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A Useful Lemmas

We use empirical Bernstein bounds, properties of exponential mechanism and Johnson-Lindenstrauss
lemmas which we state below.

Lemma A.1 (Relative deviation bound ). For any hypothesis set H of functions mapping from X to
R, with probability at least 1 — 3, the following inequality holds for all h € H:

0 m og % o) m oo 4
RrD(h)gES(h)+2\} Es(h)v(:}f)l g(ﬂi ) +log +4\/(5{)1 g(2m) +1 5%

m

where V (H) is the VC-dimension of class H.

The above lemma is obtained by combining [CGM19, Corollary 7] and VC-dimension bounds.

Lemma A.2 (Relative deviation margin bound [CMTS21]). Fix p > 0. Then, for any hypothesis set
H of functions mapping from X to R with d = fat ». (3), with probability at least 1 - (3, the following
holds for all h € H:

= = M M

QCem

where M =1+ dlog,(2c¢*m) log, +log % and ¢ =17.

lO m
Lemma A.3. Let 3,7 € (0,1). Let T c R? be any set of m vectors. There exists k = O(gv())

such that for any random k x d matrix ® with entries drawn i.i.d. uniformly from {iﬁ }, the following
inequalities hold simultaneously with probability at least 1 — 8 over the choice of P:

g 2
(1= 2) ulg <loul < 1+ 7) jul.

e ForanyueT,

e Forany u,veT,

Y
(B, Dv) =~ (u,v)] < < ul2 Jv]2-

Proof. The first property is simply the Johnson-Lindenstrauss (JL) property and follows from the
standard JL lemma (see, e.g., [JL84, LN17]). Below we show both first and second property holds

simultaneously. Define
Té{zeRd: Z=LiL, u,veT}.
Julz vl

Note that the number of non-zero vectors in 7" is at most m?2. By the JL lemma [JL84, LN17] over

N o[ m
the set T U T, there exists k = O (log(m;/ B )) =0 ( gf #) ) and @' such that with probability > 1 - 43,

5
for all u,v € T' we have

(1= 2) ol <ho'a+ o)1 < (1+ 2 ) a v ol ®

(1-)1a-si <lo'@- o < (1+ 3)1a-o13 @

(1= 1)l <horuig < (14 7) jul. ®

where @ = ”“ﬁ and U = ﬁ (5) implies the first result in the lemma. Now, fix any u,v € T'. Let
= i and O = - Observe that for any a,b € R?, we have (a,b) = 1 (Ja+b|3 - |a-Db|3).
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Hence, we have

o NI T R 1 o o
[(@,0) = (5, @D)| < ||a+ 0[5 - | (@+ 0)[5] + 4[| (@-0)[5 - |a- 3] 0
Y (e 12
< 55 (la+o[5 + |a-2]3)
<7
3

where the second inequality follows from (3) and (4) ’and the third inequality follows from the
triangle inequality and the fact that || = |7]|2 = 1. Hence, we finally have

o i Y
(1, 0) = ("u, @"0)| < [ul 2ol 2 |(@,0) ("2, @D)] < Zull2]v]2.
O

The time complexity to apply the random matrix ¢ in Lemma A.3 to a vector v is k - d, which can
be prohibitive in many cases. There are several works which provide ® that support fast matrix
’ N 2
vector products. [AC06] provides a ® which can be applied in time ¢’dlog d + w,
however the results are stated with constant probability. [Nel10] gave a slightly different construction
’ 2
which can be applied in time ¢’dlogd + w and the results hold with high probability.
[AL09] provided a construction which can be applied in time ¢’dlog k for k = O(do'499). [KW11]
showed that any RIP matrix can be used for JL-transform and provided JL-transform results for
several fast random projections. Since we need high probability bounds without any restrictions,

we use the following result, which is computationally efficient, but is suboptimal in the projection
dimension up to logarithmic factors.

Lemma A.4. Let 3,7 € (0,1) and c and ¢’ be sufficiently large constants. Let T c R? be any set of
clog( ) log( 35 )
—E ]
time c'dlog d + 'k, such that the following inequalities hold simultaneously with probability at least
1 - 3 over the choice of ®:

m vectors. Let k = . There exists a matrix ® which can be applied to any vector v in

* ForanyueT,
g 2
(1= 2) 1l <touls < (1+ 3 ) 1ult ©

e Forany u,veT,

(@, Bv) ~ (w,0)] < 3 [ulz ]2 ™

Property (6) in the above result follows directly from [Nell5] and the proof for property (7) is similar
to that of Lemma A.3 and is omitted.

B DP Algorithms for Linear Classification with Margin Guarantees

B.1 Proof of Theorem 3.1

Theorem 3.1. Algorithm 1 is e-differentially private. For any 3 € (0, 1), with probability at least
1 - B over the draw of a sample S of size m from D, the solution w""" it returns satisfies:

Ro(wP™) < min A R%(w) + O+ /B2 (w) 2 A2
T weBd(n) | 2 o mp?  p2min(l,e)m ||

A more precise version of the above bound is given as follows:

2 m 1
RD(U}Priv) < wgg}g?j\) Rg(w) L0 R‘g(w) A2r2:§§2 ( i ) . log’rglﬁ) .ol
where I'= M log(f) log(%) + M Ing(rg) + log(%).
prem mp m
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Proof. The proof of privacy follows from combining the following two properties: w is generated
via the exponential mechanism, which an e-differentially private mechanism, and ® is generated
independently of S.

. cA?r? log( %) log( Q%AT)
We now prove the accuracy guarantee of Algorithm 1. If m < e £~ for some

constant ¢, the bound follow trivially. Hence in the rest of the proof we assume that m is at least
cA?r? log(%) log( 2%’;T )
p3e

for some large constant c. Let

o) s (35

p2em

a =
First, observe that
D riv 1 riv
Rg(w™™) = — o1 (y(wp ,x))
M (2,y)es

1
== 1(y(®"w, )
m (z%):es ( )

- LS 1y, aa))

M (2,y)es

LS 1(dre))

M (24,y)eSa
=(k -
= RY) ().

