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APPENDIX
Generalized Smoothness in Stochastic Convex
Optimization: First- and Zero-Order Methods

A AUXILIARY RESULTS

In this section we provide auxiliary materials that are used in the proof of Theorems.

A.1 BASIC INEQUALITIES AND ASSUMPTIONS

Basic inequalities. For all a,b € R? (d > 1) the following equality holds:
2(a,) = [Ibl* = llall* — [la — bl|*, Q)

(a,b) < lal - [[oll (©)

Squared norm of the sum Forall ay, ..., a, € R?

lar + ... + anll® < nllar|* + ... + nllan > (7

Generalized-Lipschitz-smoothness. Throughout this paper, we assume that the (Lo, L;)-
smoothness condition (Assumption [I.2) is satisfied. This inequality can be represented in the
equivalent form for any z, y € R%:

Lo+ Ly |V f ()]

5 ly = I, ®)

fly) = flx) <(Vf(z),y —2) +

where Lo, L; > 0 for any 2 € R* and ||y — z|| < £-.

Variance decomposition. If £ is random vector in R? with bounded second moment, then
E[llg+al*] =E |l - ELI1] +E[IEE) - of?], ©)
for any deterministic vector a € R?.

A.2 AUXILIARY LEMMA ABOUT GENERALIZED SMOOTHNESS

If Assumption [1.2]holds, then it also holds that Yz € R:

IVF(@)1* < 2(Lo + Ly IV f(2) ) (f () = ), (10)
where f* = inf, f(x).
Proof. We start the proof by applying equation |8 for y = z — mv f(x), where
ly — x| = % < L% Then we can obtain:
fr<f (x - 1 Vf(@) equagon@f(x) - . IV ()
Lo+ Ly [V f(2)]| 2(Lo + L [V f(2)])
O
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A.3 AN UPPER BOUND ON THE GRADIENT NORM

If Assumptionholds, then it also holds that Yz € R%:
411 +1
2

IV (@)l < Lo + (f (@) = f7). (11)

Proof. We start with equation [T
IVF(@)I* < 2(Lo + Ly [IVF (@)D (f(z) — 7)
V@) = 2L [V f (@) (f (=) = £7) = 2Lo |V f ()] < 0.
We need to solve this quadratic inequality w.r.t. |V f(z)||. The discriminant is
ALY(f(x) = [*) +8Lo(f(x) = f*) > 0,

i.e., it is positive. Since ||V f(x)|| > 0, we should also satisfy

2L1(f(z) = £*) + VAL (f(2) — f*) + 8Lo(f(2) — [*)
2

IV (@)l <

< Li(f(2) = f) +/Li(f(2) = £) + V2Lo(f(z) — f*)

1

< 2Ly (f(w) — f*) + Lo + §(f(93) - f")
44 +1 .
= Lo+ —5—(f(x) = )
O
A.4 WIRTINGER-POINCARE INEQUALITY
Let f is differentiable, then for all z € R4, ye € S d(fy):
2 72 2
E[f(z+7e)?] < LE[IVi@+7e)l?]. (12)
B CLIPPED STOCHASTIC GRADIENT DESCENT (PROOF OF THE
THEOREM 3.1)
We start by using (Lg, L1)-smoothness (see Assumption :
equatwn@] Lo+ L4 Vf(mk) 2
) 0 LB gty 2r - by o B ELIVTED
—n(Vf(z"),clip, (Vf( &)
Lo+ Ly |Vf(x . 2
o 12” D et (v 60" 43 . (13)

Next, we consider three cases depending on the gradient norm: HV fla®) H > c — the full gradient is
clipped and § < ||V f(z*)|| < cand ||V f(z¥)|| < & - the full gradient is not clipped.

B.1 FIRST CASE: ||V f(z")|| > ¢

: kY —_ 13 k : _ : c _ c
In this case aV f(z*) = clip, (V f(2*)) with o = min {1, 7GR } = 70y therefore we
have the following

—n (VS (ab),elip, (f(a*,€")) " ZL |01 @)|* - 2= [elip, (V5. €9)]
+ % || clip, (Vf(mk,ﬁk ) aVf(x H
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~F VA = 5 letip, (V5 €9
+JLWmn«Vfuks%)—cm%<Vfu%Hf
= = [VHH)|| = 5= [Jetip, (V )]

+%Hchpc (V"¢ )) clip, (Vf )||

Using that clipping is a projection on onto a convex set, namely ball with radius ¢, and thus is Lipshitz
operator with Lipshitz constant 1, we can obtain:

(V). E [elip, (f(z*,€9)]) < =5 [ V@) - oLE U'““’c (vt €]
+ Le[|viat, (" H]
,guvf )| 71]E [||chpc (V/(* €)]]
- o
TV - 52 [letpe (V1 €)]
+W' (14)

We now consider the cases depending on the relation between c and o:

‘ In the case ¢ > /20 ‘ We have in equation

equation @

0 (V). E [elip, (VF(*€9)]) <~ T VA - o= B [etip (VA" )]

n||[Vf(h) o
+ 2cB

=~ g [|letip, (V5]

- 2ot Mv—;)

<Lk [Hchpc (Vf(*.€9)]]
TIviEh|
||V
- ”2 M [jeti, (7,49 ]
cn
- v
Plugging this into equationand choosing n < m we have:

equatwn 13 \v4
E[f(a+)] - £(a*) LT E [jon. (710t €DI] - 500

n?(Lo + Ly ||V f(z*
2

W [jetip, (v(0* 49 ]

Vf(xk
- _W]E [HClip ( xk,ék )HQ} (1 —=nL1c)

- T IviEh)] [||chpc(Vf I
~ v - ”Emmmaw NI (= n(Lo+ Lro))
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< -2 vsh)). as)
Using the convexity assumption of the function, we have the following:

fa®) = f < (Vf(ah),a" —a*)

LB s ot
< VIO max | [la* — 2.
R
Hence we have:
IVF@EH] = w. (16)

Then substituting equation[T6into equation@]we obtain:
c *
B[f()] - f@*) < =L | VA@h)]| < - 5 (Fh) - ).

This inequality is equivalent to the trailing inequality:

E [f(karl)} o f* S (1 o %) (f(itk) *f*)

Then for k = 0,1,2,..., N — 1 iterations that satisfy the conditions HVf(xk)H > ¢ > /20, then
ClipSGD has

B[] - 5 < (1 55) " (a0~ ).

‘ In the case ¢ < /20 ‘ We have in equation

(OB [, (76 €9)]) TG 9] - L et (916 )]
NI L
T
D91 - gL e, (75,6
nMa?
2¢B

Plugging this into equation and choosing 1 < m we have:

equation \V4 k
B[] - fat) " @f%Hquknfﬁllﬁlﬂ B [t (v£(*,€4) ]
Lo+ L1 ||Vf(z M
o+ LI [t (95005 )] + 202"
v v
v sah) - I [etp, (954, €9) 7] (.- n1o
2L M
772 {HChpC (vf ’gk )H ] 7726;—
~ V)| = & [[clip. (V£ €9) ] (1 = n(Lo + Lic))
nMo?
2cB
< |7 s + Lo, (17)
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Using the convexity assumption of the function, we have the following:
f@®) = fr < (Vf(ah),a" —2*)
equamon@ .
HVf =" =]l
< [V, max [

ke[0,N—

R

Hence we have:

k)H > f(xk)*f*

\Y 18
IVf( = (18)
Then substituting equation[I8]into equation [I7] we obtain:
k+1 k ne UMU nc k * ﬁMUz
E[f(@")] = fa") < =5 VI + 55 € —5p (@) =)+ 5 5
This inequality is equivalent to the trailing inequality:
Mo?
E k+1 < (1 _ E) AN L
T =7 < (1= 2 (7ab) - ) + 220
equation [T] ne  no?(4L; +1) & no?Ly
1 = B _ *
= < 2R icB (@ =)+ 55
o U ) By pey oy 19 Lo
<[(l1--—= —
< (1-15) (P - + L2,
where in @ we used B = O ("; [77+ LL‘,’QR + % + WD .
Then for k = 0,1,2,..., N — 1 iterations that satisfy the conditions HVf H > cand ¢ < V20,
then ClipSGD has

