FASTER CONVERGENCE OF RSGD wITH INCREASING BS

Appendix A. Calculation of SFO Complexity
A.1. SFO Complexity with Constant BS and Increasing BS

We compute the SFO complexity required to achieve ||G7||? < €2 (¢ > 0), as described in
Section 4.3.

[Constant BS]

From Theorem 5, the number of iterations 7" required to achieve |Gr||? < € is

r—__ @
€2 — Qy02b-1
Because the SFO complexity of constant BS can be represented by SFO®“™%(b) = bT, the
SFO!(b) required to achieve |G| < €? is given by
- 120
SFO®"™(b) = bT = b @ = @
€2 — (Q202b~1  beZ — Qq0?

Because
iSFOEOHSt(b) _ 2()@1(()62 _ Q2~0'2) _ b2Q162 _ b@l(be2 _~2C~220-2)
db (be? — Q202)? (be2 — Q202)?
holds, from
2Qz0” d t 2Q20° d t
< . F cons < > . F cons >
b < 2= dbS O™ (b) <0 and b> 2= dbS Ot (b) > 0,

we have the critical BS of constant BS:

20,02
b* = Q220 = argmin SFO™ (),
€ b>0
which implies
40020544 o
SFO:onst(b*) _ M _ 4@1@2026_4 — 0(5—4).

Q202
[Increasing BS]
From Theorem 6, the number of iterations T required to achieve ||Gr||? < €2 is given by

T Q1 + Q20°by!

€2 ’
We assume a setting in which 7' = M K, meaning that by the T-th iteration, the BS has
been increased M times, and RSGD has been updated for K steps at each BS. If the exact
value of T" takes the form T'= MK +k (1 <k < K—1), we can set T" to M (K +1) to ensure
that ||Gr||? < €? still holds. Similarly, if T takes the form T = MK-k (1 <k < K — 1), we
can set T to MK to satisfy the same condition. Hence, our assumption that T' = MK is
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reasonable.
SFO complexity for increasing BS (i.e., exponential growth BS) can be represented as

SFOincr = (Z bo"}’ ) ’YbOlK(’}/M — 1)

Under our theoretical assumption that K is fixed and M i 1s dynamic, and with M = % the
SFO complexity of increasing BS for achieving ||G7||? < €2 is

boK Q1+Q20%5 ! —2

SFOIr = 27 (y K 1) = 0(

).

To calculate SFO complexity under our experimental setting, we must reconsider the proof
D.3 because it relies on letting M — oo, which is not permitted in our experimental setting.
This issue can, however, be resolved by the following discussion. The key is to replace the
evaluation at the penultimate inequality of (9) with

=1 = LT KM M K(1—y~M-1
;b mzbo’y boy Zbo”y a bo(l— )
K@M =71 KyM K~y
T oMy —1) T by M (v —1)  bo(y - 1)
Thus,
 Pax _ T
—~ b bo(y — 1)

implies the same result with Theorem 6:

Q1 + Qa0%by !
Il < DED

Because Qg contains K, as shown by the formal statement of Theorem 6 (with a constant
LR and an exponential growth BS), we rearrange Q2 for calculating SFO complexity under
our experimental setting as

QQ = KQ?):

where Qs is defined through this substitution. Then, we obtain

MK =T =

Q1+ Q20%b," Q1+ Q3Ka?by!
& -

€2 ’

which implies

Me? — Q30%b5 "
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Therefore, under our experimental setting—where K is determined by fixed M—and with
K = L the SFO complexity of increasing BS for achieving ||Gr||? < €? becomes

, bo(yM —1 )
SFOlencr _ 0(7 ) Q~1 = 0(672).
7_1 MGQ—QgUQbO

The calculations in this section are for the case of a constant LR, but it is immediately clear
from Theorems 5 and 6 that exactly the same results hold for a cosine annealing LR, which
was also used in our experiments.

A.2. Objective Function Value versus SFO Complexity

Figure 7: Objective function value (loss) versus SFO complexity on COIL100 (PCA),
MNIST (PCA), MovieLens-1M (LRMC), and Jester (LRMC) datasets in order
from left to right.

For the COIL100 (PCA) and MovieLens-1M (LRMC), performance was better with an
increasing BS than with a constant BS. Although the differences in the objective function
values for the MNIST (PCA) and Jester (LRMC) are small (one possible reason for this is
that the objective function may be flat around the optimal solution), the performance with
an increasing BS was equal to or better than that with a constant BS. A more detailed
discussion of this hypothesis is presented in Section 4.3.

Appendix B. Trade-offs for Each Hyperparameter of Exponential
Growth BS Scheduler

We calculate the trade-offs for each hyperparameter of the exponential growth BS.
[v]: From Theorem 6, |Gr|? = O (1 + %) and SFO"" = O(yM) hold, and v™ is

clearly monotonically increasing with respect to v. Let f(vy) := 1+ % Because f/(v) =
ﬁ < 0, f is monotonically decreasing. Thus, for a smaller gradient norm, v should be

set to a larger value, while for a smaller SFO complexity, v should be set to a smaller value.

