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A Proof Overview889

Warm-up. We briefly recall the main settings. We study solving LEGO tasks sampled from the890

distribution in Assumption 3.2, using a one-layer transformer model defined in Definition 3.5. We891

consider two types of algebraic structures on group actions: (1) simply transitive group actions892

(Assumption 4.1), and (2) symmetry group actions(Assumption 4.2). For simply transitive actions,893

we train the model on tasks T 1 and T
2 via Algorithm 1, using the next-clause prediction loss defined894

in Definition 4.2. For symmetry group actions, the model is similarly trained on tasks T 1 and T
2,895

but additionally employs a recursive self-training procedure (Definition 4.4) for longer tasks T 2k , as896

described in Algorithm 2. Our model employs structured attention parameters (Assumption 3.4) and897

is initialized according to Assumption 3.3. All theoretical results are established in the asymptotic898

regime specified in Assumption 3.1, where vocabulary and variable set sizes grow large, while action899

and value sets remain relatively small. We further consider the following assumptions on the model900

output throughout the proof:901

Assumption A.1. We assume there exists B = ω log d for some sufficiently large constant ω > 0,902

such that if the raw model output [Fi]j exceeds B, it is truncated as follows: [Fi]j → min{[Fi]j , B}.903

In this section, we provide an overview of the proof of the main theorem. The proof is divided904

into three parts: (1) learning the one-step reasoning mechanism for solving the LEGO task T
1,905

including in-context retrieval of variables (Section A.1) and group operations (Section A.2); (2)906

learning direct short-to-poly CoT length generalization on task T
2 with simply transitive group907

actions (Section A.3.1); and (3) recursive length generalization via self-training on task T
2k with908

symmetry group actions (Section A.3.2).909

Our training algorithm proceeds by first training the FFN layer parameter W to solve the one-step910

reasoning task T
1, then training the attention layer paramter Q for task T

2 and tasks T
2k . The911

alternating between the two parameter update is to simplify the analysis and to present the core ideas.912

Such separation of analysis also sheds light on the different roles between the FFN and the attention913

layer, for the synthetic CoT task we consider.914

A.1 Learning In-Context Retrieval of Variables915

We demonstrate that for task T
1, the model correctly retrieves the target variable x1 from the first916

token of the first predicate clause Zpred,1 to accurately predict the 4-th token in the answer clause917

Zans,1.918

The central idea is to rigorously track the training dynamics of the weights W4,j,r,p. We prove that919

weights corresponding to retrieving the correct variable grow significantly, while all others remain920

small. Specifically, we proceed in four steps:921

1. For j ↑ ε(X ), define922

!(t)
4,j ↭ max

r→[m]
↓W(t)

4,j,r,1, ej↔+ ϑ0 log d,

to track the maximal activation associated with retrieving the correct variable token.923

2. Establish rapid growth (early phase). Let ”↑ = #(1/m), and define the hitting time924

T1,j ↭ min{t > 0 : !(t)
4,j ↗ ”↑

}.
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We show that for iterations t ↘ T1 = #(dϑq↑2
0 /ϖ), the diagonal weights ↓W(t)

4,j,r,1, ej↔925

grow rapidly, causing !(t)
4,j to enter a linear growth regime. Simultaneously, the model926

confidently identifies the correct variable, indicated by 1≃ logit(t)4,ω(x1)
= 1≃ o(1).927

3. Convergence via dominant neurons (late phase). For each j ↑ ε(X ), define active neuron928

sets and their total activation as:929

A
(t)
4,j ↭ {r ↑ [m] : ↓W(t)

4,j,r,1, ej↔ ↗ ϱ log d}, $(t)
4,j ↭

∑

r→A(t)
4,j

↓W(t)
4,j,r,1, ej↔.

For iterations t > T1, we analyze the refined dynamics, proving that the total diagonal acti-930

vation $(t)
4,jω , for the weakest activated variable j

ε, eventually grows to #(log d), ensuring931

successful learning.932

4. Bounding non-target correlations. We finally show by induction that all other correlations933

↓W(t)
4,j,r,p, es↔—including group actions, value tokens, off-diagonal tokens, and non-target934

variables—remain negligible throughout the training process.935

A.2 Learning the Group Operations936

We briefly summarize the proof of how the model learns to track cyclic and symmetry group937

operations. Consider the following definitions.938

Definition A.1 (Feature Combinations, Cyclic Group). Suppose the group G satisfies Assumption C.1.939

For each j ↑ ε(Y), let940

Fj := {(g, y) ↑ G ⇐ Y | ε(g(y)) = j}.

We call F =
⋃

j→ω(Y) Fj the set of feature combinations, and each Fj the set of feature combinations941

predicting y = ε
↑1(j).942

Definition A.2 (Neuron Feature Indices, Cyclic Group). Define the set of neuron feature indices as943

U := {(j, r,ς) | j ↑ ε(Y), r ↑ [m],ς ↑ F}.

Definition A.3 (φ,%-Notations, Cyclic Group). For j ↑ ε(Y), r ↑ [m], and ς = (g, y) ↑ Fj , define944

φj,r(g) := ↓W5,j,r,2, eg↔, φj,r(y) := ↓W5,j,r,5, ey↔,

and the composite feature magnitude as945

%u ⇒ %j,r(ς) :=
1

2
(φj,r(g) + φj,r(y)),

corresponding to attention weights 1
2 for Zpred,1 and Zans,0.946

We will analyze the evolution of features %u according to the initial ordering induced by their947

magnitudes at initialization:948

u ⇑ u↓
⇓⇔ %(0)

u ↗ %(0)
u→ , ↖u,u↓

↑ U .

We denote the set of indices U equipped with this partial order as Uε.949

Training Phases: Cyclic Group. We shall separate the analysis of the training process into two950

phases. The first phase characterizes the emergence of the feature %u among other features. The951

second phase characterizes how the prediction of F5 sharpens as the feature %u grows. The third952

phase characterizes the convergence of the feature %u and related quantities.953

We describe roughly the proof overview of these phases below: for every u ↑ U
ε, assume (which954

we are going to prove) that for the immediate predecessor u↓
⇑ u we have achieved its hitting time955

t = Tu→,3. Then the growth of %(t)
u proceeds as follows.956

(I) Phase I: from t = 0 to t = Tu,1. There are two subphases:957

(a) In phase I.a t ↑ [0, Tu,1a], the growth of %(t)
u experience competitions with other features,958

both intra and inter neurons. By tensor power method, the feature with the largest initial959

activation will win and succeed in the learning order.960
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(b) In phase I.b t ↑ [Tu,1a, Tu,1], the feature %(t)
u arrives at a level %(t)

u ↗ &(log d), which961

increase the prediction logit logit(t)5,j ↗
1

d0.01 when this feature appears. After this point,962

features started to experience non-monotonic growth and we cannot fully characterize its963

process anymore.964

(II) Phase II: from t = Tu,1 to t = T1. This phase is further divided into three subphases.965

(a) In phase II.a t ↑ [Tu,1, Tu,2a], the feature %(t)
u grows to the point where the incorrect966

features must cancel to small activation for small gradient.967

(b) In phase II.b t ↑ [Tu,2a, Tu,2], the incorrect feature combinations are cancelled to a very968

small activation and the loss converged.969

(c) In phase II.c t ↑ [Tu,2, T1], the loss and the features converged.970

Symmetry Case. The proof strategy for symmetry group actions is analogous to the cyclic case971

but involves more nuanced control of the training dynamics due to the complex interactions among972

symmetric group features. The analysis similarly progresses through emergence, refinement, and973

convergence phases, with carefully controlled arguments to handle symmetric structures and their974

induced interactions.975

A.3 Learning the Attention Layer976

Successful training on T
1 demonstrates that the model can perform one-step reasoning to compute977

y1 = g1(y0). Building on this insight, we now consider the more challenging task T
2. Given the978

input Z2,1, the model must identify both the correct predicate clause Zpred,2, which contains g2,979

and the answer clause Zans,1, which contains the value y1, in order to compute the correct answer980

y2 = g2(y1).981

Since the reasoning mechanism—namely, the group operation—has already been captured by the982

trained FFN, the remaining challenge lies in directing attention to the appropriate locations. We983

show that this can be achieved by learning an attention pattern with a specific routing structure,984

which we refer to as attention concentration. Specifically, given an input ZL,ϑ, the attention985

weights concentrate on Attnans,ϑ↔pred,ϑ+1 and Attnans,ϑ↔ans,ϑ, corresponding respectively to the986

next predicate clause and the previous answer clause.987

This behavior is closely tied to the structure of the query matrix Q and the way clause embeddings988

are organized. In particular, Q4,3 governs attention toward the predicate clauses, while Q4,4 governs989

attention toward the answer clauses.990

We quantify the quality of this attention routing via the attention concentration gap:991

↼
L,ϑ

attn = 1≃Attnans,ϑ↔pred,ϑ+1(Z
(L,ϑ))≃Attnans,ϑ↔ans,ϑ(Z

(L,ϑ)),

which measures the total fraction of attention mass not allocated to the two key clauses. In the992

following analysis, we examine how ↼
L,ϑ

attn and its learning dynamics evolve under different types of993

group operations.994

A.3.1 Simply Transitive Group995

For the simply transitive group, we show that at stage T 2, the attention concentration gap ↼attn can be996

reduced below O(1/poly(d)), indicating highly focused attention on the relevant clauses.997

Throughout the analysis, we use rg·y to denote the neuron index satisfying998

1

2
↓W5,ω(g·y),rg·y,2, eg↔+

1

2
↓W5,ω(g·y),rg·y,5, ey↔ ↙ B,

which corresponds to the activation that successfully predicts j = ε(g · y) in T
1.999

We further introduce the following notation to quantify the attention gap between the correct predicate1000

clause and the answer clause:1001

’L,ϑ = Attnans,ϑ↔pred,ϑ+1(Z
(L,ϑ))≃Attnans,ϑ↔ans,ϑ(Z

(L,ϑ)).
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Roadmap of the Proof. We divide the analysis into three sub-stages. Throughout these stages, the1002

gradients of the diagonal entries [Q4,3]j,j and [Q4,4]j,j for j ↑ ε(X ) are order-wise larger than those1003

of all other entries. As a result, the dynamics are dominated by these diagonal components, and we1004

focus our analysis on them. For simplicity of notation, we denote [Q4,3]j,j and [Q4,4]j,j simply as1005

Q4,3 and Q4,4 in the remaining discussion.1006

– Stage 2.1: Growth of Initial Gap. We show that Q4,3 grows faster than Q4,4 due to1007

larger gradient contributions from the loss of ↽ = 1, while the gradient from ↽ = 2 remains1008

negligible. As a result, a gap of magnitude &(1/ log d) emerges between [Q4,3]s,s and1009

[Q4,4]s,s, leading to an early advantage in attention routing toward the predicate clause1010

(pred, 2).1011

– Stage 2.2: Joint Growth with Controlled Gap. In this phase, both Q4,3 and Q4,4 continue1012

to grow to constant scale. The gradient contributions from ↽ = 2 gradually become dominant,1013

while the gap is maintained within [&(1/ log d), O(1)]. Throughout this stage, the attention1014

gap satisfies ’2,1 = &(1/ log d).1015

– Stage 2.3: Convergence and Gap Reduction. In the final phase, the continued1016

joint growth of Q4,4 and Q4,3 lead the attention to concentrate near its ideal limit:1017

Attnans,1↔pred,2(Z(2,1)) + Attnans,1↔ans,1(Z(2,1)) ↗ 1 ≃ ↼
2,1
attn. Throughout this pro-1018

cess, the attention gap Attnans,1↔pred,2 ≃Attnans,1↔ans,1 cannot remain above a certain1019

threshold o(1) for long; otherwise, the incorrect logit logit5,ω(g2(y0)) would receive a1020

stronger gradient signal and drive Q4,4 to grow faster than Q4,3, contradicting the attention1021

dominance assumption. Consequently, at convergence, we guarantee: (i) ↼2,1attn ↘
1

polyd ; (ii)1022

both Q4,3 and Q4,4 reach &(log d); and (iii) the total loss satisfies
∑2

ϑ=1 Loss
2,ϑ
5 ↘

1
poly(d) .1023

A.3.2 Symmetry Group1024

In the following discussion, we focus on symmetry-group tasks T (L), where only the input Z(L,1) is1025

used to predict the value token in Zans,2. For notational simplicity, we drop the superscript ↽ from1026

↼
L,ϑ

attn and ’L,ϑ when no ambiguity arises.1027

Roadmap of the Proof for T
21028

– Stage 1.2.1: Growth of Initial Gap. Similar to earlier phases, we show that Q4,3 grows1029

faster than Q4,4, but this time due to larger gradient contributions from the loss at ↽ = 2.1030

As a result, a gap ’2,1 of magnitude &(1/ log d) emerges between [Q4,3]s,s and [Q4,4]s,s,1031

which induces an early advantage in attention routing toward the predicate clause (pred, 2).1032

– Stage 1.2.2: Convergence and Controlled Gap. After the initial phase, we show that1033

as long as Attnans,1↔pred,2 remains below 1/2, the total gradient on Q4,3 and Q4,4 re-1034

mains positively lower bounded. As a result, Q4,3 + Q4,4 will continue to grow until1035

Attnans,1↔pred,2 approaches 1/2. Furthermore, we prove that the attention gap ’2 can-1036

not stay above a fixed small constant. Therefore, when Attnans,1↔pred,2 nears 1/2, the1037

attention to the answer clause, Attnans,1↔ans,1, must also be close to 1/2. This results1038

in the off-target attention mass ↼
2
attn being reduced to a small constant. Combining this1039

attention behavior with the FFN structure established in the previous stage, we obtain that1040

”5,ω(g2(y1)),rg2·y1
↙ B while all other logits remain small. This ensures correct prediction,1041

and the total loss satisfies Loss2,25 ↘
1

poly(d) .1042

Roadmap of the Proof for T 2k for k ↗ 2 Since ↼2
k↑1

attn has already been reduced to a small constant1043

in the previous stage, we begin the current stage with nearly concentrated attention. That is, at the1044

start of T 2k , we still have ↼
2k
attn ↘ 2↼2

k↑1

attn , which remains small. Moreover, ’2k
↘ ’2k↑1

. As a1045

result, the attention structure does not deviate significantly from that in T
2. This further implies1046

that the input Z(2k,2) follows a bootstrapped LEGO distribution generated by the greedy language1047

model p̂
F

Tk↑1 , which coincides with the original LEGO distribution. In particular, the answers y11048

and y2 are correct, satisfying y1 = g1(y0) and y2 = g2(y1). This allows us to directly apply a similar1049

convergence analysis as in T
2, and show that ↼2

k

attn decreases further to a small constant.1050
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B Learning In-Context Retrieval of Variables1051

B.1 Preliminaries1052

First we define some notations for the presentation of gradients.1053

Notations for gradient expressions For each i ↑ [5],m ↑ [L], j ↑ [d], we denote1054

Ei,j(Z
L,ϑ↑1) ↭ 1Zans,ε,i=ej

≃ logiti,j(F,Z
(L,ϑ↑1)),

”i,j,r(Z
L,ϑ↑1) ↭

∑

k→IL,ε↑1

Attnans,ϑ↑1↔k ·
〈
Wi,j,r,Zk

〉
+ bi,j,r.

where logiti,j(F,Z
(L,ϑ↑1)) are defined as1055

logiti,j
(
F,Z(L,ϑ↑1)

)
:=

e
Fi,j

(
Z(L,ε↑1)

)

∑
j→→[d] e

F
i,j→

(
Z(L,ε↑1)

)

Fact B.1. For any i ↑ [5], j ↑ [d], r ↑ [m]1056

≃∝Wi,j,r
LossL = E

[ L∑

ϑ=1

Ei,j(Z
L,ϑ↑1)sReLU↓(”i,j,r(Z

L,ϑ↑1)
) ∑

k→IL,ε↑1

Attnans,ϑ↑1↔kZk

]

For simplicity of notation, we will henceforth denote ”i,j,r(ZL,ϑ↑1) by ”i,j,r and Ei,j(ZL,ϑ↑1) by1057

Ei,j when the context is clear.1058

Given Z(L), we use X̂
(L) to denote the appeared variables in the context clauses, i.e. X̂

(L) =1059

{x0, x1, . . . , xL}. We write X̂ (L) as X̂ for simplicity. Throughout this section, we write [Fi]j as Fi,j1060

for simplicity.1061

B.2 Induction Hypothesis1062

In this stage, we consider the learning process for W4,·.1063

Induction B.1. For t ↘ T = polyd
ϖ

, all of the following holds:1064

(a). for j ↑ ε(X ), &̃(ϑ0) ↘ ↓W(t)
4,j,r,1, ej↔+µ ↘ Õ

(
1
)
, where ↓W(t)

4,j,r,1, ej↔ is non-decreasing;1065

(b). for j ↑ ε(X ), g ↑ G

∣∣↓W(t)
4,j,r,2, eω(g)↔

∣∣ ↘ Õ(ϑ0) +O
( 1

|G|

)
max

{
↓W(t)

4,j,r,1, ej↔, min
r→→A(t)

4,j↓

↓W(t)
4,j↓,r→,1, ej↓↔

}
,

(c). for j ↑ ε(X ), y ↑ Y

∣∣↓W(t)
4,j,r,5, eω(y)↔

∣∣ ↘ Õ(ϑ0) +O
( 1

|Y|

)
max

{
↓W(t)

4,j,r,1, ej↔, min
r→→A(t)

4,j↓

↓W(t)
4,j↓,r→,1, ej↓↔

}

(d). Else,
∣∣↓W(t)

4,j,r,p, es↔
∣∣ ↘ Õ(ϑ0) ;1066

Claim B.1. If Induction B.1 holds at iteration t, then for a sequence Z1067

• if j = ε(x1),

”(t)
4,j,r =

1

2
↓W(t)

4,j,r,2, ej↔+
1

2
↓W(t)

4,j,r,2, eω(g1)↔+
1

2
↓W(t)

4,j,r,5, eω(y0)↔+
5

2
µ+ Õ(ϑ0)

• else if j ↑ ε(X \ {x1}),

”(t)
4,j,r =

1

2
↓W(t)

4,j,r,2, eω(g1)↔+
1

2
↓W(t)

4,j,r,5, eω(y0)↔+
5

2
µ+ Õ(ϑ0)
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• otherwise, 0 ↘ ”(t)
4,j,r ↘

5
2µ+ Õ(ϑ0).1068

Claim B.2. If Induction B.1 holds at iteration t, then for a sequence Z,1069

• if j = ε(x1), logit
(t)
4,j =

e
O(!

(t)
4,j)

e
O(!

(t)
4,j)+d

;1070

• otherwise, logit(t)4,j = O
(
1
d

)(
1≃ logit(t)

ω(x1)


.1071

Proof. If j = ε(x1), by Induction B.1 and Claim B.1, we have1072

0 ↘ F
(t)
4,j (Z) ↘

∑

r→[m]

[”(t)
4,j,r]

+
↘

(
$(t)

4,j +O(
max{$(t)

4,j ,$
(t)
4,j↓}

|G|
)
)
+ Õ(ϑ0) +O(mϱ log d)

=
(
$(t)

4,j +O(
$(t)

4,j

|G|
)
)
+ Õ(ϑ0) +O(

1

polylogd
)

for j ↑ ε(X ) ′= ε(x1), F
(t)
4,j (Z) ↘ Õ(ϑ0)+O(

max{!(t)
4,j ,!

(t)
4,j↓}

|G| ); else F (t)
4,j (Z) ↘ Õ(ϑ0). Combining1073

together, we prove the result.1074

B.3 Gradient Lemma1075

Starting with the gradient computation:1076

≃∝W4,j,r,pLoss
1 =

1

2
E
[
E4,jsReLU↓(”4,j,r

) ∑

k→I1,0

Zk,p

]
.

We first consider the gradient for j ↑ ε(X )1077

Lemma B.1. For j ↑ ε(X ), we have1078

(a) for W4,j,r,1, s ↑ ε(X )1079

(1) if s = j, ↓≃∝
W(t)

4,j,r,1
Loss1, es↔ =

1
2E

[
(1≃ logit(t)4,j)sReLU↓(”(t)

4,j,r

)
1ω(x1)=j

]
1080

(2) s ′= j, ↓≃∝
W(t)

4,j,r,1
Loss1, es↔ =

1
2E

[
≃ logit(t)4,jsReLU↓(”(t)

4,j,r

)
1ω(x1)=s

]
1081

(b) for W4,j,r,2, s = ε(g) for g ↑ G1082

↓≃∝
W(t)

4,j,r,2
Loss1, es↔ =

1

2
E
[
(1≃ logit(t)4,j)sReLU↓(”(t)

4,j,r

)
1ω(x1)=j,g1=g

≃ logit(t)4,jsReLU↓(”(t)
4,j,r

)
1ω(x1) ↗=j,g1=g

]

(c) for W4,j,r,p with p ↑ {3, 4}, s ↑ ε(X )1083

(1) s = j, ↓≃∝W4,j,r,3Loss
1
, ej↔ =

1
2E

[
≃ logit(t)4,jsReLU↓(”(t)

4,j,r

)
1ω(x0)=j

]
1084

(2) s ′= j1085

↓≃∝W4,j,r,3Loss
1
, es↔ =

1

2
E
[
(1≃ logit(t)4,j)sReLU↓(”(t)

4,j,r

)
1ω(x0)=s,ω(x1)=j

≃ logit(t)4,jsReLU↓(”(t)
4,j,r

)
1
ω(x0)=s,j ↗→ω(X̂)

]

(d) for W4,j,r,5, s = ε(y) for g ↑ Y1086

↓≃∝
W(t)

4,j,r,5
Loss1, es↔ =

1

2
E
[
(1≃ logit(t)4,j)sReLU↓(”(t)

4,j,r

)
1ω(x1)=j,y0=y

≃ logit(t)4,jsReLU↓(”(t)
4,j,r

)
1ω(x1) ↗=j,y0=y

]
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Then for j ′↑ ε(X ), we can obtain1087

Lemma B.2. For j ′↑ ε(X ), we have1088

(a) for W4,j,r,1, s ↑ ε(X ),

↓≃∝
W(t)

4,j,r,1
Loss1, es↔ =

1

2
E
[
≃ logit(t)4,jsReLU↓(”(t)

4,j,r

)
1ω(x1)=s

]

(b) for W4,j,r,2, s = ε(g) for g ↑ G,

↓≃∝
W(t)

4,j,r,2
Loss1, es↔ =

1

2
E
[
≃ logit(t)4,jsReLU↓(”(t)

4,j,r

)
1g1=g

]

(c) for W4,j,r,p with p ↑ {3, 4}, s ↑ ε(X ),

↓≃∝
W(t)

4,j,r,p
Loss1, ej↔ =

1

2
E
[
≃ logit(t)4,jsReLU↓(”(t)

4,j,r

)
1ω(x0)=s

]

(d) for W4,j,r,5, s = ε(y) for g ↑ Y1089

↓≃∝
W(t)

4,j,r,5
Loss1, es↔ =

1

2
E
[
≃ logit(t)4,jsReLU↓(”(t)

4,j,r

)
1y0=y

]

B.4 Growth of Gamma1090

Lemma B.3 (Growth). Given j ↑ ε(X ), suppose Induction B.1 holds at iteration t, when $(t)
4,j ↘1091

0.01 log d or !(t)
4,j ↘

0.01 log d

m
, then it satisfies1092

!(t+1)
4,j = !(t)

4,j +#
(ϖ
d

)
sReLU↓(!(t)

4,j)

Proof. By Lemma B.1, we have1093

↓≃∝
W(t)

4,j,r,1
Loss1, ej↔ =

1

2
E
[
(1≃ logit(t)4,j)sReLU↓(”(t)

4,j,r

)
1ω(x1)=j

]

By Claim B.2, when $(t)
4,j ↘ 0.01 log d, logit(t)4,j = O(e0.01 log d)

O(e0.01 log d)+d
∞ 1 when j = ε(x1); and1094

combing with the fact that the event {ε(x1) = j} happens with probability 1
|X | , we complete the1095

proof.1096

Lemma B.3, combined with the growth of the tensor power method, immediately gives the following1097

corollary.1098

Lemma B.4. Suppose Induction B.1 holds for all iterations. Define threshold ”↑ = #( 1
m
). Let T1,j1099

be the first iteration so that !(t)
4,j ↗ ”↑, and T1

def
= #( d

ϖϱ
q↑2
0

). Then we have T1 ↗ T1,j for every1100

j ↑ ε(X ), i.e., for t ↗ T1, it satisfies !(t)
4,j ↗ ”↑.1101

Lemma B.5 (Upper bound). Suppose Induction B.1 holds for all iterations < t, we have $(t)
4,j ↘ Õ(1),1102

for j ↑ ε(X ).1103

Proof. We only need to consider the time t ↗ T1. Notice that the gradient descent update in1104

Lemma B.1 gives1105

↓≃∝
W(t)

4,j,r,1
Loss1, ej↔ =

1

2
E
[
(1≃ logit(t)4,j)sReLU↓(”(t)

4,j,r

)
1ω(x1)=j

]

Therefore, for sufficiently small ϖ, we have1106

$(t+1)
4,j = $(t)

4,j +
∑

r→A(t)
4,j

ϖ

2
E
[
(1≃ logit(t)4,j)sReLU↓(”(t)

4,j,r

)
1ω(x1)=j

]
+O(ϱ log d) · |A(t+1)

4,j \ A
(t)
4,j |
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= $(t)
4,j +

∑

r→A(t)
4,j

ϖ

2
E
[
(1≃ logit(t)4,j)sReLU↓(”(t)

4,j,r

)
1ω(x1)=j

]
+

1

polylogd

When there exists T̃ , s.t., maxj→ω(X ) $
(T̃ )
4,j > &(log1.5 d), by Induction B.1 and Claim B.1, given a1107

sequence Z with ε(x1) = j̃ = argmaxj→ω(X ) $
(T̃ )
4,j , we have1108

F
(T̃ )
4,j (Z) ↗

∑

r→A(t)

4,j̃

”(T̃ )

4,̃j,r
↗ (1≃O(

1

|G|
))$(T̃ )

4,̃j
≃ Õ(ϑ0) > &(log1.5 d)

Following the similar analysis as Claim B.2, F
(T̃ )
4,j→ (Z) ↘ O(

!(T̃ )

4,j→

|G| ) for other j
↓
↑ ε(X ), and1109

F
(T̃ )
4,j→ (Z) ↘ o(1) for j↓ /↑ ε(X ), which implies 1≃ logit(T̃ )

4,j = e
↑”(log1.5

d). Therefore, we derive1110

that for t ↑ [T̃ + 1, polyd
ϖ

),1111

$(t)
4,j ↘ $(T̃ )

4,j + Õ(polyd · e↑”(log1.5
d)) +O(⇀ log d) ·m

since ϱ ∞
1

m log d
which implies $(t)

4,̃j
↘ O(log1.5 d).1112

B.5 Group and Value Correlations Are Not Large1113

Lemma B.6. Suppose Induction B.1 holds for all iterations < t, then for any j ↑ ε(X ) and1114

s = ε(g), g ↑ G, we have1115

∣∣↓W(t)
4,j,r,2, eω(g)↔

∣∣ ↘ Õ(ϑ0) +O
( 1

|G|

)
max

{
↓W(t)

4,j,r,1, ej↔, min
r→→A(t)

4,j↓

↓W(t)
4,j↓,r→,1, ej↓↔

}

Proof. By Lemma B.1, we have1116

↓≃∝
W(t)

4,j,r,2
Loss1, es↔

=
1

2
E
[
(1≃ logit(t)4,j)sReLU↓(”(t)

4,j,r

)
1ω(x1)=j,g1=g ≃ logit(t)4,jsReLU↓(”(t)

4,j,r

)
1ω(x1) ↗=j,g1=g

]

Clearly, the positive gradient can be upper bounded by O
(

1
|G| ↓≃∝

W(t)
4,j,r,1

Loss1, ej↔
)
. Moreover, for1117

the negative gradient, by Claim B.1, we have a naive bound1118

sReLU↓(”(t)
4,j,r

)∣∣
ω(x1) ↗=j,g1=g

↘ O
(
1
)
sReLU↓(”(t)

4,j,r

)∣∣
ω(x1)=j,g1=g

When t ↘ T1, by Claim B.2, we have 1 ≃ logit(t)4,j |j=ω(x1)↗ &(1) and logit(t)4,j |j ↗=ω(x1)↘ O( 1
d
),1119

which implies1120

E
[
logit(t)4,jsReLU↓(”(t)

4,j,r

)
1ω(x1) ↗=j,g1=g

]
↘ O(

1

|G|
)↓≃∝

W(t)
4,j,r,1

Loss1, ej↔.

Therefore, for t ↘ T1, we have1121

∣∣↓W(t)
4,j,r,2, eω(g)↔

∣∣ ↘ Õ(ϑ0) +O
( 1

|G|

)
↓W(t)

4,j,r,1, ej↔

For t ↗ T1, notice that by Lemma B.4, A(t)
4,j→ ′= ∈ for j↓ ↑ ε(X ), thus for r↓ ↑ A

(t)
4,j↓1122

sReLU↓(”(t)
4,j,r

)∣∣
ω(x1) ↗=j,g1=g

↘ sReLU↓(”(t)
4,j↓,r→

)∣∣
ω(x1)=j↓,g1=g

furthermore, logit(t)4,j |j ↗=ω(x1)↘ O( 1
d
)(1≃ logit(t)4,j↓ |j↓=ω(x1)), which implies1123

E
[
logit(t)4,jsReLU↓(”(t)

4,j,r

)
1ω(x1) ↗=j,g1=g

]
↘ O(

1

|G|
)↓≃∝W4,j↓,r→,1Loss

1
, ej↓↔.
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Due to the arbitrary of r↓, we have1124

∣∣↓W(t)
4,j,r,2, eω(g)↔

∣∣ ↘ Õ(ϑ0) +O
( 1

|G|

)
min

r→→A(t)
4,j↓

↓W(t)
4,j↓,r→,1, ej↓↔.

1125

Lemma B.7. Suppose Induction B.1 holds for all iterations < t, then for any j ↑ ε(X ) and1126

s = ε(y), y ↑ Y , we have1127

∣∣↓W(t)
4,j,r,5, eω(y)↔

∣∣ ↘ Õ(ϑ0) +O
( 1

|Y|

)
max

{
↓W(t)

4,j,r,1, ej↔, min
r→→A(t)

4,j↓

↓W(t)
4,j↓,r→,1, ej↓↔

}
.

Proof. The proof is similar as Lemma B.6.1128

B.6 Off-diagonal Correlations Are Small1129

Lemma B.8 (off-diagonal bound). Given j ↑ ε(X ), suppose Induction B.1 holds at all iterations1130

< t, for s ↑ ε(X ) ′= j1131
∣∣↓W(t)

4,j,r,1, es↔
∣∣ ↘ Õ(ϑ0).

Proof. By Lemma B.11132

↓≃∝
W(t)

4,j,r,1
Loss1, es↔ =

1

2
E
[
≃ logit(t)4,jsReLU↓(”(t)

4,j,r

)
1ω(x1)=s

]

Notice that by Claim B.1,1133

sReLU↓(”(t)
4,j,r

)∣∣
ω(x1)=s

↘ O
(
1
)
sReLU↓(”(t)

4,s,r

)∣∣
ω(x1)=s

combined with Claim B.2, logit4,j ↘ O( 1
d
)(1≃ logit(t)4,s) when s = ε(x1), thus1134

E
[
logit(t)4,jsReLU↓(”(t)

4,j,r

)
1ω(x1)=s

]
↘ E

[
O(

1

d
)(1≃ logit(t)4,s)sReLU↓(”(t)

4,s,r

)
1ω(x1)=s

]

↘ O(
1

d
)↓≃∝W4,s,r,1Loss, es↔

From Induction B.1, we have
∣∣↓W(t)

4,j,r,1, es↔
∣∣ ↘ O(

1

d
)
∣∣↓W(t)

4,s,r,1, es↔
∣∣+ Õ(ϑ0) ↘ Õ(

1

d
) + Õ(ϑ0) = Õ(ϑ0).

