
(deterministic) bound Ry (u) < 3V2DGVT + 4DG .



Without prior knowledge of the smoothness parameter, the best the player can do is to tune v
according to a guessed value L. This affects the constants in the bound by an additive term of order
(Lo + L?/L¢)D?; it would be interesting to determine if this is an inevitable price to pay for the lack
of knowledge of L. A similar discussion can be held for G. Note that the worst-case regret bound of
order DG+/T always holds every time OFTRL is used in this article, even without smoothness. To
avoid distraction, we will not recall this fact in the applications.

The algorithm and analysis dwell on two ideas: the adaptive tuning of the learning rate a la Ada-
Hedge/AdaFTRL [19, 23] with optimism, together with the fact that we keep a negative Bregman
divergence term in the analysis, which is crucial to obtain our bound.

Lower Bound. The upper bound in Theorem [3]is tight up to additive constants, as the following
result shows.

Theorem 6. For any learning algorithm, and for any pair of positive numbers (o, X)) there exists a
function f : X X2 — R and a sequence of distributions satisfying assumptions|(A1)][(A2) ][(A3)
with o7 > o and X7 > X such that

E [Ry(u)] > Q(D (5:/“ + ET) \/T)

The proof, in Appendix [B.2]relies on a lower bound from stochastic optimization [}, 21] together
with the fact that we can construct a sequence of convex and L-smooth loss functions such that ¥ is
in the order of the gradient norms G. Combining these insights with the lower bound Q(DG \/T)
[23] gives the desired result.

3.2 Strongly Convex and Smooth Functions

Up to this point, we have only considered functions which satisfy the weaker set of assumptions
[ICA2)][(A3)] In this section, we show what improvements can be achieved if strong convexity also
holds, that is, if[(A4) |is satisfied with some known parameter p > 0. For gy = V f(z,&;), define
the surrogate loss function

b)) = (gra =) + 5 o — . @
We use Optimistic Follow-the-Leader (OFTL) on the surrogate losses. For each step ¢, the learner
makes an optimistic prediction of the next gradient M; € R? and selects

t—1

Ty = argmin { ZKS(JU) + <Mt,x>} ) (5)
s=1

zeX

The next theorem is analogous to Theorem 5] for curved losses, and will be our main tool in establishing
results for strongly convex losses; see Appendix [B.3|for a proof.

Theorem 7. Under assumptions|(Al) H(A4)| the expected regret of OFTL with My = V f (2¢—1,&—1)

on surrogate loss functions ¢; defined in (4) is bounded as

T
11/, 12 4D?L? 16L
E[RT(U)]<;§ t<80max+4E[21€1§HVFt(x)VFt ()] D+ - log 1+7
t=1

1 4D?%[2 16L
< = (807 +452 ) log T + log (1 + ) .
0 1 7

max max

Note that OFTL requires no tuning besides the strong convexity parameter used in the surrogate
losses. In particular, it is adaptive to the smoothness L.

Lower Bound The bound in Theorem [7)is tight, as the next result, proved in Appendix shows.
Theorem 8. For any learning algorithm, and for any pair of positive numbers (o, X)) there exists a

function f : X xZ — R and a sequence of distributions satisfying assumptions|(Al) {(A2) I(A3) |and
[A4) | with oax > 0 and Epax = X such that

1
BlRr(0)] > @ (1 (0 + Thus) 2T )



4 Implications

We derive consequences of our results from Section [3] Further examples can be found in Appendix [E]

4.1 Interpolating Known Results: Fully Adversarial and i.i.d. Data

A first implication of our analysis is that we recover both the adversarial and 1.i.d. rates, via a single
adaptive algorithm.

Convex Case For adversarial data, o; = O for all ¢, and E%LT] < GV2T. Thus, Theorem
guarantees a bound Ry (u) < O(DG+/T), which is known to be the optimal rate up to the additive
constants, cf. [37] (note that the expectation does not act on the regret in this case). Simultaneously,
if the data is i.i.d., then Theorem [5| guarantees that

E[Rr(u)] < O(DoVT + LD* + DG). (6)
From standard online-to-batch conversion, this implies an excess risk for the related SCO problem
of order O(Do //T + D(LD + G)/T), which matches the well-known result by [7] up to lower
order terms. On the other hand, using batch-to-online conversion (see Appendix [D) with the best
known accelerated convergence result in SCO, gives O(Daﬁ + LD?) regret. Therefore, up to a

constant, our result coincides with the best-known results from SCO. Note that also generalizes the
improvement obtained for linear functions in the i.i.d. setting in [25} Section 6.2].

Strongly Convex Case The adaptive interpolation between i.i.d. and adversarial rates also holds
in the strongly convex case. For adversarial data, the bound of Theoremis of order (G? /) log T,
which is known to be the optimal worst-case rate, cf. [13]. For i.i.d. data, the dependence on GG
improves to o2, yielding a bound of order O((0%/p)logT + LD?k log k). This improvement is
akin to improvements obtained by accelerated stochastic gradient descent in the context of stochastic
optimization [8, [17]]. In fact, applying batch-to-online conversions and summing the optimization
rates would yield a regret bound similar to ours; c.f. Appendix

4.2 Adversarially Corrupted Stochastic Data

We consider a natural generalization to online convex optimization of the corruption model considered
in the bandit literature [[29,136], also recently studied in [14] for prediction with expert advice. There,
the author obtains a regret bound that is the sum of the i.i.d. rate and of a term of order \/5 where C
is the total amount of perturbation. They then raise the open question of whether similar results could
be obtained for general convex losses. We provide a positive answer to this question in this section,
with the regret bound in Corollary 0]