¢ A% r? log(’[—';)
02

e
EQ

= k
Let @ € argmin Rgl)(w) Note that |C| = (%) , where k = . Hence, by the
weC

accuracy properties of the exponential mechanism and the fact that m > , we have that with

probability at least 1 — 3/4,
Sk) -\ Bk)
R (w) < RY) (@) +a.
Combining the above facts, we get that with probability at least 1 - 3/4,
Rs(w®™) < RY) (@) +a. (8)

Let w* € argmin R%(w) and let w}, = ®w*. Note that
weB4(A)

* p * *
w </ 1+ —— w2 € 2|w™ |2 < 2A,
il <1+ 22l < 2
and hence w} € B¥(2A). Since C is {5--cover of B¥(2A), then there must be w, ¢ C such that
|lwe = wg |2 < 75~ Hence, observe that for any (2¢,y) € S,

y{we, za) = y(wg, ve) + y(we - wy, Te)

> y(ws, ve) = [we —wa |2 |za2

* 14
> y(wg, xe) - EH%Hz

Now, by Lemma A.3, with probability at least 1 — 3/4, for all z¢ s.t. (ze,y) € Se we have

lza]2 < \/1+ 3% ]2[2 < \/1+ 35-7. Hence, we get that with probability at least 1 — 3/4 for all
(th y) € S<I>

y(wcv Zq)) 2 y<w§>7x¢’) - 0.15p.
The last inequality implies that for any p’ > 0, with probability at least 1 — 3/4 (over the choice of ®),

we must have ﬁg;(k) (we) < Eg:o'mp (k) (w3). In particular, with probability at least 1 — §/4 we
have

—~

By (we) < By (wy). ©)
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Moreover, by the definition of @, we have Eg? (@) < ngg (we) < Rgfp (k) (w¢). Combining this
fact with (8) and (9), we get that with probability at least 1 — 3/2

Rg(w™™) < RO 650, (k)(w ) +a. (10)

Now, by Lemma A.3 and the fact that |w* |2 < A and |z|2 < 7, it follows that with probability at
least 1 — 3/4 for all (z¢,y) € Sg, we have

y(w*,z) > p = y(wg, za) 2 p/3.
This directly implies that with probability at least 1 — §/4,
P:gf‘r)p’(k) (w}) < RE(w*).
Combining this with (10), we can assert that with probability at least 1 — % 5, we have
Rs(wP™) < RE(w*) + o (11)
In the final step of the proof, we rely on a standard uniform convergence argument to bound Ry (wP)

in terms of Rg(wP™). Note that the VC-dimension of {sgnoh,, : w € C} is k. By Lemma A.1, with
probability at least 1 — 5/4

klog(2m) +log(16/8) 4k10g(2m) +1og(16/8)
m i m '

R'D (wPriV) _ RS(wPriV) < 2\/§S (wPriv)
Combining the above two equations, we get with probability at least 1 — 3,

klog(2m) +log(16/3) 90+ 8klog(2m) +1log(16/8) .
m m

Ry (w™™) < RE(w*) + 2\/Eg(w*)

The lemma follows from observing that w* € argmmR (w) if and only if w* € argmin RY, S(w) +
weB?(A) weB?(A)

2\/E§(w) k log(2m)+log(16/8) 0

m

B.2 Algorithm 4 of Section 3.2 and Proof of Lemma 3.1

Here, we give the details of Algorithm 4 invoked in step 4 of Algorithm 2. We describe here a more
general setup where the loss function is any (possibly non-smooth) convex generalized linear loss
(GLL). Given a parameter space W, feature space X', and label/target set ), a GLL is a loss function
defined over W x (X' x ) that can be written as £({w, z),y), w e W,z € X,y € Y for some function
¢:Rx)Y — R. Here, we assume that for any y € ), £(-,y) is convex and %—Lipschitz. We also

assume that WW ¢ B*(A) for some A > 0, X ¢ B¥(#) for some # > 0, and ) € [-1, 1]. Given a dataset
S=z1,y1),- s (@m,ym)) € (X x V)™, we define the empirical risk of w € W with respect to S
as Lg(w) = % > l({(w, x;),y). Note that the setup in Algorithm 2 is a special case of the above.

Given an input dataset Se (X x V)™, Algorithm 4 below invokes the “Phased SGD algorithm for
GLL’ [BGM21, Algorithm 2] on a set S of m samples drawn uniformly with replacement from S,
and hence obtain an output w € W. In the sequel, we will refer to the algorithm in [BGM21] as Agy.
Note that the expected loss with respect to the choice of S « Sis the empirical risk with respect to
S. Hence, one can derive a bound on the expected excess empirical risk that is roughly the same as
the bound in [BGM21, Theorem 6] on the expected excess population risk. However, we note that
ensuring that Algorlthm 4 is (g,6)-DP does not follow dlrectly from the privacy guarantee of the
AgLL since the sample S may contain duplicate entries from S. Nonetheless, we show that the privacy
guarantee can be attained by appropriately setting the input privacy parameters to Ag | together
with a careful privacy analysis. To transform the in-expectation bound into a high-probability bound,
we perform a standard confidence-boosting procedure [BST14, Appendix D], where the procedure
described above is repeated independently M = O(log(1/3)) times to generate @', ..., @, and
finally, the exponential mechanism (with a score function —fg) is used to privately select a final

output € {w*, ..., wM}.
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Algorithm 4 DP-ERM algorithm for GLLs

Require: Private dataset S = ((1‘1,y1), cee (acm,ym)) € (X x V)™, where X ¢ B¥(#) and Y ¢
[-1,1]; parameter space YW ¢ B¥(A); privacy parameters (&, §); confidence parameter /3 € (0,1);
convex, %-Lipschitz loss function £ for some p > 0; Oracle access to algorithm Ag | [BGM21,
Algorithm 2].

1: LetM = 10g(2/6)
2: Let 8 W.
. 52
3: Let &' = 537 Tog(2M/8) °
4: fort=1to M do _
5. Sample S = ((z4,7%),...(2",,7%,)) < S uniformly with replacement.
6 w' = AL (S%¢€’,8"), where Agy, is [BGM21, Algorithm 2] (the other obvious inputs to

AgLL are omitted; the smoothing parameter and the oracle accuracy parameter of Ag | are set
as in [BGM21, Theorem 6]).
7: Run the exponential mechanism with privacy parameter £/2 to select w from the set
(w?,..., M) associated with scores ( - Lg(w') : ¢ € [M]).
8: return w

Lemma3.1. LetmeN,0<§< %n and 0 < € <log(1/d). Algorithm 4 (Appendix B.2) is (¢,0)-DP.
Let € (0,1). Letk €N, and 7, A > 0. Let S ¢ (B*(7) x {il})m be the input dataset and B* (A)
be the parameter space. With probability 1 — 3 over the randomness in Algorithm 4, the output
satisfies
3
A 1 VElog?(5)log(5)
Io(w) < min L&(w)+ = O —=+ Al
weBk(A) p vm em

Moreover, Algorithm 2 requires O(mlog(m)log(1/8)) gradient computations.

