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A Proof Overview

Warm-up. We briefly recall the main settings. We study solving LEGO tasks sampled from the
distribution in Assumption 3.2, using a one-layer transformer model defined in Definition 3.5. We
consider two types of algebraic structures on group actions: (1) simply transitive group actions
(Assumption 4.1), and (2) symmetry group actions(Assumption 4.2). For simply transitive actions,
we train the model on tasks 7% and 72 via Algorithm 1, using the next-clause prediction loss defined
in Definition 4.2. For symmetry group actions, the model is similarly trained on tasks 7' and 772,

but additionally employs a recursive self-training procedure (Definition 4.4) for longer tasks TQk, as
described in Algorithm 2. Our model employs structured attention parameters (Assumption 3.4) and
is initialized according to Assumption 3.3. All theoretical results are established in the asymptotic
regime specified in Assumption 3.1, where vocabulary and variable set sizes grow large, while action
and value sets remain relatively small. We further consider the following assumptions on the model
output throughout the proof:

Assumption A.1. We assume there exists B = \log d for some sufficiently large constant A > 0,
such that if the raw model output [F}]; exceeds B, it is truncated as follows: [F;]; <— min{[F}];, B}.

In this section, we provide an overview of the proof of the main theorem. The proof is divided
into three parts: (1) learning the one-step reasoning mechanism for solving the LEGO task T,
including in-context retrieval of variables (Section A.1) and group operations (Section A.2); (2)
learning direct short-to-poly CoT length generalization on task 72 with simply transitive group
actions (Section A.3.1); and (3) recursive length generalization via self-training on task TZk with
symmetry group actions (Section A.3.2).

Our training algorithm proceeds by first training the FFN layer parameter W to solve the one-step

reasoning task 7, then training the attention layer paramter Q for task 72 and tasks 72", The
alternating between the two parameter update is to simplify the analysis and to present the core ideas.
Such separation of analysis also sheds light on the different roles between the FFN and the attention
layer, for the synthetic CoT task we consider.

A.1 Learning In-Context Retrieval of Variables

We demonstrate that for task 71, the model correctly retrieves the target variable 2 from the first
token of the first predicate clause Zq,1 to accurately predict the 4-th token in the answer clause
Z ans,1-

The central idea is to rigorously track the training dynamics of the weights Wy ; .. ,,. We prove that
weights corresponding to retrieving the correct variable grow significantly, while all others remain
small. Specifically, we proceed in four steps:

1. For j € 7(X), define

I‘EH £ max <Wff)

re[m] FEST e;j) + oologd,

to track the maximal activation associated with retrieving the correct variable token.

2. Establish rapid growth (early phase). Let A~ = ©(1/m), and define the hitting time

Tl,j £ Inln{t >0: Fit’; > Ai}
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We show that for iterations ¢ < T = ©(dod™*/n), the diagonal weights (Wff; 1 €5)

(t

grow rapidly, causing I'; ) to enter a linear growth regime. Simultaneously, the model

confidently identifies the correct variable, indicated by 1 — logltfl )T (@) = 1—o0(1).

3. Convergence via dominant neurons (late phase). For each j € 7(X'), define active neuron
sets and their total activation as:

t t t t
ALy 2 e m]: (Wi, 0e) > ologd}, 52 37 (Wi o ¢;).
TGAE;;
For iterations ¢t > 77, we analyze the refined dynamics, proving that the total diagonal acti-

vation (1)4(1 ), , for the weakest activated variable j*, eventually grows to ©(log d), ensuring
successful’ learning.

4. Bounding non-target correlations. We finally show by induction that all other correlations

(W(t) rp? es)—including group actions, value tokens, off-diagonal tokens, and non-target
varlabfes—remam negligible throughout the training process.

A.2 Learning the Group Operations
We briefly summarize the proof of how the model learns to track cyclic and symmetry group
operations. Consider the following definitions.

Definition A.1 (Feature Combinations, Cyclic Group). Suppose the group G satisfies Assumption C.1.

For each j € 7()), let
§i =1{(9,9) € Gx V| 7(9(y)) = j}-
Wecall§=J ier() 3§ the set of feature combinations, and each §; the set of feature combinations
predicting y = 71(4).
Definition A.2 (Neuron Feature Indices, Cyclic Group). Define the set of neuron feature indices as
U:=A{(G,r0)jecr)relmlécs}
Definition A.3 (1), ¥-Notations, Cyclic Group). For j € 7(Y), r € [m], and ¢ = (g,y) € §;, define

Vir(9) = (Ws 2,690, ir(y) := (Wsjrs,ey),
and the composite feature magnitude as

1
\Ilu = qjj,r(¢) = 7(¢j,r(g) + %‘,r(@/)),
corresponding to attention welghts for Zpred,1 and Zans 0.

We will analyze the evolution of features ¥,, according to the initial ordering induced by their
magnitudes at initialization:

u<u < @80)2@519)7 Vu,u’ € U.

We denote the set of indices U equipped with this partial order as /*.

Training Phases: Cyclic Group. We shall separate the analysis of the training process into two
phases. The first phase characterizes the emergence of the feature ¥,, among other features. The
second phase characterizes how the prediction of F5 sharpens as the feature Wy, grows. The third
phase characterizes the convergence of the feature W, and related quantities.

We describe roughly the proof overview of these phases below: for every u € U*, assume (which
we are going to prove) that for the immediate predecessor u’ < u we have achieved its hitting time
t = Ty 3. Then the growth of \I!Ef ) proceeds as follows.

(I) Phase I: from ¢ = 0 to ¢ = Ty,,1. There are two subphases:

(a) InphaseLat € [0, Tu71a], the growth of \I/Ef ) experience competitions with other features,

both intra and inter neurons. By tensor power method, the feature with the largest initial
activation will win and succeed in the learning order.
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(b) In phase Ib ¢t € [Ty,14, Tu,1], the feature \Ils,t) arrives at a level \Ilsf) > Q(log d), which

increase the prediction logit logitg’; > ﬁ when this feature appears. After this point,

features started to experience non-monotonic growth and we cannot fully characterize its
process anymore.

(II) Phase II: from ¢ = T}, ; to t = 1. This phase is further divided into three subphases.

(a) In phase [La ¢ € [T, w1, 1 u72a], the feature \IJ,(f ) grows to the point where the incorrect
features must cancel to small activation for small gradient.

(b) Inphase IL.b ¢t € [Ty, 24, Tu,2). the incorrect feature combinations are cancelled to a very
small activation and the loss converged.

(c) InphaseIL.ct € [Ty,2, T1], the loss and the features converged.

Symmetry Case. The proof strategy for symmetry group actions is analogous to the cyclic case
but involves more nuanced control of the training dynamics due to the complex interactions among
symmetric group features. The analysis similarly progresses through emergence, refinement, and
convergence phases, with carefully controlled arguments to handle symmetric structures and their
induced interactions.

A.3 Learning the Attention Layer

Successful training on 7! demonstrates that the model can perform one-step reasoning to compute
y1 = g1(yo). Building on this insight, we now consider the more challenging task 72. Given the
input Z 21 the model must identify both the correct predicate clause Zpeq 2, Which contains go,
and the answer clause Z,s 1, which contains the value 1, in order to compute the correct answer

Yo = g2(y1)-

Since the reasoning mechanism—namely, the group operation—has already been captured by the
trained FFN, the remaining challenge lies in directing attention to the appropriate locations. We
show that this can be achieved by learning an attention pattern with a specific routing structure,
which we refer to as attention concentration. Specifically, given an input Z1-, the attention
weights concentrate on Attnans ¢—pred,c+1 and Attn,ns o ans.¢, corresponding respectively to the
next predicate clause and the previous answer clause.

This behavior is closely tied to the structure of the query matrix Q and the way clause embeddings
are organized. In particular, Q4 3 governs attention toward the predicate clauses, while Q4 4 governs
attention toward the answer clauses.

We quantify the quality of this attention routing via the attention concentration gap:
Lt L, L,
€attn = 1 — Attl’lans’g%pred’g+1(z( Z)) - Attnans,f%ans,f(z( 0)7

which measures the total fraction of attention mass not allocated to the two key clauses. In the

following analysis, we examine how eaLt’t{, and its learning dynamics evolve under different types of
group operations.

A.3.1 Simply Transitive Group

For the simply transitive group, we show that at stage 72, the attention concentration gap €, can be
reduced below O(1/poly(d)), indicating highly focused attention on the relevant clauses.

Throughout the analysis, we use 7., to denote the neuron index satisfying

1 1
§<W57T(g-y),rg~y,2v eg) + §<W5,T(g~y)7rg‘y757 ey) ~ B,

which corresponds to the activation that successfully predicts j = 7(g - y) in 7.

We further introduce the following notation to quantify the attention gap between the correct predicate
clause and the answer clause:

AL’E = Attnans,é—mred,f+1(Z(L’Z)) - Attnans,é—mns,ﬂ(Z(L’Z))

24



1002
1003
1004
1005
1006

1007
1008
1009
1010
1011

1012
1013
1014
1015

1016
1017
1018
1019
1020
1021

1022

1023

1024

1025
1026

1027

1028

1029
1030
1031
1032

1033
1034
1035
1036
1037
1038
1039
1040
1041

1042

1043
1044
1045
1046
1047
1048
1049

1050

Roadmap of the Proof. We divide the analysis into three sub-stages. Throughout these stages, the
gradients of the diagonal entries [Q4 3], ; and [Qu4.4]; ; for j € 7(X) are order-wise larger than those
of all other entries. As a result, the dynamics are dominated by these diagonal components, and we
focus our analysis on them. For simplicity of notation, we denote [Q4 3], ; and [Qq 4]; ; simply as
Q4,3 and Q4 4 in the remaining discussion.

— Stage 2.1: Growth of Initial Gap. We show that Q4 3 grows faster than Q4 4 due to
larger gradient contributions from the loss of £ = 1, while the gradient from ¢ = 2 remains
negligible. As a result, a gap of magnitude 2(1/logd) emerges between [Q4 3]s, and
[Q474]S7s, leading to an early advantage in attention routing toward the predicate clause
(pred, 2).

— Stage 2.2: Joint Growth with Controlled Gap. In this phase, both Q4 3 and Q4 4 continue
to grow to constant scale. The gradient contributions from £ = 2 gradually become dominant,
while the gap is maintained within [©2(1/log d), O(1)]. Throughout this stage, the attention
gap satisfies A>! = Q(1/log d).

— Stage 2.3: Convergence and Gap Reduction. In the final phase, the continued
joint growth of Q44 and Q43 lead the attention to concentrate near its ideal limit:
Attn,ne 1 spred 2(Z3D) + Attngns 1 sans1 (Z3Y) > 1 — €2}, Throughout this pro-
cess, the attention gap AttNans 1—5pred,2 — AttNans 1-5ans,1 Cannot remain above a certain
threshold o(1) for long; otherwise, the incorrect logit logits (4, (yo)) Would receive a
stronger gradient signal and drive Q4 4 to grow faster than Q4 3, contradicting the attention

. . N 2.1 ..
dominance assumption. Consequently, at convergence, we guarantee: (1) €xitn < ﬁ; (i1)

both Q4 3 and Qq 4 reach Q(log d); and (iii) the total loss satisfies 23:1 Lossé’é < m.

A.3.2 Symmetry Group

In the following discussion, we focus on symmetry-group tasks 7 (%), where only the input Z(%1) is
used to predict the value token in Z,ns 2. For notational simplicity, we drop the superscript £ from

Lt L .
exvin and ALY when no ambiguity arises.

Roadmap of the Proof for 72

— Stage 1.2.1: Growth of Initial Gap. Similar to earlier phases, we show that Qg4 3 grows
faster than Q4 4, but this time due to larger gradient contributions from the loss at £ = 2.
As aresult, a gap A% of magnitude (1/log d) emerges between [Q4 355 and [Qy 4]s s,
which induces an early advantage in attention routing toward the predicate clause (pred, 2).

— Stage 1.2.2: Convergence and Controlled Gap. After the initial phase, we show that
as long as Attn,ns 1 pred,2 remains below 1/2, the total gradient on Qg3 and Q4 4 re-
mains positively lower bounded. As a result, Q4 3 + Q4,4 will continue to grow until
Attnans 1-pred,2 approaches 1/2. Furthermore, we prove that the attention gap A? can-
not stay above a fixed small constant. Therefore, when Attn,ns 1 pred,2 Nears 1 /2, the
attention to the answer clause, Attnans1—ans1, Must also be close to 1/2. This results
in the off-target attention mass €2,,, being reduced to a small constant. Combining this
attention behavior with the FFN structure established in the previous stage, we obtain that

A57T(92(y1))wy2.y1 ~ B while all other logits remain small. This ensures correct prediction,
1

and the total loss satisfies Loss>> < ooy (@)

k . k—
Roadmap of the Proof for 72" for k > 2 Since €2, " has already been reduced to a small constant
in the previous stage, we begin the current stage with nearly concentrated attention. That is, at the

start of 72", we still have €2, < 2€2,, , which remains small. Moreover, A2 < A2"" Asa
result, the attention structure does not deviate significantly from that in 72. This further implies
that the input Z (2%.2) follows a bootstrapped LEGO distribution generated by the greedy language
model p .7, _, , which coincides with the original LEGO distribution. In particular, the answers y;

and y, are correct, satisfying y1 = g1(yo) and y2 = g2(y1). This allows us to directly apply a similar
convergence analysis as in 72, and show that efftn decreases further to a small constant.
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1st B Learning In-Context Retrieval of Variables

1052 B.1 Preliminaries

1053 First we define some notations for the presentation of gradients.

1054 Notations for gradient expressions For each i € [5],m € [L],j € [d], we denote
£ (2 2y, —, —logit, ;(F,Z"1),

Aij (Z271) & Z Attnans o155k - (Wi, Zi) + bijir
kEIL’£71

1055 where logit, ;(F, Z("*~1)) are defined as

el (Z(L’Ll))

logit, . (F,Z("4 1) =
ot ) > jreld eFrir (200)
106 Fact B.1. Forany i € [5],j € [d], r € [m]

L
—wa_m Loss™ = E[Z&-,j(szé‘l)sReLU' (Ai7j,T(ZL’£_1)) Z Attnans,f—l—)kzk}
=1 keZL.t-1

1057 For simplicity of notation, we will henceforth denote A; ; .(ZX*~1) by A; ;. and &; ;(Z"*~1) by
1058 &; ; when the context is clear.

1059 Given Z(L), we use XL to denote the appeared variables in the context clauses, i.e. xX@ =

1080 {xg,21,...,2r}. We write X as X for simplicity. Throughout this section, we write [F}]; as F; ;
1061 for simplicity.

1062 B.2 Induction Hypothesis

1063 In this stage, we consider the learning process for Wy ..
1064 Induction B.1. Fort <T = &:Iyd, all of the following holds:

1065 (a). forj € 7(X), Qoo) < <W4(f)

G106 < 5(1) where <W$§-’r’1, e;) is non-decreasing;
(b). forj e 7(X), g€ @G

1

(Wi er(0)] < Olo0) + O (1

) max {<W4(13',r,17 ej>7 min <W4(L2'*,T’,17 ej*>}7
’I"/G.Af;;* )

|<W$§77.,5, eT(y))| < O(og) + O(—) max {(Wfﬁ;ﬂ_,l, ej), min <W4(1t,;*.,r’,1’ ej*>}

(c). forjeT(X),ye)
1
Y el

1066 (d). Else, <W$§-,r,p,€s>‘ < 6(00) ;

1067 Claim B.1. If Induction B.1 holds at iteration ¢, then for a sequence Z

o if j =7(21),

t 1 t 1 t 1 t 5 =
AL = 5 (W) 5 (W s non) + 5 (W s r)) + 51+ Olo0)
e elseif j € 7(X\ {z1}),
t 1 t 1 t 5 ~
AEL,;',r = §<W4(1,)‘,r,2a e'r(gl)> + §<W4(l,;,'r,5’ eT(yo)> + §M + O(UO)
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1068 * otherwise, 0 < Aff);_yr <Su+ O(0y).

1069 Claim B.2. If Induction B.1 holds at iteration ¢, then for a sequence Z,

if j = 1 t(t) e VL
1070 ) = ’7—(1'1) ogl m
1071 * otherwise, loglt(t) = O(%) (1 — loglt(T()z )>

1072 Proof. If j = 7(x1), by Induction B.1 and Claim B.1, we have
max{@ffi, (t) «}

0<F(2Z) < ST AY T < () + o )) + O(00) + O(mplog d)

4,5,r
ol 49
(t) 1
= ( "’ O( |g| ) + O(o0o) + O(m)
. t ~ max{®{") o)} t ~ ..
173 forj € 7(X) # 7(x1), F4(])(Z) < O(oo)—f—O(%) else F4(J)(Z) < O(09). Combining
1074 together, we prove the result. O

1075 B.3 Gradient Lemma

1076  Starting with the gradient computation:
1
~Vw, ., Loss' = gE[&JSRGLU/(Azl,m) ) Zk,p}-
keZt0

1077 We first consider the gradient for j € 7(X)
107 Lemma B.1. For j € 7(X), we have

1079 (a) for Wy i1, s € T(X)
o 1 . (t) (t)
1080 (1) ifs =7, <7VWEJ3 . Loss ,es) = %]E[(l — logit, ;)sReLU’ (A, )1 T(xl)zj]
: _ (t) (t)
1081 (2) s#j,(-V wi 1LOSS es) = E[ logit, ;sReLU’ (A, )1 T(xl)zs]
1082 (b) for Wy o, s=1(g)forgeg
1
1 _ (®) (t)
<—VW$3_J 2Loss ,€s) = iE [(1 — logit, )sReLU (A4] D} P
IOgltz(L )SReLU (AA(L; r)]l"'(ﬂﬁl)#j,glzg}

1083 (c) for Wy j,pwithp € {3,4}, s € T(X)
1084 (1) s =7, (~Vwy, s Loss', e;) = %E[ - logity’)steLU/ (Aif;77.)17(x0)=j}
1085 (2) s#3j

(~Vw,,, Loss' es) = E[(l - loglt(t) )sReLU’ (AE1 3 L (o) 5,7 (1) =)

t t
— loglti;- sReLU’ (AZ(L;’T) ]lT(ajo):S)j €‘r()’f):|

1086 (d) for Wy 5 5s=1(y) forgey
1 .
<_waf,;ms Loss!, es) :§E [(1 — logltgz)SReLU/(Aff;_r)]lr(ml):jyyozy

loglt(t) sReLU’ (AEl 2 )1 T(x1)¢j,yo=y]
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1087 Then for j & 7(X"), we can obtain
10ss  Lemma B.2. For j & 7(X), we have

(a) for Wy 1, s € T(X),

1 .
Loss',e,) = §E{ — logltfﬁ;sReLU’ (AZ(E}VT)L(II):S]

(b) for Wy j o2, s =17(g) forg €G,

1
Loss', e,) = 51@[ - logitif;sReLU/(Afﬁ;m)]lglzg}
(c) for Wy, pwithp € {3,4}, s € T(X),

(~Vyw Loss',e;) = ]E[ logit| ) sReLU' (A} ) T(zy)—]

4 J,Tp
1089 (d) for Wy j,5 5= T(y) forg €Y
1
(Vg Loss'e) = 5]E[ ~ logit{!)sReLU’ (A )1,

1090 B.4 Growth of Gamma

1091 Lemma B.3 (Growth). Given j € 7(X), suppose Induction B.1 holds at iteration t, when <I>(t) <
1092 0.01logd or I‘Z; < %logd, then it satisfies

t+1 t n t
Iy =T4) +(7)sReLU' ()
1093 Proof. By Lemma B.1, we have

1
Loss', e;) = iE [(1 - logitf@)sReLU' (A(t), _)]lT(xl)zj]

4,5,

O(e0-01 108 dy

1094 By Claim B.2, when <I>(t) < 0.01logd, loglt(t) = BT g

1095 combing with the fact that the event {7(x1) = j} happens with probability — ra]> We complete the
1006  proof. O

< 1 when j = 7(x1); and

1007 Lemma B.3, combined with the growth of the tensor power method, immediately gives the following
1008 corollary.

1099 Lemma B.4. Suppose Induction B.1 holds for all iterations. Deﬁne threshold A= = @(%) Let T ;

1100 be the first iteration so that FZ; > A", and T} =4 @(

o1 j € 7(X), Le., fort > Ty, it satisfies thz > A",

— ). Then we have Ty > Th,; for every

1102 Lemma B.5 (Upper bound). Suppose Induction B.1 holds for all iterations < t, we have fl)z(f,; < 6(1),
13 forj € 7(X).

1104 Proof. We only need to consider the time ¢ > 7. Notice that the gradient descent update in
1105 Lemma B.1 gives

1
Loss',e;) = §E[(1 — logitfj))sReLU/(A( ) ) j}
1106 Therefore, for sufficiently small 1), we have

o7V = o) + > JE|[(1 - logit})))sReLU' (AL )1 (,)=;] + Olelogd) - |4\ AL

T‘EAEi}
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1107

1108

1109

1110

1111

1112

1113

1114
1115

1116

1117

1118

1119
1120

1121

1122

1128

1

= (I)SE + Z gE [( loglt(t))sReLU/ (A )]lf(xl) J:| + m

reAif)J-

When there exists 7, s.t., max;er(x) @f;) > Q(logl'5 d), by Induction B.1 and Claim B.1, given a

sequence Z with 7(z1) = j = arg max;e,(x) <I>Z(1Tj), we have

FD@z) > Y Ag) >(1- 0(|g‘ ))q)(T) O(00) > Q(log"® d)
reAf”

™)

1 6t

Fg,) (Z) < o(1) for j' ¢ 7(X), which implies 1 — loglt( 1) — ¢=Qog™ d) Therefore, we derive

that for ¢ € [T + 1, m),

Following the similar analysis as Claim B.2, F. (T)(Z) < O(

*) for other j/ € 7(X), and

(t) < <I> —|— O(polyd - e —(log? DY+ O(plogd) - m

since ¢ < - which implies <I> ) < O(log*® d). O

B.5 Group and Value Correlations Are Not Large

Lemma B.6. Suppose Induction B.1 holds for all iterations < t, then for any j € 7(X) and
s=1(9),g9 € G, we have

(W 2ver@)] < Olo0) + O(r) max { (W 1 e5), min (W e |

(t)
TEA, s

IQI)

Proof. By Lemma B.1, we have

(-V Loss', e,)

t
Wi3r2

(t) (t) (t)
:§IE( — logit, )sReLU'(A4]7) r(@1)=j,g1=g log1t4steLU'(A )]lT(zl)# gi= g]

1
Loss ,ej>). Moreover, for

Clearly, the positive gradient can be upper bounded by O (ﬁ <7VW(")
4,5,r,1
the negative gradient, by Claim B.1, we have a naive bound
1A () 1( A (1)
sReLU (A4 s r) |‘r(z1)7£] g1=9g < O( )SReLU (A4 s 7‘) |-r(w1):j,gl:g

When ¢ < Ty, by Claim B.2, we have 1 — logit{") |, (,,)> Q(1) and logit!"} |; 4, (z,)< O(2),
which implies

Ly-v

L (t t
E [loglti’;sReLU’ (Ai’;w) ]lT(ml)#,gl:g} 7l wi

< O(

1
Loss™, e;).
Therefore, for t < T}, we have

|<W(t)

,jr27 7(g) >| <O(UO)+O( W(grl’ J>

gt
For t > T}, notice that by Lemma B.4, AZ;, # () for j € 7(X), thus for ' € Af;

sReLU’ (Afg T)|T(11)¢J P < sReLU’ (AZ;*,W)

T(z1)=75*,91=9

furthermore, logit'") |;4- (z,)< O(3)(1 — logit ). |;_s(s,)). which implies

1
E[loglt(t) sReLU'(Aizr) T(w1)¢j791:g] < O(@vaw“w,,lLossl,ej*>.
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Due to the arbitrary of 7/, we have

(W ero)] < O(0) +O(=) min (W, | esn).
i G ratn B

O

Lemma B.7. Suppose Induction B.1 holds for all iterations < t, then for any j € 7(X) and
s=171(y),y € Y, we have

|<W$;’r’5, er(y) )’ < O(O’o) + O( )max{(WZ;ml, ej), min (Wflf;*ﬂ.,,l, ej*>}.