In this model, the generating process of the losses is decomposed as a combination of losses coming
from i.i.d. data, with a small additive adversarial perturbation. This fits in the framework by setting
& = (Giaerct) ~ Dy =D ® 4, and
f(@,&) = Wz, &ia) + ce(z)

where ¢, is the adversarial part of the losses selected by the adversary, and &;iq4,1 ~ D is a sequence
of identically distributed random variables. Note that, similarly to our inspirations [14, 29], and
contrary to other corruption models for prediction with expert advice [2], we measure the regret
against the perturbed data. Define F' = E¢ p[h(-,£)], so that F'(x) = F(z) + ¢;(z) . The amount
of perturbation is measured by a parameter C' > 0 bounding

T
<
;rgleag [Ver(@)l| < C,

which is a natural measure of perturbation on the feedback used by the player (note that adding a
constant to the perturbations does not change the regret). In this case, the adversarial perturbation on
the loss does not affect the variance and a%t = 02, The perturbation appears in the loss variation as
forany ¢t > 2, for any z € X,

IVF!(z) = VF*"(2)||* < 2G|V F' (z) = VF'™ ! (a)]
= 2G| Ve(w) = Ve ()| < 2G([Ver(@)]| + Ve ()]]) -



Upon taking the supremum over = € X and summing over ¢, we get (with the convention that cq = 0),
Sit) = Zsup [Ve(z) — Ve (@) < 4GC

Hence, Theorem combined with the bounds on 57 and Y7 yields the following regret guarantee.
Corollary 9. In the adversarially corrupted stochastic model, adaptive OFTRL enjoys the bound

E[Rr(u)] = O(DoVT + DVGC).

This regret bound is the sum of the i.i.d. rate for the unperturbed source with a term sublinear in
the amount of perturbations C', achieved without prior knowledge of C'. This provides an answer
to a question by [14]. The construction of the lower bound Theorem [6] also provides a partial
lower bound for the corruption model, proving some worst-case optimality of our upper bound, see

Appendix[B.2.T]

An interesting open question that remains would be to extend these results to strongly convex losses.
Regret against unperturbed losses Depending on modeling choices, one might consider the
perturbations c¢; to be a true part of the data that deviate from an i.i.d. model, or one may see them as
adversarial noise which should be discarded. In the latter case, regret against the i.i.d. part of the data

is most relevant. As noticed by [2, Observation 4] and [14, Remark 1], regret against the unperturbed
losses and against the perturbed losses are closely related. Indeed, Corollary [9]implies the bound

T T
E ZF(mt) - Z [Vee(we) |l

t=1
4.3 Random Order Models

< E[Rr(u)] + 2DE < O(DoVT + DVGC +2DC) .

We apply our results from Section [3|to the Random Order model. The online ROM was introduced by
[6] as a way of restricting the power of the adversary in OCO. Note that the ROM is a popular model
in combinatorial online optimization, e.g., in the context of profit maximization [9]. Our results
highlight that the rates in the ROM model, which is not i.i.d., are almost the same as the rates of the
i.i.d. model obtained via sampling in the same set of losses with replacement.

Corollary 10. In the single-pass ROM with convex and L-smooth losses (f)rer), OFTRL (c.f. @)
enjoys the regret bound

E[Rr(u)] < O(Dm log <eal> T+ LD? + DG) ,
01

2
and o E max

We remark that o; < 01 < min{4G?,T'o;}. Hence, the logarithm of the ratio log(c1/07) is always
under control. The proof of Corollary [I0] consists in controlling the adversarial variation and the
cumulative variance thanks to the following lemma, proved in Appendix

Lemma 11. In the single-pass ROM, we have 2[1 ) S < 8G? and o )T] To? log(2e253 /0?) .

Vfilx) = = Zst

We would like to emphasize that our results are complementary to those of [6L31]. The focus of these
works is to relax the assumption that individual losses are convex, and to only require convexity of the
average loss function, leading to very different technical challenges. Inquiring if our results can also
be achieved under the weaker assumptions of [31] would be an interesting direction for future work.

We also consider the multi-pass ROM. Let P € N denote the number of passes. From Lemma [[T|and
Corollary [T0] we directly obtain

E[Rr(u)] < O (D01 log (e?)T + DGVP + LDQ) :
1



Combining Lemma [TT] with Theorem [7] also gives the following corollary for strongly convex
functions; see Appendix [C.2]for a proof.

Corollary 12. Under the same assumption as in Theorem[]} the expected regret of the ROM is
bounded by

o2 G?
E[Rr(u)] < O(;logT—&— 7 + LDQHlogm) .

For multi-pass ROM with P passes, we obtain

o2 G2 G?logP

E[Rr(u)] < O<1 logT + — + + LD?*klog /-@) .
u u np

5 Conclusion and future work

As we showed, the exploitation of smoothness of the expected loss functions reduces the dependence
of the regret bound on the maximal gradient norm to a dependence on the cumulative stochastic
variance and the adversarial variation. Furthermore, we took a step towards a deeper theoretical
understanding of the practically relevant intermediate scenarios. Our approach also opens several
interesting new research directions. For instance, in the ROM, as mentioned in Section @], an
interesting question is whether a regret bound with dependence on ¢ instead of GG can also be
achieved with weaker assumptions as in [31]].

