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A Preliminaries

In this section, we provide a brief overview of helpful preliminary concepts that, although relevant to
our analysis, we assume to be widely familiar in the main target audience of our work; for brevity and
clarity, we therefore chose to postpone them away from the main manuscript and into this appendix.

A.1 Structural Causal Models

Given random variables X = {X;,..., X,,} we can encode the underlying data generating process
(DGP) as a structural equation model (SEM) [Koller and Friedman, [2009]], which encodes a set of
hypotheses on this process in the form of one functional dependency f; for each random variable
X; € X, so that

X; = fi(X) with X; C X \ {X;}. n

Of special interest is a structural causal model (SCM) [Bollen, [1989], which is a particular kind
of an SEM with additional assumptions that allow it to also model the causal mechanisms of the
DGP. Here, the set of random variables X is extended to also include random unobserved variables
U = {Uy,...,U,}, which play the role of noise. Hence, each functional dependency takes the form

Xj:fj(Xj,Uj) WlthXJgX\{XJ} al’ldeEU. 2)
To further study SCMs, we need to establish their correspondence with causal graphs [Pearl, 2009].

A.2 Causal Graphs

Consider a set of random variables X = { X7, ..., X,,} that follow a distribution £ x that has a joint
probability density px with respect to some appropriate measure, and an (arbitrary) total ordering
X7 < X2 < --- < X,,. Then the joint probability density factorises as

px(x)= [ px,v,(@y;),  whereY; C {X1,...,X;} ©)
X;ex

and y; are those values out of x corresponding to the same indices as Y ;. This comes as a direct result
of the chain rule and the conditional independence rules. Any such factorisation can be represented
as a (fully) directed acyclic graph (DAG) G = (X, E) with nodes the random variables X and edges
the set 2 = U?zl{i — j|X; € Y, }. In other words, in this graph we add an edge to the dependent
variable X; from each variable in the corresponding conditioning set Y ; that appears in each factor
Px,y, of Eq. (3). We further make this relation explicit, by instead writing Pa; = Y, to indicate
that the conditioning set Y ; serves as the set of direct parents of node X; in G. Such a graph is called
a Bayesian network [Koller and Friedman [2009]] and allows for a visual representation of all those
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independencies that are implied solely from this factorisation of the joint density and irrespective of
the form of each factor.

These independencies can be read from the graph in terms of the d-separation [Pearl} 2009].
Definition A.1 (d-separation). For any pairwise disjoint subsets U, V, W C X, and U,V # (), it is

U UL VIW <« all paths from any variable in U to any of V" are blocked by W . “)
We call a path blocked if it either

e traverses a section — V —, < V < or < V — for some variable V € W, or
* traverses a section — V' <— where neither V' nor any of its descendants are contained in W.

Hence, a Bayesian network G can be seen as a description of an entire family of distributions that
fulfill a given set of conditional independencies. When a distribution £ x exhibits all the conditional
independencies that one can read from the graph G, we call G an I-map of £x and write Lx € Jg.

In other words, the I-map defines an equivalence relation among all DAGs via the relation G =),
G' <= Ig = Ig/, of which each equivalence class is called the Markov equivalence class (MEC).
When, in addition, each of the factors in the factorisation of Eq. correspond to a functional
dependency of an SCM, we call the resulting DAG causal.

A graphical representation of MECs can be given through the common notion of completed partially
directed acyclic graphs (CPDAGSs) [Chickeringl [2002]] also known under other names such as
maximally oriented graphs [Meekl [1997]. A partially directed graph (PDAG) P contains both
undirected and directed edeges, and can be associated to an equivalence class M (P) with G € M(P)
if and only if G, P have the same skeleton and v-structures. The notion of completion of PDAGs
allows for representing equivalence classes uniquely. To this end, for a given equivalence class M
one distinguishes between compelled edges with the same directionality in every member of M, and
reversible edges otherwise. The completed PDAG P for M is then the one having a directed edge
for every compelled edge in M, and an undirected edge for every reversible edge in M.