(t)
TI€J44Jx

V|
Proof. The proof is similar as Lemma B.6. O

B.6 Off-diagonal Correlations Are Small

Lemma B.8 (off-diagonal bound). Given j € 7(X), suppose Induction B.1 holds at all iterations
<tforseT(X)#j

(Wi e5)] < Olov).
Proof. By Lemma B.1
Loss', e,) = ;]E[ loglt( )sReL U’ (Affz )1 ‘r(ml):si|
Notice that by Claim B. 1

sReLU'(Afsz)| (or)—s < O(1)sReLU’ (A{)

4,8 r) |7—($1):S

1)=s
combined with Claim B.2, logit, ; < O(%)(1 loglt i 1) when s = 7(x1), thus
[loglt ) sReL U’ (Affg )L ()= S} [ logltff)s)sReLU' (Afﬁ;r)]lT(m):s}

1
< O(g)<7VW4JYMLoss, €s)
From Induction B.1, we have

(W, €] < OGIIWLL, 10| + Oloo) < O(%) + Olor) = Ofo).

Lemma B.9. Given j € 7(X), suppose Induction B.1 holds at all iterations < t, we have
|<W(t) Loss', e5)| < O(o0), forpe {3,4} andall s € T(X)

4,9,7,p
Proof. When s = j, we have
1
(=Vw.,.., Loss?, ej) = fIE[ — logitg;sReLU’ (A(t)- .)ILT(%)=]}

4,57
1 ®
= QE{ logit, ; sReLU’ %: 1 (2o)=jr(21)=s ]
5]
Therefore, we can bound the above gradient in the similar way as the off-diagonal case, and obtain

1 ~ ~
(Wi )] £ O(5) max (WL, 1,€)] +O(o0) < O(ov).

When s # j,
(~Vw,,.,Loss" es)

®) (t) ®) ®
§1E[(1—loglt“)sReLU’(AMr)ﬂr(z()):s,r(zl) —j — logit, SReLU'(AMr) T(wo):s,jgr()?)}

Noticing that {7(xg) = s, 7(x1) = j} happens with probability W’ thus the positive gradient

can be upper bounded by O(3) - [(~Vw,, ., Loss', ¢;)|. Furthermore, the negative part can be
upper bounded in the similar way as previous off-diagonal negative gradient. Putting it together, we
complete the proof.
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B.7 Non-target Correlations Are Negligible

Lemma B.10. Suppose Induction B.1 holds at all iterations < t, for j' & 7(X), for p € [5] and
s € [d]

(W, es)| < O(o0).

4,57 p’
Proof. By Lemma B.2, (Wg o es) forp € {1,3,4} and s € 7(X) can be bounded in the similar
way previous off-diagonal negative gradient.
We can observe that for j' ¢ 7(X’), all the non-zero gradient on the different directions are negative
gradient, which implies (Wff);,mp, es) < (WZ(SJ)»,%p7 es) = O(og). Moreover, Afj;,,r < O(0y) is
also non-increasing.

For s = 7(g),g € G, whenever <W4(lt,;",r 5, €s) reaches —3p, we have Ai; r|q _, S 3ut Sp+
~ 1 e (t
O(op) <0, and thus <—VW4(L£; . 2Loss ,€s) = %E[ - logltiésReLU (Ay 3 )1 glzg} = 0, which

implies <W4(13",r,27 es) > —3u. Hence, \(Wf@ rares)| < O(0y). Following the similar argument,

we can prove the result for <W4(13 r50€s) fors € 7(Y). O

B.8 Convergence

Lemma B. 11 For |G| > Y| > Q(%), polylogd > m > Y|, 0 < ﬁgd and sufficiently

smalln < Induction B.1 holds for all iterations t < T = &:]yd.

pId’

Proof. Putting the results in Lemmas B.5 to B.8 and B.10, we can directly establish the results in
Induction B.1. O

Lemma B.12 (Convergence). For sufficiently large Th <t = #, we have

(a) Objective convergence: Loss! < Iy 5

(b) Successful learning of diagonal feature: @flf; > Q(logd) for any j € 7(X).

Proof. Assuming for some sufficiently large constant n > 0, E[(1 — loglt )| () = 5] >
Q( =) fort € (T, Ty + M} then by Lemma B.1, we have

(Th + d? 1og? .1) n dn-i—l 10g2 d B )
F4,j<*> ! 2 Q(dn+1) ’ n + F4,j<*> > Q(log” d)
which contradicts with I‘gj)( 9 @iti o < O(log"®d) = O(1) in the polynomial time. This

implies after sufficiently large iteration ¢, we must have E[(1 — loglt ) | 7(x1) = j] < O(gx) for
j € 7(X). Hence

Loss' = E[— 10g10g1t47(m1) Z E[— loglogltij]lT(yl) ]

Jer(X)
E[O(1)(1 — logit{)) 1, (4, )—;]
O8Ity ;) Lr(zy)=j5
JeT(X)
(logitfﬁ- is very close to 1)
1
<0 .
- (polyd)
By Claim B.2, at the time of convergence, we must have <I>(t) > Qlog d). O
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C Learning The Group Actions: Cyclic Group

In the LEGO language, one step of the state transition corresponds predicting the next answer clause

from the current sequence Z(EL) ~ DLL’ | Ag in Algorithm 1 and 2, we start with training the
model I on length-1 sequences, which only requires the model to predict one answer Z,,s 1 given
input clauses Zyred,1 and Z,ns,0. In this appendix section, we show how the model learns to predict

the 5-th token of Z,s, 1, that is, the value of z, in the LEGO sentence ZM in (3).

Let’s recall the structure of the uniform case setting. Note that the group action defined in Assump-
tion 4.1 is equivalent to the following group action by group isomorphism:

Assumption C.1 (Assumption 4.1, restated). Let LEGO(X,G,)) be the LEGO language. We
assume ) = {0,1,...,n, — 1} and G = C)y), i.e., the cyclic group of order |Y|, and n, €
[Q(loglog d),log d].

‘We define some notations for this section here.

Notations. Let D' be the LEGO distribution of length 1 under the language LEGO(X', G,)). We
define DY, Dé and Di, be the distribution of (¢, 1), go and (yo,y1) in D' respectively. That is,
given a LEGO sentence

Z(LO) - (Zpred,la Zans,Oa Zans,l) ~ Dla

Zpred1 = (%0, g1, %1, (blank), (blank)),  Zans; = ((blank), (blank), (blank), z;,;),7 € {0,1}

The sampling distribution of (¢, z1) is DY, and similarly for g and (yo, y1)-

C.1 Preliminaries and Induction Hypotheses

First we compute the expression of gradients for W here. With slight abuse of notation, we write
Loss) = Loss(F®) = Loss"?(F (")) in this stage. The gradients are given by:

(VWi Loss(t), €y)

=Eziopr |&,(Z)- sReLU’(Aé%J,(ZLO)) > Az ,—u|, jeldperemlvey
keZt0

where & j(Z') = 1, (2, , ,)=; — logit, ;(F, Z"°) is the

To analyze the learning of the group actions, we need to first define the set of features that the model

will learn, corresponding to the group action.

Definition C.1 (feature combinations, cyclic group). Asuming the group G follows Assumption C.1.

For each j € 7(}), let
§i=A{(9,9) €GxV|7(9(y) =j}
we call the set § = jer() §; the set of feature combinations, and the sets §; are called set of

feature combinations for predicting y = 7~ *(j). Furthermore, for any ¢ = (g,%) € , we write

gconf(qb) = {¢/ S g | (b/ = (9/7?/) or ¢/ = (g7yl)7 Whereg 7é g/ay 7é yl}

as the set of confounding features for ¢, that is, the features that share exactly one component with
¢, either g or y.

Each §; includes all possible combinations of g, y that transform y € ) to a new state y’ = g - y by
predicting the corresponding token index j = 7(y'). It is the set of features we want our network to
learn in the neurons of output coordinate j, while sets §;/, j’ # j are the sets of features we do not
want to learn in the neurons of output coordinate j’.

The set of confounding features Feonf(¢) for a given feature ¢ = (g,y) € § contains the features
that share exactly one component with ¢, either g or y. Confounding features are the combination of
features that are similar to ¢ but are incorrect for predicting j-th output.

Features in sets §; exist in the neurons. We define a short notation for the set of all indices of feature
combinations at coordinate j € 7()’) and neuron r € [m).
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Definition C.2 (neuron feature indices). We define

U={u=(jr¢)|jer)relm]¢eT}

be the set of all indices of compositional features.

Now we present the some notations that could help us determine which features are learned first.

Definition C.3 (¢, U-notations). Let j € 7(Y) and r € [m], for ¢ = (g,y) € §;, Let’s define the
following notation:

VY r(9) == (Wsjr2.eq),  Ujr(y) := (Wsjr5,ey) (10)

When ¢G follows Assumption C.1, we define an index u = (j,7,¢) and a feature magnitude
U, =Y;,(g,y) as follows:

Vo= 5 (0) 1= 5 (5 (0) + 5 (9)

which is the combination of features we need to predict the correct answer ¢y = g - y with fixed
attention weights % for both Zreq,1 and Z,ns ¢ during training phase I.

A key technical ingredient of our proof is the characterization of the learning order of the features.
By leveraging the smoothness of the sReLU activationfunction, we can show that the features are

(0)
u

learned in a specific order that relates to the feature magnitude Wy, ’ at initialization. We define the

learning order, encoded by the order < on U* as follows:

Definition C.4 (learning order). The learning order is the ordered set {* that we obtain from the
following process: Define a total order on U/ as follows:

u<u = \11‘(10) 2\11510,) Yu,u’ €U (11)

We construct the sets U/* by the following procedure: initialize an empty neuron set Wt(,?jp =, and
(0)

an empty feature set R;,,,,, = &, and the initial index set U (0) = @. Starting from k = 1, we do the

following:

(1) Find the index u = (]’ T, QS) S u, where (]7 T, (b) = arg max; ./ g \I/;E)?T, (¢/) such that the
feature ¢ € §\ Rih," and (j,r) € 7() x [m] \ Wik V.

tmp tmp

) Update R« RE-D G {gr, W WED G {(5,r)}, and U®  y*=D U {u}.

tmp tmp tmp tmp
(3) Iterate the (1) and (2) steps until & = nfj, then yield U* = Uy,
This process yields the ordered set U*, equipped with the total order < defined in (11).

Note that I/* is a smaller subset of /. In fact, /* encodes the order that the neural network F' learn
the features ¢ in the neurons (j,7) € [d] x [m], and leave out the indices u € U \ U* that are not

learned. The order < is induced by the feature magnitude \Ilgor) (¢). In the proof we shall show with

high probability, the order that each ¢ is learned is according to its position in I/*.

In order to characterize the feature updates before they start to become significant, we define the
following notion of pseudo weights.

Definition C.5 (pseudo weights). Let u = (j,r,¢) € U. We define the pseudo weight W(t)(u)
where ngj)-/yr,(u) =w

i forall (i, j*,r") € [5] x [d] x [m] except for when i = 5. We initialize

Wéoj)r(u) = Wéoj)r, and let K&T be the corresponding activation with weights VV?;T We define
the update rule of Wétzr (u) in the following manner:

. if (p,v) & {(2,9). (5,)}. we define (W'TD (u)e,) = (W) e,

5,7,7,p 5,j,r,p? Y

o if (p,v) € {(2,9), (5,y)}, then we let the update rule to be:
(WD (u),e,) = (WY (u),e,) + nE[sReLU (AY) 15,15, <]

5,4,75p 5,4,m5p 5,4,

33



1241
1242

1243

1244

1245

1246
1247

1248

1249
1250

1251
1252

1253

1254

1255

1256

1257

1258

1259

1260
1261

1262
1263

1264
1265

1266
1267

1268

1269

1270
1271

1272

This means that we are updating the pseudo weights for the 2nd and 5th components of the weight
vectors differently, while keeping all other components’ updates unchanged.

In order to introduce the induction hypothesis, we first define the probability events of feature
appearance.
Definition C.6 (probability events of feature appearance). Let j € (), r € [m] and ¢ = (g,y) €

&, be a pair that predicts j-th output. Denote events By, B(g,v), B;(g), B;(y) and By, B;(g), B;(y)
as follows:

1. By =B(g,y) = Bj(9) = B;(y) = {91 = 9,90 =y}

2. Ej (9) := {91 = g9,y0 # y}, the event that g is the incorrect feature for predicting j-th
output;

3. gj(y) = {g1 # 9,y0 = y}, the event that y is the incorrect feature for predicting j-th
output;

4. E¢ = g]‘ (g)U Ej(y), the event that ¢ = (g, y) is the incorrect feature for predicting j-th
output.
We then define the notion of the gradient conditions, which will be used in the proof of the induction.
Definition C.7 (gradient criterion). Let u = (j,r, ¢) € O* and t < T}, we define the following two
conditions:

* Given 6 > 0, the positive gradient criterion Kpos(u, 9):

Kpos(u,8) is true <= |E[(1 — logit; ;) - sReLU’(As ;) 15,15, ,<5|| <6 (12)
* Given ¢ > 0, the negative gradient criterion Kpeg(u, 9):

Kneg(u,0) is true <= ‘E[logitsd ~sReLU’(A&jJ,)]lg(p]lFs“iSB]’ <46 (13)

These conditions control the magnitude of the gradient of the feature u at iteration ¢. Now we define
the following intermediate time-steps:

Definition C.8 (phase decomposition). Let u = (j,r, ¢) € U*, we define the following intermediate
time-steps:

Tuta :=min{t > 0| TP > 050}

Tyu1 :=min{t > 0 | Kyos(u,d1), where 61 := 1 — d—O-l}

Tupe = min {t >0 | Kpos(u,d2) A Kneg(u, 82), where & := X/d"'}

Ty := min {t > 0| Kpos(u,83) A (TP > B — O(d*"1 ), where 85 := (d0<001ao)q—2}

Below we shall introduce some induction hypotheses that will be used in the proof. We first introduce
a induction hypothesis for the pseudo weights.

Induction C.1 (induction on pseudo weight bounds). Let j € 7(¥) and u = (j,r,¢) € U™,
¢ = (9,y) € §;. Let v’ < u € U* be the immediate predecessor of win U*. Then at t = Ty o, it

holds that the pseudo weights w (u) defined in Definition C.5 satisfies

5,7,T
(W (), en) — (W )| < O(oo/d),  Y(p,v) € {(2,9). (5,)}

‘We maintain the following induction hypotheses for the case of Assumption 4.1.

Induction C.2 (induction on weight bounds). Assuming Assumption 4.1, for t < T4, the following
properties hold:

A) (WD ey = (W )| <O(1/d) forallv € X andp € {1,3,4};

5,4,m,p? Y 5,7,7,p?
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1273 (B) |<W(t) e >—<W(O)

5,j,r,p? Y 5,5,m,p?

eu)| < O(o0/d) forallv € Vandp € [5],r € [m]ifj & 7()):

1274  The last induction hypothesis is about the checkpoints defined in Definition C.8.

1275 Induction C.3 (induction on cyclic group actions). Under Assumption C.1, for t < Ty, in addition to
1276  the induction hypotheses in Induction C.I and C.2, the following properties hold:

1277 (A) Foranyu' < u € U*, it holds that Ty 14 > Twr 2 + Q(1/nol~3);
1278 (B) Letu = (j,r,¢) € U*, for any t € [Tz, T1), it holds thar ¥\')(¢) > B — O(d"*'a¢) and

\Ijgt). N < ((d9O )92 /) Y/ (a—1)
a0 (6) < (@) T2d/A)

1279  C.2 Technical Lemmas

1280 Here is a simple fact for the logits of 5-th token predictors. The proofs are trivial.

1281 Fact C.1 (non-updating weights). Fori =5, j € [d], r € [m] and p € [5], the following components
1282 of Wy, i.e., (W jrp,e,) would not be updated:

1283 e jeld.,pef{l,3,4},v ¢ X;
1284 cjeld,p=2v¢g;
285 cjeEld,pe[bvg ).

1286 We also have some unconditional bounds on logits.

1287 Fact C.2 (unconditional logit bounds). Due to Assumption A.1, for the logits of 5-th token predictors,
1288 we have the following simple facts:

1288 (a) Letj € [d] and ¢ € [5], and suppose F; ;(-) < B, then
d—1

_ e P 1
1 —logit, ;(F,Z) > I_13cP A, VZ e supp(D (2))
1200 (b) Letj € 7()) and input Z € supp(D*(Z)). Suppose there are no more than n coordinates in
1291 [d] such that F; ;(Z) > @, then as long as e >> d, it holds that
1
logit: (F,Z) > ————— > Q(A\/d
ogl1 5,]( ’ )— O(d)+n€B = ( / ’I’Z)

1292 This is the logit lower bound for the prediction of the j-th head of the language model.

12¢3 Lemma C.1 (gradient bounds). Let j € 7()), and ¢ = (g,y) € §. Suppose Induction C.3 is
®

1204 satisfied at t < Ty, then for any 6 € [0,0.4], if 3, ¢ () V;.-(¢) < (0.5 + 6) log d, it holds that

7T
1295 (a) E[(1 - logitg;) 1By >1— J—0-49+5
1296 (b) E[logitg; | E¢] < d~049+9
1297 (¢c) for any r € [m), it holds that for (p,v) € {(2,9),(5,9)}:

(Vw, ., Loss e,) > (1 - O( ))E[sReLU’ (A, )15,1r, <)

(J0-49-3
1208 Proof. We prove the statements separately.

1299 * Part (a): By Induction C.2, we have that All the irrelevant features |<W(t) ev)| < O(00/d),

5,3,7:p?
1300 so conditioned on B, we have that
Fj(Z) < 37 sReLU(A] (Z)) < 37 ¥(g.y) + Ologm/d)
re[m] re[m]
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< (0.5 4 8)log d + O(0y)

< 0.5011logd
Then since all F; > 0, we have that conditioned on B ,, we have that
F;(Z) (0.5148) logd 1
e e
loglt(t) (Z) = < <
F..(Z) = = 70.49-6
Zj’e[d] e (%) d d

which concludes the proof of (a). (b) can also be similarly proved.

* Part (b): Firstly when Induction C.2 holds, for any ¢ = (g,y) € §;, we haveforall ¢’ = (¢, ')
such that exactly one of ¢’ = g or yy/ = y is satisfied, it holds

Ui (¢) < Wjr(6) + Ol00)
Therefore by taking a sum over r € [m] it holds that

Z U, (¢ Z U, (¢) + O(00) < (0.5 + ) logd + O(ap) < (0.5001 + §) log d

So by (a), we have the logit upper bound for all ¢’ = (¢’,4’) such that it shares a compo-
nent with ¢ as E[logits ; | By] < d=*497° Note that since B, = (U(g).0'29 Boiy) U
(U(g’y,)’y,;éy Bg.,), we can obtain the desired result.

* Part (c): By combining (a) and Induction C.3, we can compute

(VWs Loss'), e,) — E[(1 — loglt(t) )sReLU/(A& s, 1E;  <B]

5,7,7

< E[logits ;sReLU'(A{) )15 1p, <5l

< O(d™ P +)E[(1 — logit{)sReLU' (A", 15,1k, <)
where the last inequality is because Ag z . conditioned on By is smaller than O(1)E [ s J + | Bol
from Induction C.3, and the application of (a). Note that we ignore the event { F; ; < B } because

it always happens when ) ¥;,.(¢) < logd (coupled with our induction about irrelavant
features).

Now we have finished all proofs. O

Lemma C.2 (initialization gap between features). Assuming Assumption 4.1. Let j € T(Y), for all
r € [m] and any two u,u’ € U, we have with prob > 1 — o(1) over the randomness at initialization
that

v _ g > __ 9
u w2 n‘;leogd

Proof. We give a straightforward proof that every pair of ¥, has a gap of First note that

ny m2 logd"
U, of different u € U are independent and identically distributed on the randomness of W), due
to the orthogonality of embeddings e,,v € V. Then, by the basic property of a Gaussian variable

(notice that \IISIO) — \I/(O) is also Gaussian Wlth variance 20¢) (all though different pan‘s could be

dependent), we have w1th probability 1 — that their gap is at least > - for each

n4m2 log d ~ n4m2 log

pair. Then by a union bound over O (m? 4) -many all possible pairs we can conclude the proof. O

Lemma C.3 (consistency of gradients). Let ¢ = (g,y) € §, for any j € [d] and r € [m], we have

with probability 1 — m over W that:

5,7,

Esoa [SReLU'(AY) 15,

|~ E,y 2 wo [SReLU'(AL) )15, ]

~ (p®) $))a! . _
_ O(( (J),r(d)) ) lf\Ijgf}((ﬁ) S d 0.01
O(5) i ¥(e) > d o
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Proof. We can view the expectation

E (5,01 )~at SRELU'(AL) ) | g0 = g, 50 = 9]

at iteration ¢ = 0 as

E (5,0~ SRELU(AL) ) [ go = g, 50 = 9] = AN > h(v1,vs)
2

where

h(vi,v9) = [SReLU’(A(0

Sjr) o |£0=U1,$1=’U2], fOI‘SOIIle’Ul,’UQEX

Now we can apply Lemma E.1 by viewing the RHS as a U-statistics where the randomness of each
h(v1,v2) comes from the initialization of (W5 j .1, €y, ) + (W5 ; 1, €y, ) and (W5 ; 1, €y, ) Which
are identically distributed and jointly independent with any h(v], v5) if the sets {v1, v2 } is disjoint

with the set {v},v5}. So by choosing n = |X| = ©(d) and m = 2, M = (5(\115.?3(925))‘1’1 logd)?—!
when \Ilgo,)(qﬁ) <d %%land M = 5(\11507)((;5) logd)?~! when \11507)(@ > d~%01 and corresponding
t = nM log d in Lemma E.1 we have the desired result. O

Fact C.3 (conditional expectation of logit). Let ¢ = (g,y) € §,, then we have the decompositions:

For the negative gradient E[logit(t) sReLU/(Ag G lg ], we have
[loglts )sReLU’(A ( ) | B¢] Pr(B. i(9) | g¢) [logltst) sReLU’ ( 5 T) | B (9)]

+Pr(B;(y) | By) - E[logit ;sReLU (A, ) | B;(9)]

Lemma C.4 (irrelavant features). Suppose Induction C.3 holds for all t < T3, then Induction C.2a
holds at iteration t + 1. Moreover, let A, = {x € {xo, 71}, (x0, 1) € DY}, then at each step the
following holds:

t+1 t
(W) = (WE o prea)] < D0 nPr(AL) - [(Vw, , Loss . eg)
geg

Proof. We shall be proving that the total feature growth of any r € X at the end of training
should be negligible, that is, (Wé ; rpr €x) — (Wéoj) rpr €x) < O( ) < 09. In fact, suppose that
something weaker happened before ¢, for example (Wé g ypr €a) (Wéoj) rps €x) < 00/d%", then
by the gradient formula for W, for any € X and p € {1, 3,4}, we have the gradient of feature
(Ws.j.rp; €a) is:

(VW Loss(t)7 ez)

= E:ce{xo 1} [55(2 sReLU’ (Aét,;ﬂ“)]

= Eqefsg.0n) (1 — logit{))sReLU' (A"

5,7,T

s, — loglt( )sReLU'(Ag g

By Induction C.3, we know that there is at most one feature (g, y) € §; such that \Ilth(g, y) > d%1oy,
so we can decompose the gradient of e, at any iteration s < ¢ to:

) eq) (14)

(Vws ... pLoss(‘
= E[ll4, (1 - logit{"))sReLU'(A{") )15, 15, ;<5 — logit")sReLU'(AY) )15 1, ,<p]
(15)

5,7,r
= E[(1 - logit{"))sReLU’ (A} )15, () — logit{")sReLU (A"} g 1p, <pla,]

2,7,T

FPr(A)Y] B[ logitl) - sReLU'(AL) ), rs < | Au]
+Pr(Am)Zgleg’gl#gE [logité’g -sReLU'(A}) )1 5, 1r <5 |Ax}
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Now since (W(S) ex) < 0plogd,Va' € X, it holds that the sum of all updates of (W5 ; ;. p,, €5)
before ¢ is bounc{ d by

77 . S S
> O(E(1 - logit{’))sReLU’(A{’)

5,5, 5,7,T
s<t

(s) ! )
+Zzg oy eg )E [(1 - loglt ( ))sReLU (A )]15 ) lm,<B | Ax}

s<t

(s) (s)
* Z Zg '#9,9 eg )E [IOglt sReLU’(A5 9, )1 B; (g’)]lFs,jSB | Ax}

s<t
= ]i —F ]é —% ]S
Since by Induction C.3, we can bound I3 + I3 by

1 S
‘12 + 13‘ S Zg/#g g/eg 0(7) ‘Z s<t n<vw5,j,"',2 LOSS( )’ 6g/>

E X O(O’o) < O’o/do 99

and for I, we also have

s ~ 1
|I1 Z UPI' ) <vw5,j,r,2 LOSS( )769> < O(a)

s<t

Thus the total update to (W5 ;. p, €,) for all iterations before ¢ is bounded by 6(%) which proves
the induction hypothesis and also the final desired result. The second statement can be obtained by
looking at (15). O

C.3 Phase I: Initial Growth

First suppose u = (4,7, (g,y)), where j denotes the token index and r is the neuron index. In phase
1.1 which spans the time period ¢ € [0, T},,0], we show that the feature u remains close to initial value
while competing with other features. In phase 1.2, we show that the feature u grows faster than other
features and reach a certain magnitude.

