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A Background and additional results

A.1 Additional experiments
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(a) Failure of GET prediction. (b) Alignment with teacher f*.  (c) Prediction risk (n = ©(N%)).

Figure 4: (a) Prediction risk of ridge regression on trained CK features after multiple GD steps withy = ©(1):
dots represent empirical simulations (averaged over 50 runs) and solid curves are asymptotic values predicted
by the GET. We set 0 = o* = ReLU, ¢ = 2,d = 512, A = 10™%, and = 0.1. (b) Alignment between
the student f and the linear (red) and nonlinear (blue) components of the teacher model (A.1). Darker colors
correspond to larger sample size n = {2'',2'% 2'3 215} (c) Prediction risk of ridge regression on trained
CK features after one gradient step (empirical simulation, d = 1024): brighter color represents larger step size
scaled as 7 = N* for o € [0,1/2]. We set 0 = o* = SoftPlus, 12 = 2, A = 1073, and 0. = 0.1.

Failure cases of GET. It is worth noting that the Gaussian equivalence property (Theorem 3) may
no longer hold if we train the features longer. In particular, because of our mean-field parameteri-
zation, the first-layer weight W needs to travel sufficiently far away from initialization to achieve
small training loss (see Figure 2). Hence in our experimental simulations (where n, d, N are large
but finite), as the number of steps ¢ increases, we expect the Gaussian equivalence predictions to be-
come inaccurate at some point. This transition is empirically demonstrated in Figure 4(a). Observe
that for larger ¢, the GET predictions overestimate the test loss; one possible explanation is that the
trained kernel can learn nonlinear functions (which we show in Section 5 for one gradient step with

n = ©(v/N) and specific choices of f*), which the GET cannot capture.

We provide additional empirical evidence on this explanation in Figure 4(b). To track the learning
of the linear and nonlinear components of f*, we recall the orthogonal decomposition:

[ (x) = po + pi(z, B,) +Ps1f* ().
e — N——
(@) for (@)

Denote the CK ridge estimator on the feature map after ¢ gradient steps  — a(W;r x) as fi. We
estimate the following alignment quantities (we normalize f; and f3;, to have unit L?-norm):

Linear component: <f£'j, f§\> Nonlinear component: <f§L, f§>L2(]Rd ) (A1)

L2(R4,I)
In Figure 4(b), we observe that the student model f{ first aligns with the linear component of the
teacher f}'; on the other hand, when the student model begins to learn the nonlinear component f,
(at ~30 gradient steps), the GET predictions (Figure 4(a)) overestimate the prediction risk.

Large learning rate (SoftPlus). In Figure 4(c) we repeat the large learning rate experiment in
Section 5 for different nonlinearity 0 = ¢* = SoftPlus, for which 7* ~ 0.03 > 0, and hence the
upper bound in Theorem 7 is non-vanishing. In this case, we observe that the prediction risk of
the CK ridge regression model (after one feature learning step) is also non-vanishing even when the
step size is large; this indicates that although we do not compute the exact risk in Theorem 7, the
upper-bounding quantity 7* in (5.1) has predictive power on the actual prediction risk.

Impact of data splitting. As previously mentioned, our current theoretical analysis requires the
first-layer W and second-layer a to be learned from independent training data, i.e., a “data-splitting”
procedure. Note that from Lemmas 10,11, and 22 one can easily deduce that when the sample size
becomes large (1)1 = n/d — o), the gradient at each neuron becomes proportional to 3, which no

longer depends on X. In other words, if we denote 7~2()\) as the CK ridge prediction risk without
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the data-splitting procedure, then R(\) = R(\) + 0y, p(1). Consequently, as we gradually increase
the sample size n (or ratio 1)1 ), we expect the behavior of training W and a on the same data X to
become more aligned with our theoretical results.

This intuition is confirmed in Figure 5, where we plotted our theoretical prediction (for the data-
splitting setting) against empirical simulations where W and a are trained on the same data. In
Figure 5(a) we observe that our asymptotic formula for the small learning rate regime (Theorem 5)
accurately tracks the risk curve for v); > 2 but deviates when 17 is small (subfigure). Moreover,
Figure 5(b) shows that without data-splitting, the trained CK under large learning rate may also
outperform the kernel lower bound for large ;. To sum up, in both cases, we observe similar
learning behavior with or without the data-splitting procedure (especially in the large 1, regime).
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Figure 5: Prediction risk of ridge regression on trained CK. Dots represent empirical simulations without
data-splitting, i.e., W, a trained on the same data (d=1024), and solid lines are theoretical predictions from the
data-splitting setting. (a) n = ©(1), o = tanh,c* = SoftPlus, ¢ = 2, A\ = 107, 0. = 0.25. (b) n = N
for o € [0, 1/2]; brighter color represents larger .. We set o = o = tanh, ¢2 = 2, A = 1073, 5. = 0.1.

A.2 Additional related works

The kernel regime and beyond. The neural tangent kernel (NTK) [JGH18] describes the learn-
ing dynamics of wide neural network under specific parameter scaling. Such description is based
on linearizing the NN around its initialization, and the limiting kernel can be computed for various
architectures [ADH™' 19, Yan20]. Thanks to strong convexity of the kernel objective, global con-
vergence rate guarantees of gradient descent can be established [DZPS19, JT20]. As mentioned in
Section 1.2, this first-order Taylor expansion fails to explain the adaptivity of NNs; therefore, re-
cent works also analyzed higher-order approximations of the training dynamics [DGA20, HY20].
Noticeably, a quadratic model (i.e., second-order approximation) can outperform kernel (NTK) es-
timators in certain settings [AZLL19, BL20].

In contrast to the aforementioned local approximations (via Taylor expansion and truncation), the
mean-field regime (e.g., [NS17, MMN18, CB18]) deals with a different scaling limit under which
the evolution of parameters can be described by some partial differential equation (for comparison
between regimes see [WGL 120, GSJW20]). While the mean-field limit can capture the presence
of feature learning [CB20, Ngu21], quantitative guarantees often require additional conditions such
as KL regularization [NWS22, Chi22]. Note that our parameterization (1.1) mirrors the mean-field
scaling, but we circumvent the difficulty of analyzing the nonlinear PDE because only the “early
phase” (one gradient step) is considered.

Finally, we highlight two concurrent papers that studied the mean-field dynamics of two-layer NNs
(under one-pass SGD) in the high-dimensional asymptotic regime, and showed learnability results
for certain target functions. [ABAM?22] established a separation between NNs and kernel methods
in learning “staircase-like” functions on hypercube; [VSL22] analyzed how the model width and
step size impact the learning of a well-specified two-layer NN teacher model.

Spectrum of kernel random matrices. Kernel matrices in the proportional regime was first ana-
lyzed by [EK10] through Taylor expansion, and later their limiting spectra were fully described by
[CS13, DV13, FM19]. As an extension of kernel random matrices, the CK matrix has also been
studied in [PW17, Péc19, BP21, BP22] and [LLC18, FW20, WZ21], using the moment method and
the Stieltjes transform method, respectively. In addition, the spectrum and concentration behavior
of the NTK matrix were elaborated in [MZ20, FW20, WZ21]. We remark that based on these prior
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results on the NTK of two-layer NNs, one can check our large learning rate n = ©(+/N) satisfies
VN7 - Amax (F') = ©4,p(1), where F is the Fisher information matrix; heuristically speaking, this
means that the chosen step size is not unreasonably large (under first-order approximation).