[bo]: From Theorem 6, [|G7[* = O (1+b;") and SFOM = o(bé’—i) hold. 1+

by is clearly monotonically decreasing. Let g(z) = zf—il (x > 1). Because ¢'(z) =

%W, g is monotonically decreasing for 1 < z < v/3, and monotonically increas-

ing for > /3. Now, because x > 1 and by € N, it suffices to consider only the case z > 2,
in which g is monotonically increasing. Summarizing the above and considering by € dom g,
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we find that, for a smaller gradient norm, bg should be set to a larger value, while for a
smaller SFO complexity, by should be set to a smaller value.
[M]: Recall T = MK. From Theorem 6, HGT||2 =0(3+%) =03 +1%) =

@) (M - ), and SFO»® — O< ) hold. M™" is clearly monotonically decreasing. Let

m

h(z) == L= (z > 1). Because h'(z) = % h is monotonically increasing for x > ln'y
when v > e. Thus, when we set 7 > e (7 was set to 3 in our experiments except for the
far right plot in Figure 6), we find that, for a smaller gradient norm, M should be set to a
larger value, while for a smaller SFO complexity, M should be set to a smaller value.

Finally, we provide a remark on the setting of by in our experiments. Although the
initial BS (bp) appears different for each dataset, the values were similarly determined using
the same method to enable a comparison of the effectiveness between a small constant BS, a
large constant BS, and an increasing BS. The IV was set to the total number of data points
in each dataset. For a large initial BS, it was set to 3%, where k is the largest integer such
that 3¥ < N. For a medium-size initial BS, it was set to 3*73. For the smallest initial BS,
it was set to 3¥~°. For example, because N = 7200 for the COIL100 dataset, the large, the
medium-size small, and the smallest initial BSs were set to 3% = 6561,3% = 243,32 = 27,
respectively.

Appendix C. Our Proposed Optimization Problem

Our proposed optimization problem:

1 N
minimize = Ng \/ ﬂUga B

subject to w € S"71 = {w eR" | [w| = 1}.

{x; }é\le is a dataset uniformly sampled from S"~!. N is a total number of data points in
the dataset, and n is a dimension of each one. The objective function defined above has
unbounded gradient norms, which allows us to experimentally verify that our theoretical re-
sults are indeed applicable to functions with unbounded gradient norms. In our experiment,
R.(d) = ﬁ was used as a retraction for S,

Proposition 11 The gradient norm of the objective function for this problem f is not
bounded.

Proof When (z;,w) # 0 (V5 e{1,... N})v

is obtained by

of o _ 1
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where w = (wy, -+ ,wy,) ",z = (x}, - ,iL‘;L)T € S"~! ¢ R”. Thus, the gradient on S"~! is
1 & :
grad f(w) = (I —ww ")V f(w) = N > Sign({aj, w))|{z;, w)| "2 (I — ww ;.
j=1

Fix one data x; such that z; # 0. Let u € S ! be a vector obtained by orthonormalizing
x; via the Gram-Schmidt process. We consider a sequence (wy)ien such that w; = ﬁ +

£/1— t%u, which lies in S”~! because

1 1 2 / 1
2 2 2

By simple calculations,

]
= 1—— 1— —
e (tnxm Ty t?“) (tuxi\ Ty

T

— 1— —(x; . 1——
ETE + 2wl 2 (xju' +uz; )+ ( 3 ) uu

t—o0 T

— UU

and

xT; 1 <37j,£l:i> 1
Tj,wp) = Tj, 7 +\/1—Zu )= +4/1 = =(xz;u
< J t> < J tsz” 2 > tszn t2< J >

hold. Now, we define a set A satisfying {x;}jca C {xj}éyzl such that (z;,u) = 0. We find

(mj,wy) = <ij1?|1|> ("j € A), and A # @ because of i € A. Note that, for all j & A, (z;,u) # 0
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holds, which yields (z;,w¢) # 0. From these observations, if (z;, ;) # 0 (Y5 € A),

N
lgrad f(w)|| = ;fZSign((xj,wt»](xj,wtﬂ_é(I — wtw:)xj

7=1
1 || & )
=1 ]S e bt - e
j=1
! 1
=N Z {5, wi)| 72 (I — wewy )| — N Z (2, w)| "2 (I — wew] )z;
JEA P
N Tagey |2 700 = |2 Pl TV
jeA JEA
_1
1 t”sz 1 <x’$l> 1 1
N D —wwl gl = = P 1= )
NV (zj, @) (1<% N |t ;
t— 1 1 .
% | o — NZ|<9€j,u>| 2 ||(I —uu )%H — | >
JEA
holds; even if (z;,2:) =0 (Ej €A), forallteN,
1

1 1
2w EZA|<xjth>| 2 (1 — wyw, )z
J

Jrad (w)| N

1 1
*oN %|<xj,wt>r (1= wew) ),
J

holds. These complete the proof.
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C.1. Gradient Norm versus SFO Complexity for Our Proposed] Optimization

Problem
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Figure 8: Norm of objective function gradient versus SFO complexity. Plot on left (resp.
right) shows norm of objective function gradient for our proposed problem when
(N,n) = (7200, 1024) (resp. when (NN,n) = (60000, 1024)).

As shown in the plot of the norm of objective function gradient versus SFO complexity 8
for our proposed problem, performance was better with an increasing BS than with either
a small or large constant BS. This result can be explained by Theorem 9, which shows that
an increasing BS reduces SFO complexity compared with a constant BS.