C.3.1 Phase L.a: Emergence of the Feature

Before the feature u starts to grow, we know that the gradient for it could change, due to the
confounding feature which affects the logits of the gradient. When the feature ¥y grows, the
erroneous prediction probability logit, 3 could rise and therefore decrease the gradient of u. We
shall show below that this two effects will not affect the growth of u much, and thus we can safely
ignore them.

In fact, we show the following bound on the "optimistic growth" by pseudo weights in Definition C.5
almost match the actual growth by the true weights, in phase L.a.

ot t
(W3 €0) = (Wi e0)] < Oloo/d*) (16)
To show this, we need to bound the trajectory of |Wét; oy Wétz , p| during the time peirod

t € [0, Ty 2], which is the point where the immediate predecessor has been learned almost optimally.
We need to argue the two following conditions are satisfied:

* C;: The total amount of iterations where E[loglt | Bg,y] > o+ is smaller than O(%)
(here the d°-2 can be losen to almost 1/o8 ™~
* Cs: Throughout ¢ € [0, Ty 2], we have (W( g rpr €0) < O(00).

So we have the following proposition for ¥,,’s feature growth during the feature learning process of
predecessor features.

Proposition C.1 (Phase L.a). Let u’ be the immediate predecessor of u in U*, then Induction C.1 is
satisfied for all iterations ¢ < T3/ 2. Moreover, (16) holds at ¢ = Ty 2.
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To prove this proposition, we first prove the following lemma.
Lemma C.5 (gradient approximation). Let j € [d] and r € [m]. Suppose at iteration t < T there is

a 8 €10,0(0g)] such that |<Wét; g~ Wéoj)m, ex)| < Bforallq e {1,3,4} and all x € X, then
lfAét;T > 0, we shall have

s ifAY),(2) = So,

sReLU'(A{") (Z)) — sReLU'(A{} (Z ))‘ < ® g2 o 2 i

()([3(1\5 3 JsT ( ) 4*’/3) )a %f‘/\ 5,3, (25) fg 2 0;

Proof. Note that by Induction C.2(b) we have that

(W5 ) = (WS ea)| <O(1/d), ¥pe{1,3,4} and s € X

5,J,m,p? 5,5,m,p?

which allows us to bound the difference between Aét;r and K&T as any iteration ¢:

WO @) - R @<t S (W, WO e <O(1/d), VZ € supp(D})

5,5,7 5,5, 3 5,5,7,p 5,5,7,p7 €
pe{1,3,4}

Now we are able to bound the difference between sReLU’ (A ") ) and sReLU'(A(t) ,-) as follows:

* When A5 Gr(Z) = 10, because of the monotonically increasing slope of sReLU’(z) for
x € [0, o] and flat slope when = > o, we have that [sReLU’(z) — sReLU’(z + ¢€)| < ¢ for
€ > 0. Therefore
SReLU'(AL),(2)) — sReLU'(RY)(2))] < O(AL),(2) - &) (2))) < 8
« When Aé 'ir(Z) < S0, we have that|sReL U’ (z) — sReLU'(z + €)| < O(¢%e - (x| 4 €)172)
forz < 4 s0and € < p, therefore
SReLU'(AL),(2)) — sReLU'(RY) (2))] < O(I(AY), (2" = (AL, (2))""))
(®) -2
<0(B- (AL, (2) + B)?)
This concludes the proof. O
proof of Proposition C.1. Actually, for all u € ® such that u < u and u3 share at least one feature

component g or y with ug, we know that there time duration of ¢ € [Tg 1, T 2] is atmost Tg o — T 1 <
0.1 . . .
O( dn ). Therefore the total number of iterations where E[logit; ; | By ,| > -3 before t = Ty

is at most nO( log d) < O( log d). Then for each step ¢, we have

* When E[logit; ; | By,] > 7+, we have that

|<W(t+1) > <W(t+1) >|

5,,mp €v 5,5,r,p? €
< (W), ) = (WL, oen)| + |n(EIsReLU'(RS), )] - Bl )sReLU' (AL )]} |
t t
< (W e — (W e

+ n’E [loglt( 1 (sReLU’(A(t

5,7,r

)+ sReLU'(AY"), ))} ‘
+|E [10 it )sReLU’(A(t )1
n g1ts 5 55,7/ Byy
< |<W§3-7,.,p, v) — <W(t3 o ev>| + 0(7700 ‘nE [loglt( )sReLU/(A(;; 1 gg,y} ’

< [(W ey — (W )| +Omod ™)
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where the last inequality is because both logit(t) < O(1) and sReLU’(Ag; ) =08 ") is

much smaller conditioned on Bg y- In fact, by Induction C.3 at each single iteration ¢t < Ty o

there can only be one u = ( j,T. (;5) € U™* such that logltg; > do r conditioned on (g1,y0) = qb.
Therefore we achieve the same bound.

* When E[logit; ; | By,,] < 73+, by similar calculations, we have

1 1
(WD o)) — (WD e,

5,7,m,p? U
t t
< (W) = (W ven)

+

1E [logit{) 15, , (SReLU'(A{)),) + sReLU'(A{), ))] |
+ e [logit(;,;sReLU’(Aéf}m)]lgg’y] |

—~ ~ 1 _
< (W pen) = (W ea)] + Ogpmaf ™)

9,7,7,p?

Since we know that T,y o < O( —= —L1 ), we have that the total growth of difference between
90

<Wét; rp» €v) and <Wét7;7r7p, €y) is bounded by
v (Tur 2) (T 5) ~ 491 L B 1 o B
(Wi o) = (Wi end] < O(52) - O™ + O(—y) - Ol ggynog ™)
77 nod d
<O()

Therefore, we have shown that the (16) holds for all ¢ € [0, Ty 2]. This provides a good initialization
for future leanring. O

Now we are set to prove the proposition that concludes Phase L.a.

Proposition C.2 (Phase Ia, feature competition). Let u’ < u € U*, then Induction C.3 holds for all
iterations ¢ € [0, Ty 14]. Moreover, we have the following properties:

\IlslTu,la) 2 d().cllo_o7 Whlle \Ij(ﬁTu,la) — 6(0-0)’ vﬁ ~—ue Z/[

Proof. By Proposition C.1, we can deduce

v > 0O — O(o/d")
(0) ; N 0.1
20+ aayg ~ Oloo/d™)

(Tur 2) 1 A 0.1
Z \I/ﬁ + 71 o) d O(Uo/d )

Now we proceed to prove the result for ¢ € [Ty 2, Ty 14)- Remember u’ is the immediate predecessor
ofu=(j,r (g y)) in U*. At this point, by Lemma C.1, we have a basic gradient lower bound for
both ¢ and y in neuron 7:

1
(Vw, ;. Loss,e) > = (1= O(n/)EReLU'(AL) ) | By, | for (p.v) € {(2,9). (5.9}
a7
Using these lower bound, we can prove that the feature \Il.(f ) will outgrow all other feature \I/g ) where

u < U € Y* with Uy = j. In fact, let U = (4,7, (¢,7)) be an index from &/ where (g,y) € §;, Now
assume the following induction hypotheses @ and @ during ¢ € [Ty 2, Ty 14]:

® U > W)+ Q(apr;) < Y forall @ € ¥ where & = j.

@ The condition (17) is satisfied for all u € X where iy = j.
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We shall prove that if both @ and @ are satisfied at ¢t = Ty 2, then they are also satisfied at each
t € (Tw,2,Tu,14]- Let us assume they are satisfied at some iteration ¢ € (T 2, Tyu,14), We show
below it remains the case at ¢ + 1.

* Proof of @ at ¢ 4 1. Since by the definition of T}, 14, we have Lemma C.1 holds for feature u

for all iteration ¢t < T}, 1,. Moreover, by our induction hypoethsis, @ holds for all iteration s
where Ty o < s < ¢, i.e. \I/EAIS) < \I/E,S) for all s € [Ty 2,t]. Therefore we can obtain that for all

s € [Tw 2, t], the gradient of Uy satisfies
s 1 s . e
(Vw, ., Losst™ e,) < EE[sReLU’(Aggf) | B 5] for (p,v) € {(2,9),(5,5)}  (18)

By applying both (17) and (18), couple with Induction C.3, we can show that the gradient of ¥, is
always larger than that of Wy as long as which proves @ for ¢ + 1.

e Proof of @ at ¢ 4+ 1 by @ we have \Ilg +) < \Ilgf H), which, combined with Induction C.3, implies
that

> ¥0(5.5) < Oloom) < O(d' )

re[m]

\I,(tJrl)

then by Lemma C.1, we have the negative gradient for satisfies (17), which concludes the

induction step.

Moreover, from Lemma E.2, we obtain that at ¢ = ¢TIy 14, We have the following result: \Ilslt ) >
d%O% g, while all \I/g) < O(oyg) for U = u in ¥; So the proof of Phase Ia is complete. O

C.3.2 Phase L.b: Feature Growth

In this stage we prove the following result:

Proposition C.3 (Phase I, cyclic group). Let u = (j,r, ¢) € U*, then Induction C.3 holds for all
t <Ty,1, and we have the following results at ¢ = Ty, 1:

A) v > 0log d)

(B) For any u € U such that u > u, we have \P%T“’l) < O(0).

Proof. The same result for phase I.a is proven in Proposition C.2. We only need to prove for
the iterations ¢ € [Tu,hu Tu1]- Indeed, The total number of iterations in this stage is at most

5(%) By Lemma C.1 and Lemma C.1, we know that as long as \Ilgf) < 0.5log d, it holds

ndo.mag—?
that
1

1= 0 2 VZE[sReLU' (AL ) [ Byl v e {g,y} (19)

d0-49 5,5,

Vi (v) >

<N

1

This ensured that we can use Corollary E.1 for 6(W
0

) many iterations starting from Ty, 1, to
reach Ty, 1, where \IIS ) > 0/2. Moreover, since sSReLU’ () is a smooth polynomial for = € [0, o]
and a constant for z > p. The same lower bound (19) can be applied and used to calculate the
iterations needed for U to reach Q(log d) after reaching ¢/2, which is O(logd/n), as long as
ol < 0.5logd. O

C.4 Phase II: Cancellation and Convergence

In this stage, we shall show that the incorrect feature combination will move close to zero when the
FFN weights reach a certain level of convergence.

Lemma C.6 (activeness of a neuron). Let u = (4,7, (g,y)) € U*. If Induction C.3 holds, then for
allt € [Ty1,Tu,2), it holds that SReLU’(A(t) ) = 1 conditioned on B ,,.

5,4,
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Proof. Tt is satisfied at ¢ = Ty, 1 by Induction C.3. For any ¢ € [Ty,1, Ty 2], we have that whenever

\IIE,t ) falls slightly below % log d (which have to happen before it reaches even lower), by Lemma C.1
and Lemma C.1 we have that
1 n 1
n2

Vi (v) > ﬁ(l - O(W)) [sReLU’ (A )| Byl > —(1—0O( (forv =y or g)

n
5,7,7 d0'49))

Therefore \Ilff ) is increasing once it suppass a certain threshold, and that \Il.(f ) > 0.49log d for all
t € [Tu,1,Tu,2] and therefore the neuron r is active. O

Lemma C.7 (bounds on same feature in different neurons). Let u = (j,7, ¢) € U, where ¢ = (g,y),

and v’ = (j,r',¢) € U for some r' # r such that u' = u, we have that \Il( ) < O(Uo)for all
te [1111,13 5111,2]

Proof. We shall prove this by induction. Itis true at ¢ = T3, 1 by Proposition C.3. Since Ty, 2 —Ty,1 =

O(W), we can simply bound the total growth of \Ilff,) as follows: let v = y or g, we have
90
that
(®) (s)
1/)Jr( v) < Z Vwm I)Loss
s€[Tu,1,t]
1 s .
< qp(T“ ! (W) . er[r%ax ; nE[SReLU’(Aé ; )] (using the upper bound)
: no s 1
(Tu,1) 1 ~ -1
<yt (W)'O(Ug )
0
%(2531 O(o O/do.o(n)

where the second last inequality is due to that the activation for Aét; .+ is at most o -t by Lemma C.6.

Therefore we have that wj( 7) , < O(0g) forall t € [Ty.1, Ty 2). This concludes the induction. O

Lemma C.8 (logits in phase II). Consider a u = (j,7,$) € U*, let §V) contains all the feature

combinations from § that are learned at iteration t, that is, for each ¢’ € S(t), there exists au’ € U*
such that w' < u, which also means t > Ty 2. Then for any ¢’ € T N Feont (), we have that for
all t Ez 111’2,

logit{ 155, = O(exp(¥{)(¢) — B)) = O(exp(¥{/)(¢)A/d))

)

otherwise, we have that loglt( )]llgd), = @(exp(\IJ;fi(gb’)/d)).

Proof. Tt is direct to verify the above claim following Induction C.3(b) since there is only one neuron
that learned ¢’ and it would be the only active neuron besides the current learning neuron. O

The above lemma also classified the different logitg; into two categories: one is the suppressed
logits which are small and proportional to A/d, and the other is the unsuppressed logits which are
proportional to é. This leads to the following lemma:

Lemma C.9 (different cancellation conditions). Let u = (j,r,¢) € U*, let § t) contains all the
feature combinations from § that are learned at iteration t as in Lemma C.8.

o Ifp' €3N ONe Feonf (@), we have that before \Ifgf) exceeds B/2, @'S?(qﬁ') > Q(log d).

e Otherwise, we have that ngl((b’) < dQ(U once U > 2.01logd.

The above lemma showed how different logits interact with the feature cancellation condition. Now
we are ready to prove the following lemma:

Lemma C.10 (convergence of positive gradient). Let j € 7(Y) and ¢ = (g,y) € §,;. For any level
d > d0872, the total number of iterations of which the condition Kpos(9, 0) does not hold must be

3 log®d
smaller than O (™ ;(Sg )
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Proof. This is due to the upper bound assumption we put on F5 ;. In fact, suppose conversely that
the pair (g, y) € F; satisfies

E[(1 - logit\"))sReLU'(AY) )lp, < | By, >0

n3log?d
for more than O( %

w(tJrl (y) = w(t)(y)—|—77<Vw5,j,r,5Loss(t) ey)
= {0 (y) + nE [(1 —logit!") - sReLU'(A") )1p, SBnBj(y)]

) many iterations. We compute the update by

—nE {logitét’} : sReLU’(Agf;.’T)ﬂgj(y)]lFE,JgB}
Let ¢’ € G\ {g} be such that (¢, y) ¢ §;, we have that
(t+1 t+1)
g GQZ\{Q} b
=)~ S wlg) +E {(1 ~ logit{)) - sReLU'(AY) )1p, <5l Bj(w}
g'€9\{g}
By a telescoping sum, we have that

vl — 3 i) = DB [(1 - logit(}) - SRLU'(AL) )k, <p )
g'€G\{g} s<t

.. . 3logd . .
Due to the contradiction assumption, we know that for T = w(%) many iterations, we have that

> wig) = B +Q(nylog? d)
0'€\ (g}

which is impossible because 7,/}](2 (y) and w](tz (g) is both absolutely bounded by B + O(1). Therefore

. . 3 log? d . . .
there is a contradiction, Kpos(¢,d) does not hold for at most O(%) many iterations. This

concludes the proof. O

The above proof also produced a corollary.

Corollary C.1 (monotonicity of cancellations). Let j € 7(Y) and ¢ = (g,y) € §;. The following

quantity is non-decreasing:
STl and 0@ - ST vy
g'€9\{g} v’ €V\{y}

SJorallt > Ty ;.

Using the above corollary, we can now prove the following lemma:
Lemma C.11 (convergence of negative gradient). Let j € 7(Y) and ¢ = (g,y) € §j. We have that

(a) For all iterations t > Ty 1, it holds that Aé ; ~(Z )]15(; € (—%,%) forany % € Feonf(P)-

n?lode

(b) For any level § € (-, (d%% 0)972), there exists an iteration t > Ty 1 + O(——5—) such

dl
that Keg (¢, 0) holds.

Proof. We prove this by contradition. By Corollary C.1, we know that the difference z/Jj(tB,(g) —
Zy’e)}\ (v} 1/J](tr) (y') is non-decreasing with a growth speed

nE [( IOglt(t)) sReLU (A )]lp <B]lBj(y):|
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Since by Lemma C.10, we know that the iterations of which the condition Kpos (¢, §) does not hold

ogd nlogd

must be smaller than O( "2 75— )» we have that for some § < d1 randt > Ty 1 + Q(— ), it
must hold that ) > B + o(1). However, for any § < %, if %‘,r( )+ ¢§fr( "< Q( -a) for

some 3’ # y, we have that
A A
polvlogd) ~ @01
such that the gradient of lffj(tz(y’ ) would greatly exceed the average growth speed of wgtr) (g9) —
Zy’ey\{y} %(tg (y'). This would result in a fast increase of 1/J<t)( ") to %(2( ). Due to this effect,

we know that z/Jj(tz(y )+ w(t)( ) > o/2forany y' #yandt > Ty + Q(—

‘HE [logltgt; . SReLU/(Aé%,T)]lF;),]SB]lBj (y’)} ’ > Q(

n log d
).

Now we prove that there exist a iteration ¢ > Ty, 1 + §( " l;f’ d) such that Kreg (¢, §) does not hold.

Suppose this is not the case, by the continuity of the gradient term

nE [logit(!) - sReLU' (A )11F53<B116J

5,7,r

we know that it must either be larger than § or smaller than —d. Suppose the former is the case,

then we have a always decreasing gradient for zbj(t,) (9) + d)J(t)( ") for more than (> m;g d) many

iterations, which is impossible as that would make \Il( )(¢) < O(1) after sufficient iterations. A

similar argument can be applied to the case where the gradient is always negative. Therefore

there must exist a iteration ¢ > Ty, 1 + Q( n 1;? d) such that /Cpreg (¢, §) holds. This concludes the

proof.

Corollary C.2 (incorrect feature cancellation). Let j € 7(Y) and ¢ = (g,y) € §; and § =
TLS O, 2
(d%10)972, then there exists a iteration T > Ty 1 + Q(#) such that for all t > T, we have

5 (@)] < (@008 XY@ for any 6 € Feont (@)

Proof. By choosing 0 = d0‘010872 in Lemma C.11, we have that there exists an iteration ¢t >
lo
Tu1 + Q(u) such that

’n]E [loglt(t) -sReLU'(AY), Vg <plg H < (d*01gg)T2

5,7,T
accounting for the fact that there is an absolute logit lower bound loglt Q( ) we have that
t) _ - - _ . _
Af)”( )]15¢ € (—(dHH001x(a-2) a2 /3 )1/(a=1) (d1+0.01x(q 2) 2/)\)1/@ D)

() 1z , Wwe can conclude that

By looking into the features in Ay ; |

|\Ij(f)( )| <(d1+oo1x(q Dgd=2 \)V @D for any ¢ € Feonf ()

for any ¢’ # g, # y. One can also verify that at this point, V1/)§}(g’ ) and V1/)§f2(y’) for
g # g,y # y contains only the terms with indicator function 1 B, Moreover, at this point
0 5 , , 2 " , , ®
Vu’ > B — O(0g) with gradient (A /ny) as long as it’s all activated, thus the gradient of ; /(g)
and w(t)( ") cannot move beyond (d°*5()?2 in the following iterations. This concludes the
proof. O

Combining Lemma C.10 and Corollary C.2, we can now prove the following proposition:
Proposition C.4. Let u = (j,r, ¢) € U*, then the following holds:

« Att>Tas=Tay+O( ), we have U > B — O(d®%1oy).

001q2
nd 99

« Forany ¢/ € Feont (), we have U\')(¢/) < O((d* o)1 2d/A) Y @V if t > Ty 5.

This proved Induction C.3 for ¢t € [Ty 1, T1].

44



1534 C.4.1 Feature Shape at Convergence

1535 Next we shall characterize the magnitude of 1/152 (g) and wj(tz (y) forany g € G and y € Y at the end
1536 of training. ‘ '

1537 Lemma C.12 (symmetry of ¢ in the end). Letu = (j,7,¢) € U* where ¢ = (g,y) € §;. Suppose
s U > B O(d* ' o¢) and maxy ez, (o) \\I/(-t2(¢’)| < O(9) forall t > Ty 2, then we have

7y = 15e) — 4w < 0) (20)
1539 Moreover, plugging in § = O((d*°'0¢)9=2d/X)/(9=1) as in Proposition C.4, we have that J(lgt) <

1540 O((d"" o) 2d/X) M (@D,

1541 Proof. The proof uses Proposition C.4. Let’s look at the growth of 1/)5'2( ) = <W(t)

5720 € egy) and

1542 w(t)( ) = (Wétzrf), ey) for every g € G and y € ) over the during the period s € [0, ¢]. First for
1543 any ¢ = (g,y) € §;, we have

w ( )~ %(g)

77<VW5.]',7~,2 LOSS(S)7 €g>

Il
~ W
HMI
= o

(]

77< [(1- logltés))sReLU’(A( s) g, (g)]lF( ><B] — [loglt( )sReLU’ (Aéf;,r>]ll§j(g)]1ngj?<B]>

~ »
[l
= o

77<]E[(1 - logitéf)) sReLU’(A( °) s, (9)]1F( ><B]

s=0
(s) (s)
_ Z Z nE loglt -sReLU’(A; T)]lg(gw/)]lFész])
s=0y'#y
=Ugy — Z Ry (21)
y'#y

1544 where the terms U, , and R - are defined as follows:

t—1

Ugy = > nE[(1 - logitl") - sReLU'(AY) )1, 0 Lpo <]
s=0 o
t—1

Rg,y’ = nE[lOglt( ) sReLU/(A )]lg(g y’ )]lF(g)<B]
s=0

1545 Similarly, the total growth of w(t)( )= (W(t

5.j.m50 €y) 1S given by

_ ZU(E [( ~ logit s))sReLU/(Aé j) T)]lBj(y)ﬂF:)(Sj)SB] — ]E[loglt( )SReLU (Agsj r) (y)]ng,(?SB]>

n <]E [(1 — logitéf)) sReLU/(Aé J) T)]]‘Bj (y)ﬂFS(s]) SB]

[
I
o

_ Z > iE[logity”) - sReLU'(AL) )1 L SB])
s=0g'#g ?

=Upy— Y Rey (22)
g'#g
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When ¢ = (9,9) € §; but é # ¢, suppose u = (4,7, ¢) € U*, then we have Aésj) A, o < 6(00)
by Induction C.3 for all s € [0, 71]. Therefore, we can further compute
t—1
Uzg =Y nE[(1 - logit") - sReLU'(AL) DI [EP
s=0 7
t—1
< Z O(nd™*1 a1y (by the smoothness of sReLU")
s=0
< 0.001 g1y A 1 <
<O(nd” ted™") .O(W) t<T < O( — ) by Induction C.3)
0

< O(d0'00200)

Similarly, we have Rj ;7 = O(d*%%?¢y) for all t < 7;. Thus for any ¢' = (¢',y') # ¢ € F;, we
have

¢(t)(9) 1/)( )( )+ Ugry — Z Ry oy = O(d™*ay) — Ry y
vEY

and ¢(t)( ) = ¢j('?r( )+ Ugry Z Ry do 003 00) — Ry
9" #g

Now combined with Equation (21) and Equation (22), we have
t 0)
¢§,Z(g):¢§r )+ Ugy — > Ry = Ug7y+2¢ ') + O(d" )

y'#y y' Ay
and () = 00 W) +Upy = 3 Ry = Upy + 3 00 (g) + 0" 09)
9'#g 9'#g

However, since we assumed the condition Cheg(u, d) holds at ¢, which implies that |1/)J(t3 (9) +

(f)( "] < O(6) for any y" # y, and similarly |1/J(t)( )+ (f)( )| < O(6). Therefore, we can infer
that

V(g) = Uy + D 0l (y) £ 0" a0) = Uy, — (n— 1)0)(g) + O(n)

y'#y
which implies w(t (9) = Uy y/n £ O(F), we can similarly derive that wj(tz (y) = Uy y/n £ O(9).
Therefore, we have

W (9) — i) <00@), V0> d" o

This also implies that any wj(fz(g’ ) for any g’ # ¢g must be as small as —wj(tz(

1/)J(t7) (y), and similarly 1[1](t7)(y’) < —Q(logd) for any 3 # y. O

y) since it cancels with

At the end of induction, we have the following theorem as the training result:
Theorem C.1 (learning cyclic group action). At iterationt = Ty, the following properties hold:

(A) Optimal loss: The training loss is optimal for i = 5:
1
poly(d)

(B) Sparse activations: For j € T(Y), let $ = (g,y) € T, then there exists exactly one activated
neuron v € [m) such that when g1 = g,yo = y happens:

A > B~ 0(d™'ag)  while A,

Losss (F) <

<O(d™ M) v £y

(C) Cancellation of incorrect features: For j € T(Y), let ¢ = (g,y) € §;, and let the v € [m] be
the activated neuron in (B), then for any ¢’ # g € G, and any y' € Y, we have

T (g) + 0T ()] < 0(0) and [T (g") + 0T ()] < O()
for some § = O(((d*% )9~ 2d/X)"/ (4= D)
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Proof. Once all features are learned, that is, the last u € U* is learned and ¢ = 77, the correct
B

logit; j(F(t)) forj € 7(Y) willbe 1 — O(egﬁ) which is optimal, and therefore (A) is correct. (B)

is correct following Induction C.3 and (C) is proven in Proposition C.4, for every u € U*. O

D Learning The Group Actions: Symmetry Group

Similar to the analysis of the cyclic group actions, we first need to define the features for the symmetry
group. We first introduce the same set of notations.

