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Appendix

Proof of Lemma (2). Let us begin by specifying the class of discriminators .#x = .Z}. Now, given
a,p e 2Y)

dpy (Pg0t, o 8) [Eg,al —Eg,p5l] = sup [Eq(lo¢) —Eg(log)].

= sup
leLx leZx
Due to the definition of supremum, for any € > 0 3 [, € .Zx for which
doy (Pp, o) <Ea(leod) —Eg(lco¢) +e
= _inf {Ea!(le 0 ) — g —Es|(lc 0 9) — g| + Ealg) — Eﬁ(g)} +e

g€leoGrip
<2 inf Qﬁ—g/H —1—{ sup []Ea(log*)—Eg(log*)]}+e, Vg* e Grip.
g’ €Grip 00 leLx

Here, l. o Grip :={lco f : f € GLip}. Now,

S [Ea(log*) —Eg(log)] = Weirr(l({ﬁ)/C(g*(af%g*(y))dv(w,y)

<L inf ¢ z,y)dy(x,y), 1
<l it [ @iy n
where (E[) is due to the fact that g* € G'r;p. As such,

dgi (G, 6B) <2 inf ||g - g’H + Lg dg (o, B).

g EGL'ip

O

Proof of Corollary (1). We have already noticed E, [d 1 (v, I, )] < O((k%ny)~*), k > 2. Since
the distance d 1 (.,.) satisfies the bounded difference iﬁequality, the application of McDiarmid’s
inequality leads to

2nat? }’ @)

B,?

P(dfj, (U Uny) < O((kQle)_%) + t) >1- exp{ -

where B, = diam(2,) with respect to the metric ¢ . We point out that (2) is a generalized version
of Proposition 20 in [1]]. Now, Theorem (1) tells us,

A1 (finy s d40n;) < €+ L dpr (v, D) + O(CLW =R L™H),
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givene > 0 and ny < W=4=1| W=d=1 || L| 4 2 Combining these two results, we get
1 1+ Lg)B 1
P(ds (o, 6470s) < O(0n) D)+ 2B, i () 0w 2 178)) 2 120,

_ 2n2t2

By?
with min(ny,n2). In such a case, the Borel-Cantelli lemma implies that d o1 (jin, , ¢Vn,) — 0
almost surely (under P), provided d, k remain fixed.

by taking § = exp { } The statement also holds if we replace the two sample sizes n1, ne

Remark. We draw the attention of the reader to a particular consequence of this result. Observe
that the width (1) and depth (L) of the translator network are intrinsically related to the sample size
(n1) from the target law. In case min(n;,ng) — oo, W also follows suit, given that L remains
constant. As such, our ideal backward translator, achieving generation consistency, is a finite sample
approximation of an infinitely wide ReLU network. Maps induced by such an infinitely wide network
converge in distribution to a Gaussian process [2]. This determines the large sample property of ¢.
Finding out the exact statistical properties of such a process in a parametric setup might be taken up
as future work.

Remark. Forany ny € N*, dg1 (p, p40n,) < doi (p, fin,) + dt (fin, , 940, ). We have already
seen that the second term on the right-hand side of the inequality vanishes eventually [Corollary 1].
Moreover, similar to (2)

- 2n1t2
B,* }

As aresult, d o1 (i, fin, ) 2% 0 (using Borel-Cantelli lemma). Hence, it can be concluded that ¢4 7,
converges weakly to p in & (X’) [Theorem 6.9 in [3]].

P<dz§(ﬂvl)n1) < O((d’n) %) +t> >1- exp{ -

Proof of Theorem (2). Let us carry out the decomposition of the realized backward translation error,
similar to that in Theorem (1).

dyyp== (g s OVny ) < dyye (finy, P4v) + dyyroe (g v, P, )-
Observe that W)™ C W11 ">, for any positive integer m. Also, the class VVl1 "*® is a dense subset of

1-Lipschitz functions on X'. As such, dyym.o(fin,, ¢xv) < dg1 (fin,, pv) < €, where € > 0 (as in
the proof of Theorem (1)).

The remaining approximation error can similarly be upper bound using the same technique. However,
it would be far from tight. Let us define a class of functions that help in the pursuit of sharper bounds.