Appendix D. Proofs of our Lemma and Theorems

Recall that ITis a {1, -, N }-valued probability distribution. Thus, we consider the proba-
bility space ({1,---, N}, B({L,---,N}),II). For a random variable ¢ distributed as IT and
a function g : {1,--- ,N} x M 3 (§{,2) = ge(x) € R, we define E¢[ge(x)] == Eeon[ge ()] =
f{l,---,N} ge(2)II(d€) = Zjvzl gj(x)II({j}). Hence, the variance is defined as Veori(ge(z)) =
Eeon[||ge(x) — ngn[gg(x)]||2]. Let (&+)Y, be a sequence of i.i.d. random variables dis-
tributed as I1, let &, == (14, ,&pp) | € {1,--- , N} let g: {1,--- N}t x M > (&, 2) —
ge(x) € R be a function, and let z; be a point at the ¢-th iteration generated by the updat-
ing rule of RSGD. We can introduce a natural extension of the expectation notation to a
multivariate random variable:

B g (7)) = Beuloe = [ g, (ol (48

N N
= Z R Z 91, Jv) T (-rt)H({]l}) o 'H({jbt})

Ji1=1 Jby =1
= E&l,tEfz,t T ]Eﬁbt,t [gﬁt (-rt)]

For &,---,&;, a total expectation is defined as E = E¢ ---E¢. Note that, from As-
sumption 3, E¢ [||lgradfe(z) — gradf(z)||2] = Ve(gradfe(z)) < o2 holds, which implies
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Ee [|lgradfe(z) — gradf(z)|2] < "b—j. The following result serves as a preliminary for Lemma
4.

Lemma 12 (Descent Lemma) Let (z:); be a sequence generated by RSGD and (n:): be
a positive-valued sequence. Then, under Assumptions 2 and 3, we obtain

LTU277152 . 1— L,n;
%, " 2

E[f (2e1)] < E[f(z)] + ) Elsrad f (1)1

Proof Under Assumption 2, we start with

2
Flenn) < Fer) = mlgrad (o), grad i, (2o, + Ly lgrad o, (w02,

Ee,[llgrad fp, (20)|17,] = Ee,[llgrad fp, (2:) — grad f (z) + grad f (z:)|12,]

< Eg,[llgrad fp, (z:) — grad f (2:)[7,] + Ee, [|grad f (z:)|7,]

+ 2E¢, [(grad [, (7¢) — grad f(z), grad f(z¢))z, ]

= Ee, [lgrad fp, (z;) — grad f(z,)|3,] + Ee, [|lgrad f (z)[|2,]
(

+ 2B, grad i (w0)] — grad f (@), grad f (20,
2
< 5+ e llzrad ()2,

and
e, [(grad f(z:), grad fp, (21))x,) = (gradf(z:), Be,[grad fp, (20)])z, = |gradf(z)|7,-
Taking the total expectation of the above equations, we have
2
Elf(z¢11)] < E[f (21)] — mE[(grad f (z,), grad fp, (z¢))e.] + %LTE[IIgradet (z0)12,]

2
= E[f(z1)] — mE[Ee, [(grad f (), grad fp, (1)), ]] + %LTE[Est[llgradet (ze)l2,]

2 0.2
< Elfan)] ~ mllerad (@)l + T (- + Bllarad (@)

2,2
— Bl o]+ Z5 = (1= 55 ) Ellerad (a2

2by
|
D.1. Proof of Lemma 4
On the basis of Lemma 12, Lemma 4 is proven as follows.
Proof Taking nmax < L% into consideration, we start with
— Ly 2 Lo . -
S on (155 ) Bllgearle = (1= ) i Bl @l S
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By taking the summation on both sides of the inequality for Lemma 12 and evaluating it
using the above inequality, we obtain

T-1

L Mmax .
(155 ) i Bllreds o) o
T-1
L.
<> u(1- Q"f) Bgrad/ (20)12,
t=0
T-1 -1
L o? T] LTU2772
< D _(E[f(z0)] = E[f(z111)]) + Z 2, = =E[f(z0) — f(ar)] + Z 2b; -
t=0 t=0

(E[f(2¢)])teqo,. 7y being a decreasing sequence implies

E[f(zo0) = f(zr)] < E[f(w0) — f*] = f(zo) — [
Therefore,
2
i

1 L,o? — 7
min  E[||grad f(z,)]]2.] < 2(f(z0) = /) Z b
te{0,-, 71} llgrad twellz) < 2 = LyTmax Zt o "t 2 = LyThmax Zt =0 "t 1=0 b

D.2. Proof of Theorem 5

Proof We set b; = b in Lemma 4.

[Constant LR (1)]
From Lemma 4, we have

T—1 T—1 T-1 n? 1 77 n?
Z N = Nmax = nmaXT7 Z bit max __ maxT’
t=0 t=0 t=0 't Zt 0 Thmax ¢—q
which yields
: 2(f(a:0) - f*) Lrnmax o?
min  E[||grad f(z¢)||2] < + —.
te{0,- ,T—1} [” ( t)HZt] (2 - Lrnmax)nmaxT 2 — Lr'r/max b
[Diminishing LR (2)]
From Lemma 4, we have
T-1 T-1 1 T-1 1 T
e Mt = Mmax v P 1 2 Tlmax £ ﬁ = Umaxﬁ = nmax\/f
and
T-1 T-1
777'52 — nr2nax 1 < nrQnax 14+ /T @ — 772 + nr2nax log T
pard by b t:ot+1_ b 1t b b
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which yields

fxo) — f* 1 LTnmaX 0?1 +1logT
d — .
tE{Om T-1} [nga f( )H ] (2 - Lrnmax)nmax \/> Lr'r]max b VT