A.3 SCMs and causal graphs

We now return to the assumptions implicit in an SCM.

Assumption A.2 (Causal Interpretation). Each functional dependency f; corresponds to a true causal
mechanism in the data, with X ; being the direct causes of the direct effect X;.

As a corollary, the corresponding causal graph can have no recurrence.
Assumption A.3 (Orientation and Acyclicity). The causal graph of an SCM is a DAG.

Hence, we can once again identify the direct causes of each effect X; with its parents in the
corresponding DAG, X ; = Pa;.

Assumption A.4 (Exogeneity of Noise). The random variables U are exogenous; that is, there are
no edges X; — Uj, for any X; and any U;.

Assumption A.5 (Independence of Noise). The random variables U are mutually independent.

In our work, we consider that part of the noise is the latent variable La;, in addition to the typical Uj.
Hence, even though for the U we do assume Assumption [A.5]to hold, we note that this fails to hold
for the entire set of exogenous noise sources, which, in our case, is further extended to include all Z.
As a result, to be more rigorous, we make claims to find the CPDAG corresponding to the conditional
distribution £ x|z, rather than the marginal £x .

We remark that, if one is interested in the entire marginal £ x, this can be achieved as a two-level
algorithm, in which we first use our presented method to infer the Markov equivalence class of
Lx|z, then using the computed values of each La; to identify which variables correspond to the
same underlying latent Z;, and finally performing causal structure inference over the values of Z to
complete the Markov equivalence class of L x.

In the scope of our work, we focus on the conditional £ x|z. To formally show that we can recover
the corresponding underlying Markov equivalence class, as represented by a CPDAG G, will be the
focus in the following section. Specifically, we next move to formally showing our main claims in
Theorem 3.4 on using the proposed latent-aware BIC as a consistent scoring criterion for this purpose.



7 B Proof of Theorem B.2]

7! "‘_ Z//':
Xj e X\ {Xi} X; e X\ {Xi} X; e X\ {X;}
(a) Correct Structure Gh, (b) Wrong Sink Gh, (c) Missing edge GI.

Figure B.1: Identifiable Cases: Under mild assumptions, when Z has at least two mixing components,
all of the shown DAGs are identifiable.

76 In this section we elaborate on the theoretical justification of our method. For this, we make
77 use of the relaxed space constraints to break down our analysis in finer finer steps. We first
78 show that under mild conditions, the MLR distribution does not degenerate to a Gaussian.
79

so Lemma B.1 (Non Gaussianity of Direct Effect). Let D = {x1,...,X,} be
81 observations of random variables X, Y, such that X|Y ~ MLR (B7 v, 02),

82 with the parameters @ = (B,~,0?%) € Uk >20 K, where © g is the parameter
83 space for K mixtures. Also assume that the vy, # 0 for any configuration @
84 above, that the prior distribution of B has a positive density over the entire
85 euclidean space, with the full dimensionality for each K. Then the marginal XjeX

ss distribution of Y| X is not a Gaussian with probability 1.
X e R, Z € {1,..., Kmax}

Y|X ~ MLR(0), 8 = (B,~,0?)

87 Proof. We need to show that the MLR distribution with density 6c |J Ok, Ox =S5 x (R)K
K>2
K
p%L)R((va;Ba’%U% = kap/)\é(‘rvﬁk-ryvoj) (5)
k=1

g8 cannot be formulated into a single Gaussian. For this to happen either of two
89 conditions would have to hold:

9 1. there is only one component in the mixture, P(Z = 1) = 1, or
91 2. each component has the same linear coefficients.

92 The former condition can only happen with probability zero, since we required that ~y, # 0 for all
3 1 <k< Kandallvy € S¥ and that K > 2; hence, only finite points out of the domain of SKE
94 would satisfy this condition, which can only happen with probability 0.