A.3 Linearity of kernel ridge regression

As previously mentioned, our kernel ridge regression lower bound (Proposition 1) is a simple com-
bination of existing results, which we briefly outline below.

Linear regression on input. We first discuss the prediction risk of the ridge regression es-
timator on the input features. Recall that under Assumptions 1, we may write: f*(x)

iz, B,) + Ps1f*(x). Given the ridge regression estimator on the input features: 6,
(X "X + I d)*lX Ty, we have the following bias-variance decomposition,

L

Risn(N) =Eo (*(2) 2 (XX + dnLy) X7 f*(X)>2

Bias

+ 02 Tr((XTX + AnId)*QXTX) +oap(1).

Variance
Following a similar computation as [BMR21, Theorem 4.13] and using the asymptotic formulae in
[DW18, WX20], we can derive the following expression,

p M (=A) pi? o oy [ T(ZA)

Riin(A) = . 5) | ==

R N (e Ty R R T e

where m(—M\) > 0 is the Stieltjes transform of the limiting eigenvalue distribution of %LX X", Ob-

serve that Ry, (A) > p32. In addition, as shown in [DW 18, WX20], the optimal ridge regularization
and the corresponding prediction risk can be written as

o2 + p5”

Yipi®
Lower bound for RF/kernel ridge regression. First note that for RF models (3.1), the lower
bound p3? is directly implied by the GET [HL20] under Assumption 1 (see Fact 4). For inner-

product kernels?® in (3.2), if g : R — R is a smooth function in a neighborhood of 0, then the same
lower bound can be obtained from [BMR21, Theorem 4.13] (observe that the bias is lower bounded

by [|Ps1f* ||2Lz). Finally, for the (first-layer) NTK, the ridge regression estimator is given as
fnrx(x) =g " (K + M)y,
N

where g, =< > (oo’ wi))o (20,

- 1) +us?, (A2)

2 *2
Riam(opt) > —ZeH2" ;2 (A.3)

)\ =
ot )\optm(*)\npt) c

N
1
and Ky; = D (@i, m5)0" (s, wi))o' (a5, wy)).
k=1

Define the orthogonal decomposition o/(z) = by + o’ (2), where by = pu; = Elo’(2)], b? =
E[o’(2)?] — b3, for z ~ N(0, 1). Similar to [AP20, MZ20], we make the following linearization:

1 _ 1
gzgég.ngw, KzKéEngXTer%I.

The error of this substitution has been studied in [MZ20, Lemma B.8] [WZ21, Theorem 2.7], which,
together with [BMR21, Theorem 4.13], entail the following equivalence under Assumption 1,

A+ b3
RnTK (A) = RLin 271 +o04p(1),
byt
where Ry, is the prediction risk of the ridge regression estimator on the input features defined in
(A.2). Hence, the linear lower bound (3.3) directly applies; in fact, the prediction risk is lower-
bounded by the optimal ridge regression estimator on the input (A.3).

3Similar result can also be shown for Euclidean distance kernels following the analysis in [EK10, Thm. 2.2].
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Kernel lower bound under polynomial scaling. For high-dimensional input & uniform on sphere
or hypercube, [GMMM21, MMM21] showed that RF and kernel ridge estimators can learn at most a
degree-k polynomial when n = O(d"™'~¢) for small & > 0; for the proportional scaling n < d, this

implies our lower bound ||P~1 f* ||iz (but under different input assumptions). [DWY21] provided a
similar result for more general data distributions and a class of rotation invariant kernels based on
power series expansion, but the dependence on k is not sharp enough to recover the linear lower
bound in Proposition 1.

B Matrix concentration properties

B.1 Norm control of gradient matrix

In this section we establish a few important properties of the gradient matrix defined in (2.1). For
our later analysis, a key quantity to control is the entry-wise 2-co matrix norm defined as

[M]2,00 := max (]|

for any matrix M € R4*Y with the 4-th column m; € R? and 1 < i < N. It is easy to verify that
| <||M|| < [M]|[r < VN|[M||z,0c-

In addition, for the Hadamard product with rank-1 matrix, we have the following property.
Fact9. Given mn' ® M = diag(m)M diag(n) form € R™,n € R", M € R™*", we have

ImnT © M| < |diag(m)]| - [|M]| - [[diag(n)]| = [|m] [ M]n]]..

B.1.1 Norm bounds for the first gradient step

We begin with the first gradient step. Recall the definition of the gradient matrix under the squared
loss (we omit the learning rate 7 and prefactor v/N):

Gy 1xT K\/lﬁ <\/INJ(XW0)(1 - y> a,T) ® a’(XWO)}

et L YT T /
N X val o \/NX (ya' ©d' (XW))) -

A B

1
. NXT(U(XWo)aaT ® o' (XWy)),
n

c
where we utilized the orthogonal decomposition: ¢’(z) = u1 + o', (z). Due to Stein’s lemma, we
know that E[z0(z)] = E[o’(2)] = g1, and hence E[o’ (z)] = 0 for z ~ N(0,1). The following

lemma provides norm control for the above decomposition under the same Gaussian initialization
for Wy, a and X as Assumption 1.

Lemma 10. Assume that {* € L?*(R%,T"), and both f* and o are Lipschitz functions. Then

(i) El|All2.0c <E|A| <E[AlF < Cy/:% + %
(iii) E|C| <E|C||p < §\/1+ £

Furthermore, we have the following probability bounds.

i p(1atr =0 +f3)) coemve),
(HAF < C N> < C/< 7len{ (ﬂ2+d2)”’zfd} + e*CN + 6cn) and

. V)2
]P)(”A”Zoo Z C(\/EJ;V\/\;%I‘)%”) S Cl<efc(\ﬁ+d) 10g2n 4emem 4 Nefclog2n)'
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(ll) ]P(”B” 2 C(ﬁ+\/a)(71%\/ﬁ) 10527’) S Cl((n+N)efclOg2n + 67(ﬁ+\/3)2 + e*CN + efcd),

IED(||1'3’||15r > Ciﬁ%\\{g) < (e’cn +e N 4 e’c(‘/ﬁJr\/E)Q).

(iii) P(”CHF > C(ﬂ+ﬁ\b}%<;\%nlogN) < C/(Ne—cN+ne—cd+ne—clog2n+Ne—clog2 N).

Here all constants C,C", c > 0 only depend on Ay, p1, o< and || f*| p2(ga ).

Remark. In Lemma 10, we do not use the proportional scaling to simplify the expressions. This is
because the dependence on n,d, N needs to be tracked separately in some of our calculations.

Proof. We analyze the three matrices of interest separately.