1135

Lemma B.9. Given j ↑ ε(X ), suppose Induction B.1 holds at all iterations < t, we have1136
∣∣↓W(t)

4,j,r,pLoss
1
, es↔

∣∣ ↘ Õ(ϑ0), for p ↑ {3, 4} and all s ↑ ε(X )

Proof. When s = j, we have1137

↓≃∝W4,j,r,pLoss
1
, ej↔ =

1

2
E
[
≃ logit(t)4,jsReLU↓(”(t)

4,j,r

)
1ω(x0)=j

]

=
1

2
E
[
≃ logit(t)4,jsReLU↓(”(t)

4,j,r

)∑

s ↗=j

1ω(x0)=j,ω(x1)=s

]

Therefore, we can bound the above gradient in the similar way as the off-diagonal case, and obtain
∣∣↓W(t)

4,j,r,p, ej↔
∣∣ ↘ O(

1

d
) max
s→ω(X )

∣∣↓W(t)
4,s,r,1, es↔

∣∣+ Õ(ϑ0) ↘ Õ(ϑ0).

When s ′= j,1138

↓≃∝W4,j,r,pLoss
1
, es↔

=
1

2
E
[
(1≃ logit(t)4,j)sReLU↓(”(t)

4,j,r

)
1ω(x0)=s,ω(x1)=j ≃ logit(t)4,jsReLU↓(”(t)

4,j,r

)
1
ω(x0)=s,j ↗→ω(X̂)

]

Noticing that {ε(x0) = s, ε(x1) = j} happens with probability 1
|X |(|X |↑1) , thus the positive gradient1139

can be upper bounded by O( 1
d
) · |↓≃∝W4,j,r,1Loss

1
, ej↔|. Furthermore, the negative part can be1140

upper bounded in the similar way as previous off-diagonal negative gradient. Putting it together, we1141

complete the proof.1142
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B.7 Non-target Correlations Are Negligible1143

Lemma B.10. Suppose Induction B.1 holds at all iterations < t, for j
↓
′↑ ε(X ), for p ↑ [5] and1144

s ↑ [d]1145

∣∣↓W(t)
4,j→,r,p, es↔

∣∣ ↘ Õ(ϑ0).

Proof. By Lemma B.2, ↓W(t)
4,j→,r,p, es↔ for p ↑ {1, 3, 4} and s ↑ ε(X ) can be bounded in the similar1146

way previous off-diagonal negative gradient.1147

We can observe that for j↓ ′↑ ε(X ), all the non-zero gradient on the different directions are negative1148

gradient, which implies ↓W(t)
4,j→,r,p, es↔ ↘ ↓W(0)

4,j→,r,p, es↔ = Õ(ϑ0). Moreover, ”(t)
4,j→,r ↘ Õ(ϑ0) is1149

also non-increasing.1150

For s = ε(g), g ↑ G, whenever ↓W(t)
4,j→,r,2, es↔ reaches ≃3µ, we have ⇁

(t)
4,j→,r

∣∣
g1=g

↘ ≃3µ+ 5
2µ+1151

Õ(ϑ0) ↘ 0, and thus ↓≃∝
W(t)

4,j,r,2
Loss1, es↔ =

1
2E

[
≃ logit(t)4,jsReLU↓(”(t)

4,j,r

)
1g1=g

]
= 0, which1152

implies ↓W(t)
4,j→,r,2, es↔ ↗ ≃3µ. Hence, |↓W(t)

4,j→,r,2, es↔| ↘ Õ(ϑ0). Following the similar argument,1153

we can prove the result for ↓W(t)
4,j→,r,5, es↔ for s ↑ ε(Y).1154

B.8 Convergence1155

Lemma B.11. For |G| ↗ |Y| ↗ &( log log d

log log log d
), polylogd ↗ m ↗ |Y|, ϱ ∞

1
m log d

and sufficiently1156

small ϖ ↘
1

polyd , Induction B.1 holds for all iterations t ↘ T = polyd
ϖ

.1157

Proof. Putting the results in Lemmas B.5 to B.8 and B.10, we can directly establish the results in1158

Induction B.1.1159

Lemma B.12 (Convergence). For sufficiently large T1 ↘ t = polyd
ϖ

, we have1160

(a) Objective convergence: Loss1 ↘
1

polyd ;1161

(b) Successful learning of diagonal feature: $(t)
4,j ↗ &(log d) for any j ↑ ε(X ).1162

Proof. Assuming for some sufficiently large constant n > 0, E[(1 ≃ logit(t)4,j↓) | ε(x1) = j
↘] ↗1163

&( 1
dn ) for t ↑ (T1, T1 +

d
n+1 log2

d

ϖ
] then by Lemma B.1, we have1164

!
(T1+

d
2 log2 d

ϑ
)

4,j(↓)
↗ &

(
ϖ

dn+1


·
d
n+1 log2 d

ϖ
+ !(t)

4,j(↓)
↗ &(log2 d)

which contradicts with !(t)
4,j(↓)

↘ $(t)
4,j(↓)

↘ O(log1.5 d) = Õ(1) in the polynomial time. This1165

implies after sufficiently large iteration t, we must have E[(1≃ logit(t)4,j) | ε(x1) = j] ↘ O( 1
dn ) for1166

j ↑ ε(X ). Hence1167

Loss1 = E[≃ log logit(t)4,ω(x1)
] =

∑

j→ω(X )

E[≃ log logit(t)4,j1ω(x1)=j ]

↘

∑

j→ω(X )

E[O(1)
(
1≃ logit(t)4,j

)
1ω(x1)=j ]

(logit(t)4,j is very close to 1)

↘ O(
1

polyd
).

By Claim B.2, at the time of convergence, we must have $(t)
4,j ↗ &(log d).1168
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C Learning The Group Actions: Cyclic Group1169

In the LEGO language, one step of the state transition corresponds predicting the next answer clause1170

from the current sequence Z
(L,L

→)
∋ D

L,L
→
. As in Algorithm 1 and 2, we start with training the1171

model F on length-1 sequences, which only requires the model to predict one answer Zans,1 given1172

input clauses Zpred,1 and Zans,0. In this appendix section, we show how the model learns to predict1173

the 5-th token of Zans,1, that is, the value of x1, in the LEGO sentence Z
(1) in (3).1174

Let’s recall the structure of the uniform case setting. Note that the group action defined in Assump-1175

tion 4.1 is equivalent to the following group action by group isomorphism:1176

Assumption C.1 (Assumption 4.1, restated). Let LEGO(X ,G,Y) be the LEGO language. We1177

assume Y = {0, 1, . . . , ny ≃ 1} and G = C|Y|, i.e., the cyclic group of order |Y|, and ny ↑1178

[&(log log d), log d].1179

We define some notations for this section here.1180

Notations. Let D1 be the LEGO distribution of length 1 under the language LEGO(X ,G,Y). We1181

define D
1
X , D1

G and D
1
Y be the distribution of (x0, x1), g0 and (y0, y1) in D

1 respectively. That is,1182

given a LEGO sentence1183

Z
(1,0) = (Zpred,1, Zans,0, Zans,1) ∋ D

1
,

Zpred,1 = (x0, g1, x1, ↓blank↔, ↓blank↔), Zans,i = (↓blank↔, ↓blank↔, ↓blank↔, xi, yi), i ↑ {0, 1}

The sampling distribution of (x0, x1) is D1
X , and similarly for g0 and (y0, y1).1184

C.1 Preliminaries and Induction Hypotheses1185

First we compute the expression of gradients for W here. With slight abuse of notation, we write1186

Loss(t) ⇒ Loss(F (t)) ⇒ Loss1,0(F (t)) in this stage. The gradients are given by:1187

↓∝W5,j,r,pLoss
(t)
, ev↔

= EZ1≃D1


Ei,j(Z

1) · sReLU↓(”(t)
5,j,r(Z

1,0))
∑

k→I1,0

1Zk,p=v


, j ↑ [d], p ↑ [5], r ↑ [m], v ↑ V

where Ei,j(Z1) = 1ω(Zans,1,i)=j ≃ logiti,j(F,Z
1,0) is the1188

To analyze the learning of the group actions, we need to first define the set of features that the model1189

will learn, corresponding to the group action.1190

Definition C.1 (feature combinations, cyclic group). Asuming the group G follows Assumption C.1.1191

For each j ↑ ε(Y), let1192

Fj := {(g, y) ↑ G ⇐ Y | ε(g(y)) = j}

we call the set F =
⋃

j→ω(Y) Fj the set of feature combinations, and the sets Fj are called set of1193

feature combinations for predicting y = ε
↑1(j). Furthermore, for any ς = (g, y) ↑ F, we write1194

Fconf(ς) := {ς
↓
↑ F | ς

↓ = (g↓, y) or ς↓ = (g, y↓), where g ′= g
↓
, y ′= y

↓
}

as the set of confounding features for ς, that is, the features that share exactly one component with1195

ς, either g or y.1196

Each Fj includes all possible combinations of g, y that transform y ↑ Y to a new state y
↓ = g · y by1197

predicting the corresponding token index j = ε(y↓). It is the set of features we want our network to1198

learn in the neurons of output coordinate j, while sets Fj→ , j
↓
′= j are the sets of features we do not1199

want to learn in the neurons of output coordinate j
↓.1200

The set of confounding features Fconf(ς) for a given feature ς = (g, y) ↑ F contains the features1201

that share exactly one component with ς, either g or y. Confounding features are the combination of1202

features that are similar to ς but are incorrect for predicting j-th output.1203

Features in sets Fj exist in the neurons. We define a short notation for the set of all indices of feature1204

combinations at coordinate j ↑ ε(Y) and neuron r ↑ [m].1205
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Definition C.2 (neuron feature indices). We define1206

U = {u = (j, r,ς) | j ↑ ε(Y), r ↑ [m],ς ↑ F}

be the set of all indices of compositional features.1207

Now we present the some notations that could help us determine which features are learned first.1208

Definition C.3 (φ,%-notations). Let j ↑ ε(Y) and r ↑ [m], for ς = (g, y) ↑ Fj , Let’s define the1209

following notation:1210

φj,r(g) := ↓W5,j,r,2, eg↔, φj,r(y) := ↓W5,j,r,5, ey↔ (10)

When cG follows Assumption C.1, we define an index u = (j, r,ς) and a feature magnitude1211

%u ⇒ %j,r(g, y) as follows:1212

%u ⇒ %j,r(ς) :=
1

2
(φj,r(g) + φj,r(y))

which is the combination of features we need to predict the correct answer y↓ = g · y with fixed1213

attention weights 1
2 for both Zpred,1 and Zans,0 during training phase I.1214

A key technical ingredient of our proof is the characterization of the learning order of the features.1215

By leveraging the smoothness of the sReLU activationfunction, we can show that the features are1216

learned in a specific order that relates to the feature magnitude %(0)
u at initialization. We define the1217

learning order, encoded by the order ⇑ on U
ε as follows:1218

Definition C.4 (learning order). The learning order is the ordered set Uε that we obtain from the1219

following process: Define a total order on U as follows:1220

u ⇑ u↓
⇓⇔ %(0)

u ↗ %(0)
u→ ↖u,u↓

↑ U (11)

We construct the sets Uε by the following procedure: initialize an empty neuron set W(0)
tmp

= ⊋, and1221

an empty feature set R(0)
tmp

= ⊋, and the initial index set U (0) = ⊋. Starting from k = 1, we do the1222

following:1223

(1) Find the index u = (j, r,ς) ↑ U , where (j, r,ς) = argmaxj→,r→,ς→ %(0)
j→,r→(ς

↓) such that the1224

feature ς ↑ F \ R
(k↑1)
tmp

and (j, r) ↑ ε(Y)⇐ [m] \W(k↑1)
tmp

.1225

(2) Update R
(k)
tmp

→ R
(k↑1)
tmp

△ {ς}, W(k)
tmp

→ W
(k↑1)
tmp

△ {(j, r)}, and U
(k)

→ U
(k↑1)

△ {u}.1226

(3) Iterate the (1) and (2) steps until k = n
2
y
, then yield U

ε
⇒ U

(n2
y
).1227

This process yields the ordered set Uε, equipped with the total order ⇑ defined in (11).1228

Note that Uε is a smaller subset of U . In fact, Uε encodes the order that the neural network F learn1229

the features ς in the neurons (j, r) ↑ [d] ⇐ [m], and leave out the indices u ↑ U \ U
ε that are not1230

learned. The order ⇑ is induced by the feature magnitude %(0)
j,r

(ς). In the proof we shall show with1231

high probability, the order that each ς is learned is according to its position in U
ε.1232

In order to characterize the feature updates before they start to become significant, we define the1233

following notion of pseudo weights.1234

Definition C.5 (pseudo weights). Let u = (j, r,ς) ↑ U . We define the pseudo weight W(t)(u)1235

where W(t)
i,j→,r→(u) ⇒ W(t)

i,j→,r→ for all (i, j↓, r↓) ↑ [5]⇐ [d]⇐ [m] except for when i = 5. We initialize1236

W(0)
5,j,r(u) ⇒ W(0)

5,j,r, and let ”̃(t)
5,j,r be the corresponding activation with weights W(t)

5,j,r. We define1237

the update rule of W(t)
5,j,r(u) in the following manner:1238

• if (p, v) /↑ {(2, g), (5, y)}, we define ↓W(t+1)
5,j,r,p(u), ev↔ ⇒ ↓W(t)

5,j,r,p, ev↔;1239

• if (p, v) ↑ {(2, g), (5, y)}, then we let the update rule to be:1240

↓W(t+1)
5,j,r,p(u), ev↔ = ↓W(t)

5,j,r,p(u), ev↔+ ϖE[sReLU↓(”̃(t)
5,j,r)1Bϖ

1F5,j⇐B ]
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This means that we are updating the pseudo weights for the 2nd and 5th components of the weight1241

vectors differently, while keeping all other components’ updates unchanged.1242

In order to introduce the induction hypothesis, we first define the probability events of feature1243

appearance.1244

Definition C.6 (probability events of feature appearance). Let j ↑ ε(Y), r ↑ [m] and ς = (g, y) ↑1245

Fj be a pair that predicts j-th output. Denote events Bς,B(g, y),Bj(g),Bj(y) and B̃ς, B̃j(g), B̃j(y)1246

as follows:1247

1. Bς ⇒ B(g, y) ⇒ Bj(g) ⇒ Bj(y) := {g1 = g, y0 = y};1248

2. B̃j(g) := {g1 = g, y0 ′= y}, the event that g is the incorrect feature for predicting j-th1249

output;1250

3. B̃j(y) := {g1 ′= g, y0 = y}, the event that y is the incorrect feature for predicting j-th1251

output;1252

4. B̃ς := B̃j(g) △ B̃j(y), the event that ς = (g, y) is the incorrect feature for predicting j-th1253

output.1254

We then define the notion of the gradient conditions, which will be used in the proof of the induction.1255

Definition C.7 (gradient criterion). Let u = (j, r,ς) ↑ O
ε and t ↘ T1, we define the following two1256

conditions:1257

• Given δ > 0, the positive gradient criterion Kpos(u, δ):1258

Kpos(u, δ) is true ⇓⇔
∣∣E

(1≃ logit5,j) · sReLU↓(”5,j,r)1Bϖ

1F5,j⇐B

∣∣ ↘ δ (12)

• Given δ > 0, the negative gradient criterion Kneg(u, δ):1259

Kneg(u, δ) is true ⇓⇔

∣∣∣E

logit5,j · sReLU↓(”5,j,r)1B̃ϖ

1F5,j⇐B

∣∣∣ ↘ δ (13)

These conditions control the magnitude of the gradient of the feature u at iteration t. Now we define1260

the following intermediate time-steps:1261

Definition C.8 (phase decomposition). Let u = (j, r,ς) ↑ U
ε, we define the following intermediate1262

time-steps:1263

Tu,1a := min{t ↗ 0 | %(t)
u ↗ d

0.01
ϑ0}

Tu,1 := min{t ↗ 0 | Kpos(u, δ1), where δ1 := 1≃ d
↑0.1

}

Tu,2a := min

t ↗ 0 | Kpos(u, δ2) ▽Kneg(u, δ2), where δ2 := ω/d1.1



Tu,2 := min
{
t ↗ 0 | Kpos(u, δ3) ▽ (%(t)

u ↗ B ≃O(d0.001ϑ0)), where δ3 := (d0.001ϑ0)
q↑2

}

Below we shall introduce some induction hypotheses that will be used in the proof. We first introduce1264

a induction hypothesis for the pseudo weights.1265

Induction C.1 (induction on pseudo weight bounds). Let j ↑ ε(Y) and u = (j, r,ς) ↑ U
ε,1266

ς = (g, y) ↑ Fj . Let u↓
⇑ u ↑ U

ε be the immediate predecessor of u in U
ε. Then at t = Tu→,2, it1267

holds that the pseudo weights W(t)
5,j,r(u) defined in Definition C.5 satisfies1268

∣∣∣↓W(t)
5,j,r,p(u), ev↔ ≃ ↓W(t)

5,j,r,p, ev↔

∣∣∣ ↘ Õ(ϑ0/d), ↖(p, v) ↑ {(2, g), (5, y)}

We maintain the following induction hypotheses for the case of Assumption 4.1.1269

Induction C.2 (induction on weight bounds). Assuming Assumption 4.1, for t ↘ T1, the following1270

properties hold:1271

(A) |↓W(t)
5,j,r,p, ev↔ ≃ ↓W(0)

5,j,r,p, ev↔| ↘ Õ(1/d) for all v ↑ X and p ↑ {1, 3, 4};1272
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(B) |↓W(t)
5,j,r,p, ev↔≃↓W(0)

5,j,r,p, ev↔| ↘ Õ(ϑ0/d) for all v ↑ V and p ↑ [5], r ↑ [m] if j /↑ ε(Y);1273

The last induction hypothesis is about the checkpoints defined in Definition C.8.1274

Induction C.3 (induction on cyclic group actions). Under Assumption C.1, for t ↘ T1, in addition to1275

the induction hypotheses in Induction C.1 and C.2, the following properties hold:1276

(A) For any u↓
⇑ u ↑ U

ε, it holds that Tu,1a ↗ Tu→,2 + &̃(1/ϖϑq↑2
0 );1277

(B) Let u = (j, r,ς) ↑ U
ε, for any t ↑ [Tu,2, T1], it holds that %(t)

j,r
(ς) ↗ B ≃O(d0.01ϑ0) and1278

max
ς→→Fconf(ς)

%(t)
j,r

(ς↓) ↘ ((d0.01ϑ0)
q↑2

d/ω)1/(q↑1)

C.2 Technical Lemmas1279

Here is a simple fact for the logits of 5-th token predictors. The proofs are trivial.1280

Fact C.1 (non-updating weights). For i = 5, j ↑ [d], r ↑ [m] and p ↑ [5], the following components1281

of W5, i.e., ↓Wi,j,r,p, ev↔ would not be updated:1282

• j ↑ [d], p ↑ {1, 3, 4}, v /↑ X ;1283

• j ↑ [d], p = 2, v /↑ G;1284

• j ↑ [d], p ↑ [5], v /↑ Y .1285

We also have some unconditional bounds on logits.1286

Fact C.2 (unconditional logit bounds). Due to Assumption A.1, for the logits of 5-th token predictors,1287

we have the following simple facts:1288

(a) Let j ↑ [d] and i ↑ [5], and suppose Fi,j(·) ↘ B, then1289

1≃ logiti,j(F,Z) ↗
d≃ 1

d≃ 1 + eB
=: ω, ↖Z ↑ supp(D1(Z))

(b) Let j ↑ ε(Y) and input Z ↑ supp(D1(Z)). Suppose there are no more than n coordinates in1290

[d] such that F5,j(Z) ↗
1

log d
, then as long as eB ̸ d, it holds that1291

logit5,j(F,Z) ↗
1

O(d) + neB
↗ &(ω/dn)

This is the logit lower bound for the prediction of the j-th head of the language model.1292

Lemma C.1 (gradient bounds). Let j ↑ ε(Y), and ς = (g, y) ↑ F. Suppose Induction C.3 is1293

satisfied at t ↘ T1, then for any δ ↑ [0, 0.4], if
∑

r→[m] %
(t)
j,r

(ς) ↘ (0.5 + δ) log d, it holds that1294

(a) E[(1≃ logit(t)5,j) | Bς] ↗ 1≃ d
↑0.49+φ1295

(b) E[logit(t)5,j | B̃ς] ↘ d
↑0.49+φ1296

(c) for any r ↑ [m], it holds that for (p, v) ↑ {(2, g), (5, y)}:1297

↓∝W5,j,r,pLoss
(t)
, ev↔ ↗ (1≃ Õ(

1

d0.49↑φ
))E[sReLU↓(”(t)

5,j,r)1Bϖ
1F5,j⇐B ]

Proof. We prove the statements separately.1298

• Part (a): By Induction C.2, we have that All the irrelevant features |↓W(t)
5,j,r,p, ev↔| ↘ Õ(ϑ0/d),1299

so conditioned on Bg,y we have that1300

Fj(Z) ↘
∑

r→[m]

sReLU(”(t)
5,j,r(Z)) ↘

∑

r→[m]

%(t)
j,r

(g, y) + Õ(ϑ0m/d)
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↘ (0.5 + δ) log d+ Õ(ϑ0)

↘ 0.501 log d

Then since all Fj ↗ 0, we have that conditioned on Bg,y , we have that1301

logit(t)5,j(Z) =
e
Fj(Z)

∑
j→→[d] e

F
j→ (Z)

↘
e
(0.51+φ) log d

d
↘

1

d0.49↑φ

which concludes the proof of (a). (b) can also be similarly proved.1302

• Part (b): Firstly when Induction C.2 holds, for any ς = (g, y) ↑ Fj , we have for all ς↓ = (g↓, y↓)1303

such that exactly one of g↓ = g or y↓ = y is satisfied, it holds1304

%j,r(ς
↓) ↘ %j,r(ς) + Õ(ϑ0)

Therefore by taking a sum over r ↑ [m] it holds that1305

∑

r→[m]

%j,r(ς
↓) ↘

∑

r→[m]

%j,r(ς) + Õ(ϑ0) ↘ (0.5 + δ) log d+ Õ(ϑ0) ↘ (0.5001 + δ) log d

So by (a), we have the logit upper bound for all ς↓ = (g↓, y↓) such that it shares a compo-1306

nent with ς as E[logit5,j | Bς→ ] ↘ d
↑0.49+φ. Note that since B̃ς = (

⋃
(g→,y),g→ ↗=g

Bg→,y) △1307

(
⋃

(g,y→),y→ ↗=y
Bg,y→), we can obtain the desired result.1308

• Part (c): By combining (a) and Induction C.3, we can compute1309
∣∣∣↓∝W5,j,r,pLoss

(t)
, ev↔ ≃ E[(1≃ logit(t)5,j)sReLU↓(”(t)

5,j,r)1Bϖ
1F5,j⇐B ]

∣∣∣

↘ E[logit5,jsReLU↓(”(t)
5,j,r)1B̃ϖ

1F5,j⇐B ]

↘ Õ(d↑0.49+φ)E[(1≃ logit(t)5,j)sReLU↓(”(t)
5,j,r)1Bϖ

1F5,j⇐B ]

where the last inequality is because ”(t)
5,j,r conditioned on B̃ς is smaller than Õ(1)E[”(t)

5,j,r | Bς]1310

from Induction C.3, and the application of (a). Note that we ignore the event {F5,j ↘ B} because1311

it always happens when
∑

r
%j,r(ς) ↘ log d (coupled with our induction about irrelavant1312

features).1313

Now we have finished all proofs.1314

Lemma C.2 (initialization gap between features). Assuming Assumption 4.1. Let j ↑ ε(Y), for all1315

r ↑ [m] and any two u,u↓
↑ U , we have with prob ↗ 1≃ o(1) over the randomness at initialization1316

that1317

|%(0)
u ≃%(0)

u→ | ↫
ϑ0

n4
y
m2 log d

Proof. We give a straightforward proof that every pair of %u has a gap of ϱ0
n4
y
m2 log d

. First note that1318

%u of different u ↑ U are independent and identically distributed on the randomness of W(0), due1319

to the orthogonality of embeddings ev, v ↑ V . Then, by the basic property of a Gaussian variable1320

(notice that %(0)
u ≃ %(0)

u→ is also Gaussian with variance 2ϑ0) (all though different pairs could be1321

dependent), we have with probability 1≃ 1
n4
y
m2 log d

that their gap is at least ↫ ϱ0
n4
y
m2 log d

for each1322

pair. Then by a union bound over O(m2
n
4
y
)-many all possible pairs we can conclude the proof.1323

Lemma C.3 (consistency of gradients). Let ς = (g, y) ↑ F, for any j ↑ [d] and r ↑ [m], we have1324

with probability 1≃ 1
d”(log d) over W(0)

5,j,r that:1325

∣∣∣Ex0,x1 [sReLU↓(”(0)
5,j,r)1Bg,y

| W(0)]≃ Ex0,x1,W(0) [sReLU↓(”(0)
5,j,r)1Bg,y

]
∣∣∣

↘





Õ(

(#(t)
j,r

(ς))q↑1

d
) if %(t)

j,r
(ς) ↘ d

↑0.01

Õ(
#(t)

j,r
(ς)

d
) if %(t)

j,r
(ς) > d

↑0.01
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Proof. We can view the expectation1326

E(x0,x1)≃X 1 [sReLU↓(”(0)
5,j,r) | g0 = g, y0 = y]

at iteration t = 0 as1327

E(x0,x1)≃X 1 [sReLU↓(”(0)
5,j,r) | g0 = g, y0 = y] =

1
(|X |

2

)
∑

x,x→→X
h(v1, v2)

where1328

h(v1, v2) = E[sReLU↓(”(0)
5,j,r)1Bg,y

| x0 = v1, x1 = v2], for some v1, v2 ↑ X

Now we can apply Lemma E.1 by viewing the RHS as a U-statistics where the randomness of each1329

h(v1, v2) comes from the initialization of ↓W5,j,r,1, ev1↔+ ↓W5,j,r,1, ev1↔ and ↓W5,j,r,1, ev2↔ which1330

are identically distributed and jointly independent with any h(v↓1, v
↓
2) if the sets {v1, v2} is disjoint1331

with the set {v↓1, v↓2}. So by choosing n = |X | = #(d) and m = 2, M = (Õ(%(0)
j,r

(ς))q↑1 log d)q↑11332

when %(0)
j,r

(ς) ↘ d
↑0.01 and M = Õ(%(0)

j,r
(ς) log d)q↑1 when %(0)

j,r
(ς) > d

↑0.01 and corresponding1333

t = nM log d in Lemma E.1 we have the desired result.1334

Fact C.3 (conditional expectation of logit). Let ς = (g, y) ↑ Fj , then we have the decompositions:1335

For the negative gradient E[logit(t)5,jsReLU↓(”(t)
5,j,r)1B̃ϖ

], we have1336

E

logit(t)5,jsReLU↓(”(t)

5,j,r) | B̃ς


= Pr(B̃j(g) | B̃ς) · E


logit(t)5,jsReLU↓(”(t)

5,j,r) | B̃j(g)


+Pr(B̃j(y) | B̃ς) · E

logit(t)5,jsReLU↓(”(t)

5,j,r) | B̃j(g)


Lemma C.4 (irrelavant features). Suppose Induction C.3 holds for all t < T1, then Induction C.2a1337

holds at iteration t+ 1. Moreover, let Ax = {x ↑ {x0, x1}, (x0, x1) ↑ D
1
X }, then at each step the1338

following holds:1339

|↓W(t+1)
5,j,r,p, ex↔ ≃ ↓W(t)

5,j,r,p, ex↔| ↘

∑

g→G
ϖPr(Ax) · |↓∝W5,j,r,2Loss

(t)
, eg↔|

Proof. We shall be proving that the total feature growth of any x ↑ X at the end of training1340

should be negligible, that is, ↓W(t)
5,j,r,p, ex↔ ≃ ↓W(0)

5,j,r,p, ex↔ ↘ Õ( 1
d
) ∞ ϑ0. In fact, suppose that1341

something weaker happened before t, for example ↓W(t)
5,j,r,p, ex↔ ≃ ↓W(0)

5,j,r,p, ex↔ ↘ ϑ0/d
0.1, then1342

by the gradient formula for W5, for any x ↑ X and p ↑ {1, 3, 4}, we have the gradient of feature1343

↓W5,j,r,p, ex↔ is:1344

↓∝W5,j,r,pLoss
(t)
, ex↔

= Ex→{x0,x1}[E
(t)
5,jsReLU↓(”(t)

5,j,r)]

= Ex→{x0,x1}[(1≃ logit(t)5,j)sReLU↓(”(t)
5,j,r)1Bj

≃ logit(t)5,jsReLU↓(”(t)
5,j,r)1B̃j

]

By Induction C.3, we know that there is at most one feature (g, y) ↑ Fj such that %(t)
j,r

(g, y) > d
0.1

ϑ0,1345

so we can decompose the gradient of ex at any iteration s ↘ t to:1346

↓∝W5,j,r,pLoss
(s)

, ex↔ (14)

= E[1Ax
(1≃ logit(s)5,j)sReLU↓(”(s)

5,j,r)1Bj
1F5,j⇐B ≃ logit(s)5,jsReLU↓(”(s)

5,j,r)1B̃j
1F5,j⇐B ]

(15)

= E[(1≃ logit(s)5,j)sReLU↓(”(s)
5,j,r)1Bj(g) ≃ logit(s)5,jsReLU↓(”(s)

5,j,r)1B̃j(g)
1F5,j⇐B1Ax

]

+Pr(Ax)
∑

g→→G,g→ ↗=g
E
[
(1≃ logit(t)5,j) · sReLU↓(”(s)

5,j,r)1Bj(g→)1F5,j⇐B | Ax

]

+Pr(Ax)
∑

g→→G,g→ ↗=g
E
[
logit(t)5,j · sReLU↓(”(t)

5,j,r)1B̃
g→
1F5,j⇐B | Ax

]
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Now since ↓W(s)
5,j,r,p, ex→↔ ↘ ϑ0 log d, ↖x↓

↑ X , it holds that the sum of all updates of ↓W5,j,r,p, ex↔1347

before t is bounded by1348

∑

s⇐t

O(
ϖ

d
)E[(1≃ logit(s)5,j)sReLU↓(”(s)

5,j,r)1Bj(g,y)1F5,j⇐B ≃ logit(t)5,jsReLU↓(”(s)
5,j,r)1B̃j(g)

1F5,j⇐B | Ax]

+
∑

s⇐t

∑
g→ ↗=g,g→→G

O(
ϖ

d
)E

[
(1≃ logit(s)5,j(F ))sReLU↓(”(s)

5,j,r)1Bj(g→)1F5,j⇐B | Ax

]

+
∑

s⇐t

∑
g→ ↗=g,g→→G

O(
ϖ

d
)E

[
logit(s)5,j · sReLU↓(”(s)

5,j,r)1B̃j(g→)1F5,j⇐B | Ax

]

=: I1 + I2 + I3

Since by Induction C.3, we can bound I2 + I3 by1349

|I2 + I3| ↘

∑
g→ ↗=g,g→→G

O(
1

d
)
∣∣∣
∑

s⇐t
ϖ↓∝W5,j,r,2Loss

(s)
, eg→↔

∣∣∣

↬ n

d
⇐ Õ(ϑ0) ∞ ϑ0/d

0.99

and for I1, we also have1350

|I1| ↘

∑

s⇐t

O(
1

d
)ϖPr(Ax) · ↓∝W5,j,r,2Loss

(s)
, eg↔ ∞ Õ(

1

d
)