Another interesting question is whether it is possible to unify the analyses and algorithms for the
strongly convex and convex case. So far our analyses of these cases were intrinsically different and the
choice of the algorithm requires the knowledge of strong convexity constant x. Since this knowledge
might not be available, it is of practical interest to design an adaptive method that can automatically
get the best rate without manually tuning for p. Furthermore, it would be interesting to investigate
if similar or better improvements of the regret bound can be achieved with different optimistic
predictions M;. Our matching lower bounds show that there are instances where M; = g;_1 captures
the right adversarial behavior. However, there are cases where other measures of regularity would
be more relevant. One such example would be an adversary oscillating between two distributions.
Interestingly, using M; = g;—o would then recover optimal bounds. An interesting future research
direction would be to investigate what can be achieved when using linear combinations of past
gradients as optimistic predictions.
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A Proofs of Section 2|

()

Note that Vary = ZZ;I |V fi(2) — pi-||” can be understood as an empirical approximation of Ty

The following lemma shows the relation of Varr to parameters 0[(12 :)T} and fo :)T].

Lemma 13. Define Vary = Zthl IV fo(z) — il |® with p = T Zle V fi(x). In expectation
with respect to distributions D+, ... Dy,

L/ (2 (2)
E [Varr] > 5 (J[lzT] + 2[1:T]> :

Furthermore, there exists distributions such that E [Varr] is arbitrarily larger than U[(12:)T] + Eff :)T].

()

Proof. Since the distribution mean minimizes the least squares error, E [Vary] > ol

holds. Using the same argument, we have

] always

T T T
—1112 2 *
S0 = S IVF = VE U <43 V- VF | < 43 19— i = 4 Varr.
t=1 t=1 t=1
Consider X = [—1, 1] and f(z,£) = £x. Now suppose the SEA chooses truncated normal distribution

with mean —2 for the first 7'/2 rounds, then truncated normal distribution with mean 2 for the
remaining rounds. Assume in both cases the variance is o and truncation is in the range [—G, G] for

G > 0. Hence, for sufficiently large 7', u7 = 0 and Vary = 23;1 ||ftH2 o TG?. However, ‘7[(12:)7“]
is equal to T'o? which can be considerably smaller than T'G?. The price for the distribution switch is

captured with a small constant overhead by EEi)T] < 2G?. Thus, 0[(12:)T] + Efi)T] xTo?+2G% O

Lemma 14. Define D), = Zthl supex [V fi(z) = Vfi1(x)|2 . In the SEA framework,
L@ o
E[D] > (U[lzT] + Z[1:T]> :

2
Furthermore, there exist instances such that E [Ds] > 0[(12:)T] + Eﬁ :)T].

Proof. We shall in fact prove that E[Ds] > max(aff:)T],EEf?T]), which directly implies the
first part of the statement. Fix a time ¢ > 2 and let G;_; denote the o-algebra generated by

(r1,&1,...,&—1,2¢). Then for any z € X, the variable F*(z) = E[f;(2)|G;—1] is G;—1-measurable,
and we have

E{sup IV i) = V(@) ]gt_l} > sup E||Vfu(@) = Vfir(@)| | Gi-a]
zeX z€X

> sup E||Vfi(@) = VF'(@)| | Goma| = oF
zeX

since fy_1 = f(-,&_1) is G;_1-measurable, and VF*(x) = E[Vft(x) |Q't_1]. Therefore, by
conditioning on G;_1 at time step ¢, and applying the tower rule, we obtain

T

_ (2
> ]E|:ZO’?:| =007

t=1

T
Z sup ||V fi(z) — V fi1 (2)|?

=1 zeX

E

The lower bound by Eff :)T} holds by a direct application of Jensen’s inequality, and by swapping
suprema and expectations.

For the second part of the lemma, consider the d-dimensional euclidean ball X = By(1) C ]Rd, and
E = [d]. Define

[(a,i) = a?/2.

13



Consider a fully stochastic (i.i.d.) SEA picking &; € [d] uniformly at random at every time step. Then

Zfi)T] = 0. We shall now see that ‘7[(12)”[] T/d. Indeed, for any € X and ¢ € [T, then F'* does

not depend on ¢ and its value is

F(z) = Erp £ zdle,

which is a convex and smooth function. We can upper bound the variance, as for any « € X,

d
Therefore, after the taking the supremum over « € X, we see that af < 1/d. On the other hand, for
any I, J € [d], we have

IVf (@, 1) =V f(z, D = [lzrer —zyes|® = (a7 +23)1{T # T}
The maximum in the ball of this difference is reached at 2 = v/2/2(e; + e) and

e |V f (2, 1) = V£ (@, D) = 14T # T}

&.M—‘
&.M—‘

Erp[|[Vf(2,I) = VF(@)|I’] <Erep[|VS (2, DI?] = Erp [lzrer])?]

Therefore, if I and J are independent and uniformly distributed over [d], then
2 12
E(r~pon | max [V f(@.1) = V@ J)I2| = Pupepenll # = (1- =) > 1/4.

Summarizing the above inequalities, we have built an example in which

T T, o 2)
E[D,] > 21> g2%mnt Y -
In particular, the expectation of the variation D, can be arbitrarily larger than the cumulative variance,
and our bounds are then tighter than those obtained via a direct application of known results. [

B Proofs of Section

B.1 Proof of Theorem 3

To prove Theorem[5] we need the following well-known result from the literature.