Part (i). We first upper-bound || A||%. Notice that

N .
—lAllr <IXT(X)a'|lp+[|X Tea |
<[IX L XM + el lall. (B.2)
We know that Gaussian random matrices and vectors satisfy
Elle]? = o?n, Ellf*(X)] = nll /|32 gzo.r. (B3)
Ellal? =1, E|X|?* < Co(n+d), (B.4)

where the last inequality is from [Verl8, Exercise 4.6.2]. Based on Cauchy-Schwarz inequality, we
can employ (B.3) and (B.4) to obtain

[ d 1
E|A <E|A| <E|A|rF < — 4 —
|| ||2700— H || —_ || ||F—Cv1 nN N7

where constant C; > 0 only depends on p1, o< and || f*|| 2(ra ). As for the probability bound,
we use the Lipschitz concentration property (e.g., see [Verl8, Theorem 5.2.2]) of |lal|, ||€|| and

[I£*(X)]|, and apply [Ver18, Corollary 7.3.3] for || X || to obtain
1
P(lell > ouv/m) < 2e7°7, P(||a| 1> 2) <90V, (.5)
* * 1 * —cn
]P<|||f (X[ = IIf \|L2(Rd,r)\/ﬁ| > -|f ”L?(Rd,F)\/ﬁ) <2e” ", (B.6)
]P’(|\X|| > Jﬁ+x/&+t) <e=et’ (B.7)

for any ¢ > 0. Hence, from (B.2), we arrive at

d 1 2
P A > . . <4< —cn —cN —ct nN)
(II IIF_\/nNﬂ/NH)_ e~ e N pe
1

Note that the same probability bounds also applies to || A|| and || A[|2,oc. Thus, we may take t = y / +

to obtain the desired result. The lower bound on || A|| follows from a similar computation, the
details of which can be found in [BEST22, Appendix B.3]. As for the last inequality on || A||2,cc,
by definition we know that

2,00 < H%IIXII(IIJ”(X)II +leDlall-

The desired result can be obtained from the tail bound on the sup-norm of Gaussian random vector,
]P’(HaHOO < t/\/N) >1 - 2Ne~“*, in combination with (B.5), (B.6) and (B.7).

A

Part (i7). As aresult of Fact 9, we have

1B < [ X [lello (I1f*(X) Moo + llelloo) o (X W o). (B.8)

1
nv'N
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We first control the operator norm of the random feature matrix o', (X W). Since ¢, is centered,
[FW20, Lemma D.4] implies that

]P’(HU’L(XWO)H > O(v/n+ \/N)AUB,AB) < 2eN,
where event Ap is defined by
N
Ap = {IIWol < B, ([wl|> —1)* < BQ},
i=1
given any constant B > (. Following the proof of Proposition 3.3 in [FW20], we can obtain that
N ) ,
P(Z(||w?|2 - 1) Z 4t2> S 26N10g5fcdmln{t ,t}’ (B9)

i=1

for any ¢ > 0. Besides, inequality (B.7) implies that for any ¢ > 0,

N
]P’(WOH < Cl“d) >1— 2,

By choosing t = ¢/4/ % in (B.9) and B := ¢4/ % for sufficient large ¢’ > 0, we can claim that
there exists sufficient large constant ¢ > 0 such that

P(AS) < 2e 4 4 2¢7 N,

Combining the above inequalities, we have

]P’<|JQ_(XWO)| > C(vn+ ﬁ)ﬁ) < 4e=N 4 2¢7, (B.10)

In addition, the following tail bound is due to property of (sub-)Gaussian random variables:
IP’(||a||OO < tl/\/ﬁ) >1-2Ne M, P(lefloo <t2) >1—2ne~%,  (B.11)
for any t1,t2 > 0. Because f* is Lipschitz, f*(X) is a sub-Gaussian random vector satisfying

PO (X)]Joo <t2) 21— e e,

Let t; = t; = logn. Applying all these three tail bounds (B.10) and (B.7), (B.8) gives us the first
part of the probability bound in (i7). As for the second part, following the observation

H1 T 1o
Blr < M1 X||lyaT © o (XWo)||r <
Bl < X jyeT 004 (XWo)lr < 122

we can adopt (B.5), (B.6) and (B.7) to conclude the second probability bound.

1 X [[Myllllell,

Part (iii). Finally, we analyze the lower-order term C.. Recall the definitions X = [X,..., z,] T,
Wo=[w),...,w%]and a = [a1,...,an]". We first observe that
n N N 2
Ello(XWoaa' © o' (XWo)|5 <A2) Y E (Z aiaka(w;—rw?)> ,
j=lk=1 \i=1
n N N n N N
=)\2 Z Z Z E [alaiaio(m}w?)a(myw?)] =\2 Z Z Z E[afaia(m;w?)ﬂ ,
j=1k=14,l=1 j=1k=1i=1
' n N N
< > Elo(x] w)?] < C'n, (B.12)
j=1k=1i=1

where the last inequality can be deduced by

Elo(z"w)?] = Ey[Ee[o(z’ w)?]] = Ew [E:[0(|w]2)*]
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2Ky []EZ(J(H“’”Z) - U(Z))Q] + 2K []EZ[U(Z)2]]
§2/\<27Ew [(”wH - 1)2] + 2Ey [EZ[U(Z)QH < 4)‘?7 + EZ[U(Z)QL
which is uniformly bounded by a constant. Therefore, by (B.4) and (B.12), we get

1 1 Cs d
E|C|] <E|Clp < —E[IXI? JPE[[lo(XWo)aa" © o' (XWo)||3]? < ~Vits
As for the tail control, because of Fact 9, we consider the following upper-bound,
1 A
Cl<|Clly < —=I|X|le(XW "(XwW < || X||le(XW
ICl < lICllr < I Xllo(XWo)allllallllo"(XWo)llp < mll llle(XWo)alllall,

(B.13)
where the last inequality is due to |o’| being upper-bounded by A,

To control ||o(X Wy)al|, note that since a is centered by Assumption 1, we can apply Bernstein
inequality for @ and W conditioned on the event M := {‘Ha)ZH/\/& - 1‘ <12 i€ [n}} Con-

ventionally, we denote ||-|,,, as the sub-Gaussian norm. Since E e Vd | 1, is bounded by some
absolute constant ([Ver18, Theorem 3.1.1]), we know that

P(M) > 1 —ne™ .

Notice that for any j € [n], o(z] Wo)a = S a;o(x] w?) is the sum of N independent

and centered sub-Exponential random variables, where, in terms of [FW20, Lemma D.5], the sub-

Exponential norm ||-|, of each term is bounded by the sub-Gaussian norm of the entries as follows,
T

olx.: w a 0 o J o
% j '3 S 3 o\x; ’Uji < < s
|| ( J )”1/11 H sz” ( J )Hdﬂz - \/N \/>d 2\/N

for constant C' > 0. Thus, by Bernstein inequality [Ver18, Theorem 2.8.1], for each j € [n],
]P(|O'(:EJTW0)CL‘ > log n) < Qe—c(logn)2.

Then we take the union over all «; and obtain ||o(XWj)al|,, < logn with probability at least

1 — 2ne—<(ee™)” Hence, by (B.7), (B.11) and (B.13), we get ||C||p (f+ff/2}§g”10g]v with

probability at most 2ne—c(0s™” 4 aNe—clog N)* 4 pe—cd | 9e—ct® 4 9Ne=N Part (iii) is
established by choosing ¢t = v/d. This concludes the proof of the lemma. O

Proposition 2 is a direct consequence of the above norm bounds.

Proof of Proposition 2. Notice that Gyo — A = B + C'. In the proportional regime, by Lemma 10,
there exist universal constants C, ¢ > 0 such that

1
(||G0 — Al <C o8 n) > 1 —peclos’n,
On the other hand, part (¢) in Lemma 10 implies that

C
PlIIA|| > — | >1—e "
(141> %) 21—

for some constant ¢, C' > 0. Here we used the fact || A|| = ||A||r because it is a rank-one matrix.
Conditioning on the two events stated above, we have

C’logn<logn

log n
vno/n vn vn
log n

As long as n is sufficiently large such that N < 5, We can obtain

1Go — Al < IA]l < (IGoll + [Go — Al).