Thus the total update to ↓W5,j,r,p, ex↔ for all iterations before t is bounded by Õ( 1
d
) which proves1351

the induction hypothesis and also the final desired result. The second statement can be obtained by1352

looking at (15).1353

C.3 Phase I: Initial Growth1354

First suppose u = (j, r, (g, y)), where j denotes the token index and r is the neuron index. In phase1355

I.1 which spans the time period t ↑ [0, Tu,0], we show that the feature u remains close to initial value1356

while competing with other features. In phase I.2, we show that the feature u grows faster than other1357

features and reach a certain magnitude.1358

C.3.1 Phase I.a: Emergence of the Feature1359

Before the feature u starts to grow, we know that the gradient for it could change, due to the1360

confounding feature which affects the logits of the gradient. When the feature %ũ grows, the1361

erroneous prediction probability logit5,̃j could rise and therefore decrease the gradient of u. We1362

shall show below that this two effects will not affect the growth of u much, and thus we can safely1363

ignore them.1364

In fact, we show the following bound on the "optimistic growth" by pseudo weights in Definition C.51365

almost match the actual growth by the true weights, in phase I.a.1366

∣∣↓W(t)
5,j,r,p, ev↔ ≃ ↓W(t)

5,j,r,p, ev↔
∣∣ ↘ Õ(ϑ0/d

0.1) (16)

To show this, we need to bound the trajectory of |W(t)
5,j,r,p ≃ W(t)

5,j,r,p| during the time peirod1367

t ↑ [0, Tu→,2], which is the point where the immediate predecessor has been learned almost optimally.1368

We need to argue the two following conditions are satisfied:1369

• C1: The total amount of iterations where E[logit(t)5,j | Bg,y] ↗
1

d0.1 is smaller than O(d
0.2

ϖ
)1370

(here the d
0.2 can be losen to almost 1/ϑq↑2

0 ).1371

• C2: Throughout t ↑ [0, Tu→,2], we have ↓W(t)
5,j,r,p, ev↔ ↘ Õ(ϑ0).1372

So we have the following proposition for %u’s feature growth during the feature learning process of1373

predecessor features.1374

Proposition C.1 (Phase I.a). Let u↓ be the immediate predecessor of u in U
ε, then Induction C.1 is1375

satisfied for all iterations t ↘ Tu→,2. Moreover, (16) holds at t = Tu→,2.1376
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To prove this proposition, we first prove the following lemma.1377

Lemma C.5 (gradient approximation). Let j ↑ [d] and r ↑ [m]. Suppose at iteration t ↘ T1 there is1378

a β ↑ [0, O(ϑ0)] such that |↓W(t)
5,j,r,q ≃W(0)

5,j,r,q, ex↔| ↘ β for all q ↑ {1, 3, 4} and all x ↑ X , then1379

if ”(t)
5,j,r ↗ 0, we shall have1380

∣∣∣sReLU↓(”(t)
5,j,r(Z))≃ sReLU↓(”̃(t)

5,j,r(Z))
∣∣∣ ↘


β, if ”(t)

5,j,r(Z) ↗
1
2ϱ,

O(β(”(t)
5,j,r(Z) + β)q↑2), if ”(t)

5,j,r(Z) ↘
1
2ϱ;

Proof. Note that by Induction C.2(b) we have that1381

|↓W(t)
5,j,r,p, ex↔ ≃ ↓W(0)

5,j,r,p, ex↔| ↘ Õ(1/d), ↖p ↑ {1, 3, 4} and x ↑ X

which allows us to bound the difference between ”(t)
5,j,r and ”̃(t)

5,j,r as any iteration t:1382

|”(t)
5,j,r(Z)≃ ”̃(t)

5,j,r(Z)| ↘
1

3

∑

p→{1,3,4}

∣∣↓W(t)
5,j,r,p ≃W(0)

5,j,r,p, ex↔
∣∣ ↘ Õ(1/d), ↖Z ↑ supp(D1

X )

Now we are able to bound the difference between sReLU↓(”(t)
5,j,r) and sReLU↓(”̃(t)

5,j,r) as follows:1383

• When ”(t)
5,j,r(Z) ↗

1
2ϱ, because of the monotonically increasing slope of sReLU↓(x) for1384

x ↑ [0, ϱ] and flat slope when x ↗ ϱ, we have that |sReLU↓(x) ≃ sReLU↓(x + ↼)| ↘ ↼ for1385

↼ > 0. Therefore1386
∣∣∣sReLU↓(”(t)

5,j,r(Z))≃ sReLU↓(”̃(t)
5,j,r(Z))

∣∣∣ ↘ O(|”(t)
5,j,r(Z)≃ ”̃(t)

5,j,r(Z)|) ↘ β

• When ”(t)
5,j,r(Z) ↘

1
2ϱ, we have that|sReLU↓(x)≃ sReLU↓(x+ ↼)| ↘ O(q2↼ · (|x|+ ↼)q↑2)1387

for x ↘
1
2ϱ and ↼ ∞ ϱ, therefore1388

∣∣∣sReLU↓(”(t)
5,j,r(Z))≃ sReLU↓(”̃(t)

5,j,r(Z))
∣∣∣ ↘ O(|(”(t)

5,j,r(Z))
q↑1

≃ (”̃(t)
5,j,r(Z))

q↑1
|)

↘ O

(
β · (”(t)

5,j,r(Z) + β)q↑2


This concludes the proof.1389

proof of Proposition C.1. Actually, for all ũ ↑ $ such that ũ ⇑ u and ũ3 share at least one feature1390

component g or y with u3, we know that there time duration of t ↑ [Tũ,1, Tũ,2] is at most Tũ,2≃Tũ,1 ↘1391

Õ(d
0.1

ϖ
). Therefore the total number of iterations where E[logit5,j | Bg,y] ↗

1
d0.1 before t = Tu→,21392

is at most nO(d
0.1

ϖ
log2 d) ↘ O(d

0.1

ϖ
log4 d). Then for each step t, we have1393

• When E[logit5,j | Bg,y] ↗
1

d0.1 , we have that1394

∣∣↓W(t+1)
5,j,r,p, ev↔ ≃ ↓W(t+1)

5,j,r,p, ev↔
∣∣

↘
∣∣↓W(t)

5,j,r,p, ev↔ ≃ ↓W(t)
5,j,r,p, ev↔

∣∣+
∣∣∣ϖ
(
E[sReLU↓(”̃(t)

5,j,r)]≃ E[E(t)
5,jsReLU↓(”̃(t)

5,j,r)]
∣∣∣

↘
∣∣↓W(t)

5,j,r,p, ev↔ ≃ ↓W(t)
5,j,r,p, ev↔

∣∣

+ ϖ

∣∣∣E
[
logit(t)5,j1Bg,y

(
sReLU↓(”(t)

5,j,r) + sReLU↓(”̃(t)
5,j,r)

] ∣∣∣

+ ϖ

∣∣∣E
[
logit(t)5,jsReLU↓(”(t)

5,j,r)1B̃g,y

] ∣∣∣

↘
∣∣↓W(t)

5,j,r,p, ev↔ ≃ ↓W(t)
5,j,r,p, ev↔

∣∣+ Õ(ϖϑ0) +
∣∣∣ϖE

[
logit(t)5,jsReLU↓(”(t)

5,j,r)1B̃g,y

] ∣∣∣

↘
∣∣↓W(t)

5,j,r,p, ev↔ ≃ ↓W(t)
5,j,r,p, ev↔

∣∣+ Õ(ϖϑq↑1
0 )
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where the last inequality is because both logit(t)5,j ↘ O(1) and sReLU↓(”(t)
5,j,r) = Õ(ϑq↑1

0 ) is1395

much smaller conditioned on B̃g,y. In fact, by Induction C.3 at each single iteration t ↘ Tu→,21396

there can only be one ũ = (j̃, r̃, ς̃) ↑ U
ε such that logit(t)5,j ↗

1
d0.1 conditioned on (g1, y0) = ς̃.1397

Therefore we achieve the same bound.1398

• When E[logit5,j | Bg,y] ↘
1

d0.1 , by similar calculations, we have1399

∣∣↓W(t+1)
5,j,r,p, ev↔ ≃ ↓W(t+1)

5,j,r,p, ev↔
∣∣

↘

∣∣∣↓W(t)
5,j,r,p, ev↔ ≃ ↓W(t)

5,j,r,p, ev↔

∣∣∣

+
∣∣∣ϖE

[
logit(t)5,j1Bg,y

(
sReLU↓(”(t)

5,j,r) + sReLU↓(”̃(t)
5,j,r)

] ∣∣∣

+
∣∣∣ϖE

[
logit(t)5,jsReLU↓(”(t)

5,j,r)1B̃g,y

] ∣∣∣

↘
∣∣↓W(t)

5,j,r,p, ev↔ ≃ ↓W(t)
5,j,r,p, ev↔

∣∣+ Õ(
1

d0.1
ϖϑ

q↑1
0 )

Since we know that Tu→,2 ↘ Õ( 1
ϖϱ

q↑2
0

), we have that the total growth of difference between1400

↓W(t)
5,j,r,p, ev↔ and ↓W(t)

5,j,r,p, ev↔ is bounded by1401

∣∣↓W(Tu→,2)
5,j,r,p , ev↔ ≃ ↓W

(Tu→,2)
5,j,r,p , ev↔

∣∣ ↘ Õ(
d
0.1

ϖ
) · Õ(ϖϑq↑1

0 ) + Õ(
1

ϖϑ
q↑2
0

) · Õ(
1

d0.1
ϖϑ

q↑1
0 )

↘ Õ(
ϑ0

d0.1
)

Therefore, we have shown that the (16) holds for all t ↑ [0, Tu→,2]. This provides a good initialization1402

for future leanring.1403

Now we are set to prove the proposition that concludes Phase I.a.1404

Proposition C.2 (Phase I.a, feature competition). Let u↓
⇑ u ↑ U

ε, then Induction C.3 holds for all1405

iterations t ↑ [0, Tu,1a]. Moreover, we have the following properties:1406

%
(Tu,1a)
u ↗ d

0.01
ϑ0, while %

(Tu,1a)
ũ = Õ(ϑ0), ↖ũ 7 u ↑ U

Proof. By Proposition C.1, we can deduce1407

%
(Tu→,2)
u ↗ %(0)

u ≃ Õ(ϑ0/d
0.1)

↗ %(0)
ũ +

1

logO(1)
d
≃ Õ(ϑ0/d

0.1)

↗ %
(Tu→,2)

ũ +
1

logO(1)
d
≃ Õ(ϑ0/d

0.1)

Now we proceed to prove the result for t ↑ [Tu→,2, Tu,1a]. Remember u↓ is the immediate predecessor1408

of u = (j, r, (g, y)) in U
ε. At this point, by Lemma C.1, we have a basic gradient lower bound for1409

both g and y in neuron r:1410

↓∝W5,j,r,pLoss
(t)
, ev↔ ↗

1

n2
(1≃O(n/d))E[sReLU↓(”(t)

5,j,r) | Bg,y] for (p, v) ↑ {(2, g), (5, y)}

(17)
Using these lower bound, we can prove that the feature %(t)

u will outgrow all other feature %(t)
û where1411

u ⇑ û ↑ U
ε with û1 = j. In fact, let û = (j, r̂, (ĝ, ŷ)) be an index from U where (ĝ, ŷ) ↑ Fj , Now1412

assume the following induction hypotheses ✁ and ✂ during t ↑ [Tu→,2, Tu,1a]:1413

✁ %(t)
u ↗ %(t)

û + &( ϱ0

log”(1) d
) ↘ %(t)

u for all û ↑ ( where û1 = j.1414

✂ The condition (17) is satisfied for all û ↑ ( where û1 = j.1415
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We shall prove that if both ✁ and ✂ are satisfied at t = Tu→,2, then they are also satisfied at each1416

t ↑ (Tu→,2, Tu,1a]. Let us assume they are satisfied at some iteration t ↑ (Tu→,2, Tu,1a], we show1417

below it remains the case at t+ 1.1418

• Proof of ✂ at t + 1. Since by the definition of Tu,1a, we have Lemma C.1 holds for feature u1419

for all iteration t ↘ Tu,1a. Moreover, by our induction hypoethsis, ✁ holds for all iteration s1420

where Tu→,2 ↘ s ↘ t, i.e. %(s)
û ↘ %(s)

u for all s ↑ [Tu→,2, t]. Therefore we can obtain that for all1421

s ↑ [Tu→,2, t], the gradient of %û satisfies1422

↓∝W5,j,r→,pLoss
(s)

, ev↔ ↘
1

n2
E[sReLU↓(”(s)

5,j,r̂) | Bĝ,ŷ] for (p, v) ↑ {(2, ĝ), (5, ŷ)} (18)

By applying both (17) and (18), couple with Induction C.3, we can show that the gradient of %u is1423

always larger than that of %û as long as which proves ✁ for t+ 1.1424

• Proof of ✁ at t+1 by ✂ we have %(t+1)
û ↘ %(t+1)

u , which, combined with Induction C.3, implies1425

that1426
∑

r→[m]

%(t)
j,r

(ĝ, ŷ) ↘ Õ(ϑ0m) ↘ O(d0.1ϑ0)

then by Lemma C.1, we have the negative gradient for %(t+1)
u satisfies (17), which concludes the1427

induction step.1428

Moreover, from Lemma E.2, we obtain that at t = cTu,1a, we have the following result: %(t)
u ↗1429

d
0.01

ϑ0 while all %(t)
û ↘ Õ(ϑ0) for û 7 u in (; So the proof of Phase Ia is complete.1430

C.3.2 Phase I.b: Feature Growth1431

In this stage we prove the following result:1432

Proposition C.3 (Phase I, cyclic group). Let u = (j, r,ς) ↑ U
ε, then Induction C.3 holds for all1433

t ↘ Tu,1, and we have the following results at t = Tu,1:1434

(A) %
(Tu,1)
u ↗ &(log d)1435

(B) For any ũ ↑ U such that ũ 7 u, we have %
(Tu,1)
ũ ↘ Õ(ϑ0).1436

Proof. The same result for phase I.a is proven in Proposition C.2. We only need to prove for1437

the iterations t ↑ [Tu,1a, Tu,1]. Indeed, The total number of iterations in this stage is at most1438

Õ( 1
ϖd0.01ϱ

q↑2
0

). By Lemma C.1 and Lemma C.1, we know that as long as %(t)
u ↘ 0.5 log d, it holds1439

that1440

∝φ
(t)
j,r

(v) ↗
1

n2
y

(1≃O(
ny

d0.49
))E[sReLU↓(”(t)

5,j,r) | Bg,y], v ↑ {g, y} (19)

This ensured that we can use Corollary E.1 for Õ( 1
ϖd0.01ϱ

q↑2
0

) many iterations starting from Tu,1a to1441

reach Tu,1, where %(t)
u ↗ ϱ/2. Moreover, since sReLU↓(x) is a smooth polynomial for x ↑ [0, ϱ]1442

and a constant for x ↗ ϱ. The same lower bound (19) can be applied and used to calculate the1443

iterations needed for %(t)
u to reach &(log d) after reaching ϱ/2, which is O(log d/ϖ), as long as1444

%(t)
u ↘ 0.5 log d.1445

C.4 Phase II: Cancellation and Convergence1446

In this stage, we shall show that the incorrect feature combination will move close to zero when the1447

FFN weights reach a certain level of convergence.1448

Lemma C.6 (activeness of a neuron). Let u = (j, r, (g, y)) ↑ U
ε. If Induction C.3 holds, then for1449

all t ↑ [Tu,1, Tu,2], it holds that sReLU↓(”(t)
5,j,r) = 1 conditioned on Bg,y .1450
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Proof. It is satisfied at t = Tu,1 by Induction C.3. For any t ↑ [Tu,1, Tu,2], we have that whenever1451

%(t)
u falls slightly below 1

2 log d (which have to happen before it reaches even lower), by Lemma C.11452

and Lemma C.1 we have that1453

∝φj,r(v) ↗
1

n2
(1≃O(

n

d0.49
))E[sReLU↓(”(t)

5,j,r) | Bg,y] ↗
1

n2
(1≃O(

n

d0.49
)) (for v = y or g)

Therefore %(t)
u is increasing once it suppass a certain threshold, and that %(t)

u ↗ 0.49 log d for all1454

t ↑ [Tu,1, Tu,2] and therefore the neuron r is active.1455

Lemma C.7 (bounds on same feature in different neurons). Let u = (j, r,ς) ↑ U , where ς = (g, y),1456

and u↓ = (j, r↓,ς) ↑ U for some r
↓
′= r such that u↓

7 u, we have that %(t)
u→ ↘ Õ(ϑ0) for all1457

t ↑ [Tu,1, Tu,2].1458

Proof. We shall prove this by induction. It is true at t = Tu,1 by Proposition C.3. Since Tu,2≃Tu,1 =1459

O( 1
ϖd0.001ϱ

q↑2
0

), we can simply bound the total growth of %(t)
u→ as follows: let v = y or g, we have1460

that1461

φ
(t)
j,r→(v) ↘ Õ(ϑ0) +

∑

s→[Tu,1,t]

∝
↼

(t)

j,r→ (v)
Loss(s)

↘ φ
(Tu,1)
j,r→ +O(

1

d0.001ϖϑ
q↑2
0

) · max
s→[Tu,1,t]

ϖE[sReLU↓(”(s)
5,j,r→)] (using the upper bound)

↘ φ
(Tu,1)
j,r→ +O(

1

d0.001ϖϑ
q↑2
0

) · Õ(ϑq↑1
0 )

↘ φ
(Tu,1)
j,r→ +O(ϑ0/d

0.001)

where the second last inequality is due to that the activation for ”(t)
5,j,r→ is at most ϑq↑1

0 by Lemma C.6.1462

Therefore we have that φ(t)
j,r→ ↘ Õ(ϑ0) for all t ↑ [Tu,1, Tu,2]. This concludes the induction.1463

Lemma C.8 (logits in phase II). Consider a u = (j, r,ς) ↑ U
ε, let F(t) contains all the feature1464

combinations from F that are learned at iteration t, that is, for each ς
↓
↑ F(t), there exists a u↓

↑ U
ε1465

such that u↓
∀ u, which also means t ↗ Tu→,2. Then for any ς

↓
↑ F(t)

∃ Fconf(ς), we have that for1466

all t ↗ Tu,2,1467

logit(t)5,j1B
ϖ→ = #(exp(%(t)

j,r
(ς↓)≃B)) = #(exp(%(t)

j,r
(ς↓)ω/d))

otherwise, we have that logit(t)5,j1B
ϖ→ = #(exp(%(t)

j,r
(ς↓)/d)).1468

Proof. It is direct to verify the above claim following Induction C.3(b) since there is only one neuron1469

that learned ς
↓ and it would be the only active neuron besides the current learning neuron.1470

The above lemma also classified the different logit(t)5,j into two categories: one is the suppressed1471

logits which are small and proportional to ω/d, and the other is the unsuppressed logits which are1472

proportional to 1
d

. This leads to the following lemma:1473

Lemma C.9 (different cancellation conditions). Let u = (j, r,ς) ↑ U
ε, let F(t) contains all the1474

feature combinations from F that are learned at iteration t as in Lemma C.8.1475

• Ifς↓
↑ Fj ∃ F(t)

∃ Fconf(ς), we have that before %(t)
u exceeds B/2, %(t)

j,r
(ς↓) ↗ &(log d).1476

• Otherwise, we have that %(t)
j,r

(ς↓) ↘ 1
d”(1) once %(t)

u ↗ 2.01 log d.1477

The above lemma showed how different logits interact with the feature cancellation condition. Now1478

we are ready to prove the following lemma:1479

Lemma C.10 (convergence of positive gradient). Let j ↑ ε(Y) and ς = (g, y) ↑ Fj . For any level1480

δ > dϑ
q↑2
0 , the total number of iterations of which the condition Kpos(ς, δ) does not hold must be1481

smaller than O(
n
3
y
log2

d

ϖφ
).1482
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Proof. This is due to the upper bound assumption we put on F5,j . In fact, suppose conversely that1483

the pair (g, y) ↑ Fj satisfies1484

E[(1≃ logit(t)5,j)sReLU↓(”(t)
5,j,r)1F5,j⇐B | Bg,y] ↗ δ

for more than O(
n
3
y
log2

d

φ
) many iterations. We compute the update by1485

φ
(t+1)
j,r

(y) = φ
(t)
j,r

(y) + ϖ↓∝W5,j,r,5Loss
(t)
, ey↔

= φ
(t)
j,r

(y) + ϖE
[
(1≃ logit(t)5,j) · sReLU↓(”(t)

5,j,r)1F5,j⇐B1Bj(y)

]

≃ ϖE
[
logit(t)5,j · sReLU↓(”(t)

5,j,r)1B̃j(y)
1F5,j⇐B

]

Let g↓ ↑ G \ {g} be such that (g↓, y) /↑ Fj , we have that1486

φ
(t+1)
j,r

(y)≃
∑

g→→G\{g}

φ
(t+1)
j,r

(g↓)

= φ
(t)
j,r

(y)≃
∑

g→→G\{g}

φ
(t)
j,r

(g↓) + ϖE
[
(1≃ logit(t)5,j) · sReLU↓(”(t)

5,j,r)1F5,j⇐B1Bj(y)

]

By a telescoping sum, we have that1487

φ
(t)
j,r

(y)≃
∑

g→→G\{g}

φ
(t)
j,r

(g↓) =
∑

s⇐t

ϖE
[
(1≃ logit(s)5,j) · sReLU↓(”(s)

5,j,r)1F5,j⇐B1Bj(y)

]

Due to the contradiction assumption, we know that for T = ▷(
n
3
y
log d

φ
) many iterations, we have that1488

φ
(t)
j,r

(y)≃
∑

g→→G\{g}

φ
(t)
j,r

(g↓) ↗ B + &(ny log
2
d)

which is impossible because φ(t)
j,r

(y) and φ
(t)
j,r

(g) is both absolutely bounded by B+O(1). Therefore1489

there is a contradiction, Kpos(ς, δ) does not hold for at most O(
n
3
y
log2

d

φ
) many iterations. This1490

concludes the proof.1491

The above proof also produced a corollary.1492

Corollary C.1 (monotonicity of cancellations). Let j ↑ ε(Y) and ς = (g, y) ↑ Fj . The following1493

quantity is non-decreasing:1494

φ
(t)
j,r

(y)≃
∑

g→→G\{g}

φ
(t)
j,r

(g↓), and φ
(t)
j,r→(g)≃

∑

y→→Y\{y}

φ
(t)
j,r→(y

↓)

for all t ↗ Tu,1.1495

Using the above corollary, we can now prove the following lemma:1496

Lemma C.11 (convergence of negative gradient). Let j ↑ ε(Y) and ς = (g, y) ↑ Fj . We have that1497

(a) For all iterations t ↗ Tu,1, it holds that ”(t)
5,j,r(Z)1B

ϖ̃
↑ (≃↽

2 ,
↽

2 ) for any ς̃ ↑ Fconf(ς).1498

(b) For any level δ ↑ ( ω
d1.1 , (d0.01ϑ0)q↑2), there exists an iteration t ↗ Tu,1 + O(

n
3
y
log2

d

φ
) such1499

that Kneg(ς, δ) holds.1500

Proof. We prove this by contradition. By Corollary C.1, we know that the difference φ
(t)
j,r

(g) ≃1501
∑

y→→Y\{y} φ
(t)
j,r

(y↓) is non-decreasing with a growth speed1502

ϖE
[
(1≃ logit(t)5,j) · sReLU↓(”(t)

5,j,r)1F5,j⇐B1Bj(y)

]
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Since by Lemma C.10, we know that the iterations of which the condition Kpos(ς, δ) does not hold1503

must be smaller than O(
n
3
y
log2

d

ϖφ
), we have that for some δ <

ω
d1.1 and t ↗ Tu,1 + &(

n
3
y
log2

d

ϖφ
), it1504

must hold that %(t)
u ↗ B + o(1). However, for any δ <

ω
d

, if φ(t)
j,r

(g) + φ
(t)
j,r

(y↓) ↘ ≃&( ↽

ny log d
) for1505

some y
↓
′= y, we have that1506

∣∣∣ϖE
[
logit(t)5,j · sReLU↓(”(t)

5,j,r)1F5,j⇐B1Bj(y→)

]∣∣∣ ↗ &(
ω

polylogd
) ̸

ω

d0.1

such that the gradient of φ
(t)
j,r

(y↓) would greatly exceed the average growth speed of φ
(t)
j,r

(g) ≃1507
∑

y→→Y\{y} φ
(t)
j,r

(y↓). This would result in a fast increase of φ(t)
j,r

(y↓) to ≃φ
(t)
j,r

(g). Due to this effect,1508

we know that φ(t)
j,r

(y↓) + φ
(t)
j,r

(g) ↗ ϱ/2 for any y
↓
′= y and t ↗ Tu,1 + &(

n
3
y
log2

d

ϖφ
).1509

Now we prove that there exist a iteration t ↗ Tu,1 + &(
n
3
y
log3

d

ϖφ
) such that Kneg(ς, δ) does not hold.1510

Suppose this is not the case, by the continuity of the gradient term1511

ϖE
[
logit(t)5,j · sReLU↓(”(t)

5,j,r)1F5,j⇐B1B̃ϖ

]

we know that it must either be larger than δ or smaller than ≃δ. Suppose the former is the case,1512

then we have a always decreasing gradient for φ(t)
j,r

(g) + φ
(t)
j,r

(y↓) for more than &(
n
3
y
log3

d

ϖφ
) many1513

iterations, which is impossible as that would make %(t)
j,r

(ς) ↘ O(1) after sufficient iterations. A1514

similar argument can be applied to the case where the gradient is always negative. Therefore1515

there must exist a iteration t ↗ Tu,1 + &(
n
3
y
log3

d

ϖφ
) such that Kneg(ς, δ) holds. This concludes the1516

proof.1517

Corollary C.2 (incorrect feature cancellation). Let j ↑ ε(Y) and ς = (g, y) ↑ Fj and δ =1518

(d0.01ϑ0)q↑2, then there exists a iteration T ↗ Tu,1 + &(
n
3
y
log2

d

φ
) such that for all t ↗ T , we have1519

|%(t)
j,r

(ς̃)| ↘ (d1+0.01⇒(q↑2)
ϑ
q↑2
0 /ω)1/(q↑1) for any ς̃ ↑ Fconf(ς)

Proof. By choosing δ = d
0.01

ϑ
q↑2
0 in Lemma C.11, we have that there exists an iteration t ↗1520

Tu,1 + &(
n
3
y
log2

d

φ
) such that1521
∣∣∣ϖE

[
logit(t)5,j · sReLU↓(”(t)

5,j,r)1F5,j⇐B1B̃ϖ

]∣∣∣ ↘ (d0.01ϑ0)
q↑2

accounting for the fact that there is an absolute logit lower bound logit(t)5,j ↗ &( ω
nyd

), we have that1522

”(t)
5,j,r(Z)1B̃ϖ

↑ (≃(d1+0.01⇒(q↑2)
ϑ
q↑2
0 /ω)1/(q↑1)

, (d1+0.01⇒(q↑2)
ϑ
q↑2
0 /ω)1/(q↑1))

By looking into the features in ”(t)
5,j,r1B̃ϖ

we can conclude that1523

|%(t)
j,r

(ς̃)| ↘ (d1+0.01⇒(q↑2)
ϑ
q↑2
0 /ω)1/(q↑1) for any ς̃ ↑ Fconf(ς)

for any g
↓
′= g, y

↓
′= y. One can also verify that at this point, ∝φ

(t)
j,r

(g↓) and ∝φ
(t)
j,r

(y↓) for1524

g
↓
′= g, y

↓
′= y contains only the terms with indicator function 1B̃ϖ

. Moreover, at this point1525

%(t)
u ↗ B ≃ Õ(ϑ0) with gradient &(ω/n2

y
) as long as it’s all activated, thus the gradient of φ(t)

j,r
(g↓)1526

and φ
(t)
j,r

(y↓) cannot move beyond (d0.01ϑ0)q↑2 in the following iterations. This concludes the1527

proof.1528

Combining Lemma C.10 and Corollary C.2, we can now prove the following proposition:1529

Proposition C.4. Let u = (j, r,ς) ↑ U
ε, then the following holds:1530

• At t ↗ Tu,2 = Tu,1 +O( 1
ϖd0.01ϱ

q↑2
0

), we have %(t)
u ↗ B ≃O(d0.01ϑ0).1531

• For any ς
↓
↑ Fconf(ς), we have %(t)

j,r
(ς↓) ↘ O((d0.01ϑ0)q↑2

d/ω)1/(q↑1) if t ↗ Tu,2.1532

This proved Induction C.3 for t ↑ [Tu,1, T1].1533
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C.4.1 Feature Shape at Convergence1534

Next we shall characterize the magnitude of φ(t)
j,r

(g) and φ
(t)
j,r

(y) for any g ↑ G and y ↑ Y at the end1535

of training.1536

Lemma C.12 (symmetry of ς in the end). Let u = (j, r,ς) ↑ U
ε where ς = (g, y) ↑ Fj . Suppose1537

%(t)
u ↗ B ≃O(d0.01ϑ0) and maxς→→Fconf(ς) |%

(t)
j,r

(ς↓)| ↘ O(δ) for all t ↗ Tu,2, then we have1538

J
(t)
ς

:= |φ
(t)
j,r

(g)≃ φ
(t)
j,r

(y)| ↘ O(δ) (20)

Moreover, plugging in δ = O((d0.01ϑ0)q↑2
d/ω)1/(q↑1) as in Proposition C.4, we have that J (t)

ς
↘1539

O((d0.01ϑ0)q↑2
d/ω)1/(q↑1).1540

Proof. The proof uses Proposition C.4. Let’s look at the growth of φ(t)
j,r

(g) = ↓W(t)
5,j,r,2, eg↔ and1541

φ
(t)
j,r

(y) = ↓W(t)
5,j,r,5, ey↔ for every g ↑ G and y ↑ Y over the during the period s ↑ [0, t]. First for1542

any ς = (g, y) ↑ Fj , we have1543

φ
(t)
j,r

(g)≃ φ
(0)
j,r

(g)

=
t↑1∑

s=0

ϖ↓∝W5,j,r,2Loss
(s)

, eg↔

=
t↑1∑

s=0

ϖ


E

(1≃ logit(s)5,j)sReLU↓(”(s)

5,j,r)1Bj(g)1F
(s)
5,j ⇐B


≃ E


logit(s)5,jsReLU↓(”(s)

5,j,r)1B̃j(g)
1
F

(s)
5,j ⇐B



=
t↑1∑

s=0

ϖ


E

(1≃ logit(s)5,j) · sReLU↓(”(s)

5,j,r)1Bj(g)1F
(s)
5,j ⇐B



≃

t↑1∑

s=0

∑

y→ ↗=y

ϖE

logit(s)5,j · sReLU↓(”(s)

5,j,r)1B(g,y→)1F
(s)
5,j ⇐B



= Ug,y ≃

∑

y→ ↗=y

Rg,y→ (21)

where the terms Ug,y and Rg,y→ are defined as follows:1544

Ug,y :=
t↑1∑

s=0

ϖE

(1≃ logit(s)5,j) · sReLU↓(”(s)

5,j,r)1Bj(g)1F
(s)
5,j ⇐B



Rg,y→ :=
t↑1∑

s=0

ϖE

logit(s)5,j · sReLU↓(”(s)

5,j,r)1B(g,y→)1F
(s)
5,j ⇐B



Similarly, the total growth of φ(t)
j,r

(y) = ↓W(t)
5,j,r,5, ey↔ is given by1545

φ
(t)
j,r

(y)≃ φ
(0)
j,r

(y)

=
t↑1∑

s=0

ϖ


E

(1≃ logit(s)5,j)sReLU↓(”(s)