L0R02
2B

B[] -1 < (1= 297 (1) - ) +

B.2 SECOND CASE: § < ||V f(z¥)|| < ¢

In this case V f(z*) = clip, (V f(2*)) with & = min {1, m} = 1, therefore we have the
following

= (V") clip, (Vf(*,€")) L BEL 9 @) |* - 2L elip, (T, €9)
+£Hchpc(w<x’as’“) avfah)|’
= ~2[|V@h)| - 3 |letip, (VF(*,€5)[
+ 2 |elip, (V1 (2", €")) - clip, (Vf( )1
g—%nw )| = 5 etip, (V£(*,€5)|°
+ 3 ||etip, (V£(=*,€5)) = clip, (V)]

Using that clipping is a projection on onto a convex set, namely ball with radius ¢, and thus is Lipshitz
operator with Lipshitz constant 1, we can obtain:

(V). E [clip, (V/(a",€%)]) < = [ VA" H—*E[Hchpc(vf &)’]
+JE ||VF@ah € - ViEh)|]
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2

-S| - 2 et (97 €9) 7] + 20

2
et - L et (V1 )] + 2

Plugging this into equationand choosing n < m we have:

equation E

B 7] - £ "L 0| - T2 ltip. (75", 69) ]

n*(Lo+ L1 ||V f(z
2

=7 I1vsa] + 35

—fIE[Hchpc(Vf ENIF] (= n(Lo+ L [Vr@EH)]))

2

k
W [jeti, (v st )] + 22

n 2
S eseh] + - a9)

Using the convexity assumption of the function, we have the following:

@) = 7 < (Vf(ah),ab —a)

LBt ot
< [ViEO, a2 »LH
R
Hence we have:
[V£(h)] > w. (20)

Then substituting equation[20]into equation [T9 we obtain:

2

<L (pah) -+ L

E[f(@")] - f(a") < =22 |V f(a* ||+QB 7 5

This inequality is equivalent to the trailing inequality:

E[f@*)] -1 < (1- ) (75 - 1) + %

Then for k = 0,1,2,..., N — 1 iterations that satisfy the conditions & < ||V f(2*)|| < ¢, then
ClipSGD has

B[] - £ < (1- 2) " (500 - 1) + 22E
B.3  THIRD CASE: ||V f(z")| < §
We introduce an indicative function:
Ny, = 1{||Vf(a" €| > c}. 1)
Then the following is true:
ER] =E[3] =PV €9 > <P V5", )| > } < 020;’ (22)
where in @ we used ||Vf R < |IVAER ) = VEER |+ |[VEER)| <

|V f(z*,€F) = V f(2¥)|| + &, and in @ we used Markov’s 1nequal1ty
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Letry, =E [||xk+1 —2*||] and Fj14

= Vf(z*

= E [f(z") —
—Ng) +

c

f*]. then given that

Vf(z*

7£k)Nk:

clip, (Vf(z"

€))

IV £z, &5

we get with n < m

Tk+1 = Tk
= 7’]% - 277 <vf(‘rk)7xk
+n’E [Hcllpc (Vf
equatzon@
+n’E [Hchpc (Vf
-
STk nF, + 2n ||E
+n’E {HchpC Vf
equatwnm
+21°E

=72 —2nF, + 21 ||E

2n (E [clip, (Vf(;t’C

Tl% - 277 <Vf($k)7xk

< r,%—Qan—i—Zn‘E

_||c1ipc (Vf(a"

Vi(z*, &%) + (
E))]

7]

_<|Vf sen )Y

T HE (o

7€k)) - Vf(xk

Cc

IV f(a*, €9l

—z*)+ *E [HchpC (Vf

R e P

C

k ek
", €

)
R

N ||| R

- 1) V", €58

énw

VFGr &) -
)]
T e - 1) Vf(x’“,s’“)m] |2° — 2|
“e]
(roraamy 1) VA6 e | 1o

)] + 20 [V )]

C
_ g 1) VI
+ 2°E [|elip, (V/(a*,€")) = clip, (V/")[*] + 207 |V 5"
27“2—2 F [ < k ¢k -
+27E [[|[V f(a*,€") = V1 @N)|] + 207 |V 18]
<r2—2mF, + 2 |E <|Vf(arc’“ 3l —1> Vi, €| | R
2 2
+277T0+2772||Vf(zk)||2
equa ionm
2 2
2T+ a? (Lo + L [V £ )]) Fi
2 2
+277B +4n* (Lo + Lic) Fy,
= r,%, — 2nFy, (1 — 2 (Lo + L1C)) + 277;02
C k ¢k
2 ‘E anw,sk) ‘1> vitete )N’“} R
2 2°0” ¢ k gk
L ‘E[(Ivf(wk,s’“)l ‘1> vitee )N’“} -

20
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Let’s find the upper bound of the last summand:

c k ¢k
e |(fermigny 1) Vet em|
equation @
<o |97 €0 (1 gercia) )

< 29RE [|Vf (", €")]| - %]
< 2R (E [V, €5) = V)| 8] + V6P| E )

< 2R <\/E (197 (%, €5) = V£@9) ) - E D]+ [V 7) | B mk])

equation 2 2
e @277R<20+c-40)

¢cB 2 B
8no’R
= . 24
B (24)
Substituting into the initial formula and rearrange the summands, we obtain
equation@ 9 9 27720-2 c E ok
nFy, < ey =T+ —=— +20||E|| = — 1) Vf(2", "N, ||| R
FoTa g NGl e
equation@ 27720-2 8770-2R
< 2_ .2 “no”
Tk rk+1 + B cB

Combining all cases we have:

E[f(zV)] - f* < Fx - 1[Ti] + Fy - 1[T3)]
nc R?>  o?LogR  2no? n 80’R

N
(- Ry B ,
*( iR) TNt B B cB

where 77 describes case HVf(xk)H > ¢, and 7T describes case HVf(xk)H < 3.

C NORMALIZED STOCHASTIC GRADIENT DESCENT (PROOF OF THE
THEOREM [4.1))

k ¢k
Let’s introduce the notation G(z*, &%) = %, then using (Lo, L1)-smoothness (see Assump-
tion[1.2):

F@™) = f(a*)

equation @
<

(Vf (), 2+ — by + Lo+ 1y 12!Vf($’“>H ka+1 _

n*(Lo+ L1 ||V f(z
2

ot

I

=—n(Vf(="),Ga" ")) + (25)

Next, we consider 4 cases of the relation ||V f(2*)|| and HV JCAN LD H with respect to the hyperpa-
rameter \.

C.1 FIRST CASE: ||V f(zF)|| > A AND ||V f (2", &¥)|| = A

Let us evaluate first summand of equationwith o= HV f (") H -
0 (V(a*), G, g5)) LB v b - oL et

n 2
+ 5, 16", €)= aV i@
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2

—2[VFah)| - 5= |Gt €M)

_|_

o [AGGE* €5 = xavi(ah)|”
n n 2
=5 V@D = 55 lleE" €]
+ 5 elip, (VS(*,€9)) — cipy (V1)

Using that clipping is a projection on onto a convex set, namely ball with radius A, and thus is Lipshitz
operator with Lipshitz constant 1, we can obtain:

0 (VI E[G@*,€M]) <~ VS0 - 5LE [||G ("6 ||2]

+ 535aE MVf COlN B

In the case: 0 < o < % Using this in equation , we have the following with 7, <
INEACI|
Lo+ L1V F (@)

equation @

E[f(mk+1)] —f(.’L'k> < —77<Vf(a’:k),E[G($k7£k)]>+ 772(L0+L1 ||Vf( k

. T )H)E [HG(xkvgk)”Z]

equatwn@
3196~ 22 [l €]+ gk (19764 ) - 9560
ok
n?(Lo + L12||Vf( )||)IE [|‘G(xk7£k)u2}
=317 + g5, 1971 6~ V1G]

2 Lo+ Ly ||V f(2*
- e et o] (1 - 2 TR

< 5 V46 + 35

n
s—5HVfwwn+ZHmeﬂu

=3IV @

The step size will be constant, depending on the hyperparameter A:

|V £ ()| B 1 A A

= >
2 (Lo + L1 ||V f(zF A = 2(Lo+ L))’

- A
Thus, mx =1 < 55

Using the convexity assumption of the function, we have the following:

fa®) = f < (Vf(ah),a" —a2*)

equatwn @

HVf )| fJ+* =2
< VA, s )|
R
Hence we have: .
V()| > % (28)

22
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Then substituting equation [28]into equation 27| we obtain:

B[f(a")] - f@*) <~ [Vh)] < ~ R (") = £7).