Proof. First, we show the privacy guarantee. Fix a round ¢ € [ M ] of Algorithm 4. We will show that
the ¢-th round is (5537, M) -DP. Suppose we can do that. Then, by the basic composition property
of DP, the entire M rounds of the algorithm is (5, §)-DP. Next, we note that step 7 is (5,0)-DP by
the privacy guarantee of the exponential mechanism. Hence, again by basic composition of DP, we
conclude that Algorithm 4 is (&, §)-DP. Thus, it remains to show that for any fixed ¢ € [ M ], the ¢-th

round is (&,4)-DP, where & = 537 and 0 = i Fix any data point (z;,1;) € S. Let J denote the
number of appearances of (z;,y;) in S*. St Note that J ~ Bin(m, 1/m). Hence, using the multiplicative
Chernoff’s bound, .J < 2log(2/d) with probability at least 1 — /2. We will show that conditioned
on this event, the ¢-th round is (£, b /2)-DP, which suffices to prove our privacy claim for round ¢.

Given that .J < 2log(2/d) and since Agy, is (Qlog(2/5) 410;5(‘52/5)) -DP with respect to to its input

dataset S, then by the group-privacy property of DP [DR14], round ¢ is (¢, " )-DP with respect to
the dataset S, where

56 21og(2/3) e
Te— ) e 2108(2/3) !
4log(2/9) j=0
~ 66 ef -1
410g(2/8) prmam — 1
30(ef -1
(e 1)
2¢
b
< o)
2
where the third mequahty follows from the fact that e 2105/ — 1 > m and the last step follows
from the fact that “— is increasing in ¢ > 0 and the assumption that ¢ < log(1/d) (and hence
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¢ < e <log(1/6)). Hence, we have shown that any given round of the algorithm is (&, §)-DP. This
concludes the proof of the privacy guarantee.

We now prove the bound on the excess empirical risk. Fix any round ¢. Let D 5 denote the empirical
distribution of S. Note that St ~ Dgf, ie., S'is comprised of m independent samples from Dg.

Hence, E _ [¢((w,z),y)] = Lg(w). Thus, by the excess risk guarantee of Ag [BGM2I,
(z,y)~Dg
Theorem 6], we have

B[P4@)] - min Phw =70 ERRVAITE)

weBk(A) S p vm e'm
3
A7 [ 1, VElos*(3)los(5)
Cop vm em ’

where the expectation is with respect to the sampling step (step 5 of Algorithm 4) and the randomness
in AgLL. Note the last step follows from the setting of ¢’ and ¢’ in Algorithm 4 and the fact that
log(log(1/8)/d) = O(log(1/4)), which follows from the assumption § < 1/m (in the statement of
the lemma) and log(1//3) < m (since the bound would be trivial otherwise). Given this expectation
guarantee on the output of each round, the final selection step (step 7) returns a parameter w that
satisfies the bound above with probability at least 1 — 3. This can be shown by following the same

argument in [BST14, Appendix D] while noting that the sensitivity of the score function —fg is
bounded by %

Finally, the running time of AL, measured in terms of gradient computations, is O(mlog(m))
[BGM21, Theorem 6]. Hence, the gradient complexity of Algorithm 4 is bounded by

O(mlog(m)log(1/p)). O

B.3 Proof of Theorem 3.2

Theorem 3.2. Let 0 < 6 < - and 0 < & < log(1/5). Algorithm 2 is (¢,0)-DP. Let 3 € (0,1). Let

S ~ D™ for a distribution D over BY(r) x {£1}. Algorithm 2 outputs w™™ € R? such that with
probability at least 1 — 3, we have

Rp(wP™) < min fg(w)+5(AT)

weBd (A) p/min(1,e)m
Moreover, Algorithm 2 runs in time O(md log(max(d,m)) +em?log(m)/ log% (1/6))

A more precise version of the above bound is given as follows:

. - V9og(2) log(1)log? (1)
RD(U)P”V) < min Lg(w) +0 M + ﬂ L + B B 9
weB?(A) m P \/ﬁ \/€_m

Proof. The proof of privacy follows directly from the (&, §)-DP guarantee of Algorithm 4 (step 4)
and the fact that DP is closed under post-processing.

Next, we will prove the claimed margin bound. For simplicity and without loss of generality, we will
set A = 1. For the general setting of A, the claimed bound follows by rescaling the parameter vectors
in the proof.

Recall that 2o = ®x. Let w* € argminfg(w). Define wj = dw*. By Lemma A.4, there is
weBd

em

1 m
v = O( Oggf)) = O( log(1/8) log%(l/é)) such that with probability at least 1 — 3/3 over the
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randomness of ®, for every feature vector x in the training set S, we have

Jool3 < 1+ ) lol3 (12)
o Yweze) g ylwhe) Ty (13)
P p p

We condition on this event for the remainder of the proof.

Note that (12) implies that
Se ={(za,y): (z,y) € S};
that is, for all feature vectors x in the dataset S, x4 € B¥(2r) (ie., gk (ory (Ta) = T5).

Let D4 denote the distribution of the pair (z¢,y), where (x,y) ~ D. Via a standard margin bound
[MRT18, Theorems 5.8 & 5.10], with probability at least 1 — 3/3 over the choice of the training set

S, we have
- 4 1
VweB*  Rp,(w)<If (w)+ - 24/ 08(6/5)
P p /m m

It follows that with probability at least 1 — 3/3, we have

Ry () < T, )+~ 2y [ 2D

where w is the output of step 4 of Algorithm 2. Moreover, note that

RD(wPrIV) _ . BN‘D [y<wPriv’x> < O]

= P D, o) <0
(m,y)N@L,,[y( ®)<0]

= RD@ (71))
Thus, we get that with probability at least 1 — 3/3,

Ry (w™™) < Tf, () + % 2y %' (14)

By Lemma 3.1, with probability at least 1 — 3/3 over the randomness of Algorithm 4 (step 4 of
Algorithm 2), we have that

~ _ \/Wlog% 1
I, (@) < T8, (@) + 0 | = (%) log(5)log™ (5) s

+ )
p \vm Vem

where @ € argmin Zg@ (w). Moreover, (13) implies

weBk
T - 1 3
T, (wh) < T (w*) + % . o(\ /Wég(lwfﬁ’)logm/a))

Note that by definition of @, we have L”(@; S) < fg (w3). Hence, we have
£

5, (@) < T (w") + ;o(\ /bgiijm10gi(1/5)) (16)

Now, by combining (14), (15), and (16), we reach the desired bound.