5,j,r)1Bj(y)1F
(s)
5,j ⇐B


≃ E


logit(s)5,jsReLU↓(”(s)

5,j,r)1B̃j(y)
1
F

(s)
5,j ⇐B



=
t↑1∑

s=0

ϖ


E

(1≃ logit(s)5,j) · sReLU↓(”(s)

5,j,r)1Bj(y)1F
(s)
5,j ⇐B



≃

t↑1∑

s=0

∑

g→ ↗=g

ϖE

logit(s)5,j · sReLU↓(”(s)

5,j,r)1B(g→,y)1F
(s)
5,j ⇐B



= Ug,y ≃

∑

g→ ↗=g

Rg→,y (22)
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When ς̃ = (g̃, ỹ) ↑ Fj but ς̃ ′= ς, suppose u = (j, r,ς) ↑ U
ε, then we have ”(s)

5,j,r1Bg̃,ỹ
↘ Õ(ϑ0)1546

by Induction C.3 for all s ↑ [0, T1]. Therefore, we can further compute1547

Ug̃,ỹ =
t↑1∑

s=0

ϖE

(1≃ logit(s)5,j) · sReLU↓(”(s)

5,j,r)1Bg̃,ỹ
1
F

(s)
5,j ⇐B



↘

t↑1∑

s=0

O(ϖd0.001ϑq↑1
0 ) (by the smoothness of sReLU↓)

↘ O(ϖd0.001ϑq↑1
0 ) · Õ(

1

ϖϑ
q↑2
0

) (t ↘ T1 ↘ Õ( 1
ϖϱ

q↑2
0

) by Induction C.3)

↘ O(d0.002ϑ0)

Similarly, we have Rg̃,ỹ = O(d0.002ϑ0) for all t ↘ T1. Thus for any ς
↓ = (g↓, y↓) ′= ς ↑ Fj , we1548

have1549

φ
(t)
j,r

(g↓) = φ
(0)
j,r

(g↓) + Ug→,y→ ≃

∑

y→→ ↗=y→

Rg→,y→→ = O(d0.003ϑ0)≃Rg→,y

and φ
(t)
j,r

(y↓) = φ
(0)
j,r

(y↓) + Ug→,y→ ≃

∑

g→→ ↗=g

Rg→→,y→ = O(d0.003ϑ0)≃Rg,y→

Now combined with Equation (21) and Equation (22), we have1550

φ
(t)
j,r

(g) = φ
(0)
j,r

(g) + Ug,y ≃

∑

y→ ↗=y

Rg,y→ = Ug,y +
∑

y→ ↗=y

φ
(t)
j,r

(y↓)±O(d0.01ϑ0)

and φ
(t)
j,r

(y) = φ
(0)
j,r

(y) + Ug,y ≃

∑

g→ ↗=g

Rg,y→ = Ug,y +
∑

g→ ↗=g

φ
(t)
j,r

(g)±O(d0.01ϑ0)

However, since we assumed the condition Kneg(u, δ) holds at t, which implies that |φ(t)
j,r

(g) +1551

φ
(t)
j,r

(y↓)| ↘ O(δ) for any y
↓
′= y, and similarly |φ

(t)
j,r

(y) +φ
(t)
j,r

(g↓)| ↘ O(δ). Therefore, we can infer1552

that1553

φ
(t)
j,r

(g) = Ug,y +
∑

y→ ↗=y

φ
(t)
j,r

(y↓)±O(d0.01ϑ0) = Ug,y ≃ (n≃ 1)φ(t)
j,r

(g)±O(nδ)

which implies φ(t)
j,r

(g) = Ug,y/n ± O(δ), we can similarly derive that φ(t)
j,r

(y) = Ug,y/n ± O(δ).1554

Therefore, we have1555

|φ
(t)
j,r

(g)≃ φ
(t)
j,r

(y)| ↘ O(δ), ↖δ > d
0.01

ϑ0

This also implies that any φ
(t)
j,r

(g↓) for any g
↓
′= g must be as small as ≃φ

(t)
j,r

(y) since it cancels with1556

φ
(t)
j,r

(y), and similarly φ
(t)
j,r

(y↓) ↘ ≃&(log d) for any y
↓
′= y.1557

At the end of induction, we have the following theorem as the training result:1558

Theorem C.1 (learning cyclic group action). At iterationt = T1, the following properties hold:1559

(A) Optimal loss: The training loss is optimal for i = 5:1560

Loss15(F
(t)) ↘

1

poly(d)

(B) Sparse activations: For j ↑ ε(Y), let ς = (g, y) ↑ Fj , then there exists exactly one activated1561

neuron r ↑ [m] such that when g1 = g, y0 = y happens:1562

”(T1)
5,j,r ↗ B ≃O(d0.01ϑ0) while ”(T1)

5,j,r→ ↘ O(d↑”(1)) ↖r
↓
′= r

(C) Cancellation of incorrect features: For j ↑ ε(Y), let ς = (g, y) ↑ Fj , and let the r ↑ [m] be1563

the activated neuron in (B), then for any g
↓
′= g ↑ G, and any y

↓
↑ Y , we have1564

|φ
(T1)
j,r

(g) + φ
(T1)
j,r

(y↓)| ↘ O(δ) and |φ
(T1)
j,r

(g↓) + φ
(T1)
j,r

(y)| ↘ O(δ)

for some δ = O(((d0.01ϑ0)q↑2
d/ω)1/(q↑1))1565
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Proof. Once all features are learned, that is, the last u ↑ U
ε is learned and t = T1, the correct1566

logit5,j(F
(t)) for j ↑ ε(Y) will be 1≃O( e

B

eB+d
) which is optimal, and therefore (A) is correct. (B)1567

is correct following Induction C.3 and (C) is proven in Proposition C.4, for every u ↑ U
ε.1568

D Learning The Group Actions: Symmetry Group1569

Similar to the analysis of the cyclic group actions, we first need to define the features for the symmetry1570

group. We first introduce the same set of notations.1571

Notations. Let D1 be the LEGO distribution of length 1 under the language LEGO(X ,G,Y). We1572

define D
1
X , D1

G and D
1
Y be the distribution of (x0, x1), g0 and (y0, y1) in D

1 respectively. That is,1573

given a LEGO sentence1574

Z
(1,0) = (Zpred,1, Zans,0, Zans,1) ∋ D

1
,

Zpred,1 = (x0, g1, x1, ↓blank↔, ↓blank↔), Zans,i = (↓blank↔, ↓blank↔, ↓blank↔, xi, yi), i ↑ {0, 1}

The sampling distribution of (x0, x1) is D1
X , and similarly for g0 and (y0, y1).1575

We restate the assumption on the symmetry group G and its action here.1576

Assumption D.1 (Assumption 4.2, restated). Let LEGO(X ,G,Y) be the LEGO language. We1577

assume Y = {0, 1, . . . , ny ≃ 1} and G = Sym(Y), i.e., the symemtry group of order ny!. We1578

assume ny = #( log log d

log log log d
) and ny! = #(polylog(d)) ̸ 1

↽
.1579

We also redefine the feature combinations in the symmetry group case. For symmetric group G, we1580

shall define a new notion called fiber of a value.1581

Definition D.1 (fiber of values). Assuming the group G follows Assumption D.1. For each j ↑ ε(Y)1582

and each y ↑ Y , we denote the fiber1583

Fiberj,y := {g ↑ G | ε(g · y) = j}

denotes all group elements g that sends y to y
↓ = ε

↑1(j).1584

Definition D.2 (feature combinations, symmetric group). Assuming the group G follows Assump-1585

tion D.1. Let y, y↓ ↑ Y be a pair of values, we define the following set Gy↔y→ : and we call it the set1586

of transition from y to y
↓. Now for each j ↑ ε(Y), let1587

Fj := {(Fiberj,y, y) ↑ G ⇐ Y},

we call the set F =
⋃

j→ω(Y) Fj the set of feature combinations, and the sets Fj are called set of feature1588

combinations for predicting y
↓ = ε

↑1(j). Similar to Definition C.1, for any ς = (Fiberj,y, y) ↑ F,1589

we write1590

Fconf(ς) := {ς
↓
↑ F | ς

↓ = (Fiberj→,y, y), j ′= j
↓ or ς↓ = (Fiberj,y, y

↓), y↓ ′= y}

as the set of confounding features for ς = (Fiberj,y, y).1591

The φ and % notations are redefined as follows.1592

Definition D.3 (φ,% notations, symmetry group). Using the same notation of φ in Definition C.3.1593

For each j ↑ ε(Y), let ς = (g, y) ↑ Fj , we define the feature magnitude %u and %u,max,%u,min as1594

follows:1595

%u ⇒ %j,r(ς) :=
1

(ny ≃ 1)!

∑

g→Fiberj,y

1

2
(φj,r(g) + φj,r(y))

%u,max := max
g→Fiberj,y

1

2
(φj,r(g) + φj,r(y)), %u,min := min

g→Fiberj,y

1

2
(φj,r(g) + φj,r(y))

Here Fiberj,y = {g ↑ G | ε(g · y) = j} is the fiber of y under the action of G.1596

The learning order in the symmetry group case is the same as in Definition C.4, but with %u defined1597

in Definition D.3, which we do not repeat here. The definition of pseudo weights remains the same.1598

We restate the learning order here.1599
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Definition D.4 (learning order). The learning order is the ordered set Uε that we obtain from the1600

following process: Define a total order on U as follows:1601

u ⇑ u↓
⇓⇔ %(0)

u ↗ %(0)
u→ ↖u,u↓

↑ U (23)

We construct the sets Uε by the following procedure: initialize an empty neuron set W(0)
tmp

= ⊋, and1602

an empty feature set R(0)
tmp

= ⊋, and the initial index set U (0) = ⊋. Starting from k = 1, we do the1603

following:1604

(1) Find the index u = (j, r,ς) ↑ U , where (j, r,ς) = argmaxj→,r→,ς→ %(0)
j→,r→(ς

↓) such that the1605

feature ς ↑ F \ R
(k↑1)
tmp

and (j, r) ↑ ε(Y)⇐ [m] \W(k↑1)
tmp

.1606

(2) Update R
(k)
tmp

→ R
(k↑1)
tmp

△ {ς}, W(k)
tmp

→ W
(k↑1)
tmp

△ {(j, r)}, and U
(k)

→ U
(k↑1)

△ {u}.1607

(3) Iterate the (1) and (2) steps until k = n
2
y
, then yield U

ε
⇒ U

(n2
y
).1608

This process yields the ordered set Uε, equipped with the total order ⇑ defined in (23).1609

D.1 Induction Hypothesis and Training Phases1610

Again we define some useful probabilistic events.1611

Definition D.5 (probability events of feature appearance). Let j ↑ ε(Y), r ↑ [m] and1612

ς = (Fiberj,y, y) ↑ Fj be a feature combination that predicts j-th output. Denote events1613

Bς,B(g, y),Bj(g),Bj(y) and B̃ς, B̃j(g), B̃j(y) as follows:1614

1. Bς ⇒ B(Fiberj,y, y) ⇒ Bj(y) ⇒ Bj(Fiberj,y), which is defined as1615

Bς := {g1 ↑ Fiberj,y, y0 = y}

2. For individual g ↑ Fiberj,y , we let Bg,y := {g1 = g, y0 = y};1616

3. B̃j(g) := {g1 ↑ Fiberj,y, y0 ′= y}, the event that g ↑ Fiberj,y did not appear together with1617

y for predicting j-th output. Moreover, we define B̃j(Fiberj,y) =
⋃

g→Fiberj,y
B̃j(g);1618

4. B̃j(y) := {g1 /↑ Fiberj,y, y0 = y}, the event that y did not appear together with g ↑1619

Fiberj,y for predicting j-th output;1620

5. B̃ς := B̃j(Fiberj,y) △ B̃j(y), the event that the appeared feature combination ς
↓ is wrong1621

for predicting j-th output.1622

Similar to above, we give several induction hypoetheses, each characterize different aspects of the1623

process.1624

We then define the notion of the gradient conditions similar to the cyclic group case.1625

Definition D.6 (gradient criterion, symmetry group). Let u = (j, r,ς) ↑ O
ε and t ↘ T1, we define1626

the following two conditions:1627

• Given δ > 0, the positive gradient criterion Kpos(u, δ):1628

Kpos(u, δ) is true ⇓⇔
∣∣E

(1≃ logit5,j) · sReLU↓(”5,j,r)1Bϖ

1F5,j⇐B

∣∣ ↘ δ (24)

• Given δ > 0, the negative gradient criterion Kneg(u, δ):1629

Kneg(u, δ) is true ⇓⇔

∣∣∣E

logit5,j · sReLU↓(”5,j,r)1B̃ϖ

1F5,j⇐B

∣∣∣ ↘ δ (25)

These conditions control the magnitude of the gradient of the feature u at iteration t. Now we define1630

the following intermediate time-steps:1631
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Definition D.7 (phase decomposition, symmetry group). Let u = (j, r,ς) ↑ U
ε, we define the1632

following intermediate time-steps:1633

Tu,1a := min{t ↗ 0 | %(t)
u,min ↗ d

0.01
ϑ0}

Tu,1 := min{t ↗ 0 | Kpos(u, δ1), where δ1 := 1≃ d
↑0.1

}

Tu,2 := min
{
t ↗ 0 | Kpos(u, δ3) ▽ (%(t)

u ↗ B ≃O(d0.01ϑ0)), where δ3 := d
0.01

ϑ
q↑2
0

}

Below we shall introduce some induction hypotheses that will be used in the proof. We first introduce1634

a induction hypothesis for the pseudo weights.1635

Induction D.1 (induction on pseudo weight bounds). Let j ↑ ε(Y) and u = (j, r,ς) ↑ U
ε. Let1636

u↓
⇑ u ↑ U

ε be the immediate predecessor of u in U
ε. Then at t = Tu→,2, it holds that the pseudo1637

weights W(t)
5,j,r(u) defined in Definition C.5 satisfies1638

∣∣∣↓W(t)
5,j,r,p(u), ev↔ ≃ ↓W(t)

5,j,r,p, ev↔

∣∣∣ ↘ Õ(ϑ0/d
”(1)),

where p = 2, v ↑ G or p = 5, v ↑ Y .1639

We maintain the following induction hypotheses for the case of Assumption D.1.1640

Induction D.2 (induction on weight bounds). Assuming Assumption 4.1, for t ↘ T1, the following1641

properties hold:1642

(A) |↓W(t)
5,j,r,p, ev↔ ≃ ↓W(0)

5,j,r,p, ev↔| ↘ Õ(1/d) for all v ↑ X and p ↑ {1, 3, 4};1643

(B) |↓W(t)
5,j,r,p, ev↔≃↓W(0)

5,j,r,p, ev↔| ↘ Õ(ϑ0/d) for all v ↑ V and p ↑ [5], r ↑ [m] if j /↑ ε(Y);1644

The last induction hypothesis is about the checkpoints defined in Definition D.7.1645

Induction D.3 (induction on cyclic group actions). Under Assumption D.1, for t ↘ T1, in addition1646

to the induction hypotheses in Induction D.1 and D.2, the following properties hold:1647

(A) For any u↓
⇑ u ↑ U

ε, it holds that Tu,1a ↗ Tu→,2 + &̃(1/ϖϑq↑2
0 );1648

(B) Let u = (j, r,ς) ↑ U
ε, for any t ↑ [Tu,2, T1], it holds that %(t)

j,r
(ς) ↗ B ≃O(d0.01ϑ0) and1649

max
ς→→Fconf(ς)

%(t)
j,r

(ς↓) ↘ ((d0.01ϑ0)
q↑2

d/ω)1/(q↑1)

The proof will proceed in a similar way as in the cyclic group case, with some additional technical1650

details. We first introduce some lemmas that will be used in the proof, many of them are similar to1651

the ones in the cyclic group case.1652

Lemma D.1 (initialization gap between features). Assuming Assumption 4.1. Let j ↑ ε(Y), for all1653

r ↑ [m] and any two u,u↓
↑ U , we have with prob ↗ 1≃ o(1) over the randomness at initialization1654

that1655

|%(0)
u ≃%(0)

u→ | ↫
ϑ0

n4
y
m2 log d

Proof. the proof is similar to that in Lemma C.2, one simply needs to modify the feature g that1656

appears in the proof.1657

Lemma D.2 (gradient bounds). Let j ↑ ε(Y), and ς = (Fiberj,y, y) ↑ F. Suppose Induction D.3 is1658

satisfied at t ↘ T1, then for any δ ↑ [0, 0.4], if
∑

r→[m] %
(t)
j,r,max(ς) ↘ (0.5 + δ) log d, it holds that1659

(a) E[(1≃ logit(t)5,j) | Bς] ↗ 1≃ d
↑0.49+φ1660

(b) E[logit(t)5,j | B̃ς] ↘ d
↑0.49+φ1661
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(c) for any r ↑ [m], for any g ↑ Fiberj,y , it holds that with v = g or v = y,1662

∝
↼

(t)
j,r

(v)
Loss(t) ↗ (1≃ Õ(

1

d0.49↑φ
))E[sReLU↓(”(t)

5,j,r)1Bg,y
1F5,j⇐B ]

Also, we can control the irrelavant features in the same way as in the cyclic group case.1663

Lemma D.3 (irrelavant features). Suppose Induction D.3 holds for all t < T1, then Induction D.2a1664

holds at iteration t + 1. Moreover, let Ax = {x ↑ {x0, x1}, (x0, x1) ∋ D
1
X }, at each step the1665

following holds:1666

|↓W(t+1)
5,j,r,p, ex↔ ≃ ↓W(t)

5,j,r,p, ex↔| ↘

∑

g→G
ϖPr(Ax) · |↓∝W5,j,r,2Loss

(t)
, eg↔|

The proofs of the above lemmas are similar to that in the cyclic group case, we omit them here.1667

D.2 Phase I: Emergence of the Feature1668

We need to show that the feature growth in Phase I is again following the pseudo weight trajectory.1669

We give the same version of the proposition as in the cyclic group case.1670

Proposition D.1 (Phase I.a). Let u↓ be the immediate predecessor of u in U
ε, then Induction D.1 is1671

satisfied for all iterations t ↘ Tu→,2. Moreover, (16) holds at t = Tu→,2 for the symmetry group case.1672

The proof of Proposition D.1 follows the same line as in the cyclic group case, we omit it here. This1673

proposition guarantees that the feature growth before Tu→,2 is small and rather negligible.1674

Proposition D.2 (Phase I). Let u↓ be the immediate predecessor of u in U
ε, then Induction D.3 is1675

satisfied for all iterations t ↘ Tu→,2.1676

Now we analyze the feature competition in Phase Ia.1677

Proposition D.3 (Phase I.a, feature competition). Let u↓
⇑ u ↑ U

ε, then Induction D.3 holds for all1678

iterations t ↑ [0, Tu,1a]. Moreover, we have the following properties:1679

%
(Tu,1a)
u,min ↗ d

0.01
ϑ0, while %

(Tu,1a)
ũ,max = Õ(ϑ0), ↖ũ 7 u ↑ U

Proof. The proof is similar to that in the cyclic group case. The caveat here is that we need to consider1680

a different version of TPM by applying Lemma E.2 with Lemma D.1. In fact, since each Fiberj,y1681

contains (ny ≃ 1)! elements, we can transform the problem into the tensor power method of the1682

growth of feature φj,r(y), averaged over all all combinations with g ↑ Fiberj,y. Since the constant1683

is much smaller for group feature g, we only need to control the growth of the feature φj,r(y) for1684

comparison.1685

Finally, we show the result for Phase I.1686

Proposition D.4 (Phase I, symmetry group). Let u = (j, r,ς) ↑ U
ε, then Induction D.3 holds for all1687

t ↘ Tu,1, and we have the following results at t = Tu,1:1688

(A) %
(Tu,1)
u,min ,%

(Tu,1)
u,max ↗ &(log d);1689

(B) For any ũ ↑ U such that ũ 7 u, we have %
(Tu,1)
ũ ↘ Õ(ϑ0).1690

Proof. The proof is similar to that in the cyclic group case but with some caveats. We still mainly1691

employ Lemma E.2 along with gradient approximation in Lemma D.2.1692

D.3 Phase II: Convergence of the Feature1693

Beginning with Phase II, we need to show that the feature %(t)
u continues to grow despite very1694

complex landscape.1695

Firstly, we have some similar results as in the cyclic group case.1696
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Lemma D.4 (activeness of a neuron). Let u = (j, r,ς) ↑ U
ε and ς = (Fiberj,y, y). If Induction D.31697

holds, then for all t ↑ [Tu,1, Tu,2], it holds that sReLU↓(”(t)
5,j,r) = 1 conditioned on Bς.1698

Proof. The proof is similar to that in the cyclic group case but relies on Lemma D.2 in a slightly1699

different way. Here we need to consider the gradient lower bound when %(t)
u,min ↘

1
2 log d. This1700

already provides enough gradient to keep the neuron active for specific feature combination (g, y)1701

where g ↑ Fiberj,y .1702

also, we have the following lemma for the same feature in different neurons.1703

Lemma D.5 (bounds on same feature in different neurons). Let u = (j, r,ς) ↑ U , where ς = (g, y),1704

and u↓ = (j, r↓,ς) ↑ U for some r
↓
′= r such that u↓

7 u, we have that %(t)
u→ ↘ Õ(ϑ0) for all1705

t ↑ [Tu,1, Tu,2].1706

Proof. The proof is similar, only requiring some bounds on the gradient trajctory for t ↑ [Tu,1, Tu,2].1707

1708

Similarly, we classify the logits in phase II into two categories.1709

Lemma D.6 (logits in phase II). Consider a u = (j, r,ς) ↑ U
ε, let F(t) contains all the feature1710

combinations from F that are learned at iteration t, that is, for each ς
↓
↑ F(t), there exists a u↓

↑ U
ε1711

such that u↓
∀ u, which also means t ↗ Tu→,2. Then for any ς

↓
↑ F(t)

∃ Fconf(ς), we have that for1712

all t ↗ Tu,2,1713

logit(t)5,j1B
ϖ→ ↘ O(exp(%(t)

j,r,max(ς
↓)≃B)) = #(exp(%(t)

j,r,max(ς
↓)ω/d))

otherwise, we have that logit(t)5,j1B
ϖ→ ↗ &(exp(%(t)

j,r,min(ς
↓)/d)).1714

Now based on the classification of logits, we can derive the following lemma, which concerns with1715

different cancellation conditions.1716

Lemma D.7 (different cancellation conditions). Let u = (j, r,ς) ↑ U
ε and ς = (Fiberj,y, y), let1717

F(t) contains all the feature combinations from F that are learned at iteration t as in Lemma D.6.1718

Let g ↑ Fiberj,y, then the following holds: Here we abuse the notation and revert to using those in1719

Definition C.1.1720

• let g ↑ Fiberj,y, then before φ
(t)
j,r

(g) + φ
(t)
j,r

(y) exceeds B/2, %(t)
j,r,min(ς

↓) ↗ &(log d) for1721

ς
↓ = (g↓, y), g↓ /↑ Fiberj,y , or ς↓ = (g, y↓) for any y

↓
′= y.1722

• Otherwise, we have that %(t)
j,r,max(ς

↓) ↘ 1
d”(1) once %(t)

u,min ↗ 2.01 log d for ς↓ = (g↓, y), g↓ /↑1723

Fiberj,y , or ς↓ = (g, y↓) for any y
↓
′= y.1724

Proof. The proof of this lemma requires slightly more delicate analysis. Suppose let g ↑ Fiberj,y1725

and y
↓
′= y we have that φ(t)

j,r
(g)+φ

(t)
j,r

(y↓) ↘ B/2. Then by Lemma D.6, we have that the gradient of1726

φ
(t)
j,r

(y↓) remains small, and therefore the feature φ
(t)
j,r

(y↓) cannot cancel out the feature φ
(t)
j,r

(g).1727

Now we show how the correct features can grow to maximum value possible, as stipulated by the1728

upper bound assumption Assumption A.1.1729

Lemma D.8 (convergence of positive gradient). Let j ↑ ε(Y) and ς ↑ Fj . For any level δ > dϑ
q↑2
0 ,1730

the total number of iterations of which the condition Kpos(ς, δ) does not hold must be smaller than1731

O(
n
3
y
log2

d

ϖφ
).1732

Proof. The proof is similar to that in the cyclic group case. Instead of analyzing a single pair of g, y,1733

we consider the growth of feature φ
(t)
j,r

(g) and φ
(t)
j,r

(y) for all g ↑ Fiberj,y and y ↑ Y . By using the1734

same analysis as in Lemma C.10, we can show that the following difference1735
∑

g→Fiberj,y

φ
(t)
j,r

(g)≃
∑

y→ ↗=y

φ
(t)
j,r

(y↓)
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is non-decreasing. Same technique can be applied another difference:1736

φ
(t)
j,r

(y)≃
∑

g→
⋃

y→ ↔=y
Fiber

j,y→

φ
(t)
j,r

(g)

which is also non-increasing. By computing their possible growth upper bounds, we can show that1737

they can grow for at most O(
n
3
y
log2

d

ϖφ
) iterations, assuming Kpos(ς, δ) does not hold.1738

Similarly, we have the following lemma for the negative gradient.1739

Using the above corollary, we can now prove the following lemma:1740

Lemma D.9 (convergence of negative gradient). Let j ↑ ε(Y) and ς ↑ Fj and u = (j, r,ς) ↑ U
ε.1741

We have that1742

(a) For all iterations t ↗ Tu,1, it holds that ”(t)
5,j,r(Z)1B

ϖ̃
↑ (≃↽

2 ,
↽

2 ) for any ς̃ ↑ Fconf(ς).1743

(b) For any level δ ↑ ( ω
d1.1 , (d0.01ϑ0)q↑2), there exists an iteration t ↗ Tu,1 + O(

n
3
y
log2

d

φ
) such1744

that Kneg(ς, δ) holds.1745

Proof. The first claim is from the fact that for any φ
(t)
j,r

(v) where v ↑ G △ Y such that they are either1746

y
↓
′= y or g /↑ Fiberj,y, their positive gradient is upper bounded by O(ϑq↑2

0 ) while lower bounded1747

by ≃#(ϱ). Any such feature will be pushed to drop below ≃ϱ after cancelling out (i.e., if δ is as1748

small as o( 1
d
) or o(ω/d)). Thus we only need to consider the negative gradient of φ(t)

j,r
(y↓), y↓ ′= y1749

and φ
(t)
j,r

(g) for g /↑ Fiberj,y. Then the logic is the same as in Lemma C.10: we consider when1750

the growth of correct feature %(t)
u,min exceeds B ≃O(d0.001ϑ0), then by applying Lemma C.10 and1751

showing the contradiction that Kneg(ς, δ) does not hold we shall have that for every incorrect pair1752

(g, y↓), y↓ ′= y, g ↑ Fiberj,y or (g↓, y), g↓ /↑ Fiberj,y , the feature φ(t)
j,r

(g↓) or φ(t)
j,r

(y↓) will grow below1753

≃φ
(t)
j,r

(y) (or maxg→Fiberj,y φ
(t)
j,r

(g)) after O(
n
3
y
log2

d

ϖφ
) iterations, when δ <

1
d

(if the corresponding1754

logit is unsuppressed) or when δ < o(ω/nyd).1755

By inserting δ = O((d0.01ϑ0)q↑2
d/ω)1/(q↑1) into Lemma C.11, we have the a similar corollary to1756

??:1757

Finally, we have the following proposition for the convergence of the feature.1758

Proposition D.5. Let u = (j, r,ς) ↑ U
ε, then the following holds:1759

• At t ↗ Tu,2 = Tu,1 +O( 1
ϖd0.01ϱ

q↑2
0

), we have %(t)
u,min ↗ B ≃O(d0.01ϑ0).1760

• For any ς
↓

↑ Fconf(ς), we have both |%(t)
j,r,min(ς

↓)| and |%(t)
j,r,max(ς

↓)| bounded by1761

O((d0.01ϑ0)q↑2
d/ω)1/(q↑1) if t ↗ Tu,2.1762

D.3.1 Phase II: Shape of the Feature1763

A similar analysis as in Lemma C.12 gives the following lemma. We do not repeat the proof here.1764

Lemma D.10 (symmetry of ς in the end). Let u = (j, r,ς) ↑ U
ε where ς = (Fiberj,y, y) ↑ Fj .1765

Suppose %(t)
u ↗ B ≃ O(d0.01ϑ0) and maxς→→Fconf(ς) |%

(t)
j,r

(ς↓)| ↘ O(δ) for all t ↗ Tu,2, then we1766

have1767

• φ
(t)
j,r

(g) + φ
(t)
j,r

(y) ↗ B ≃O(d0.01ϑ0) for all g ↑ Fiberj,y .1768

• J
(t)
ς

:= |nyφ
(t)
j,r

(y)≃ φ
(t)
j,r

(g)| ↘ O(δ) for all g ↑ Fiberj,y and t ↗ Tu,2.1769

plugging in δ = O((d0.01ϑ0)q↑2
d/ω)1/(q↑1) as in Proposition C.4, we have that J

(t)
ς

↘1770

O((d0.01ϑ0)q↑2
d/ω)1/(q↑1).1771
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Thus we arrive at the following theorem.1772

Theorem D.1 (learning symemtry group action). For group structure Assumption D.1, at iterationt =1773

T1, the following properties of F (t) hold:1774

(A) Optimal loss: The training loss is optimal for i = 5:1775

Loss15(F
(t)) ↘

1

poly(d)

(B) Sparse activations: For j ↑ ε(Y), let ς = (Fiberj,y, y) ↑ Fj , then there exists exactly one1776

activated neuron r ↑ [m] such that when g1 ↑ Fiberj,y, y0 = y happens:1777

”(T1)
5,j,r ↗ B ≃O(d0.01ϑ0) while ”(T1)

5,j,r→ ↘ O(d↑”(1)) ↖r
↓
′= r

(C) Cancellation of incorrect features: For j ↑ ε(Y), let ς = (Fiberj,y, y) ↑ Fj , and let the1778

r ↑ [m] be the activated neuron in (B), then for any g
↓
/↑ Fiberj,y, and any y

↓
′= y ↑ Y , we1779

have1780

|φ
(T1)
j,r

(g) + φ
(T1)
j,r

(y↓)| ↘ O(δ) and |φ
(T1)
j,r

(g↓) + φ
(T1)
j,r

(y)| ↘ O(δ)

for some δ = O(((d0.01ϑ0)q↑2
d/ω)1/(q↑1))1781

E Auxiliary Technical Tools1782

E.1 Probability1783

First we need a Bernstein inequality for U-statistics1784

Lemma E.1 (concentration inequality for pseudo-U-statistics). Let x1, . . . , xn be different symbols,1785

and let m ∞ n be such that n ⇒ 0 (mod n). Suppose for some function h with |h| ↘ M the random1786

variables h(xi1 , xi2 , . . . , xim
) and h(xi→1

, xi→2
, . . . , xi→

m
) are independent and identically distributed1787

as long as {xi1 , xi2 , . . . , xim
} ∃ {xi→1

, xi→2
, . . . , xi→

m
} = ∈, then the pseudo-U-statistic1788

Um,n =
1(
n

m

)
∑

0⇐i1<i2<···<im⇐n

h(xi1 , xi2 , . . . , xim
)

satisfies Pr(|Un,m ≃ E[Un,m]| ↗ t) ↘ e
↑ nt

2

mM21789

Proof. The proof is the same as in [74].1790

E.2 Tensor Power Method Bounds1791

We present two lemmas related to the tensor power method.1792

Lemma E.2 (TPM, adapted from [67]). Consider an increasing sequence xt ↗ 0 defined by1793

xt+1 = xt + ϖCtx
q↑1
t

for some integer q ↗ 3 and Ct = #(1) > 0, then we have for every A > x0,1794

for every δ > 0, and every ϖ ↑ (0, 1):1795

∑

t⇑0,xt⇐A

ϖCt ↗


δ(1 + δ)↑1

(1 + δ)q↑2 ≃ 1


1≃


(1 + δ)x0

A

q↑2


≃
O(ϖAq↑1)

x0

log(A/x0)

log(1 + δ)


·

1

x
q↑2
0

∑

t⇑0,xt⇐A

ϖCt ↘


(1 + δ)q↑2

q ≃ 2
+

O(ϖAq↑1)

x0

log(A/x0)

log(1 + δ)


·

1

x
q↑2
0

This lemma has a corollary:1796

Corollary E.1 (TPM, from [67]). Let q ↗ 3 be a constant and x0, y0 = o(1) and A = O(1). Let1797

{xt, yt}t⇑0 be two positive sequences updated as1798

• xt+1 = xt + ϖCtx
q↑1
t

for some Ct = #(1);1799
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• yt+1 = yt + ϖSCty
q↑1
t

for some S = #(1).1800

Suppose x0 ↗ y0S
1

q↑2 (1 + 1
polylog(d) ), letting Tx be the first iteration s.t., xt ↗ A, then

yTx
↘ Õ(y0).