[Cosine Annealing LR (3)]
From Lemma 4, we have

T-1 T T
max min max — //min l
UtZ/ ?7tdt:77a+77 T o dmax 1 /COS(W)dt
o 0 2 2 0 T
_ Mmax T+ Thain
2
and
71 -1 2 1=
t
77 nmax + 77m1n) T+ nmax '2|‘ 77m1r1 Z cos fﬂ' 4 Uhnax = Thmin) (nmax 77m1n Z cos> 77_‘_
=0 = =0
< (nmax + nmin)zT + nmax — nminT + (nmax — T]min)2T
> 4 2 4
= 7712naXT>
which yields
A(f (o) — £*) 1 2L T o’

min 1}E[Ilgradf(:vt)!\§t] <

— 4 i
te{0,-, T— (2 - Lrnmax)(nmax + nmin) T (2 - Lrnmax)(nmax + nmin) b

[Polynomial Decay LR (4)]
We start by recalling the Riemann integral of g(t) == (1 —t)? >0 (0 <t < 1). U(Pr) =

tT_Ol 71,(1 — T) is an upper Riemann sum for the function g over the partition Pr =
{0, £ Tyttt T=1 1} due to g being monotonically decreasing. From the definition of a Rie-
mann mtegral if fo t)dt exists, then

1
inf U(P) = /0 g(t)dt.

P:Partitions of [0,1]
In fact, the integral value exists. Thus, we obtain

T-1

<1_ )p U(Pr) > inf U(P) :/01(1—t)pdt: T

t:O P:Partitions of [0,1]

Similarly, if we define L(Pr) as Z? 17 (1= 4£)”, then L(Pr) is a lower Riemann sum for the
function g over the partition Pp, and the supremum of L(Pr) equals fo t)dt. Considering

T—-1
1 P 1

t:O
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we have
T—1

1 t\? 1 1 ! 1 1

—|1-—=) =L(Pr)+ =< sup L(P)+:/(1—t)pdt+:+
t—0 T < T> T P:Partitions of [0,1] T 0 T p+1
Hence,

Y (A e
p+17— T) " p+1

T-1 2p 1
1 t 1 1 1
“(1-2) <[ @a-v%dt+ - = .
T( T> —A( At =i T T

Therefore, considering Lemma, 4,

-1 T-1 N
m = 7’]minT + (T]max - nmin) Z (1 — T)
t=0 t=0
T Nmax T P"min
> minT + max — 7/min = T
> ("hma 77)p+1 o1
and
T-1 T . .
77 nmmT + 277m1n Thmax — 77m1n Z (1 — ) nmax _ nmln 2 Z <1 _ >
t=0 t=0 t=
1
+ 2p + 1>

< nmlnT + 2"7m1n Thmax — 77m1n (1 ) (nmax 77m1n 2 (
p+1
2

T

_ 7712nax . Uﬁﬁn + (nmin + 27min (Mmax — Mmin) (Nmax — Mmin) )

p+1 2p+1

hold, which yields
min 1}Emgradf<xt)\lit]

te{0,- , T—
p+ 1 { * LT(n?naX B 772 i )02 } 1
< 2(f(zo) = ) + min —
(2 - Lrnmax)(nmax + pnmin) ( ( ) ) b T

Lr (p + 1)(nr2nax B 77r2nin) < - 277m'1n (nmax - nmin) + (nmax - 7]min)2) Oj
(2 — Lrnmax)(nmax + pnmin) o p+ 1 2p +1 b

1

S|
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D.3. Proof of Theorem 6

Proof The evaluations in all the following cases are based on Lemma 4 and use estimations
of ZtT:_Ol ¢ in the proof of Theorem 5.

[Exponential Growth BS (5) and Constant LR (1)]

From the fact that sums of positive term series are the supremum of their finite sums, we
have

— M—1 M (o'¢)
1 K T—-KM K K 1 K
Z(j bm+ ba~y M Szb mgbizim:b(il)’ (9)
e = boy 0 = boy 0 A= ol
which implies
T-1 T-1
Mmax _ 2 1 _ MKy
— b e b T bo(y—1)
Therefore,
min Eflgrad f(o0)|2,) < 2(f(ao) — )+ LrlmfI 7L 1
te{0,--, T—1} el = (2 - Lrnmax)nmax 0 vy—1 bo T

[Exponential Growth BS (5) and Diminishing LR (2)]
Using (9), we have

Bl V)
b
—_

M’ﬂ

L1 1 i 1 _ n
e 2 - - max
by Mmax (t +1 Z by )

t t

I
<)
I
=)

which yields

1
i E[||grad 2]1<
te{O{I}l,I%—l} [nga f(xt)th] B (2 - Lrnmax)nmax

* LrngnaxK'YU 1
{2(f(1’0)—f )+ﬁ }\f

[Exponential Growth BS (5) and Cosine Annealing LR (3)]
From (9) and |cosz| < 1, we have

T—1 T-1
7771%2 — 1 [ (max + Ninin) > + (hnax = imin)” cos? i7r + w cos EW
by by 4 4 g ’ !
t=0 t=0
T—
1 max XY
< n? <
> Thmax ; b b ( — 1)

which yields

T

. 2
min  Ef|gradf(z:)|3,] <

K~ o? } 1
te{0,--, T—1} (2 - Lrnmax)(nmax + nmin)

LT r2nax
{2(f($0) -+ Zfl bo
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[Exponential Growth BS (5) and Polynomial Decay LR (4)]
From (9) and ¢t <T', we have

T-1 2 -1 £\ 2P t\?
2= e nr2nin + (nmax - 77mir1>2 I + 2nmin(77max - nmin) 1—- =
= by = bs T T
T-1
< 771211 l < ﬂ
pare by — bo(y—1)’
which yields
3 p + 1 { * LT7712naxK7 0—2 } 1
min rad f(x < 2(f(xg) — 4+ — 5 —.
B E[l|grad f(z.)|12,] O A T a——— (f(xo) — %) -1 T

[Polynomial Growth BS (6) and Constant LR (1)]
We set a := a A bg. Considering ¢ > 1, we have

K, T-KM % K i”:
m+bo)¢  (aM + by)° 0am+b0 _g = (m+1)¢

i T >, (10)

M-1

M’ﬂ
@‘,_.

