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Supplementary Materials: Learning from Concealed Labels
Anonymous Authors

This is the supplemental material for the paper "Learning from
Concealed Labels"

1 PROOF OF LEMMA 2
Lemma 2. Under the concealed labels assumption, we can express
conditional distribution 𝑃 (𝑦 = 𝑖 ≠ 𝑐𝑙 |𝑥 ) and 𝑃 (𝑦 = 𝑐𝑙 |𝑥 ) in terms
of 𝑃 (𝑠 = 𝑖 |𝑥 ), 𝑃 (𝑠 = 𝑠𝑛𝑜𝑛𝑒 |𝑥 ) as

𝑃 (𝑦 = 𝑖 ≠ 𝑐𝑙 |𝑥 ) = 𝐾

𝐿
𝑃 (𝑠 = 𝑖 |𝑥)

𝑃 (𝑦 = 𝑐𝑙 |𝑥 ) = 𝐾

𝐿
𝑃 (𝑠 = 𝑠𝑛𝑜𝑛𝑒 |𝑥) −

𝐾 − 𝐿
𝐿

Proof. According to the Definition 1, the probability 𝑃 (𝑠 = 𝑦𝑖 |𝑥 )
can be expressed as follows:

𝑃 (𝑦 = 𝑖 ≠ 𝑐𝑙 | 𝑥)

=

𝐾∑︁
𝑗

𝑃 (𝑠 = 𝑗, 𝑦 = 𝑖 ≠ 𝑐𝑙 | 𝑥) + 𝑃 (𝑠 = 𝑠𝑛𝑜𝑛𝑒 , 𝑦 = 𝑖 ≠ 𝑐𝑙 | 𝑥)

= 𝑃 (𝑦 = 𝑖 ≠ 𝑐𝑙, 𝑠 = 𝑖 | 𝑥) + 𝑃 (𝑠 = 𝑠𝑛𝑜𝑛𝑒 , 𝑦 = 𝑖 ≠ 𝑐𝑙 | 𝑥)
= 𝑃 (𝑠 = 𝑖 | 𝑥) + 𝑃 (𝑠 = 𝑠𝑛𝑜𝑛𝑒 | 𝑥,𝑦 = 𝑖 ≠ 𝑐𝑙)𝑃 (𝑦 = 𝑖 ≠ 𝑐𝑙 | 𝑥)(
∵ 𝑃 (𝑠 = 𝑠𝑛𝑜𝑛𝑒 | 𝑥,𝑦 = 𝑖 ≠ 𝑐𝑙) = 𝐾 − 𝐿

𝐾
, 𝐷𝑒 𝑓 𝑖𝑛𝑖𝑡𝑖𝑜𝑛 1

)
= 𝑃 (𝑠 = 𝑖 | 𝑥) + 𝐾 − 𝐿

𝐾
𝑃 (𝑦 = 𝑖 ≠ 𝑐𝑙 | 𝑥).

(1)

Hence, we have

𝑃 (𝑦 = 𝑖 ≠ 𝑐𝑙 | 𝑥) = 𝐾

𝐿
𝑃 (𝑠 = 𝑖 | 𝑥) . (2)

In a similar manner, we have
𝑃 (𝑦 = 𝑐𝑙 | 𝑥)

=

𝐾∑︁
𝑗

𝑃 (𝑠 = 𝑗, 𝑦 = 𝑐𝑙 | 𝑥) + 𝑃 (𝑠 = 𝑠𝑛𝑜𝑛𝑒 , 𝑦 = 𝑐𝑙 | 𝑥)

= 𝑃 (𝑠 = 𝑠𝑛𝑜𝑛𝑒 , 𝑦 = 𝑐𝑙 | 𝑥)

=
∑︁
𝑌

𝑃 (𝑌, 𝑠 = 𝑠𝑛𝑜𝑛𝑒 , 𝑦 = 𝑐𝑙 | 𝑥) .