Notations. Let D! be the LEGO distribution of length 1 under the language LEGO(X, G, ). We
define D}, D/, and Dj, be the distribution of (20, 1), go and (yo, y1) in D' respectively. That is,
given a LEGO sentence

Z(LO) = (Zpred,la Zans,Oa Zans,l) ~ Dla

Zpred,l = (:L'Oaglaxlv <b|ank>7 <b|ank>)a Zans,i = (<b|ank>a <b|ank>v <b|ank>>1’i>yi)7i € {07 1}

The sampling distribution of (¢, z1) is DY, and similarly for go and (yo, y1)-

We restate the assumption on the symmetry group G and its action here.

Assumption D.1 (Assumption 4.2, restated). Let LEGO(X,G,)) be the LEGO language. We
assume Y = {0,1,...,n, — 1} and G = Sym(}), i.e., the symemtry group of order n,!. We

assume n, = @(%) and n,! = ©(polylog(d)) > %

We also redefine the feature combinations in the symmetry group case. For symmetric group G, we
shall define a new notion called fiber of a value.
Definition D.1 (fiber of values). Assuming the group G follows Assumption D.1. For each j € 7()))
and each y € ), we denote the fiber

Fiber;, :={g€ G| 1(9-y) =j}
denotes all group elements g that sends y to ' = 7 1(j).

Definition D.2 (feature combinations, symmetric group). Assuming the group G follows Assump-
tion D.1. Let y, 3y’ € Y be a pair of values, we define the following set G,,_,,/: and we call it the set
of transition from y to y’. Now for each j € 7(}), let

Sj = {(Fiberjvy, y) € g x y},
we call the set § = |J; < (y) §; the set of feature combinations, and the sets §; are called set of feature

combinations for predicting y’ = 771(5). Similar to Definition C.1, for any ¢ = (Fiber; ,,y) € 3,
we write

Teonf(¢) :={¢" € F | ¢’ = (Fiberj 4, y),j # j' or ¢' = (Fiber;,,v"),y # y}

as the set of confounding features for ¢ = (Fiber; ,,v).

The ¢ and ¥ notations are redefined as follows.

Definition D.3 (¢, ¥ notations, symmetry group). Using the same notation of ¢ in Definition C.3.
Foreach j € 7()), let ¢ = (g,y) € §;. we define the feature magnitude ¥, and ¥y max, ¥, min as
follows:

_ _ 1 Lo ,
Vu=Y,,(¢) = (ny —1)! gEFi%rm 2(1/1177”(9) +v5-(y))
1 1
\Ilu,max = gegilggij,y §(¢j,'r(g) + w]}r(y)% \Iju,min = gelg‘rilbigrj,y §(wj,’f(g) + wj,r(y))

Here Fiber; , = {g € G | 7(g - y) = j} is the fiber of y under the action of G.
The learning order in the symmetry group case is the same as in Definition C.4, but with ¥,, defined

in Definition D.3, which we do not repeat here. The definition of pseudo weights remains the same.
We restate the learning order here.
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Definition D.4 (learning order). The learning order is the ordered set U/* that we obtain from the
following process: Define a total order on I/ as follows:

u<u = O >0 vuuecu 23)

We construct the sets U* by the following procedure: initialize an empty neuron set Wt(,SQp = &, and

an empty feature set RO = , and the initial index set /(*) = @. Starting from k = 1, we do the

following:

tnqp

(1) Find the index u = (j, 7, ¢) € U, where (j,7, ¢) = argmax; ;s g \Ilﬁ??r,(¢’) such that the
feature ¢ € S\Rgfn;,l) and (j,7) € (V) x [m] \ Wt(,];;l).
(2) Update Rip), < Rin P U{o} Wi« Wik D U{(j,r)}, and U® + ¢+~ U {u}.

(3) Iterate the (1) and (2) steps until k& = n , then yield /* =U (ny),

This process yields the ordered set I/*, equipped with the total order < defined in (23).

D.1 Induction Hypothesis and Training Phases

Again we define some useful probabilistic events.

Definition D.5 (probability events of feature appearance). Let j € 7()), r € [m] and
¢ = (Fiber;,,y) € §; be a feature combination that predicts j-th output. Denote events

By, B(g,v),B;j(g), B;(y) and g¢, BNJ- (9), Ej (y) as follows:
1. By = B(Fiber;,,y) = B;(y) = B;j(Fiber; ), which is defined as
By :={g1 € Fiber; ,y0 = y}
2. For individual g € Fiber; ,, we let By, := {91 = 9,90 = y};

3. Ej( ) := {g1 € Fiber, ,,y0 # y}, the event that g € Fiber;,, did not appear together with
y for predicting j-th output. Moreover, we define B, i (Fiber; ) = UgeFlbeTj , Bj (9);

4. gj (y) := {¢1 ¢ Fiber;,,yo = y}, the event that y did not appear together with g €
Fiber; ,, for predicting j-th output;

5. B, := B;(Fiber;,) U B;(y), the event that the appeared feature combination ¢’ is wrong
for predicting j-th output.

Similar to above, we give several induction hypoetheses, each characterize different aspects of the
process.

We then define the notion of the gradient conditions similar to the cyclic group case.

Definition D.6 (gradient criterion, symmetry group). Letu = (4,7, ¢) € O* and t < T3, we define
the following two conditions:

* Given ¢ > 0, the positive gradient criterion Kpos(u, 9):

Kpos(u,8) is true <= |E[(1 — logit; ;) - sReLU'(A5 ;) 15,1p, ,<B) ’ <4 (24)
* Given ¢ > 0, the negative gradient criterion Kpeg(u,0):

Kneg (1, 6) is true <= ‘E[logitw -sReLU’(A57j,,)115¢]1F5JSB]‘ <5 (5

These conditions control the magnitude of the gradient of the feature u at iteration ¢. Now we define
the following intermediate time-steps:
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Definition D.7 (phase decomposition, symmetry group). Let u = (j,7,¢) € U*, we define the
following intermediate time-steps:

Ty 16 :=min{t >0 | gl > g00ls }

u, min =

Ty :=min{t > 0| Kyos(u, d1), where 67 :=1 — d—%1}
Ty := min {t > 0| Kpos(w,83) A (BP) > B — 0(d*'5y)), where 85 := d°-01a—g—2}

Below we shall introduce some induction hypotheses that will be used in the proof. We first introduce
a induction hypothesis for the pseudo weights.

Induction D.1 (induction on pseudo weight bounds). Let j € 7(Y) and u = (j,r,¢) € U*. Let
u’ < u € U* be the immediate predecessor of w in U*. Then at t = Ty o, it holds that the pseudo

weights Wé ; (1) defined in Definition C.5 satisfies

(W () e,) — (WL en)| < O(o/d™),

5,3,7p 5,507 €
wherep=2,v € Gorp=>5,v € ).

We maintain the following induction hypotheses for the case of Assumption D.1.

Induction D.2 (induction on weight bounds). Assuming Assumption 4.1, for t < T4, the following
properties hold:

€y) — (W(O)- es)| < O(1/d) forallv e X and p € {1,3,4};

5,3,1,p?

A) (W, e

(B) (W ey = (WO )| < O(oo/d) forallve Vandp € [5),r € [m]ifj & 7());

5,4,75p? RIVALY X
The last induction hypothesis is about the checkpoints defined in Definition D.7.

Induction D.3 (induction on cyclic group actions). Under Assumption D.1, for t < T}, in addition
to the induction hypotheses in Induction D.1 and D.2, the following properties hold:

(A) Foranyu' <u €U, it holds that Ty 14 > Twr o + Q(1 /00l ?);
(B) Letu = (j,r,¢) € U*, for anyt € [Tz, T1), it holds that ¥\')(¢) > B — O(d"*' o) and

(t) 0.01 -2 1/(g—1)
max d) < ((d 00)4°d/ A
¢’ €T conf (@) ]’ ( ) o (( O) / )

The proof will proceed in a similar way as in the cyclic group case, with some additional technical
details. We first introduce some lemmas that will be used in the proof, many of them are similar to
the ones in the cyclic group case.

Lemma D.1 (initialization gap between features). Assuming Assumption 4.1. Let j € T(Y), for all
r € [m] and any two u,u’ € U, we have with prob > 1 — o(1) over the randomness at initialization
that

o -2

ngm? logd

Proof. the proof is similar to that in Lemma C.2, one simply needs to modify the feature g that
appears in the proof. O

Lemma D.2 (gradient bounds). Let j € 7(Y), and ¢ = (Fiber; ,,y) € §. Suppose Induction D.3 is
satisfied att < Ty, then for any 6 € [0,0.4], if 3=, gt (¢) < (0.5 + 8)logd, it holds that

J,r,max
(a) E[(1— loglt( )| Byl > 1 —d040t0

(b) Ellogit{", | By < d~0-19+
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(c) forany r € [m], for any g € Fiber; ,, it holds that with v = g or v =y,

\% Loss¥ > (1 — O( )E[sReLU’ (A" s, 1k, ,<B]

5,0,

P8 (v) 0493

Also, we can control the irrelavant features in the same way as in the cyclic group case.

Lemma D.3 (irrelavant features). Suppose Induction D.3 holds for all t < T4, then Induction D.2a
holds at iteration t + 1. Moreover, let A, = {x € {z¢, 71}, (x0,21) ~ DL}, at each step the
following holds:

(WD en) — (W ea)l <3 nPr(Ay) - [(Vw,,,,Loss ™ eg)|
geg

The proofs of the above lemmas are similar to that in the cyclic group case, we omit them here.

D.2 Phase I: Emergence of the Feature

We need to show that the feature growth in Phase I is again following the pseudo weight trajectory.
We give the same version of the proposition as in the cyclic group case.

Proposition D.1 (Phase L.a). Let u’ be the immediate predecessor of u in /*, then Induction D.1 is
satisfied for all iterations ¢t < T,/ . Moreover, (16) holds at t = T,,/ » for the symmetry group case.

The proof of Proposition D.1 follows the same line as in the cyclic group case, we omit it here. This
proposition guarantees that the feature growth before Ty o is small and rather negligible.

Proposition D.2 (Phase I). Let u’ be the immediate predecessor of u in U*, then Induction D.3 is
satisfied for all iterations ¢ < T,y o.

Now we analyze the feature competition in Phase Ia.

Proposition D.3 (Phase 1.a, feature competition). Let u’ < u € U*, then Induction D.3 holds for all
iterations ¢ € [0, Ty 14]. Moreover, we have the following properties:

\I/(Tu,la) > d0.01007 while \IJST“M) — 6(00), Ya-uel

u,min u,max

Proof. The proof is similar to that in the cyclic group case. The caveat here is that we need to consider
a different version of TPM by applying Lemma E.2 with Lemma D.1. In fact, since each Fiber; ,
contains (n, — 1)! elements, we can transform the problem into the tensor power method of the
growth of feature v; (), averaged over all all combinations with g € Fiber; ,. Since the constant
is much smaller for group feature g, we only need to control the growth of the feature 1; ,-(y) for
comparison. O

Finally, we show the result for Phase I.

Proposition D.4 (Phase I, symmetry group). Let u = (j, 7, ¢) € U*, then Induction D.3 holds for all
t <Ty,1, and we have the following results at ¢ = Ty, 1:

A) U gllet) > Q(log d);

u,min’

(B) For any u € U such that u > u, we have g Ta) < 5(00).

Proof. The proof is similar to that in the cyclic group case but with some caveats. We still mainly
employ Lemma E.2 along with gradient approximation in Lemma D.2. O
D.3 Phase II: Convergence of the Feature

Beginning with Phase II, we need to show that the feature \Ilgf )

complex landscape.

continues to grow despite very

Firstly, we have some similar results as in the cyclic group case.
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Lemma D.4 (activeness of a neuron). Letu = (j,r, ¢) € U* and ¢ = (Fiber; y,y). If Induction D.3

holds, then for all t € [Ty 1, Ta.2), it holds that sReLU’(A(t)

5..-) = 1 conditioned on B.

Proof. The proof is similar to that in the cyclic group case but relies on Lemma D.2 in a slightly
different way. Here we need to consider the gradient lower bound when \I/u min < % log d. This

already provides enough gradient to keep the neuron active for specific feature combination (g, y)
where g € Fiber; ,,. O

also, we have the following lemma for the same feature in different neurons.
Lemma D.5 (bounds on same feature in different neurons). Let u = (j,7,¢) € U, where ¢ = (g,y),

and v’ = (j,r',¢) € U for some r' # r such that u' = u, we have that \Il(t) < O(ao)for all
te [111,13 111,2]

Proof. The proof is similar, only requiring some bounds on the gradient trajctory for ¢t € [Ty 1, Tu,2]-
O

Similarly, we classify the logits in phase II into two categories.

Lemma D.6 (logits in phase II). Consider a u = (j,7,¢) € U*, let V) contains all the feature
combinations from § that are learned at iteration t, that is, for each ¢' € S(t), there exists au’ € U*
such that w' < u, which also means t > Ty 2. Then for any ¢' € T N Feont (), we have that for
all t Ez 111,2,

logit{" 15, < O(exp(¥) . (¢') — B)) = O(exp(¥)  (6)A/d))

J,r,max J,r,max

otherwise, we have that loglt( )]13¢, > Q(exp( i mm( n/d)).

Now based on the classification of logits, we can derive the following lemma, which concerns with
different cancellation conditions.

Lemma D.7 (different cancellation conditions). Let u = (j,r, ¢) € U* and ¢ = (Fiber; ,,y), let

§®) contains all the feature combinations from § that are learned at iteration t as in Lemma D.6.
Let g € Fiber; ,, then the following holds: Here we abuse the notation and revert to using those in
Definition C.1.

e let g € Fiber,,, then before %(t)«(g) + wj(tz(y) exceeds B/2, ‘I'§t7)~ min(@) > Q(logd) for
¢ =(9"y),9" & Fiber;y, or ¢’ = (g,y') for any y" # y.

« Otherwise, we have that U'") (gb’) < ﬁ once ¥ > 201 logdfor ¢’ = (¢',v),q9 ¢

J,rymax u, min

Fiber; ,, or ¢' = (g,y’) for any y' # y.

Proof. The proof of this lemma requires slightly more delicate analysis. Suppose let g € Fiber; ,
and i’ # y we have that w](tz(g) + wj(tz (y') < B/2. Then by Lemma D.6, we have that the gradient of

1/)512 (y') remains small, and therefore the feature zbj(tz(y’ ) cannot cancel out the feature 77/;](2 (9). O

Now we show how the correct features can grow to maximum value possible, as stipulated by the
upper bound assumption Assumption A.1.

Lemma D.8 (convergence of positive gradient). Let j € 7()) and ¢ € §;. For any level § > dag_g,
the total number of iterations of which the condition Kpos(¢, 6) does not hold must be smaller than

n?lode
C)(‘;L;ﬁg“*).

Proof. The proof is similar to that in the cyclic group case. Instead of analyzing a single pair of g, y,

we consider the growth of feature w](t,)( ) and 1/1( )( ) for all g € Fiber; , and y € V. By using the
same analysis as in Lemma C.10, we can show t \at the followmg difference

ST wlg) - 3wl

g€Fiber; , y'#y
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1736

1737

1738

1739

1740
1741
1742

1743

1744
1745

1746

1747
1748

1749

1750

1751
1752

1753

1754
1755

1756
1757

1758

1759

1760

1761

1762

1763

1764

1765

1766
1767

1768

1769

1770

1771

is non-decreasing. Same technique can be applied another difference:
t t
GEUESED DI )
9€U, s, Fiber; s
which is also non-increasing. By computmg their possible growth upper bounds, we can show that

they can grow for at most O~ f ) iterations, assuming Cpos(¢, §) does not hold. O

Similarly, we have the following lemma for the negative gradient.
Using the above corollary, we can now prove the following lemma:

Lemma D.9 (convergence of negative gradient). Let j € 7()) and ¢ € §; and u = (j,r,$) € U*.
We have that

(a) For all iterations t > Ty 1, it holds that Ag 2 ~(Z )]15(; € (—%,%) for any 5 € Feonf (D).

3, 2
n. log=d
%) such

(b) For any level § € (525, (d*%10)972), there exists an iteration t > Ty 1 + O(
that Kneg (¢, 0) holds.

Proof. The first claim is from the fact that for any wj(tz(v) where v € G U Y such that they are either

y' # y or g ¢ Fiber, ,, their positive gradient is upper bounded by 0(08_2) while lower bounded
by —©(p). Any such feature will be pushed to drop below —p after cancelling out (i e., if 4 is as
small as o(2) or o(A/d)). Thus we only need to consider the negative gradient of w ( Ny #y
and wj,r( ) for g ¢ Fiber;,. Then the logic is the same as in Lemma C.10: we con31der when
the growth of correct feature \I/S_)min exceeds B — O(d%%1y), then by applying Lemma C.10 and
showing the contradiction that ICneg(qS, d) does not hold we shall have that for every incorrect pair

(9,Y),y #y,g € Fiber; , or (¢',v),9 ¢ Fiberj y, the feature w<t)( ") or (t)( ") will grow below

—7,[1} (y) (or maxgeriver,,, zb] 7a( )) after O( ™ ) iterations, when § < % (if the corresponding
logit is unsuppressed) or when § < o(A/n,, ) O

By inserting § = O((d%°0)?~2d/A)*/(4~1) into Lemma C.11, we have the a similar corollary to
29

Finally, we have the following proposition for the convergence of the feature.

Proposition D.5. Let u = (j,r, ¢) € U*, then the following holds:

we have 1) > B — O(d00lqy).

nd(’ 01 q 2) u,min

* Att ;i 121,2 - u 1+ ()(
e For any ¢’ € Feonf(¢), we have both |\I/§t2, min(@")] and |\I'§t2 max(@')| bounded by
O((d°'ag)2=2d/ NV @V if t > Ty .

D.3.1 Phase II: Shape of the Feature

A similar analysis as in Lemma C.12 gives the following lemma. We do not repeat the proof here.
Lemma D.10 (symmetry of ¢ in the end). Let u = (j,r, ¢) € U* where ¢ = (Fiber; ,.y) € §;.

Suppose vl > B - O(d*o¢) and maxy ez, (¢) |\I/§t7)n(¢’)| < O(9) for all t > Ty 2, then we
have ’

« 9(g) + 08 (y) = B — 0(d*%'ay) for all g € Fiber;,.

. j(t) |ny¢ ( ) — ’(/J](t;(g” < O(6) for all g € Fiber; , and t > Ty, ».

plugging in 6 = O((d*°'0)?=2d/A)/ 9= as in Proposition C.4, we have that j(t) <
O((do.mO.O)q—2d/)\)1/(q—1).
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1773
1774

1775

1776
1777

1778
1779
1780

1781

1782

1783

1784

1785
1786
1787

1788

1789

1790

1791

1792

1793
1794
1795

1796

1797
1798

1799

Thus we arrive at the following theorem.

Theorem D.1 (learning symemtry group action). For group structure Assumption D. 1, at iterationt =
T1, the following properties of F*) hold:

(A) Optimal loss: The training loss is optimal for i = 5:
1

Loss (F®) <
(1) < poly(d)

(B) Sparse activations: For j € 7()), let ¢ = (Fiber;,,y) € §;, then there exists exactly one
activated neuron v € [m] such that when g, € Fiber; ., yo = y happens:

AT > B — O(d"%aq)  while A1), <O W) il £

5,7,r =

(C) Cancellation of incorrect features: For j € 7()), let ¢ = (Fiber;,,y) € §;, and let the
r € [m] be the activated neuron in (B), then for any ¢’ ¢ Fiber; ,, and any y' # y € Y, we
have

1M (g) + 0T () < OF) and [0 () + 4 ()] < O(5)
for some § = O(((d**'a¢)9=2d/X)"/ (4= 1)

E Auxiliary Technical Tools

E.1 Probability

First we need a Bernstein inequality for U-statistics

Lemma E.1 (concentration inequality for pseudo-U-statistics). Let x1, ..., x, be different symbols,
and let m < n be such thatn = 0 (mod n). Suppose for some function h with |h| < M the random
variables h(zi, , iy, ..., i, ) and h(zy , i, ..., i ) are independent and identically distributed
as long as {xi,, iy, - . iy, } OV {Te, Tig, oo T b = (), then the pseudo-U-statistic

1
Um,n = 7Tav Z h(le s Lijgy oo 7xim)

(77:7,) 0<i1<ip<<im<n

7Lt

satisfies Pr(|Up m — E[Upm]| > 1) < e muz
Proof. The proof is the same as in [74]. O

E.2 Tensor Power Method Bounds

We present two lemmas related to the tensor power method.

Lemma E.2 (TPM, adapted from [67]). Consider an increasing sequence x; > 0 defined by
Tir1 = Ty + nC’t:cg*lfor some integer q¢ > 3 and Cy = O(1) > 0, then we have for every A > xy,
forevery § > 0, and everyn € (0,1):

S(1+48)" (1+8zo\ 72\  OnAT1) log(A/x0) 1
Z UCt 2 ((1 + 5)q72 _ 1' (1 — <A O) ) 0 log(]. T §)> 1‘8_2

1>0,2:<A
146892 OMmAT 1) 1log(A 1
Y G < <( )T OnA™™) log /5“0)). .
102, <A q—2 zo  log(146)/) a8

This lemma has a corollary:

Corollary E.1 (TPM, from [67]). Let ¢ > 3 be a constant and xq,yo = o(1) and A = O(1). Let
{24, Y1 }1>0 be two positive sequences updated as

s Iy =+ nCtxf_lfor some Cy = O(1);
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1800

1801

1802
1803

1804

1805

1806

1807
1808
1809

1810

1811

1812

1813

1814
1815
1816

1817

1818

* Y1 = yr + nSCyl " for some S = O(1).
Suppose xo > yOSﬁ(l + m), letting T, be the first iteration s.t., x; > A, then

yr, < O(yo).

We also have a generalized version:

Corollary E.2. Let ¢ > 3 be a constant and xg, Yo, wo,vo = 0(1) and A = O(1). Let {z¢, Y1 }+>0
be two positive sequences updated as

* Ty = + nCtufflfor some Cy = O(1);
© Yip1 =y +nSCwI! for some S = O(1).

where uy = ©O(x¢) and vi = ©O(y;) for some constants c¢,d > 0. Suppose ug > voSﬁ(l +

m), letting T,, be the first iteration s.t., x; > A, then

yr, < O(yo).