Definition (Holder Space). For s € R~, with | s| indicating the largest integer strictly smaller than
s, the Holder space of order s is defined as

. _ |D*f(x) — D*f(y)|
cm&d):{feavL(Rdw||fcS=|f||Wm+| ZH up PR < L)
ol=Ls x,yERd

Now, similar to the proof of Lemma (2), for any € >073 I € W such that
dyymo= (pgar, 98) < Ea(ls 0¢) —Eg(ly 0 ¢) + ¢, wherea,f € 2(Y)
= _ inf {lEa|(z€/ 0 ¢) — g| —Es|(l 0 ¢) — g| + Ealg) — Eﬂ(g)} +e

gele, oGrip
<2 inf |¢— ng + { sup [Eq(log*) —Eg(l og*)]} +€,Vg" € Grip-
g’ €GLip 00 lewy™ =
3)
The first term in (3)) is obtained due to the Lipschitz property of [_-. Here,
sup [Eq(log*) —Eg(log")] = dyr=(gia, g3B) < dem (g, 9%05) 4)
lewy >
= sup {Epuall(@)] - Eansli(@)]}. 5)

leCmog®



Inequality (4) is based on the observation that there exists r > 0 for which W{™>® C C™ [4]. Given
any f € C" and g* € GrLsp,

Ifog*lle={supl|f(g"()|:y € R*} = {sup|f(z)|: 2 = g"(y) € RY,y € R*}
< {sup|f(z):z e R} =|fll-

Moreover, for 2,y € RF, 2 # y

[D*f(g"(x)) = D*f(g" ()| _ [D*f(g"(z)) — D*F(g" ()| { l9"(z) — 9" (y)| }S—M
|z —y|s=Ls lg* (z) — g* (y)[s~ L] [z —y|
|D*f(x*) — D*f(y*)|

<
— ‘x* _ y*‘s— \_SJ

(LG)S*LSJ,

assuming z* # y* € R%. Here, we choose both the metrics c, ¢ tobe L! in their respective spaces.
This convention conforms to the rest of the discussion as well.

Also, for 1 < |s| < m we have

R (D'f)(g*()) R
Di(fog) =t Y P p ()
1<[i|<]s]
where P; ;(g*; x) is a homogeneous polynomial of degree |i|. Schreuder ef al. [Lemma 7.2 in [3]]

show that | D*(f o g*)(x)| < C, where C' > 0 is a constant. This implies that there exists 7* > 0

for which f o g* € C™(RF). As such, we may upper bound (5) by replacing the supremum over
C™(R?) o g* by the same over C™ (R¥).

Hence, fore > 0

dw{"*’c (ﬂma(ﬁ#ﬁnz) <2 , inf
g EGLip

o= || +den (v.om,) +e

The expected approximation error in the base domain can be put under a deterministic upper

m

bound given by E, [dc;ri (V,0ny)] 3 ™% + bgﬁ [Lemma 2.8 in [6]]. As such, we get

E [y (g G, )] < O(no ™ +1%12) + O(VkLGB,W FL%). O

m
k

Proof of Proposition (1). Let us denote the VC dimension of Y (Z?(X)) by v, < oco. This criteria
ensures that the target class of distributions are ‘learnable’. For example, VC-dim[)(G,)] = O(d?),
where G4 = the class of d-dimensional Gaussian distributions [7]. Now, given g € G ;p, for any
n € NT

o — o —

A1 (g40n, (g#V),,) < A1 (gyin, gpv) + doi (guv, (94v),,)

S LG dgl/ (ﬁn, V) + Bm g#V — (g#y)n (6)

TV
Inequality @) exploits t~he rglation between Wasserstein and TV metrics [Theorem 4 in [8]]. We know
there exists constants C7, Cy > 0 such that

>0/ t) < exp (—Cont?),
TV n

[Lemma 2 in [9]]. Using this argument along with @) we obtain

o —

IP’(HQ#V — (gpv),,

P(dp (g, (940),) <+ O h) + O(yin™4)) = 1= 2exp (~Cant?),
where Cy = % min {ﬁ, %} > (. As such, the function g is an information preserving map

of degree 1, under the 1-Wasserstein metric, with a decaying error of order O(n~ w2 ). O



Proof of Lemma (4). Our characterization of the critics allow #x to be £} or W;™*°. Under this
setup, for any backward translator G

dfx (ﬂm y G#ﬁn2) < dfx (ﬂnlv (E#\V)nQ) + di”x ((@nz ) G#ﬁnz) )

—

:El’nl - (G#V)TLQ
< By |fin, — Ty llpy + Ay ng) + €3,

< B,

+ &
TV

where I'y,, = argmin, ¢ go(x)||7 — fin, ||+ It is often called the Empirical Yatracos Minimizer

[10]. Observe that, ||fin, — I'n, [l7y <Ilfin, = pll7y - Now, in case the OT map T exists such that
Tyv = p, we get||fin, — T, |lpy < &1 O