(3)

On the other hands,
𝑃 (𝑠 = 𝑠𝑛𝑜𝑛𝑒 , 𝑌 | 𝑥)

=

𝐾∑︁
𝑖

𝑃 (𝑦 = 𝑖, 𝑠 = 𝑠𝑛𝑜𝑛𝑒 , 𝑌 | 𝑥) + 𝑃 (𝑦 = 𝑐𝑙, 𝑠 = 𝑠𝑛𝑜𝑛𝑒 , 𝑌 | 𝑥)

=

𝐾∑︁
𝑖

[𝑃 (𝑌,𝑦 = 𝑖 | 𝑥) − 𝑃 (𝑌, 𝑠 = 𝑖, 𝑦 = 𝑖 | 𝑥)]

+ 𝑃 (𝑦 = 𝑐𝑙, 𝑠 = 𝑠𝑛𝑜𝑛𝑒 , 𝑌 | 𝑥)
= 𝑃 (𝑌 | 𝑥) − 𝑃 (𝑌,𝑦 = 𝑐𝑙 | 𝑥)

−
𝐾∑︁
𝑖

𝑃 (𝑌, 𝑠 = 𝑖, 𝑦 = 𝑖 | 𝑥) + 𝑃 (𝑦 = 𝑐𝑙, 𝑠 = 𝑠𝑛𝑜𝑛𝑒 , 𝑌 | 𝑥) .

(4)

Hence, from Eq.(4), we have

𝑃 (𝑦 = 𝑐𝑙, 𝑠 = 𝑠𝑛𝑜𝑛𝑒 , 𝑌 | 𝑥)
= 𝑃 (𝑠 = 𝑠𝑛𝑜𝑛𝑒 , 𝑌 | 𝑥) − 𝑃 (𝑌 | 𝑥) + 𝑃 (𝑌,𝑦 = 𝑐𝑙 | 𝑥)

+
𝐾∑︁
𝑖

𝑃 (𝑌, 𝑠 = 𝑖, 𝑦 = 𝑖 | 𝑥).
(5)

By substituting eq.(5) into eq.(3), we can obtain

𝑃 (𝑦 = 𝑐𝑙 | 𝑥)

=
∑︁
𝑌

[
𝑃 (𝑠 = 𝑠𝑛𝑜𝑛𝑒 , 𝑌 | 𝑥) − 𝑃 (𝑌 | 𝑥)

+𝑃 (𝑌,𝑦 = 𝑐𝑙 | 𝑥) +
𝐾∑︁
𝑖

𝑃 (𝑌, 𝑠 = 𝑖, 𝑦 = 𝑖 | 𝑥)
]

= 𝑃 (𝑠 = 𝑠𝑛𝑜𝑛𝑒 | 𝑥) − 1 + 𝑃 (𝑦 = 𝑐𝑙 | 𝑥)

+
𝐾∑︁
𝑖

𝑃 (𝑠 = 𝑖, 𝑦 = 𝑖 | 𝑥)

= 𝑃 (𝑠 = 𝑠𝑛𝑜𝑛𝑒 | 𝑥) − 1 + 𝑃 (𝑦 = 𝑐𝑙 | 𝑥)

+
𝐾∑︁
𝑖

𝑃 (𝑠 = 𝑖 | 𝑦 = 𝑖, 𝑥)𝑃 (𝑦 = 𝑖 | 𝑥)

= 𝑃 (𝑠 = 𝑠𝑛𝑜𝑛𝑒 | 𝑥) − 1 + 𝑃 (𝑦 = 𝑐𝑙 | 𝑥)

+ 𝐿

𝐾

𝐾∑︁
𝑖

𝑃 (𝑦 = 𝑖 | 𝑥). (∵ 𝐷𝑒𝑓 𝑖𝑛𝑖𝑡𝑖𝑜𝑛 1)

(6)

On the other hands,

𝑃 (𝑦 = 𝑐𝑙 | 𝑥)
= 𝑃 (𝑠 = 𝑠𝑛𝑜𝑛𝑒 | 𝑥) − 1 + 𝑃 (𝑦 = 𝑐𝑙 | 𝑥)

+ 𝐿

𝐾
[1 − 𝑃 (𝑦 = 𝑐𝑙 | 𝑥)]