Finally, concerning the running time, observe that the Fast JL-transform (steps 2 and 3) takes

O(mdlog(d) + em?log(m)/log®?(1/8)) (follows from Lemma A.4), the DP-ERM algorithm (Al-
gorithm 4) invoked in step 4 has O(m) gradient steps; each of which takes involves O(k +1log(m)) =

O(emlog(m)/log®?(1/6)) operations. That is, the total number of operations of this step is
O(em?log(m)/log*?(1/6)). Finally, the step 5 requires O(dk) = O(edmlog(m)/log®?(1/5)).
Thus, the overall running time is O(md log(max(d,m)) +em? log(m)/log% (1/5))

O
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C DP Algorithms for Kernel-Based Classification with Margin Guarantees

Theorem 4.2. Letr > 0. Let K : X x X — R be a shift-invariant, positive definite kernel, where
K(z,x) =r%forall x € X. Forany ¢ >0 and § € (0,1), Algorithm 3 is (¢, §)-differentially private.
Define Hp = {h e H: |w|g < A}, where ||-|u is the norm corresponding to the reproducing kernel
Hilbert space (RKHS) H associated with the kernel K. Let 3 € (0,1). Given an input sample S of m

examples drawn i.i.d. from a distribution D over X x {1}, Algorithm 3 outputs K%, such that with

probability at least 1 — 3, we have

wPriv

-~ ~ Ar
Ro(h?.. ) < min T%(h) + O ——21 |
2 (o) heHa s(h) (p min(l,&)m)

where, for any h € H, Eg(h) 2 Ly 00 (y; (h, () m), where o is the feature map associated
with the kernel K and (-,-) is the inner product associated with the RKHS H.

A more precise version of the above bound is given as follows:

) < min Z5(h) + log(1/8) Ar( 1 log(%2) log(4) log¥ ()

h
Rn m p \vm Vem ’

wPriv

Proof. Let S7 be as defined in step 4 in Algorithm 3. Note that by Theorem 4.1, we have | D(z)|2=r
for all 7 € [m]. Moreover, the output of Algorithm 3 depends only on SJ. Thus, the privacy guarantee
follows directly from the privacy guarantee of Algorithm 2 (Theorem 3.2).

Next, we turn to proving the claimed margin bound. First, note that using the margin bound attained

by Algorithm 2 (Theorem 3.2), it follows that for any fixed realization of the randomness in ¢, with
probability 1 — 3/2 over the choice of S ~ D™ and the internal randomness of Algorithm 2, we have

= _ log(™)log(%)log? (L)
Ro(hlp) < min TG (w)+0 (flos/B) Arf 1 Vs 5 3
; - P

weB2D (2A) vm Vem

a7

The essence of the proof is to show that with probability > 1 — 3/2 over the randomness in ¥ (ie.,
over the choice of wy,...,wp), we have

2Ar
in L% < L .
vl 50 < B B0+ LT

Combining (17) and (18) yields the desired bound.

(18)

To prove the bound in (18), we will use the following fact. .

Fact C.1. Let p > 0. Let y: X — R denote the feature map associated with the kernel K. Let
h, = argming, 4, (L% (h) + p|h|%). Then, hy, = X1 a;p(x;) for some v, i € [m], that satisfy:
0<y;

@ < 2mpp’

This fact simply follows from the dual formulation of the optimization problem for kernel support
vector machines (see, e.g., [MRT18, Section 6.3]) . The fact asserts that the minimizer h,, of the
regularized empirical hinge loss can be expressed as a linear combination of (1 (x;) : 4 € [m]) (such
assertion also follows from the representer theorem) where the coefficients of the linear combination
(the dual variables) a = (o, . . ., quy, ) are bounded; namely, |« < ﬁlp.

Below, we set y = m Let @ = Y., a;)(;) be a 2D-dimensional approximation of h,,. Observe

that

G, () - T5(h,) = o 32 [0 5w))) = 2l 0 )]
< %l D) - (e (o))
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«; where the inequality in the second line follows from the fact that ¢ is *-LlpSChltZ Hence, by

Theorem 4.1, with probability > 1 — 3/2 with respect to the randomness in ¥, we have

T4, (@)~ Ti(h) < 2 2 [RGB o,
. [log(2m/B)
C PP D

< Ar
T p/m
where the second inequality follows from the fact that |a; < Tlm’ which follows from Fact C.1,

and the third inequality follows from the setting of D in step 2 in Algorithm 3 and the setting of
1= 5 \F Moreover, we note that @ € B2 (2A). Indeed, conditioned on the same event above (the

kernel matrix is well approximated via 1/1) observe that

|@]3 = Zaz% (), ()

< Z oo (), v )i 20 [

A% 3
< Jhlg+ 5 < 5A%

Thus, we have |@]2 < 2A. Hence, we can assert that with probability > 1 — 8/2 over the randomness
in ¢, we have

- - - Ar
. o P (s )
el Tot0) ST () <00 5) O

Finally, note that % (h,,) < }fn’}l{n L%(h) + pA? = }?171{11 L%(h) + 2. Hence, we arrive at the
€A

pvm
claimed bound (18), and thus, the proof is complete. [

D DP Algorithms for Learning Neural Networks with Margin Guarantees

Theorem 5.1. Lete > 0,5 € (0,1), and p > 0. Then, there is an e-DP algorithm which returns an

L-layer network h®™ with N neurons per layer that with probability at least 1 — 3 over the draw of
a sample S ~ D™ and the internal randomness of the algorithm admits the following guarantee:

r(2nA)E/NO 2 (2nA)?E No
0 + ;
mnm p2em

Priv P
Rp(h™™) < hrg;giNAR s(h) +

where 0 = log(Lm/3) log(r(nA)%/p).

Proof. First, note that our construction is indeed e-DP by the properties of the exponential mechanism.
Thus, we now turn to the proof of the margin bound. Our proof relies on the following properties of
the JL-transform.

Lemma D.1 (Follows from Theorem 109 in [Nell0]). Let p, N,m,k € N. Let W ¢ RP*N. Let
Z1,y ... 2Zm € RP. Let ® be a random k x p matrix with entries drawn i.i.d. uniformly from {iﬁ}

Let B € (0,1). There is a constant ¢ > 0 such that the following inequalities hold simultaneously with

probability at least 1 - (:
W log(m/B)
”‘P H%g Hl/‘/ |%,(]_+C\/T ,
) log(m
Vie[m]: [WT® ®z; — W 2o < c|W|r|zi2 w
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Consider the algorithmic construction described earlier. Let i, € argmin Eg(h) LetWy,..., W}
heHnn

denote the weight matrices of h,. Let h® e ﬂ-fﬁN be the network specified by the matrices W, =
DoW;,..., Wy £ &, W;. Thatis, the weight matrices of h¥ are given by PIW =D DWW, ...,
Q]  Wp=0] & W},

We make the following four claims. Combining those claims together with the union bound im-

mediately yields the margin bound of the theorem. We first state those claims and then prove
them.

Claim D.2. There is a setting k = O( T2(2"A)2I;)12°g(Lm/ﬂ) ) such that with probability 1 — 3/4 over

the choice of ®, ..., P11, we have h® € f}CﬁNQA and for all i € [m]

| (i) = b3 ()] = O(r(?nA)L\/W).

Consequently, with probability 1 — 3/4,
RYP(hT) < R%(hy).