95 To study the latter condition, we treat the domain of the linear coefficients as B € R™* K which is
96 homeomorphic to (R™)¥, for each K. For all (or in fact, any two) of the linear coefficients to be the
97 same, the matrix B would need to have a rank less than K, where we assume that K < K.« < n.
98 For this to happen, it would also mean that B should lie in a subspace of R”*% with dimension
99 strictly lower than K; in this case, we know that the Lebesgue measure of any subset of this space
100 has zero measure. Hence, the measure of this set under an (absolutely continuous) prior on the
101 parameters B that is positive in the entire R”*¥ would have a zero measure under the corresponding
102 push-forward measure.

103 Overall, the probability of these conditions happening has probability equal to that of the union of
104 zero probability events, which itself happens with probability 0. O

105 To show identifiability, we need to be able to distinguish, under the true hypothesis Y| X ~ MLR,
106 between all competing hypotheses of Fig.

107 Theorem B.2 (Local Consistency of BICI\ZfH‘). Let D = {x1,...,X,} be observations of random
18 variables X, Y, such that X|Y ~ MLR (B7 v, 02), with the parameters 0 satisfying the conditions
109 of Lemma Then, out of the structural hypotheses depicted in Fig. the BICAZfIL score of the
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ground truth hypothesis G" is asymptotically larger than any of the alternative ones, G" and G,
with probability 1.

Proof. This claim builds on the established properties of the vanilla BIC score. Here, we treat
X \ {X;} as nuisance parameters, and we focus on single edge modifications, between the sing of
each structural hypothesis and the node on the right of each depiction. We first consider the pair
gg; and g‘l}m. In this case, since the BICI\ZfIL is based on the Maximum Likelihood Estimate (MLE)

estimates 6 of the true parameter values 6, and the MLE estimate is asymptotically biased, then the
the correct model GI. and the one arising from the alternate hypothesis G have the same number of
parameters, while at the same time the likelihood under QBS is larger than that of QL’VS. Hence, in this

case the BICI\ZfIL value is an increasing function of only the likelihood, and hence it mustbe that also
BICY"(Gh) > BICY"(Gh,).

For the pair G, and G the number of parameters in the latter hypothesis is smaller than that of the
G . Under similar reasoning as in Lemma we can claim that Y /L X; with probability 1. The

rest follows from established asymptotic behaviour of BICI\Zf[L as a special case of BIC, due to the
decomposability property that BICl\ZfIL inherits from BIC. O

Using this result, we can extend the local consistency of BICI‘ZfIL to its global consistency.

Lemma 3.3. The latent-aware score BICAZIL is a consistent scoring criterion.

Proof. By considering any sequence of appropriate single edge modifications between adjacent struc-
tural hypotheses as in Fig. we can extend the global consistency of BIC to that of BICI‘ZfIL Chick
ering| [2002]]. L]

C Implementation Considerations

We note that our main theory covers the Greedy Equivalent Search (GES) algorithm. In our imple-
mentation, however, we have used TOPIC Xu et al.|[2025]], a more recent greedy score-based search
that has similar guarantees to GES, and when similar requirements are met by the used score. Hence,
we replace within TOPIC our proposed BICFéM score, to thus derive TOPICgc, and he here analyse
the two algorithms.

We first assume access to the MLE oracle. Then, although the output of both algorithms lies on the
domain of all CPDAGs over X, TOPICgjc builds on TOPIC, which is both asymptotically and
practically more efficient than GES. Indeed, in each iteration, it first limits the candidate hypotheses
from the set of all representatives of the Markov equivalence classes which perform a single-edge
modification from the current best, to only those which differ with respect to the most likely modified
source. Formally, the combination of these two steps are two subsequent maximisations over exactly
the same domain (of all hypotheses with single edge modifications), only performed first over the
possible sources, and then over the rest of the hypotheses, conditioned on the chosen source. Hence,
at each iteration, the asymptotic greedy optimum is the same in both algorithms.