F Learning the Attention Layer: Cyclic Case

In this section, we consider the group operations in the cyclic group. we only update Q and keep
‘W fixed. We only consider the contribution of gradient from ¢ = 5, i.e., the prediction of the final
ansawer. We further assume Q = [Qq], . cis) € R34 with Q,,, € R4 has the following
structure:

Qp,q = 04xq except for (p,q) = (4,3), (4,4)

F.1 Gradient Computations

Fact F.1 (Gradients of Q). For any p, g € [5], we have

-Vaq,, Loss™ Z Z —VaQ,., Loss where
{=14€[5

- VQ,. LossiL’e =E

Z Attnans,éflakzéi,k : (Zanslfl,pzl—;q - GQ(Z(L7€_1))P,Q) ‘|
keI(L,I—l)

=L =L T
= El E Attnans,€—1—>k =ik T § Attnans,ﬁ—lﬁk/:e,i,k/ Zans,f—l,pzk7q]
kezZ(L,—1) k/eZ(L,e=1)

Here,

GQ(ZLJ 2 Z Attn (ans 0—1)— (k) Zans, o~ 1Zk
kezZL.t—1

Sl 2 Y E(ZHT) Y sReLU (A (Z571) (Wi .0, Zuc)
j€ld] r€m]

In the following, we use 7., to denote the neuron, where (Ws 7 (g.).r,..»€9)s (W5 7(g-9).r0., 5 €4) =
Q(logd), i.e., 4., has been activated to predict j = 7(g - ) in the stage 1. In the follwing, we further
calculate the gradient of Lossg £ wrt. Q4,3 and Q4 4 based on Fact F.1.

o for £ = 1, letting j; = T(g1(yo)) and j; = 7(92(yo)). Note that only when j” € {31, 41}, there

exists r € [m], s.t. A5J,,T>O.
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1819 — For [Q4,3]s,s Where s € 7(X)

[ —VQus Lossg’l}

s,s

=E

—2 =2
Attnans,0—>pred,1 | Zeipred,1 — E Attnans,é—l—)k’ =0,i,k! ]15:-,—(300)
k/ez2.t-1

=E

Attnans,O%pred,l . ((1 — logitS’jl) . SReLU/(A5,j1,T‘gl-yO)<<W5,j177’g1-y0727 691> — A5,j1,7“g1.y0)

. !
— logit; ;- sReLU (A5,j;,r92_y0)(<W5,j;,rg2.y0,2, €g) — As,j;,rgz.yo)

— Z logit57T(gl(y))'SReLU/(A5,T(g1(y))nglﬂy)
yeV\{yo}

' (<W5,r<gz<y>>mg1.y,2’ eq) — As,r(m(y))’rgl.y)) ﬂr(m)—s]

1820 — For [Q4,4]s,s Where s € 7(X)

{ - VaQi. Loss?’l}

$,8

=E

AttDans 0-ans,0 ° ((1 — logit; ;) - SReLU’(A&jl,rm.yo)(<W5,j1,rgl.y0,5’ €yo) — A5,j1,rgl.yo)

. /
- 10g1t5’ji -sReLU (A5’jixr.¢12‘y0)(<W5’ji’r92-yov5’ ey0> B A5’ji»7"92‘y0)

= D logits (4, - SRELU (A5 (1)) ry, )
y€V\{yo}

’ (<W5»T(92(y))77'91-y»5’ eyo) - A5,T(g1(y))mg1vy>) HT($0)=S]

1821 Initially, A(t) and A®)

. .
57]1#"91'1/0 5)J13Tg2-y(]

1822 implies sReLU’ = 1.

> p, and thus both are lying in the linear regime, which

1823 * for £ = 2, letting jo = 7(g2(y1)) and j5 = 7(g2(yo)). Initially, due to the uniform attention value

1824 L and the result from stage 1, only A\’ for k € {0,1}, k" € {1,2} are activated

4 5»T(gk/(yk))a7"gk/~yk
1825 and in the smoothed regime. They are still very close to zero and sReLU’(Aé%M”_”) =
() a1
1826 % = 1/poly(d).
1827 — For [Q43]s,s where s € 7(X)

2,2
{— V ) Lossg ]
4,3

s,S

. ¢ t
=F Attngf]l’l_}pred’2 . ((1 — logltéfg-z) 'SReLU,(Aé7_)7',T-92_y1)<<W5,j7'r‘gz_yl727 €gs) — Aévz277'gz»y1>
. (1) NG) (t)
_ logltwé -sReLU (A5,j§,rg2,yo)(<W5Jéﬂ"gz-y072’ €gy) — As,jé,rm.yg)
. (1) 174 (1) (t)
—logity ~ (g, (yp)) “SRELU (A5 (401, 00 (<W5’T<91<y0>>»%»yo!2’ Cga) ~ As,r<g1(yo>>,v-gl-yo)
<o (1) 1A () (t)
- lOgltE),T(Ql(yl)) -sReLU (A5,T(91(y1))’7‘g1«y1 ) (<W5"T(g1(yl))"rgl'?/1 2 692> - A5:T(91(y1))’ryl‘yl)

(1) *) ®)
- > loglts,r<g2<y>>'SReLU/(As,r@z(y))yrgg.y)<<W51T<gz(y>>wgz-y,2’eyz>As,r<92<y>>,rm.y))17(“):81
yeV\{yo,y1}
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()
- A5,j""g2‘y1 )

A(f) )

5,1 gl(yo)) Tg1-y0

(t)
- A5,T(91(y1))7%1-y1)

(t)
_ A577—(g2(y)),’f'g2,y)) IlT(ZL’l)S‘|

1828 — For [Q4,4]s,s where s € 7(X)
2,2
[~ Vagtos?]
. t
[Attni’;l —— ((1 ~logit(!),) - sReLU (AL, . )((Ws.jiir,y 0y 50€00)
. (1) (t) (t)
— logit, 0 sReLU' (A e, y0)<<W5,jé’,,92_y0’5, €y, ) — A5,j§,r92.y0>
(t) (t)
—logit()) () - SRELU'AL ) (Wortar sy o0 €)=
(t) (t)
~logits (6,5 SReLU'(Awgl<y1>>,rm-y1 (Wm0
1 (0) (®)
— Z logltS,T(gg(y ) SReLU/(AS 7(92(¥)) 7 gs- y)<<W5,T(gz(y)),rg2.y,5yey1>
yE\{yo,y1}
1820 In the following analysis, we assume B = \logd for some large cosntant A > 1. We denote the

1830
1831 Specifically, we have

positive and negative gradients for [Q4 ,]s,s from loss Lossz5 as N p.,pos and N p, ¢ neg respectively.

(t)
A5,j1 ’T91-y0

A(t) )

5,J1:7g1 wp

(t)
_ A57.,.(g1(y)),rgl_y>> ﬂf(wo)—s]
(t)
A57]1,rq2 o )) 17(1())!|

1832 ¢ for/ =1,
1833  — For [Qq,3]s,s where s € 7(X)
Ns,S,l,pos
. (t t
=K lAttnans,OHpredyl . ((1 — logltéél) . sReLU'(Aé;Mgl_yo)((Wg,,jl,rgl_yo,g, €g1) —
t t
loglt, i sReLU/(A(’il,Tg2 yo)(<W57jivrgz-w072’ g1 ) — Aé’;wgl%))]lﬂ%):s]
Ns,3,1,neg
1)
=E lAttnansvoﬁpredvl ' ( = > logity) ) SRLU'(AL) )
y€EV\{wo}
((Wr eg,) — ALY ) 1
077(92(9))7T91~y’2’ 91 5,T(g1(y)),’r'91,y T(wo)=s
1834  — For [Qq.4]s,s where s € 7(X)
N@A,l,pos
L (t t
=K lAttnans’O_mnS’O . ((1 — logltéél) sReLU/(A(,zwg1 o ) (<W57j17r91_y075, yo) —
(t) t)
= D logit () SRELUAT () ) (<W5>T<92<y>>7rgl-y,57 Cyo)
yeEY\{vo}
Ns,4,1,neg
=E lAttnans,Oﬁans,O . ( - IOgit(gi ' SRELU/(Ag;Lr”_yO ) (<W57j{7rg2.y0,5a ey0>
1835 * ford =2,
1836 — For [Q43]s,s where s € 7(X)
-/\/3,3,2,[)05
t t
=F [Attngnl s pred.2 <(1 ~ logit{), ) - sReLU’(A(é’”Q.yI)((W&j,r”_yl 2, €0) —

56

(t)
A57j27T92'y1>



t) (t) (t)
—1logit{) () SRELU'(AL () yo)(<W5w(gl<yo))mgl»yo,2’ €g2) = A5 2 (g1 (wo)), 0)
t) (t) (t)
o log1t5 (91 (y1)) -sReLU’ (A5 T(91(1))5mgy w1 ) (<W5’T(gl(y1))’T91'y1 2 6g2> B A577(91(741))7T91 Y1 )> ﬂT(wl)_S]
Ns,3,2,neg
=E lAttniﬂ)S 1—>pred,2 < lOglt( )' SRELU/(AK(;;}T.GQ-W ) (<W5’jé’T92'y0’2’ 692> Aétyzzvrm uo)

o (1) 7oA () (t)
- D logit ., SReLU'(A,; r(gz(y»,rgzy)<<W5’T<92<y>>"”gz-y»2’692>_A5»T<92<y>>”92'y))L(“)S]
y€V\{yo,y1}

1837 — For [Q4,4]5,s Where s € 7(X)
Ns,472,pos
t t
lAttngzl 1—ans,1 ((1 - IOglt( ) ) SReLU/(Aé 32 T92-v1 ) (<W5vj27T92~y175’ ey1> - Aé,;’,’r‘gz«m)

~logit{!), -sReLU'(AL), . )((Wajpr,, omrem) = A, )

5,3"3Tg2-vo 5,05:Tg5-ug
&) -sReLU' (A} (W ey,) — AL
5 ‘r(g (y )) 5,7 g1(yo)) Tg1-y0 577'(91(110)),7'91.;,0,5’ Y1 5,1 gl(yo)) Tg1-y0

(t) (t) t)
- Z logit; (92(y)) SReLU/(AES 7(92(y))rgy- u) <<W5’T(g2(y))’”2'y’5’ ) = A577(92(y))’r92‘y)> HT(II)_S]
y€V\{yo,y1}

Ns,472,neg

— logi

B ) .+ (1) 70 (0)
=E [Attnans 1—sans,1 ( - 10g1t5,7'(91(y1)) -sReLU (A5aT(91(y1))7Tg1'y1)

(®)
’ (<W577'(91 (¥1)),rgy 4155 €y1> - A5,T(g1 (¥1)),rg1 41 )) 1T(z1)—5]

1838 F.2 Stage 2.1: Growth of Gap

1g3e Induction F.1. Given s € 7(X), let T 1 s denote the first time that [Q( )}5 s reaches Q( ). For
1840 all iterations t < T 1 5, we have the following holds

. (t)

1841 4 3]9 s monotonically increases
¢ ¢ ¢ ¢ ¢
Qo] < Q3 and [QE3]0s — [QL1]ss = O((QU)s.o):
: (7 QU Lews y . e l0®V]
1843 s forp € {3,4}, for j € T(X) # s, |[Quls.i| < O(=57=) ; otherwise [Qy]s.; = 0

1844 F.2.1 Attention and Logit Preliminaries

1845 Lemma F.1. If Induction F.1 holds for all iterations < t,then we have

1846 1. fortl =1,

1847 (ll) Attnans ,0—pred,1 € [é’ é + O(logd)]

1848 (b) Attne(airtl)s,[)*)pred 2 Attn:(a?s 0—ans,0 < Attna(m)s ,0—>pred, 1

1849 (c) ‘Attng?&oﬁk Attng?s ok | < (logd)fOrk £k’ € 720
1850 2. forl =2,
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1851

1852

1853
1854

1855

1856

1857

1858

1859

1860

1861

1862

1863

(a) Attn) L1+ ok))

ans,1—pred,2 €

4 log d
(b) Attn) |, < Attnl) |, fork # (pred,2);
(c) ‘Attng?ﬂ—m - Attng?sg—m/ < O(@) for k € {(ans,0), (pred, 1)}, k" €

{(ans, 1), (pred,2)}
Lemma F.2. If Induction F.1 holds for all iterations < t, then we have

., (t . . . o, (T o (T
1. fort =1, loglté; = Q) forje {j1,41} 1 — logltéz1 — loglté;i = @;

2. for £ =2, logit!", = O() for all j.

Proof. ¢ For £ =1, we have

logitg?
B 1
14+ 62 (Attﬂans‘o—mred,z*Attnans,o—mred,l)F + O(d) . 67(Attnans,()*)ans,1+Attnans,0—>pred,17Attnans,0—>pred,2)Fim
1
- 2o
1+ e~OWEDF 1 0(d) - e~ (3+0(m) ¥
logit,(f)
J1
B 1
14+ 62(Attnans,()ﬁpred,l_Attnans,[)*)pred,2)F + O(d) . e_(Attnans,Dﬁans,1+Attnans,0~>pred,2_Attnans,()*)pred,l)Fiﬁ
1
_ > (1)
14 OGP 4 O(d) - e~ (3-0lka) ¥
1 (1) 1 (1)
1 —logit; " — logltj1
_ o)
(e(172Attnan5,0_,pred,2)Fim " e(lszttnans,owed,l)Fim> A1+ 0(1)
1 1
< - o) <
e(§+0(@))F .d-1 + 0(1) p0|yd
* For ¢ = 2, we only need to focus on j, and j5,
s (8)
logit; * =
1
14 o2 (Attnane 1 ans 0~ AbtTns 1 ons,1 ) F +0(d)- o (AEEane 1 ans 1+ AEEIans 1 pred 2~ AEETIans, 1 pred, 1 — A, 1 vans,0) FE g
1 1
= TO(L)F TO(L)F :O(a)
1+e Togd +O(d) e Togd
logit(f) =
J2
1
14+ 62 (Attnans,lﬂans,l7Attnans,1~>ans,0>F + O(d) e (Attnans,lﬂans,0+Attnans,l—>pred,27Attnans,1—>pred,17Attnans,1~>ans,1>Fiﬁ

1 1

= — O —
o o) o -0

58



1864 F.2.2 Gradient Lemma

1865 Notice that during these phase, for / = 1, Aé )T(gl(y)) For

1866  2Attnans 0—pred,1 — 1 < 05 and similarly for £ = 2, Aét)T(gZ(y)) v
) kl 2°Y
1867  activated.

188 Lemma F.3. If Induction F.1 holds for all iterations < t, given s € 7(X), for [QS%]S,S, we have

> [~ Vgplostt]  —e(*E0).

=1

for y # yo cannot be activated since

fory & {yo,y1} has not been

1869 Proof. Clearly, N37371}neg = 0. By Lemma F.2, we can bound negative gradient NS’372,neg as follows

|Ns,3,2,neg|

5,33:Tg5-vo 5,J25T 9240

=E lAttnaii 1—pred,2 (loglt( )’ SReLU/(A(t) )(<W5vjé’7'gz‘yo’2’ 692> - A(t)" - )) HT(Il)—S]

logd, 1 ~ 1
88) 2 =0()
1870 On the other hand, we have

NS,S,I,pos

<O(

(0= togie)) - SROLT AL, (W) = AL, )

ans,0—pred,1

—E [Attn(t)

(t) (t) (t)
— logit; , -sReLU’(A; 5.l Tas. y0)<<W57ji,rg2_yO,27 €gy) — A5Ji”"g1"yo))]l7—(x0)=s‘|

= 6(1) - Ologd) - - @(lofld).

1871 Furthermore, since sReLU’ (A(t) ) < 1, we have N 32005 < O(Ng3,1,p0s). Thus we

2,725Tg -y
1872 complete the proof. O

1873 Lemma F.4 (negative gradient). If Induction F.1 holds for all iterations < t, given s € 7(X), we

1874  have
mln{[ Q! Lossg’q ,O} < O(

2
{=1

s,8

1 2
log d) 4:21 [ B VQY,% Lossgq

Proof.
2,1
[~ Vag,Loss’]

Ss,8

s

t t t
=E lAttngni 0—ans,0 ((1 - IOglt ) SReLU (Aé )71,Tgl vo ) (<W57j17r91-y0757 6yo> - Aé,?jl,rgl.yo)
1 (1) (t) (t)
— logit N SReLU/(Ag, F T anv0 ) (<W57j{,rg2,y0757 €yo) — A51j117192-y0)> 1T(I0)_S]

. . (t L
lAttnfm)5 0—sans,0 ((1 — loglté’} ) - (2Attn£m)S 0—pred,2F" T m)

®) 1 ®) 1
(1 - 10g1t5 g1 polyd> (2Attnans 0—spred, 1P‘I + polyd)) IL"‘(TO)—S‘|

1875 Therefore, by Lemma F.1, we have

| min { [ - vaﬁ LOSS?l} s 0}|
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t o (t t t
<E |\Attne(m)s,0Hans,0 ’ ((1 - IOglté,zl) : O(Attne(m)s,O—mred,l - Attngn)s,0—>pred,2)F) ﬂT(mU)—S]

. 1 N,
<E lAttng?s,(Hans,o : ((1 - IOglt(st,)jl) 'O(logd>F>]lr(x1)=s] < O(ﬁ)
1876  Moreover,

| min { [ — VQ(‘) LOSS?Q} ,0}| S |Ns7472,neg|
4,4 S,8

=E 5.7(g1 (1)) 5,7(91(41)) 7oy -1

Attng])s,l_)ans’1 : <logit(t) -sReLU’"(AY )

(t)
. (<W5’T(gl(y1))’rgl'yl 5 6y1> o A577'(91(y1))7rgl~y1))ILT(II)S‘|

& ~ 1 N 3,1,pos
<0 O=sdiee),
- (polyd) < log d
1877 where the inequality (i) holds since logitét’)T(gl(yl)) < O(2) and Aéf)f(gl(yl)),rgl.yl = (:)‘;%y(fl).

1878 Combining the above two inequalities and the fact that 25:1 [ —VaQ., Loss?ﬂ > Q(N;.3,1,p0s)
s,8

1879 from the previosu lemma, we complete the proof. [
1880 Lemma F.5 (Growth of gap). If Induction F.1 holds for all iterations < t, given s € 7(X), we have

2 ) ,
Z [ ~Vag, LOSS?Z] B Z [ —Vau, LOSS?’E] > < Z [ ~Vao Lossg’e] >

1881 Proof. For{ =2
2,2 2,2
[— VQE& Loss; } + [VQY,Q Loss; }

S Ns,4,2,pos - Ns,3,2,pos - Ns,3,2,neg

S,8 S,8

t o (T t t
< E |‘Attne(m)s,1—>ans,1 ' ( - loglt(;‘é : SReLU/(Aé,},rmﬂo ) (<W57j§,7'92.y0757 ey1> - Aé,;é,r92.3,0)) ]17'(11)_5‘|
(®) s (1) (t) (t)
+E Attnans’lﬁpfffd,? ’ (10g1t57j§ ' SReLU,(A&jéngz»yo ) <<W5’j§’rgz'y072’ €g2> - A57j§77’92-y0)

o (1) 1A () (t)
~ Y logity) ) -sReLU (A5,7<gz<y)>7r92-y)(<W5»T<92<y>>”’92-v72’692>_ASJ(W@)W?'y))L(“)_S]
ye€V\{yo,y1}

t o, (T t t
=E |\Attne(m)s,1aans,1 : ( - loglté,;é ' SReLU/(Aé,;‘,rQZ.yO)(<W5’j§ﬂ“92-yo,57 ey1> - Aéj‘éﬂ«gz‘yo)) ]lﬂr(:m)—s‘|
+E|Attn" - (10git!, - sReLU’ (A ) (Ws., ) — AD 1
nans,1—>pred,2 ogl1 5,54 she 5,35, g5 30 5»]&#‘92-;;0,27692 5,95:Tg5 40 T(x1)=s
logd
< 0(7)-

18s2  This implies the gradient difference between Q4 3 and Q4 4 contributed by ¢ = 2 is negligible. For
1883 £ = 1, since NS,3717neg has not been activated, we have

|: -V z(;)s LOSS§’1:| os + |:VQ‘(:21 L055211:| os = JVs,3,1,pos — /Vs,4,1,pos — A/s,4,1,neg
> E|Attn'") A = logit!”, . sReLU’ (A" ) (Ws.i eg,) — AL 1
Z ans,0—pred, 1 B1ts i 5,50 T9-v0 5,51 ,7g5-y0,22 €g1 5,40 T a1 -0 7(z0)=5
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Attn'?

ans,0—ans,0

+E

(t) (t) (t)
<10g1t5 i’ -sReLU’ (A 5,55, Tgo- yo)(<W5,ji,rg2.yO,57 eyo) - A57lj£7rg2,y0))17(.7:0)—s‘|

o 2,2 10gd
= 0([ - Vgpytosst®] ) 2 0=

1884 Putting it all together, we finish the proof. O

185 Lemma F.6. If Induction F.1 holds for all iterations < t, given s € 7(X), for [QE&]S’S = Vpeq):

1886  we have

2 2
2,0 2.0
> [~ Vagtost] 2o X[ vapiest], )

=1

1887 Proof. Notice that by Lemma F.4, when [fo%)]&S >
1888 Thus

t
23)- we have [Q{)].. > —O(-5%).
0
Attnans,lﬂpredﬁ + Attnans,lﬁans,l - Attnans,l%pred,l - Attnans,l%ans,o > Q(@)

(®)

1889 which implies Ay _—
9. k) 2°Y1

J\/s,4,2,pos =

already lies in the linear regime. Then we have

t t t
Attngn)s 1—ans,1 <(1 - lOglt( ) ) SReLU/(Aé 3277‘” v1 ) (<W57j2,7"92'y1 139 eyl> - Aé,g,rg2~y1)

(t) (t) logd
B O( d) SReLU/(AE’ 2J5:T gy ) <<W5,j§,ng.y0,5a €y1> o A57jé*T92'?/0>> ]IT(II):S = Q( d )
1890 Similarly, we have [Ny 42 nes| < O(logd) and by Lemma F.4, we have [N 41 neg| < O(logd)
1891 2321 [ — VQm Lossg’z] . Putting it all together, we complete the proof. O
4,3 5,8

1822 Lemma F.7. If Induction F.2 holds for all iterations < t, given s # j € 7(X), forp € {3,4}, we
1893 have

SO(loded> :0(1

2
Z [f VQYL Lossgq

(=1

8, 5,8

2

2,0
Z [f VQZ; Loss; ]
=1

1894 F.2.3 At the End of Stage 2.1

1895  Putting gradient lemmas together, we can directly prove that Induction F.1 holds for all iterations ¢
1896  until the end of stage 2.1, where we can conclude the following:

1897 Lemma F.8 (End of Stage 2.1). Given s € 7(X), Induction F.1 holds for all iterations t < Ty 1 s =

1898 O(nlog2 <), then at the end of stage 2.1, we have
1899 o | Z(lf)p]s = Q( Tog d 2)Jorp € {3,4};
(1) (01 |5 (L)
1900 |l 43] [Q4 alial 2 (1ogd)’
® [Q4p 5,8 . ; ®1. _p.
1901 s |[Qupls,i| S O(F22==) for j € 7(X) # s for p € {3,4}; otherwise, [Q, ;s = 0;

1902 F.3 Stage 2.2: Growth of Q4 3 and Q4 4

1903 In stage 2.2, we will continue to grow Qg 3 and Q4 4 until they reach a certain threshold. The analysis
1904 here is similar to the analysis in stage 2.1, but we shift our focus to the gradients contributed by ¢ = 2
1905  since the loss for £ = 1 has already been activated well and start to contribute negligible to the growth
1906 of Qg 3 and Qy 4.
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1907
1908
1909

1910

1911

1912
1913

1914

1915

1916

1917

1918

1919

1920

1921

1922

1923

1924

1925

1926

1927

1928

1929

1930

1931

Induction F.2. Given s € 7(X), let Ty o s denote the first time that [Q4,3)s,s reaches 0.0001 (small
enough to ensure 2\(c1+c2) < 1—csAand 1—(1—2¢4) X > 0). For alliterations Tr1 s <t < Th o5,
we have the following holds

o | 1(1%]575, [Qéﬂ]s,s < O(1) monotonically increases;

o | ff’:)s]s,S — Eﬁ]s,s < ¢o monotonically increases;

(t)
QU)o < O(Cetlety for j € 7(X) # s other [QY)]; =

* ](;07 (ps q) € {(473)7 (474)}’

F.3.1 Attention and Logit Preliminaries

Lemma F.9. If Induction F.2 holds for all iterations < t,then we have

1. fortl =1,

t

¢ Attne(m)s,()%pred,l € [% + Q(loéd>7 % + cl]
(®)

¢ Attnans,O%pred,Z € [% - 02 % - Q(loéd)]

* Attng?s,o—mredﬂ + Q( ! ) S Attn(t)

Togd ans,0—ans,0
¢ Attngi)s,o—mred,l - Attnz(air:)s,OHans,O € [Q(@)a c1 + ¢
2. forl =2,
° Attng?s,lﬁpredﬂ €3+ Q(@)v 1+ el
* Attni?s,lﬁpred,l’Attnz(l?s,l—)ans,o € [3—cag— Q(loéd)]’ Attnz(a?s,lﬁansﬁ
ABL et | < O()
¢ Attna(a?)s,lﬁpred,l’ Attngl)s,lﬁans,O < Attng?s,laans,l - Q(@)
¢ Attne(a?s,lﬁpredﬂ - Attna(;?s,1—>ans,1 € [Q(@)v%]

Lemma F.10. If Induction F.2 holds for all iterations < t, then we have
_ _ s (1) s () 1
2. fort=2,1-logity;, = Q(1), 10g1t5_jé =0O( )-

dl—cs5X

Proof. * For ¢ = 1, we have

oy (T
loglt(,)
J1
1
1+ 62 (Attl’lans‘o—mred,l*Attnans,o—mredz)F + O(d) . ef(Attnans,()ﬁans,l+Attnans,0—>pred,27Attnans,0—>pred,1>Fim
: (o)
- (1_+5. — 2X(c1+c2)
1+62(01+02)F+O<d) e (3 2c1)F d
e For ¢ = 2, we have
1 (8) _
logit; * =
1
1+ 62 (Attnans,lﬂans,o7Attnans,1~>ans,1)F + O(d) e (Attnans,lHans,l“l’Attnans,O—)pred,Q7Attnans,l—>pred,l7Attnans,1~>ans,U)F:tﬁ
1 1
< = O(

“ 1o o—(1-200) F gi-(1=2¢0)x
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1932

o, (T

loglt(,) =
J2
1
1+ 62(Attnans,lﬂans,l7Attnans,1~>ans,U>F + O(d) e (Attnans,lﬂans,O“l'Attnans,O—)pred,Q7Attnans,1—>pred,l7Attnans,1~>ans,1)Fiﬁ
1 1

< <O(=—)
- 1 et O(L e T

14+ e2&EDF 4 0(d) - e (cs+0(1))F

1933 O]

193¢ F.3.2 Gradient Lemma

(t)
) ; ) 5,7(91(¥)),7g1 -y
1936 anymore, due to slightly dominant attention role of Attnans0—spred,2-

1935 Notice that during these sub-stage, for £ = 2, A for y € {yo,y1} cannot be activated

1937 Lemma F.11. If Induction F.2 holds for all iterations < t, given s € 7(X), for [Qgé]&s, we have

2 24 logd
> |~ Vouless| =o(757).