—_ — 2 2L
Claim D.3. Let h® € argmin Rg(h). There exists a setting k = O(T (2nA) plzog(Lm/’B))for the
heR®
NN2A

embedding parameter such that with probability 1 - /4
Rs(h®) < R% (1),

Claim D.4. Let h® € argmin Rg(h). Let k = O(T'Q(QUA)Z):LOg(Lm/B) ) With probability 1 — (/4
heR®
NN2A

over the randomness of the exponential mechanism, we have

RS(hPriV) < R‘S(’ﬁé) + O(T2(277A)2LNlog(Lm//8) IOg(T(47IA)L/P) )

pZem

Claim D.5. Ler k = O( TQ(Z"A)QLPIQOg(Lm/ﬁ) ) With probability 1 — 3/4 over the choice of S ~ D™,

we have

RD(hPriv) < R\S(hPrIV) + O( pﬁ

r<2nA>L¢Nlog<Lm/m1og(r<nA)L/p)).

Recall that ﬂffﬁNz A 1s a finite approximation of ﬂ{ﬁNz A constructed via a «y-cover C for BFN (2A) x

.. x B¥(2A), where we choose 7 = W. In particular, for any W = (Wy,... , W), W' =

(W1,...,W[)eC,wehave |W-W'|p = \/ZleHWj - VV;H%J <. Given that C is a y-cover, we
—~ kxN —~ r(nA)E A .
have |F®, 24| = [C| = 0((@) ) Namely, log([Fhza]) = O(kN log(“"2)-)). Given this,

together with the setting of k£ in Claim D.5 and the fact that AP is in 9"\[3,\,2 A, note that Claim D.5
follows from a straightforward uniform convergence bound for the hypotheses in JTCﬁNz A- Note also
that the proof of Claim D.4 follows directly from the standard accuracy guarantee of the exponential

mechanism when instantiated on ﬁﬁNz A- In particular, since the score function is —ES(-), with

probability at least 1 — 3/4, the excess empirical loss of A”"" is bounded by O(bgi‘#), which
yields the bound claimed in Claim D.4 given the bound on |C| above and the setting of k.

We now turn to the proofs of Claims D.2 and D.3. We start with the proof of Claim D.2.

For each i € [m] and each j € [L], let v; ; € RY denote the output of the j-th layer of h. on
input x; prior to activation (i.e., v; ; is the input to the neurons of layer j + 1 when the input to the
network h. is the i-th feature vector z; in the dataset S). Analogously, for each i € [m] and each
je[L], let vf ; denote the output of the j-th layer of h® on input x; prior to activation. Also, let

ui ;= P(vig) —w(UEjL ie[m],je[L].
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As a direct corollary of Lemma D.1, by applying the union bound over the choice of ®¢, ..., ®1_;,
there is a constant ¢ > 0 such that with probability 1 — 5/4 over the choice of @y, ..., 1, for all

i€[m],j € [L], we have
[@j WS |7 < A2(1 +é&\/ W) (19)
log(L
IOV @] 1 1051) = (W) g 1) o € A Ceng )| B, e, oy
log(L
OV 0551~ ()l < el B ED)n oy
V) g - (W7 il < ey [ 22D @

We now condition on the event where all the above inequalities are satisfied for the remainder of the

proof. Below, we let 7 = ¢/ M < 1. First, from (19), there is a setting & as indicated in the

statement of the claim, where | O Wr |F < 2A. Thus, h? € J{ﬁNZA.

Now, fix any i € [m]. Define I'; = (W} ) ¢ (v;j-1) - (Wj*)T@jlld)j,lz/J(vfj_l)Hg for j € [L].
Observe that
(i) = BY (23)| = T
(W) ¥ (vi-1) = (W) @ @ro1tp(vf 1)l
(W) Y (vi,z-1) = (W) @1 @19 (vi, 1))
+ |(W2)T@271¢L—1¢(Ui,bl) - (WL*)T(I)EA(I)L%?/’(”ELJ)‘
<t A (vip-1) |2 + (W) @] @1 (¥(vip-1) = ¥(vi, 1))l (follows from (20) and the fact W} e BY (A))

=T A (vip-1)|2+|(W}) @ ®r_1u; 1] (by definition of u; 1 given above)
<TA(vi 1) 2 + (1 +7)AJui 12 (follows from (21))

<TA(vi1-1) 2 + 200 (0i11) =0 (0f 1) |12

<A |vs p-1]2 + 2nAfvi -1 — UEL_l 2 (since 1 is n-Lipschitz and 1(0) = 0)

=i, -1 l2 + 20A[ (W )T (vip-2) = (Wi 1) @] 4@ 0th(vy o)
=mnA|vs,p-1]]2 + 2nAT 4

Hence, we obtain I';, < 7nA|v; 112 + 2nAT'_;. Before we solve this recurrence, we first unravel
the term ||v; 11 [2. Note that

lvi,e-1llz = [(WE_1) " (vi,-2)2
<[Wraille - [9(vis-2)l2
<nAJvi,L-2]2

Proceeding recursively, we obtain
loi,-1]2 <" 2AE o <t TPARTL
Plugging this in the recurrence for I';, above yields
I'p < TrnL_lAL +2nAT'L ;.

Unraveling this recursion (and using (22) in the last step of the recursion) yields

B (22) = B ()] = T < r(2nA) - A = &y /MTQUA)L_IA.

2. 2 2(L-1) )2
10¢7r7(2n4) e A log(Em/B) gyarantees |hy(z;) — h®(z;)] < £ for all

i € [m]. Hence, as in the argument of the proof of Theorem 3.1, this implies that for all ¢ € [m],
Yih«(2i) > p = yih¥ (x;) > £. Thus, R (h?) < R%(h.). This concludes the proof of Claim D.2.

Note that choosing k =
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Finally, we prove Claim D.3.

As shown in Claim D.2, we have h? ¢ J—(ﬁNZA. Since J—CﬁNM is a y-cover of J—CﬁNZA, there exists h €

ﬁﬁNz A that “approximates” hf. Namely, there is he ﬁﬁ,\,z A defined by matrices (Wl, . ,WL) eC
such that

L
YW, - @, W[ F <42,
j=1

where, as defined before, (PoW7,..., &1 W}) are the matrices defining h®. We choose v =
10r(47¢A)L*1 :

To simplify notation, we will denote
W, W),V jelL].

As before, for each i € [m], j € [L], we let v;*; € RY denote the output of the j-th layer of A on

input x; prior to activation, and let v; ; denote the output of the j-th layer of h on input z; prior to
activation.

Again, as a corollary of Lemma D.1 (by applying the union bound over the choice of ®¢,...,®;_1),
there is a constant ¢ > 0 such that with probability 1 — 5/4 over the choice of @, ..., P _1, for all
i €[m],j € [L], we have

1;-10-1) 1 sw(m,j_l)@(l B é\/bg(L,j”/m), je1 @3
log(L
1501 (605-1) =0 (00)) B <1(0-0) - wvfjl)@(l co/ g(,j"/m) ey

Doz §r2(1 uz(L;%/M) .