Lemma 15. Suppose fi(-) are convex forallt € [T] and () = 71% |- ||”. Further, let g; € O f(4)
and assume 1 2= Ny41. Then the regret for OFTRL is bounded by

D> & 1
Rr<—+) (<gt — My, 2 — 2e41) — —[|Te41 — l‘t||2)- (7
nro = Tt

Proof. Denote Fy(x) := 1:(x) + Zi;ll fs(z). Note that Fy is %—strongly convex. Thus, Thm 7.29
in [22] gives

Ry (u) < ryr(u) —ab1(z)

1
+ Z (<9t — My, x — T441) — ™ e — $t+1||2 + Ye(41) — ¢t+1($t+1))'
t

t=

=

Since ¢ () — Yry1(x) < 0 and Y7y (u) < %, this gives
D & 1
< *+Z(<gt—Mt7 Zt—$t+1>—n*|\$t+1 —xt\|2>- u
t

14



Theorem 5. Fix a user-specified parameter v > 0. Under assumptions [(A2)][(A3)] OFTRL,
with My = g;_1 and adaptive step-size ny = D* /(v + Zg 1Ms lgs — Ms||™), has regret

2D
\/T+3\[TG+

E[Rr(u)] < D(65r + 3v257) + % (4D*G* +9L*D*).  (3)

The algorithm needs to know only D. If G and L are also known, one can tune v = LD? + D?G? to
get
E[Rr(u)] < O(D(57 + £7)VT + DG + LD?).

Moreover, if only convexity of the individual losses holds then tuning v = 2DG ensures the
(deterministic) bound Rp(u) < 3vV2DGVT + 4DG .

Proof of Theorem[)] Write g, = V f(z¢, &) and denote by E the expectation with respect to all the
randomness. Using the Optimistic FTRL bound from Lemma|[T3]

2

D
thaf'rt—u \7+Z(Qt My, xy — $t+1>—7||$t—$t+1||)

t—1 nr
T

T
"t 2 1 2
2::5|9t—MtH —ZTmet—xtHH ;

t=1

where the last inequality is obtained by separating the negative norm term in two parts, and keeping
half of it in the regret bound. Let us plug in the value 7,

t—1 —1
n = D? (u+znsgs - MSP) ,

s=1

and use the fact that n; < D?/C to further upper bound the deterministic regret by

T T
3 2wl = Ml = 55 D e = ®
To bound the second term above, we first compute
T 2 T T
<Zm||gt — Mt||2> =3 nallgs — Mo|Pnellge — My
t=1 t=1 s=1

t—1
Z(Znsllgs Mll2> mellge — Mt||2+z77t||gt My|*.

t=1

. -1
Since e < D*/(320) sllgs — Mll?)

T 1 2 4
g —M
<2D2 g ||9t*Mt||2+ <Zt1 T ” ! tH ) E Nt ||9t Mt\|2

T
t=1 >ot1 Mellge — Melf?
Now we use the fact X? < 24 + BX implies X < v2A + B for A, B > 0. Hence

T T T 2 — M4
Z"?t”gt_Mt”2<D 2Z”gt_MtH2+ZtT:1nt”gt tH2'
2ot ellge — M|

Next we use 7; < D?/v and ||g; — M;||> < 4G? to bound the last term. The sum satisfies
S Pllgr — M|t < (4G?D?/v) S nillge — M| and we can further bound the term above

4D2G2
<D,|2 Z llge — M¢||? +
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All in all, we have

T
> llge = Myl + v +

t=1

4D%*G?

T 3\/§D
gt, Ty —
> 2
t=1

T
v 2
— S -l ©)
2D —

Note that we have not used any assumption on the expected F*’s, and in particular not the smoothness.
Therefore, even if the expected losses are not smooth, our analysis already entails that if | M, || < G

T

3V2DG 4D?G?
Z(gt,xt—mé\[TWLT—i—l/—}— ) (10)

v
t=1

proving the final claim of the statement.

Let us now proceed with the proof of the finer results. We use the value of M,, together with the fact
that (by convexity of a — ||al|?), for any ¢ > 2,

lge — ge—1])* < 4|ge = VF () |* + 4[| VF () = VF (1))
FA||VF (221) = VF @) ||* + 4|V (@) — gi ]
<4llge — VF (24) H + 4L ||y — 21
+ 4| VF (@) = VE )| + 4[|V (@m1) = g )

Therefore, using the inequality v/a + b < v/a + v/b, as well as ||g1|| < G and reorganizing the terms,

T T
D g — g al? <G+ 8D llge — V()2
t=1 t=2
T T
F 20| Y e — w2+ 24| Y IVFH @) = VF a2
t=2 t=2

The sum of the variations of x;’s can be canceled thanks to the negative term in (9), as

3fD — 9L2D*
2L z:||90t+1—90tH2 2D22||$t+1—$t\\ \51;%{3\/LDX—X2} :

2D2 v

After replacing these bounds in (9)), we have obtained the regret bound

T T-1
> ge @ —u) <6D Z lgs = VE(x0)| +3V2D, | Y [VFH () = VF(ay) |2
t=1 t=1 t=1
3V2DG 4D?G?  9L*D*
3V2DG Tt + et
2 v v
We will then take expectations in the inequality above. To bound the right-hand side, let us denote by
Gt =o(x1,&1, ..., 2e—1,&—1, ), then & is distributed according to D, given G;, and since x; is

G:-measurable, therefore

B[V f(ze,&) — VF (z:)|I” | Gt] < Een, [V f(2,€) — VF (1) ||]
< sup Bep, [IVf(z,&) = VF (2)|]?] = of .