(=1

1938 Proof. By Lemma F.10, since 1 — logitg;2 =Q(1) and Ag}wqwl is already in the linear regime,

1939 we have
N@,?),l,pos § O(A/S,B,Q,pos)-
1040 For N 32 pos, We have

JV’s,3,2,pos

t o (2 t t
= ]E [Attngnl,lﬁpred,Q : <(1 - loglté,‘)jz) ’ SReLU/(Aé,‘)jQﬂ‘ngyl ) (<W57j277'92’?l1 72’ 692> - Aé,gz,ng.yl)> HT(wl)_S]

1 log d
= 0(1)-0(l d~f:®( )
(1)-6(logd) - 5 = O (=
1941 Furthermore, we can bound negative gradient NV, 5,3,2,neg as follows

|Ns,3,2,neg|

(t) s (1) (t) (t)
=K lAttnansxlﬁpred72 ’ <10glt5,jé ' SReLU/(AE”jéaTyg-yo ) (<W57j§7’"g2~yov2’ 692> o A57j§»7"92-y0>> nT(wl)_S]

logd 1 ~ 1
< 0(1,765,\) i (m%
1e2  which is negligible compared to N 32 pos. Thus we complete the proof. [

1943 Lemma F.12. If Induction F.2 holds for all iterations < t, given s € 7(X), we have
2
logd
2.0 - g

> [~ Vagless’] | =0,

=1
1944 Proof. For{ = 2,

Ns,4,2,pos =

E

. t t
Attng?s,l%ans,l : <(1 - lOgltgi;z) ’ SReLUI(Aé327r92_y1 ) (<W57j2»7"92-y1 15 ey1> - Aé,g’,rgz.yl)

2 a(%)

1 ®) ®)
- O(a) ’ SReLU/(AE)’jé}Tg?yl ) (<W5,j§,r92.yo,57 €y, ) — A5’jé,rg2,y0> 17 (20)=s
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1045 In this sub-stage N 4.9 neg = 0. Then turn to ¢ = 1, when [Qq 3]s < O(
1046 analysis in Lemma F.4, we have

[— VaQi. Lossg’l}

Togloga) following the

s,

=E lAttnans,Oﬁans,O : ((1 - logitét,zl) . SReLU/(Ag;l,rm.yO ) (<W57j177-g1«y0757 ey0> - Aég'l,rgl.yg)

o (t t t
- loglt(,;1 . sReLU/(Aé,;“”_yO ) (<W57j17rg2.yo,57 €yo) — A )) ILT(ﬂm)—é‘}

s/
5,71:"92 yo

) 1
- E lAttnans,Oﬁans,O . ((1 — IOgltgzl) . (2Attnans,04pred,2F + p0|yd)

. () 1 1
— (1 - logit!), - chyd) . (2Attnans’oﬁpred’1F £ d)) ]17@0)_5]

1 . (1)
> —O(——— B | Attnane 0 sanco - | (1 — logit™ ).
= O(loglogd) l Nans,0— ,0 (( ogl 5,]1)

1
(2(Attnans,0—>pred,1 - Attnans,O—)pred,Z)F + polyd>)]l7'(¢1)—0‘|

1
>-0(———) - N;
ftl (log logd) s,4,1,pos
1047 Since Ny 4.1,pos < O(Nj 4,2 pos ), thus the contribution of [—VQ“ Lossg’l} is negligible compared
s,s
1048 10 N 4.2 pos- Once [Qq 3]s s reaches Q(m), we have
i1 (8
logltj1
_ 1
14 2 (Attnum 0 s 1 = AbtN 0 o) F 0(d) - o (AtEnane.0 - ans, 1+ ALETans 0 pred 2~ AbETIans 0 pred, 1) FE kg
1 O
S W = 0(1) < 1-— 10g1t5,j27
1 +e Toglog d
1949

which implies N 4.1 nee can be dominated by N 4 2 pos. Putting it all together, we have
2

log d
Z [_ VQ4,4|—055§76 = O (Ns,4,2,p08) = O ng )-
—1 8,8
1950 O
1951 Lemma F.13 (Growth of gap). If Induction F.2 holds for all iterations < t, given s € 7(X), we have
2 2
Z [ — VQ<t>4 3Loss§’q — Z [ — VQ@) Lossg’z] >0
’ 5,8 4,4 5,8
=1 To=1 '

1952 Proof. For £ =1, since Attn,ns0—spred,1 > Attnans 0—sans,0 We have

[f VQ4,3 Lossg’ﬂ + {VQ&4 Lossg‘ﬂ

= JVs,3,1,pos — Ns,4,1,pos - Ns,4,1,neg
8,8
o, (T t t
A (o RN () A ]
+E

AttNans 0 ans.0 - (logit(t). -sReLU’"(AY

(t)
5,51 5’jiﬂ"g2»y0)(<W57j177"92'9075’ey0> B A5 ))ﬂT(xU)_S]

-/
»J1:T92-y0
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logd

2 Q(d1+2)\(c1+cz) )

1953 where the last inequality due to Lemma F.10 that loglt(t) P2 Q(m)

1954 For/ =2
[— VQ“Lossg’Q} + [VQ4,3 Lossg’z}
<E|Attn — logity), - sReLU'(A{') Wi AW, 1
Nons,1—ans,1 ogl b -she ( 5,5,Tgs- yo) < 5,557 gqyg:5? ey1> 5,557 g5 o T(z1)=s
t t

Attngn)s ,1—>pred,2 (loglt( )' SReLU/(Aé ;2 Tg2-y0 ) (<W5’jévrgz-y072’ €g2> o Aé;é’rw-yo)) 1T(11)_S‘|
log d

<0(-%5).

1955 This implies the gradient difference between Qg 3 and Qg 4 contributed by £ = 2 is still negligible.
1956  Putting it all together, we finish the proof.

1957 Lemma F.14. [If Induction F.2 holds for all iterations < t, given s # j € 7(X), for p € {3,4}, we
1958 have

< O(loded) _0 1

2
-V Loss“] .
> [ Qi 7

(=1

2
-V Loss”}
> [ Vg tossi’] |

(=1 ’

1959 F.3.3 At the End of Stage 2.2

1960 Putting gradient lemmas together, we can directly prove that Induction F.2 holds for all iterations ¢
1961 until the end of stage 2.2, where we can conclude the following:

1962 Lemma F.15 (End of Stage 2.2). Given s € 7(X), Induction F.2 holds for all iterations t < Ty o s =

1963 O ; logd) then at the end of stage 2.2, we have
1964 [Q(t)]9 s = Q1) forp € {3,4};
* [Q1s = Qs € [2(559). O(L));
(t) . [(24 p S8 L .
1966 o | 471,]5,] < O(==2==) for j € T(X) # s, and other [Qu p|s,; = 0;

1967 F.4 Stage 2.3: Decrease of Gap and Convergence

1968 Induction F.3. Given ¢ > Qo). For s € 7(X), let Ty 3.5 denote the first time that
1969 AttNans 1—pred,2 + AttNans 1 5ans,1 > 1 — € For all iterations To 2, < t < T3, we have
1970  the following holds:

. (t)

1971 13)s,s and [Q( 21]8 « monotonically increases < O(1);

(t) (t)
1972 ¢ Attnans ,1—pred,2 Attnans 1—ans,1 2 0;
1973 . Attn;?s 1pred2 < 0.5+ ¢ for some small constant ¢ > 0;

(t)
QS]] < 0%ttty for j € £(X) # 55 other Q)] ; =

1974 . ](‘)or (p,q) € {(4,3),(4,4)},

1975

1976 F.4.1 Attention and Logit Preliminaries

1977 Lemma F.16. If Induction F.3 holds for all iterations < t,then we have
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1978 1. Attn'? > Attn'?

ans,0—pred,1 ans,1~>pred72’.

1979 2. forl =1,
() (t) (t) .

1980 * Attnans,()ﬁans,() 2 Q(l)’ and Attnans,()%ans,o > Attnans,0—>pred,2’

1981 3. forl =2,
t t t t

1982 * Attngn)s,l—mns,l 2 Q(l)’ ‘Attne(m)s,lﬁpred,l7 Attne(m)s,l—mns,o S Attngn)s,lﬁans,l;
(t t A1l

1983 * ‘Attnan)s,l—mns,o - Attngn)s,lﬁpred,1| < O(a)

1984 Lemma F.17. If Induction F.3 holds for all iterations < t, then we have

1985 1. logitét)., <0 L ,

J
32 (Attnans 0 pred, 1~ AttNans, 0 pred, 2

1986 2. 1—- logitg? <0 L

,
2 (Att0ans 0y pred, 1 _Att"ans,()%predﬂ) —min {1—* (1_2Attnans,0ﬁpred,1) =0}

1987 3. l—logit%) > min ;7Q<dx( 1 >1>

Attnans 1sans,1 +A"':"‘ans,1~>pred.2 7Attnans,1~>pred,1 —Attngng 13ans,0

1988 Proof. * For £ = 1, we have
L (8)
logltj1 =

1

14+ 62 (Attnans,l]ﬂpred,l_Attnans,OHpredj)F + O(d) e (Attnans,ﬂaans,l +Attnans,0~>pred,2_Attnans,[)%pred,l)Fim

1

d2)\ (Attnans,0—>pred,1 *Attﬂans,o—mredz)

<0

1989 Similarly, we have

) _

1 — logit

1+ O(d) e (Attnans,f]*)ans,lJFA-ttnans‘O—)pred,Q7Attnans,0—)pred,l)Fim

14+ 62 (Attﬂans,oqpred,l*Attnans,o—mredg)F + O(d) e~ (Attnans,[]*»ans,l+Attnans,0—>pred,27Attnans,0—>pred,1)Fim

1

d2/\ (Attnans’oﬁp,ed,l 7Attnans‘04>pred,2) —min { 1—X (172Attnans‘04pred,l) ,O}

<0

1990 ¢ For / = 2, we have
) _

1 — logit,,

62 (Attnans,lﬁans,o7Attnans,1~>ans,1) F + O(d) e~ (Attnans,laans,l+Attnans,1—»pred,2*Attﬂans,lapredJ 7Attnans,1~>ans,0) Fim

1 + 62 (Attnans,laans,o_Attnans,lﬂans,l)F + O(d) . 6_ (Attnans,lﬂans.l +Attnans,0%med,2_Attnans,lﬂpred,l_Attnans,lﬂans,0>Fiﬁ

. 1
> min { -, Q( )
P (A0 o 1 AT 1 e 2 — AEETIans 1 e, 1~ AEETIans, 13,0 ) —1

1991 O

1992 F.4.2 Gradient Lemma

1903 Lemma F.18. If Induction F.3 holds for all iterations < t, given s € 7(X), for [Qu 4]s,s, we have
2
2.0 elogd
[~ Vg toss] )
=1

=

S’
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1994 Proof. When )\(Attnans 1—sans,1 T+ Attnans,lﬁpredﬂ - Attnans,l%pred,l - Attnans,lﬁans,o) <1,

1995 we have loglt < O(z:)-(1- logit(t)) for some small constant cg > 0. During this phase,
1996 Attnans,l—)ans,O + Attnang 15pred1 > (1), and Aét)mr” oy Aét’;.wg”o are still in the linear

1997 regime. Therefore, we have the following negative gradient for [Qy 4]s,s, which only comes from
1998 ¢ =1:

Attnans 0—ans,0 - loglt( )/ sReLU’ (A( )

(t)
E 5,41:Tgs- yo)(<W5’ji’T92'90’5’ 6y0> o A5Jiﬂ"g2-yo ]17(10)25

=E lAttnans,Oﬁans,O ' IOgitéfzi ’ 2lAttl’lans,O—)pred,l (F + )ﬂr(wo)—s]

polyd

_ L (1) 1
=0(1)-E |}0g1t5d (F+ m) T(QEU)_S]

1999 On the other hand, we have

[f Vi Lossg?g}

s,S

o (2 t t
E lAttnans 1—ans,1 (1 - loglté,;g) ’ SReLU/(Aé,_)jg,r”.yl ) (<W5»j277"92-y1 159 eyl> - Aé,_)y’,rgz.yl ) 1T($1)=s‘|

) 1
]E lAttnans 1—ans,1 (1 - IOgltgzz) ' (Attnans,l—mns,o + AttnanSvl—W’edvl) (F + W) HT(II)_S]

(®) 1
> Q1) -E [(1 — logit!")) (F + polyd)L(m_S]

2000 Since log1t( <O(=5)-(1- logitg) ), we have that the negative gradient for [Q4 4], is dominated

des
2001 [— VQia Lossgg} .

8,

2002 When )\(Attnans 1—ans,1 + Attnans 1—>pred,2 - Attnans,l—wred,l - Attnans,l—)ans,o) > 1, we have

2003 logitﬁ.f) <0(3)-(1 loglt ) If A5 e forf = 1 is still in the linear regime, we have
1

1
A‘E’giﬁgz-yo = (1 = 2Attnans 0-pred,1) - (F £ polyd) >0

2004 which implies

0
Attnans,l—)pred,l + Attnans,l—)ans,o Z 1- 2Attna\ns,1~>pred,2 Z 1- 21Attnams,0~>pred,1 Z Q(F)

2005 We have the same upper bound for the negative gradient, and for [ -VaQu. Lossé?%} , we have

[ Vaq. 4Loss(z)} ’

8,8

. 1
> E lAttngﬁl 1—ans,1 (1 - logltgt’;j) ! (Attnans,l—mns,O + Attnans,l—)pred,l) (F + le}/Ci)HT(ml)_S]

1 . (1) 1
Q———)-E|(1 -1 W F+ —— )1 _
- (polylogd) [( 0g1t5’]2)( polyd) T(@1)=s
., (1) 1
BRI i ]17' r1)=s
- Q(polylog;d) E llOglt&Jl (F = polyd) (@1) 1

2006 which implies that the negative gradient for [Q4 4] s is also dominated by [ VQi Loss( )
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2007 If A(t) for ¢ = 1 falls into the smoothed regime, we have

2008

2009

2010

2011

2012

2013
2014

2015

2016

2017

5,41:Ta5-vo

5,J1:"92yo 5,71:"g2-v0

(1 ~ 2Attnan570_>pred)l)(F = PT}Yd) )‘1—1 (F + : )17(10)—5]

E Attl’lans70_>an570 . lOgitétji . sReLU'(A(t) )(<W5,]‘{x7”yz-yn 199 6y0> — A(t)v, )17(10)51

( )
< .

1—2Attn 1) (F + o0 1
e 0((( ans 0spred 1) p°'yd)) "logit ("), (F + 7Id) 7(w0)=
0
(1= 2Attn50s 0 prea 1) (F £ b0)\ (g 1
<E|o( : Jtosits (7 L) o=
i L (t 1
<E 0((1 - 2Attnans,oﬁpred,1))logﬁé,i (F + ﬂ) T<x°>=81

[ —VaQu. Lossg?%} .

S)

. 1
lAttngil 1—ans,1 (1 - IOgltégé) : (Attnans7laans70 + Attnans,lﬁpredJ) (F + p0|yd)ﬂ7(ml)_51

1
>E lQ (Attnans,lﬁans,o + Attnans,l%pred,l) (1 - IOglté 22) (F + polyd)]lT(zl)—S‘|

>-E

) 1
Q(d- (1 — 2Attnan5,oﬁpred’1)) . loglté?j{ (F + polyd)ﬂT(ml)_S]

Similarly, we can conclude that the negative gradient for [Qy4 4]s s is also dominated by { —

Va.. 4Loss( )} . Hence, to give a lower bound for 23:1 [ - Vaqu., Lossfg} , we only need
$,8 “ls,s

to consider ¢ = 2 and have

[ Va.. 4Loss( )}

S,

5,72

1
Z E [Q(Attnans,lﬁans,O + Attnans,1—>pred,1) : (1 - IOgit(t)' )(F + pO|yd>ﬂT(I1)_S]

t t t 1
E lQ( Attngn)s 1—ans,1 — Attne(m)s ,1—pred, 2) : (1 - IOgltg 32) (F + polyd>]17'(wl):3

elogd 1 _ 9 elogd
d 'd,\(1726)71)_ (d(kze)A)

Y

o

O

Lemma F.19. If Induction F.3 holds for all iterations < t, given s € T(X), for [Qu,pls ;. p € {3,4},
j#ser(X), L2, wehave

2,0
‘ [— VQSL Loss; }

1
< 0(3)|[ = Vag)Losi']

ENG s,8

F.4.3 Non-negative Gap

Let T denote the first time that A < o, where o = Therefore, we have for £ = 2,

polyd

* For [Q4,3]s,s,

- VaQus Lossgg}

68



t o (T t t
=E Attngn)s,1—>pred72 ’ (]' - loglté,;z) : SReLU/(Aé,;’,r”.yl ) (<W5aj»7"g2-y1»2’ 692> - Aé,_)jgﬂ"g2.y1 )]]'T(ml)is
J1
(t) 1 (1) (t) (t)
7Attnans,1—)pred,2 : 10g1t5,jé ) SReLU/(A5,jé,Tg2,yO)(<W5=jévrgg-y()72’ €gs) — As,jé,rgz.y0>]17(w1)=51
Ja
2018 * For [Qq4]s,s Where s € 7(X)
[ - VaQu. Lossgg}
= E| Attn{") (1 —logit!" ). sReLU’ (A" W, — A 1
- nans,l%ans,l ( ogl 5,j2) she ( 5,j2,7‘g2,y1) < 5,J2,7gg-y1 97 ey1> 5,0:"g0 1 T(z1)=s
J3
t o (T t t
_Attngn)s,l—mns,l ’ loglt(,;‘é : SReLU/(Aé,;’,TgQ.yO ) (<W5~,j:;»7‘92~y0757 6y1> - Aé,;é,r%.yo ) HT(wl)_S]
Jy

J4 — J2 = O((a 10g d)q_1> E[(l — logitéf;-Q) . ]17.(1,1)_5]

Ji — J3 = O(aclogd)E {(1 - logitégé) . HT(JEI)_S}

2019 which implies [ —Vaq., Lossg’ﬂ > [ —Vaq.. Lossg‘ﬂ . Also it is straightforward to see that
: s :

s, 5,8

2020 [ —VaQu, Lossg’l} > [ -Va, 4Lossg’l} . Hence, we complete the proof.
: s :

s, s,s

2021 F.4.4 Upper Bound for Q

2022 Denote the first time that [Qy 3]s, s reaches Q(log' ™ d) for some small constant ¢ > 0 as T"*. Then
2023 we have

(%) 1
Attnans,0—> pred,2 < O ( m)

* * 1
Attn(" )+ Attnl]) <O
€

ans,1—pred, ans,1—ans,0 — Q(logl+e d) )

2024 Moreover, we can simply bound the logits as follows:

IN

L) 1 !
1 —logit;’ < O<d,\(12Attn<T*) )71> O(W)

ans,0—pred,2

IN

1 1
1-1 't<f><0( ) O~
081t = d)\(172Attn(T* —2Attn(TY) )71 (d’\/2_1)

)
ans,1—pred,1 ans,1—ans,0

2025 Thus, we have

2
(2) 10gd
1> [* VQ4,3L°55z,5L =00 qugrapz)
=1
2026 which implies

(T) (T*) nT logd (T polyd - log d e
Qus = Qus” +O0(groregnys) = Qua T 0 gagrreg ) < Olog ™ d).
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2027 F.4.5 Attention Upper Bound

2008 Let T denote the first time that Attnans 1-spred,2 reaches 0.5 + ¢. where ¢ > 0 is some small
2029 constant s.t., 2¢A > 1. At T, we have Attn(T) > Attn(T) Attn(T)

~ ans,0—pred,1 — ans,1—pred,2 > ans,1—ans,
2030 Attngs) 0—ans.o 18 still at the constant level. For ¢ = 1, j{ is no longer activate, while 7(y) for
2031y € Y\ {yo} has been activated to the linear regime. We have

, and

2032 e For{ =1, fory € Y\ {yo}, we have
(1) logd~ eQEAlogd o () _ o ()
> gt () > logd - @ osd 1 o)+~ 108its;) = (1 —o(1)) - (1 — logits ;)
ye€V\{yo}
2033 Thus,

{ — VQ4,3Loss§’1}

= E | AttNans 0 pred. 1 - ((1 ~ logit{") ) - (<W5,jlyrgl_y0727 eq) — Agtg)
. (1) t)
- Z 10g1t5,‘r(gl(y)) ’ (<W577'(91 (¥)rgy -2 691> - A5,T(g1(y)),rgl.y)> ]]'T($0)=S‘|
yeV\{yo}
. 1
=E Attnans,0—>pred,1 : ((1 - IOgltét,?jl) : 2-Attnans,O—mred,Z : (AF + polyd)
. 1
— Z IOgltgz_(gl W) Z(Attnans,o—mns,o + Attnans,O—wred,Z) . (/\F + ol d)) 1T($0)_S‘|
ve\ (o} PO
<0
2034  For ¢ = 2, similarly, we have
logd . 625)\ logd ) )
Z logitét) > = (1 —logit; /. — logit,".,)
T(92(Y) = oo d - e2¢Alogd 1 O(d 5,52 5,5
ye€V\{yo,y1} ogdre +0(d) ’
L (t L (t
=(1-0(1))-(1- logltéé2 - loglté,;é)
2035
{ — VQHLOSS%}
t L (t t
=E Attngn)s,lﬁpred,Z ' ((1 - logltg,‘)jg) : (<W57J,T92~y1 ,2’692> - Aé,zg,rg,z.yl)
-4 (1) (t)
— logit e <<W5Jéﬂ’92‘yo’27692> - A57jé7T92.y0)

. (t) (t)
— Z log1t5’f(gz(y)) . (<W5,T(g2(y)),r92.y,2» €gs) — As,T(gQ(y)),%.y))]lr(x1)=s
yEV\{yo.y1}

) 1
) Attn;(,?s71—>pred,2 . ((1 — logltét’zz) . Q(Attnans,l—wred,l + Attnans,1—>ans,0) (A\F + p0|yd)
) 1
- loglt(t),,, . Q(Attnans,l—mredd + Attnans,l—mns,l) (AF £ )
3 polyd

- Z lOgitéf)T(gz(y)) : 2(Attnans,1Hpred,1 + Attnans,lﬁans,o + Attnans,l%ans,l) ()\F +
y€V\{yo,y1}

: ]lr(xl)—s‘| <0
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2036

2037

2038

2039

2040

2041

2042
2043

2044

2045

Combing the two inequalities, we have Z?Zl [ - VaQus Lossfg] < 0. It is also clear that
23:1 [ - VaQu. Lossfg > 0. Therefore, Attn,ns 1—spred,2 cannot further grow once it reaches
0.5 + 2. ’
F.4.6 Decreasing Gap at the End of Convergence
Let T denote the first time that 1 — A‘ctn‘g?s,l_mrm2 - Attni?al%an&l < e, if Attngf])s’l_mrect2 -
Attng?s,l Lans1 S O(%), then we can let 7* = T and stop the training. Otherwise,
® ® (401 7T , .
we have Attn, ', o 4o — Attn, 1 001 2 Q(W)‘ Following the similar argument
as in Lemma F.18, we have the gradient contribution from ¢ = 1 is dominated by the gradient
contribution from ¢ = 2. Thus, we focus on ¢ = 2 and have the following logit relations: logitz) >
Q) - (1- logitg)). Hence
[ - VaQus Lossf%}
() s (8) ()
=E lAttnans,lﬁpred,Z ' <(1 - 10g1t5,j2) ’ (<W57J'77’92-yl72’ 692> - A5,j2,7-g2,y1)
. (1) NG (t)
_ loglt ,jé . sReLU (A5qjéyrg2-y0 ) <<W5,j§,7‘92.y0,25 €g2> — A5-,jé,7‘92.yo)
- Y logit!” -sReLU’ (A% )((W eg,) — A ) 1
) 5,7(92(1)):T g5y 5,7(92(¥)),Tgy 5,27 €92 5,7(92()) "oy T(z1)=s
yE\{wo,y1}
<E [(1 - logitggé) -O(elog d)1;(5,)=s
[ - VaQu. Loss%}
t o (T t
=E lAttngnl,lﬁans,l ' ((1 - loglté,}g) . (<W57j,Tg2~y1 \59 ey1> - Aé,;g,r”.yl)
s (t) (t) (t)
— logit, ;, - SReLU’(A&jéJ,g?‘yO)((Wg)’jémg”o}g), €y, ) — A57jé7,,.g24y0)
- Y logit! -sReLU’(AY )y (W ey,) — AY 1
8157 (92 () 5,7(92(¥)) gy 5:7(92(¥)),rg2-4,5 "4 5,7(92(y))rgs -y T(w1)=s
y€V\{yo,y1}
t . (1
>E lAttngn)s’lﬁans’1 . ( — loglté’;;
in{Q(logd), 2( ((Attn(" Attn!") logd)” logd)} )1
mln{ (Ogd)7 (( ttnans714)pred’2 - ttnans,l—ﬁms,l) Og ) Og } T(wl):S
> E|(1- logit )- (1)
= 81455 d
in{Q(logd), 2( ((Attn." Attn!") logd)” logd)}1
mln{ ( og )’ <( ttnans,lapred,Z - ttnan5,1—>ans,1) 0g ) 0g } T(x1)=s
1
. t t d'Ote)a—1
Since Attn;n)s,l_mred’2 - Attngn)s’lﬁansﬁ1 > Q(%), we have
((Attngﬁ)s,l—)predﬂ - Attng?s,lqans,l) 10g d)qil Z d().()1€7
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2046

2047

2048
2049

2050
2051

2052

2053

2054

2055

2056

2057

2058

2059

2060
2061
2062

2063

2064
2065

2066

2067

2068

2069

2070

which implies for e < %, we have [ -VaQu. Lossgg} . > | [ -VaQus Lossgg} . 8\. Therefore, if the
N , ,
gap does not decrease to the level of O(%), Q4,4 will start to dominately increase while Qg 3

will not change too much. On the other hand, if the gap of attention holds, then [Q4 3]s,s > [Q4.4]s.s,
we have

o(1)
1— Attn'” — Attn{" =
ans,1—pred,2 ans,1—sans,1 0(1) +8[Q§fl]s,s + e[Qiié]s,s
o() 1
> = > 3 -3e> €

(dl.Olé)ﬁ )

This implies, we can find some time between T and Ty 3 s, s.t., the gap will decrease to O( oz d

We denote this time as 7™ and stop the training.