This inequality is equivalent to the trailing inequality:
* 77 *
E[f@)] -1 < (1- 15) (/) - 1)

Then for £ = 0,1,2,..., N — 1 iterations that satisfy the conditions ||Vf(:z:k, 5’“)” > V20 and
|V f(z*)|| > V20 NSGD shows linear convergence:

B[] -1 < (1-5) 60 - ).

In the case: % < o. Using this in equation , we have the following with 7, <
[vEh]]
Lo+ LIV @)
e uation@ 2 L + L V k
E[fa*)] - £ L B (9 ), B Gt 8] + T 12” Sy, [llG*,€5)]°]
equationm n n 2 2
<IN - e [lle6k €] + SB[V 6k €5 - V)|

n*(Lo + Ly ||Vf(xlc

)H)E {HG(Jﬁk,ﬁk)HQ}
_g va || + 2/\2 {va(xk,gk) _ Vf(agk)Hq
_ gE {HG(M,@)H } (1 B (Lo + Ly HVf(xk)H)>

[V.f ()]l
no*
<_7va H+2)\2QB
n no?M
_§||Vf(x )H+ IA2B (29)

The step size will be constant, depending on the hyperparameter A:
||V f(zF) || B 1 A A

= >
k = .
2o LN TE o (Lo ogtmyy + 1) 2 (Logogtamy + 12) 2o 0

_ A
Thus, nk =1 < 550

Using the convexity assumption of the function, we have the following:

Fa®) = < (Vf@h),2* —a%)

equatwn@ *
HVf ) l2* — =]
T T
R
Hence we have: .
HVf(a?k)H > f(x% (30)
Then substituting equation [30]into equation 29 we obtain:
no®M U . no*M
B[] = ) <~ [ V1R + 200 < 5(a4) — gy 2N
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This inequality is equivalent to the trailing inequality:

2
ITICE. o oy no-M
E[f(z"th)] - f* < (1 2R> (f@) =)+ 53
equation [I] n 7702(4L1 + 1)
< <1 2R e

o 2r
) -+

’L
<(1-15) (G - 1) + T2,

where in @ we used B > max{” R(4L1+1) g LoR}.

b >\2
Then for £k = 0,1,2,..., N — 1 iterations that satisfy the conditions HVf(xk,ﬁk)H > A and
|V f(z*) H > Xand o > v/2)\ NSGD shows linear convergence:

O’2L0R

B[] -1 < (1-25) (@) -5+ St

4R

C.2  SECOND CASE: ||V f(zF)|| < A AND ||V f(2*, &%)|| = A
Let us evaluate first summand of equation [25|with @ = A7 1:
—n(Vf(a"), Gla*,€5) BN )| - oL |etat, €]
+ % HG N3 —an 1l
9| - o ot €]
+ % NG, €F) — V£
= DIvseh) - L fleet, &)
+ b [letipy (V£(2*,€)) — clipy (V/(4))]

Using that clipping is a projection on onto a convex set, namely ball with radius A, and thus is Lipshitz
operator with Lipshitz constant 1, we can obtain:

—n (V). E [Gla",€)]) < 2 HVf )| - 5oE [HG (a,€") |l2}
+ o [HVf S 6

||Vf(x’“)||

Using this, we have the following with 7 < Lo+ LTV F D -

B[] - £0) LB (V1) B (G 64)]) + T L;”Vf g [, ¢)]
B9 | - ”E[HG 7] + LE[|vrat e - Vb))
nz(Lo+L12||Vf D g U\G o,¢9)]
= 2|95 + SRE [V £(a*, ()|’
- oLE[lG" )] (1— ko ]é}i’;ﬁ xk)”))

<_7va H+2/\B
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2
< -DviEh|+ 5. (32)

The step size will be constant, depending on the hyperparameter A:

|V f (%) ]| B 1 A A

_ >
2 (Lo + L1 [V f(2F 1 : 2oy
(Lo + L1 ||Vf(zF)]) 2(L0W+Ll) 2<LOW+L1>\) (Lo + L1)

Thus, 7 =1 < 5730

Using the convexity assumption of the function, we have the following:

F@*) = fr < (Vb)) 2" —27)

LB st ot -
<|[vra], e o ]
R
Hence we have:
V(") > w. (33)

Then substituting equation[33]into equation [32] we obtain:

2

2 g
v reh) + 2 < Lty — 1)+ £

E[f(@**)] - f(a") < 2AB = 2R 9\B

1\3\3

This inequality is equivalent to the trailing inequality:

2

E[f@")] - 5 < (1-5%) (F&5) = ) + o

Then for ¥ = 0,1,2,..., N — 1 iterations that satisfy the conditions HV f(xk)H < X and
|V f(z*,€")|| > A NSGD shows linear convergence:

N 2R
E[f@")] -/ < (1-55) (F@) - )+ 55
C.3 THIRD CASE: ||V f(zF)|| < A AND ||V f(2F,€F)|| < A
[V£@D]]

Using this in equation we have the following with n;, <
-1
Gl

sTotLvrenn and o =

b equation@

E[f@"™)] - f@") < T -0 (Vf@E"),E[G(",€5)])

2 "
Pt VI g g

o LT ST

—&—%E[HG(mk )= av()|’]

2(L L ||V
n* (Lo + 12|| fa* || E{HG(wkaﬁk)HQ}

—2|[VFah)||+ 5B |Gt €5 - aviah)]
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Lo+ Ly ||V f(zF
- e et o] 1 - Lo LT

~2|[Vi ")) + 5=E G, &) = avsh)|[]

gfgnvmn%ﬁ [lca &9 + lav )]
2

_ o T ||| VR €5 ‘W(wk) ’
=~ IV/EDI+ B ‘IIVf( nennll T r@n
2N\ V
__ﬂva )| + A | f 9l
<-= HVf )| + 2nA. (34)

The step size will be constant, depending on the hyperparameter A:

(NGl I 1 A A

- > )
2o+ LIV (LO T + Ll) 2 (LO o R T LlA) 2o+ Lad)
Thus, 1 =1 < 53y

Using the convexity assumption of the function, we have the following:

f@®) = f < (Vf(ah),a" —a*)

quatzon

HVf ) fla* = 2|
< [V e 7.
R
Hence we have: .
sy > =T (35)

Then substituting equation[33]into equation [34] we obtain:
n n *
E (@] - 7*) < = 2IVIER)] + 207 < =R (F) - 1) + 200

This inequality is equivalent to the trailing inequality:

E[f(*)] - 1 < (1- 5%) (/@) = 1) + 20

Then for k = 0,1,2,..., N — 1 iterations that satisfy the conditions HVf(xk) H < A NSGD shows
linear convergence:

B[] - 1 < (1 55) " (1) — 1) + AR

C.4 FOURTH CASE: |V f(z")|| = XA AND ||V f (2%, %) < A

[vseh]]

_ y—1.
STt LV and o= A7

Using this in equation , we have the following with 7, <

E[f(*1)] — £(z%) “C B L (V1) E [G*, €5)])
2 xk 9
n (L0+L12||Vf( )||)E[‘|G($k7£k)u }
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=SSN - 55 = [G6 &)
oL B [ €] - av i)

2 .’Ek ,
L <L0+L12|\Vf< D lloe® €9)]

N n*(Lo + L1 ||V f(=%)])