Remark. The information loss (in the right-hand side of (7)) can be taken care of by deploying an
IPT as the translator. As such, it is the term d ¢, (fin, , (G4V),,,) that mainly contributes to the upper

i.4.d. Y

bound. We had built the empirical distribution f,,, based on {X;};"*, "~ p. Similarly, let (Gv),,

2

be based on {Y;}2, bt Gv. We may write

N
Aoy (finy s (G#V)HQ) = sup Z Wif(Z:)|, (3)
feZxli=1
where N =n; +no; W; = n% when Z; = X;,i=1,...,nyand W,, 4 ; = —n% when Z,, ; =Y}

j =1, ...,no. Under this framework, the solution to (8) can be achieved by solving a linear program,
given that Zx = £} [Theorem 2.1 in [T1]]]. This provides a pathway to get hold of the realized
approximation error, making the upper bound deterministic.

Proof of Lemma (5). Given translator maps G € .# (Y, #(X)) and F € .Z (X, Z(})), the cyclic
loss in the space X’ can be broken down as the following:

1= (G o Pyynll, <[lu = Gyrll, +[|Gpv = (G o F)ynl],

where

|Gyv = (G o F)ypl|, = ||Gpv — Gu(Fyp)||, =2 guFX)\G#V(w) — Gp(Fyp)(w)|

=2 sup ‘Z/(G_l(w)) — F#M(G_l(w))‘
wCo(X)

<2 sup ‘V(w/) - F#u(w/)’ =|v- F#yHl .
w'go'(y)

The inequality holds by taking supremum over all measurable sets belonging to the Borel o-algebra
on Y instead of the particular path directed by G~!. As such

I = (G o F)genlly <ln = Glly +lv = Fyen], -

Similarly, || — (F o G)yv||, <||v — Fgul|, +|/x — Gxv||,. Hence the proof. O

Proof of Theorem (3). Given a measurable function f : R — R, let us define its convolution with
the kernel K : R? x R? — R as the following:

1

Sy
Kin(f) = Rth(~7y)f(y)dy=ﬁ RdK(E’E)ﬂy)dy’

where ¥ = (4, ..., y—,j)' h > 0. We begin by taking K to be regularly invariant. Now,

= Pu — En(pu)]|, +HKh(pu) — En(pouv)|, +HKh(p¢#u) — Poyv

< Ip = Kn@)ll, +||Knp) = Knlpo,)

Hp“ ~ Poyy 1

1 + JHKh(pd?#l’) — Pouv
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p

9)



where J > 0. The existence of such a constant, and hence the inequality (9), is ensured by the fact
I £[ly < JIfll,» » = 1 since we have A(€2;) < oo. Also, there exists a constant [ depending upon m,,

and K, such thatHKh(p,L) — pﬂHp < lHmepqu h™= [Proposition 4.3.33 in [12]]. As such, we get
hold of a constant J* = J{ for which

PR

Hp“ ~Powv]) % }hmw +HKh(p“) = Kn(poyr) 1

(by Assumption 2). Observe that,

Kn(0,)(@) ~ Knpoy)@) = 57 [ {KGL ) = K5 Jan(w.2),

where k is a coupling between y and <;$# v. Hence,

hd/’ <i n

K@, Y - K(a', 2)| do’
:/{ ‘ h|y_z| " ’ }y—z|d/<;(y,z)
M*
<5 [y ldut.2), an

where M™ is a positive constant. The step (10) is due to Jensen’s inequality, whereas (1 1)) exploits
the invariance of /. Since the inequality holds for all possible measure couples x, we conclude

HKh Pu) — Kn(Pe ) dx}d/i(y, z) (10)

M*
<—w!
1 — h C (:LL7 ¢#V)7

given that ¢ = L'. A similar inference can be drawn for a general class of metrics c by altering the
specification of the same in the definition of invariance. Now, choose

1
:{ W(p. 64v) }““_
HDm”"pqu+HDm$p¢#V ;

HK}L(pu) — Kn(poyv)

Finally, we obtain

<MD pl, + [ 7o e

1
Mg+
Hpu —Poyv 1 o ] [ (N7 ¢#V)] ”LIJA

where M = 2(J* vV M™*). O

Proof of Proposition (2). Using Lemma (5),
’Ccyc(ﬂnu ﬁnwFﬂ G) = - (GO F)#ﬂnl ||1 + |ﬁn2 - (F ° G)#ﬁn2H1
- G#l}"ﬁHTV +||f/”2 — Fogfin, ||TV }