= 𝑃 (𝑠 = 𝑠𝑛𝑜𝑛𝑒 | 𝑥) + 𝑝 (𝑦 = 𝑐𝑙 | 𝑥)

− 𝐿

𝐾
𝑃 (𝑦 = 𝑐𝑙 | 𝑥) − 𝐾 − 𝐿

𝐾

= 𝑃 (𝑠 = 𝑠𝑛𝑜𝑛𝑒 | 𝑥) + 𝐾 − 𝐿
𝐾

𝑝 (𝑦 = 𝑐𝑙 | 𝑥) − 𝐾 − 𝐿
𝐾

(7)

Hence, we can obtain

𝑃 (𝑦 = 𝑐𝑙 | 𝑥)

=
𝐾

𝐿
𝑃 (𝑠 = 𝑠𝑛𝑜𝑛𝑒 | 𝑥) − 𝐾 − 𝐿

𝐿
,

(8)

which proves Lemma 2. □
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2 PROOF OF THEOREM 3
Theorem 3. Under the concealed labels assumption, for multi-class
classifier 𝑓 , we have 𝑅𝑚 (𝑓 ) = 𝑅𝐶𝐿 (𝑓 ) , where 𝑅𝐶𝐿 (𝑓 ) is defined as

𝑅𝐶𝐿 (𝑓 ) =E(𝑥,𝑠 )∼𝑃 (𝑥,𝑠≠𝑠𝑛𝑜𝑛𝑒 )
𝐾

𝐿
L
(
𝑓 (𝑥), 𝑠

)
+ E(𝑥,𝑠 )∼𝑃 (𝑥,𝑠=𝑠𝑛𝑜𝑛𝑒 )

𝐾

𝐿
L
(
𝑓 (𝑥), 𝑐𝑙

)
− E𝑀

𝐾 − 𝐿
𝐿

L
(
𝑓 (𝑥), 𝑐𝑙

)
Proof. According to the Lemma 2, we have

𝑅𝑚 (𝑓 )

= E𝑥∼𝑀

{
𝐾∑︁
𝑖=1

𝑃 (𝑦 = 𝑖 | 𝑥)L (𝑓 (𝑥), 𝑖)

+ 𝑃 (𝑦 = 𝑐𝑙 | 𝑥)L (𝑓 (𝑥), 𝑐𝑙)
}

= E𝑥∼𝑀
𝐾∑︁
𝑖=1

𝐾

𝐿
𝑃 (𝑠 = 𝑖 | 𝑥)+[

𝐾

𝐿
𝑃 (𝑠 = 𝑠𝑛𝑜𝑛𝑒 | 𝑥) − 𝐾 − 𝐿

𝐿
L (𝑓 (𝑥), 𝑐𝑙)

]
= E(𝑥,𝑠 )∼𝑃 (𝑠,𝑠≠𝑠𝑛𝑜𝑛𝑒 )

𝐾

𝐿
L (𝑓 (𝑥), 𝑠)

+ E(𝑥,𝑠 )∼𝑃 (𝑠,𝑠=𝑠𝑛𝑜𝑛𝑒 )
𝐾

𝐿
L (𝑓 (𝑥), 𝑐𝑙)

− E𝑀
𝐾 − 𝐿
𝐿

L (𝑓 (𝑥), 𝑐𝑙)

(9)

which concludes the proof. □

3 PROOF OF LEMMA 4
In this section, We analyze the generalization error bounds for
the proposed approach, which is implemented using deep neural
networks with the OVR strategy. Let f = [𝑓1, ..., 𝑓𝐾 , 𝑓𝑐𝑙 ] denote the
classification vector function in the hypothesis set F . We assume
that there exist a constant 𝐶𝜙 > 0, such that 𝑠𝑢𝑝𝑧𝜙 (𝑧) ⩽ 𝐶𝜙 . Let
𝐿𝜙 be the Lipschitz constant of 𝜙 , we can introduce the following
lemma.