We also have a generalized version:1801

Corollary E.2. Let q ↗ 3 be a constant and x0, y0, u0, v0 = o(1) and A = O(1). Let {xt, yt}t⇑01802

be two positive sequences updated as1803

• xt+1 = xt + ϖCtu
q↑1
t

for some Ct = #(1);1804

• yt+1 = yt + ϖSCtv
q↑1
t

for some S = #(1).1805

where ut = #(xt) and vt = #(yt) for some constants c, d > 0. Suppose u0 ↗ v0S
1

q↑2 (1 +
1

polylog(d) ), letting Tx be the first iteration s.t., xt ↗ A, then

yTx
↘ Õ(y0).

F Learning the Attention Layer: Cyclic Case1806

In this section, we consider the group operations in the cyclic group. we only update Q and keep1807

W fixed. We only consider the contribution of gradient from i = 5, i.e., the prediction of the final1808

ansawer. We further assume Q =

Qp,q


p,q→[5]

↑ R5d⇒5d with Qp,q ↑ Rd⇒d has the following1809

structure:1810

Qp,q = 0d⇒d except for (p, q) = (4, 3), (4, 4)

F.1 Gradient Computations1811

Fact F.1 (Gradients of Q). For any p, q ↑ [5], we have1812

≃∝Qp,q
LossL =

L∑

ϑ=1

∑

i→[5]

≃∝Qp,q
LossL,ϑ

i
, where

≃∝Qp,q
LossL,ϑ

i
= E


∑

k→I(L,ε↑1)

Attnans,ϑ↑1↔k)
L

ϑ,i,k ·

(
Zans,ϑ↑1,pZ

⇓
k,q ≃GQ(Z(L,ϑ↑1))p,q



= E


∑

k→I(L,ε↑1)

Attnans,ϑ↑1↔k ·



)L

ϑ,i,k ≃

∑

k→→I(L,ε↑1)

Attnans,ϑ↑1↔k→)L

ϑ,i,k→



Zans,ϑ↑1,pZ
⇓
k,q



Here,1813

GQ(ZL,ϑ↑1) ↭
∑

k→IL,ε↑1

Attn(ans,ϑ↑1)↔(k)Zans,ϑ↑1Z
⇓
k

)L

ϑ,i,k ↭
∑

j→[d]

Ei,j(Z
L,ϑ↑1)

∑

r→[m]

sReLU↓(”i,j,r(Z
L,ϑ↑1)

)
↓Wi,j,r,Zk↔

In the following, we use rg·y to denote the neuron, where ↓W5,ω(g·y),rg·y , eg↔, ↓W5,ω(g·y),rg·y , ey↔ ↗1814

&(log d), i.e., rg·y has been activated to predict j = ε(g · y) in the stage 1. In the follwing, we further1815

calculate the gradient of Loss2,ϑ5 w.r.t. Q4,3 and Q4,4 based on Fact F.1.1816

• for ↽ = 1, letting j1 = ε(g1(y0)) and j
↓
1 = ε(g2(y0)). Note that only when j

↓↓
↑ {j1, j

↓
1}, there1817

exists r ↑ [m], s.t., ”(t)
5,j→→,r > 0.1818
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– For [Q4,3]s,s where s ↑ ε(X )1819

[
≃∝Q4,3Loss

2,1
5

]

s,s

= E

Attnans,0↔pred,1 ·



)2
ϑ,i,pred,1 ≃

∑

k→→I2,ε↑1

Attnans,ϑ↑1↔k→)2
ϑ,i,k→



1s=ω(x0)



= E

Attnans,0↔pred,1 ·


(1≃ logit5,j1) · sReLU↓(”5,j1,rg1·y0

)
(
↓W5,j1,rg1·y0 ,2

, eg1↔ ≃ ”5,j1,rg1·y0



≃ logit5,j→1 · sReLU↓(”5,j→1,rg2·y0
)
(
↓W5,j→1,rg2·y0 ,2

, eg1↔ ≃ ”5,j→1,rg2·y0



≃

∑

y→Y\{y0}

logit5,ω(g1(y)) · sReLU↓(”5,ω(g1(y)),rg1·y )

·

(
↓W5,ω(g2(y)),rg1·y,2, eg1↔ ≃ ”5,ω(g1(y)),rg1·y


1ω(x0)=s



– For [Q4,4]s,s where s ↑ ε(X )1820

[
≃∝Q4,4Loss

2,1
5

]

s,s

= E

Attnans,0↔ans,0 ·


(1≃ logit5,j1) · sReLU↓(”5,j1,rg1·y0

)
(
↓W5,j1,rg1·y0 ,5

, ey0↔ ≃ ”5,j1,rg1·y0



≃ logit5,j→1 · sReLU↓(”5,j→1,rg2·y0
)
(
↓W5,j→1,rg2·y0 ,5

, ey0↔ ≃ ”5,j→1,rg2·y0



≃

∑

y→Y\{y0}

logit5,ω(g1(y)) · sReLU↓(”5,ω(g1(y)),rg1·y )

·

(
↓W5,ω(g2(y)),rg1·y,5, ey0↔ ≃ ”5,ω(g1(y)),rg1·y


1ω(x0)=s



Initially, ”(t)
5,j1,rg1·y0

and ”(t)
5,j→1,rg2·y0

̸ ϱ, and thus both are lying in the linear regime, which1821

implies sReLU↓ = 1.1822

• for ↽ = 2, letting j2 = ε(g2(y1)) and j
↓
2 = ε(g2(y0)). Initially, due to the uniform attention value1823

1
4 , and the result from stage 1, only ”(t)

5,ω(g
k→ (yk)),rg

k→ ·yk
for k ↑ {0, 1}, k↓ ↑ {1, 2} are activated1824

and in the smoothed regime. They are still very close to zero and sReLU↓(”(t)
5,j2,rg2·y1

) =1825

$(t)
5,j2,rg2·y1

q↑1

↽q↑1 = 1/poly(d).1826

– For [Q4,3]s,s where s ↑ ε(X )1827

[
≃∝

Q(t)
4,3

Loss2,25

]

s,s

= E

Attn(t)

ans,1↔pred,2 ·


(1≃ logit(t)5,j2

) · sReLU↓(”(t)
5,j,rg2·y1

)
(
↓W5,j,rg2·y1 ,2

, eg2↔ ≃ ”(t)
5,j2,rg2·y1



≃ logit(t)5,j→2
· sReLU↓(”(t)

5,j→2,rg2·y0
)
(
↓W5,j→2,rg2·y0 ,2

, eg2↔ ≃ ”(t)
5,j→2,rg2·y0



≃ logit(t)5,ω(g1(y0))
· sReLU↓(”(t)

5,ω(g1(y0)),rg1·y0
)
(
↓W5,ω(g1(y0)),rg1·y0 ,2

, eg2↔ ≃ ”(t)
5,ω(g1(y0)),rg1·y0



≃ logit(t)5,ω(g1(y1))
· sReLU↓(”(t)

5,ω(g1(y1)),rg1·y1
)
(
↓W5,ω(g1(y1)),rg1·y1 ,2

, eg2↔ ≃ ”(t)
5,ω(g1(y1)),rg1·y1



≃

∑

y→Y\{y0,y1}

logit(t)5,ω(g2(y))
· sReLU↓(”(t)

5,ω(g2(y)),rg2·y
)
(
↓W5,ω(g2(y)),rg2·y,2, eg2↔ ≃ ”(t)

5,ω(g2(y)),rg2·y


1ω(x1)=s


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– For [Q4,4]s,s where s ↑ ε(X )1828
[
≃∝

Q(t)
4,4

Loss2,25

]

s,s

= E

Attn(t)

ans,1↔ans,1 ·


(1≃ logit(t)5,j2

) · sReLU↓(”(t)
5,j2,rg2·y1

)
(
↓W5,j2,rg2·y1 ,5

, ey1↔ ≃ ”(t)
5,j,rg2·y1



≃ logit(t)5,j→2
· sReLU↓(”(t)

5,j→,rg2·y0
)
(
↓W5,j→2,rg2·y0 ,5

, ey1↔ ≃ ”(t)
5,j→2,rg2·y0



≃ logit(t)5,ω(g1(y0))
· sReLU↓(”(t)

5,ω(g1(y0)),rg1·y0
)
(
↓W5,ω(g1(y0)),rg1·y0 ,5

, ey1↔ ≃ ”(t)
5,ω(g1(y0)),rg1·y0



≃ logit(t)5,ω(g1(y1))
· sReLU↓(”(t)

5,ω(g1(y1)),rg1·y1
)
(
↓W5,ω(g1(y1)),rg1·y1 ,5

, ey1↔ ≃ ”(t)
5,ω(g1(y1)),rg1·y1



≃

∑

y→Y\{y0,y1}

logit(t)5,ω(g2(y))
· sReLU↓(”(t)

5,ω(g2(y)),rg2·y
)
(
↓W5,ω(g2(y)),rg2·y,5, ey1↔ ≃ ”(t)

5,ω(g2(y)),rg2·y


1ω(x1)=s



In the following analysis, we assume B = ω log d for some large cosntant ω > 1. We denote the1829

positive and negative gradients for [Q4,p]s,s from loss Loss2
ϑ,5 as Ns,p,ϑ,pos and Ns,p,ϑ,neg respectively.1830

Specifically, we have1831

• for ↽ = 1,1832

– For [Q4,3]s,s where s ↑ ε(X )1833

Ns,3,1,pos

= E

Attnans,0↔pred,1 ·


(1≃ logit(t)5,j1

) · sReLU↓(”(t)
5,j1,rg1·y0

)
(
↓W5,j1,rg1·y0 ,2

, eg1↔ ≃ ”(t)
5,j1,rg1·y0



≃ logit(t)5,j→1
· sReLU↓(”(t)

5,j→1,rg2·y0
)
(
↓W5,j→1,rg2·y0 ,2

, eg1↔ ≃ ”(t)
5,j→1,rg1·y0


1ω(x0)=s



Ns,3,1,neg

= E

Attnans,0↔pred,1 ·


≃

∑

y→Y\{y0}

logit(t)5,ω(g1(y))
· sReLU↓(”(t)

5,ω(g1(y)),rg1·y
)

(
↓W5,ω(g2(y)),rg1·y,2, eg1↔ ≃ ”(t)

5,ω(g1(y)),rg1·y


1ω(x0)=s



– For [Q4,4]s,s where s ↑ ε(X )1834

Ns,4,1,pos

= E

Attnans,0↔ans,0 ·


(1≃ logit(t)5,j1

) · sReLU↓(”(t)
5,j1,rg1·y0

)
(
↓W5,j1,rg1·y0 ,5

, ey0↔ ≃ ”(t)
5,j1,rg1·y0



≃

∑

y→Y\{y0}

logit(t)5,ω(g1(y))
· sReLU↓(”(t)

5,ω(g1(y)),rg1·y
)
(
↓W5,ω(g2(y)),rg1·y,5, ey0↔ ≃ ”(t)

5,ω(g1(y)),rg1·y


1ω(x0)=s



Ns,4,1,neg

= E

Attnans,0↔ans,0 ·


≃ logit(t)5,j→1

· sReLU↓(”(t)
5,j→1,rg2·y0

)
(
↓W5,j→1,rg2·y0 ,5

, ey0↔ ≃ ”(t)
5,j→1,rg2·y0


1ω(x0)=s



• for ↽ = 2,1835

– For [Q4,3]s,s where s ↑ ε(X )1836

Ns,3,2,pos

= E

Attn(t)

ans,1↔pred,2 ·


(1≃ logit(t)5,j2

) · sReLU↓(”(t)
5,j,rg2·y1

)
(
↓W5,j,rg2·y1 ,2

, eg2↔ ≃ ”(t)
5,j2,rg2·y1


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≃ logit(t)5,ω(g1(y0))
· sReLU↓(”(t)

5,ω(g1(y0)),rg1·y0
)
(
↓W5,ω(g1(y0)),rg1·y0 ,2

, eg2↔ ≃ ”(t)
5,ω(g1(y0)),rg1·y0



≃ logit(t)5,ω(g1(y1))
· sReLU↓(”(t)

5,ω(g1(y1)),rg1·y1
)
(
↓W5,ω(g1(y1)),rg1·y1 ,2

, eg2↔ ≃ ”(t)
5,ω(g1(y1)),rg1·y1


1ω(x1)=s



Ns,3,2,neg

= E

Attn(t)

ans,1↔pred,2 ·


≃ logit(t)5,j→2

· sReLU↓(”(t)
5,j→2,rg2·y0

)
(
↓W5,j→2,rg2·y0 ,2

, eg2↔ ≃ ”(t)
5,j→2,rg2·y0



≃

∑

y→Y\{y0,y1}

logit(t)5,ω(g2(y))
· sReLU↓(”(t)

5,ω(g2(y)),rg2·y
)
(
↓W5,ω(g2(y)),rg2·y,2, eg2↔ ≃ ”(t)

5,ω(g2(y)),rg2·y


1ω(x1)=s



– For [Q4,4]s,s where s ↑ ε(X )1837

Ns,4,2,pos

= E

Attn(t)

ans,1↔ans,1 ·


(1≃ logit(t)5,j2

) · sReLU↓(”(t)
5,j2,rg2·y1

)
(
↓W5,j2,rg2·y1 ,5

, ey1↔ ≃ ”(t)
5,j,rg2·y1



≃ logit(t)5,j→2
· sReLU↓(”(t)

5,j→,rg2·y0
)
(
↓W5,j→2,rg2·y0 ,5

, ey1↔ ≃ ”(t)
5,j→2,rg2·y0



≃ logit(t)5,ω(g1(y0))
· sReLU↓(”(t)

5,ω(g1(y0)),rg1·y0
)
(
↓W5,ω(g1(y0)),rg1·y0 ,5

, ey1↔ ≃ ”(t)
5,ω(g1(y0)),rg1·y0



≃

∑

y→Y\{y0,y1}

logit(t)5,ω(g2(y))
· sReLU↓(”(t)

5,ω(g2(y)),rg2·y
)
(
↓W5,ω(g2(y)),rg2·y,5, ey1↔ ≃ ”(t)

5,ω(g2(y)),rg2·y


1ω(x1)=s



Ns,4,2,neg

= E

Attn(t)

ans,1↔ans,1 ·


≃ logit(t)5,ω(g1(y1))

· sReLU↓(”(t)
5,ω(g1(y1)),rg1·y1

)

·

(
↓W5,ω(g1(y1)),rg1·y1 ,5

, ey1↔ ≃ ”(t)
5,ω(g1(y1)),rg1·y1


1ω(x1)=s



F.2 Stage 2.1: Growth of Gap1838

Induction F.1. Given s ↑ ε(X ), let T2,1,s denote the first time that [Q(t)
4,3]s,s reaches &( 1

log d
). For1839

all iterations t ↘ T2,1,s, we have the following holds1840

• [Q(t)
4,3]s,s monotonically increases1841

•
∣∣[Q(t)

4,4]s,s
∣∣ ↘ [Q(t)

4,3]s,s and [Q(t)
4,3]s,s ≃ [Q(t)

4,4]s,s = #([Q(t)
4,3]s,s);1842

• for p ↑ {3, 4}, for j ↑ ε(X ) ′= s, |[Q(t)
4,p]s,j | ↘ O(

[Q(t)
4,p]s,j
d

) ; otherwise [Q(t)
4,p]s,j = 01843

F.2.1 Attention and Logit Preliminaries1844

Lemma F.1. If Induction F.1 holds for all iterations < t,then we have1845

1. for ↽ = 1,1846

(a) Attn(t)
ans,0↔pred,1 ↑ [ 13 ,

1
3 +O( 1

log d
)];1847

(b) Attn(t)
ans,0↔pred,2,Attn(t)

ans,0↔ans,0 ↘ Attn(t)
ans,0↔pred,1;1848

(c)
∣∣Attn(t)

ans,0↔k ≃Attn(t)
ans,0↔k→

∣∣ ↘ O( 1
log d

) for k ′= k↓
↑ I

(2,0)1849

2. for ↽ = 2,1850
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(a) Attn(t)
ans,1↔pred,2 ↑ [ 14 ,

1
4 +O( 1

log d
)];1851

(b) Attn(t)
ans,1↔k ↘ Attn(t)

ans,1↔pred,2 for k ′= (pred, 2);1852

(c)
∣∣Attn(t)

ans,1↔k ≃ Attn(t)
ans,1↔k→

∣∣ ↘ O( 1
log d

) for k ↑ {(ans, 0), (pred, 1)},k↓
↑1853

{(ans, 1), (pred, 2)}1854

Lemma F.2. If Induction F.1 holds for all iterations < t, then we have1855

1. for ↽ = 1, logit(t)5,j = &(1) for j ↑ {j1, j
↓
1}, 1≃ logit(t)5,j1

≃ logit(t)5,j→1
= 1

polyd ;1856

2. for ↽ = 2, logit(t)5,j = O( 1
d
) for all j.1857

Proof. • For ↽ = 1, we have1858

logit(t)
j1

=
1

1 + e
2
(
Attnans,0↗pred,2↑Attnans,0↗pred,1

)
F +O(d) · e↑

(
Attnans,0↗ans,1+Attnans,0↗pred,1↑Attnans,0↗pred,2

)
F± 1

polyd

=
1

1 + e
↑O( 1

log d
)F +O(d) · e↑

(
1
3+O( 1

log d
)
)
F

↗ &(1)

1859

logit(t)
j→1

=
1

1 + e
2
(
Attnans,0↗pred,1↑Attnans,0↗pred,2

)
F +O(d) · e↑

(
Attnans,0↗ans,1+Attnans,0↗pred,2↑Attnans,0↗pred,1

)
F± 1

polyd

=
1

1 + e
O( 1

log d
)F +O(d) · e↑

(
1
3↑O( 1

log d
)
)
F

↗ &(1)

1860

1≃ logit(t)
j1

≃ logit(t)
j→1

=
O(1)

(
e

(
1↑2Attnans,0↗pred,2

)
F± 1

polyd + e

(
1↑2Attnans,0↗pred,1

)
F± 1

polyd


· d↑1 +O(1)

↘
O(1)

e

(
1
3+O( 1

log d
)
)
F
· d↑1 +O(1)

↘
1

polyd

• For ↽ = 2, we only need to focus on j2 and j
↓
2,1861

logit(t)
j2

=

1

1 + e
2
(
Attnans,1↗ans,0↑Attnans,1↗ans,1

)
F +O(d) · e↑

(
Attnans,1↗ans,1+Attnans,1↗pred,2↑Attnans,1↗pred,1↑Attnans,1↗ans,0

)
F± 1

polyd

=
1

1 + e
±O( 1

log d
)F +O(d) · e±O( 1

log d
)F

= O
(1
d

)

1862

logit(t)
j→2

=

1

1 + e
2
(
Attnans,1↗ans,1↑Attnans,1↗ans,0

)
F +O(d) · e↑

(
Attnans,1↗ans,0+Attnans,1↗pred,2↑Attnans,1↗pred,1↑Attnans,1↗ans,1

)
F± 1

polyd

=
1

1 + e
±O( 1

log d
)F +O(d) · e±O( 1

log d
)F

= O
(1
d

)

1863
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F.2.2 Gradient Lemma1864

Notice that during these phase, for ↽ = 1, ”(t)
5,ω(g1(y)),rg1·y

for y ′= y0 cannot be activated since1865

2Attnans,0↔pred,1 ≃ 1 < 0; and similarly for ↽ = 2, ”(t)
5,ω(g2(y)),rg2·y

for y ′↑ {y0, y1} has not been1866

activated.1867

Lemma F.3. If Induction F.1 holds for all iterations < t, given s ↑ ε(X ), for [Q(t)
4,3]s,s, we have1868

2∑

ϑ=1

[
≃∝

Q(t)
4,3

Loss2,ϑ5

]

s,s

= #
( log d

d


.

Proof. Clearly, Ns,3,1,neg = 0. By Lemma F.2, we can bound negative gradient Ns,3,2,neg as follows1869

|Ns,3,2,neg|

= E

Attn(t)

ans,1↔pred,2 ·


logit(t)5,j→2

· sReLU↓(”(t)
5,j→2,rg2·y0

)
(
↓W5,j→2,rg2·y0 ,2

, eg2↔ ≃ ”(t)
5,j→2,rg2·y0


1ω(x1)=s



↘ O(
log d

d
) ·

1

d
= Õ(

1

d2
)

On the other hand, we have1870

Ns,3,1,pos

= E

Attn(t)

ans,0↔pred,1 ·


(1≃ logit(t)5,j1

) · sReLU↓(”(t)
5,j1,rg1·y0

)
(
↓W5,j1,rg1·y0 ,2

, eg1↔ ≃ ”(t)
5,j1,rg1·y0



≃ logit(t)5,j→1
· sReLU↓(”(t)

5,j→1,rg2·y0
)
(
↓W5,j→1,rg2·y0 ,2

, eg1↔ ≃ ”(t)
5,j→1,rg1·y0


1ω(x0)=s



= #(1) ·#(log d) ·
1

d
= #

( log d
d


.

Furthermore, since sReLU↓(”(t)
5,j2,rg2·y1

) ↘ 1, we have Ns,3,2,pos ↘ O(Ns,3,1,pos). Thus we1871

complete the proof.1872

Lemma F.4 (negative gradient). If Induction F.1 holds for all iterations < t, given s ↑ ε(X ), we1873

have1874

2∑

ϑ=1

∣∣∣∣∣min

{[
≃∝

Q(t)
4,4

Loss2,ϑ5

]

s,s

, 0

}∣∣∣∣∣ ↘ O(
1

log d
)

2∑

ϑ=1

[
≃∝

Q(t)
4,3

Loss2,ϑ5

]

s,s

.

Proof.
[
≃∝

Q(t)
4,4

Loss2,15

]

s,s

= E

Attn(t)

ans,0↔ans,0 ·


(1≃ logit(t)5,j1

) · sReLU↓(”(t)
5,j1,rg1·y0

)
(
↓W5,j1,rg1·y0 ,5

, ey0↔ ≃ ”(t)
5,j1,rg1·y0



≃ logit(t)5,j→1
· sReLU↓(”(t)

5,j→1,rg2·y0
)
(
↓W5,j→1,rg2·y0 ,5

, ey0↔ ≃ ”(t)
5,j→1,rg2·y0


1ω(x0)=s



= E

Attn(t)

ans,0↔ans,0 ·


(1≃ logit(t)5,j1

) ·
(
2Attn(t)

ans,0↔pred,2F ±
1

polyd



≃ (1≃ logit(t)5,j1
≃

1

polyd
) ·

(
2Attn(t)

ans,0↔pred,1F ±
1

polyd


1ω(x0)=s



Therefore, by Lemma F.1, we have1875

|min
[

≃∝
Q(t)

4,4
Loss2,15

]

s,s

, 0

|
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↘ E

Attn(t)

ans,0↔ans,0 ·


(1≃ logit(t)5,j1

) ·O
(
Attn(t)

ans,0↔pred,1 ≃Attn(t)
ans,0↔pred,2


F


1ω(x0)=s



↘ E

Attn(t)

ans,0↔ans,0 ·


(1≃ logit(t)5,j1

) ·O
( 1

log d


F


1ω(x1)=s


↘ O

(
Ns,3,1,pos

log d



Moreover,1876

|min
[

≃∝
Q(t)

4,4
Loss2,25

]

s,s

, 0

| ↘ |Ns,4,2,neg|

= E

Attn(t)

ans,1↔ans,1 ·


logit(t)5,ω(g1(y1))

· sReLU↓(”(t)
5,ω(g1(y1)),rg1·y1

)

·

(
↓W5,ω(g1(y1)),rg1·y1 ,5

, ey1↔ ≃ ”(t)
5,ω(g1(y1)),rg1·y1


1ω(x1)=s



(i)
↘ Õ(

1

polyd
) ∞ O

(
Ns,3,1,pos

log d


,

where the inequality (i) holds since logit(t)5,ω(g1(y1))
↘ O( 1

d
) and ”(t)

5,ω(g1(y1)),rg1·y1
= O( log d

polyd ).1877

Combining the above two inequalities and the fact that
∑2

ϑ=1

[
≃∝Q4,3Loss

2,ϑ
5

]

s,s

↗ &(Ns,3,1,pos)1878

from the previosu lemma, we complete the proof.1879

Lemma F.5 (Growth of gap). If Induction F.1 holds for all iterations < t, given s ↑ ε(X ), we have1880

2∑

ϑ=1

[
≃∝

Q(t)
4,3

Loss2,ϑ5

]

s,s

≃

2∑

ϑ=1

[
≃∝

Q(t)
4,4

Loss2,ϑ5

]

s,s

↗ &

 2∑

ϑ=1

[
≃∝

Q(t)
4,3

Loss2,ϑ5

]

s,s


.

Proof. For ↽ = 21881
[
≃∝

Q(t)
4,4

Loss2,25

]

s,s

+
[
∝

Q(t)
4,3

Loss2,25

]

s,s

↘ Ns,4,2,pos ≃Ns,3,2,pos ≃Ns,3,2,neg

↘ E

Attn(t)

ans,1↔ans,1 ·


≃ logit(t)5,j→2

· sReLU↓(”(t)
5,j,rg2·y0

)
(
↓W5,j→2,rg2·y0 ,5

, ey1↔ ≃ ”(t)
5,j→2,rg2·y0


1ω(x1)=s



+ E

Attn(t)

ans,1↔pred,2 ·


logit(t)5,j→2

· sReLU↓(”(t)
5,j→2,rg2·y0

)
(
↓W5,j→2,rg2·y0 ,2

, eg2↔ ≃ ”(t)
5,j→2,rg2·y0



≃

∑

y→Y\{y0,y1}

logit(t)5,ω(g2(y))
· sReLU↓(”(t)

5,ω(g2(y)),rg2·y
)
(
↓W5,ω(g2(y)),rg2·y,2, eg2↔ ≃ ”(t)

5,ω(g2(y)),rg2·y


1ω(x1)=s



= E

Attn(t)

ans,1↔ans,1 ·


≃ logit(t)5,j→2

· sReLU↓(”(t)
5,j,rg2·y0

)
(
↓W5,j→2,rg2·y0 ,5

, ey1↔ ≃ ”(t)
5,j→2,rg2·y0


1ω(x1)=s



+ E

Attn(t)

ans,1↔pred,2 ·


logit(t)5,j→2

· sReLU↓(”(t)
5,j→2,rg2·y0

)
(
↓W5,j→2,rg2·y0 ,2

, eg2↔ ≃ ”(t)
5,j→2,rg2·y0


1ω(x1)=s



↘ O(
log d

d2
).

This implies the gradient difference between Q4,3 and Q4,4 contributed by ↽ = 2 is negligible. For1882

↽ = 1, since Ns,3,1,neg has not been activated, we have1883
[
≃∝

Q(t)
4,3

Loss2,15

]

s,s

+
[
∝

Q(t)
4,4

Loss2,15

]

s,s

= Ns,3,1,pos ≃Ns,4,1,pos ≃Ns,4,1,neg

↗ E

Attn(t)

ans,0↔pred,1 ·


≃ logit(t)5,j→1

· sReLU↓(”(t)
5,j→1,rg2·y0

)
(
↓W5,j→1,rg2·y0 ,2

, eg1↔ ≃ ”(t)
5,j→1,rg1·y0


1ω(x0)=s


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+ E

Attn(t)

ans,0↔ans,0 ·


logit(t)5,j→1

· sReLU↓(”(t)
5,j→1,rg2·y0

)
(
↓W5,j→1,rg2·y0 ,5

, ey0↔ ≃ ”(t)
5,j→1,rg2·y0


1ω(x0)=s



= &(
[
≃∝

Q(t)
4,3

Loss2,25

]

s,s

) ↗ &(
log d

d
).

Putting it all together, we finish the proof.1884

Lemma F.6. If Induction F.1 holds for all iterations < t, given s ↑ ε(X ), for [Q(t)
4,3]s,s ↗ &( ↽

log d
),1885

we have1886

2∑

ϑ=1

[
≃∝

Q(t)
4,4

Loss2,ϑ5

]

s,s

↗ &

 2∑

ϑ=1

[
≃∝

Q(t)
4,3

Loss2,ϑ5

]

s,s


.

Proof. Notice that by Lemma F.4, when [Q(t)
4,3]s,s ↗ &( ↽

log d
), we have [Q(t)

4,4]s,s ↗ ≃O( ↽

log2 d
).1887

Thus1888

Attnans,1↔pred,2 +Attnans,1↔ans,1 ≃Attnans,1↔pred,1 ≃Attnans,1↔ans,0 ↗ &(
ϱ

log d
)

which implies ”(t)
5,j2,rg2·y1

already lies in the linear regime. Then we have1889

Ns,4,2,pos =

E

Attn(t)

ans,1↔ans,1 ·


(1≃ logit(t)5,j2

) · sReLU↓(”(t)
5,j2,rg2·y1

)
(
↓W5,j2,rg2·y1 ,5

, ey1↔ ≃ ”(t)
5,j,rg2·y1



≃O(
1

d
) · sReLU↓(”(t)

5,j→2,rg2·y1
)
(
↓W5,j→2,rg2·y0 ,5

, ey1↔ ≃ ”(t)
5,j→2,rg2·y0


1ω(x1)=s


↗ &

( log d
d



Similarly, we have |Ns,4,2,neg| ↘ O( log d

d2 ) and by Lemma F.4, we have |Ns,4,1,neg| ↘ O( 1
log d

) ·1890

∑2
ϑ=1

[
≃∝

Q(t)
4,3

Loss2,ϑ5

]

s,s

. Putting it all together, we complete the proof.1891

Lemma F.7. If Induction F.2 holds for all iterations < t, given s ′= j ↑ ε(X ), for p ↑ {3, 4}, we1892

have1893

∣∣∣∣
2∑

ϑ=1

[
≃∝

Q(t)
4,p

Loss2,ϑ5

]

s,j

∣∣∣∣ ↘ O

( log d
d2


= O(

1

d
) ·

∣∣∣∣
2∑

ϑ=1

[
≃∝

Q(t)
4,p

Loss2,ϑ5

]

s,s

∣∣∣∣.