2log“n
P(HGOAH < }

which completes the proof. O

”GO”) 2 1— n€7610g2n _ efcnv
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B.1.2 Decomposition of matrix A

Using the orthogonal decomposition (2.3), we can further decompose the rank-1 matrix A as follows

Lo 1 T, oo T
=—- X XB,a +— —=X (uyl+Ps1f"(X)+e)a’, B.14
A, A
where we denote P~ f*(X) := [Ps1f*(x1),...,P>1f*(x,)]" € R™. Similar to the previous

Lemma 10, we have the following norm bound.
Lemma 11. Assume that target function f* € L*(R%,T") is a Lipschitz function. We have

(i) E||A1||r < \ﬁ(1+ )and]P’(HAlﬂp > O(f f)) < O'(eeN 4 emony;

(ii) E||As||p < C\/ > and whenn > d,

cd
(||A2|p > N) <Cem VT e N fped 4 a7, (B.15)

for some constants C,C’, ¢ > 0 that only depend on i1, o and f*.

Proof. For simplicity, we denote P~ f*(z) by f%; () and P~ f*(X) by f{, € R™.

Part (i). The expectation follows from (B.4) and the following inequality,

1A r < P55 x 218, lal = 2L X2 al .

/N /N

The probability bound also follows from the same argument as Lemma 10.

Part (i7). Following the proof of part () in Lemma 10, we can further decompose || A|| - into

[ Az[|F < povn+ [ Rl + lell)-

\ﬁIIXHllaH(

Since P~ f* is a Lipschitz function as well, we can again apply the Lipschitz concentration (B.6).
Hence, combining (B.7), (B.5) and (B.6), one can conclude the bound on the expectation of || As|| .

For the tail bound, we consider matrices

M1 Tex T n M1 TeaT m :u()ﬂl T T
AL =X a', Ay = X N Ve X 1la
2 n /*N fNL 2 n /N n /

whose squared Frobenius norms are given by || A5 |2 = nQNa Tafil XX fip, and

|AY|3 = “}Va acTXXTe, AV = 10 ]’“\”;a alTXXT1.

Recall that (B.5) implies
P(|la|® > 4) < 2e~ V. (B.16)

Let us first address A'Q'. Due to (B.16), it suffices to control eTXX Te, whose expectation with
respect to € is 02 Tr(X X '), and E[Tr(X X )] = nd. Recalling the Lipschitz Gaussian concen-
tration for || X || and (B.5), we know that for some constant ¢ > 0, P(A.) > 1 — 4e~°¢, where

A = {| X ||r < Vnd, | X|| < \/n+ +/d}. This directly implies that
IXXT||p < | X]|£| X < Vid(Va+Vd),

conditioned on event A.. Thus, the Hanson-Wright inequality (Theorem 6.2.1 [Ver18]) indicates

IP’(ETXXTE >t 4g§nd) < IP’(ETXXTE > ¢+ o2nd ’ AE) +P(AS)
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: +2 t
<P(|eTXXTe 2K 21| ) 4 4ot < 20" TET T 4 g
Thus, by choosing ¢t = nd and employing (B.16), we have
cd
P A// 2 > 7 <6—Cd 2—CN
(1451 > ) < 0 272,
where we simplified the expression using the assumption that n > d.
As for || A}]|%, || A% ||%, the moment computation in [BES*22, Appendix B.3] yields
Cd
P(14517 + 14717 2 2 ) < 26T et 420 4
for some constant C, ¢ > 0. The proof of (B.15) is completed by combining the above calculations.
O

B.2 Concentration of quadratic forms

In this section we establish a quadratic form concentration result which will be useful in the later
analysis. Given ) = O(1), we define fi = limg—, o0 [|/*[| 2 (ga 1) and

01 := \/ 207t + im0y = papln. (B.17)

These two constants will appear in Theorem 5 when defining §(7), A, 11, 12). Notice that by (2.3)
and Assumption 1, we have i = 132 + pu32.

The following quadratic concentration lemma is an adaptation from Lemma 2.7 and Lemma A.1 in
[BS98]. We also refer readers to section B.5 in [BS10] for more details.
Lemma 12. Define u := %XTy where y = f*(X) + e. Under the Assumption 1, consider

any deterministic matrix D € R4 with | D|| < C uniformly for some constant C > 0. Then, as
n/d — 1 proportionally, we have that

P
[ Du—0,8]DB,| =0,

)

’uTDu — (62— 02) 2 D — 28] D,

where 01 and 05 are defined in (B.17). In addition, recalling that the nonlinear part of the target
Sfunction is given as f{; (x) = f*(x) — uy — pi(z, B.), we have that

P

1
~BIDXT fi1,(X)| = 0.

We refer to Appendix B.4 in [BES™22] for the detailed proof of this lemma.

C Proof for small learning rate (n = O(1))

C.1 Gaussian equivalence for trained feature map

The Gaussian equivalence property. To validate Theorem 3, we follow the proof strategy of
[HL20], which established the GET for RF models using the Lindeberg approach and leave-one-out
arguments [EK18]. We remark that concurrent to our work, [MS22] proved the Gaussian equiva-
lence property for a larger model class under an assumed central limit theorem, which is verified for
two-layer RF or NTK models, and thus cannot directly imply our results on the trained features.

We first introduce the notations used in this section. Given weight matrix W and input , we define
the feature vector ¢, = \/%O'(WTCL’) € RY; similarly, given training data matrix X € R"*?, the

kernel feature matrix is given as ® = \/Lﬁa(x W) € R"*N . Also, the Gaussian feature can be writ-
ten as: ¢, = \/% (/Llea? + ugz), and the corresponding matrix ® = \/% (,ulj(W + ,u2Z>,
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where z, [Z]; RN N(0,I) for i € [n]. We emphasize that in our analysis W does not depend on
X; for notational simplicity, in this subsection we omit the accent in X.
We establish the Gaussian equivalence property (Theorem 3) for kernel regression with respect to

certain trained feature map under general convex loss ¢ satisfying Assumption (A.4) in [HL20].
Consider the estimators obtained from Eg—regularized empirical risk minimization:

N A 2

a = argmin, { Zé Yis N||a||2}, (C.1)

— A i 2

a = argmin, { ZE (yi, (@, ;) ||a||2}7 (C2)
where we abbreviated the feature vector ¢; = ¢, = = W'x,), ¢, = Gy, =

ﬁ (ulesci + ,ugzi) fori € [n].

In our setting, the first-layer weight W is no longer the initialized random matrix W . However,
we can still write the weight matrix as a perturbed version of Wy, i.e., W = Wy + A, where
A € RN corresponds to the update to the weights that is independent of the training data X for
ridge regression (e.g., the weight matrix and the ridge regression estimator are trained on separate
data). We aim to show that under suitable conditions on A, the Gaussian equivalence theorem holds
for the kernel model defined by the perturbed features  — ﬁa(mT w).

Define the set of weight matrices perturbed from the Gaussian initialization W as

lylog d
Wi {W = Wo+ A erY: A =00, Al - o(P2ED cy
) \/g
Note that for learning rate n = ©(1), we can verify that W is a high-probability event after one
gradient step, as characterized in Lemma 10. The following proposition is a reformulation and
extension of [HL20, Theorem 1], stating that the Gaussian equivalence property holds as long as W
remains “close” to the initialization W .
Proposition 13. Under Assumption I, and P(W) > 1 — exp(—clog2 N ) for some c > 0, we have
that as n,d, N — oo proportionally,
* ~ * 7 =\\2
Eo(f*(@) — ($,@)* = (1 + 04p(1)) - Eo (@) — (&5, @),
where a and a are defined in (C.1) and (C.2).