Il
=)
3
Il
=)

\ @

which yields

T—1 T-1
nt2 _ .2 1 < nr%laxKg(C)
Z 7 = Tmax bf = alel
t=0 "' t=0 ¢ £
Therefore,
1

min  E[||gradf(z:)|2,] <

LTngnaxKC(C)O—Z > 1
tef{0,-- , T—1} (2 — Lrnmax)nmax

(204 e - gy 4 £ AT

where, for ¢ > 1, Riemann zeta function ((c) < oo; ((c) is monotonically decreasing on
c € (1,00) and lbm C(c)=1.

[Polynomial Growth BS (6) and Diminishing LR (2)]

From (10), we have

N

T-1

- 77 Z nmaXKC(C)
N —nmaxzi<7c’
— by — t+1 by ale]
which yields
1 L2 KC(C)U2> 1
d 2 _ * max [
it Ellsradfe]] < (Q_Lrnm)nmax( (o) = %)+ e -
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[Polynomial Growth BS (6) and Cosine Annealing LR (3)]
From (10) and the previous analysis for Cosine Annealing LR (3), we have

T

\
N

7)

" < TmaxKC(€)

1
b= gld

M’ﬂ

77

Il
<)
Il
=)

t t
which yields
2
<
(2 - Lr”max)(nmax + 77min)

min 1}IE[||gradf(act)Hg%t] (2(f($0) — )+ alel T

t€{0, ,T—

[Polynomial Growth BS (6) and Polynomial Decay LR (4)]
From (10) and the previous analysis for Polynomial Decay LR (4), we have

T-1 o T— 2
7 1 maxEKC(C
By < T Z - =
t=0 t=0 &
which yields
. p+1 L2 KC(c)o?\ 1
E d 2 < ) _px max —
i Elleradfl2] < o P (o (an) - 1) 4 E e .
[ |

D.4. Proof of Theorem 7

Theorem 13 (Detailed Version of Theorem 7) We consider BSs (5) and (6) and
warm-up LRs (7) and (8) with decay parts given by (1), (2), (3), or (4) under the as-
sumptions of Lemma 4. Then, the following holds for both constant and increasing BSs.

e Decay part: Diminishing (2)

. Q1 + Q200!
d
te{Tﬁ.l.I’lTi [nga f(flft)HxJ \/T +1-— \/T + ]_

e Decay part: Otherwise (1), (3), (4)

. Q1+ Q20%by
E 2] o X1 T %2Y Yo
te{Tg.l.I,lT—l} llerad f(ee)llz,] < T-T,

where Q1,Q2, Q1, and Qs are constants that do not depend on T.

Proof The evaluations in all these cases are based on Lemma 4. We start with an expo-
nential growth BS and a warm-up LR. From ,[,, € N, and [,, > [, there exist «, § € NU{0}
such that [, = al + 3. Note that we define summations from 0 to —1 as 0. Furthermore,
from Yu,v > 0: 0 < u? + v? 4+ uv holds.
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[LR Decay Part: Constant (1)]
Considering Ty, = 1, K’ = o(IK') + BK’, we have

T-1
Z m = Z Thmax = (T Ty )nmax
t=Tw t=Ty
and
(a+1)l-1 M ) ~ )
Z nt _ Z nmax Z nmax _ Z nmax < nmaxK Z i < Minax K Z i _ M
t= Tw t=lw K’ =(a+1)I t=T,, =0 ik bo —0 ym (’Y—l)bo
which yields
1 L2, Ky o? 1
min E[||gradf (z)||.] < 2 f(xzg) — f*) 4 = max™2 17 .
te{Tw, -, T—1} [Hg f( t)H:vJ - (2 — Lrnmax)nmax ( (f( 0) f ) v — 1 bO T—-T,

[LR Decay Part: Diminishing (2)]
Similarly, we have

TJmax dt
> e = Wmax(VT +1 — /Ty + 1
tZT:nt t;\/m_na/,rw t—|—1 77a( \/’LU )
and
T-1 T-1 T-1
Z 1? < Z 7712nax < Z nr2nax < nr2nax’7K
P by — g bt(t + 1) B = by — (’)/ — 1)b07
which yields
) 1 L., Kvyo? 1
2 < _px max e
¢ {TJ?.I.I}T—HE[”gMdf(xt)”z*] = 2(2 = LyNmax) Pmax (Q(f(xo) 7+ y=1 by ) JT+1—-Ty+1
[LR Decay Part: Cosine Annealing (3)]
We have
T T-1
. Nmax + Mmin | 7Jmax — 7Jmin t—Ty
Zm—z< 5 + 5 cosT_Tww>
t=Ty t=Ty
__ TMmax T Mmin Thmax — Tlmin t Tw
—f(T—Tw) 5 ZCOST Tw
t= Tw
Tmax + Mmin Tlmax — 77m1n t—"Ty _ TMmax T Mmin
— (T =T, — (T - T,
z g (I o (T To ) y ()
and