F.2.3 At the End of Stage 2.11894

Putting gradient lemmas together, we can directly prove that Induction F.1 holds for all iterations t1895

until the end of stage 2.1, where we can conclude the following:1896

Lemma F.8 (End of Stage 2.1). Given s ↑ ε(X ), Induction F.1 holds for all iterations t < T2,1,s =1897

O( d

ϖ log2 d
), then at the end of stage 2.1, we have1898

• [Q(t)
4,p]s,s = &( 1

log d
) for p ↑ {3, 4};1899

• |[Q(t)
4,3]s,s ≃ [Q(t)

4,4]j,j | ↗ &( 1
log d

);1900

• |[Q(t)
4,p]s,j | ↘ O(

[Q(t)
4,p]s,s
d

) for j ↑ ε(X ) ′= s for p ↑ {3, 4}; otherwise, [Q(t)
4,p]j,s = 0;1901

F.3 Stage 2.2: Growth of Q4,3 and Q4,41902

In stage 2.2, we will continue to grow Q4,3 and Q4,4 until they reach a certain threshold. The analysis1903

here is similar to the analysis in stage 2.1, but we shift our focus to the gradients contributed by ↽ = 21904

since the loss for ↽ = 1 has already been activated well and start to contribute negligible to the growth1905

of Q4,3 and Q4,4.1906
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Induction F.2. Given s ↑ ε(X ), let T2,2,s denote the first time that [Q4,3]s,s reaches 0.0001 (small1907

enough to ensure 2ω(c1+c2) < 1≃c5ω and 1≃(1≃2c4)ω > 0). For all iterations T2,1,s < t < T2,2,s,1908

we have the following holds1909

• [Q(t)
4,3]s,s, [Q

(t)
4,4]s,s ↘ O(1) monotonically increases;1910

• [Q(t)
4,3]s,s ≃ [Q(t)

4,4]s,s ↘ c0 monotonically increases;1911

• for (p, q) ↑ {(4, 3), (4, 4)}, |[Q(t)
p,q]s,j | ↘ O(

[Q(t)
p,q

]s,s
d

) for j ↑ ε(X ) ′= s; other [Q(t)
p,q]s,j =1912

01913

F.3.1 Attention and Logit Preliminaries1914

Lemma F.9. If Induction F.2 holds for all iterations < t,then we have1915

1. for ↽ = 1,1916

• Attn(t)
ans,0↔pred,1 ↑ [ 13 + &( 1

log d
), 1

3 + c1]1917

• Attn(t)
ans,0↔pred,2 ↑ [ 13 ≃ c2,

1
3 ≃ &( 1

log d
)]1918

• Attn(t)
ans,0↔pred,2 + &( 1

log d
) ↘ Attn(t)

ans,0↔ans,01919

• Attn(t)
ans,0↔pred,1 ≃Attn(t)

ans,0↔ans,0 ↑ [&( 1
log d

), c1 + c2]1920

2. for ↽ = 2,1921

• Attn(t)
ans,1↔pred,2 ↑ [ 14 + &( 1

log d
), 1

4 + c3]1922

• Attn(t)
ans,1↔pred,1,Attn(t)

ans,1↔ans,0 ↑ [ 14 ≃ c4,
1
4 ≃ &( 1

log d
)],

∣∣Attn(t)
ans,1↔ans,0 ≃1923

Attn(t)
ans,1↔pred,1

∣∣ ↘ O( 1
d
)1924

• Attn(t)
ans,1↔pred,1,Attn(t)

ans,1↔ans,0 ↘ Attn(t)
ans,1↔ans,1 ≃ &( 1

log d
)1925

• Attn(t)
ans,1↔pred,2 ≃Attn(t)

ans,1↔ans,1 ↑ [&( 1
log d

), c5]1926

Lemma F.10. If Induction F.2 holds for all iterations < t, then we have1927

1. for ↽ = 1, logit(t)5,j→1
↗ &

(
1

d2ϱ(c1+c2)

)
.1928

2. for ↽ = 2, 1≃ logit(t)5,j2
= &(1), logit(t)5,j→2

= O
(

1
d1↑c5ϱ

)
.1929

Proof. • For ↽ = 1, we have1930

logit(t)
j→1

=
1

1 + e
2
(
Attnans,0↗pred,1↑Attnans,0↗pred,2

)
F +O(d) · e↑

(
Attnans,0↗ans,1+Attnans,0↗pred,2↑Attnans,0↗pred,1

)
F± 1

polyd

=
1

1 + e2(c1+c2)F +O(d) · e↑
(

1
3↑2c1

)
F

↗ &
( 1

d2⇀(c1+c2)

)

• For ↽ = 2, we have1931

logit(t)
j2

=

1

1 + e
2
(
Attnans,1↗ans,0↑Attnans,1↗ans,1

)
F +O(d) · e↑

(
Attnans,1↗ans,1+Attnans,0↗pred,2↑Attnans,1↗pred,1↑Attnans,1↗ans,0

)
F± 1

polyd

↘
1

1 +O(d) · e↑
(
1↑2c4

)
F

= O(
1

d
1↑

(
1↑2c4

)
⇀

)
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1932

logit(t)
j→2

=

1

1 + e
2
(
Attnans,1↗ans,1↑Attnans,1↗ans,0

)
F +O(d) · e↑

(
Attnans,1↗ans,0+Attnans,0↗pred,2↑Attnans,1↗pred,1↑Attnans,1↗ans,1

)
F± 1

polyd

↘
1

1 + e
”( 1

log d
)F +O(d) · e↑

(
c5+O( 1

d
)
)
F

↘ O
( 1

d1↑c5⇀

)

1933

F.3.2 Gradient Lemma1934

Notice that during these sub-stage, for ↽ = 2, ”(t)
5,ω(g1(y)),rg1·y

for y ↑ {y0, y1} cannot be activated1935

anymore, due to slightly dominant attention role of Attnans,0↔pred,2.1936

Lemma F.11. If Induction F.2 holds for all iterations < t, given s ↑ ε(X ), for [Q(t)
4,3]s,s, we have1937

2∑

ϑ=1

[
≃∝

Q(t)
4,3

Loss2,ϑ5

]

s,s

= #
( log d

d


.

Proof. By Lemma F.10, since 1≃ logit(t)5,j2
= &(1) and ”(t)

5,j2,rg2·y1
is already in the linear regime,1938

we have1939

Ns,3,1,pos ↘ O(Ns,3,2,pos).

For Ns,3,2,pos, we have1940

Ns,3,2,pos

= E

Attn(t)

ans,1↔pred,2 ·


(1≃ logit(t)5,j2

) · sReLU↓(”(t)
5,j2,rg2·y1

)
(
↓W5,j2,rg2·y1 ,2

, eg2↔ ≃ ”(t)
5,j2,rg2·y1


1ω(x1)=s



= #(1) ·#(log d) ·
1

d
= #

( log d
d


.

Furthermore, we can bound negative gradient Ns,3,2,neg as follows1941

|Ns,3,2,neg|

= E

Attn(t)

ans,1↔pred,2 ·


logit(t)5,j→2

· sReLU↓(”(t)
5,j→2,rg2·y0

)
(
↓W5,j→2,rg2·y0 ,2

, eg2↔ ≃ ”(t)
5,j→2,rg2·y0


1ω(x1)=s



↘ O(
log d

d1↑c5⇀
) ·

1

d
= Õ(

1

d2↑c5⇀
),

which is negligible compared to Ns,3,2,pos. Thus we complete the proof.1942

Lemma F.12. If Induction F.2 holds for all iterations < t, given s ↑ ε(X ), we have1943

2∑

ϑ=1

[
≃∝

Q(t)
4,4

Loss2,ϑ5

]

s,s

= #(
log d

d
).

Proof. For ↽ = 2,1944

Ns,4,2,pos =

E

Attn(t)

ans,1↔ans,1 ·


(1≃ logit(t)5,j2

) · sReLU↓(”(t)
5,j2,rg2·y1

)
(
↓W5,j2,rg2·y1 ,5

, ey1↔ ≃ ”(t)
5,j,rg2·y1



≃O(
1

d
) · sReLU↓(”(t)

5,j→2,rg2·y1
)
(
↓W5,j→2,rg2·y0 ,5

, ey1↔ ≃ ”(t)
5,j→2,rg2·y0


1ω(x1)=s


↗ &

( log d
d


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In this sub-stage Ns,4,2,neg = 0. Then turn to ↽ = 1, when [Q4,3]s,s ↘ O( 1
log log d

), following the1945

analysis in Lemma F.4, we have1946
[
≃∝Q4,4Loss

2,1
5

]

s,s

= E

Attnans,0↔ans,0 ·


(1≃ logit(t)5,j1

) · sReLU↓(”(t)
5,j1,rg1·y0

)
(
↓W5,j1,rg1·y0 ,5

, ey0↔ ≃ ”(t)
5,j1,rg1·y0



≃ logit(t)5,j→1
· sReLU↓(”(t)

5,j→1,rg2·y0
)
(
↓W5,j→1,rg2·y0 ,5

, ey0↔ ≃ ”(t)
5,j→1,rg2·y0


1ω(x0)=s



= E

Attnans,0↔ans,0 ·


(1≃ logit(t)5,j1

) ·
(
2Attnans,0↔pred,2F ±

1

polyd



≃ (1≃ logit(t)5,j1
≃

1

polyd
) ·

(
2Attnans,0↔pred,1F ±

1

polyd


1ω(x0)=s



↗ ≃O(
1

log log d
)E


Attnans,0↔ans,0 ·


(1≃ logit(t)5,j1

)·

(
2
(
Attnans,0↔pred,1 ≃Attnans,0↔pred,2

)
F ±

1

polyd


1ω(x1)=0



↗ ≃O(
1

log log d
) · Ns,4,1,pos

Since Ns,4,1,pos ↘ O(Ns,4,2,pos), thus the contribution of
[
≃∝Q4,4Loss

2,1
5

]

s,s

is negligible compared1947

to Ns,4,2,pos. Once [Q4,3]s,s reaches &( 1
log log d

), we have1948

logit(t)
j→1

=
1

1 + e
2
(
Attnans,0↗pred,1↑Attnans,0↗pred,2

)
F +O(d) · e↑

(
Attnans,0↗ans,1+Attnans,0↗pred,2↑Attnans,0↗pred,1

)
F± 1

polyd

↘
1

1 + e
O( log d

log log d
)
= o(1) ∞ 1≃ logit(t)5,j2

,

which implies Ns,4,1,neg can be dominated by Ns,4,2,pos. Putting it all together, we have1949

2∑

ϑ=1

[
≃∝Q4,4Loss

2,ϑ
5

]

s,s

= #(Ns,4,2,pos) = #(
log d

d
).

1950

Lemma F.13 (Growth of gap). If Induction F.2 holds for all iterations < t, given s ↑ ε(X ), we have1951

2∑

ϑ=1

[
≃∝Q(t)4,3Loss

2,ϑ
5

]

s,s

≃

2∑

ϑ=1

[
≃∝

Q(t)
4,4

Loss2,ϑ5

]

s,s

↗ 0

Proof. For ↽ = 1, since Attnans,0↔pred,1 ↗ Attnans,0↔ans,0 we have1952

[
≃∝Q4,3Loss

2,2
5

]

s,s

+
[
∝Q4,4Loss

2,2
5

]

s,s

= Ns,3,1,pos ≃Ns,4,1,pos ≃Ns,4,1,neg

↗ E

Attnans,0↔pred,1 ·


≃ logit(t)5,j→1

· sReLU↓(”(t)
5,j→1,rg2·y0

)
(
↓W5,j→1,rg2·y0 ,2

, eg1↔ ≃ ”(t)
5,j→1,rg1·y0


1ω(x0)=s



+ E

Attnans,0↔ans,0 ·


logit(t)5,j→1

· sReLU↓(”(t)
5,j→1,rg2·y0

)
(
↓W5,j→1,rg2·y0 ,5

, ey0↔ ≃ ”(t)
5,j→1,rg2·y0


1ω(x0)=s


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↗ &(
log d

d1+2⇀(c1+c2)
).

where the last inequality due to Lemma F.10 that logit(t)5,j→1
↗ &( 1

d2ϱ(c1+c2) ).1953

For ↽ = 21954
[
≃∝Q4,4Loss

2,2
5

]

s,s

+
[
∝Q4,3Loss

2,2
5

]

s,s

↘ E

Attn(t)

ans,1↔ans,1 ·


≃ logit(t)5,j→2

· sReLU↓(”(t)
5,j,rg2·y0

)
(
↓W5,j→2,rg2·y0 ,5

, ey1↔ ≃ ”(t)
5,j→2,rg2·y0


1ω(x1)=s



+ E

Attn(t)

ans,1↔pred,2 ·


logit(t)5,j→2

· sReLU↓(”(t)
5,j→2,rg2·y0

)
(
↓W5,j→2,rg2·y0 ,2

, eg2↔ ≃ ”(t)
5,j→2,rg2·y0


1ω(x1)=s



↘ O(
log d

d2
).

This implies the gradient difference between Q4,3 and Q4,4 contributed by ↽ = 2 is still negligible.1955

Putting it all together, we finish the proof.1956

Lemma F.14. If Induction F.2 holds for all iterations < t, given s ′= j ↑ ε(X ), for p ↑ {3, 4}, we1957

have1958

∣∣∣∣
2∑

ϑ=1

[
≃∝

Q(t)
4,p

Loss2,ϑ5

]

s,j

∣∣∣∣ ↘ O

( log d
d2


= O(

1

d
) ·

∣∣∣∣
2∑

ϑ=1

[
≃∝

Q(t)
4,p

Loss2,ϑ5

]

s,s

∣∣∣∣.

F.3.3 At the End of Stage 2.21959

Putting gradient lemmas together, we can directly prove that Induction F.2 holds for all iterations t1960

until the end of stage 2.2, where we can conclude the following:1961

Lemma F.15 (End of Stage 2.2). Given s ↑ ε(X ), Induction F.2 holds for all iterations t < T2,2,s =1962

O( d

ϖ log d
), then at the end of stage 2.2, we have1963

• [Q(t)
4,p]s,s = &(1) for p ↑ {3, 4};1964

• [Q(t)
4,3]s,s ≃ [Q(t)

4,4]s,s ↑ [&( 1
log d

), O(1)];1965

• |[Q(t)
4,p]s,j | ↘ O(

[Q(t)
4,p]s,s
d

) for j ↑ ε(X ) ′= s, and other [Q4,p]s,j = 0;1966

F.4 Stage 2.3: Decrease of Gap and Convergence1967

Induction F.3. Given ↼ ↗ &̃(ϑ0). For s ↑ ε(X ), let T2,3,s denote the first time that1968

Attnans,1↔pred,2 + Attnans,1↔ans,1 ↗ 1 ≃ ↼. For all iterations T2,2,s < t < T2,3,s, we have1969

the following holds:1970

• [Q(t)
4,3]s,s and [Q(t)

4,4]s,s monotonically increases ↘ Õ(1);1971

• Attn(t)
ans,1↔pred,2 ≃Attn(t)

ans,1↔ans,1 ↗ 0;1972

• Attn(t)
ans,1↔pred,2 ↘ 0.5 + c̃ for some small constant c̃ > 0;1973

• for (p, q) ↑ {(4, 3), (4, 4)}, |[Q(t)
p,q]s,j | ↘ O(

[Q(t)
p,q

]s,s
d

) for j ↑ ε(X ) ′= s; other [Q(t)
p,q]s,j =1974

0.1975

F.4.1 Attention and Logit Preliminaries1976

Lemma F.16. If Induction F.3 holds for all iterations < t,then we have1977
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1. Attn(t)
ans,0↔pred,1 ↗ Attn(t)

ans,1↔pred,2;1978

2. for ↽ = 1,1979

• Attn(t)
ans,0↔ans,0 ↗ &(1), and Attn(t)

ans,0↔ans,0 > Attn(t)
ans,0↔pred,2;1980

3. for ↽ = 2,1981

• Attn(t)
ans,1↔ans,1 ↗ &(1), Attn(t)

ans,1↔pred,1,Attn(t)
ans,1↔ans,0 ↘ Attn(t)

ans,1↔ans,1;1982

•
∣∣Attn(t)

ans,1↔ans,0 ≃Attn(t)
ans,1↔pred,1

∣∣ ↘ Õ( 1
d
).1983

Lemma F.17. If Induction F.3 holds for all iterations < t, then we have1984

1. logit(t)5,j→1
↘ O


1

d
2ϱ

(
Attnans,0↗pred,1↑Attnans,0↗pred,2

)


,1985

2. 1≃ logit(t)
j1

↘ O


1

d
2ϱ

(
Attnans,0↗pred,1↑Attnans,0↗pred,2

)
↑min


1↑ϱ

(
1↑2Attnans,0↗pred,1

)
,0




,1986

3. 1≃logit(t)
j2

↗ min


1
2 ,&


1

d
ϱ

(
Attnans,1↗ans,1+Attnans,1↗pred,2↑Attnans,1↗pred,1↑Attnans,1↗ans,0

)
↑1

}
.1987

Proof. • For ↽ = 1, we have1988

logit(t)
j→1

=

1

1 + e
2
(
Attnans,0↗pred,1↑Attnans,0↗pred,2

)
F +O(d) · e↑

(
Attnans,0↗ans,1+Attnans,0↗pred,2↑Attnans,0↗pred,1

)
F± 1

polyd

↘ O


1

d
2⇀
(
Attnans,0↗pred,1↑Attnans,0↗pred,2

)


Similarly, we have1989

1≃ logit(t)
j1

=

1 +O(d) · e↑
(
Attnans,0↗ans,1+Attnans,0↗pred,2↑Attnans,0↗pred,1

)
F± 1

polyd

1 + e
2
(
Attnans,0↗pred,1↑Attnans,0↗pred,2

)
F +O(d) · e↑

(
Attnans,0↗ans,1+Attnans,0↗pred,2↑Attnans,0↗pred,1

)
F± 1

polyd

↘ O


1

d
2⇀
(
Attnans,0↗pred,1↑Attnans,0↗pred,2

)
↑min


1↑⇀

(
1↑2Attnans,0↗pred,1

)
,0



• For ↽ = 2, we have1990

1≃ logit(t)
j2

=

e
2
(
Attnans,1↗ans,0↑Attnans,1↗ans,1

)
F +O(d) · e↑

(
Attnans,1↗ans,1+Attnans,1↗pred,2↑Attnans,1↗pred,1↑Attnans,1↗ans,0

)
F± 1

polyd

1 + e
2
(
Attnans,1↗ans,0↑Attnans,1↗ans,1

)
F +O(d) · e↑

(
Attnans,1↗ans,1+Attnans,0↗pred,2↑Attnans,1↗pred,1↑Attnans,1↗ans,0

)
F± 1

polyd

↗ min

{
1

2
,&

( 1

d
⇀

(
Attnans,1↗ans,1+Attnans,1↗pred,2↑Attnans,1↗pred,1↑Attnans,1↗ans,0

)
↑1

}

1991

F.4.2 Gradient Lemma1992

Lemma F.18. If Induction F.3 holds for all iterations < t, given s ↑ ε(X ), for [Q4,4]s,s, we have1993

2∑

ϑ=1

[
≃∝

Q(t)
4,4

Loss2,ϑ5

]

s,s

↗ &
(

↼ log d

d(1↑2⇁)⇀


.
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Proof. When ω
(
Attnans,1↔ans,1 +Attnans,1↔pred,2 ≃Attnans,1↔pred,1 ≃Attnans,1↔ans,0

)
↘ 1,1994

we have logit(t)
j→1

↘ O( 1
dc8

) · (1 ≃ logit(t)
j2
) for some small constant c8 > 0. During this phase,1995

Attnans,1↔ans,0 + Attnans,1↔pred,1 ↗ &(1), and ”(t)
5,j2,rg2·y1

, ”(t)
5,j→1,rg2·y0

are still in the linear1996

regime. Therefore, we have the following negative gradient for [Q4,4]s,s, which only comes from1997

↽ = 1:1998

E

Attnans,0↔ans,0 · logit

(t)
5,j→1

· sReLU↓(”(t)
5,j→1,rg2·y0

)
(
↓W5,j→1,rg2·y0 ,5

, ey0↔ ≃ ”(t)
5,j→1,rg2·y0


1ω(x0)=s



= E

Attnans,0↔ans,0 · logit

(t)
5,j→1

· 2Attnans,0↔pred,1

(
F ±

1

polyd

)
1ω(x0)=s



= O(1) · E

logit(t)5,j→1

(
F ±

1

polyd

)
1ω(x0)=s



On the other hand, we have1999
[
≃∝Q4,4Loss

(2)
2,5

]

s,s

↗ E

Attn(t)

ans,1↔ans,1 · (1≃ logit(t)5,j2
) · sReLU↓(”(t)

5,j2,rg2·y1
)
(
↓W5,j2,rg2·y1 ,5

, ey1↔ ≃ ”(t)
5,j,rg2·y1


1ω(x1)=s



= E

Attn(t)

ans,1↔ans,1 · (1≃ logit(t)5,j2
) ·

(
Attnans,1↔ans,0 +Attnans,1↔pred,1

)(
F ±

1

polyd


1ω(x1)=s



↗ &(1) · E

(1≃ logit(t)5,j2

)
(
F ±

1

polyd


1ω(x1)=s



Since logit(t)
j→1

↘ O( 1
dc8

)·(1≃logit(t)
j2
), we have that the negative gradient for [Q4,4]s,s is dominated2000

by
[
≃∝Q4,4Loss

(2)
2,5

]

s,s

.2001

When ω
(
Attnans,1↔ans,1 +Attnans,1↔pred,2 ≃Attnans,1↔pred,1 ≃Attnans,1↔ans,0

)
> 1, we have2002

logit(t)
j→1

↘ O( 1
d
) · (1≃ logit(t)

j2
). If ”(t)

5,j→1,rg2·y0
for ↽ = 1 is still in the linear regime, we have2003

”(t)
5,j→1,rg2·y0

= (1≃ 2Attnans,0↔pred,1) · (F ±
1

polyd
) ↗ ϱ

which implies2004

Attnans,1↔pred,1 +Attnans,1↔ans,0 ↗ 1≃ 2Attnans,1↔pred,2 ↗ 1≃ 2Attnans,0↔pred,1 ↗ &(
ϱ

F
).

We have the same upper bound for the negative gradient, and for
[
≃∝Q4,4Loss

(2)
2,5

]

s,s

, we have2005

[
≃∝Q4,4Loss

(2)
2,5

]

s,s

↗ E

Attn(t)

ans,1↔ans,1 · (1≃ logit(t)5,j2
) ·

(
Attnans,1↔ans,0 +Attnans,1↔pred,1

)(
F ±

1

polyd


1ω(x1)=s



↗ &(
1

polylogd
) · E


(1≃ logit(t)5,j2

)
(
F ±

1

polyd


1ω(x1)=s



↗ &(
d

polylogd
) · E


logit(t)5,j→1

(
F ±

1

polyd


1ω(x1)=s



which implies that the negative gradient for [Q4,4]s,s is also dominated by
[
≃∝Q4,4Loss

(2)
2,5

]

s,s

.2006
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If ”(t)
5,j→1,rg2·y0

for ↽ = 1 falls into the smoothed regime, we have2007

E

Attnans,0↔ans,0 · logit

(t)
5,j→1

· sReLU↓(”(t)
5,j→1,rg2·y0

)
(
↓W5,j→1,rg2·y0 ,5

, ey0↔ ≃ ”(t)
5,j→1,rg2·y0


1ω(x0)=s



↘ O(1) · E

logit(t)5,j→1

·
( (1≃ 2Attnans,0↔pred,1)

(
F ±

1
polyd

)

ϱ

)q↑1(
F ±

1

polyd

)
1ω(x0)=s



= E

O(

( (1≃ 2Attnans,0↔pred,1)
(
F ±

1
polyd

)

ϱ

)q↑1
)logit(t)5,j→1

(
F ±

1

polyd

)
1ω(x0)=s



↘ E

O

( (1≃ 2Attnans,0↔pred,1)
(
F ±

1
polyd

)

ϱ


logit(t)5,j→1

(
F ±

1

polyd

)
1ω(x0)=s



↘ E

O

(
(1≃ 2Attnans,0↔pred,1)


logit(t)5,j→1

(
F ±

1

polyd

)
1ω(x0)=s



2008 [
≃∝Q4,4Loss

(2)
2,5

]

s,s

↗ E

Attn(t)

ans,1↔ans,1 · (1≃ logit(t)5,j2
) ·

(
Attnans,1↔ans,0 +Attnans,1↔pred,1

)(
F ±

1

polyd


1ω(x1)=s



↗ E

&
(
Attnans,1↔ans,0 +Attnans,1↔pred,1

)
· (1≃ logit(t)5,j2

)
(
F ±

1

polyd


1ω(x1)=s



↗ ·E

&
(
d ·

(
1≃ 2Attnans,0↔pred,1

)
· logit(t)5,j→1

(
F ±

1

polyd


1ω(x1)=s



Similarly, we can conclude that the negative gradient for [Q4,4]s,s is also dominated by
[
≃2009

∝Q4,4Loss
(2)
2,5

]

s,s

. Hence, to give a lower bound for
∑2

ϑ=1

[
≃ ∝Q4,4Loss

(2)
ϑ,5

]

s,s

, we only need2010

to consider ↽ = 2 and have2011 [
≃∝Q4,4Loss

(2)
2,5

]

s,s

↗ E

&
(
Attnans,1↔ans,0 +Attnans,1↔pred,1

)
· (1≃ logit(t)5,j2

)
(
F ±

1

polyd


1ω(x1)=s



= E

&
(
1≃Attn(t)

ans,1↔ans,1 ≃Attn(t)
ans,1↔pred,2

)
· (1≃ logit(t)5,j2

)
(
F ±

1

polyd


1ω(x1)=s



↗ &(
↼ log d

d
·

1

d⇀(1↑2⇁)↑1
) = &

(
↼ log d

d(1↑2⇁)⇀



2012

Lemma F.19. If Induction F.3 holds for all iterations < t, given s ↑ ε(X ), for [Q4,p]s,j , p ↑ {3, 4},2013

j ′= s ↑ ε(X ), ↽ ↑ [2], we have2014

∣∣∣
[
≃∝

Q(t)
4,p

Loss2,ϑ5

]

s,j

∣∣∣ ↘ O(
1

d
)
∣∣∣
[
≃∝

Q(t)
4,p

Loss2,ϑ5

]

s,s

∣∣∣.

F.4.3 Non-negative Gap2015

Let T̃ denote the first time that ’ < ◁, where ◁ = ⇁

1
ς↑2

polyd . Therefore, we have for ↽ = 2,2016

• For [Q4,3]s,s,2017
[
≃∝Q4,3Loss

(2)
2,5

]

s,s
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= E

Attn(t)

ans,1↔pred,2 · (1≃ logit(t)5,j2
) · sReLU↓(”(t)

5,j,rg2·y1
)
(
↓W5,j,rg2·y1 ,2

, eg2↔ ≃ ”(t)
5,j2,rg2·y1


1ω(x1)=s

︸ ︷︷ ︸
J1

≃Attn(t)
ans,1↔pred,2 · logit

(t)
5,j→2

· sReLU↓(”(t)
5,j→2,rg2·y0

)
(
↓W5,j→2,rg2·y0 ,2

, eg2↔ ≃ ”(t)
5,j→2,rg2·y0


1ω(x1)=s

︸ ︷︷ ︸
J2



• For [Q4,4]s,s where s ↑ ε(X )2018

[
≃∝Q4,4Loss

(2)
2,5

]

s,s

= E

Attn(t)

ans,1↔ans,1 · (1≃ logit(t)5,j2
) · sReLU↓(”(t)

5,j2,rg2·y1
)
(
↓W5,j2,rg2·y1 ,5

, ey1↔ ≃ ”(t)
5,j,rg2·y1


1ω(x1)=s

︸ ︷︷ ︸
J3

≃Attn(t)
ans,1↔ans,1 · logit

(t)
5,j→2

· sReLU↓(”(t)
5,j→,rg2·y0

)
(
↓W5,j→2,rg2·y0 ,5

, ey1↔ ≃ ”(t)
5,j→2,rg2·y0


1ω(x1)=s

︸ ︷︷ ︸
J4



J4 ≃ J2 = O
(
(◁ log d)q↑1

)
· E

[
(1≃ logit(t)5,j2

) · 1ω(x1)=s

]

J1 ≃ J3 = O
(
◁↼ log d

)
E
[
(1≃ logit(t)5,j2

) · 1ω(x1)=s

]

which implies
[
≃∝Q4,3Loss

2,2
5

]

s,s

↗

[
≃∝Q4,4Loss

2,2
5

]

s,s

. Also it is straightforward to see that2019

[
≃∝Q4,3Loss

2,1
5

]

s,s

↗

[
≃∝Q4,4Loss

2,1
5

]

s,s

. Hence, we complete the proof.2020

F.4.4 Upper Bound for Q2021

Denote the first time that [Q4,3]s,s reaches &(log1+c
d) for some small constant c > 0 as T ε. Then2022

we have2023

Attn(Tω)
ans,0↔pred,2 ↘ O

( 1

e”(log1+c d)

)

Attn(Tω)
ans,1↔pred,1 +Attn(Tω)

ans,1↔ans,0 ↘ O
( 1

e”(log1+c d)

)

Moreover, we can simply bound the logits as follows:2024

1≃ logit(t)
j1

↘ O

( 1

d
⇀

(
1↑2Attn(Tω)

ans,0↗pred,2

)
↑1


↘ O(

1

d⇀/2↑1
)

1≃ logit(t)
j2

↘ O

( 1

d
⇀

(
1↑2Attn(Tω)

ans,1↗pred,1↑2Attn(Tω)
ans,1↗ans,0

)
↑1


↘ O(

1

d⇀/2↑1
)

Thus, we have2025

|

2∑

ϑ=1

[
≃∝Q4,3Loss

(2)
ϑ,5

]

s,s

]| ↘ O(
log d

e”(log1+c d)d⇀/2
)

which implies2026

Q(T )
4,3 ↘ Q(Tω)

4,3 +O(
ϖT log d

e”(log1+c d)d⇀/2
) ↘ Q(Tω)

4,3 +O(
polyd · log d

e”(log1+c d)d⇀/2
) ↘ O(log1+c

d).
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F.4.5 Attention Upper Bound2027

Let T̃ denote the first time that Attnans,1↔pred,2 reaches 0.5 + c̃. where c̃ > 0 is some small2028

constant s.t., 2c̃ω > 1. At T̃ , we have Attn(T̃ )
ans,0↔pred,1 ↗ Attn(T̃ )

ans,1↔pred,2 ; Attn(T̃ )
ans,1↔ans,1 and2029

Attn(T̃ )
ans,0↔ans,0 is still at the constant level. For ↽ = 1, j↓1 is no longer activate, while ε(y) for2030

y ↑ Y \ {y0} has been activated to the linear regime. We have2031

• For ↽ = 1, for y ↑ Y \ {y0}, we have2032

∑

y→Y\{y0}

logit(t)5,ω(g1(y))
↗

log d · e2c̃⇀ log d

log d · e2c̃⇀ log d +O(d)
(1≃ logit(t)5,j1

) = (1≃ o(1)) · (1≃ logit(t)5,j1
)

Thus,2033
[
≃∝Q4,3Loss

2,1
5

]

s,s

= E

Attnans,0↔pred,1 ·


(1≃ logit(t)5,j1

) ·
(
↓W5,j1,rg1·y0 ,2

, eg1↔ ≃ ”(t)
5,j1,rg1·y0



≃

∑

y→Y\{y0}

logit(t)5,ω(g1(y))
·

(
↓W5,ω(g1(y)),rg1·y,2, eg1↔ ≃ ”(t)

5,ω(g1(y)),rg1·y


1ω(x0)=s



= E

Attnans,0↔pred,1 ·


(1≃ logit(t)5,j1

) · 2Attnans,0↔pred,2 · (ωF ±
1

polyd
)

≃

∑

y→Y\{y0}

logit(t)5,ω(g1(y))
· 2

(
Attnans,0↔ans,0 +Attnans,0↔pred,2

)
· (ωF ±

1

polyd
)


1ω(x0)=s



< 0

• For ↽ = 2, similarly, we have2034

∑

y→Y\{y0,y1}

logit(t)5,ω(g2(y))
↗

log d · e2c̃⇀ log d

log d · e2c̃⇀ log d +O(d)
(1≃ logit(t)5,j2

≃ logit(t)5,j→2
)