Lemma 4. For any 𝛿 > 0, with the probability at least 1 − 𝛿 ,

sup
f∈F

���𝑅𝑠 (f) − 𝑅𝑠 (f)���
⩽ 2𝐿𝜙ℜ𝑛𝑠 (F ) + 2

𝐶𝜙𝐾

𝐿

√︄
ln(2/𝛿)
2𝑛𝑠

(10)

sup
f∈F

���𝑅𝑛𝑜𝑛𝑒 (f) − 𝑅𝑛𝑜𝑛𝑒 (f)���
⩽ 2𝐿𝜙ℜ𝑛𝑛𝑜𝑛𝑒 (F ) + 2

𝐶𝜙 (𝐾 − 𝐿)
𝐿

√︄
ln(2/𝛿)
2𝑛𝑛𝑜𝑛𝑒

sup
f∈F

���𝑅𝑐 (f) − 𝑅𝑐 (f)���
⩽ 2𝐿𝜙ℜ𝑛𝑐 (F ) + 2

𝐶𝜙𝐾

𝐿

√︄
ln(2/𝛿)
2𝑛𝑐

where 𝑅𝑠 (f) = E(𝑥,𝑠 )∼𝑃 (𝑥,𝑠≠𝑦𝑛𝑜𝑛𝑒 )
𝐾
𝐿
L
(
𝑓 (𝑥), 𝑠

)
, 𝑅𝑐 (f) =

E𝑀
𝐾−𝐿
𝐿

L
(
𝑓 (𝑥), 𝑐𝑙

)
and𝑅𝑛𝑜𝑛𝑒 (f) = E(𝑥,𝑠 )∼𝑃 (𝑥,𝑠=𝑦𝑛𝑜𝑛𝑒 )

𝐾
𝐿
L
(
𝑓 (𝑥), 𝑐𝑙

)
and 𝑅𝑠 (f) denote the empirical risk estimator to 𝑅𝑠 (f), 𝑅𝑛𝑜𝑛𝑒 (f)
and 𝑅𝑐 (f) respectively, ℜ𝑛𝑠 (F ), ℜ𝑛𝑛𝑜𝑛𝑒 (F ) and ℜ𝑛𝑐 (F ) are the
Rademacher complexities[1] of F for the sampling of size 𝑛𝑠 from
𝑃 (𝑥, 𝑠 ≠ 𝑦𝑛𝑜𝑛𝑒 ), the sampling of size 𝑛𝑛𝑜𝑛𝑒 from 𝑃 (𝑥, 𝑠 = 𝑦𝑛𝑜𝑛𝑒 )
and the sampling of size 𝑛𝑐 from 𝑃 (𝑥).

Proof. Since the surrogate loss𝜙 (𝑧) is bounded by 𝑠𝑢𝑝𝑧𝜙 (𝑧) ⩽ 𝐶𝜙 ,
let function Φ𝑠 defined for any unconcealed labels sample 𝑆𝑠 by
Φ(𝑆𝑠 ) = 𝑠𝑢𝑝f∈F𝑅𝑠 (f) − 𝑅𝑠 (f). If 𝑥𝑖 in unconcealed labels dataset is
replaced with 𝑥 ′

𝑖
, the change of Φ𝑠 (𝑆𝑠 ) does not exceed the super-

mum of the difference, we have

Φ𝑠 (𝑆 ′𝑠 ) − Φ𝑠 (𝑆𝑠 ) ⩽
𝐶𝜙𝐾

𝑛𝑠𝐿
(11)

Then, by McDiarmid’s inequality, for any 𝛿 > 0, with probability at
least 1 − 𝛿 , the following holds:

𝑠𝑢𝑝f∈F |𝑅𝑠 (f) − 𝑅𝑠 (f) | ⩽ E𝑆𝑠Φ𝑠 (𝑆𝑠 ) +
𝐶𝜙𝐾

𝐿

√︄
ln(2/𝛿)
2𝑛𝑠

(12)