From Proposition 13 we know that Theorem 3 holds if the optimized weight matrix W falls into the
set VW with sufficiently high probability. This condition is in turn verified by Lemma 10. Also note
that in our setting of MSE loss and A > 0, the RHS of the above equation is bounded in probability.

Central limit theorem for trained features. Recall the single-index teacher assumption: y; =
o*((z;, B")) +¢; fori € [n]. Observe that for W € W, the following near-orthogonality condition
between the neurons holds with high probability

lylog d
W1 = 0),  and s {(w ), (. 8.0} = O PED) e

Importantly, for W satisfying the near-orthogonality condition (C.4), we can utilize the following
central limit theorem from [HL20] derived via Stein’s method.

Proposition 14 (Theorem 2 in [HL20]). Given Assumption 1, suppose that the activation o
is an odd function. Let {pq(x;y)} be a sequence of two-dimensional test functions, where

la(x; v, ¢} (z;y)| < Baly)(1+ |z|)* for some function By and constant K > 1, then for
W satisfying (C.4), and fixed vectors o € RN, 3 € R? with ||B|| = 1, we have

‘Ewd ((ﬁla; wTﬁ) —Epq (@Ia; mTﬁ) ’

polylog N 1 K’
—0( PR g1 (214 1+l + (llal) ™) )

where z ~ N(0,1), and K’ only depends on constant K.
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We remark that our assumption of odd activation in Theorem 3 is required by the above Proposi-
tion 14, and we believe it could be removed with some extra work. Also, to verify the GET, we
take (4 to be the test function defined in [HL20, Equation (50)]. In our case, by [HL20, Lemma
25] we know that there exists a function B satisfying the growth condition such that E[B(z)*] is
bounded. Therefore, in order to apply Proposition 14 and obtain the Gaussian equivalence theorem
(see derivation in [HL20, Section 2]), we only need to control the ¢5-norm and ¢,,-norm of certain
vector ¢ of interest. The following subsection establishes the required norm bound.

Norm control along the interpolation path. Following [HL20], we construct an interpolating
sequence between the nonlinear and linear features model. For any 0 < k < n, we define

k

gt £ argmin_ g { Sl lg. 6D+ Y Uuiile 6,) + 1 (Mgl + Qlg)) } (€3)

i=1 j=k+1

where we introduce a perturbation term
Q(g) =g’ (M?WTW + u%I)g +pmVNBIWg.

Note that when v; = v2 = 0, setting £ = 0 recovers the estimator on nonlinear features &, and
similarly, setting k = n gives the estimator on the linear Gaussian features a.

We remark that the perturbation ()(g) allows us to compute the prediction risk by taking the deriva-
tive of the objective w.r.t. 71, y2 around 0 — see [HL20, Proposition 1] for details. Note that when

* A4 *
W] = ©(1), we may choose v* = & . m > 0 such that for |y1] < 7%, |v2| < 1,
A

the overall objective (C.5) is §-strongly convex (i.e., the strongly-convex regularizer dominates the
concave part of Q(g) when v; < 0).

While most of the statements in [HL20] hold for deterministic weight matrices satisfying (C.4), the
{~-norm bound relies on the (sub-)Gaussian property of W and thus only applies to RF models.
The following lemma establishes a high probability upper bound on the {,-norm of g; on our
trained feature map.

Lemma 15. Given Assumption 1, if we further assume that 1 — P(W) < exp(—clog2 N ) for some
constant ¢ > 0, then there exists some constant ¢’ > 0 such that for any 0 < k < n,

P(||lgx |l = polylogN) < exp(—c’ log? N).

Proof. We follow the proof of [HL20, Lemma 23] and first analyze one coordinate of g;, defined by
(C.5), which WLOG we select to be the last coordinate. For concise notation, we instead augment
the weight matrix with an (N 4 1)-th column and study the corresponding [g}]n+1. Denote the
weight vector wy 11 = wQ,; + dn41, where wQ; is the (N + 1)-th column of the initialized
W, and 4 is the perturbation (i.e., gradient update for W).

To further simplify the notation, we define r; € RY, where r; = \/% (,ul WTa:i + ugzi) L Z; LLd
N(0,I) fori < k,and r; = ﬁa(WT:ci) for £ < i < n. Recall that W = Wy + A, in which
the initialization [Wo]; ; = N(0,d™"'); we denote the i-th feature vector at initialization W by V.
Let f € R™ be the feature vector at the last coordinate, i.e., f; = [f]; = Tlﬁ (e wyir + poz),

2 R N(0,1) fori < k,and f; = [f]; = ﬁa(xjwj\q_l) for k < i < n; similarly, we introduce

a superscript in f 0 & R” to denote the features produced by the initial w9 11

The (N + 1)-th coordinate of interest, which we denote as u*, can be written as the solution to the
following optimization problem,

L n
u* = argmin min g E(r?g + fiu;yt) + N ()\”9”2 +Q(g) + M+ q(u) + (Z’YM&'U’L-H %% g)u),
u g <
=1

27



where we defined q(u) = 74 (,u% lwn ] + u%) u?+72 (,u1 \/N,B;rwNH)u. By [HL20, Equation
(249)], we know that for W € W,

(C.6)

271M1wN+1ng + 721 VNB] w41 +Zf (ri gisvi) fil-

i=1

We control each term on the right hand side of (C.6) separately. Note that W € W implies
that [|[dn41]] = (’)(%) due to the definition (C.3). Since ‘B*T'wNH‘ < ‘,BIwS)VH‘ +

16 5411|184, by combining [HL20, Equation (252)] and our assumption that |3, || = 1, we know
that for some constant ¢; > 0 and large N,

P(‘\/ﬁﬁjwmrl‘ > polylogN) < exp(—ci1log” N).

Similarly, |w},,Wgj| < ‘w?vTHWg,*C‘ + [[dN+1[|Wgill, and therefore by [HL20, Lemma 17]
(note that the lemma only requires W to satisfy (C.4)), we have

]P’( ) < exp(—02 log® N),
for constant co > 0. To control the sum of ¢ in (C.6), for s1mphc1ty we define 8 € R"™, where
0; = [0"]; = £'(v]g};y:) for i € [n]. Notice that |z w; — x] wI| = |z]6;|. Due to the
assumed independence between X and A, and the assumption on IE”(W) we know that |:13;r é j| S
|6;] - logN = O(%) with high probability. In addition, since the activation function o is

Lipschitz, for £ < i < n, we may take a union bound over the weight vectors w; and obtain

P{VN|r; —r;| > polylogN ) < N -exp(—cslog” N), (C.7)
(YAl =2 ) (~eslog? N)

for some c3 > 0. The case where ¢ < k (i.e., the features are linear) follows from the exact same
argument. Also, because of |7° g; f < ’rOT *| + ||7’7 ?||||QZH, we know that [HL20, Equation
(257)], [HL20, Lemma 17], and (C 7) together ensure that