:"‘Z/./'V':

@0 @0
X;e X\ X' .)éj.eX’ X;e X\ X' .)éj.eX’
(a) Correct Structure G, (b) Missing edge G,

Figure C.1: Decomposability of the MLR model in the intermediate stages of TOPICgjc. The
so-far-undiscovered edges in X' C X are akin to noise that affects both cases equally.
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To see the asymptotical consistency, in the particular assumptions of our causal model, we treat two
different cases. First, when no latent variable affects the result, TOPICgic would have similar ease to
detect edge additions as in the case of TOPIC/GES. In the case that a the true structure is an Mixture
of Linear Regressions (MLR) model, we can consider the sequence of edge modifications that the
TOPICgic algorithm would produce. Within this sequence, we can revisit the cases of Fig.[B.T]
and notice that when a subset X’ C X is not yet discovered in the structure of the algorithm, the
effects of the so-far-undicovered variables X’ can be seen as added noise, which equally affects an
appropriate hypothesis G and G" ., as shown in Fig. C1.

Hence, intuitively, we expect a point at which one of the edges of the type X; — Y would be added
to the model, until all parents X will be discovered. Finally, we posit that the practical use of BICFéM

in lieu of BICI\ZfIL is equally affecting both frameworks, as long as Conjecture 1 holds.
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D Detailed Evaluation

Experimental Setup We give a more detailed description of our synthetic data generation here.
In iteration ¢ € {1,... Ny} of each experiment, we randomly sample a DAG G over Nx := |X|
observed variables under an Erdés Rényi model with edge density pg € [0,1]. In addition, we
draw Nz := | Z| latent mixing variables Z; ~ Categorical(v*) with Z; € {1,..., K;}, where we
fix all K; =: K to the same hyperparameter K. We then sample a set of so-called mixing targets
T ={X;|3%Z; :La; = Z;} C X where X; € T with probability p € [0, 1]. We distribute the
effect of the N mixing variables equally across these targets, resulting in 0 < 7 < Nz many disjoint
sets T; = {X; | La; = Z,}. For example, we have Ty = {X1, X} and Ty = {X4} in Fig. 2.

To generate samples, we traverse X in topological order of the induced G. For each X ;, we sample
B; = {Bj1,---,B,k,} coefficient vectors, where 3, € RIPasl for all k € {1,..., K;} with
K; = K if X; € T and K; = 1 otherwise. We draw 3;;, € [~1, —¢] U [¢, 1] to avoid causal effects
close to zero, and if possible also ensure that |3, — B,;/| > € for all pairs k, k' to create sufficient
class separation, where ¢ = 0.25 by default. We then draw .S samples from a (mixture of) linear
regression model(s) (X;|Pa; =y) ~ MLR (Bj7 ~7, 02) , and standardize the resulting samples to
generate an internally-standardized structural causal model iISCM) [[Ormaniec et al., 2024).

In the case studies, we consider a mixture of interventional datasets, as well as the flow cytometry
dataset by Sachs et al.| [2005] under the experimental setup inWang et al. [2017]]. For both cases, we
use the same scripts as in|Kumar et al. [2024ﬂ For the mixture of interventions, we have Nz = 1
with K = Nx + 1 classes which defines a split into one observational and K interventional datasets.
Under a so-called diagonal or atomic setting, one node at a time undergoes intervention, resulting in
disjoint sets I, C X, here with hard interventions that fix ,8]- r = 0if X; € Ij. A similar structure
applies to the real-world dataset with 5846 samples and known manipulations on 5 of the 11 variables,
namely I; = {Akt}, I = {PKC}, I5 = {PIP2}, I, = {Mek}, I5 = {PIP3}.