1 2 St 4 T—T,"

T-1 T-1
Z ﬁ l ((nmax + nmin)Q + n?nax - ngﬁn t— Tw + (nmax - T]min)2 (3082 t— Tw )
=Tw

T-1

N Max - Monax VI
by~ (v=1)bo’

T—1
1 ((nmax + nmin)Z 7712nax - 7712nin
by 4 + 2

(77max - nmin)2 _
4

t=0
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which yields

) 2 L2, Kvyo? 1
min El|lgrad f(z:)||2.] < <2x—*—|— max — .
tE{Tw,"',T—l} [Hg f( t)HJIJ (2 _ Lrnmax)(’r]max + ,r’mln) (f( 0) f ) ,_Y _ 1 b() T _ Tw
[LR Decay Part: Polynomial Decay (4)]
As with the proof for a polynomial decay LR (4) in Theorem 5, we have
T—1 T-1
t—Tu \?
Z N = Z {nmin+(77max_77min) <1_ T—ﬁ) }
t=Ty t=Ty
T —Ty Nmax + PMmin
> minT_T max — //min = T-1T,
> Nrmin ( w) + (Thnax — 1 )p+1 P ( w)
and
t—Tp \ t—Ty \”
tZT: 77t Z (nmm 77max - 77min)2 (1 - T _ TZ) + 277min(77max - nmin) (1 - T _ 1::) )
T—
< - < a7V K
- =T, bt - (’y — 1)()07
which yields
. p+1 < L2, Kvyo? 1
min E[||grad f(z)||2.] < 2(f(xg) — f*) + max_ .
tE{va"' val} [”g f( t)HxJ (2 - Lrnmax)(nmax +p77min) (f( ) f ) Y= 1 bO T — Tw
Next we consider a polynomial growth BS and a warm-up LR.
[LR Decay Part: Constant (1)]
We have
T—1
m = Z Thmax = nmax T T, )
t=Ty t=Ty
and
— a+1)l—-1 — %)
Tzl 777? _( ) nr?ﬂax nmax _ Z nmax < 77max[( ]V[Zl 1 < nglaxK Z i _ ngnaxKC(c)
= by R iy alel — (m+ 1) ale] — me alel
which yields
1 Lyt K((c)o? 1
min E[||grad f(z)||?.] < 2(f(xg) — f*) + max .
gt Elleradfl3) < o (20 (an) - ) EOT)

[LR Decay Part: Diminishing (2)]
Similarly, we have

T
n dt
Z e = Z = > nmax/ \/m - 277max(\/T +1- \/Tw + 1)
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and

T—1 T—
77 nmax 77max nmaxK C(C)
<
tZT by tz t + 1 Z - LcJ ’

which yields

. 1 L2 K((c)o? 1
2 < _ * max .
gy Ellerad /(@2 € g (7o) - 17) 4 e O
[LR Decay Part: Cosine Annealing (3)]
We have
T T—1
Z _ Z Nmax + Mmin + Thmax — "Jmin o t - Tw
1 2 2 “T—1,"
t=T, t=T
T
Nmax + Mmin Thmax — "Jmin t—T, Nmax + Mmin
> ——(T-T, _— dt = ——(T - T,
> 5 ( w) + 5 /T cos <T—Tw7r> 5 ( )
and

cos T+

T-1 T-1
Z 77j Z l (Mmax + nmin)2 n n?nax — nﬁlin t— Ty (nmax — nmin) cos t—"Ty,
“ 4 2 T—T, 4 T — T

Y

T—1
< Z l ((nmax +77min)2 + 7712nax - 771211111 + (Mmax — 77m1n ) Z nmax < nmaxKC(C)
T,

=T, 4 2 =T, a Lel

which yields

2
i d
te{Twr?'l'nT [”gra f(mt)” ] (2 - Lrnmax)(nmax + nmin)

[LR Decay Part: Polynomial Decay (4)]
Considering the proof of the polynomial decay LR (4) in Theorem 5, we have

* LTT]?I};}XKC(C)U2 1
(20760 - 1) B AT ) L

> S t—T, \? T_T
Z n = Z <77min + (Nmax — Mmin) <1 T f:u) > > Nmin(T — Tw) + (Mmax — nmin)ple
t=Ty t=Ty
Tlmax + PNmin
pr1 LT
and
T—1 " p
B L1, t—T,
tsz bf tZTu, by (nmln 77max - nmin)2 (l — T _ 7:2}) + 2"7min(77max — nmin) (1 _ T j::

Z nmax < nmaxKC(C)

ale) 7

t=Ty
which yields

p+1
(2 - Lrnmax)(nmax + pnmin)

Lo KC(0)o®) 1
ale] T-T,

tE{T,jfnr}T_l}E[”gradf(xt)”zf] S

@q@@fw+
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D.5. Proof of Theorem 8

Theorem 14 (Detailed Version of Theorem 8) We consider a constant BS (by = b >
0) and warm-up LRs (7) and (8) with decay parts given by (1), (2), (3), or (4) under the
assumptions of Lemma 4. Then, we obtain

e Decay part: Diminishing (2)

. QzU T 1
E d 2 log — ,
wegr iy, Ellleradf(@)lle,] < (@i + == log 7) —ms NiES

e Decay part: Otherwise (1), (3), (4)

i E[||grad 2]1<
werin, | Blllerad f(z)lle ) < 7777+ ==

where Q1,Q2, Q1, and Qs are constants that do not depend on T.