F.4.7 At the End of the Training

Putting everything together, we have that at the end of the training, we have
= g(1—2oA

Lemma F.20. A1 T* = O(“—_

). if € = o 1 ), we have

* Attention convergence: Attn! 2 5+ Attn!22) < ¢ and Attn! 23

ans,1—pred, ans,1—ans,1 ans,1—pred,2

1
Attn(TZ‘s)S) < O((dl‘me)q—l );

ans,1—ans,1 — logd

* QU] > Qlogd) forp € (3,4} if j = s € T(X), otherwise, [Q{2" ;. < O(4);

. 2 (T2,3,5) 1
* Loss convergence: 3 _,_, Loss, < Sond-

F.5 Proof of Main Theorem

Theorem F.1 (Direct short-to-poly length generalization (Restatement)). Under Assumptions 3.1,
3.2, 3.4, and 4.1, for every L < polyd, the transformer model F\T\+72) obtained by Algorithm 1 with

learning rate n = , and stage 1 and 2 iteration T} = O(Wl)q,z) T = 6(%}0‘1)) satisfies

1
poly(d)’
i.e., FTvET2) \which is trained for task T and T2, generalizes to solve the tasks T, ¢ < L .

_ 1
poly(d)

Ach(F(T1+T2) ) > 1

Proof. By Lemma F.20, at the end of Stage 2 training, we have [Qf;f’s’s)]s,s > Q(logd) for all

p € {3,4} and s € 7(X).
Therefore, for any L < poly(d) in phase 7%, we obtain

o(1)-L
L. _
€atin = (T2,3,5) (T2,3,s) - 0(1)'
()(:[) L+ 6[(24,3' s, + e[c24)4' s s
Moreover, we have
Tos,. Toss
AL7€ S AQJ = Attngns,’f9)pred,2 - Attngns,f—»)ans,l S 0(1)'

These together guarantee that

o(1
(P, Z10) < O(1) -d+e°® 1

1 — logi =
ogit; . ( T O(1) - d + e + e2(ogd) — poly(d)’

ge+1(ye))
which implies
1

(%) _
Accy, (F ) >1 ooly (d)
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2071

2072
2073

2074

2075
2076

2077

2078

2079

2080

2081

G Learning the Attention Layer: Symmetry Case for short-length

Throughout the following discussion, for samples drawn from the LEGO distribution, we omit the
subscript Z ~ D in the expectation notation.

G.1 Gradient Computations

Notations: We first define the following notations. For any i € [d], j € [d], and r € [m], we define
the following quantities:

gi’j(ZLj_l) = ]]'Zans‘é,i:ej - IOgiti,j(Fv Z(L7é_1))7

Ai,j,r(zL’e_l) £ Z Attngns o1k - <W7L,j,r7 Zk> + b
keZl.t—1

Fact G.1 (Gradients of Q). For any p, ¢ € [5], we have

Lt
- Vq,,,Loss;

=L =L T
=E § Attnanslflak | =ik T § Attnans,fflﬁk’ =00k Zans,éfl,pzk}q y

keZl -1 k/eTL.t—1
where
Sl 2 Y E(ZHT) D sReLU (A . (Z571) (W .0, Zac)
Jeld] re[m]
In the following discussion, letting j> = 7(g2(y1)) and j; = 7(g2(v0))-

Lemma G.1. For s € 7(X) we have
2,2
— VaQusLossy™ = N 320 + Nezii +Naz 2o + Noszio + Nesoo + Nz 2w
2,2
—Vaq,,lossy” = N a2+ Nsa2ii + Noaziii + Noaziio + Noazw +Noa2wi

yFE9 4y 1 Ey 4y yE9 4y 1 Ey 4y Y Ey 4y

where
No32i
t L (t t
=F lAttnfm)syl_)pred’2 -(1- logltééz) . SRELU/(Aéj‘z,r”.yl)
. _
(<W5,j2,r92.y1,2a 692> - Aé;.)j%"gz«yl + O(UO))ﬂT(ml)—s]
Ni.3.2,i
t L (t t
=-E Attrlgr])s‘}lﬂ[,red’2 : logltégé : SReLU/(Aé,;;,%.yO)
(1) A
<<W5xjéxry2-yn>2’ 692> o A5,j§,7>g2.y0 + O<UO))]IT(951)—SJ/O¢?J1‘|
Ns 32,0
_ (t) +2 (1) o
- [Attna"Svared,z logity Lo, ) SRLU (Mg (0 )iy,

(t) A
(<W5J(91(y1))ﬂ°gl-y172v 692> - A5,T(91(yl))mg”1 + O(UO))]lf(ml)—&gl(yl)#gz(yl)]

JV:e,B,Z,iv

logit!" -sReLU’(A") )

ans,1—pred,2 5,7(91(yo)) 5,7(91(%0)):7g1 -wo

—E l — Attn®
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(t) 9]
(<W577(gl(y0))77‘91-y0»2’ eg2> — AS,T(gl(yO))grgl»yo + O(UO)> ﬂr(zl)_s,g1(yo)¢gz(y1)1
M9,3,2,v

(t) 3 (t)
" lAttnans,Hpred,z ’ < a Z logit; " (4, ()"
y€V\{vo,y1}

(t) ®) O
SReLU/(A57T(Q2(y))7T92-y) <<W5’T(92 (y))’TQZ'y’2’ 8g2> - A577(92(y))77'92-y + O(UO))) 1T(11)_8‘|
Ns,3,2,vi

_ (t) o () NG
=K lAttnans,lﬁpred,2 : ( - Z 10g1t5,7’(g1(y)) -sReLU (A5,T(g1(y)),7‘g1~y)
yeV\{yo,y1}

() %)
(<W5’T(91(y))”-‘71'”’2’ €g2) = A5J(91(y)),rg1.y + O(UO>)> ]lf(m)—sygl(y)#gz(yl)l

2082
N2,
=E Attng?s’l_;ans,l : (1 - logitét,gz) : SReLU/(Aét;}zaTyg-yl)
. ~
(<W57j277‘924y175’ €y1> B Ag’»;vrgz-yl + O(UO))HT@I)S]

Ns,4,2,7,'i

" . (t t
=K Attnz(an)s7l—>ans71 ' ( B IOglté,?r(gz(yO)) ' SReLU/(Aév?"(gz(yo))ﬂ'yzwo)

(t) ?)
. (<W5,T(g2(yo))ang-yov5’ ey1> - A5,‘r(92(yo))ﬂ“gz‘yo + O(UO)>> 17(11)—S»y0¢911

N 1,2,
“E| - Attn® . logit'" -sReLU’(A") )

Dans,1—ans,1 " 1085 7 (g, (y1)) ~SH€ 5:7(g1(y1))ma1 41

(t) 2
(<W5,T(g1 (Y1))srgq -y 550 6y1> - A57-,-(g1 (¥1)):Tgy 31 + O(UO)) ]lr(azl)—s‘|
N 1.2,i0

logit!" -sReLU’ (A" )

B )
Attn 5.7(91(v0)) 5,7(91(30)) 01 -vo

ans,1—ans,1

=E

(t) )
(<W5,T(g1 (¥0)):Tgy -0 457 @y1> — A57T(91(y0))ﬁgl.y0 + O(UO)) IL‘l'(z1):54}1 (%)#92@1)]

Ns,4,2,v

t o (T
Attnz(an)s,l—>ans71 : ( - Z IOglté,)T(gz(y))
ye€V\{yo,y1}

() () 2]
: SReLU/(As,T(gz(y)),rm_y) (<W517'(92(y))77’92'yv5’ ey,) — AS,T(gz(y))mgg-y + O(UO))) HT(“)_S]

Nq,4,2,m’

=E
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2083

2084

2085

2086
2087

2088

2089
2090

2091
2092

2093

2094

2095

2096

2097

2098

2099

2100

2101

2102

2103

2104

2105
2106

2107
2108

=E

¢ . (t t)
Attné(m)S 1—sans.1 ( — Z loglté’l( e ))SReLU'(Aé oy ))’Tgl_y)
y€V\{yo,y1}

« 5
: <<W5,T(g1<y)),7-g1.y,5,ey1> As (g1 ), ,i0(00))>17<w1>=s,gl<y)¢gz<y1)]

Proof. The proof follows from direct calculations based on Fact G.1. O

Let Lossf)L”S2 = —E[logpp(zan572’5 | Z(ED) | 7(x1) = 5} for s € 7(X). Due to the symmetry of
[Qu4,3]s,s and [Qu 4]s s across s € 7(X'), we may, without loss of generality, focus on a particular

s € 7(X) and analyze the corresponding loss Lossg”g2 in what follows. We further define some
events:

& = {yo # y1},
&= {aw0) # 92(01) },
&= {v ¢ w1} 01) # 9200 }-

G.2 Stage 1.2.1: Inital Growth of Q4 3

The analysis of this stage is similar to the analysis in Appendix F.2, thus we will not repeat the details
and only present the main lemmas.

Induction G.1. Given s € 7(X), let Ty 1,5 denote the first time that [QEL%]S,S reaches - = @(@).
For all iterations t < T3 1 s, we have the following holds

t . .
. [QZ(L%]&S monotonically increases;

- [QY) ] QY] < QUM and [QY)]ss — Qs =
0(1QY]s.);

) Q(t) 5.j .
« forp € (3,4}, for j € T(X) # 5 Q)] < O( 2212 ; otherwise [Q)),.; = 0

G.2.1 Attention and Logit Preliminaries

Lemma G.2. If Induction G.1 holds for all iterations < t,then we have

t
1. Attne(m)s 1—pred,2 € [i’ % + O(ﬁ)]’
2. Attng?s J1—pred,2 O(@) < Attngf\)s 1—k < Attng?s,l%predﬁ fOV k €
{(pred, 1), (ans, 0)},
t t
3. |Attne(m)s,14pred 1 Attne(m)s 1—ans,0 < O(é)’
t t)
4. Attngn)s J1—pred,2 O(@) < Attn:(an)s 1—ans,1 < Attnins 1—k for k €
{(pred, 1), (ans,0)}.
Lemma G.3. If Induction G.1 holds for all iterations < t, then we have, logitéf; (é) forall
je ).
The proof of Lemma G.2 Lemma G.3 are similar to the proof of Lemma F.1 and Lemma F.2, and we

omit it here.
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2109

2110

2111

2112
2113

2114

2115

2116

2117

2118

2119

2120

2121

2122

2123

2124

2125

2126

2127

2128

2129
2130

2131

G.2.2 Gradient Lemma

Lemma G.4. If Induction G.1 holds for all iterations < t, given s € 7(X), for [Qa 3]s,s, we have

205 (190 B,

Lemma G.5. If Induction G.1 holds for all iterations < t, given s € 7(X), for [Qa 4]s,s, we have

2,2
[f V ) Lossg ]
4,3

S!

2,2 2,2
- - t ’ < - t ’ < .
Q({ VQL)JLOSSS } ) < [ v iiLOSS5 LS <0

Lemma G.6. If Induction G.1 holds for all iterations < t, given s € 7(X), for [Qupls.;, p € {3,4},
Jj # s € 1(X), we have

‘ { — VQ& Loss?ﬂ] < O(é)‘ [ — VQZ; Lossg’z}

s,J S,S

G.2.3 At the End of Stage 1.2.1

At the end of stage 1.2.1, we have

Lemma G.7. At Ty s = @(Wff,z ) + O(5783) we have
0

To1.s T21,s
« [QY5 ) > (k) QT <0

T 1,s 7“, ,S .
Qe — QT ) = Qka),

T: 1,s
» other |[Q1; ).,

forp e {3,4}, j € 7(X) # s are atmost@(é).

The consequence of Lemma G.7 is that jo is activated to the linear regime.

G.3 Stage 1.2.2: Convergence with Small Wrong Attention

Denote Lossgg)S =-FE IngF(Zans7275|Z(27l))‘T(Jil) = s} for s € 7(X).

Induction G.2. Given s € 7(X), let Ty 2 s denote the first time that Lossfg‘,S decreases below

e~ 3B+L52logd  For all iterations t < T o 5, we have the following holds

o | 1(1%]575 + Zhs,s monotonically increases;

* [ ‘(1%]373 2 [Qz(ﬁzl]s,sf

)y
Q)] < O( X2l otherwise Q). =0

4,pl$;

s forp € {3,4}, forj € T7(X) # s,

G.3.1 Gradient Lemma

Lemma G.8. If Induction G.2 holds for all iterations < t, given s € 7(X), for 7(x1) = s, if
Attnans,l—)predg < %, we have

2 2)
[ - VQZ’;% Lossgyg} o + [ - VQYL Los.sg,5 .

S

. (t t t
>Q(1) - E lu ~ logit{) ) - (1 —Attnl) - Attngn)s,léanﬂ)B]lT(Il)_s]
Proof. By Lemma G.1, we have

Nosoi+Nsao,
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=E|(1 - logit{ ) - sReLU’(A}" )

57j277"92'y1

t (t)
<(Attngn)s,1~>pred,2 : <W5,jz,Tg2»y1,2a €go) + AttN,00 1 ans,1 <W5,j2,7“92.y1,57 ey1>)

t (t) (t)
- (Attn:(an)s71—>pred,2 + Attnans,l—mns,l)AS,jQ,TQQ,yl > ﬂr(w1)—s]

=E|(1 - logit! ) sReLU' (A"

J2 0:j2sry2‘y1)

- Attnans,1—>pred,1 : <W57j2,r 2 ,2»€g1> + Attnans,l—)ans,o : <W5,j2,7" Ly 5D eyo>
92-Y1 g92-Y1

Jin

t t t
+ (1 - Attnz(m)s,lﬁpredg - Attn;(m)s,l—mns,l)A( ) >1T($1)_S‘|

57]2~,""g2"91

Ji,2

2132 Ji,l Z 0 since <W5,j,rg2.y1,27 6g1>, <W57j2ﬂ”92-y1757 6y0> S 0 on the event {91 (yl) 7é gg(yl)} n 51.

2133 Notice that on the event {g1(y1) # ga(y1)}° U &F, the corret logit logit ;, is very close to 1 and the
2134 probability of this event is also small, so we can ignore it.

Ns,3,2,ii + Ns,4,2,ii
_ _ 2 () o
=E| —logit 7 sReLU (A5,j§,rg2.y0)

t t
((Attngn)s,lﬁpredﬂ ’ <W5-,j§,rgz~yo,27e!]2> + Attnz(an)s,l—mns,l ’ <W5,j§,Tg2~y0,5’ 8y1>>

® ®) 0

B (Attnans,l—mredﬂ + Attnans,l%ans,l) As,jé,rm.yo) 1T($1)_S]
o (T t

=E loglté;é : SReLU'(Aé;émgﬂo)

< (Attnans,lﬁpred,l : <W5,j§,r92.yo,2; egl> + Attnans,l%ans,O : <W5,j;77«92_y075a €y0>)

Jii1

t t t
B (1 B Attngn)sﬁlﬁpredﬂ - Attn:gn)s,l%ans,l)A( ) >n7(z1)_sﬂ€1]

=/
5,J%:Tg5-ug

Jii,2

2135 J“‘_’l ~ 0, simce <W5,jé,7°92.y0,27691> + <W5»j;77"gr_;-y075’6y0> ~  €cancel and Attnans,l—)ans,o =
2136 Attnans,l—)pred,l

Ni 32,000 + Nsa2.ii
_ _ -4 (1) . 104 (1)
=E| —logit; ;) (y,)) SRELU (Ay (0 (41))rgy0,)

t t
((Attngn)s,lﬁpredz ’ <W5~,T(91(y1)),7"g1~y1 ,29 692> + Attngn)s,l—mns,l ' <W5,T(91(y1)),7“g1»y1 )9 ey1>)

t (t) (t)
- (Attna(m)s,l—mred,Q + ‘Attnans,l~>ans,1)‘/\5,7-(571 (yl))ﬂrgl-m ) ﬂT(fEl)_S‘|
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logit!” . sReLU’(AY

= E 5791(1/1) 5,7’(91(?/1)),7”91-1/1)

( (Attnans,lﬁpred,l ) <W5,T(91(y1))mgl-y1,2’ €g1) + Abtnans 1ans,0 - <W5,T(91(y1))mgl-y1,5’ eyo))

Jiiin
t t (t)
- (]‘ - Attngn)s,lapred,Z - Attnz(an)s,lﬁansJ)A5,-,—(gl(y1))’rgryl )17(11)—5‘|
Jiii2

2137 Jiii,l > Q(l) : Attnans,l—mns,OBa since |<W5;T(91(y1))grglﬂy1 9 6y0>| <
2138 O(1502) (W5 7(01(51)),701 412 €91)

Ni3.2.i0 + Noa2,i0

=E| — logit" -sReLU’(A!") )

&5, (91 (v0)) 5,7(91(40)):791 -up

t t
<(Attngn)s.,1—>Pred,2 ’ <W5,T(91(yo))»rg1'yov2’ eg2> + Attné(m)s,lﬁaﬂs,l ’ <W5,T(91(90))7T91'y0’5’ €y1>)
t t (t)
B (Attngn)sylﬁpredﬂ + Attngn)salﬁansvl)A5=T(91(yo)),w1-y0) ]IT(II)_S]

logit!” . sReLU’(AY

5791(?]0) 5)T(gl(y0))7T91'y0)

=E

( <Attnans,Hpred,1 (W5 (01 (0)) 701 4927 €91) T AbEDans 1 ans 0+ (W (g1 (50)) 70, 4050 %))

Jiv,1

t t t
- (1 - Attngn)s,lﬁpredj - Attna(m)s,lﬁans,l)Aé,z—(gl(yo)),rgl.yo >]17(931)—51152‘|

Jiv,2

2130 Similarly, J;,, 1 > Q(1) - Attnans1—ans,0B.

Ns,372,v + Ns,472,v

— 1 (1) . 174 (2)

—E[_ > logit ) SReLUAT () )
yEV\{vo,y1}

t (t)
((Attnz(an)s,l—)pred,Q<W5,T(!]2(y))ﬂ“gg-y,?? €go) + Attnans,l—)ans,l <W57T(92(y))ﬁg2~y757 €y >)

t t
— (Attngi)s71_>pred72 + Attngn)s,lﬁans,l)Aé}"(QZ(Q))""Qzﬂ) ﬂT(ml)_S]
B . (t) ! (t)
— IE[ > logits) ) SRELUAT ()
yeV\{yo,y1}

( (Attnans,lﬁpred,l<W5,T(gg(y)),r92.y,27 egl> + Attnans,Oﬁans,l<W5,T(g2(y)),r92.y,57 eyo>)

J’u,l

t (t) (t)
- (]‘ - Attn:(an)s,l—mred,Q - Attnans,lﬁans,l)A5’—,—(92(y))77«52_y >]1-r(ac1)=s‘|

J'u,2
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2140

2141

2142
2143

2144

2145

2146

2147
2148
2149

2150

2151

2152

2153

For y & {yo,y1}, on the event {g1(y) # 92(y)}

Aéf?l'(gz(y)),rg?y ~ (Attnans,lapred,Q — Attnans 15ans,0 — Attnans,lﬁans,l) 2B
Ag;éfgz-yg ~ (Attnans,lﬁpred,2 - Attnans,l%ans,l)B

1 1
When Attnans,1—>pred,2 S 2 we have Attnans,l—mns,O = §(Attnans,1—>pred,2 - Attnans,l—}ans,l) +
(3 — Attngns 1 pred,2), Which implies

1 1
Agz—(gz(y))ﬂ‘gz,y ~ (Q(Attnans,lﬁpred,Q - Attnans,l—mns,l) - (5 - Attnans,1—>pred,2))B~
Thus, for y & {yo,y1}, we can conclude logitéf)T(QQ(y)) < o) - logité%Z) if
(Attnans,lﬁpreda - Attnans,l%ans,l) is small or IOgitgz—(gz(y)) < O(dilc)(l - IOgitét,;Q)

for some small constant, if (Attnan571_,pred72 — Attnans’l_ﬂ,ns’l) is large. Hence, while
<W57T(g2(y))m92_y’5, eyo) < —Q(B), the logit will be small. Moreover, on the event {g1(y) = g2(v)},

<W577'(92(?I))77"92»y757 6y0> + <W5,T(92(y)),7”g2.y,53 egl> = €cancel =~ 0

M9,3,2,vi +~/\/s,4,2,1)i

_ . (1) / (t)
=E l = > logits) () SReLU'(AS) ()
yeV\{vo,y1}

t t
((Attne(ln)s,lépredﬂ<W5w7'(91 (¥)),rgy 9,2 €g2> + Attngn)sxlﬁanS;1<W5’T(gl )rg1-u,57 €y1>)

t t t
- (Attn;(sn)s,lapredﬂ + Attngn)s,leansJ)Aé’z—(gl (y))77'91~y) HT(II)_S]

B - (1) (AW
- l - > logitsy () - SReLU (A3 )y,
y€V\{vo,y1}

( (Attnans,l—mred,l<W5,7—(g1(y)),rgl.y,2> eg1> + Attnans,O—)ans,l<W5,T(gl(y)),rgl.y757 eyo>)

Jvi,1

t t t
- (1 - Attna(m)s,lﬁpred,Q - Attngn)s,l—)ans,l)Aé,z—(gl(y)),rgl.y >]17'(:1:1)—S]l€3‘|

Jvi,2

Jvi,l > Q(]-) ' Attnans,lﬁans,OB’ since |<W5,T(gl(y)),rgl.y,57 eyo>| <
O(@) (Ws.(g1(9)).79, 4,2 €1)

Clearly, J,; 2 k € {ii, iii,9v, v, vi} can be dominated by J; . Combining with the above analysis on
Jk,1, we can conclude that the summation of gradient is dominated by ¢ term and thus conclude the
lemma.