Therefore, by the tower rule,

E[|VS (@0, &) ~ VF'(2)|?] = E[E[|V/ (e, &) - VF'@)|? | 6] | <E[07]. (2

The final result follows from taking expectations in (TI)), applying Jensen’s inequality, incorporat-
ing and using the definitions of 5 and Y.
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B.2 Proof of Theorem 6]

Theorem 6. For any learning algorithm, and for any pair of positive numbers (o, X)) there exists a
Sfunction f : X xE — R and a sequence of distributions satisfying assumptions|(Al) | [(A2) (A3) |
with o1 > o and X7 > X such that

E[Rr(u)] > Q(D (6T + ST) \/T)

Proof of Theorem[6] Suppose we are given two parameters 6 and S 7, we show that there exists a

sequence of distributions D, ... Dy such that the expected regret is at least Q(D(67 + S7)VT).
Let 1 < a < b be constants such that a > %b. Since for any closed convex set, there exist an

affine transformation which maps it to the interval [a, b], we assume without loss of generality that
X = [a, b].

Suppose f : X xZ — R and let 2(?), 2(*) € R. Assume the gradients have the form
Vi@ =27 o  Vf(x,& =2

Assume SEA chooses each case with probability 1/2. The idea is to construct two sequences

{Zt(ﬂ)}tE[T] and {zgz)}tem such that these sequences have at least Q(Dép+/T) and Q(DXpv/T)
expected regret, respectively. Therefore, let x; denote the learners choice in round ¢ and define

linearised regret with respect to {zt(a) }eerr) and {zt(z) Yeerr)-

o _ (@) . _ - mi = .
RT—LnelgCltez[;] <zt , Tt u> and R%_gél&ltez[;] <zt , Tt u>

Case R%: Let G = Yp. Definez : X = R, z (z) = ﬁze. Then z is G-Lipschitz, smooth and
z'(z) € [§G, G] forany x € X. Let {&¢};[7) be an i.i.d. sequence of Rademacher random variables,
thatis, Ple; = 1] = P[e; = —1] = 1/2. The sequence {z,gz)}tem is defined as

L _ 0 if t even
b ez (zy)  iftodd.

Using that E [¢] = 0 together with the definition of zt(z) gives

T
Eenrad [R7] = Ecnraa Iuﬂelgcl <Z§E),5L‘t - U>]
L -1

T
= e Rrad max ; (et 2" (), u)
t odd

T

G B
> — E.Rad | max E gl
4 ueX P}

Now use that for a linear function I(x), max,¢[q,p) (%) = MaxXyefqp) (2) = w + M

T
2
G
= — E.wrad | max E gl

4 u€{a,b} =1
o :T/Q o T/2
=3 Ec~Rrad Z etla+b)| + 3 Ec~Rad Z Gei(a—b)

t=1 t=1

G
= TG ]EewRad l

T
Zst(a -b)
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Where we have used E [] = 0 again. Now we use that by definition D = sup,, ,c~ [z — y]|.

G

D
= — EEN
16 Rad [

T
D e
t=1

| gover

In the last step, we have used the Khintchine inequality. Now note that G? > 1 sup ¢y ||2'(z) ||2 =

L supgey |12’ () — 0/|>. Due to the definition of the sequence {zt(z)}tem, if |V f(x, )| # 0, then

||vf(z7£t71)|| =0. ThllS, %SUpmex ||Z/(I) - 0”2 = %Supzéx ||Vf(x7£t) - vf(x7§t71)||2 for
any t € [T].

Thus, VG2T = \/T/(20) L, sup,ex [VF(2,€") = V(. &1)|> = Spy/T/2. Setting the

value G = 3¢ completes this part of the proof.

Case R7: We will show this part by contradiction. Suppose that D is a distribution such that
the variance of the gradients o is equal to 6. Suppose the SEA picks this distribution every round

and assume for contradiction that E[R$] < o(Da+/T). Using online-to-batch conversion gives a

convergence bound of order o( Do /+/T) which contradicts well-known lower bounds from stochastic
optimization (c.f., [L1,21] Section 5). ]

B.2.1 Lower Bound for Adversarially Corrupted Stochastic Data

A careful look at the proof of Theorem [6]shows that the same construction applies to the corrupted
data model, providing some worst-case optimality of our bounds.

Proposition 16. For any algorithm, for any C' > 0, and o > 0 there exists an instance of the
Adversarially Corrupted model with variance o, corruption level C, and gradients of norm G = C/T
such that

E[R7] > Q(DoVT + DVGC).

Proof. Case L. If /GC > o+/T. The first construction from the proof of Theorem@ guarantees the
existence of a sequence of linear losses with gradient G' against which the regret is Q(DGV/T) =
Q(DV/GC'). This sequence can be seen as adversarial perturbations on identically stochastic data.
Case IL. If o+/T > +/GC. Then the stochastic lower bound in the second part of the proof of
Theorem@ provides a lower bound on the expected regret of Q(DO’\/T). O

B.3 Proof of Theorem/[7]

We first need a well-known result for OFTL for strongly convex loss functions.