2
oy 2 || [ AV, &) ’
= oy IVFEO]"+ 55 E_W—Vf(xk,ék)]
n%(Lo + Ly ||V £ (z¥)]])
2
— L ViEh) + s ||E (A1> V(2" e’w} 2
S22 22X || L\ IV f(2®, &R)|l ’

2
I

—_

n 2 A 2
< ox V7l *»E(nww,sk)n ~1) I sate)

N n%(Lo + Ly ||V £ (z¥)]])

2
Ui NI A2 E gky||2
_ U —
= VeI o3 [ e ﬂx’“”]

N n? (Lo + Ly |V f (%))

2
n?(Lo + L1 ||V f(=F)]]) n nA

__ " INE
T92) HVf(:B )H + 9 9
2(Lo+ Ly ||Vf(2*
S—gHVf(mk)H-‘rn ( o+ 12” f($ )H) _"_%
Ui K (Lo + Ly [VFEH)[) ) | nA
=—=|V 1- + =
2 V7@l ( V@] 2
_n By M
<= IVFEh| + 5 (36)
The step size will be constant, depending on the hyperparameter A:
NGl I 1 _ A >
2(Lo+ L1 ||V f(=F)])) B = 2(Lo+ LiN)’
(Lo + LNTEOD ™ 2 (Logesbmy +£1) 2 (Bopepiomy + L) 200+ L1V

_ A
Thus, e =1 < 53 Tn-
Using the convexity assumption of the function, we have the following:

f@®) = [ < (Vf(ah),z" —2*)
equa ion@
" st | ot - 2|

k
SLAEE L

o~ a*
]

R
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Hence we have: . X
k)H > f@") - f .

N L

37
Then substituting equation[37]into equation 36| we obtain:

A *
E[f(@*)] - f@*) < T V)| + 5 < —E (") - 1)+ 5.
2 4R
This inequality is equivalent to the trailing inequality:
k+1 * Ui k * T]>\
E[f)] - 5 < (1- %) U6 - 1) + 2.
Then for £ = 0,1,2,..., N — 1 iterations that satisfy the conditions HVf(xk)H > X and
||Vf(xk, &r) || < A NSGD shows linear convergence:

E[f) 1 < (1= 5)" (1) — 1) + 2AR

Combining all the cases considered, we obtain the convergence rate Normalized Stochastic Gradient
o R(4L1+1 o LOR}

g

U2L0R

g TAR

Descent with batch size B > max {
N

B[] -5 (1= 1) () - 1) +

D ZERO-ORDER CLIPPED STOCHASTIC GRADIENT DESCENT METHOD

This section consists of two parts: 1) a generalization of the convergence result of ChpSGD (Al-
gorithm 1) to the biased gradient oracle g(«*, £¥) = V f(2*, €¥) + b(a*), where b(z") is biased
bounded by { > 0 : Hb(xk) H < (; 2) deriving convergence estimates of ZO-ClipSGD directly.

D.1 BIASED CLIPPED STOCHASTIC GRADIENT DESCENT METHOD (PROOF OF THE

LEMMA[5.1))

We start by using (Lg, L1)-smoothness (see Assumption :

Lo+ Ly va(xk)H ||xk+1
2

equatwn @

—at|f

Fa™*h) = fa®) (V" —a") +
—77<Vf(95 )7clipc (g(w €9))

2(L Ly ||V f(xF
0 3 BT e, ot ) 3

Next, we consider three cases depending on the gradient norm: HV fla®) H > c — the full gradient is
clipped and £ < ||V f(z*)|| < cand ||V f(2*)|| < & - the full gradient is not clipped.

D.1.1 FIRST CASE: ||V f(z¥)|| > ¢

In this case (XVf(l‘k) = clip,, (Vf(l‘k)) with & = min {17 va‘(jxk)” } = HVf?z")H , therefore we
have the following

0 (V") elip, (g(a*,€")) L BEL |9 p @) |* - 5 elip, (g, €")]
+ % [|clip, (g(2",€")) — aV f(x H
= =L VFE)* = 5= [letip, (gt €M)
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+ 21 [clip, (g(a*,€")) — clip, (Vf(:,:k))H2
:-%va H——wwm< )|

+ % Hchpc (m 75 )) Cllp(. Vf H

Using that clipping is a projection on onto a convex set, namely ball with radius ¢, and thus is Lipshitz
operator with Lipshitz constant 1, we can obtain:

0 (VF(a),E [clip, (g(*,€")]) < ~ T |V £(2)]| - *E[Hchm )]
+%E[ng, ~ Vi@ M
B2 v )| - %E leip, (g(a*. "))’
+fE[ug €") —E [g(«",€")] ']
+ 5 I
-G vsEh) - "E[Hchpc(vf I
no’ M n||Vfah)] ¢
+ 2¢B + 2¢ ' (39
We now consider the cases depending on the relation between ¢ and (:
‘In the case ¢ > /2 ‘ We have in equation
euation@
0 (VF(").E [clip, (*.69)]) " = 5 [Vi(a* H—iE[HChPC( €I
no’M  n||VfEb)] ¢
+ 2cB + 2c
= - E |ctip, (g(=*,€")]’]
no?M
S (1-5) - 2
. M
< g [nchpc( ) } - v +
= nHVf H [Hchp Vf(x )H]
M
- IVl + S
Plugging this into equationand choosing n < m we have:
euazon@ \v4 2M
B [v)] - ) "L B Ol g o, (giot,64)) 7] - 2 v sty + 2
Lo+ Ly |V
o 12” KW g e, (gt 9) ]
v k
= I i, (a9 ] (1 = nre) — 95|
2L M
+ LR [|etp, ((a,€5) ] + 22
— Vi) - JE [Hchpc (g(xk,s’ﬂ)!ﬂ (1 — (Lo + Lac))
no*M
2¢B
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2
no*M
<~ Twsen) + T )
Using the convexity assumption of the function, we have the following:
. quatwn@ " X .
Fat) = < (Vf(h),2* —a7) IVi@OIle* ~ 2™l < [V, max | [la" 2]
R
Hence we have: i
va(xk)u > M 41)
R
Then substituting equation [#1]into equation 0] we obtain:
k4+1\] _ k _ne no*M _ne ky _ px no>M
E[f(@")] = fa") < = VI + S5 < — (@ - )+ S5

This inequality is equivalent to the trailing inequality:

E[f@)] - < (1-15) (6h - 1) + T—=

Then for K = 0,1,2,..., N — 1 iterations that satisfy the conditions ||Vf(:rk)|| > ¢ > /2(, then
ClipSGD with biased gradient oracle has

o?MR

B[] - 1< (1-22)" (1) - 1) + T

2R

‘ In the case ¢ < \/EC ‘ We have in equation

equation @
<

0 (Vf(a"),E [clip, (g(a",€)]) ~SVIEE)] - 25E [|letip, (g(*, )]

no?M  n||V ()| ¢
* 2¢B + 2c
—% IV f (M) - iE [HCHPC (g(xk»ﬁk))ﬂz]

nM
+QC(B+¢)

Plugging this into equation and choosing 1 < m we have:

k equation @

Ik
[ - 7 " E" B2 v et - UL e, (ot )]
n?(Lo + L1 ||V f(

; xk)H)E[HCIipC( (z 75 ))H } 772‘7\04( +<2)

\Y% xk
| - UV [etp, (etat, €4)) 7] 0. - nLao

7722L°E[||cupc( @, )] + ”M< +c2>

~ ISR - TE [|elip, (g, €9)[°] (0 = n(Lo + Lrc)

=5 Vi@

cn & nM (o2 9
~Z s+ B (5 +7). @)
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Using the convexity assumption of the function, we have the following:

N N eq uatwn @ N N
F) - < (V) o - a) [5G0 = o)) < [97H) ], _max [1o* o]

R
Hence we have:

HZf(xk)_f*. (43)

R

Then substituting equation [@3]into equation 2] we obtain:

|V f ()

M 2 . M 2
B[] 1) < =5 |0reh+ o (G +¢2) < — g+ B (G +¢).
This inequality is equivalent to the trailing inequality:
* X M (o
E[f*] -/ < (1= L) (1) - 1) + 5 (‘; + 42) .