Now, a similar decomposition of the translation errors under the TV metric, as in the proof of Lemma
(4), results in the following:

Fnl - @)nz

A(m na)

B,

+| @), = G|

A7l1 - G#ﬁnzuTV < ||IEL7H - FTL1||TV +‘

—I—H G#V 1o G#ﬁnz v

<liny = plly +

Similarly, given that T',,, = argmin, ¢ 5y ||IT — ¥, [l 7y

!
(n1,m2)

B,

ﬁnz - F#ﬂn1|’TV SHﬁnz - V”TV +

| e, P |,



Proof of Theorem (4). Let ¢ € &(W, L)%, as specified in Theorem (1). Also, let ¢ € @(I/V/7 L/)’j
be a forward translator that achieves consistency. Observe that

‘C’Cyc(/lnlvﬂnszv(ﬁ) < ”/lnl - “Hl +||Dn2 - V||1 + ’Ccyc(#a Vﬂwv(ﬁ)
<lfins = plly + 17, = vl +2{ |1 = Ssevll, +ll =], }- (12

For 1 < p,q < oo, we know that

E [Hﬁlhﬂl — pMHp} j ’I’L172w7:;—m+d,

my

[Theorem 6.1 in [13]]. Similarly, for the estimation error in ), E [Hﬁy’nz - pqu} N
Moreover, Theorem (3) implies that

mp+1

1 } e < Rdf} (,U/,(b#l/) <R {dfcl (/’L’ﬂnl> + df} (ﬂn1a¢#y)}7 (13)

(-

mg+1

1
my ~ . . .
where R = M ma [HszpﬂHp + , ] “, and fi,, is an usual empirical measure
p

’ D mzqu# v
corresponding to . The term d &1 (fin, ; 1) can be made arbitrarily small due to the construction

of ¢ [Lemma (1)]. Also, we have already seen that E [d 21 (1 fn, )} =n -3,

As such,
K [Hﬂm —pully + 2|~ ¢#qu} <0 (nl_W) 7

by applying Jensen’s inequality to (I3). This bound, together with a similar result corresponding to
its forward counterpart, will imply

™My

~ my _
E | Leyelfiny s Pz, 6)| 3 max {my = @373y~ Evm i L

O

Proof of Corollary (2). We point out that, K (z,y) can be taken in particular as K (|2 — y| ), where
K : R? — R identically follows the traits of K. Under such a kernel function,

o] ], =1

for some constant /* > 0 [[12]]. Now, given an ¢ < 2, concentration inequalities on kernel density
estimates tell us: there exists constants Fy, Fs > 0 such that

P( > §E1<;l/§_£i>dexp(—E2nle2hd).

ﬁ#ﬂll —-E [p#»nl]

The exact value of Ey = 28%(0) can be obtained based on the convention that & (.) achieves its
modal value at 0. Such a centering can always be done. Hence,
A om VdB,
]P)(Hpﬂ,m —pu|l, > e+1"h ) < E ( hd+1:> exp (— Fanye?h). (14)

By applying Borel-Cantelli lemma one can show that H Duyng — pqu — 0 almost surely, under
suitable choice of h = h(ni,m,,d). (14) inspires a similar concentration for the estimate p,,
around p,,, under L'. As such, by taking the corresponding bandwidth B = h,(ng, my, k), it can
also be said that || Dvng — Pu H1 — 0 almost surely. To unify the two processes, one may assess

the convergence based on n = min{ns, n,}. Putting these results back in (12), along with (13), we
conclude

Leye(fing s Uny, ¥, ¢) — 0, almost surely.
In other words, (¢ © )4 fin, — p and (¢ o ¢)x0p, — v, both in total variation. O



Identity loss

Let us first rewrite the identity loss in terms of the underlying measures. Based on the notations in
our framework,
Laalpv F.G) =~ Fyad], +]lv — Gpv],.

Observe that the distributions must be equivariate to conform to this loss. Moreover,
= vlly =[[Faere = vl <|lu— Fynl, - (15)
If the forward translated law Flu i is Sobolev-smooth of order m, (Assumption 2), Theorem (3)
) Ty
Dy — PFyp ‘1 <R I:dgll, (v, F#M)] my+ In
case F' is also translation consistent, the second term on the left-hand side of vanishes. A similar
conclusion can be drawn for the quantity HV — G#VHl as well. As such, the cumulative identity

loss from both domains cannot be minimized beyond the intrinsic discrepancy between the input
distributions.

asserts the existence of a constant R > 0 such that‘
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