O

Lemma G.9. If Induction G.2 holds for all iterations < t, we have

Q"M ss = Q5.

)

Proof. When | Elt:)a]w = 5&]578, we have N 32, > 0 dominate [fVQif:éLossg’Q]sys, while

Ns 42 < 0 dominate [—V o Lossz™]s,s since Ny 424 = 0. O

Qi
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2154 Lemma G.10. If Induction G.2 holds for all iterations < t, we have

1.001log d
Attn® — Attn® 00tlogd _

ans,1—pred,2 ans,1—ans,0 — B C2.

2185 wher cq > 0 is some sufficiently small constant since B/ log d is sufficiently large.

215  Proof. Let T denote the first time Attng?S 1spred2 — Attna(,’;)s)1 Lanso > 00518 then
_ el.OUOglog:i.B ~ _
s (T) ooty — (1 — oot D)

logltwé = TEmEd g o) (1 —logits /) = (1 O(d0.0005))(1 logit ;)

2157 thus, we have

2,2
[—VQy)SLOSSg, ls,s <Nss2i+Nss2ii

=E Attng?s,lﬁpredﬂ ’ ((1 - IOgitggz) : (<W5J2""gz‘y1’27 692> - Aét,;Q,ng.yl)
1 (1) (t)
- (1- O(W))(l - 10g1t57j2) : (<W5,jg,rg2.yo,2»€gg> - A5,j§)7«g2_yl) ]17(11):3
_ 0) 1 L () (t) (t)
=E Attnansylﬁpl’edaz ' ((1 - O(d0.0005 DI 10g1t5»j2) ’ (A5’j§rrg2‘yo N A5vj21"'92-91)

1 (1) (*)
+ O(d0‘0005 )(1 - logltS,jz) : (<W57j27rg2-y1727 65]2> - A57j27rg2~y1> ﬂ7'(a71):s

2158 on the other hand, we have

2
[*VQS«Z Lossg,é]s,s > Noa2i +Noaoii

_ (t) s (1) (t)
=E Attnans,l%ans,l : ((1 - 10g1t5,j2) : <<W5,j2ﬂ”g2-y1,57 6yl> - A5,j2,7"92.y1>
1 o) (t)
- (1= O(do.0005))(1 — logit; ;) - <<W5,jg,r92_yo,5,€y1> - A5sjéﬂ"gg-yo> Lr(ay)=s
1
t . (t
= 5 A0+ (1 Ol )1 - ot )
(t) (t)
( B <W5,j§,rg2.y0,5a €y1> + A57j§77’92-yo B AS’ij’”gz-yl)
1 MORWING
- O(d0.0005 )(1 —logity ;,) A8 gy | Lr(a)=s
2159 Since at time T, we have Attng:‘:s),lﬁpred)1 - Attni?\?,l—}ans,l < Attne(lfs)’1%pred’2 —
(1) 1.0011logd (t) (t)
2160 Attnans,l—)ans,l < Tog’ we have AS,jé,rgz.yO - A5,j2,7“g2.y1 < _<W5,jé,rg2.ym5,6y1>~ There-
2161 fore,
[—VQS&LOSSEQ]S,S < [—VQSLLOSS?Q]S,S
2162 which means the attention gap is not increasing. O

2163 G.3.2 At the End of Training
2164 Lemma G.11 (At the end of stage 1.2). Induction G.2 holds for all iterations T 1 s <t <Tp 2.4 =

2165 O(%@). At the end of training, we have
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2166

2167

2168
2169

2170

2171

2172
2173

2174

2175

2176
2177

2178

2179
2180

2181

2182
2183

2184

2185
2186

2187

s Attention concentration: €2, < c1 for some small constant 0 < ¢; < 0.01;

2,2 —B+44.008logd _ _1
5 <e ~ polyd*

* Loss convergence: Loss
Proof. Lemma G.8 gurantees the growth of [Qy 3]s, until Attnans 1-pred,2 reaches % Notice that
if Attnans,1—spred,2 re€aches % — 101@, the training is still not finished, we have

1

A(t) > (Attnans,lapred,Z - Attnans,l%ans,o)(l - O(@

57j27r92'y1

)28

Furthermore, we have

2
max A{” < (A% 428 (1-0f .

XA (o (0) gy = )2B

logd
which implies

1.001logd _ (1 3 1.001logd )
Lossg’i < e(# ( Hest)) 28

S efB+4.0()5 logd

which is a contradiction and we have the existence of stopping time of training. Moreover, at the time
of stopping, we have

¢ 1 2.004logd
6gttn + A? — Attnz(an)stlﬁpred,Q < _5 + B ’
3 1 t t 2.()04:h)g d
= §€§ttn + 5 (Attnz(an)s,lﬁpred,Q - Attngn)s,lﬁans,l) < Ta
1.336log d
= €§ttn =5
Letting ¢; = %, and 17 = T5 5 , then we complete the proof of the stage 1.2. O

H Recursive Learning the Attention Layer: Symmetric Case

. . Ly _ .
At L, = 2% with k > 1, the attention error €,;;,' < ¢; is already controlled at a small constant
level from the previous stage. Therefore, when transitioning from 2~ to 2%, the incorrect attention
cannot increase significantly, and we have GaLt}E'n < 26{;[’,?; ', which remains small.
Moreover, the attention gap Attnans 1—pred,2 — Attnans 15ans,1 continues to decrease. As a result,
we can directly enter Stage 1.2.2 of convergence as in 7 2.

H.1 Preliminaries

We first present preliminaries on the recursive learning attention layer, including its gradient compu-
tations and some useful probability lemmas.

H.1.1 Gradient Computations

Fact H.1 (Gradients of Q). Given F(Ts-1) with ¢55-" < ¢; and ALs—1 < ¢y for k > 2, for
(p,q) € {(4,3),(4,4)}, we have
Ly,2 Ly,2

-Vaq,., L055F<Tk,1>75 = —Vq, ,Loss;

Lemma H.1. Given F(T+=1) with eaLt’En_l < ¢y and A1 < ¢y for k > 2, for s € T(X) we have

Ly,2 _

[-VaQ., L055F<Tk,1),5}s,s =N, 00,i +Nos i +Ns 3,1y i
Ly,2 _

[=Vauiboss, i Jss = Noawi + Noanii + Noapyiii
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2188 where

Ns,3,L,i

ans,1—pred,2 J2 5,J2,Tgg-y1

=E [Attn(t) (1-— logitét’) ) - sReLU’ (A" )

t ~
(<W57j2;7g2~y1 129 692> - Aé,.)jzﬂ’gg.yl :t O(UO)) 1T(Il)_5‘|

N 3.1
t o (T
=-E ]lyoiylAttngn)s,l%pred,Z ’ IOgltéj;
NG (t) 0
sReLU (A5,j§,7“92.y0 ) (<W5,jé,rg2.yo,27 692> - A5,jé,T92~y0 + O(UO)> ]]-T(fl)—s‘|
No 3,10
= E|Attn") = > logit!” :
ans,1—pred,2 g 5,7(92(y))
y€V\{yo,y1}

(t) (t) 2]
sReLU’(A57T(92(y))7T92_y) <<W5,T(gz(y)),r92,y,2, €g2) = N3 202 (0))rayn T 0(00))) ]17(@)—8]

2189
Nsari
=E Attng?s,laans,l : (1 - logitét,gz)
t t ~
SReLU/(Aé,;g,rm_yl ) (<W57j27792~y1 )59 €y1> N Aé’;ﬂ"gz-yl + O(Uo)) HT(II)S]
Ns,4,L,i7L
=E|1,,4,, Attn " A = logit” -sReLU’ (A" )
YoFAY1 ans,1—ans, 1 g 5,7(92(yo0)) 5,7(92(Y0)):7g5 -5
(t) A
. (<W5»T(g2(yo))ﬂ“gz-yov5’ €y:) — A57T(92(yo))ﬂ“gzyo * O(UO)>> 117(11)—5‘|
Noa,Liii
=E|Attn)) =3 logit!”
Nyns,1—ans,1 O81t5 7 (45(v))
yEV\{yo,y1}
(t) (t) A
. SReLU/(As,T(gQ(y)),r”.y) (<W5,T(gz(y)),rg2.y,5, €yi) — A57T(g2(y)),rg2.y + O(”O))) 17(%)—8]
2190  Proof. * For [Q43]s.s where s € 7(X)
{ - VQ4,3Loss5L’2}
=E|Attn : ((1 — logit". ) - sReLU’ (A" )
ans,1—pred,2 5,72 5,2,Tg5-y1

t y
(Wiergpn 20 €02) = A, 0+ O(00)
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Ly, logit) - sReLU' (A"

5,7(92(¥0))s7g5-yo )

() O
((WS,T(Qz( 0)):Tg2 0,27 €gs) — A5,7—(g2(y0)),7‘92-y0 + O(UO)>
Q) (A
- Z logit; - (g, () - SReLU (A57T(92(y))f92'y>
y€V\{vo,y1}

(t) 2
(<W577(92(y))77"92-y’2’ 692> - A5,T(g2(y)),rg2,y + O(JO))> ]17'(11)—5‘|

2191 * For [Qq4,4]s,s where s € 7(X)

{ - VaQu. Lossé’ﬂ

5,8

Attn(t)

ans,1—ans,1 5,J2:Tgy- 1/1)

((1 — logitg; ) sReLU’(A(t)

t _
(<Ws,jL,r92.y1,57eyl> A, £ 0(00))

. (1) ()
= Ly, 10gits - 4, ), - SRELU’ (As,ﬂgz(yo))m.yo)

(®) )
<<W51T(92(?40)) Tg9-y019? €y1> B A5 ,7(92(¥0))57g5-yg + O(UO))

® (AD
- > logitsy () SReLU (AT 0,
yEV\{yo,y1}

(®) 0
<<W5,r(gz(y)),r92.y,5v ey1> - A57T(92(y))’r92_y + O(UO))> ]17'(581)=S‘|

2192 Combing with Fact H.1, we complete the proof. O

2193 H.1.2 Probabilistic Lemmas

2194  We first define some events:

1
gL,l(Q { Z Attn,,s ,1—pred, E]lg/é y=g2-y = 2}
Le[L]
Ero = {I;lea)%( Z ]lgz'y:ga-y) < KL}
telL],#2
5L,3:{£éy Z Ly, y= gzy)>Q( )}
Yoreln)#2
Erae = {max Z Lgpy=go- y = E}
VAL (DTt

2195 where
O —mB ) L<n,logn,,
U, = log( logny)
@(?{L) L > nylogn,.

2196  Lemma H.2 (Maximum load of balls and bins [75]). Suppose we sequentially throw m balls into n
2197 bins, where each ball is thrown uniformly at random into one of the bins. Let X; denote the load of
2108 bini,1 < i < n. Then, with probability at least 1 — n=*Y) the maximum load of any bin satisfies

_ logn <nl
maXXi < © <lc>g(§g.1ogn)> m < nlogn,
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2199 H.2 Reducing the Wrong Attention

2200 Let Lossg‘f = —E[logpp(zans)g,g, | ZEDY | 7(2) = s} for s € 7(X). Due to the symmetry
2201 Of [Qu,3]s,s and [Qq.4]s,s, We may, without loss of generality, focus on a particular s € 7(X’) and
2202 analyze the corresponding loss Loss5L”S2 in what follows.

Li,2

2203 Induction H.1. Given s € 7(X), at Ly, = 2% with k > 2, let T}, denote the first time that Loss5’s
B+4.008log d

2204 decreases below e~ . For all iterations t < T}, we have the following holds

2205 o 51%]373 + fﬁ}&s monotonically increases;
t t
2206 ¢ [Qz(l,%]&s 2 [Qé(l,zl]s,s;

O
2207 s forp € {3,4}, forj € T7(X) # s, [QZ;]SJ| < O(%) ; otherwise [QZ;}SJ =0

2208 Lemma H.3. If Induction H.1 holds for all iterations < t, given s € 7(X), for T(x1) = s, if

1 (t) 0.001log d
2209 5 — Attnans,lﬁpred’2 > =5, we have

Ly,2 Ly,2
—V . Loss™% } + [f V . Loss ™% }
{ 4,3 Fle-15]; o 4,4 Fle-15], o

o (T t t
ZQ(l) -E (1 - IOglté,Lg) ’ (1 - Attnzgn)s,lﬁpredz - Attna(m)s,lﬁans,l)B]IT(JT]):S

2210 Proof. By Lemma H.1, we have
Nos Lyi+ Ns,4,Lk,i
=E [(1 — logit{") ) - sReLU’(Aéfme_yl)

(t) (t)
: (Attnans,lﬂans,l <W57y2»7‘92-y1 15 6y1> + Attnans71—>pred72 <W5,y2,7”g2-y1 12y 692>

(t)
- (Attnans,l—mns,l ans,1—pred,2/°%5,y2,7g, .4,

+ Attn'") )AL = 5(0—0))117@1)_51

5,52 5ay277'g2-y1 )

=F l(1 — logit". ) - sReL U’ (A

E : (t) (t)
: ( - Attnans,1—>pred,£<W5,y2ang-yl 12y 69e> - Attnans,laans,o<W5’y2ﬂ“g2»y1 o) ey0>
02

t t t ~
+ (1 - Attnz(an)s,lﬁans,l - Attngnl,l—}pred,Q)Aé,zjg,Tg2.y1 + O(UO)) ]17'(:61)—S‘| :

Nss Ly ii + Nsar,ii

5,7(g2(yo)) 5)"'(92(9))77'92'110

=E l — logit" -sReLU’ (A"

t t
: (Attne(m)s,lﬁans,l<W577’(92(y0))»7“g2-yo»57eyo> + Attngn)s,lﬁpred,Q<W5>7'(92(y))77“g2-yo~,27 €g:)

(t) (t) (t) A
o (Attnans’lﬂansyl + Attnans,1—>pred,2)A5,7—(gz(yo)),rgz.yo + O(UO)>]l"'(xl)=3]192(yo)7592(yl)

B . (1) 174 (1)
=E l10g1t5,7(g2(y0)) -sReLU (A5,7(92(y0))»7"92-yo)
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2211

2212

2213
2214
2215

2216

2217
2218
2219

2220

2221

2222

2223

2224

(t) (®)
’ ( Z Attnans,1—>pred,£<W5»jéng-yo 129 €g£> + Attn?"S,lﬁansﬁl <W577(92(yo))77"92»y0 )59 €y0>
2

t t t i~
- (1 - Attngn)s,lﬁans,l - Attngn)s,lapred,Q)Aé)r(gg(yo)),r92.yo + O(UO)> ]lT(xl):s]lyO7éy1‘| :

Nis 3.0y iii + Nsa Ly iii

=E| Y logit” .sReLU’"(AY )

5,7(g92(y)) 5,7(92(¥)):r g5y

yZ{yo,y1}

t t
’ (Z Attngn)s,lapred,é<W57T(92(y))77”g2-y72’ 69£> + Attngn)s,lﬁans,l<W5,T(g2(y)),7“92-y757 ey0>
=2

t t t ~
- (1 - Attne(m)sJHans,l - Attn;(m)s,l—>pred,2)Aé,z—(gZ(y)),rg?y + O(UO)>]1T(11)—S‘| .

(®)

51y27r92'y1

causing the corresponding positive gradient to vanish. Note that Z(lx1) ¢ & .,1 implies that
> oveiny) Loey=g2y = @(Li), and hence P(ZEeb) € £, 1) < n;Q(Lk). Moreover, observe that
(1-— 10git57y2)]182k,1ng[4k,4,4 > (1 —logits ,,)1e,, \ne,, 4, for every £ € [Ly]. Therefore, the
negative gradient contributed by €1, 1 is negligible, and it suffices to focus on the event £, .

The event £, 1 contributes a negative gradient, as A reaches its maximum in this regime,

When L = O(1), with high probability we have [}, 5 Lg,.y,=g,,| < 1. Then:

§ : (t) (t)
- Attnans,l—mred,f<W57j277’g2-y1 125 egz> - Attnans,l—)ans,o<W57j277"92-y1 %3 6yo>
(42

B
> -0 (10gd> (1 - Attnans,lﬁpred@ - Attnans,lﬁans,l)-

If L = w(1), then by the maximum load of balls into bins in the sparse regime (Lemma H.2), we
can further restrict our attention to the event £f | N &, 2. Moreover, by the bound on Uy, in
Lemma H.2, we have

t
Ze;& Attngn)sl_}pred,g]lgz-y1:92<y1 < max {@ ( 1 ) o <1>}
P llk ? :

(®)
ZZ#Q Attnans,1—>pred,l "ty

Therefore, we have

} : (t) (t)
- Attnans,l%pred,l<W5;j277'g2-y1 )23 egz> - Attnans,l—>an5,0<W5;j2arg2-y1 3 eyo>
(#£2

B t t
= -0 <Ll~c> : (1 - Attnin)s,lﬁpred,Z - Attngn)s,lﬁans,l) :

Thus, Nssri: + Nsar; is dominated by the term (1 — Attnansianst
Attnans,l—)pred,2)A(t)

5,Y2,7gg -y

For Yy ¢ {yOv yl}a let g = argImaXye {yq vy, } Aét,?r(gg (¥),rgs-

we have:

, if this maximum is > A(t) s
y 5»"'(92(90))77"92-140

(t) (t)
Z Attnans,l%pred,€<W57T(92 (¥))srgy-5:27 692> + Attnans,l—mns,l <W5,T(92(§))Wg2-y~,57 ey0>
£2

(®)
> Z Attnans71—>pred,€<W5,T(92@))7ngvg,27 6§€>]192(l7)7592(§)
0#£2
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2225

2226

2227
2228

2229
2230

2231

2232

2233

2234

2235
2236

2237
2238

2239

2240

2241
2242

2243

2244

2245
2246

B ; .
=-0 <log d) (1 N Attngn)s,lapred,z - Attna(m)s,lﬁans,l)a

since (W5 7 (g(§))rg,.5.2> €90) < O(%) is small when g,(y) # g2(y). Moreover, AD

lo 9,Y2,Tgg -y

t t . . . .
Aé,)r(gz@)),rm.g > Q1) - Agy;z’%‘yl, so the dominant contribution in N 3 1, ;i + N5, and

N 3.1,iii +N5s 4, 1,is comes from 7(g2 () ), which can be bounded by the i term. If instead dominated
by 7(g2(y0)), we similarly have:

(t) (t)
Z Attnans,lapred,l<W5,T(92(y0))a7’92-yU 129 eg£> + Attnans,l—mns,l <W5»T(92(y0))ﬂ“gz-yo 159 6y0>
0#2

B
> -0 ( ) (1— Attn'" — Attn'?

logd ans,1—pred,2 ans,l%ans,l)'

In summary, the lower bound on the total gradient is primarily determined by the con-
tribution from N3 1 ; + Nsa4.14, which is in turn dominated by (1 — Attnansi—ans1 —

Attnan571_>pred72)A(t) . This concludes the proof.

5,Y2,7gq-

Lemma H.4. If Induction H.1 holds for all iterations < t, we have
[Qi3)s.s > [Q4 s
Lemma H.5. If Induction H.1 holds for all iterations < t, we have

1.0011
Attn'? — Attn® 1.001logd

ans,1—pred,2 ans,1—ans,0 — B

Lemma H.6. If Induction H.I holds for all iterations < t, given s € T(X), for [Qu,pls ;. p € {3,4},
j# s €T(X), we have

[~ Vqptesst?] | <00~ Vg Loss2?]

s,S

Lemma H.7 (At the end of stage). Induction H.1 holds for all iterations T,—1 < t < T}, =
O(M). At the end of stage k, we have

* Attention concentration: 63Lt’§n < ¢ for some small constant 0 < ¢; < 0.01;

kr2 —B+4.008logd _ _1
(Ty—1) 5 <e ~ polyd”

L
* Loss convergence: LossF

Proof. Lemma H.3 guarantees the growth of either [Qq,3]s,s or [Q4,4]5,s until the attention weight
satisfies ) 0.001 loe d
() . og
5 - Attnans,l—)pred,Q < T

At this point, we have

1 0.00llogd €k 1
A(t) > | Z 20 Tattn ) 1—-0 -2B.
57]27T92-1/1 - 2 B Lk logd

e If Ly < O(lo?i ‘é ), then the event £z, 3 holds with probability > w(3), which is not
negligible. In this case, we need to consider the following bound on the maximum of the

wrong logits

(t)

i A oo
¢ t (Lk: - 1) L 1
< (Attngn)&lﬂ”ed’2 —Attnll) |+ e ) (1-0( 1) ) 2P
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2247

2248
2249
2250

2251
2252

2253

2254
2255

2256
2257

2258

2259

2260
2261
2262

9Ly —1 ;. 2(Ly —1)0.001logd 1
- ( Ly - Ly, B © log d

Hence, the loss satisfies

4. log d 1
Lossg . < exp <(_1 " Oojj;g) ' (1 ¢ <logd)> 'B> ’

which implies that training has effectively converged, and a stopping time T}, exists. Ty, =
O(M) can be directly derived from Lemma H.3. Furthermore, at the stopping
time, we have the following gurantee for the wrong attention weights:

L t t (t 1 2.004logd
€attn T (Attne(m)s,lapredﬂ - Attne(m)s,l—mns,l) - Attnan)s,lapredg < _5 + Tv
3 1 t t 2.004 h)g d
= ieftlén + 5 (Attne(m)s,lapreda - Attninl,l—)ans,l) S Ta
1.336log d
= €aLt’§n < Tog

s If Ly > QO 101;050 ‘gl, d), then the loss on the event £, 5 is negligible. In this case, we can focus

on the event £7,, o, and have

) ® ® L. 1
;&%}1{ A5,j2,rgz,y < <Attnans,1—>pred,2 - Attnans,laans,l + O(ny)eatin) ’ <1 -0 (logd

1.0011logd  0.001logd 1
< (1= .9B.
< (e 205) (-0 ()

Hence, the loss satisfies

2.0041ogd 1
Lossé”;’2 < exp <(—1 + B) . <1 -0 (logd)> .B) ,

)

which also implies the existence of a stopping time for stage k. Furthermore, at the stopping
time, we have the inequality
1.1 ¢ ¢ ¢ 1 2.004logd
O(;>€at§n + (Attngn)s,lﬁpredﬂ - Attngn)'s,l—)ans,l) - Attna(\n)s,lﬂpred,Z < _5 + B ’
Yy
1 1.7 1 ¢ ¢ 2.0041og d
= (5 + O(;))Eaén + 5 (Attngn)s,l—)pred,Z - Attna(m)s,l—mns,l) < T7
Yy
4.0081og d
Ly,
= < .
€attn > B
Letting ¢; = %, we have et < ¢, for some small constant ¢; > 0 since B /logdis alarge

enough constant.
O

H.3 Proof of Main Theorem

Theorem H.1 (Recursive self-training (Restatement)). Assume the distribution D induced from
LEGO(X,G,)) satisfies Assumption 3.1, 3.2 and 4.2, and assume the transformer network satisfies
Assumption 3.3 and 3.4. Then for any 2 < k < log, |X|, the transformer FT%) trained via
Algorithm 2 up to length Ly, = 2 and T}, = O(%@l)), is able to solve the task T x+1 L;. , = 2F+1
with accuracy:

Accr, ., (F(T’“)) =1-—0(1/poly(d)).

Proof. By Lemma H.7, at the time T}, we have eaLt’gn < ¢1, combining with Induction H.1, non-
diagonal entry of Q,, , remains close to 0, thus moving to the next stage, we have eaLt’E,T ot < 4eaLt’§n <
4e; < 0.04 for all £ < Ly . Moreover, ALx+1:¢ < Alx:1 Hence, we have

E

zEk1) Dl Ezans,e+1~p;Tk><«|Z<Lk+1*“>[]l{ins,z+1¢zans,z+1}ﬂ
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<O)-Eywpsn) opies [ —10gits 1z, .. )]
<0(1)- e(*(%f2c1)+ALk+1vf+4c1)423
1
< 0O(1) - (=142x7c1)B _ 0 .
<O0W)-e (polyd)

2263 Thus Accp, ,, (FT%) >1— O(th/Li)'
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