Then for k = 0,1,2,..., N — 1 iterations that satisfy the conditions ||V f(z*)|| > cand ¢ < V2,
then ClipSGD

B[] - 5 < (1- 29)" 160 - 1) + B (S + ).
D.1.2 SECOND CASE: £ < ||V f(zF)|| < ¢

In this case V f(z*) = clip, (V f(2"*)) with & = min {1, W} = 1, therefore we have the
following

—n (Vf(z*), clip, (g(av’“,s’“>)>e‘”‘”w"E SV = 3 |etip, (g, €9)][]

+ 7 Hchpc( (x ,Ek ) aVf(x ||

=2V |* = 2 |etip, (g(a*,€)]”
+§W®A<x£ﬂ%wmAVﬂx»W
= Vr @) - 7 |etip, (g, €M)

+ g [clip, (g(z*, %)) — clip, (V£(*))||" .

Using that clipping is a projection on onto a convex set, namely ball with radius ¢, and thus is Lipshitz
operator with Lipshitz constant 1, we can obtain:

0 (V1 (a").E [eip, (g(a*,€9)]) < =3 [V5")]| - 5B [Jeipe (g(a* )]
+QE {Hg xk: k )-Vf xk HQ]
equatzon@ cn va H — ]E {HCIIPC( k,gk))H2:|
gE [ng €% —E [g(=",€M)]| }
2 |lbe")?
<% . 3 [t (e(a*.€9)]I°]
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9 1] - 2 [|etip, (m(a". )]

n 2 2
+2(B+<).

Plugging this into equationand choosing n < m we have:
e uation@
B[] - 7)) S -GNV - 5B [etv. (8", €9)]]
7 (L + L, ||Vf(x o?
0 12|| H {Hcllp (g(=", €M) ] (+C2)

4| - 25 [etip, (& skm( n(Lo + Lt [V 564)])

2
(5+0)
2
<=2 |[VrEh)|+ 35 (‘;m?). (44)

Using the convexity assumption of the function, we have the following:

equatwn@ . .
95 o =) < [V, o o =)

fa®) = f < (Vf(ah),a" —a*)

R
Hence we have:

kuzw.

|V £ (") - 45)

Then substituting equation[@3]into equation 4] we obtain:

B[] - 160 < B9+ (G +¢) < e -1+ 1 (F+¢).

This inequality is equivalent to the trailing inequality:

E k+1N] _ *<(1_£) ky L h 2
] - < (1= 29Y (- 1)+ 2 (% e
Then for k = 0,1,2,..., N — 1 iterations that satisfy the conditions § < ||g(z*,£")|| < ¢, then
ClipSGD with biased gradient oracle has
* ne 3R
B[] - 5 < (1- )" 60 - 1) + 2 (S 4 ?).

D.1.3 THIRD CASE: ||V f(z*)[| < ¢
We introduce an indicative function:

Ny, =1 {||g(z*,&")|| > ¢} (46)

Then the following is true:
Bl = (8] = P e €] > ] £ P s &) - B e ]| > ] £ 2
where in @ we used Hg(mk,gk)H < Hg(xkfk)—E[g(x , H| + HE [g(z", ") ”|

Hg(xl’f,ﬁk) —E [g(z*,€)]|| + 5. where assume that ¢ < 2°: and in @ we used Markov’s in-
equality.

, (47)
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Let rjqq = E [||#**! — 2*||] and Fyqy = E [f(2*) — f*], then given that

clip, (g(z*, &%) = g(a*, €5)(1 = Ny) + ————g(a", £M)N,

g (z*, €4l
&

— o(zk gk ¢ ok ek
= s(eh. €+ (i gy 1) et

we get with n < m

rfin = 1% — 20 (B [elip, (g(c*,€")] 2" — ") + n’E [[etip, (g(a*, )]
= k=2 (VS ‘””>‘2”< { g(ksk>||‘1>g( et )

+ 1B [|etip, (g(z", €"))[|"] + 20 (b(a"), 2" —

equation [6] 5

s k-2 (V. ”>”"HEK||gxk el 1)t

+°E [|letip, (g, €5)|7] + 20 [b(*)]| 2" —

|l = 2|

£02 oy 12 H]E Km - 1) g(mk,gk)Nk} [ER

+1°E [ctip, (g(a*,€")||*] + 20 |[b(a") || - *
"L - b B | (ot 1) w1

+ 2°E [|elip, (g(z", €")) = VI(*)[|*] + 202 |V 5 ")]|” + 20¢ [}2° — o
=12 —mF;, + 2 ||E :(M—Q g(z", EF)N, W r

+21°E {Hclipc (g(2*,€")) = clip, (V f(z"))|| } + 2? HVf(JL‘k)H2 +2n¢R

c

@ 2 [ k ¢k

ak S’“)II
42K [Hg ,5k || } + 22 |V + 20¢R
equatwn@ 2 _omF 9 H |:( 1) k ¢~k R :| R
2 e ,sk>|| Bl &%
+27°E ||g(", €5) — E [g(2", )] |*] + 207 |V £*) | + 20¢R + 20 [b(ah)|
2 _onp, + 2 ||E C—l) ’“,kN}R
e (e R EE
2 2
27]30 2)||* + 20CR + 202¢
equationm 9 H |:( 15 > E ok :|
—omF 2 |E | —— 1 N || R
S Tk n k+ Ui Hg(xk,ﬁk)ﬂ g(l‘ 7€ ) k
277202 2 Kk 2 2
(Lo + L1 ||V f(z")]|) Fr + 2n¢R + 2n*C

Sri—277Fk+2nHE {( R

21202

B

l’k, ﬁk)Nk::|

Te@ e~ 1) &

+41% (Lo + L1¢) Fi 4 2n¢R + 20°¢?

+

2 .2

2n‘o
— 2~ 2Fy (1— 20 (Lo + L1e) + 27" 4 29¢R + 2022
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[ c

+o|E ( _ 1) gz, € ||| R
NERA |
2 2 2

<12 pFy+ ”BU +20CR + 222

] ] .

+2n||E ( — 1) g(z®, M, ||| R. (48)
NEnA |

Let’s find the upper bound of the last summand:

20 6| (g 1) s €|
"L e latet - (1~ gy ) M

< 29RE [||g(z*,€")]| - Ni]
< 2R (E [g(c*,€") ~ E [g(a",€9)] | - %] + [[V )| E D] + [b(a*) | E )

< 2R <\/1E [Ig*, &%) ~ Elg(et, €9)IF] B0+ 2B [m])

equation [A7] 30’2 2c 9(72
< TR (4T 2L
- ntt < cB + 3 cQB>
18n0%R
= (49)

Substituting into the initial formula and rearrange the summands, we obtain

KIIW(m%k)H ', €5
equation [49] 277202 181702R

< TR —Thp1 + 5t 5 + 2nCR + 2022

equation [48] 9 9 27720-2

nFy, < rk—rk+1+T+2nCR+2n2C2+2n

E

Combining all the cases considered, we obtain the convergence rate of ClipSGD with biased gradient
oracle:

E[f(a™)] = f* < Fx - 1[Ti]+ Fy - 1[T3)]
2 2
< (11" R ME R (L
s(-%) brimom o totn) (Fe) R 60
where 7; describes case ||V f(z*)|| > £, and 7 describes case |V f(z*)|| < €.

D.2 CONVERGENCE RESULTS FOR ZO-CLIPSGD

In order to obtain convergence results for ZO-ClipSGD it is necessary to estimate the bias and
variance of the gradient approximation equation @}

Bias of gradient approximation Using the variational representation of the Euclidean norm, and
definition of gradient approximation equation 4] we can write:

[Elete 6.0 - Vo) = | | - (7o + 96,6 = fla = 2e,©)) | = V1(2)

|2 (f(r+ e, + 8z +20) } V()

e

dA
_1’_7

IN®

d
E _;f(m + ve,f)e} - V/f(z)
IE[V f(z+yu,&)] — V()] + %

l®
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dA
= sup E[|V.f(z+yu,8) - V.f(@)ll] + —
z€854(1) v
equation[§ &
(Lo + Ly [[VF @) vE [llul] + —
< (Lo+ Ly M)’YJF% (5D

where u € BY(1), ® = the equality is obtained from the fact, namely, distribution of e is symmetric,
® = the inequality is obtain from bounded noise |4(z)| < A, ® = the equality is obtained from a
version of Stokes’ theorem (see Section 13.3.5, Exercise 14a, [Zorich & Paniagual 2016).