Evaluation Metrics To evaluate the discovered number of mixing components and assignments,
standard metrics in clustering evaluation are appropriate, where we show the v-measure and the
Adjusted Mutual Information (AMI) as two examples (e.g.,|Vinh et al.|[2010]]). We average each
score over X since we can associate each variable X; to a fixed assignment with K; components if
La; = Z;, else K; = 1. To validate statements on whether observed variables are mixing targets,
we compute F1 scores (called F1-target) over the statement X; € T averaged over X. To validate
results on which mixing variables affect which mixing targets, we compute the Jaccard index (called
Jacc) comparing the true sets {T'1,..., Tz  } to those returned by our algorithm.

We also compare the induced DAG G against the discovered DAG or PDAG G’. As a simplistic
score that gives intuitive insight into correctly oriented vs. spurious edge counts, we show F1 scores
over directed edges E in G’ (called F1-dir), where we note that in the case of PDAGs we only count
edges that are directed with certainty. A classical distance score for two DAGs G, G’ is the Structural
Hamming Distance (SHD). More suitable to causal DAGs G, G’ are the distance scores proposed
in Wahl and Runge|[2024]]. The s/c-metrics (S/C) are based on counting separation statements and
comparing their validity in G, G’. Scalable variants thereof are the separation distances (SD) that
associate each pair of separable nodes in G’ with a separation set S under a given separation strategy,
and validate whether S remains separating in G. We report the SC (without randomization) and the
SD (with the *parent’ resp. 'pparent’ type) which are defined both when G’ is a DAG or PDACﬂ

Baselines As our method is the only one to discover the full G%, we show (i) AMI and F1-target
scores over X for all clustering baselines and wherever applicable for Mixture-UTIGSP, (ii) metrics
on G for all causal discovery baselines, and (iii) Jaccard scores over {T';}; only for our method. We
note that we apply all baselines without optimization of their hyperparameters using the standard
implementations in the causal-learn, causal discovery toolbox (cdt), causalDisco and
dodiscover Python libraries. For all conditional-independence tests, we use the Fisher-Z test given
the linearity of our functional model. We ran the evaluations on an 11th Gen Intel Core i9 CPU.

lusing the implementation of Mixture-UTIGSP at https://github. com/BigBang0072/mixture_mec
2using the implementation of the metrics at https://github.com/JonasChoice/sep_distances
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Figure D.1: Discovering Mixing Structure.

Discovering Mixing Structure Fig.[D.I|shows an extended variant of Fig. 4 in the main manuscript.
The parameters are Nx = 10, Ny =2, K =2,pz; = 0.4,pg = 0.4, S = 1000, Sz = 5, which are
held fixed while changing one parameter of interest (columns in Fig. [D.I)), where we run N; = 10
iterations for each parameter configuration. Other choices of clustering algorithm besides the
GMM, here shown in color for better readability, perform either worse on recovering targeted nodes
(KMEANS, SPECTRAL) or mixing assignments (DBSCAN, HDBSCAN). We observe no noticeable
differences between the clustering metric choices, so we report the AMI in the main manuscript.

Discovering Causal Structure Fig.[D.2]shows an extended variant of Fig. 5 in the main manuscript.
The parameters are Nx = 10, Ny = 4, K = 2,pz = 0.5,pg = 0.4,5 = 500,57 = 5, N; = 10.
All structural metrics (SD, S/C, and SHD) show stable performance of the CMM across the settings.
The intuitive score TPR-dir furthermore suggests that our method performs well in distinguishing
causal edge directions, improving as sample size S increases, and as the likelihood of mixing pz
increases. In particular, the results suggest that "sparse" mixing 0 < pz < 1 is most beneficial. We
connect this to previous findings in the multi-environment setting [Perry et al., [2022]] showing that
identification of edge orientations is possible under the sparse mechanism shift hypothesis. This
could inspire future work directions to explore this property also in the more general mixed setting.