.
Hence, by using the Rademacher complexity [1], we can obtain

𝑠𝑢𝑝f∈F |𝑅𝑠 (f) − 𝑅𝑠 (f) | ⩽ 2ℜ𝑛𝑠 (̃𝑙𝑠◦F ) + 2
𝐶𝜙𝐾

𝐿

√︄
ln(2/𝛿)
2𝑛𝑠

(13)

where ℜ𝑛𝑠 (̃𝑙𝑠◦F ) is the Rademacher complexity of the composite
function class (̃𝑙𝑠◦F ) for examples size 𝑛𝑠 . As 𝐿𝜙 is the Lipschitz
constant of 𝜙 , we have ℜ𝑛𝑠 (̃𝑙𝑠◦F ) ⩽ 𝐿𝜙ℜ𝑛𝑠 (F ) by Talagrand’s
contraction Lemma [1]. Then, we can obtain the

sup
f∈F

���𝑅𝑠 (f) − 𝑅𝑠 (f)��� ⩽ 2𝐿𝜙ℜ𝑛𝑠 (F ) + 2
𝐶𝜙𝐾

𝐿

√︄
ln(2/𝛿)
2𝑛𝑠

(14)

Then, supf∈F
���𝑅𝑛𝑜𝑛𝑒 (f) − 𝑅𝑛𝑜𝑛𝑒 (f)��� and supf∈F

���𝑅𝑐 (f) − 𝑅𝑐 (f)���
can be proven using the same proof technique, which proves Lemma
4. □

4 PROOF OF THEOREM 5
Based on the Lemma 4, we can obtain the generalization error
bound as follows.

Theorem 5. For any 𝛿 > 0, with the probability at least 1 − 𝛿 ,

𝑅𝐶𝐿 (f̂𝐶𝐿) −min
f∈F

𝑅𝐶𝐿 (f) ⩽

4𝐿𝜙ℜ𝑛𝑠 (F ) + 4𝐿𝜙ℜ𝑛𝑛𝑜𝑛𝑒 (F ) + 4𝐿𝜙ℜ𝑛𝑐 (F )

+ 4
𝐶𝜙𝐾

𝐿

√︄
ln(2/𝛿)
2𝑛𝑠

+ 4
𝐶𝜙 (𝐾 − 𝐿)

𝐿

√︄
ln(2/𝛿)
2𝑛𝑛𝑜𝑛𝑒

+ 4
𝐶𝜙𝐾

𝐿

√︄
ln(2/𝛿)
2𝑛𝑐

(15)

where f̂𝐶𝐿 is trained by minimizing the classification risk 𝑅𝐶𝐿 .
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Proof. According to Lemma 4, the estimation error bound is
proven through

𝑅𝐶𝐿 (̂f𝐶𝐿) − 𝑅𝐶𝐿 (f∗) = (𝑅𝐶𝐿 (̂f𝐶𝐿) − 𝑅𝐶𝐿 (f̂∗))

+ (𝑅 (̂f𝐶𝐿) − 𝑅𝐶𝐿 (̂f𝐶𝐿))

+ (𝑅𝐶𝐿 (f̂∗) − 𝑅(f̂∗))

⩽ 0 + 2𝑠𝑢𝑝f∈F |𝑅𝐶𝐿 (f) − 𝑅𝐶𝐿 (f) |

(16)

where f∗ = 𝑎𝑟𝑔minf∈F 𝑅(f).
Now, we have seen the definition of 𝑅𝐶𝐿 (f) and 𝑅𝐶𝐿 (f) that can

also be decomposed into:

𝑅𝐶𝐿 (𝑓 ) = E(𝑥,𝑠 )∼𝑃 (𝑥,𝑠≠𝑦𝑛𝑜𝑛𝑒 )
𝐾

𝐿
L
(
𝑓 (𝑥), 𝑠

)
+ E(𝑥,𝑠 )∼𝑃 (𝑥,𝑠=𝑦𝑛𝑜𝑛𝑒 )