Lemma 17. Suppose fi(-) are p-strongly convex for all t € [T] and ¢ (-) = 0. Further, let
my : X — R denote

the optimistic prediction, and g; € 0 fi(x;), My € Omy(xy). Then the regret for OFTRL is bounded
by

T ”
Ry(u) < Z (<gt = My, — x41) — - [|oe — $t+1||2>-
t=1 2

This is a well-known result and can be found in the literature, e.g., [22]. We include a short proof for
completeness.
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Proof. Let Fy(x) = 2"} fi(x) and G; € OF,;1(z;). Note that F} is [(t — 1)u]-strongly convex.
From standard analysis (see, e.g., [22] Lem. 7.1) we obtain

T

Z[ft(xt) — ft(w)] = Froa(zrs1) — Frya(u) + Z[Ft(l"t) + fi(@e) —Fip1(zes1)].

t=1 t=1 _
<0 =Fi41(x¢)

T
< Z[Ft+1($t) - Ft+1(xt+1)]

~
Il
-

M=

t
<3 ((Grvwr = aema) = 4 lla =zl ).

o~
Il
_

Due to convexity, Gy € OFy,1(w;) = OF;(x¢) N Of:(x4) and due to update operation 0 € OF(x¢) N
Omy(xt). Thus, there exist g; € Jf:(x:) and M; € Omy(x;) such that Gy = g+ — My, which
completes the proof. O

Theorem 7. Under assumptions|(Al) H(A4)| the expected regret of OFTL with My = V f (2¢—1,&—1)
on surrogate loss functions ¢; defined in (4) is bounded as

T
1 1 4D*L? 16L
E[Rr(u)] < fz (SUmaX—i-élE[supHVFt(x) —VFt_l(x)Hﬂ) + log (1+)
Hw —1 zeX 14 2
1 4D%L? 16L
< = (802 + 452 ) log T + lo (1 + )
Iz 2 I

Proof of Theorem([7] Thanks to the strong convexity assumption [(A4) |
Fi(a) = F'(@) < (w0 — 2, VF'(0,) = Sl — 1]
Taking expectation and using the definition of ¢; gives

E [F'(z;) — F'(z)]

N

E [(21 2, VF' (@) = £l — 1]
= E[(w — 2, V(@ €)) - Ll — 2]
= E [(@r—2.90) = Slle — il

= E[l(z;) — b (2)] .

Now each function ¢; is p-strongly convex, and V/;(x;) = g;. Thus we can apply Lemma

T T

pt 2
) —l(2) < — My, 2y — wg) — g — :
2 bi(xe) — () 2 (<gt T — Tpy1) 5 |7t — Ti41]] )

S (g wal 4 (2 Y = g
\t:1 /U,t t t 4 2 t t+1 .

where we used the inequality (a,b) < 5 llall”* + 5 ||b]|>. Once again, keeping the negative norm
term is crucial. Indeed, using the convexity of = ~— ||z||? and the smoothness assumption on V F*,
we get that for ¢ > 2

lge = geal® <4llge = VE (20)||* + 4[| VF! (2) = VF! (@)
4 ||VF (21) = VF o) |* + 4|V (@o1) — g ||
4Hgt VF'(x;) || + 4L ||y — x4 1||
FA||VF (@1) = VE Y )|* + 4|V @) — goa ||

2
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So that, upper bounding the first term ¢1 (1) — ¢1(u) < GD we get

T
> () — Ci(u)
t=1
T 1

kS (4||gt CVF @) + 4lges — VM )P + 4V ) — w”mﬂ)
=2

= 1

T
412 ut 9
(= )y - GD.

O G R e

The indices can be simplified by noting that,
T T T

4 4 4

T _ _VFt—l _ 2 g s _ _VFt—l _ 2 < = —th 2 .
> illor )P < 3 gy loe ()P < 32 o= VE ()
t=2 t=2 t=1
To recover

th i) — b (u \Zfllgt VF! () ||2+Z IVE (24-1) = VF'™ (20)|?
t= 1 t= 2

- Z ( - ) lze = ze4a|* + GD. (13)

Define the condition number k = L/u. Then, for ¢t > 16k, we have 4uL — % < 0. Therefore the
second term can be bounded independently of T'
[16k]

AL? ot ar2p? 1851 4r2pe
B \p2¢ - < log(1 + 16k) .
pt 4 wooo=t 1

Combining all bounds, and incorporating the definition of o, and X0y,

+4%2

E [Rr(u)] < (8amax 2 ax)10gT +4D?*Lislog(1 + 16k) + GD . O

B.4 Proof of Theorem 8|

Theorem 8. For " any learning algorithm, and for any pair of positive numbers (o, X)) there exists a
function f : X xZ — R and a sequence of distributions satisfying assumptions|(Al) | -@- and
[(Ad) | with 0nax > 0 and Xyax > 3 such that

E [Rr(u)] > 9 (; (02 + 22,01) log T) .

Proof of Theorem[8 Let 6 max, S nax be given parameters and set G = max(Fmax, Yo /2). We
want to show that there exists sequence of distributions D1, ... Dy such that

1. 0max = Omax and Ernaux = Emax-

2. E[Rr(u)] > (22 + o2 ,,.) log T for some constant ¢ > 0.

max

3. F1,..., Fr are pu-strongly convex.

Consider the iterations up to 7' — 3. From Corollary 20 in [13] we obtain an Q(iG2 log(T — 3))

lower bound on the expected regret. Thus, there exist a realization &1, . . ., {7—3 and corresponding
u-strongly convex functions f(-,&1),..., f(-,&r—3) such that with respect to this realization,
Ry (u) > Q(%G2 log(T — 3)). We now let 41, . . . d7_3 be the Dirac measure corresponding to this

realization. Then, omax = 0 and maxe(p_3) sup,ex |VF!(z) — VF'~!(z)|| < 2G. But we do not

necessarily have that oyax = Gmax and max,e(r_g sup,cy ||VEF (z) — VF1(2)|| = Spax. To
guarantee this we want to choose Dp_o, D1, D, such that
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1. sup, e [VFT72(z) = VET71(2)|| = Siax and |[VFT~(z)|| < G fori =1,2.
2. 07 = 6max and |VFT (2)] < G.