Proof [LR Decay Part: Constant (1)]
Considering D.4, we have

= i
= =2 (T -T,
Z b )
which yields

. 2(f(zo) = f*) 1 Ly Nmax o’
min E[||erad f(z,)|2.] < + —.
te{Tw, -, T—1} [Hg f( t)Hu] (2 - Lrnmax)nmax T-1T, 2— Lrnmax b

[LR Decay Part: Diminishing (2)]
Similarly, we have

T-1 T-1
Z ﬁ _ nrQnax Z 1 < nr2nax 1+/Tdt — 7712nax + 77r2nax logz
= b Atlo b - b b e,

which yields

f( ) I 1 Ly Miax Oj 1+10g%
b VT +1—-T, +1

i ad +
te{Twr?'l'nT [”gr f(mt)” ] (2 - Lrnmax)nmax \/T + 1-— \/T + 1 2(2 - L'r‘nmax)

[LR Decay Part: Cosine Annealing (3)]
Doing the same with D.4, we have

T-1 T—1
777752 — (T/max + nmin)Q + 7712nax - 7712nin l— Tw T ("7max - nmin)Z o 2 t— Tw T
b ZT 1 2 T-T, 1 T-T,

T-1
< <(77max + nmin)g + nr2nax — nrgnin + (nmax — nmin)2> _ Tmax
- 4 2 4
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which yields

min_ E[[lgrad Fa))2,) < 4(f (o) — f*) L 2L Npax o’

te{Tw, - ,T— (2 - Lrnmax)(nmax + nmin) T-T, (2 - Lrnmax)(nmax + nmin) b’

[LR Decay Part: Polynomial Decay (4)]
Similarly, we have

T-1 o T-1 o )
T ] t -1, t—T,
Z b7i - 5 Z (niﬁn + (nIQHaX - nmin)2 (1 - T _ Tww> + 277min(77max - nmin) (1 — T _ 1:;
t=Ty t=Ty
=1 2 2
S nmax — M(T—Tw),
by b
=T
which yields
2 — e +1 1 2L, (p + 1)n> 2
min_E[llgrad f(z)|2,] < o2t @) = )+ 1) .\ o+ i 0
t€{Tw - T—1} (2 = Linmax) (Mmax + Pmin) T — Tw (2 = Limax) (Mmax + Pmin) b

Appendix E. Objective Function Values in Sections 4.1 and 4.2

Figure 9: Objective function value (loss) versus number of iterations for LRs (1), (2), (3),
and (4) in order from left to right on COIL100 dataset (PCA).

Figure 10: Objective function value (loss) versus number of iterations for LRs (1), (2), (3),
and (4) in order from left to right on MNIST dataset (PCA).
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Figure 11: Objective function value (loss) versus number of iterations for LRs (1), (2), (3),
and (4) in order from left to right on MovieLens-1M dataset (LRMC).

Figure 12: Objective function value (loss) versus number of iterations for LRs (1), (2), (3),
and (4) in order from left to right on Jester dataset (LRMC).

The performance in terms of the objective function value versus the number of iterations for
LRs (1), (2), (3), and (4) on the COIL100, MNIST, MovieLens-1M, and Jester datasets are
shown in Figures 9, 10, 11, and 12, respectively. Although the differences in the objective
function values are small (one possible reason for this is that the objective function may
be flat around the optimal solution), the performance with an increasing BS was equal to
or better than that with a constant BS. A more detailed discussion of this hypothesis is
provided in Section 4.3.

Appendix F. Convergence Criteria in Table 1

In previous studies and in our work, three types of convergence criteria were used:
1. the objective function value E[f(z7) — f*],

2. the gradient value tlim Elgradf(z¢)] = 0 or ||G7|?,
—00

3. (extended) Riemannian distance between z7 and an optimal solution z*: E[||Ar||] ==
E[| R (z7)]]]-

Criterion (3) applies because E[|Ar||] = E[d(z7, z*)] holds when R = Exp.

Appendix G. Additional Numerical Results

This section presents the numerical results for a warm-up LR. We used a constant BS,
an exponential growth BS (5), a polynomial growth BS (6), and a warm-up LR with an
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Figure 13: Norm of the gradient of the objective function versus number of iterations for
warm-up LRs that have an increasing part with three increments on COIL100
dataset (PCA).

increasing part (exponential growth LR) and a decaying part (either a constant LR (1),
a diminishing LR (2), a cosine annealing LR (3), or a polynomial decay LR (4)). We set
K’ = 200. When we used an exponential growth LR, a polynomial growth BS was not
required to satisfy §% < 5, whereas an exponential growth BS was required to satisfy it
(see Section 3.3). For comparison, even when using a polynomial growth BS, we adopted
a setting that satisfies this condition. Furthermore, we chose Mmax (the initial value of
decaying part) from {0.5,0.05,0.005}. When using an exponential BS, we set the initial BS
by := 3* in Cases A, B and by := 3% in Cases C, D. When using the other BSs, we set
the same initial batch size as in Section 4.