P(|6;| > polylogN) < exp(—c4log® N), (C.8)

for some constant ¢4 > 0 and large enough /N. Now we can control |Z?:1 4 (T;rg,’;; yl)fl| in (C.6).
Again using the Lipschitz property of activation o, we get

n
ZZI r; gk»yz
=1

ZE/ T gkayz f0+f0 7' gkayz fz fzo)

n
1
PR =D 107 |l Sl
— VN ; ‘ + ‘
Given (C.8) (which implies that — ||0* |l = O(polylogN') with high probability), it has been shown

in [HL20, Proof of Lemma 23] that IF’(|Zl 107 2] > polylogN) < exp(—cslog® N) for some
constant ¢c; > 0. Hence, by taking union bound over the failure events |¢]| > polylogN and
VN - |a:;r o N+1| > polylogN, we arrive at the following high probability upper bound on u* in
terms of (C.6):

P(|u*| > polylogN) < n’N - exp(—cglog” N),

for some constant cg > 0 and all large V. Finally, since the assumption on ||A |, ., implies control
of ||8;] for all ¢ € [N], we complete the proof by a union bound over the N coordinates. O

Putting things together. Denote the optimal value of objective (C.5) by

R,’;émingeﬂw{ Zf yir (g +f Z Uyj, (9. ¢; ;(Alg%@(g))}

j k+1
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From [HL20, Section 2.3], we know that Proposition 14 and Lemma 15 imply that for any W € W
and 1 < k < n, the discrepancy due to one swap can be bounded as

Blu(rp)] - Bl )| = o PRE ).

for bounded test function ¢ with bounded first and second derivatives. As there are n = ©(N)
total swaps to be made, we can obtain the desired Gaussian equivalence ([HL20, Theorem 1]) if the
failure probability (1 — P(W)) is sufficiently small. Hence we conclude Proposition 13.

Proof of Theorem 3. Finally, we establish Theorem 3 by verifying that in our setting the event W
occurs with high probability. For one gradient step on the squared loss with learning rate n = (1),
Lemma 10 together with ||3, || = 1 entail that for proportional n, d, N, there exists some constant
¢, C' > 0 such that

P([Wil = C) < exp(—cd),
P(max| w! w]>| > Cl\(}g& ) < exp(—clog2 d),

i#£j

C'log?d
Vd

where w} stands for the i-th column of W fori € [N]. In addition, under Assumption 1, when \ >

P<maX|<w3,ﬂ*>| > ) < exp(—clog®d),

0, it is straightforward to verify that prediction risk of the Gaussian equivalent model Rgg(\) E) Ch
for some finite constant C'y > 0 as n, N, d — oo proportionally. Theorem 3 therefore follows from
Proposition 13 (or equivalently, Equation (16) in [HL20, Theorem 1]). ]

C.2 Prediction risk under Gaussian equivalence

Now we compute the prediction risk of the CK ridge estimator on the feature map after one gradient
step € — O’(WI.’I)). Recall the closed-form solution of the ridge regression estimator:

A —1
@ = argmin, = <<I>T<I> n ]\71) 37y,

where & = \/%O'(X W) € RN, X € R™9 denotes a new batch of training data indepen-

dent of W1, and § = f*(X) + & € R” is the corresponding training labels (following the same
Assumption 1). Also, recall the following Gaussian covariates model:

- 1 - ~ T T
3 ﬁ(ulxwl +mZ) RV ak (@ &+ NI) 3"y
where [Z];; ~ N'(0,1) independent of X and W;. Due to the Gaussian equivalence property (4.2),

we can analyze the prediction risk of the Gaussian covariates model, which we denote as Rgg(\)

Bias-variance decomposition. The following lemma simplifies the prediction risk Rgr(A) and
separates the bias (due to learning the teacher f*) and variance (due to the label noise €).

Lemma 16. Under Assumption 1, we have

Ree(A\) — (B1+ B2+ V) o

where the bias and variance terms are given as

2411 i N
By =+ 2 — %gﬂwl (2@ + /\I) &' (C.9)
_ /~ ~ —1__ ~ ~ -1 _
@(2q> + AI) o (2q> + AI) ' (C.10)
- -1 ~ ~ —1__
- Tr( )\ So (Eq> + )\I) zq)). (C.11)
and we defined X = . So = =+ ( WIW, + ,u%I) and [f*); = f*(&:).
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Proof. First note that R is given by [HL20, Equation (57)]:

_ 2
Rap = Ea (0" (7 8.) — ¢a) (€.12)
2
* M1 _
ZEZ1,22<U (z1) /N IWia-z +\/N [EW W+ p3I —3W 1 8,8 Wi)a ZQ)

where 21, 22 MO (0,1). Because of the independence between z1, 22, we only need to show the
following as n,d, N — oo proportionally:

S s\ T,
ﬁﬁjwl (nb + AI) 3z b,
T2/& N\l /e s\ leTo P
£ @(2¢+AI) 2¢(E¢+AI) 3'c 5o
Both equations follow from the general Hoeffding inequality for € (e.g., see Theorem 2.6.3 [Ver18])

~ N R AN T N
BIw, (zq[> n /\I) 3" VN - f*T‘I>(Eq) n )\I) o (xb n )\I) &'
are bounded by some constant with high probability when A > 0.

since both and

Also, the risk lower bound for the Gaussian equivalent model is a direct consequence of (C.12).

Proof of Fact 4. Under Assumption 1, we may write 0*(z) = ujz +o% (z), where E,[z0% (2)] =
0,E.[0% (2)?] = p3? for z ~ N(0, 1). Hence from (C.12) we know that

2 2
Rge > E,, <0'*(Z1) — %[)’IWld . Z1> (,ul — % IW16_l> + M;Q.

This implies that Rgg > [|P>1f* ||L2 = p5? with probability one as d — oo. O

In the following sections, we compare the bias and variance terms given in (C.9), (C.10) and (C.11)
before and after one feature learning step. We first simplify the calculation by showing that the
values of these equations remain asymptotically unchanged if we remove certain low-order terms.

Stability of the bias and variance. We now control the errors in the bias and variance terms after
ignoring the lower-order terms in the weight matrix.

Recall that W, = W, + v/ NGy; we introduce W = W, + nvVNA, in which we ig-
nored the terms B and C' in the gradient matrix (B.1). We also denote the corresponding CK
~ ~ o~ ~ ~T ~

features and kernel matrix as ® := ﬁ (,ulX W + ,ugZ), Yo := P P, and the bias terms
as Bl, B’z (parallel to (C.9) and (C.10)). Finally, we write the initial random feature matrix as
®, = \/% (MlXWo + ng), f]% = (i)oT'i)O’ and refer to the variance of the initialized RF
ridge estimator as Vj.

Lemma 17. Given Assumption 1 and X\ > 0. Then for n = ©(1), we have

|By — Bi| = 0ap(1), | B2 — Ba| = 04p(1), |V — Vo| = 04p(1).

Proof. To start with, recall that the operator norms of all matrices W, Wy, W, ® &, and ®
are uniformly bounded by some constants with high probability. We first consider the change in
Frobenius norm of first-layer W to analyze the difference between V and V. By Lemma 10,
standard calculation yields:

HW1TW1 —WJWOHF = 0ap(1); ||® = B[, = Oup(l Hz:q)—z%

HF —Odﬂ’( )

Utilizing the above estimates, we obtain

—~ ~ -1 _ e - -1 _
(2@ + /\I) 3" (2% + AI) &)

F
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9 04p(1).
F

<[[® - o,

(S0 + ;\I)lH + |

\(g@ A1) = (Ba,+00)

~ ~ \—1_
where (i) is due to our assumption that A > 0. Denote M := (ZLI, + )\I> &' and likewise

~ ~ \ 1o
M = (Eq,o + )\I) <I>OT. Then we have

(1) 1
V-Vl < N TT(MMT (M%WIW1 +M§I) - MoMg (N%W(TWO +H§I))‘
1 1
S wlnsonad ] -[wiwn —wiwa| + GlaeneT - asonad | utwiwn it
= oap(1),

as n,d, N — oo at comparable rate, where we dropped the constant o2 in (i4).