Bounding second moment (variance) of gradient approximation By definition gradient approxi-
mation equation 4| and Wirtinger-Poincare inequality equation |12{ we have

E [lg(a, {& ¢}) ~ Elg(a. {&, e}
<E [Hg(x {&ehl?]

L8 || (fe+ 269 - fo—re0) e

- E[(f( $96,6) =[x —1e,) + 8(z +7¢) — 5z —¢))’]

T 1y
L B[ e - 1 e )] +27)
B L (flﬁ (197G 76,8+ V1o e, +282)
- 2‘52 (51& IV (2 +7e,€) + V(@ — ve,€) £ 29 f (2, O] + 2A2>
LB s (195, O] + a7 [Jof?] + £5-
£ 4d5° + 4d (Lo + L |V £(s")|])” 1°E [lell”] + difz

d?A?

< 4d6* +4d (Lo + LiM)* 7* + — (52)

where @ = the inequality is obtain from E {HVf(x, §)||2} <52

D.2.1 PROOF OF THEOREM[5.2]

In order to obtain the convergence rate of ZO-ClipSGD in the convex setting, we need to substitute
the obtained estlmates equatlon@] and equatio F@lnto the convergence rate of ClipSGD equation 50|
instead of ¢ and o2 +n S ME
Z0O-ClipSGD in the convex setup is as follows

2 52 0
B[] - (1_Q>K(f(x0)_f*)+ R dMRs  dMR(L + LM%y

R n(N — K) 2B 2B
@ pY ® @
A®MRA? MR (Lo + LiM)*~4* d2MRA?
2B~? 2 22
—— ———
® ® @
dAR
(L0+L M)’YR+T
—_— —
@
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From term @, we find the K:

M_ (53)
€

K R
oF (17%) (f(a®) — f)<e = K> Clog

From term @, we find the number of iterations N required for Algorithm [3|in convex setup to
achieve e-accuracy:

R? equation[53] R2 R f(a';o) — f*
@: ———< = N > — + — log ¥—rt—"—;
n(N-K) "~ °© = e e ® €
2 1
NO(R+Rlog). (54)
ne  ne €
From terms ®, we find the batch size B:
dM R&> “e = B> dMR&Q_
2B~ = ec?
dM R&2
B:(’)( d > (55)
ec
From terms @, ® and ® we find the smoothing parameter ~:
2 92 2 . =
® - dMR(LoleM) Y <e N v < ec’B . equatéon@ o :
c*B AMR (Lo + L, M) (Lo + L1 M)
MR (Lo + Ly M)*~?
® R(0+21)7§6§W§ Vec ;
c VMR (Lo + L1 M)
€
®: (Lo+L 1 M)Ry<e = —"——;
(Lo + Ly M) Ry < 7= R(Lo + LiM)
1 Vee € €
A —— P I, N S QS — 56
7= (Lo + L1 M) { VMR R} R(Lo+ L1 M) (56)

From the remaining terms ®, @ and ®@, we find the maximum allowable level of adversarial noise
A that still guarantees the convergence of the ZO-ClipSGD to desired accuracy ¢ in convex setup:

2 2 . . ~
® - d ]yR? <e = A< \EC’Y\/E equation @quatwn[@] g0 :
c*By dvVMR Vd(Lo+LiM)R

@ - d> M RNA? < = A< ’)/2625 equaion 63/28 .
et T -~ VMR d(Lo+ L1 M)VMR3/2’

dAR YE equation[56] e?
@: “l<cc o Ag, /Ll :
5 =F =\ 4R d(Lo + LiM) R?’

A e e m,{~ NG 5}

= Vd(Lo+ LR\ Vay MR VR
5 . . £
- A {a,m}. 57)

In this way, the ZO-ClipSGD achieves e-accuracy: E [ fla™N)—f *] < ¢ in convex setup after
equation R2 R 1 equation equation d~2MR2 1 1 R
N ek @O<+log>v T = N.p cavetionBheauat @O<J2(log+>>
ne € ec’n c € €
number of iterations, total number of zero-order oracle calls and at
equation [57] € ) { ~ € }
< min§ o, ——
Vd(Ly+ LiM) R VdR

the maximum level of noise with smoothing parameter 7 7777 equation @}
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E ZERO-ORDER NORMALIZED STOCHASTIC GRADIENT DESCENT METHOD

This section consists of two parts: 1) a generahzatlon of the convergence result of NSGD (Algorithm[2))
to the biased gradient oracle g(z*, £¥) = V f(z*, £€*) + b(z*), where b(z*) is biased bounded by
¢(>0: ||b(:1:k ) || < (; 2) deriving convergence estimates of ZO-NSGD directly.

E.1 BIASED NORMALIZED STOCHASTIC GRADIENT DESCENT METHOD (PROOF OF THE

LEMMA [5.3))

Let’s introduce the notation G'(z*, £€%) =

tion[T.2)):

m, then using (Lg, L1)-smoothness (see Assump-

Flab*) = 1) LB T (e, ok - gty 4 DBV s e
2 k
(v, Glat, ey + TR EIIEOD g gy sy

2

Next, we consider 4 cases of the relation HV f(xF) H and ||g(as"’7 &r) H with respect to the hyperpa-
rameter .

E.1.1 FIRST CASE: ||V f(a*)|| > A AND ||g(z¥,£%)| > A
Let us evaluate first summand of equation |58 with a = ||V f(*)[|":
0 (VI ("), G, gh)) B S HVf(x’“ o LGt ]
+ o |Gt gt an 1l
=5 176 - % |Gt ehf

+ MG (2*, £%) = xaV ()|

n
22
= 2 IViEh)] - 5 et e’

+ 5ya— |[clipy (82", €)) = clip, (V")

Using that clipping is a projection on onto a convex set, namely ball with radius A, and thus is Lipshitz
operator with Lipshitz constant 1, we can obtain:

—n(Vf(a*),E [G@*,€)]) < ~T||VF(")]| - 5-E [HG (", €") HQ}

n
T

In the case: 0 < ( < % Using this in equation , we have the following with 7, <
INEACI|
Lo+ LIV F (@)

equation 2 k
E [f(xk+1)] ) tS @_n <Vf(mk),IE [G(xk,fk)D n n*(Lo +L12||Vf($ )H)E [HG(xk
equation@ .
<2 9s @) - 52 [[G6E €M) + s B [l €5 -

2 xk 2
n (L0+L12||Vf( )H)E “\G(a:’“,Ek)H }

5 V7@ + 535:E [Isa*. €~ V)]

IV £(*)l]
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ngvf )| + 2)\2 {Hg "€ — VM) }
cquation[d] 1) v o H 2A2 E[||g(«*, &) - E[g(:c’“,ik)m 2/\2 o)
) s

vy + HVf(x |+ 22
= 2|vsah)|+ 22N o

The step size will be constant, depending on the hyperparameter A:
|V £ ()| B 1 A A

= >
2(Lo+ L1 ||V f(xk A = 2(Lo+ L))’

Thus, m =1 < 57357

Using the convexity assumption of the function, we have the following:

quatwn [ ]
k) = 1 < (9, =) RO o - < 9, e o -
R
Hence we have: ) ) — £
ViG] = = 61)
Then substituting equation[61]into equation [60] we obtain:
no*M no*M

E[f*)] = f@) < — 7 Vi) + T < 0@ = )+ Tag

This inequality is equivalent to the trailing inequality:

E[f@**)] - /" < (1= 15) (F") - ) +

no? M
2\2B

Then for k = 0,1,2,...,N — 1 iterations that satisfy the conditions ||g(z*,£")|| > v/2¢ and
||V f(zF) || > +/2¢ NSGD with biased gradient oracle shows linear convergence:

N 202MR
E N—*<(1—i) 0y — )+ 2=
@) == (1- %) UE -1+ P
In the case: % < (. Using this in equation , we have the following with 7, <

[vrah) .
2(Lo+La IV f(=®)ID)

equation 2 {,Ck 5
B [f(+)] - £h) " E " (v, B 6t ) + TV g [ ek ]

equation@ X
0] - 2B [l6E 1] + s [let €5 - Va)|]
(Lo + L ||V f(="

2 )H)IE “‘G(xk7£k)u2}

5 V7@ + 535:E [Isa*. €~ V)]

IV £(*)l]
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19+ gl -]

cottonB_1 | b || aE [[lga*, ) ~ E [g(e* €M) ] + 55 b))
) s

<D vpah) |+ B me

=3Il + g + (62)

The step size will be constant, depending on the hyperparameter \:

|V f(*) || _ 1 A A

- >
2(Lo+ Ly |V f(xF 1 A T 2(Lo+ L1\’
(Lo + Ly [[Vf(2*)]) 2(L0W+Ll) 2(L0W+Ll)\) (Lo + L1))

-~ A
Thus, nk =1 < 5750

Using the convexity assumption of the function, we have the following:

equatzon [6

FH) - < (Tfab).at ) V5G] ot - 2] < V5G] | e ]|
R
Hence we have: )
IvfEh) > 1121%§:;£,_ (63)
Then substituting equation[63]into equation [62] we obtain:
2 2 2 2
n no M  n¢"M U no"M  n¢=M
This inequality is equivalent to the trailing inequality:
2 2
k+1\] _ p* _n ky _ px no M n¢"M
E[f(@*)] = f* < (1= 55) (F&") = ) + Tag + S5

Then for k = 0,1,2,..,N — 1 iterations that satisfy the conditions ||g(z*,&¥)|| > A and
||V f(zF) || > Xand ¢ > +/2)\ NSGD with biased gradient oracle shows linear convergence:
oc? MR (MR

A?’B A2

B[] - s < (1-5) 60 )+

E.1.2 SECOND CASE: ||V f(z*)|| < A AND ||g(z*, £)|| = A

Let us evaluate first summand of equation 58| with @ = A~ 1:
0 (V). Gt g B vak |t

s kogky _
t3, |G(z*, & an ‘

1 U b ok
—*HfokH—A*HGw Iy
5y A ol

2

__n _i ;
- qum ) Qaucwmu
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+ % [|clip,, (g(z¥, &) — clip, (Vf(x )||

Using that clipping is a projection on onto a convex set, namely ball with radius A, and thus is Lipshitz
operator with Lipshitz constant 1, we can obtain:

1 (V1) E [, €]) < -7 Hw @) - 52E [W,wuﬂ
+ o5 E [[lg(e*,€) - V1)) (64)

HVf(wk)II

Using this, we have the following with 7, < PSS AR

equation 2 1 l‘k 9
B[] - £ " E B (v, B Gt e0)]) + LI IV [k ey ]

equaion@
w0 - g o €] « 5 e - 9]

n*(Lo + L12va H E MG (2", & k)HQ]
w819 1(eh)| + LE [|lat €5 B g, 9] 7] + oL b))
- 26 [l ¢ (1 SRS ”C’“>H>>
< gVt HJF%*??TC;' (65)

The step size will be constant, depending on the hyperparameter \:

|V ()| B 1 A A

= >
2(Lo+ L1 ||V f(zF A T 2(Lo+ LN’
(Lo + L1 [V £ (%)) 2(LOW+L1) 2(L0W+L1)\) (Lo + L1A)

Thus, ny =n < 72(L0+L1/\)

Using the convexity assumption of the function, we have the following:

equatwn@ . ) .
R e e e L T e e

R

Hence we have:

k)H > f(:rk)—f*

66
G = (66)
Then substituting equation [66]into equation [65] we obtain:
2
k1Y] _ <_7 ﬁ N ek ey, M9 MG
E [f(a")] - f(a* |V £ (" H+2AB+ v < apE@) = )+ g+ 5y

This inequality is equivalent to the trailing inequality:
2
E k+1_*<<1_i) ky oy (92
[Fa 0] = 7 < (1= 58) (P = ) + o5 (S +¢
Then for ¥ = 0,1,2,...,N — 1 iterations that satisfy the conditions HVf(xk)H < X and
||g(a:k, &) H > A NSGD with biased gradient oracle shows linear convergence:

B[] -5 < (1-25) U -7+ X (G +¢?).
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E.1.3 THIRD CASE: |V f(z")|| < A AND ||g(z*, &%) < A

V7"

Using this in equation , we have the following with 7, < Tt LS TN

[V i@Es) ™

and a =
E [f(mk-&-l)] ~ f(ah) eq““’%""@_n <Vf(xk),]E [G(xkjgk)]> n n? (Lo + L12||Vf(17k)||)E [HG(xk’ék)Hﬂ
et BT |V iah)| - =B [||G(x’€,g’€)\ﬂ + B [[|G(*, ) — aviah)]

(L Ly ||V f(xF

= D |[vih)| + oLk [[le6* e~ avsahf]
o n(Lo + Ly |V f(2F)]])
3® o, €91°] ( [V (O]

<" ||Vf )| +%IE [HG(xk —aVf(zh)|| }
<—wa I+ 2E [!!Gw’“ H el
_ n A
=-gvseanl e | |pee |+ =t ]

n 2nA va H

) [V + — 55—
< Iiwsenl e om

The step size will be constant, depending on the hyperparameter A:

|V £ ()| B 1 A A

_ >
2(Lo+ Ly |V f(xF A T 2(Lo+ L))’
(Lo + L1 ||V f(xF)])) Q(Lomq-h) 2(LOW+L1)\) (Lo + L)

Thus, n, =1 < 72(L0+L1/\)

Using the convexity assumption of the function, we have the following:

equatzon@ . .
Fa®) = < (Vf@h),2* —a%) IVF@O[le" == < VA max | o =27

R
Hence we have: .
H > f(@") — f )
R

Then substituting equation [68]into equation [67] we obtain:

B [f(x**)] = f(@*) < =D |V F(@h)][ + 200 < — 5L (F(ah) = £) + 2.

|V f(z") (68)

This inequality is equivalent to the trailing inequality:

E[fa")] = f* < (1- 5%) (/@) = /") + 20,

Then for k = 0,1,2,..., N — 1 iterations that satisfy the conditions ||Vf(a:k)H < A NSGD with
biased gradient oracle shows linear convergence:

B[] 5 < (1= 25) " (76 — 1) + AR
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E.1.4 FOURTH CASE: ||V f(z")|| > A AND ||g(z*, &¥)|| < A

. . . . . |V ™)l 1.
Using this in equation , we have the following with 73, < PSS A AATE=D] anda = A"

equation@

E[f(«")] - f@a*) < —n(Vf(="),E[G(a", €M)])
2(L Ly ||V f(zF
n ( o+ 2” f( )H)E[HG(xkaﬁk)Hq

5 [Vr@* H2—i|\E[Gw’“7E’“>H|2
mum (a*.6)] - av 1)

2(L L ||V f(z¥

(o + I V7)) E[HG@W)H?

equatzon@ na

2
=5 ITAI + 35 [E DG 9] - )|
n*(Lo + L ||Vf ||)
2

_n Y (A Ag(a*, €¥) ok gk ’
X V7] *AHE[gw,gk) &l ’“}

o n?(Lo+ L1 ||V f(=H)]))
s 2

et 2]
1*(Lo + L1 [|[ V£ (z")]])
2

2

_n ok _ A _ ’ PN
< vl +2AE_<||g<ac'ask>|| 1) st ’“”]

(Lo + Ly ||V £(z™)|)
2

(]
3
—

<) + e | —2 et s’fwﬂ
2X _\lg($k7€k)\\2 7

n*(Lo + L1 ||V f(2¥)|)