From the definition of an exponential growth LR (7), we can represent the part after

warm-up as 77,1 = 1od. Consequently, we chose hyperparameters (I, ly,", Jmax,70)
1

satisfying 790" = nmax and 62 < v; ie., § = (%)H < 'y%. Hence, when [ =1[,, = 3 and

v = 3.0, we set Nmax = 0.5,0.05,0.005 and ny = 1%, %, %, respectively. In this setting,

0= 13/77’;‘% = V17 < V3= Y= fy% holds. Similarly, when I = 3,1, = 8,7 = 3, we set
Nmax = 0.5,0.05,0.005, g = é, %, ﬁ. respectively. In this setting, 6 = 8 "j}‘% =4 <

3 = Y = ’y% holds. Because we terminated RSGD after the 3000th iteration and set
K’ = 200, we used | = 1, = 3 (resp. | = 3,1, = 8). In the first setting, the batch size
increases five times and the learning rate three times; in the second, the batch size increases
five times and the learning rate eight times.

G.1. Principle Components Analysis
[Case A] [=1,=3

Figures 13 and 15 plot performance in terms of the gradient norm of the objective function
versus the number of iterations for a warm-up LR with decay parts given by (1), (2), (3), and
(4) on the COIL100 and MNIST datasets, respectively. Figures 14 and 16 plot performance
in terms of the objective function value versus the number of iterations for a warm-up LR
with decay parts given by (1), (2), (3), and (4) for the COIL100 and MNIST datasets,
respectively.

[Case B] [ =3,l, =38

Figures 17 and 19 plot performance in terms of the gradient norm of the objective function
versus the number of iterations for a warm-up LR with decay parts given by (1), (2), (3), and



OowaDA IIDUKA

WarmUpLR/(dc)PolyLR(up)3
BS/WarmUPLRI(dc)PolyLR/(up)3
5 /WarmUpLR(dc)PolyLR/(up)3

—— ConstantBS/WarmUpLR/(dc)DiminishingLR/(up)3

—— PolyGrowthBS/WarmUpLR/(dc)DiminishingLR/(up)3

2500 3000 [ 500 1000 1500 2000 2500 3000
Number of lterations

o 500 1000 2000 2500 3000 0 500 1000 1500 2000 2500 3000 ] 500 1000 1500 2000
Numi jons Number of terations Number of lterations

1500
ber of terati

Figure 14: Objective function value (loss) versus number of iterations for warm-up LRs
that have an increasing part with three increments on COIL100 dataset (PCA).
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Figure 15: Norm of the gradient of the objective function versus number of iterations for
warm-up LRs that have an increasing part with three increments on MNIST

dataset (PCA).
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Figure 16: Objective function value (loss) versus number of iterations for warm-up LRs
that have an increasing part with three increments on MNIST dataset (PCA).
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Figure 17: Norm of the gradient of the objective function versus number of iterations for
warm-up LRs that have an increasing part with eight increments on COIL100

dataset (PCA).
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Figure 18: Objective function value (loss) versus number of iterations for warm-up LRs
that have an increasing part with eight increments on COIL100 dataset (PCA).

(4) for the COIL100 and MNIST datasets, respectively. Figures 18 and 20 plot performance
in terms of the objective function value versus the number of iterations for a warm-up LR
with decay parts given by (1), (2), (3), and (4) for the COIL100 and MNIST datasets,

respectively.

G.2. Low-rank Matrix Completion

[Case C] [=1,=3
Figures 21 and 23 plot performance in terms of the gradient norm of the objective function
versus the number of iterations for a warm-up LR with decay parts given by (1), (2), (3),
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Figure 19: Norm of the gradient of the objective function versus number of iterations for
warm-up LRs that have an increasing part with eight increments on MNIST
dataset (PCA).
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Figure 20: Objective function value (loss) versus number of iterations for warm-up LRs
that have an increasing part with eight increments on MNIST dataset (PCA).
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Figure 21: Norm of the gradient of the objective function versus number of iterations for
warm-up LRs that have an increasing part with three increments on MovieLens-
1M dataset (LRMC).

and (4) on the MovieLens-1M and Jester datasets, respectively. Figures 21 and 24 plot
performance in terms of the objective function value versus the number of iterations for
a warm-up LR with decay parts given by (1), (2), (3), and (4) on the MovieLens-1M and
Jester datasets, respectively.

[Case D] [=3,l,=38

Figures 25 and 27 plot performance in terms of the gradient norm of the objective function
versus the number of iterations for a warm-up LR with decay parts given by (1), (2), (3),
and (4) on the MovieLens-1M and Jester datasets, respectively. Figures 25 and 28 plot
performance in terms of the objective function value versus the number of iterations for
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Figure 22: Objective function value (loss) versus number of iterations for warm-up LRs

that have an increasing part with three increments on MovieLens-1M dataset
(LRMC).
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Figure 23: Norm of the gradient of the objective function versus number of iterations for
warm-up LRs that have an increasing part with three increments on Jester
dataset (LRMC).
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Figure 24: Objective function value (loss) versus number of iterations for warm-up LRs
that have an increasing part with three increments on Jester dataset (LRMC).

a warm-up LR with decay parts given by (1), (2), (3), and (4) on the MovieLens-1M and
Jester datasets, respectively.
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Figure 25: Norm of the gradient of the objective function versus number of iterations for
warm-up LRs that have an increasing part with eight increments on MovieLens-
1M dataset (LRMC).
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Figure 26: Objective function value (loss) versus number of iterations for warm-up LRs

that have an increasing part with eight increments on MovieLens-1M dataset
(LRMC).
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Figure 27: Norm of the gradient of the objective function versus number of iterations for

warm-up LRs that have an increasing part with eight increments on Jester
dataset (LRMC).
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Figure 28: Objective function value (loss) versus number of iterations for warm-up LRs
that have an increasing part with eight increments on Jester dataset (LRMC).
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