We will condition on the event above for the remainder of the proof. Note that for the setting of k as

in Claim D.2, we have (1 + /M) <9

For each j € [ L], define
A2 W0, 4005 51) = W B (v )
Fix any i € [m]. Observe
A (x:) = hE ()| = A
AWE® L9 (Dip-1) - (Wg’*)Tq’L—1¢(5i,L—1)|
(W) @p19h(T5,-1) = (WE™) @1t (v, )|

WL =W e @1 (@i L) o+ WL |e @ ($(5i01) = (v-1)) ]2

<Y P19 (Vip-1)|l2 + 2A |1 (¢(1~1i,L—1) - ¢(U§L—1)) 2 (C is y-cover and W}f’* € IB%kXN(QA))
V2 [9(B,0-1) |2 + 2V2A [$(8i,0-1) = (0L 1) |2 (follows from (23)-(24))

S\/i’)/’/] [0: £-1]2 + 2\/§nA |0s,0-1 - va_l 2 (z/) is n-Lipschitz and ¢ (0) = 0)

N2y W] Lot (B1,0-2) |2 + 2V20A W] @1 atp(Bi0-2) - Wi @ Lop(v], )2
=20 W] @-29(0i,p-2) |2 + 2V20A A4

Hence, we arrive at a recursive bound

Ap V290 [W]_ 1 ®1-09(Bi 1-2) |2 + 2V20A Ay
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Before proceeding, we first unravel the term HWg_ltﬁ L2 (0 -2)|2. Let’s denote this term as
By _1. Observe that

Bry =W @1 29(Ti,1-2) |2
Wi | P ®L-2%(Bi 1-2)] 2
<2V2A|(Bi,0-2) 2
<2V20A |55, 1, 2|2
=220 A | W] _y® 159 (05,1-3)| 2
=2v2nAB1, o

Thus, continuing recursively, we get By, _; < rn*~2 (2\/§A)L ~1 (where in the last step of the recursion,
we use (25)). Plugging this back in the recursive bound for Ay, we get

Ap <NV29r(2V2nA) P 22 A AL
Unraveling this recurrence yields
A <NV2yrL(2vV2nA)E!
<2/ 2yr(4nA)E1

Thus, by the choice of 7, we have |h(z;) — h® (z;)| < £ for all i € [m]. Hence, as before, we have
(yih2(2;) > p/2) = (yih(x;) > 0) for all i € [m], which implies that

Rs(h) < R%5(h?).

Since 7® € argmin Rg(h), then we have Rg(h®) < Rg(h). Therefore, we can write

hedt®
NN
Rs(R®) < RY°P(hD).
This concludes the proof of Claim D.3 and completes the proof of Theorem 5.1. O

E Label-Private Algorithms with Margin Guarantees

In many tasks, the features are public information and only the labels are sensitive and need to
be protected. Several recent publications have suggested to train learning models with differential
privacy for labels for these tasks, while treating features as public information [GGK*21, EMSV21].
This motivates the following definition of label differential privacy.

Definition E.1 (Label differential privacy). Let e, > 0. Let A: (X x Y)™ — H be a (potentially
randomized) mechanism. We say that A is (e, §)-label-DP if for any measurable subset O c H and
all 8,5 € (X x Y)™ that differ in one label of one sample, the following inequality holds:

P(A(S) € 0) < e P(A(S") € O) + 6. (26)

[GGK™*21] gave an algorithm for deep learning with label differential privacy in the local differential
privacy model. [YSMN21] proposed and evaluated algorithms for label differential privacy in
conjunction with secure multiparty computation. [EMSV21] presented a clustering-based algorithm
for label differential privacy. There are several other works which show pitfalls on label differential
privacy [BFSV*21a, BESV*21b].

Here, we design a simple algorithm for label differential privacy, which we show benefits from margin
guarantees for any hypotheses class with finite fat-shattering dimension, including the class of linear
classifiers, neural networks, and ensembles [BST99].

We first introduce some definitions needed to describe our algorithm. Fix p > 0. Define the p-
truncation function 3,: R — [—p, +p] by B,(u) = max{u, —p}1ly<o + min{u, +p} 1y, for all u € R.
For any h € J, we denote by h,, the p-truncation of h, h, = 3,(h), and define H,, = {h,:h € H(}. For
any family of functions &, we also denote by N (F, €, z7*) the empirical covering number of F over
the sample (1, ...,y ) and by C(F,e,2T*) a minimum empirical cover. With these definitions, the
algorithm is given in Algorithm 5. The algorithm uses an exponential mechanism over a cover of
truncated hypotheses sets.
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Algorithm 5 A pmarg: Private learning algorithm under label-privacy

Require: Dataset S = ((21,41), -, (Tm,ym)) € (B x {£1})"; privacy parameter & > 0; margin
parameter p.
1: Compute the p/2 minimal cover H, = €(H,, p/2, z}").
2: Run the Exponential mechanism with privacy parameter e, sensitivity 1/m, and score function
~R2(h), hel, toselect hP™ e 7.
3: return hP™.

Theorem E.1. Algorithm 5 is e-label-DP. Let D be a distribution on X x ) and suppose S ~ D™.
Letc =17 and d = fat » (H) and M =1+ dlog,(2¢*m) log, 202’” +log % For any 8 € (0,1), with
Priv

probability at least 1 — (3, the output w

Ry (hP™Y) < mm(Rp(h) + 2, /mme(h)\/7) + M + 64M€170ng(2).

Before we prove the above theorem, we first want to remark that while our algorithm is computa-
tionally inefficient, it admits strong theoretical guarantees. First, it is an (¢, 0) pure label-differential
privacy guarantee. Second, it is dimension-independent. Furthermore, our algorithm benefits from a
relative deviation margin bound that smoothly interpolates between the realizable case of R (w) =0
and the case of RZ(w) > 0. As a corollary, note that up to constants one can always get privacy for
€ > 1 for free. Finally, observe that this bound holds not only for linear classes, but also for any hy-
pothesis set with favorable p-fat-shattering dimension. In particular, we can use known upper bounds
for the p-fat-shattering dimension of feed-forward neural networks [BST99] to derive label-privacy
guarantees for training neural networks.

satisfies:

We now prove Theorem E. 1.

Proof. The e-differential privacy guarantee follows directly from the properties of the exponential

mechanism. In particular, given the finite class ﬁp and the score function —Eg/ 2(h), he ﬁp, the
algorithm becomes an instantiation of the exponential mechanism [MTO07].