To satisfy Condition let Dr_5, D71 be Dirac measures, such that VFT~2(z) = -VFT~1(x)
and |[VFT=2(z)|| = £3,..x. Then, by definition of G, we know that |[VFT~2(z)|| < G and

sup,ex [VFT2(z) = VET1(2)|| = Simax. Conditioncan be satisfied by setting D to be any
distribution with sufficient variance. This gives

log(T — 3) Z flen &) — fu,&)| . (14)

t=T-2

max max)

L o
E [Ry(u)] > c; (z

Now it remains to show that the last term is negligible. Indeed, from the upper bound, we know

T

3
E [f (e, &) = f(u, &) (1“72) (Zhax + Timax) -
t=T—2
Hence, forany T' > 10, we get 7= 2)u (22 + 0210y) < (Efnax + 02,.x) log(T') which together
with (T4) completes the proof. O

C Missing Proofs of Section ]

We first show the following general property of the variance for the ROM. This proposition will
useful for showing the claims of this section.

Proposition 18. For any t € [T, the variance of the ROM with respect to D satisfies

T 2

Eeno, [IIVf(@,€) = VF @] < g0t

forany x € X.

Proof. Forany z € X, since VF'(z) = E¢p, [V f(z,§)], we have

Ecp, [[IV/(2,8) = VF'(2)|*] < Eenp, [V f(2,6) = VF' ()|°] -

Now, let T; C [T'] denote a subset of indices of gradients which remain to be selected in round ¢, and
let k; € T;—1 \ T, be the index selected at round ¢.

Foranyx € X
Eeun, [IV/(@.6) - VP @] = = 3 I94(2,8) - VE' @)
£€T:
<o S V@) - VR @) < 0t (15)
ST _t+1 ’ ST —t+1 Y
£€(n]
which is the claimed result. O

C.1 Proof of Lemma[I1l

Note that in any case, 51 < Toy, and therefore log(51/01) < log(T'). Thus Lemma |1 1| directly
yields a[(f :)T] < 01T log(T). This means in particular that the rate of OFTRL in the ROM is never
more than a factor \/log T worse than the i.i.d. sampling with replacement rate of o1 v/T'; the next
bound can often be much tighter.

Lemma 11. In the single-pass ROM, we have »? < 8G? and &2

(1T () S < To?log(2€%62 /o3).
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Proof of Lemmal(Il] Let us begin with the adversarial variation. We will show that deterministically
(that is, for any order in which the losses are selected), for any = € X,

4G?

HV Ft(l‘) - VFt_l(ﬂ;‘)Hz < m

With the same notation as in Proposition |18} recall that we denote by T; C [T'] the support of D, and
ki =T4-1\T:. Wehave |T;| =T —t+ 1 and for any = € X,

B 1
[VF!(2) - VE (@) ||” = mg V@) - 57— t+2 >, Vil

s€Tt—1
2
- 1 S V) — s Vi (2)
(T—t+1)(T—t+2) & @) = i Vi
2 ’ 2
< - 2
S(T—t+2) (T—t+1 ;twg Ty V@

Thus, after maximising over x € X, and taking expectations (note that the inequality holds almost
surely) and summing over rounds ¢ € 1],

T
7(2) 2
Sy —E[Zsup |V Fi(x) — VFiy( ] Z t+2 < 8G2.

t—1 *€X =1

Variance.  From Proposition[I8] we know that

T
Ung—t—i—lgf

Moreover, one can see that
E[o] < E| max Econ, [ V/(z,€) - VF' (@) ]|

<E|Egup, [max ||V (@.6) - VF' @) | =57 (16)

Let us introduce a threshold time step 7 € [T, of which we will set the value later. We upper bound
E[o?] by (T3) for the rounds before 7 and by (T6) for the other rounds:

T T T T
T
E[Zaf] gE[Zgg} +E[ )3 ag] ) S AN
t=1 t=1 t=r+1 t=1 T—-t+1

Now using standard bounds on the harmonic series,

T T

1 1 T
I o (P Y MWL
ST—t+1 4= o T-7+1

Therefore for any 7 € [T — 1], we get

T
T
2 < 2 - - _ ~2'
E[g at}\Tal(l—Hog - 1>—|—(T T)07] (17)

t=1

We now conclude by setting the appropriate value for 7. If T'o? /63 < 2, then log T' < log(25% /0?),
and taking 7 = T gives a bound of T'0$ (1 +log T) < To?(1 +log(25% /a?)), which is (better than)
the claimed result.

Otherwise, we take 7 = T'— |T'0? /63 |, then

(T = 7)51 = |Tot /51|61 < To?
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and the argument of the logarithm can be bounded as

T T 1 252
< —— < ~ < — .
T—7+41 " |To}/52] ~ o0%2/62—1/T = o}

where we used the fact that T'o? /63 > 2. This yields the final bound

=, ) 2~2 o, (26%53
E Z 02| <To?(141log =t | + To? < To?log = . O
of

t=1 1

C.2 Proof of Corollary[12]

Corollary 12. Under the same assumption as in Theorem[]} the expected regret of the ROM is
bounded by

o? G?
E [Rp(u)] < O(l logT + — + LDzmlogfs) :
I ju
For multi-pass ROM with P passes, we obtain

G? G?logP
n

2
E Ry (u)] < 0<"1 log T + — + + LDk log n) .
I Ju

Proof of Corollary[I2] Single-pass ROM: From Theorem [7] we obtain (c.f. (I3))

T
8 t 2 t t—1 2
E[Rr(u)] < E ;ﬁllgt VE (z4)| +Z VF (@¢-1) = VF" (z)|]
4 212
+GD + log(1 + 16k) .
By Lemmal[IT] we have
Ty
E Zmuwﬂ(:ﬂt,l)—Vthl(xt)||2 < 8G2.
t=2

Furthermore, recall that by PropositionE[Uf] <T/(T—t+1)o?