= (1≃ o(1)) · (1≃ logit(t)5,j2
≃ logit(t)5,j→2

)
2035 [

≃∝Q4,3Loss
(2)
2,5

]

s,s

= E

Attn(t)

ans,1↔pred,2 ·


(1≃ logit(t)5,j2

) ·
(
↓W5,j,rg2·y1 ,2

, eg2↔ ≃ ”(t)
5,j2,rg2·y1



≃ logit(t)5,j→2
·

(
↓W5,j→2,rg2·y0 ,2

, eg2↔ ≃ ”(t)
5,j→2,rg2·y0



≃

∑

y→Y\{y0,y1}

logit(t)5,ω(g2(y))
·

(
↓W5,ω(g2(y)),rg2·y,2, eg2↔ ≃ ”(t)

5,ω(g2(y)),rg2·y


1ω(x1)=s



= E

Attn(t)

ans,1↔pred,2 ·


(1≃ logit(t)5,j2

) · 2
(
Attnans,1↔pred,1 +Attnans,1↔ans,0


(ωF ±

1

polyd
)

≃ logit(t)5,j→2
· 2
(
Attnans,1↔pred,1 +Attnans,1↔ans,1


(ωF ±

1

polyd
)

≃

∑

y→Y\{y0,y1}

logit(t)5,ω(g2(y))
· 2
(
Attnans,1↔pred,1 +Attnans,1↔ans,0 +Attnans,1↔ans,1


(ωF ±

1

polyd
)



· 1ω(x1)=s


< 0
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Combing the two inequalities, we have
∑2

ϑ=1

[
≃ ∝Q4,3Loss

(2)
ϑ,5

]

s,s

< 0. It is also clear that2036

∑2
ϑ=1

[
≃∝Q4,4Loss

(2)
ϑ,5

]

s,s

↗ 0. Therefore, Attnans,1↔pred,2 cannot further grow once it reaches2037

0.5 + c̃.2038

F.4.6 Decreasing Gap at the End of Convergence2039

Let T̃ denote the first time that 1≃Attn(t)
ans,1↔pred,2 ≃Attn(t)

ans,1↔ans,1 ↘ 3↼, if Attn(t)
ans,1↔pred,2 ≃2040

Attn(t)
ans,1↔ans,1 ↘ O

( (d1.01
⇁)

1
q↑1

log d

)
, then we can let T ε = T̃ and stop the training. Otherwise,2041

we have Attn(t)
ans,1↔pred,2 ≃ Attn(t)

ans,1↔ans,1 ↗ &
( (d1.01

⇁)
1

q↑1

log d

)
. Following the similar argument2042

as in Lemma F.18, we have the gradient contribution from ↽ = 1 is dominated by the gradient2043

contribution from ↽ = 2. Thus, we focus on ↽ = 2 and have the following logit relations: logit(t)
j→2

↗2044

&( 1
d
) ·

(
1≃ logit(t)

j2

)
. Hence2045

[
≃∝Q4,3Loss

(2)
2,5

]

s,s

= E

Attn(t)

ans,1↔pred,2 ·


(1≃ logit(t)5,j2

) ·
(
↓W5,j,rg2·y1 ,2

, eg2↔ ≃ ”(t)
5,j2,rg2·y1



≃ logit(t)5,j→2
· sReLU↓(”(t)

5,j→2,rg2·y0
)
(
↓W5,j→2,rg2·y0 ,2

, eg2↔ ≃ ”(t)
5,j→2,rg2·y0



≃

∑

y→Y\{y0,y1}

logit(t)5,ω(g2(y))
· sReLU↓(”(t)

5,ω(g2(y)),rg2·y
)
(
↓W5,ω(g2(y)),rg2·y,2, eg2↔ ≃ ”(t)

5,ω(g2(y)),rg2·y


1ω(x1)=s



↘ E

(1≃ logit(t)5,j2

) ·O(↼ log d)1ω(x1)=s



[
≃∝Q4,4Loss

(2)
2,5

]

s,s

= E

Attn(t)

ans,1↔ans,1 ·


(1≃ logit(t)5,j2

) ·
(
↓W5,j,rg2·y1 ,5

, ey1↔ ≃ ”(t)
5,j2,rg2·y1



≃ logit(t)5,j→2
· sReLU↓(”(t)

5,j→2,rg2·y0
)
(
↓W5,j→2,rg2·y0 ,5

, ey1↔ ≃ ”(t)
5,j→2,rg2·y0



≃

∑

y→Y\{y0,y1}

logit(t)5,ω(g2(y))
· sReLU↓(”(t)

5,ω(g2(y)),rg2·y
)
(
↓W5,ω(g2(y)),rg2·y,5, ey1↔ ≃ ”(t)

5,ω(g2(y)),rg2·y


1ω(x1)=s



↗ E

Attn(t)

ans,1↔ans,1 ·


≃ logit(t)5,j→2

·

min{&(log d),&
((

(Attn(t)
ans,1↔pred,2 ≃Attn(t)

ans,1↔ans,1) log d
)q↑1

log d

}


1ω(x1)=s



↗ E

(1≃ logit(t)5,j2

) · &(
1

d
)·

min{&(log d),&
((

(Attn(t)
ans,1↔pred,2 ≃Attn(t)

ans,1↔ans,1) log d
)q↑1

log d

}1ω(x1)=s



Since Attn(t)
ans,1↔pred,2 ≃Attn(t)

ans,1↔ans,1 ↗ &
( (d1.01

⇁)
1

q↑1

log d

)
, we have

(
(Attn(t)

ans,1↔pred,2 ≃Attn(t)
ans,1↔ans,1) log d

)q↑1
↗ d

0.01
↼,
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which implies for ↼ ∞ 1
d

, we have
[
≃∝Q4,4Loss

(2)
2,5

]

s,s

̸ |

[
≃∝Q4,3Loss

(2)
2,5

]

s,s

|. Therefore, if the2046

gap does not decrease to the level of O( (d
1.01

⇁)
1

q↑1

log d
), Q4,4 will start to dominately increase while Q4,32047

will not change too much. On the other hand, if the gap of attention holds, then [Q4,3]s,s ↗ [Q4,4]s,s,2048

we have2049

1≃Attn(t)
ans,1↔pred,2 ≃Attn(t)

ans,1↔ans,1 =
O(1)

O(1) + e
[Q(t)

4,4]s,s + e
[Q(t)

4,3]s,s

↗
O(1)

O(1) + 2e[Q
(T̃ )
4,3 ]s,s

↗
1

2
· 3↼ > ↼.

This implies, we can find some time between T̃ and T2,3,s, s.t., the gap will decrease to O( (d
1.01

⇁)
1

q↑1

log d
).2050

We denote this time as T ε and stop the training.2051

F.4.7 At the End of the Training2052

Putting everything together, we have that at the end of the training, we have2053

Lemma F.20. At T ε = Õ(d
(1↑2φ)ϱ

ϖ⇁
), if ↼ = o( 1

d1.01 ), we have2054

• Attention convergence: Attn
(T2,3,s)
ans,1↔pred,2 +Attn

(T2,3,s)
ans,1↔ans,1 ↘ ↼, and Attn

(T2,3,s)
ans,1↔pred,2 ≃2055

Attn
(T2,3,s)
ans,1↔ans,1 ↘ O( (d

1.01
⇁)

1
q↑1

log d
);2056

• [Q
(T2,3,s)
4,p ]j,s ↗ &(log d) for p ↑ {3, 4} if j = s ↑ ε(X ), otherwise, [Q(T2,3,s)

4,p ]j,s ↘ Õ( 1
d
);2057

• Loss convergence:
∑2

ϑ=1 Loss
(T2,3,s)
ϑ,5 ↘

1
polyd .2058

F.5 Proof of Main Theorem2059

Theorem F.1 (Direct short-to-poly length generalization (Restatement)). Under Assumptions 3.1,2060

3.2, 3.4, and 4.1, for every L ↘ polyd, the transformer model F (T1+T2) obtained by Algorithm 1 with2061

learning rate ϖ = 1
poly(d) , and stage 1 and 2 iteration T1 = Õ( 1

ϖ(ϱ0)q↑2 ), T2 = Õ( poly(d)
ϖϱ0

) satisfies2062

AccL
(
F

(T1+T2)
)

↗ 1≃
1

poly(d)
,

i.e., F (T1+T2), which is trained for task T
1 and T

2, generalizes to solve the tasks T ϑ
, ↽ ↘ L .2063

Proof. By Lemma F.20, at the end of Stage 2 training, we have [Q
(T2,3,s)
4,p ]s,s ↗ &(log d) for all2064

p ↑ {3, 4} and s ↑ ε(X ).2065

Therefore, for any L ↘ poly(d) in phase T
L, we obtain2066

↼
L,ϑ

attn ↘
O(1) · L

O(1) · L+ e
[Q

(T2,3,s)

4,3 ]s,s + e
[Q

(T2,3,s)

4,4 ]s,s
= o(1).

Moreover, we have2067

’L,ϑ
↘ ’2,1 = Attn

(T2,3,s)
ans,1↔pred,2 ≃Attn

(T2,3,s)
ans,1↔ans,1 ↘ o(1).

These together guarantee that2068

1≃ logit5,ω(gε+1(yε))(F
(Tω)

,Z(L,ϑ)) ↘
O(1) · d+ e

o(1)

O(1) · d+ eo(1) + e”(log d)
↘

1

poly(d)
,

which implies2069

AccL
(
F

(Tω)
)
↗ 1≃

1

poly(d)
.

2070
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G Learning the Attention Layer: Symmetry Case for short-length2071

Throughout the following discussion, for samples drawn from the LEGO distribution, we omit the2072

subscript Z ∋ D in the expectation notation.2073

G.1 Gradient Computations2074

Notations: We first define the following notations. For any i ↑ [d], j ↑ [d], and r ↑ [m], we define2075

the following quantities:2076

Ei,j(Z
L,ϑ↑1) ↭ 1Zans,ε,i=ej

≃ logiti,j(F,Z
(L,ϑ↑1)),

”i,j,r(Z
L,ϑ↑1) ↭

∑

k→IL,ε↑1

Attnans,ϑ↑1↔k ·
〈
Wi,j,r,Zk

〉
+ bi,j,r.

Fact G.1 (Gradients of Q). For any p, q ↑ [5], we have2077

≃∝Qp,q
LossL,ϑ

i

= E


∑

k→IL,ε↑1

Attnans,ϑ↑1↔k ·



)L

ϑ,i,k ≃

∑

k→→IL,ε↑1

Attnans,ϑ↑1↔k→)L

ϑ,i,k→



Zans,ϑ↑1,pZ
⇓
k,q


,

where2078

)L

ϑ,i,k ↭
∑

j→[d]

Ei,j(Z
L,ϑ↑1)

∑

r→[m]

sReLU↓(”i,j,r(Z
L,ϑ↑1)

)
↓Wi,j,r,Zk↔

In the following discussion, letting j2 = ε(g2(y1)) and j
↓
2 = ε(g2(y0)).2079

Lemma G.1. For s ↑ ε(X ) we have2080

≃∝Q4,3Loss
2,2
5 = Ns,3,2,i +Ns,3,2,ii +Ns,3,2,iii +Ns,3,2,iv +Ns,3,2,v +Ns,3,2,vi

≃∝Q4,4Loss
2,2
5 = Ns,4,2,i +Ns,4,2,ii +Ns,4,2,iii +Ns,4,2,iv +Ns,4,2,v +Ns,4,2,vi

where2081

Ns,3,2,i

= E

Attn(t)

ans,1↔pred,2 · (1≃ logit(t)5,j2
) · sReLU↓(”(t)

5,j2,rg2·y1
)

(
↓W5,j2,rg2·y1 ,2

, eg2↔ ≃ ”(t)
5,j2,rg2·y1

± Õ(ϑ0)

1ω(x1)=s



Ns,3,2,ii

= ≃E

Attn(t)

ans,1↔pred,2 · logit
(t)
5,j→2

· sReLU↓(”(t)
5,j→2,rg2·y0

)

(
↓W5,j→2,rg2·y0 ,2

, eg2↔ ≃ ”(t)
5,j→2,rg2·y0

± Õ(ϑ0)

1ω(x1)=s,y0 ↗=y1



Ns,3,2,iii

= E

Attn(t)

ans,1↔pred,2 · logit
(t)
5,ω(g1(y1))

· sReLU↓(”(t)
5,ω(g1(y1)),rg1·y1

)

(
↓W5,ω(g1(y1)),rg1·y1 ,2

, eg2↔ ≃ ”(t)
5,ω(g1(y1)),rg1·y1

± Õ(ϑ0)

1ω(x1)=s,g1(y1) ↗=g2(y1)



Ns,3,2,iv

= E

≃Attn(t)

ans,1↔pred,2 · logit
(t)
5,ω(g1(y0))

· sReLU↓(”(t)
5,ω(g1(y0)),rg1·y0

)

73



(
↓W5,ω(g1(y0)),rg1·y0 ,2

, eg2↔ ≃ ”(t)
5,ω(g1(y0)),rg1·y0

± Õ(ϑ0)

1ω(x1)=s,g1(y0) ↗=g2(y1)



Ns,3,2,v

= E

Attn(t)

ans,1↔pred,2 ·


≃

∑

y→Y\{y0,y1}

logit(t)5,ω(g2(y))
·

sReLU↓(”(t)
5,ω(g2(y)),rg2·y

)
(
↓W5,ω(g2(y)),rg2·y,2, eg2↔ ≃ ”(t)

5,ω(g2(y)),rg2·y
± Õ(ϑ0)


1ω(x1)=s



Ns,3,2,vi

= E

Attn(t)

ans,1↔pred,2 ·


≃

∑

y→Y\{y0,y1}

logit(t)5,ω(g1(y))
· sReLU↓(”(t)

5,ω(g1(y)),rg1·y
)

(
↓W5,ω(g1(y)),rg1·y,2, eg2↔ ≃ ”(t)

5,ω(g1(y)),rg1·y
± Õ(ϑ0)


1ω(x1)=s,g1(y) ↗=g2(y1)



2082

Ns,4,2,i

= E

Attn(t)

ans,1↔ans,1 · (1≃ logit(t)5,j2
) · sReLU↓(”(t)

5,j2,rg2·y1
)

(
↓W5,j2,rg2·y1 ,5

, ey1↔ ≃ ”(t)
5,j,rg2·y1

± Õ(ϑ0)

1ω(x1)=s



Ns,4,2,ii

= E

Attn(t)

ans,1↔ans,1 ·


≃ logit(t)5,ω(g2(y0))

· sReLU↓(”(t)
5,ω(g2(y0)),rg2·y0

)

·

(
↓W5,ω(g2(y0)),rg2·y0 ,5

, ey1↔ ≃ ”(t)
5,ω(g2(y0)),rg2·y0

± Õ(ϑ0)


1ω(x1)=s,y0 ↗=y1



Ns,4,2,iii

= E

≃Attn(t)

ans,1↔ans,1 · logit
(t)
5,ω(g1(y1))

· sReLU↓(”(t)
5,ω(g1(y1)),rg1·y1

)

(
↓W5,ω(g1(y1)),rg1·y1 ,5

, ey1↔ ≃ ”(t)
5,ω(g1(y1)),rg1·y1

± Õ(ϑ0)

1ω(x1)=s



Ns,4,2,iv

= E

≃Attn(t)

ans,1↔ans,1 · logit
(t)
5,ω(g1(y0))

· sReLU↓(”(t)
5,ω(g1(y0)),rg1·y0

)

(
↓W5,ω(g1(y0)),rg1·y0 ,5

, ey1↔ ≃ ”(t)
5,ω(g1(y0)),rg1·y0

± Õ(ϑ0)

1ω(x1)=s,g1(y0) ↗=g2(y1)



Ns,4,2,v

= E

Attn(t)

ans,1↔ans,1 ·


≃

∑

y→Y\{y0,y1}

logit(t)5,ω(g2(y))

· sReLU↓(”(t)
5,ω(g2(y)),rg2·y

)
(
↓W5,ω(g2(y)),rg2·y,5, ey1↔ ≃ ”(t)

5,ω(g2(y)),rg2·y
± Õ(ϑ0)


1ω(x1)=s



Ns,4,2,vi
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= E

Attn(t)

ans,1↔ans,1 ·


≃

∑

y→Y\{y0,y1}

logit(t)5,ω(g1(y))
sReLU↓(”(t)

5,ω(g1(y)),rg1·y
)

·

(
↓W5,ω(g1(y)),rg1·y,5, ey1↔ ≃ ”(t)

5,ω(g1(y)),rg1·y
± Õ(ϑ0)


1ω(x1)=s,g1(y) ↗=g2(y1)



Proof. The proof follows from direct calculations based on Fact G.1.2083

Let LossL,2
5,s = ≃E

[
log pF (Zans,2,5 | Z(L,1))

∣∣ ε(x1) = s

]
for s ↑ ε(X ). Due to the symmetry of2084

[Q4,3]s,s and [Q4,4]s,s across s ↑ ε(X ), we may, without loss of generality, focus on a particular2085

s ↑ ε(X ) and analyze the corresponding loss LossL,2
5,s in what follows. We further define some2086

events:2087

E1 =
{
y0 ′= y1

}
,

E2 =
{
g1(y0) ′= g2(y1)

}
,

E3 =
{
y ′↑ {y0, y1}, g1(y) ′= g2(y1)

}
.

G.2 Stage 1.2.1: Inital Growth of Q4,32088

The analysis of this stage is similar to the analysis in Appendix F.2, thus we will not repeat the details2089

and only present the main lemmas.2090

Induction G.1. Given s ↑ ε(X ), let T2,1,s denote the first time that [Q(t)
4,3]s,s reaches 1

B
= #( 1

log d
).2091

For all iterations t ↘ T2,1,s, we have the following holds2092

• [Q(t)
4,3]s,s monotonically increases;2093

• [Q(t)
4,4]s,s monotonically decreases,

∣∣[Q(t)
4,4]s,s

∣∣ ↘ [Q(t)
4,3]s,s and [Q(t)

4,3]s,s ≃ [Q(t)
4,4]s,s =2094

#([Q(t)
4,3]s,s);2095

• for p ↑ {3, 4}, for j ↑ ε(X ) ′= s, |[Q(t)
4,p]s,j | ↘ O(

[Q(t)
4,p]s,j
d

) ; otherwise [Q(t)
4,p]s,j = 02096

G.2.1 Attention and Logit Preliminaries2097

Lemma G.2. If Induction G.1 holds for all iterations < t,then we have2098

1. Attn(t)
ans,1↔pred,2 ↑ [ 14 ,

1
4 +O( 1

log d
)];2099

2. Attn(t)
ans,1↔pred,2 ≃ O( 1

log d
) ↘ Attn(t)

ans,1↔k ↘ Attn(t)
ans,1↔pred,2 for k ↑2100

{(pred, 1), (ans, 0)};2101

3. |Attn(t)
ans,1↔pred,1 ≃Attn(t)

ans,1↔ans,0| ↘ Õ( 1
d
);2102

4. Attn(t)
ans,1↔pred,2 ≃ O( 1

log d
) ↘ Attn(t)

ans,1↔ans,1 ↘ Attn(t)
ans,1↔k for k ↑2103

{(pred, 1), (ans, 0)}.2104

Lemma G.3. If Induction G.1 holds for all iterations < t, then we have, logit(t)5,j = O( 1
d
) for all2105

j ↑ ε(Y).2106

The proof of Lemma G.2 Lemma G.3 are similar to the proof of Lemma F.1 and Lemma F.2, and we2107

omit it here.2108
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G.2.2 Gradient Lemma2109

Lemma G.4. If Induction G.1 holds for all iterations < t, given s ↑ ε(X ), for [Q4,3]s,s, we have2110

[
≃∝

Q(t)
4,3

Loss2,25

]

s,s

↗ &
(1
d
· ([Q(t)

4,3]s,s ·B)q↑1

.

Lemma G.5. If Induction G.1 holds for all iterations < t, given s ↑ ε(X ), for [Q4,4]s,s, we have2111

≃&(
[
≃∝

Q(t)
4,3

Loss2,25

]

s,s

) ↘
[
≃∝

Q(t)
4,4

Loss2,25

]

s,s

↘ 0.

Lemma G.6. If Induction G.1 holds for all iterations < t, given s ↑ ε(X ), for [Q4,p]s,j , p ↑ {3, 4},2112

j ′= s ↑ ε(X ), we have2113

∣∣∣
[
≃∝

Q(t)
4,p

Loss2,25

]

s,j

∣∣∣ ↘ O(
1

d
)
∣∣∣
[
≃∝

Q(t)
4,p

Loss2,25

]

s,s

∣∣∣.

G.2.3 At the End of Stage 1.2.12114

At the end of stage 1.2.1, we have2115

Lemma G.7. At T2,1,s = #( d

ϖϱ
q↑2
0

) +O( d

ϖ log d
) we have2116

• [Q
(T2,1,s)
4,3 ]s,s ↗ &( 1

log d
), [Q(T2,1,s)

4,4 ]s,s ↘ 0;2117

• [Q
(T2,1,s)
4,3 ]s,s ≃ [Q

(T2,1,s)
4,4 ]s,s ↗ &( 1

log d
);2118

• other |[Q(T2,1,s)
4,p ]s,j | for p ↑ {3, 4}, j ↑ ε(X ) ′= s are at most Õ( 1

d
).2119

The consequence of Lemma G.7 is that j2 is activated to the linear regime.2120

G.3 Stage 1.2.2: Convergence with Small Wrong Attention2121

Denote Loss(2)2,5,s = ≃E
[
log pF (Zans,2,5|Z(2,1))

∣∣ε(x1) = s

]
for s ↑ ε(X ).2122

Induction G.2. Given s ↑ ε(X ), let T2,2,s denote the first time that Loss(2)2,5,s decreases below2123

e
↑ 1

2B+1.52 log d. For all iterations t ↘ T2,2,s, we have the following holds2124

• [Q(t)
4,3]s,s + [Q(t)

4,4]s,s monotonically increases;2125

• [Q(t)
4,3]s,s ↗ [Q(t)

4,4]s,s;2126

• for p ↑ {3, 4}, for j ↑ ε(X ) ′= s, |[Q(t)
4,p]s,j | ↘ O(

[Q(t)
4,p]s,j
d

) ; otherwise [Q(t)
4,p]s,j = 02127

G.3.1 Gradient Lemma2128

Lemma G.8. If Induction G.2 holds for all iterations < t, given s ↑ ε(X ), for ε(x1) = s, if2129

Attnans,1↔pred,2 <
1
2 , we have2130

[
≃∝

Q(t)
4,3

Loss(2)2,5

]

s,s

+
[
≃∝

Q(t)
4,4

Loss(2)2,5

]

s,s

↗&(1) · E

(1≃ logit(t)5,j2

) ·
(
1≃Attn(t)

ans,1↔pred,2 ≃Attn(t)
ans,1↔ans,1


B1ω(x1)=s



Proof. By Lemma G.1, we have2131

Ns,3,2,i +Ns,4,2,i
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= E

(1≃ logit(t)5,j2

) · sReLU↓(”(t)
5,j2,rg2·y1

)

(
Attn(t)

ans,1↔pred,2 · ↓W5,j2,rg2·y1 ,2
, eg2↔+Attn(t)

ans,1↔ans,1 · ↓W5,j2,rg2·y1 ,5
, ey1↔



≃

(
Attn(t)

ans,1↔pred,2 +Attn(t)
ans,1↔ans,1


”(t)
5,j2,rg2·y1


1ω(x1)=s



= E

(1≃ logit(t)5,j2

) · sReLU↓(”(t)
5,j2,rg2·y1

)


≃

(
Attnans,1↔pred,1 · ↓W5,j2,rg2·y1 ,2

, eg1↔+Attnans,1↔ans,0 · ↓W5,j2,rg2·y1 ,5
, ey0↔



︸ ︷︷ ︸
Ji,1

+
(
1≃Attn(t)

ans,1↔pred,2 ≃Attn(t)
ans,1↔ans,1


”(t)
5,j2,rg2·y1︸ ︷︷ ︸

Ji,2


1ω(x1)=s



Ji,1 ↗ 0 since ↓W5,j,rg2·y1 ,2
, eg1↔, ↓W5,j2,rg2·y1 ,5

, ey0↔ ↘ 0 on the event {g1(y1) ′= g2(y1)} ∃ E1.2132

Notice that on the event {g1(y1) ′= g2(y1)}c △ E
c
1 , the corret logit logit5,j2 is very close to 1 and the2133

probability of this event is also small, so we can ignore it.2134

Ns,3,2,ii +Ns,4,2,ii

= E

≃ logit(t)5,j→2

· sReLU↓(”(t)
5,j→2,rg2·y0

)

(
Attn(t)

ans,1↔pred,2 · ↓W5,j→2,rg2·y0 ,2
, eg2↔+Attn(t)

ans,1↔ans,1 · ↓W5,j→2,rg2·y0 ,5
, ey1↔



≃

(
Attn(t)

ans,1↔pred,2 +Attn(t)
ans,1↔ans,1


”(t)
5,j→2,rg2·y0


1ω(x1)=s



= E

logit(t)5,j→2

· sReLU↓(”(t)
5,j→2,rg2·y0

)

(
Attnans,1↔pred,1 · ↓W5,j→2,rg2·y0 ,2

, eg1↔+Attnans,1↔ans,0 · ↓W5,j
→
2,rg2·y0 ,5

, ey0↔



︸ ︷︷ ︸
Jii,1

≃

(
1≃Attn(t)

ans,1↔pred,2 ≃Attn(t)
ans,1↔ans,1


”(t)
5,j→2,rg2·y0︸ ︷︷ ︸

Jii,2


1ω(x1)=s1E1



Jii,1 ↙ 0, since ↓W5,j→2,rg2·y0 ,2
, eg1↔ + ↓W5,j

→
2,rg2·y0 ,5

, ey0↔ ↙ ↼cancel and Attnans,1↔ans,0 =2135

Attnans,1↔pred,12136

Ns,3,2,iii +Ns,4,2,iii

= E

≃ logit(t)5,ω(g1(y1))

· sReLU↓(”(t)
5,ω(g1(y1)),rg1·y1

)

(
Attn(t)

ans,1↔pred,2 · ↓W5,ω(g1(y1)),rg1·y1 ,2
, eg2↔+Attn(t)

ans,1↔ans,1 · ↓W5,ω(g1(y1)),rg1·y1 ,5
, ey1↔



≃

(
Attn(t)

ans,1↔pred,2 +Attn(t)
ans,1↔ans,1


”(t)
5,ω(g1(y1)),rg1·y1


1ω(x1)=s



77



= E

logit(t)5,g1(y1)

· sReLU↓(”(t)
5,ω(g1(y1)),rg1·y1

)

(
Attnans,1↔pred,1 · ↓W5,ω(g1(y1)),rg1·y1 ,2

, eg1↔+Attnans,1↔ans,0 · ↓W5,ω(g1(y1)),rg1·y1 ,5
, ey0↔



︸ ︷︷ ︸
Jiii,1

≃

(
1≃Attn(t)

ans,1↔pred,2 ≃Attn(t)
ans,1↔ans,1


”(t)
5,ω(g1(y1)),rg1·y1︸ ︷︷ ︸

Jiii,2


1ω(x1)=s



Jiii,1 ↗ &(1) · Attnans,1↔ans,0B, since |↓W5,ω(g1(y1)),rg1·y1 ,5
, ey0↔| ↘2137

O( 1
log d

)↓W5,ω(g1(y1)),rg1·y1 ,2
, eg1↔2138

Ns,3,2,iv +Ns,4,2,iv

= E

≃ logit(t)5,ω(g1(y0))

· sReLU↓(”(t)
5,ω(g1(y0)),rg1·y0

)

(
Attn(t)

ans,1↔pred,2 · ↓W5,ω(g1(y0)),rg1·y0 ,2
, eg2↔+Attn(t)

ans,1↔ans,1 · ↓W5,ω(g1(y0)),rg1·y0 ,5
, ey1↔



≃

(
Attn(t)

ans,1↔pred,2 +Attn(t)
ans,1↔ans,1


”(t)
5,ω(g1(y0)),rg1·y0


1ω(x1)=s



= E

logit(t)5,g1(y0)

· sReLU↓(”(t)
5,ω(g1(y0)),rg1·y0

)

(
Attnans,1↔pred,1 · ↓W5,ω(g1(y0)),rg1·y0 ,2

, eg1↔+Attnans,1↔ans,0 · ↓W5,ω(g1(y0)),rg1·y0 ,5
, ey0↔



︸ ︷︷ ︸
Jiv,1

≃

(
1≃Attn(t)

ans,1↔pred,2 ≃Attn(t)
ans,1↔ans,1


”(t)
5,ω(g1(y0)),rg1·y0︸ ︷︷ ︸

Jiv,2


1ω(x1)=s1E2



Similarly, Jiv,1 ↗ &(1) ·Attnans,1↔ans,0B.2139

Ns,3,2,v +Ns,4,2,v

= E

≃

∑

y→Y\{y0,y1}

logit(t)5,ω(g2(y))
· sReLU↓(”(t)

5,ω(g2(y)),rg2·y
)

(
Attn(t)

ans,1↔pred,2↓W5,ω(g2(y)),rg2·y,2, eg2↔+Attn(t)
ans,1↔ans,1↓W5,ω(g2(y)),rg2·y,5, ey1↔



≃

(
Attn(t)

ans,1↔pred,2 +Attn(t)
ans,1↔ans,1


”(t)
5,ω(g2(y)),rg2·y


1ω(x1)=s



= E


∑

y→Y\{y0,y1}

logit(t)5,ω(g2(y))
· sReLU↓(”(t)

5,ω(g2(y)),rg2·y
)

(
Attnans,1↔pred,1↓W5,ω(g2(y)),rg2·y,2, eg1↔+Attnans,0↔ans,1↓W5,ω(g2(y)),rg2·y,5, ey0↔



︸ ︷︷ ︸
Jv,1

≃

(
1≃Attn(t)

ans,1↔pred,2 ≃Attn(t)
ans,1↔ans,1


”(t)
5,ω(g2(y)),rg2·y︸ ︷︷ ︸

Jv,2


1ω(x1)=s


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For y ′↑ {y0, y1}, on the event {g1(y) ′= g2(y)}

”(t)
5,ω(g2(y)),rg2·y

↙
(
Attnans,1↔pred,2 ≃Attnans,1↔ans,0 ≃Attnans,1↔ans,1

)
· 2B

”(t)
5,j→2,rg2·y0

↙
(
Attnans,1↔pred,2 ≃Attnans,1↔ans,1

)
B

When Attnans,1↔pred,2 ↘
1
2 , we have Attnans,1↔ans,0 = 1

2 (Attnans,1↔pred,2≃Attnans,1↔ans,1)+
( 12 ≃Attnans,1↔pred,2), which implies

”(t)
5,ω(g2(y)),rg2·y

↙
(1
2
(Attnans,1↔pred,2 ≃Attnans,1↔ans,1)≃ (

1

2
≃Attnans,1↔pred,2)

)
B.