2
2 n?(Lo+ L1 ||V f(z* H L
+ : 2 L
n?(Lo + Ly ||V f(2* H

2 2

Lo+ Ly ||Vf(z
= _g va(xk)H (1 - o ”v]lc(ka)H H > + 5 + < d ||b H

n 2
<= |VFER||+ 5 + = (69)

77
$ b))

The step size will be constant, depending on the hyperparameter A:
[V £ @R B 1 A A

= >
2(Lo+ L1 ||V f(xF A T 2(Lo+ LN’
(Lo + L1 [V £ (=*)]) 2(LOW+L1) 2(L0W+Ll)\) (Lo + L1A)

o A
Thus, mx =1 < 557

Using the convexity assumption of the function, we have the following:
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& equatwn@] &
_ — <
Fh) = 7 < (V") 2" —a7) IV £ (" < [VIEOI, max
R
Hence we have: 3
T _ *
Vit = L= ;% I (70)
Then substituting equation[70|into equation [69] we obtain:
K n¢? Mgy ey A 167
E [f(z"t)] — f(a" <—*va H+7+T @(f(x)_f)—i_?—i_T'
This inequality is equivalent to the trailing inequality:
2
k1] _ e < (1 L ky gy, A mGT
E[f")] = /" < (1= 15) (Fe") 1) + 2 + 5

Then for £ = 0,1,2,...,
(M

N — 1 iterations that satisfy the conditions HV flz
,EF) H < A NSGD with biased gradient oracle shows linear convergence:

<-2
A

k)H > X and

L

4R

E[f™)] - 1< (1= 1) (F6%) - ) + 2R+

Combining all the cases considered, we obtain the convergence rate of NSGD with biased gradient
oracle:
AR.
()

E.2 CONVERGENCE RESULTS FOR ZO-NSGD (PROOF OF THE THEOREM [5.4)

MR

E[E) -5 5 (1- 1) ) - )+ B )

In order to obtain the convergence rate of ZO-NSGD in the convex setting, we need to substitute
the obtained estlmates equation[5T]and equation 52 into the convergence rate of NSGD equation
instead of ¢ and o2, respectively. Then the convergence of ZO-NSGD in the convex setup is as
follows:

N AMR&? dMR (Lo + LiM)*4* d>MRA?
N\ _ fx < _E 0y _ px 0 1
E[f")] -5 (1-3) () - )+ S5+ 5 o
—— —_———
@ @ ® ®
MR (Lo + LiM)*~?  d*MRA?
L ME(Lo £ IM) 5 A8 R
A2 A242 ~~
——— @
® ®
From term @, we find the hyperparameter \:
®: AR<e = A< %. (72)

From term @, we find the number of iterations N required for Algorithm E] in convex setup to
achieve e-accuracy:

LN

@:
R

)

) e -ry<e 5 N f;lg(f@c)—f)

R

n

N=0 (73)

From terms @, we find the batch size B:

dM R5*

@ : B

e

equation 352
5 g 2 dM R*c ;

e3
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3~2
B_0<dMRU). (74)

e3

From terms ® and ® we find the smoothing parameter -y:

2 9 2 ) ) ~
3 - dMR (Lo —;—LlM) y <e = ~< eN’B . equatzon@iequatwn@ g :
B dMR (Lo + L, M) (Lo + L1 M)
MR (Lo + L1 M)*~? 3
® - ( o—f—2 1 M)™y <e = ~< Ved ;
X VMR32 (Lo + L. M)
1 53/2 83/2
< ————min«a, = . 75
7= Lo+ LiM) { VMR3/2 } (Lo + LiM)/MR3/? )

From the remaining terms @ and ®, we find the maximum allowable level of adversarial noise A
that still guarantees the convergence of the ZO-NSGD to desired accuracy ¢ in convex setup:

@ - d?> M RA? <e N A< \/g)\’)/\/E equation @equaion [MBlequation [72] 53/2& .
NByE = dVMR Vd (Lo + LiM) R¥?’
® - d’ M RA? <e = A< ’72)\25 equation [T2]equation [79] g3 .
' ¥2N2 =V @MR N d(Lo+ LiM)R3’
£3/2 £3/2
A< min{ o, ——— » . (76)
Vd (Lo + Ly M) R3/2 { VdR3/2 }

In this way, the ZO-NSGD achieves e-accuracy: E [f(z") — f*] < € in convex setup after
N cquation [73] A (R) T _ N . p cauation [ equation [ o (d&QMR4>
n)’ &%
number of iterations, total number of zero-order oracle calls and at
~ Vd (Lo + Ly M) R3/2 " VAR3/?

. . . . 3/2 .
the maximum level of noise with smoothing parameter W equatlon

F ADDITIONAL CLARIFICATION

In this section, we would like to clarify the convergence in the case Ly = 0 (Remark . In this case
the problem does not reach a minimum (hence R = arg inf f(x) = +00). Therefore, we exemplify

the special case of NSGD (when HVf(xk, ék)H > /20 and HVf(xk)H > 1/20), shows that it is
possible to achieve the desired accuracy ¢ in a finite number of iterations.

Let’s introduce the notation G/(x*, &)

tion[T.2)):
Fa™h) = f(a")

— VIEED  then usin (Lo, L1)-smoothness (see Assump-
= IVEFEDT §1h0, P

equation[g]

(Vfat), 241 — oy 22D !W(xk)” l** =

n?(Lo + Ly ||V f(
2

“I°

X

k)H) HG(xk7€k)

2
I

=~ (Vf("),G(a*,€") +

(77)

Let us evaluate first summand of equation (77| with e = ||V f (z) | -
-0 (V1(@*), Ga* ) LB S v b - oL et €]

n 2
+ 5, 16", €)= aV i@
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2

—2[VFah)| - 5= |Gt €M)

_|_

g PG €5 = 2av ()|
n n 2
—5 VAN = 5 [66*. €]
+ % [clipy (V£ (¥, €)) — clip, (V£(2))|

Using that clipping is a projection on onto a convex set, namely ball with radius A, and thus is Lipshitz
operator with Lipshitz constant 1, we can obtain:

(VIR E[GEH M) < 5 [V - 5o E [||G (a*,€") lf]

+ {IIVf S 0

n
2X2¢
V55|

ALo+ L1 VI @0

J}k ?
. (LO_|_L12HVf( D g [Hc(x’“,s’“)H ]

Using this in equation , we have the following with 7, <

equation [77]

E[f(@"™)] - fa*) < T —n(Vf(@"),E[G(E"EN)]) +

equa ion@
B o sh)] - ZE[le6t )] + B 9566 - V6]
(Lo + L va(xk)H)E “‘G(xk Ek)HQ}
2 b

=~ 2| V5| + 555=E |[VF ¥, = Vb

Lo+ L1 ||V f(zF

_gE [HG(xk’Ek)HQ] (1_ n(Lo |v}(|L;k)||( )H)>

< -2 ||VsEh)]|+ w
< =2 [|VFEH)| + V)|
= -2 vseh]. @

The step size will be constant, depending on the hyperparameter A:

|V f ()| B 1 A - A

k - = .
2o+ La VAR (LO AFicalia Ll) 2 (Lf)‘uw?rk)u + Ll’\) 2(Lo+L13)

Thus, n, =n < 72(L0+L1/\)

We introduce the hyperparameter of the algorithm R, = Ha:o — sH Then using the convexity
assumption of the function, we have the following:

F@®) = f(s) < (Vf(ah),2" —s)
equatwn@
HVf ) =" = s|
_HVf )| |2 = 5|
N——
Rs
Hence we have:

[V f(z")] =

f@*) = f(s)
B (80)
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Then substituting equation [80]into equation [79 we obtain:

E[f@)] — f@) < =T V76H)]| < -1 (F*) - 1(5)

This inequality is equivalent to the trailing inequality:

B[] - 17 < (1= g ) (68 = 1) + () - )

Then for k = 0,1,2,..., N — 1 iterations that satisfy the conditions ||V f(z*,£&")|| > /20 and
||Vf(ack) || > /20 NSGD shows linear convergence:

re) =< (- g ) () - ) pe) - 1

Thus, we have shown that it is indeed possible to converge to a linear rate of convergence on logistic
regression using the hyperparameter R;.
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