𝐾

𝐿
L
(
𝑓 (𝑥), 𝑐𝑙

)
− E𝑀

𝐾 − 𝐿
𝐿

L
(
𝑓 (𝑥), 𝑐𝑙

) (17)

and

𝑅𝐶𝐿 (𝑓 ) =
1

#{X𝑠 }𝐾𝑠=1

𝐾∑︁
𝑠=1

∑︁
𝑥 𝑗 ∈X𝑠

𝐾

𝐿
L
(
𝑓 (𝑥 𝑗 ), 𝑠

)
+ 1
#X𝑛𝑜𝑛𝑒

∑︁
𝑥 𝑗 ∈X𝑛𝑜𝑛𝑒

𝐾

𝐿
L
(
𝑓 (𝑥 𝑗 ), 𝑐𝑙

)
− 1
#X𝑐

∑︁
𝑥 𝑗 ∈X𝑐

𝐾 − 𝐿
𝐿

L
(
𝑓 (𝑥 𝑗 ), 𝑐𝑙

)
.

(18)

Due to the sub-additivity of the supremum operators, it holds that

𝑠𝑢𝑝f∈F |𝑅𝐶𝐿 (f) − 𝑅𝐶𝐿 (f) |

⩽ 𝑠𝑢𝑝f∈F |𝑅𝑠 (f) − 𝑅𝑠 (f) |

+ 𝑠𝑢𝑝f∈F |𝑅𝑛𝑜𝑛𝑒 (f) − 𝑅𝑛𝑜𝑛𝑒 (f) |

+ 𝑠𝑢𝑝f∈F |𝑅𝑐 (f) − 𝑅𝑐 (f) |

(19)

where

𝑅𝑠 (f) = E(𝑥,𝑠 )∼𝑃 (𝑥,𝑠≠𝑦𝑛𝑜𝑛𝑒 )
𝐾

𝐿
L
(
𝑓 (𝑥), 𝑠

)
, 𝑅𝑛𝑜𝑛𝑒 (f)

= E(𝑥,𝑠 )∼𝑃 (𝑥,𝑠=𝑦𝑛𝑜𝑛𝑒 )
𝐾

𝐿
L
(
𝑓 (𝑥), 𝑐𝑙

)
,

(20)

𝑅𝑠 (f) =
1

#{X𝑠 }𝐾𝑠=1

𝐾∑︁
𝑠=1

∑︁
𝑥 𝑗 ∈X𝑠

𝐾

𝐿
L
(
𝑓 (𝑥 𝑗 ), 𝑠

)
, (21)

𝑅𝑛𝑜𝑛𝑒 (f) = E(𝑥,𝑠 )∼𝑃 (𝑥,𝑠=𝑦𝑛𝑜𝑛𝑒 )
𝐾

𝐿
L
(
𝑓 (𝑥), 𝑐𝑙

)
𝑅𝑛𝑜𝑛𝑒 (f)

=
1

#X𝑛𝑜𝑛𝑒

∑︁
𝑥 𝑗 ∈X𝑛𝑜𝑛𝑒

𝐾

𝐿
L
(
𝑓 (𝑥 𝑗 ), 𝑐𝑙

) (22)

and𝑅𝑐 (f) = E𝑀 𝐾−𝐿
𝐿

L
(
𝑓 (𝑥), 𝑐𝑙

)
,𝑅𝑐 (f) = 1

#X𝑐

∑
𝑥 𝑗 ∈X𝑐

𝐾−𝐿
𝐿

L
(
𝑓 (𝑥 𝑗 ), 𝑐𝑙

)
.

According to the Lemma 4, we can get the generalization bound
that

𝑅𝐶𝐿 (f̂𝐶𝐿) −min
f∈F

𝑅𝐶𝐿 (f) ⩽

4𝐿𝜙ℜ𝑛𝑠 (F ) + 4𝐿𝜙ℜ𝑛𝑛𝑜𝑛𝑒 (F ) + 4𝐿𝜙ℜ𝑛𝑐 (F )

+ 4
𝐶𝜙𝐾

𝐿

√︄
ln(2/𝛿)
2𝑛𝑠

+ 4
𝐶𝜙 (𝐾 − 𝐿)

𝐿

√︄
ln(2/𝛿)
2𝑛𝑛𝑜𝑛𝑒

+ 4
𝐶𝜙𝐾

𝐿

√︄
ln(2/𝛿)
2𝑛𝑐

(23)

with probability at least 1 − 𝛿 , which finishes the proof. □
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