For the bias terms, we consider perturbation on W' in the operator norm. Again, Lemma 10 entails

~ T ~ _ ~ ~ ~
HWIWI_W WH :Ody]p(].); H‘I’—‘I’H :Od,[p(l); HE@-E@H :Ody]p(].).

~ ~ ~ 1.7
Define M := (Eq, + A ) @ . Following the same procedure, we obtain

v st = [ (50 0ar) 87— (30 050) a7

< |®- én”(% + ;\I>1H n |<i>||H (icp n M)fl - (Scp n M)fl

= oq,p(1).
Based on this result, it is straightforward to show that

By~ Bi| < | W1 = W|I1M] + [ W || M - M| = 04s(1).
Similarly, for By, we have

- 1 N - T ~ T~ -
By = Bol S 1717 [MT (18w Wy 4+ 1) M — nr T (W W+ 31) M|

(#id)

S Oup(1)- (M + 182 [ W W |1 = w1 || + 3z | w ] w - w i w )

- Od,P(l)v
where in (i7i) we used the fact that o* is Lipschitz and ||3,|| = 1 (for example see [BMR21,
Lemma A.12]). The statement is proved by combining all the above calculations. O

Lemma 17 entails that the variance term in the risk does not change after one gradient step with
1 = O(1), and for the bias terms, we may consider the rank-1 approximation of the gradient matrix
given in Proposition 2 instead. In the following, we use this property to simplify the risk expressions.

C.3 Precise characterization of prediction risk

Now we compute the asymptotic expressions of the bias and variance terms defined in Lemma 16.
As previously remarked, due to the dependence between the feature matrix ® and the teacher 3, , we
cannot naively employ a rotation invariance argument to simplify the calculation (as in [MM22]).
Instead, based on the Gaussian equivalence property, we first make use of the Woodbury formula
to separate the low-rank terms in the risk expressions. In particular, because of Lemma 10 and
Lemma 17, we may simply consider the rank-one approximation of the first-step gradient: W, =
Wo+ua', where u = %XTy and y = f*(X) + € satisfying Assumption 1. Notice here u, X,
W and a are mutually independent. To distinguish the terms in the CK ridge regression estimator
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using the initial weights W and the trained weights Wy, in this section we denote

1, . 1, -
& = ﬁ(ulxwl +Z), @ = ﬁ(mxwowﬂ),
S =3 &, S, = B By € RNV,

-1 R (C.13)
R:= (ECD + AI) , Ry = (2% + /\I> ,

— 1 = 1
o=y (M?WIW1 + M§I>7 o, = (/J‘%WS—WO + M%I)-
Also, we write f* := f*(X) € R", which can be decomposed into f* = pt X3, + fxr, where
[fiLli = Ps1f*(&;) (recall that uf = 0 by Assumption 1). Furthermore, we introduce the follow-
ing terms which will be important in the decomposition of the prediction risk:

2
T, = a" Rya, Ty = %uTXT{)oRoi’OTXu,
2
Ty = %UTXTXu, Ty = 1iB]u,
2, % 2
Hip o a HT pxT 5
Ty = =B X Xu, Ty = faXu,
T, ML g7 (WOROQJX n XT%ROWJ)u, Tp = Pl fi T @ RoW  u, (C.14)
2v/'N 2V N
2 % 2
T, = %JXT@ORO@OTX@, Ty = %UTXT(I)ORO(};JFJ:;IM
N +_ < w7 T3, %, T
TS = Ea ROE%RO% T9 = mu (WOR()@O X+X @()RQWO )’LL,
~ T — ~
T :=u' X ®RyXs,RyP) Xu, Tho := |jul|?,
* | > v 7 1 5 *
T12 = /Ll’LLTX <I)0R02¢.0Roq)(—)rX,6*, T12 = U'TX ¢OROE<I>0RO(I)(—)rfNL‘

In the following subsections we will characterize the limiting value of each T; as n,d, N — oo.

C.3.1 Concentration and simplification

In the following lemma, we show that each T; will concentrate around some 7} given by

2 ~ ~
T .= tr Ry, T = %9% tr(XTéoRoi’oTX)7
292 ~ ~
T = Ml—Nltr(XTX), TO .= 136,
200, [T 0 .
0 .= M2 (%' X)), 70 .= M2 o (W R X)),
(57 et wnax).
2,50 ~ ~ N - '
T = mtr(XTQOR()@gX), 70 = = tr(RoSa, Ro),
N 251
p16? T % 0 2
TO .— tr(WR<I>X, TO — 62,
9 \/N 04£0*9 ) 10 1

79, .= 62 tr(XTcpoRoi%Ro@J X) T = 6y tr(XT%ROi%RO@J X),

where scalars 6, and 6, are defined in (B.17). In what follows, we first use the following simpli-
fication of quadratic forms to obtain the desired Tio. Here, we extend Lemma 12 to cover the case
where matrix D is also random to establish the concentrations for all 7;’s in (C.14).

Lemma 18. Consider a random matrix D € R that does not rely on B, and is rotational

invariant in distribution, namely D = O DO for any random rotational matrix O € R4,
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Assume that | D|| < C with high probability for some universal constant C > 0. Then as d — oo,

‘ﬁIDﬁ* —wD| o,

Also as a corollary, we have ’TZ — Ti0| 5 0as n,d, N — oo proportionally for all 1 < i < 12,
where T;, Ti0 are defined in (C.14) and (C.15).

Proof. Given any rotational matrix O € R?*¢ following the Haar distribution, notice that
B*TD,B* = B;TOTDO,B; 4 ﬂ;TD,B;, where 3, = OT,B*. Consequently, we can equiva-
lently take 3, to be a random vector uniformly distributed on the unit sphere S?~!. Notice that
B, ~ Unif(S9~1) satisfies the convex concentration property

]P>(|f(lg*) - E[f(ﬁ*)” > t) S 670(1152

for any 1-Lipschitz function f. Therefore, conditioned on the event | D| < C, by Theorem
2.5 in [Adal5], one can conclude that |3] D3, f]Eg*[BIDﬁ*}‘ 5 0. Finally, note that

Eg, [,BID,B*] = tr D because the covariance of the uniform random vector on S%~! is %I ;
this concludes the proof. Convergence of each 7; to the corresponding 7} follows from a direct
application of Lemma 12 and this lemma. O

Finally, following the above rotation invariance argument and applying Lemma 4.9 in [MZ20], we
can verify that each T in (C.14) asymptotically vanishes in probability for i = 5,6,7,12.

Lemma 19. Under Assumption 1, as n,d, N — oo proportionally, we have
= ) ) P
\T5, [ T6|, | T7|, [T12] — O.

The proof of Lemma 19 is analogous to the proof of Lemma A.5 in [MZ20]. We omit the proof of
this lemma here for the sake of clarity and compactness of current paper. For a detailed proof of this
lemma, see Appendix C.4 in [BEST22].