64M log(2/8) then the
64M log(2/B) By
—

We focus on proving the utility guarantee in the rest of the proof. If m <
bound follows trivially. Hence in the rest of the paper, we focus on the regime m >
definition of ﬁp, for any h € J{ there exists g € ﬁp such that for any z € z7°,

p
o) ~ h(a)] < 2.
Thus, for any y € {-1,+1} and x € 7", we have |yg(z) — yh(z)| < p/2, which implies:

Lyg(ay<p/2 < Lyn(a)<p-

Let hg € argmm R’ 5 (h). By the construction of ’Hp and the above argument,
min B?/?(h) < RG(h}). 27)
heH,

We now bound the size 7,,.
[Hpl = Noo (3p, p/[2, 27").
By [Bar98, Proof of theorem 2], we have

2cem

log max[J\f (H 5

Iz 27 xy )] <1+ dl 1Og2(202m) 10g2

where d’ = fat » (3(,) < fat » () = dand ¢ = 17. Given the bound on the sample size in the theorem
statement and the properties of the exponential mechanism [MTO07], value of m, with probability at
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Algorithm 6 Api,m¢: Algorithm to select confidence margin

Require: Dataset S = ((z1,91),-- -, (Zm,Ym)) € (X x {£1})"™; algorithm .A; bound F(p, g,(S5));
hax an upper bound on p; privacy parameters € > 0, > 0; and confidence parameter 5 > 0.
I: LetV = {pj 292 hpax t J € [J]} , where J = %log(m).
2: Run the generalized exponential mechanism [RS16, Algorithm 1] over ) with privacy parameter
¢ and score function —F'(p;; g, (S)) for p; € V, to select p* € V.
3: Run A on the dataset S with margin parameter p* and privacy parameters (g,0), confidence
parameter (3, and return its output w"".

least 1 - 3/2,

ROP (P < ;LnLn RO(h) + %

€rtp

32M log(2/5)
em '

< R% (%) +

By Lemma A.2, with probability at least 1 — 3/2,

R, (h,pnv) <Rp/2(hpr|v)+2 [RP/2(h)M M 29)
m

where M = 1+dlog,(2¢?m)log, 2™ +log %, ¢=17,and d = fat ¢ (3(). Combining (28) and (29)

yields
Ro(h™) < Ry(hg) + 21 Ry () o« 20 OUTI082/),

The lemmas follows by observing that if h* € argmlnR (h) if and only if h* € argmmR (h) +
heH heH

2\/R%(h) 2L O

F Confidence Margin Parameter Selection

(28)

The algorithms of Sections 3, 4, 5 and Appendix E can all be augmented to include the selection of the
confidence margin parameter p b?; using an exponential mechanism. All of the proposed algorithms
in the previous sections output w" ™ such that

Ry (w™™) < F(p,g,(9)),

where g,(.9) is either the minimum p-margin loss or the minimum p-hinge loss. Furthermore, in all
our results, for any fixed ¢, F'(p, t) is a non-increasing function of p and g, (S) is a non-decreasing
function of p for any S. Suppose we have an algorithm A such that the above inequality holds.
We can then augment it with an exponential mechanism algorithm to select a near-optimal margin
p. Let hyayx be an upper bound on max,exy maxpegc |h(x)|. For example, hy,.x = Ar for linear
classifiers. If hy,ax > p, then the bound F'(p;g,(S)) becomes trivial (i.e., 2(1)). Similarly, the

bound typically becomes trivial when p S h\‘};‘T’L‘ It is easy to see this property for linear classifiers,

for other models such as neural networks with label privacy it can be obtained by bounds on fat-
shattering dimension [BST99]. Hence, without loss of optimality, we will seek an approximation for

Popt that minimizes F'(p; gp(S)) for p € [ e,
above interval: V £ {p] 220 hpa je[J ]}, where J = %log(m). We use an instantiation of the
generalized exponential mechanism, with score function —F(p; g,(S)), p € V and privacy parameter
g, to select p* € V that approximately minimizes F'(p; g,(.5)) over p € V. We use the generalized
exponential mechanism as the sensitivity of —F'(p;;g,,(S)) depends on p;. We then run A with
margin parameter p = p* to output the final parameter vector w"". For clarity, we include a formal
description of the full algorithm in Algorithm 6. We now state the guarantee of the augmented
algorithms.

max]. To do this, we define a finite grid over the
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Lemma F.1. Ler 8 € (0,1). Suppose S ~ D™ for some distribution D over X x Y. Suppose A
is (¢,8) differentially private and its output satisfies Ry (wP™) < F(p, g,(S)) with probability at
least 1 — (. Furthermore, for any t, let F(p,t) be a non-increasing function of p and g,(S) is a
non-decreasing function of p for any S. Then, Algorithm 6 is (2¢,9)-differentially private and with
probability at least 1 — 213, the output w"™ satisfies:

B

R (0P™) < min _F(p/2,9,(5)) + Ap/z(F) ~log(10g(m) ) 7

where A, (F') is a non-decreasing function of p and is an upper bound on the sensitivity of F' given
by A,(F) = maxg gr.q(s,5)-1 [F(p, 90(S)) = F(p,9,(S"))| and d(S, S") is the number of samples
in which S and S’ differ.

Proof. The privacy guarantee follows from the basic composition property of differential privacy
together with the fact that the generalized exponential mechanism invoked in step 2 is e-differentially
private and A is (e, §)-differentially private.

‘We now turn to the proof of the error bound. Note that there exists p € V) such that p < pope <2+ p. By
the properties of the generalized exponential mechanism [RS16, Theorem 1.4] and the fact that the
sensitivity of F'(p, g,(.S)) is A,(F"), with probability at least 1 — 5 we have

P (5)) $mip Pl () + 2255 1og 2500

ey D) (log(m)
<F(p;g5(5)) + . lg( 5 )
Apopt z(F) IOg(m)

: 'IOg( E )

A F og(m
< (55 9pon (5)) + p°”";( )-log(lg( ))

< F(p;95(5)) +

B

Ay, (F 1
< F(Popt/2; Gpope (S)) + ”"“;( )~10g( Ogém)), (30)

where the last two inequalities follow from the fact that for any ¢, let F'(p,t) be a non-increasing
function of p and g,(.5) is a non-decreasing function of p for any S. By the assumption on A, with
probability 1 — 3,

Ry (w™™) < F(p*; 9,4 (5))- 31)
Combining (30) and (31) yields the lemma. The error probability follows by the union bound. [

The above lemma can be combined with any of the algorithms of Section 3, 4 and Appendix E. We
instantiate it for Aggprivmrg in the following corollary. Below, we compute sensitivity for the bounds
on other algorithms, which can be used to get similar guarantees.