Thus, for y ′↑ {y0, y1}, we can conclude logit(t)5,ω(g2(y))
↘ O( 1

d
)(1 ≃ logit(t)5,j2

) if2140

(Attnans,1↔pred,2 ≃ Attnans,1↔ans,1) is small or logit(t)5,ω(g2(y))
↘ O( 1

dc )(1 ≃ logit(t)5,j2
)2141

for some small constant, if (Attnans,1↔pred,2 ≃ Attnans,1↔ans,1) is large. Hence, while2142

↓W5,ω(g2(y)),rg2·y,5, ey0↔ ↘ ≃&(B), the logit will be small. Moreover, on the event {g1(y) = g2(y)},2143

↓W5,ω(g2(y)),rg2·y,5, ey0↔+ ↓W5,ω(g2(y)),rg2·y,5, eg1↔ = ↼cancel ↙ 02144

Ns,3,2,vi +Ns,4,2,vi

= E

≃

∑

y→Y\{y0,y1}

logit(t)5,ω(g1(y))
· sReLU↓(”(t)

5,ω(g1(y)),rg1·y
)

(
Attn(t)

ans,1↔pred,2↓W5,ω(g1(y)),rg1·y,2, eg2↔+Attn(t)
ans,1↔ans,1↓W5,ω(g1(y)),rg1·y,5, ey1↔



≃

(
Attn(t)

ans,1↔pred,2 +Attn(t)
ans,1↔ans,1


”(t)
5,ω(g1(y)),rg1·y


1ω(x1)=s



= E

≃

∑

y→Y\{y0,y1}

logit(t)5,ω(g1(y))
· sReLU↓(”(t)

5,ω(g1(y)),rg1·y
)

(
Attnans,1↔pred,1↓W5,ω(g1(y)),rg1·y,2, eg1↔+Attnans,0↔ans,1↓W5,ω(g1(y)),rg1·y,5, ey0↔



︸ ︷︷ ︸
Jvi,1

≃

(
1≃Attn(t)

ans,1↔pred,2 ≃Attn(t)
ans,1↔ans,1


”(t)
5,ω(g1(y)),rg1·y︸ ︷︷ ︸

Jvi,2


1ω(x1)=s1E3



Jvi,1 ↗ &(1) · Attnans,1↔ans,0B, since |↓W5,ω(g1(y)),rg1·y,5, ey0↔| ↘2145

O( 1
log d

)↓W5,ω(g1(y)),rg1·y,2, eg1↔2146

Clearly, Jκ,2 0 ↑ {ii, iii, iv, v, vi} can be dominated by Ji,2. Combining with the above analysis on2147

Jκ,1, we can conclude that the summation of gradient is dominated by i term and thus conclude the2148

lemma.2149

2150

Lemma G.9. If Induction G.2 holds for all iterations < t, we have2151

[Q(t)
4,3]s,s ↗ [Q(t)

4,4]s,s.

Proof. When [Q(t)
4,3]s,s = [Q(t)

4,4]s,s, we have Ns,3,2,i > 0 dominate [≃∝
Q(t)

4,3
Loss2,25 ]s,s, while2152

Ns,4,2,i < 0 dominate [≃∝
Q(t)

4,4
Loss2,25 ]s,s since Ns,4,2,ii = 0 .2153
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Lemma G.10. If Induction G.2 holds for all iterations < t, we have2154

Attn(t)
ans,1↔pred,2 ≃Attn(t)

ans,1↔ans,0 ↘
1.001 log d

B
= c2.

wher c2 > 0 is some sufficiently small constant since B/ log d is sufficiently large.2155

Proof. Let T̃ denote the first time Attn(t)
ans,1↔pred,2 ≃Attn(t)

ans,1↔ans,0 ↗
1.0005 log d

B
, then2156

logit(T̃ )
5,j→2

=
e

1.0005 log d

B
·B

e
1.0005 log d

B
·B +O(d)

(1≃ logit(T̃ )
5,j2

) = (1≃O(
1

d0.0005
))(1≃ logit(T̃ )

5,j2
)

thus, we have2157

[≃∝
Q(t)

4,3
Loss2,25 ]s,s ↘ Ns,3,2,i +Ns,3,2,ii

= E

Attn(t)

ans,1↔pred,2 ·


(1≃ logit(t)5,j2

) ·
(
↓W5,j2,rg2·y1 ,2

, eg2↔ ≃ ”(t)
5,j2,rg2·y1



≃ (1≃O(
1

d0.0005
))(1≃ logit(t)5,j2

) ·
(
↓W5,j→2,rg2·y0 ,2

, eg2↔ ≃ ”(t)
5,j→2,rg2·y1


1ω(x1)=s



= E

Attn(t)

ans,1↔pred,2 ·


(1≃O(

1

d0.0005
))(1≃ logit(t)5,j2

) ·
(
”(t)
5,j→2,rg2·y0

≃ ”(t)
5,j2,rg2·y1



+O(
1

d0.0005
)(1≃ logit(t)5,j2

) ·
(
↓W5,j2,rg2·y1 ,2

, eg2↔ ≃ ”(t)
5,j2,rg2·y1


1ω(x1)=s



on the other hand, we have2158

[≃∝
Q(t)

4,4
Loss(2)2,5]s,s ↗ Ns,4,2,i +Ns,4,2,ii

= E

Attn(t)

ans,1↔ans,1 ·


(1≃ logit(t)5,j2

) ·
(
↓W5,j2,rg2·y1 ,5

, ey1↔ ≃ ”(t)
5,j2,rg2·y1



≃ (1≃O(
1

d0.0005
))(1≃ logit(t)5,j2

) ·
(
↓W5,j→2,rg2·y0 ,5

, ey1↔ ≃ ”(t)
5,j→2,rg2·y0


1ω(x1)=s



= E

Attn(t)

ans,1↔ans,1 ·


(1≃O(

1

d0.0005
))(1≃ logit(t)5,j2

)·

(
≃ ↓W5,j→2,rg2·y0 ,5

, ey1↔+ ”(t)
5,j→2,rg2·y0

≃ ”(t)
5,j2,rg2·y1



≃O(
1

d0.0005
)(1≃ logit(t)5,j2

) · ”(t)
5,j2,rg2·y0


1ω(x1)=s



Since at time T̃ , we have Attn(T̃ )
ans,1↔pred,1 ≃ Attn(T̃ )

ans,1↔ans,1 ↘ Attn(T̃ )
ans,1↔pred,2 ≃2159

Attn(T̃ )
ans,1↔ans,1 ↘

1.001 log d

B
, we have ”(t)

5,j→2,rg2·y0
≃ ”(t)

5,j2,rg2·y1
∞ ≃↓W5,j→2,rg2·y0 ,5

, ey1↔. There-2160

fore,2161

[≃∝
Q(t)

4,3
Loss2,25 ]s,s ↘ [≃∝

Q(t)
4,4

Loss2,25 ]s,s

which means the attention gap is not increasing.2162

G.3.2 At the End of Training2163

Lemma G.11 (At the end of stage 1.2). Induction G.2 holds for all iterations T2,1,s < t ↘ T2,2,s =2164

O( poly(d)
ϖ

). At the end of training, we have2165
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• Attention concentration: ↼2attn ↘ c1 for some small constant 0 < c1 < 0.01;2166

• Loss convergence: Loss2,25 ↘ e
↑B+4.008 log d = 1

polyd .2167

Proof. Lemma G.8 gurantees the growth of [Q4,3]s,s until Attnans,1↔pred,2 reaches 1
2 . Notice that2168

if Attnans,1↔pred,2 reaches 1
2 ≃

1
log d

, the training is still not finished, we have2169

”(t)
5,j2,rg2·y1

↗ (Attnans,1↔pred,2 ≃Attnans,1↔ans,0)
(
1≃O(

1

log d
)
)
2B

Furthermore, we have2170

max
y ↗=y1

”(t)
5,ω(g2(y)),rg2·y

↘ (’2 +
↼
2
attn

2
) ·

(
1≃O(

1

log d
)
)
2B

which implies2171

Loss2,25,s ↘ e

(
1.001 log d

B
↑( 1

2↑
3

log d
↑ 1.001 log d

B
)
)
·2B

↘ e
↑B+4.005 log d

which is a contradiction and we have the existence of stopping time of training. Moreover, at the time2172

of stopping, we have2173

↼
2
attn +’2

≃Attn(t)
ans,1↔pred,2 ↘ ≃

1

2
+

2.004 log d

B
,

⇔
3

2
↼
2
attn +

1

2

(
Attn(t)

ans,1↔pred,2 ≃Attn(t)
ans,1↔ans,1


↘

2.004 log d

B
,

⇔ ↼
2
attn ↘

1.336 log d

B
.

Letting c1 = 1.336 log d

B
, and T1 = T2,2,s then we complete the proof of the stage 1.2.2174

H Recursive Learning the Attention Layer: Symmetric Case2175

At Lk = 2k with k ↗ 1, the attention error ↼Lk↑1
attn ↘ c1 is already controlled at a small constant2176

level from the previous stage. Therefore, when transitioning from 2k↑1 to 2k, the incorrect attention2177

cannot increase significantly, and we have ↼
Lk

attn ↘ 2↼
Lk↑1
attn , which remains small.2178

Moreover, the attention gap Attnans,1↔pred,2 ≃Attnans,1↔ans,1 continues to decrease. As a result,2179

we can directly enter Stage 1.2.2 of convergence as in T
2.2180

H.1 Preliminaries2181

We first present preliminaries on the recursive learning attention layer, including its gradient compu-2182

tations and some useful probability lemmas.2183

H.1.1 Gradient Computations2184

Fact H.1 (Gradients of Q). Given F
(Tk↑1) with ↼

Lk↑1
attn < c1 and ’Lk↑1 < c2 for k ↗ 2, for2185

(p, q) ↑ {(4, 3), (4, 4)}, we have2186

≃∝Qp,q
LossLk,2

F
(Tk↑1)

,5
= ≃∝Qp,q

LossLk,2
5 .

Lemma H.1. Given F
(Tk↑1) with ↼

Lk↑1
attn < c1 and ’Lk↑1 < c2 for k ↗ 2, for s ↑ ε(X ) we have2187

[≃∝Q4,3Loss
Lk,2

F
(Tk↑1)

,5
]s,s = Ns,3,Lk,i

+Ns,3,Lk,ii
+Ns,3,Lk,iii

[≃∝Q4,4Loss
Lk,2

F
(Tk↑1)

,5
]s,s = Ns,4,Lk,i

+Ns,4,Lk,ii
+Ns,4,Lk,iii
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where2188

Ns,3,L,i

= E

Attn(t)

ans,1↔pred,2 · (1≃ logit(t)5,j2
) · sReLU↓(”(t)

5,j2,rg2·y1
)

(
↓W5,j2,rg2·y1 ,2

, eg2↔ ≃ ”(t)
5,j2,rg2·y1

± Õ(ϑ0)

1ω(x1)=s



Ns,3,L,ii

= ≃E

1y0 ↗=y1Attn(t)

ans,1↔pred,2 · logit
(t)
5,j→2

·

sReLU↓(”(t)
5,j→2,rg2·y0

)
(
↓W5,j→2,rg2·y0 ,2

, eg2↔ ≃ ”(t)
5,j→2,rg2·y0

± Õ(ϑ0)

1ω(x1)=s



Ns,3,L,iii

= E

Attn(t)

ans,1↔pred,2 ·


≃

∑

y→Y\{y0,y1}

logit(t)5,ω(g2(y))
·

sReLU↓(”(t)
5,ω(g2(y)),rg2·y

)
(
↓W5,ω(g2(y)),rg2·y,2, eg2↔ ≃ ”(t)

5,ω(g2(y)),rg2·y
± Õ(ϑ0)


1ω(x1)=s



2189

Ns,4,L,i

= E

Attn(t)

ans,1↔ans,1 · (1≃ logit(t)5,j2
)·

sReLU↓(”(t)
5,j2,rg2·y1

)
(
↓W5,j2,rg2·y1 ,5

, ey1↔ ≃ ”(t)
5,j,rg2·y1

± Õ(ϑ0)

1ω(x1)=s



Ns,4,L,ii

= E

1y0 ↗=y1Attn(t)

ans,1↔ans,1 ·


≃ logit(t)5,ω(g2(y0))

· sReLU↓(”(t)
5,ω(g2(y0)),rg2·y0

)

·

(
↓W5,ω(g2(y0)),rg2·y0 ,5

, ey1↔ ≃ ”(t)
5,ω(g2(y0)),rg2·y0

± Õ(ϑ0)


1ω(x1)=s



Ns,4,L,iii

= E

Attn(t)

ans,1↔ans,1 ·


≃

∑

y→Y\{y0,y1}

logit(t)5,ω(g2(y))

· sReLU↓(”(t)
5,ω(g2(y)),rg2·y

)
(
↓W5,ω(g2(y)),rg2·y,5, ey1↔ ≃ ”(t)

5,ω(g2(y)),rg2·y
± Õ(ϑ0)


1ω(x1)=s



Proof. • For [Q4,3]s,s where s ↑ ε(X )2190
[
≃∝Q4,3Loss

L,2
5

]

s,s

= E

Attn(t)

ans,1↔pred,2 ·


(1≃ logit(t)5,j2

) · sReLU↓(”(t)
5,j2,rg2·y1

)

(
↓W5,jL,rg2·y1 ,2

, eg2↔ ≃ ”(t)
5,jL,rg2·y1

± Õ(ϑ0)

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≃ 1y0 ↗=y1 logit
(t)
5,ω(g2(y0))

· sReLU↓(”(t)
5,ω(g2(y0)),rg2·y0

)
(
↓W5,ω(g2(y0)),rg2·y0 ,2

, eg2↔ ≃ ”(t)
5,ω(g2(y0)),rg2·y0

± Õ(ϑ0)


≃

∑

y→Y\{y0,y1}

logit(t)5,ω(g2(y))
· sReLU↓(”(t)

5,ω(g2(y)),rg2·y
)

(
↓W5,ω(g2(y)),rg2·y,2, eg2↔ ≃ ”(t)

5,ω(g2(y)),rg2·y
± Õ(ϑ0)


1ω(x1)=s



• For [Q4,4]s,s where s ↑ ε(X )2191
[
≃∝Q4,4Loss

L,2
5

]

s,s

= E

Attn(t)

ans,1↔ans,1 ·


(1≃ logit(t)5,jL

) · sReLU↓(”(t)
5,j2,rg2·y1

)

(
↓W5,jL,rg2·y1 ,5

, ey1↔ ≃ ”(t)
5,j2,rg2·y1

± Õ(ϑ0)


≃ 1y0 ↗=y1 logit
(t)
5,ω(g2(y0))

· sReLU↓(”(t)
5,ω(g2(y0)),rg2·y0

)
(
↓W5,ω(g2(y0)),rg2·y0 ,5

, ey1↔ ≃ ”(t)
5,ω(g2(y0)),rg2·y0

± Õ(ϑ0)


≃

∑

y→Y\{y0,y1}

logit(t)5,ω(g2(y))
· sReLU↓(”(t)

5,ω(g2(y)),rg2·y
)

(
↓W5,ω(g2(y)),rg2·y,5, ey1↔ ≃ ”(t)

5,ω(g2(y)),rg2·y
± Õ(ϑ0)


1ω(x1)=s



Combing with Fact H.1, we complete the proof.2192

H.1.2 Probabilistic Lemmas2193

We first define some events:2194

EL,1(Q) =
{ ∑

ϑ→[L]

Attnans,1↔pred,ϑ1gε·y=g2·y ↗
1

2

}

EL,2 =
{
max
y→Y

( ∑

ϑ→[L], ↗=2

1gε·y=g2·y
)
< KL

}

EL,3 =
{
max
y ↗=y1

( ∑

ϑ→[L], ↗=2

1gε·y=g2·y
)
↗ &(L)

}

EL,4,ϑ =
{
max
y ↗=y1

( ∑

ϑ→[L], ↗=2

1gε·y=g2·y
)
= ↽

}

where2195

UL =





#


logny

log
(

4ny

L
·logny

)


L ↘ ny log ny,

#( L

ny

) L ↗ ny log ny.

Lemma H.2 (Maximum load of balls and bins [75]). Suppose we sequentially throw m balls into n2196

bins, where each ball is thrown uniformly at random into one of the bins. Let Xi denote the load of2197

bin i, 1 ↘ i ↘ n. Then, with probability at least 1≃ n
↑”(1) the maximum load of any bin satisfies2198

max
i→[n]

Xi <





#


logn

log( 4n
m

·logn)


m ↘ n log n,

m

n
+#

(√
m

n
· log n

)
m ↗ n log n.
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H.2 Reducing the Wrong Attention2199

Let LossL,2
5,s = ≃E

[
log pF (Zans,2,5 | Z(L,1))

∣∣ ε(x1) = s

]
for s ↑ ε(X ). Due to the symmetry2200

of [Q4,3]s,s and [Q4,4]s,s, we may, without loss of generality, focus on a particular s ↑ ε(X ) and2201

analyze the corresponding loss LossL,2
5,s in what follows.2202

Induction H.1. Given s ↑ ε(X ), at Lk = 2k with k ↗ 2, let Tk denote the first time that LossLk,2
5,s2203

decreases below e
↑B+4.008 log d. For all iterations t ↘ Tk, we have the following holds2204

• [Q(t)
4,3]s,s + [Q(t)

4,4]s,s monotonically increases;2205

• [Q(t)
4,3]s,s ↗ [Q(t)

4,4]s,s;2206

• for p ↑ {3, 4}, for j ↑ ε(X ) ′= s, |[Q(t)
4,p]s,j | ↘ O(

[Q(t)
4,p]s,j
d

) ; otherwise [Q(t)
4,p]s,j = 02207

Lemma H.3. If Induction H.1 holds for all iterations < t, given s ↑ ε(X ), for ε(x1) = s, if2208

1
2 ≃Attn(t)

ans,1↔pred,2 ↗
0.001 log d

B
, we have2209

[
≃∝

Q(t)
4,3

LossLk,2

F
Tk↑1 ,5

]

s,s

+
[
≃∝

Q(t)
4,4

LossLk,2

F
Tk↑1 ,5

]

s,s

↗&(1) · E

(1≃ logit(t)5,y2

) · (1≃Attn(t)
ans,1↔pred,2 ≃Attn(t)

ans,1↔ans,1)B1ω(x1)=s



Proof. By Lemma H.1, we have2210

Ns,3,Lk,i
+Ns,4,Lk,i

= E

(1≃ logit(t)5,y2

) · sReLU↓(”(t)
5,y2,rg2·y1

)

·

(
Attn(t)

ans,1↔ans,1↓W5,y2,rg2·y1 ,5
, ey1↔+Attn(t)

ans,1↔pred,2↓W5,y2,rg2·y1 ,2
, eg2↔

≃ (Attn(t)
ans,1↔ans,1 +Attn(t)

ans,1↔pred,2)”
(t)
5,y2,rg2·y1

± Õ(ϑ0)

1ω(x1)=s



= E

(1≃ logit(t)5,j2

) · sReLU↓(”(t)
5,y2,rg2·y1

)

·

(
≃

∑

ϑ ↗=2

Attn(t)
ans,1↔pred,ϑ↓W5,y2,rg2·y1 ,2

, egε↔ ≃Attn(t)
ans,1↔ans,0↓W5,y2,rg2·y1 ,5

, ey0↔

+ (1≃Attn(t)
ans,1↔ans,1 ≃Attn(t)

ans,1↔pred,2)”
(t)
5,y2,rg2·y1

± Õ(ϑ0)

1ω(x1)=s


.

Ns,3,Lk,ii
+Ns,4,Lk,ii

= E

≃ logit(t)5,ω(g2(y0))

· sReLU↓(”(t)
5,ω(g2(y)),rg2·y0

)

·

(
Attn(t)

ans,1↔ans,1↓W5,ω(g2(y0)),rg2·y0 ,5
, ey0↔+Attn(t)

ans,1↔pred,2↓W5,ω(g2(y)),rg2·y0 ,2
, eg2↔

≃ (Attn(t)
ans,1↔ans,1 +Attn(t)

ans,1↔pred,2)”
(t)
5,ω(g2(y0)),rg2·y0

± Õ(ϑ0)

1ω(x1)=s1g2(y0) ↗=g2(y1)



= E

logit(t)5,ω(g2(y0))

· sReLU↓(”(t)
5,ω(g2(y0)),rg2·y0

)
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·

(∑

ϑ ↗=2

Attn(t)
ans,1↔pred,ϑ↓W5,j→2,rg2·y0 ,2

, egε↔+Attn(t)
ans,1↔ans,1↓W5,ω(g2(y0)),rg2·y0 ,5

, ey0↔

≃ (1≃Attn(t)
ans,1↔ans,1 ≃Attn(t)

ans,1↔pred,2)”
(t)
5,ω(g2(y0)),rg2·y0

± Õ(ϑ0)

1ω(x1)=s1y0 ↗=y1


.

Ns,3,Lk,iii
+Ns,4,Lk,iii

= E


∑

y ↗→{y0,y1}

logit(t)5,ω(g2(y))
· sReLU↓(”(t)

5,ω(g2(y)),rg2·y
)

·

(∑

ϑ ↗=2

Attn(t)
ans,1↔pred,ϑ↓W5,ω(g2(y)),rg2·y,2, egε↔+Attn(t)

ans,1↔ans,1↓W5,ω(g2(y)),rg2·y,5, ey0↔

≃ (1≃Attn(t)
ans,1↔ans,1 ≃Attn(t)

ans,1↔pred,2)”
(t)
5,ω(g2(y)),rg2·y

± Õ(ϑ0)

1ω(x1)=s


.

The event ELk,1 contributes a negative gradient, as ”(t)
5,y2,rg2·y1

reaches its maximum in this regime,2211

causing the corresponding positive gradient to vanish. Note that Z(Lk,1) ↑ ELk,1 implies that2212 ∑
ϑ→[Lk]

1gε·y=g2·y ↗ &(Lk), and hence P(Z(Lk,1) ↑ ELk,1) ↘ n
↑”(Lk)
y . Moreover, observe that2213

(1 ≃ logit5,y2
)1Ec

Lk,1⇔ELk,4,ε ↗ (1 ≃ logit5,y2
)1ELk,1⇔ELk,4,ε for every ↽ ↑ [Lk]. Therefore, the2214

negative gradient contributed by ELk,1 is negligible, and it suffices to focus on the event Ec

Lk,1
.2215

When L = O(1), with high probability we have |
∑

ϑ ↗=2 1gε·y1=g2·y1 | ↘ 1. Then:2216

≃

∑

ϑ ↗=2

Attn(t)
ans,1↔pred,ϑ↓W5,j2,rg2·y1 ,2

, egε↔ ≃Attn(t)
ans,1↔ans,0↓W5,j2,rg2·y1 ,5

, ey0↔

↗ ≃O


B

log d


(1≃Attnans,1↔pred,2 ≃Attnans,1↔ans,1).

If L = ▷(1), then by the maximum load of balls into bins in the sparse regime (Lemma H.2), we2217

can further restrict our attention to the event Ec

Lk,1
∃ ELk,2. Moreover, by the bound on ULK

in2218

Lemma H.2, we have2219

∑
ϑ ↗=2 Attn(t)

ans,1↔pred,ϑ1gε·y1=g2·y1

∑
ϑ ↗=2 Attn(t)

ans,1↔pred,ϑ

↘ max

{
#


1

Lk


,#


1

ny

}
.

Therefore, we have2220

≃

∑

ϑ ↗=2

Attn(t)
ans,1↔pred,ϑ↓W5,j2,rg2·y1 ,2

, egε↔ ≃Attn(t)
ans,1↔ans,0↓W5,j2,rg2·y1 ,5

, ey0↔

↗ ≃O


B

Lk


·

(
1≃Attn(t)

ans,1↔pred,2 ≃Attn(t)
ans,1↔ans,1


.

Thus, Ns,3,L,i + Ns,4,L,i is dominated by the term (1 ≃ Attnans,1↔ans,1 ≃2221

Attnans,1↔pred,2)”
(t)
5,y2,rg2·y1

.2222

For y /↑ {y0, y1}, let ỹ = argmaxy/→{y0,y1} ”
(t)
5,ω(g2(y)),rg2·y

, if this maximum is ↗ ”(t)
5,ω(g2(y0)),rg2·y0

,2223

we have:2224
∑

ϑ ↗=2

Attn(t)
ans,1↔pred,ϑ↓W5,ω(g2(ỹ)),rg2·ỹ,2, egε↔+Attn(t)

ans,1↔ans,1↓W5,ω(g2(ỹ)),rg2·ỹ,5, ey0↔

↗

∑

ϑ ↗=2

Attn(t)
ans,1↔pred,ϑ↓W5,ω(g2(ỹ)),rg2·ỹ,2, egε↔1gε(ỹ) ↗=g2(ỹ)
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↗ ≃O


B

log d


(1≃Attn(t)

ans,1↔pred,2 ≃Attn(t)
ans,1↔ans,1),

since ↓W5,ω(g2(ỹ)),rg2·ỹ,2, egε↔ ↘ O( B

log d
) is small when gϑ(ỹ) ′= g2(ỹ). Moreover, ”(t)

5,y2,rg2·y1
≃2225

”(t)
5,ω(g2(ỹ)),rg2·ỹ

↗ &(1) · ”(t)
5,y2,rg2·y1

, so the dominant contribution in Ns,3,L,ii + Ns,4,L,ii and2226

Ns,3,L,iii+Ns,4,L,iii comes from ε(g2(ỹ)), which can be bounded by the i term. If instead dominated2227

by ε(g2(y0)), we similarly have:2228

∑

ϑ ↗=2

Attn(t)
ans,1↔pred,ϑ↓W5,ω(g2(y0)),rg2·y0 ,2

, egε↔+Attn(t)
ans,1↔ans,1↓W5,ω(g2(y0)),rg2·y0 ,5

, ey0↔

↗ ≃O


B

log d


(1≃Attn(t)

ans,1↔pred,2 ≃Attn(t)
ans,1↔ans,1).

In summary, the lower bound on the total gradient is primarily determined by the con-2229

tribution from Ns,3,L,i + Ns,4,L,i, which is in turn dominated by (1 ≃ Attnans,1↔ans,1 ≃2230

Attnans,1↔pred,2)”
(t)
5,y2,rg2·y1

. This concludes the proof.2231

2232

Lemma H.4. If Induction H.1 holds for all iterations < t, we have2233

[Q(t)
4,3]s,s ↗ [Q(t)

4,4]s,s.

Lemma H.5. If Induction H.1 holds for all iterations < t, we have2234

Attn(t)
ans,1↔pred,2 ≃Attn(t)

ans,1↔ans,0 ↘
1.001 log d

B
.

Lemma H.6. If Induction H.1 holds for all iterations < t, given s ↑ ε(X ), for [Q4,p]s,j , p ↑ {3, 4},2235

j ′= s ↑ ε(X ), we have2236

∣∣∣
[
≃∝

Q(t)
4,p

Loss2,25

]

s,j

∣∣∣ ↘ O(
1

d
)
∣∣∣
[
≃∝

Q(t)
4,p

Loss2,25

]

s,s

∣∣∣.

Lemma H.7 (At the end of stage). Induction H.1 holds for all iterations Tk↑1 < t ↘ Tk =2237

O( logLk·poly(d)
ϖ

). At the end of stage k, we have2238

• Attention concentration: ↼Lk

attn ↘ c1 for some small constant 0 < c1 < 0.01;2239

• Loss convergence: LossLk,2

F
(Tk↑1)

,5
↘ e

↑B+4.008 log d = 1
polyd .2240

Proof. Lemma H.3 guarantees the growth of either [Q4,3]s,s or [Q4,4]s,s until the attention weight2241

satisfies2242
1

2
≃Attn(t)

ans,1↔pred,2 <
0.001 log d

B
.

At this point, we have2243

”(t)
5,j2,rg2·y1

↗


1

2
≃

0.001 log d

B
≃

↼
Lk

attn

Lk


·


1≃O


1

log d


· 2B.

• If Lk ∞ O( log d

log log d
), then the event ELk,3 holds with probability ↗ ▷( 1

d
), which is not2244

negligible. In this case, we need to consider the following bound on the maximum of the2245

wrong logits2246

max
y ↗=y1

”(t)
5,j2,rg2·y

↘


Attn(t)

ans,1↔pred,2 ≃Attn(t)
ans,1↔ans,1 +

(Lk ≃ 1)

Lk

↼
Lk

attn


·


1≃O


1

log d


· 2B
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↘


2Lk ≃ 1

Lk

’Lk +
2(Lk ≃ 1)

Lk

0.001 log d

B


·


1≃O


1

log d


· 2B

Hence, the loss satisfies2247

LossLk,2
5,s ↘ exp


≃1 +

4.006 log d

B


·


1≃O


1

log d


·B


,

which implies that training has effectively converged, and a stopping time Tk exists. Tk =2248

O( logLk·poly(d)
ϖ

) can be directly derived from Lemma H.3. Furthermore, at the stopping2249

time, we have the following gurantee for the wrong attention weights:2250

↼
Lk

attn +
(
Attn(t)

ans,1↔pred,2 ≃Attn(t)
ans,1↔ans,1


≃Attn(t)

ans,1↔pred,2 ↘ ≃
1

2
+

2.004 log d

B
,

⇔
3

2
↼
Lk

attn +
1

2

(
Attn(t)

ans,1↔pred,2 ≃Attn(t)
ans,1↔ans,1


↘

2.004 log d

B
,

⇔ ↼
Lk

attn ↘
1.336 log d

B
.

• If Lk ↗ &( log d

log log d
), then the loss on the event ELk,3 is negligible. In this case, we can focus2251

on the event ELk,2, and have2252

max
y ↗=y1

”(t)
5,j2,rg2·y

↘


Attn(t)

ans,1↔pred,2 ≃Attn(t)
ans,1↔ans,1 +O(

1

ny

)↼Lk

attn


·


1≃O


1

log d


· 2B

↘


1.001 log d

B
+

0.001 log d

B


·


1≃O


1

log d


· 2B.

Hence, the loss satisfies2253

LossLk,2
5,s ↘ exp


≃1 +

2.004 log d

B


·


1≃O


1

log d


·B


,

which also implies the existence of a stopping time for stage k. Furthermore, at the stopping2254

time, we have the inequality2255

O(
1

ny

)↼Lk

attn +
(
Attn(t)

ans,1↔pred,2 ≃Attn(t)
ans,1↔ans,1


≃Attn(t)

ans,1↔pred,2 ↘ ≃
1

2
+

2.004 log d

B
,

⇔ (
1

2
+O(

1

ny

))↼Lk

attn +
1

2

(
Attn(t)

ans,1↔pred,2 ≃Attn(t)
ans,1↔ans,1


↘

2.004 log d

B
,

⇔ ↼
Lk

attn ↘
4.008 log d

B
.

Letting c1 = 4.008 log d

B
, we have ↼

Lk

attn ↘ c1 for some small constant c1 > 0 since B/ log d is a large2256

enough constant.2257

2258

H.3 Proof of Main Theorem2259

Theorem H.1 (Recursive self-training (Restatement)). Assume the distribution D
L induced from

LEGO(X ,G,Y) satisfies Assumption 3.1, 3.2 and 4.2, and assume the transformer network satisfies
Assumption 3.3 and 3.4. Then for any 2 ↘ k ↘ log2 |X |, the transformer F

(Tk) trained via
Algorithm 2 up to length Lk = 2k and Tk = O( poly(d)

ϖ
), is able to solve the task T Lk+1 , Lk+1 = 2k+1

with accuracy:
AccLk+1

(
F

(Tk)
)
= 1≃O(1/poly(d)).

Proof. By Lemma H.7, at the time Tk, we have ↼
Lk

attn ↘ c1, combining with Induction H.1, non-2260

diagonal entry of Qp,q remains close to 0, thus moving to the next stage, we have ↼Lk+1,ϑ

attn ↘ 4↼Lk

attn ↘2261

4c1 < 0.04 for all ↽ < Lk+1. Moreover, ’Lk+1,ϑ ↘ ’Lk,1. Hence, we have2262

E
Z

(Lk+1)≃DLk+1

[
E
Ẑans,ε+1≃p

(Tk)
F

(·|Z(Lk+1,ε))
[1{Ẑans,ε+1 ↗=Zans,ε+1}]

]
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↘ O(1) · E
Z

(Lk+1)≃DLk+1 [1≃ logit5,ω(Zans,ε+1,5)]

↘ O(1) · e
(
↑( 1

2↑2c1)+%Lk+1,ε+4c1
)
·2B

↘ O(1) · e(↑1+2⇒7c1)B = O(
1

polyd
).

Thus AccLk+1(F
Tk) ↗ 1≃O( 1

polyd ).2263
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