Discovering Interventional Mixtures Finally, Fig. [D.2] extends Fig. 6 to show both mixing
structure (Jacc, F1-iv) and causal structure (SD, S/C, SHD) discovery for the mixture of interventions.
As a well-defined split into observational and interventional datasets exists for this setting, we also
include Mixture-UTIGSP in the presentation (dark blue). The parameters Nx € {4, 6,8} are as in
Kumar et al.|[2024]], while we restrict the setting to up to S = 1000 samples, given that the true
positive rates over G for the CMM (and VARSORT) already approach 1 for S = 1000; we refer
to|[Kumar et al.| [2024] to see the performance of Mixture-UTIGSP with more samples. Compared
to Fig. the CMM performs much better on discovering whether (X; € T') and which nodes
(X; € T;) are mixed, which we explain by the fact that hard interventions 3 = 0 create a more
distinct separation than re-sampling of 3 with [3;, — B;,/| > €.
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E Ablation Studies

As additions to our main experimental evaluation, we perform ablation studies on two questions.

(i) Choice of Score-Based Algorithm. We address the choice of the score-based causal discovery
algorithm used together with the latent-aware BIC, in particular the GES variants.

(ii) Effect of Latent Mixing Variables. We take a closer look at how latent mixing affects causal
discovery algorithms in practice. We hypothesize that that spurious edges will appear
between mixing targets, and study to which extent the latent-aware BIC can prune these.

E.1 Choice of Score-Based Algorithm

While we used the latent-aware score BICEZM within the topological-ordering-based framework in the
main evaluation, we can also use it within the GES algorithm, compared to standard GES with BIC.
We compare these three variants in Table [E.T| for the basic experimental parameters (as in Fig.[D.2).
Regarding the choice of the algorithm, the topological-ordering-based variant (CMM (TOP.)) appears
to have better practical performance in our experiments. The experiment also confirms that regarding
the score, BICIEZM with MLR fitting (CMM (GES)) provides a benefit over plain BIC (GES).

CAUSAL GRAPH

METRIC CMM (Tor.) CMM (GES) GES

SHD 0.17 £ 0.01 031 +£0.02 0.36 +£0.04
S/C 0.13 +0.03 0.19+0.03 0.26 +£0.03
SD 0.17 +0.02 033 +0.03 048 +£0.04

Table E.1: Choice of Score-Based Algorithm.

E.2 Effect of Latent Mixing Variables

We are also interested in how exactly the presence

of latent mixing variables influences the graphs G’

incorrectly
removed

SCORE CAM
returned by causal discovery methods unaware of — SCORE+BICY! — caM+BICY!
mixing. As the latents Z introduce dependencies be-
tween the mixing targets T', we presume that the re- = 04 /\_/ ’\/
ported G’ will contain additional spurious (FP) edges. g 02
In Fig. [E.T| (light gray) we observe that the FPR in i 0
G’ indeed increases as the probability pz of X; €
T increases (shown for SCORE and CAM). Given . 3
this trend, we investigate whether we can correct the 2 g': / /
result by pruning any FPs that arise from mixing. & ,

Thus, we apply the CMM to each node X; given its of -
causes in G’, fit an MLR, and use the BICIEZM remove 0 0.20.40.60.8 1 00.20.40.60.8 1
any redundant parents of X; under this model. This Pz bz
rezul)ts in a graph G”, also shown in Fig. (dark Figure E.1: Effect of Latent Mixing.
gray).

The shaded regions show to which extent FP edges

are removed correctly (green) resp. TP edges re-

moved incorrectly (red). The BICEZM prunes some of the spurious and almost no causal edges.
However, there still remain additional FPs in G’ when pz increases. This is perhaps due to practical
limitations of EM in estimating the correct mixing, leaving room for future improvements.

We reach a similar conclusion from our questions in Sections and [E.2] that we can expect not a
substantial, but at least some improvement in discovering causal graphs G using the latent-aware BIC,
be it via correcting the outputs of causal discovery algorithms (E.Z), as an improved scoring criterion
in GES (E.I), or with our main algorithm (Fig.[D.2), while in addition being able to discover the
latent structure GZ which can point us to subsamples with distinct causal generating process.
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