Corollary F.2. Let § € (0,1) and m € N. Suppose S ~ D™ for some distribution D over X x ).
Recall that by Theorem 3.2, the output of Algorithm 2 (denoted by w') with probability at least 1 - [3/2

satisfies, Rp(w') < F(p,g,(S)), where g,(S) = %}3&) fg(w) and

F(p',t)=t+0 \/@JFAT L+ IOg(%)log(%)]Og%(%)

P\ vm Vem

Let w™™ be the output of Algorithm 6 with inputs S, privacy parameters /2,6, bound F(p,g,(S)),

algorithm Aggprivmrg, confidence parameter 32, and hyax = Ar. Then wP™V is (,0) differentially
private. Furthermore, with probability at least 1 — [3,

RD(wPriv) < min F(p/2,9,(5)) + O( Ar og (log(m) )) '
pE %,Ar] mpe ﬂ
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Lemma F.3. Fix p > 0. Let the functions Fy, Fs, Fs, Fy and F5 are defined as follows:

= —~ A2r2log?( =) log( L
Fael,gp(8)) = min Rg(w) +O Rf;(w)( (3), =G)) |

weB?(A) m(p')? m
7 o r log(%5) log(5) log* ()

m 1 21

, e log(1/8) Ar| 1 log (%) log(3)log?(5)
F3<f”9ﬂ<5>):,{?ﬂiﬁ%(h)m(vm*pf 7 ’
s — [M oM 64Mlog(2
F“(pl’g"(s))”;fééc“Rg(h)”\/%lb?Rg(h) m T m T em

, ~ 5 r(2nA)EV/ NG r2(2nA)%E NG
F5(p ,gp(S)) = hrilﬂ%fr,fw,\ Rs(h) + O( p’\/ﬁ + (p/)2€m

where M is defined in Theorem E.1 and T is defined in Theorem 3.1. Then

A2r21og?( 2
A,(F1)=0 1+1\|(ﬁ)+10g(1) .
m B

\_/%‘
3

- 7
A, (Fy) :o(;\;).

A (Fy) = o(ﬁ;)).

A, (Fy) :O(Hﬁ).

A, (Fs) :o(%).

Proof. We provide the proof for the bound on A,(F%). The proof for other quantities is similar and
omitted. Let S” and S” be two samples that differ in at most one sample. Without loss of generality,

let F1(p,g,(S")) > Fa(p,9,(S")). Let

- log(1/8) Ar| 1 log(Z) log(L)log’ (1)
w’ € argmin LY, (w) + O | ———— + — +
weBd(A) m p \JEM

vm
and
m 3.1
~ log(1 Ar 1 /los(5)log(5)log? ()
w" € argmin L, (w) + O og(1/6) i L B B s
weB (A) m P m N
Then

Fi(p,9,(S) = Fa(p, 9,(S")) = L2, (w') - T, (w")
S Egl(UJ”) - Ep//(’UJ”
2

<— max |w - 2|
mp weB?(A),zeBe(r)
2
< —Ar.
mp
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G Example of high error for exponential mechanism

Lemma G.1. Let d > c for some constant c and p € [0, 1]. There exists a distribution D over B¢ and
a subset H € Hyi, such that the following hold:

* Realizable setting: There exists a h* in H such that Ry (h*) = 0.
* Only one good hypothesis: For any hin H ~ {h*}, Rp(h) = 1.
* A good cover: For any two hy,, hyy € H, their corresponding weights satisfy |{(w,w")| > 1/8.

* Exponential mechanism incurs high error: Given m < ¢ -d/e samples D, with probability
at least 9/10, the exponential mechanism on —R%(h) will select a h such that Ry (h) = 1.

Proof. Let D be defined as follows. Let D(z) be a uniform distribution over {~1/v/d, 1/v/d}¢ and
y =1if 21 >0, 0 otherwise. The optimal hypothesis h*(x) = 1,0 and satisfies R (h*) = 0. Let
H ={h*} U{hy:w e W}, where W is the largest set such that for all w € W, w; = —1/v/d and for
any two w, w’ € W, [{w,w’)| > 1/8. Bythe Gilbert-Varshamov bound, the size of such a set is at least
2¢4 for some constant c. Note that for any H \ {h*}, Rp(h) = 1.

Now suppose we use the exponential mechanism with score —Rg(h). The probability of selecting
the correct hypothesis is at most

1 1 em/2-c'd
= < = .
Zhe{hw:weW} eXP(_Rg(h)f/Qm) 2c‘de—am/2

Hence if m < ¢’/de, then the probability of choosing h* is at most e¢dl? < 1/10 for d > % +3.
O
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Figure 3: Simple example in dimension one for which the minimizer of the expected hinge loss E[¢ hi"ge(w)] is
w* = 2 and thus [w”| = £ > 1fory < L.

H Example of a large norm hinge-loss minimizer

Fix a € [0,1] and € (0, ). Consider the distribution D on the real line (dimension one) defined as
follows: there is a probability mass of § at coordinate (+7,~1), a probability mass of § at (-r, +1),
a probability mass of 1_Ta at (+v,+1), and a probability mass of I‘T‘* at (—v, —1). Figure 3 illustrates
this distribution. We first examine the expected hinge loss £""8®(w) of an arbitrary linear classifier
w € R in dimension one:

a [max{0,1 - wy} +max{0,1 - wy}]

ghinee(qy) = %[maX{O7 1+wr}+max{0,1+wr}]+
= amax{0,1+wr}+ (1 -«a)max{0,1-wv}.

Thus, distinguishing cases based on the value of scalar w, we can write:

a(l+wr)+(1-a)(1-wy) ifwe[O,%]
ghinge (1) = a(l+wr) ifwz%
a(l+wr)+(1-a)(1-wy) ifwe[-1,0]
(1-a)(1-wy) ifw< -1,
w(ar-(1-a)y)+1 ifwe[(),%]
_Ja(l+wr) ifwz%
w(ar-(1-a)y)+1 ifwe[—%O]
(1-a)(1-wv) ifws—%.

To simplify the discussion, we will set 7 = 1 and a = , with y << 1. This, implies (ar - (1-a)y) =

a(-1+2a) < 0. As aresult of this negative sign, the best solution for the first two cases above is

w = % w = 0 in the third case, and w = —% in the last case. The loss achieved in the two latter cases

is 1and (1 -a)(1+ 1), both larger than the loss a(l+ %) obtained in the first two cases. In view of
that, the overall minimizer of £""8¢(w) is given by w* = %, with £hinge(q*) = %(1 + ). Note that
the zero-one loss of w* is £(w*) = a = 1.
Thus, for this example, the norm of the hinge-loss minimizer is arbitrary large: |w*| = % > 1. In

particular, for a sample size m, we could choose v < %, leading to |w*|| > m. Note that, here, any
other positive classifier, w > 0, achieves the same zero-one loss as w*. For example, w = 1 achieves
the same performance as w* with a more favorable norm.

Our analysis was presented for the population hinge loss but a similar result holds for the empirical
hinge loss.
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