T 8 3 T 8
E t 2 2
[E ut”gt V" ()| 1 *M E HT —t 1 [ (2+210g(1 )

t=1 t=1

Indeed, using a standard bound on the harmonic series,

T
Zt —tJrl

t=1 t=1

T
—t+1+t—1 1
- <2+2logT.
T St Tl —t+1 +alog
t=1

Mq

Combining these bounds gives the first part of the corollary.

Multi-pass ROM: The critical term to upper bound, is the differences of the means when-
ever a pass ends and a new pass starts. Thus, for P € N passes, we need to control

sup,ey |VFH(z) — V1 ()| for t = jn + 1, with j € [P)].
Inside the i-th pass, for & € [n] we bound the k-th variation by

) koo b1 2 4G?
;Lelg |VF*(z) = VF* ! (2)||” < k122’
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and we bound it by G between the passes, so that

2

fzfsupHVFt VFt_l(w)H

IGDC
4 P n , A p , 2
- —_ k _ k—1 & 1 1 .
SR L G Dar s VP VP @I  2 s VP @) - V)]
4 P n 1 22 4 P 1 ) )
gﬁi;;(l—l)wrk(n—mz) +;25§2§HVF — VF"(x)]|
2
< 16G <1+210gP> ' ]
H n

D Batch-to-online Conversion

Consider the stochastic optimization problem min,eyx Eeup [f(2,£)] and let z* denote a minimiser
for this problem. Further, let A be any first order stochastic optimization method with conver-
gence guarantee Eeop [f(z, &) — f(2*,§)] < c(t). Asinput A takes an initial iterate z; and a
sequence of i.i.d. samples { f(-,&s)}sepy. We letA(:Ul, {f( £s)}sep) denote the output 24,1 of
the stochastic optimization algorithm with respect to the given 1nput Now consider an OCO with
f(,&),... f(+,&r)and &, . .. & are sampled i.i.d. from a distribution.

Input: Stochastic first order method A
fort=1,2,... T do
play x; and suffer loss f(x,&:);
restart A and set ;11 = A(z1, {f(-, &) }sepy)
end
Algorithm 1: Batch-to-online

This batch-to-online conversion trivially achieves Zle c(t) expected regret. However, with this
conversion, some aspects of the stochastic convergence bound are lost. Consider for instance a
convergence rate c(t) = O(LD?/t + Do /+/t), from the the first-order stochastic approximation
method in [[7] and the accelerated version c(t) = O(LD?/t?> + Do /+/t) [8,[17]. In both cases, the
functions are assumed to satisfy [(AT) H(A3)] Batch-to-online conversion yields

E[Rr(u)] < O(LD?*logT + DovVT)  and E [Rr(u)] < O(LD? + DovV/T).

The benefits of acceleration can be seen in the lower-order terms. Now using standard online-to-
batch [3]] conversion gives the convergence bounds

(DO’ log T

Bl (or.6) - £(a".] < O( %+ LD* 5L ) and E[f(or.) - 1(a".6) <O

In the case of accelerated stochastic approximation, the benefits of acceleration are inevitably lost
through batch-to-online and online-to-batch conversion.

E Additional Examples for Intermediate Cases

We provide regret bounds for intermediate cases not discussed in the main body of the paper, namely
the cases when the adversary selects slowly shifting distributions and when the adversary switches
rarely between distributions.

Distribution shift: In this example, the SEA picks D; and D; 1, such that VF!(z) is
close to the mean of the previous distribution gradient VF*~!(x). We shall consider two
kinds of distribution shifts. Firstly, when the means are close on average, that is, when

(1)T) Y1 sup,ex |[VF!(x) — VF=(2)|| < &, secondly, when this holds for each iteration
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t,i.e., sup ey |VF(z) — VE=1(z)||* < . We refer to the former as the average distribution shift
case, and to the latter as the bounded distribution shift case.

For strongly convex functions, Theorem [7]directly yields the regret bound
1
E[Rr(u)] <O ((afnax +¢€)logT + D* Lk log n) :
I

For the considerably weaker assumption of an average distribution shift, we have

T

Z 1 sup HVFt(x) — VF'"™(2)

2
=1 t:UJ zeX H

[1:

To obtain the first inequality, we have used the Cauchy-Schwarz inequality together with the fact that

Va+b< a+ /b, and the second inequality follows directly from the definition of the averaged
distribution shift. Now suppose ¢ < 1/T', then we obtain the following regret bound in case of
average distribution shift.

2 1
E [Rr(u)] < o(”max log T + = + DL log n) .
I 0

Since fo :)T] < T for the average distribution shift, for convex and smooth functions, Theorem
entails that

E[Ry(u)] < O (D(0max + VEVT + DG + LD?).
Distribution switch:  SEA switches ¢ times between distributions Dq,...,D. € . These

switches can happen at any round and the learner does not know when a switch occurs. In this case,

we can upper bound ¥ < ¥2 ¢, Thus, for strongly convex functions Theorem 7] directly yields
pp [1_T] max g y

1
E[Rr(u)] <O ( (02 logT + 22, logc) + D*Lk log /@') .
W

And for convex smooth functions Theorem [5] gives

B[R (1)) < O(DomaxVT + DS paxv/c + DG + LD?)
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