C.3.2 Risk calculation via linear pencils

In this section, we derive analytic expressions of the terms 7; defined in (C.14) as n,d, N — o0
proportionally. In particular, the exact values are described by self-consistent equations defined in
the following proposition.

Proposition 20. Given Assumption 1 and A > 0. For T; defined in (C.14) and 1 < i < 12, we have
Ti — Ti,

in probability, as n/d — 11 and N/d — 1y, where 7;’s are defined as follows

¢1 (¢2 ) 1 2,201 ( () ) 22 %1
Ty i= 1+ —-1 Ty =i —(1—A—m = 1262
R Py BT, T IS
* ,(/)l * ma
T4 = py b2, T5 1= M?lh@zw Te = 12| 1 — m—l ,
my + TEAmy m
T7 = M1MT92zl (1—)\;{1 ) T8 = 72» Ty = 9%(1—m2>,
2 (Hl*/\TTLl) 1
2m m/ 2m m!
T10 1= 07, Ti1 1_9%< - 2§>a T12 5_MT92( *42*%
my my mq my

where 01 and 0y are defined by (B.17). All scalars T;’s are only determined by parameters

Y1, ¥2,m, pa, 2, N, and my, ma, m’, my. Here, my = m1(>\%), my = m} (/\%) my =
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mo (A%) and mb = mb (A%) where my(z) and ma(z) € CT U Ry are the solutions to the
following self-consistent equations for z € Ct UR,,

i(mMZ) —my(2))(p3ma(z) + pima(z)) + pimi(z)ma(2)(zmy(z) — 1) =0,

o 1 -
1/}1< 2my(2)ma(2) + E(mg(z) - ml(z))) + p2my (2)ma(2)(zmy(2) — 1) = 0. (C.16)

Proof. First note that due to Lemma 18, it suffices to consider the limits of 7 instead. Con-
vergence of 15,7y, T5, and Ty directly follows from Lemma 12, Lemma 18 and the Marchenko-

Pastur law for %X TX . In addition, T, Ty and T2 are analogous to 15,75 and 171, respectively.
To characterize the remaining 77,75, 7Tg, Ts and 7311, we adopt the linear pencil method in ba-
sis of operator-valued free probability theory [FOBS06, HFS07, MS17, HMS18]. Specifically, the
linear pencil allows us to relate the quantities of interest to the trace of certain large block matri-
ces; in our case, variants of 11,75, Tg,Ts,T11 have already appeared in prior constructions from
[AP20, BM21, TAP21], which we build upon in the following calculation.

~ -1 _ -1
For z € CT URy, let us define Ry(z) := (2@0 + zI) and Ry(z) := (‘I>0<I>g + ZI) €
R™*™. Note that due to the Gaussian equivalent property, as n, N, d — oo at comparable rate, the
limit of tr Ry(z) is exactly the Stieltjes transform of the limiting spectrum of the (nonlinear) CK,
namely ®® ' € R"*", evaluated at —z. We denote m(z) := lim, o tr Ro(z). Similarly, the

limit of tr Ry(z) is the companion Stieltjes transform of m (z), as ®,® and &, ®, have the same
non-zero eigenvalues. We denote 71 (z) := lim,,_, o tr Ro(z). The defined Stieltjes transforms will

be evaluated at z = %)\. Also recall the the following relationship between Rg(z) and Ry(z),

1 ( 1/J1) 1
T(z)=—mi(z)+ (11— —]—. (C.17)
1(2) ™ 1(2) 0 )z
Analogously, we introduce the following quantities: for any 2 € C* UR,, as n, N,d — oo

proportionally,

ma(z) ;== lim tr(:lXXTRo(z)>, T2(z) : = lim tr<iXT@0Rg(z)<I>gX>,

n—oo n—oo

: 1 T v . T
Te(2) == nl;rrgo Wi tr (WoRo(z)‘I'O X), Tg(2) : = nlgr;o tr (Ro(z) (ufWO Wy + u%I)).
It is straightforward to verify all the above limits exist and are finite. Finally, in the following
analysis we will repeatedly make use of the following identities:

Ro(2)®) =®; Ro(2),

o T e o T = 5
X ®oRy(2)®; X =X X —2X Ry(2)X.

The analyses of individual 7; is based on the risk computation in [AP20, TAP21]. For instance, to

match our situation, we can simply set oy, = 0 in [AP20] (which considered the sum of the CK

and the first-layer NTK). In the following, we give a concrete example where we derive the limit of

Ts. We refer to the proof of Proposition 35 in [BES™'22] for other omitted parts of this computation.

Analysis of 7. For Ty, we utilize the computations in Appendix 1.6.1 of [TAP21] by setting the
covariance ¥ = I. More precisely, based on Equations (S370) and (S418) in [TAP21],
2 ) .
-1 zpihima (2)Ti(2) ) o @), ma(2)
=1-Ggg = = =1— C.18
M1T6(Z) 6,6 1 + Z,LL%'(/J]WLl(Z)T]_(Z) Zulwlml(Z)Tl(Z) m]_(Z)’ ( )

where (7) and (i¢) are both due to (C.16) and (C.17). Hence we obtain the formulae of 74 and 7.

O

Having obtained the asymptotic expressions of each term in the decomposition of the prediction
risk, we can now compute the difference in the prediction risk of CK ridge regression before and
after one gradient descent step, i.e., Ro(A) — R1(A) in Theorem 5. The following statement is the
complete version of Theorem 5.
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Theorem 21. Given Assumption 1, consider 11,19 € (0,+00). Fixn = ©(1) and A > 0. Denote
Ro(N) and R1(\) as the prediction risk of CK ridge regression in (4.1) using initial weight W o and
first-step updated W 1, respectively. The difference between these two risk values satisfies
i
RO()‘) - Rl()‘) - 5(773 )‘7 11117 1/)2),

where § is a non-negative function of n, A, ¥1, v € (0, 4+00) with parameters i3, pi1, o given as

T1(77 — T5) (T4 + T12 — 2T
(5(773 /\,1/)177/)2) = 1( 4 Tl(ii(_47—3) i21 6)

77 = 75) (T4 + T2 — 276) + (17 — 75) 78 (C.19)

(r1(r2 —73) — 1)

Here the scalars 7;’s are defined in Proposition 20. Furthermore, 6(n, A\, 1, ¥2) = 0 if and only if
at least one of 117, (1 and n is zero.

Proof. Due to Lemma 17, we can see that variance V' is unchanged after one gradient descent step
with n = ©(1). Hence we only need to analyze the changes in (C.9) and (C.10). Also, due to
Lemma 17 and Lemma 10, we can ignore B and C' in W and take W, := W, + ua ", where
u = %XTy and y = f*(X) + &, without changing the bias terms.

Separation of low-rank terms. First note that if 41 = 0, then w = 0 and therefore Ro(\) =
R1(\) as n — oo. In the following, we take p; # 0 which implies that 6; defined in (B.17) will
not vanish. Now we aim to extract the low-rank perturbation wa " from bias terms (C.9) and (C.10).
We adhere to the notions in (C.13), (C.14) and (C.15) and define D := T1(T5 — T3) — 1. Similar
to [MM22, Lemma C.1], we use the following linearization trick to separate the gradient step ua "
from the matrices R, ®, ¢ and W.

Define b := J- Xwu and ¢ := ® b; observe that b = ¢" Roe, T3 = b b, and
a a 5 1][a’
2@ = E‘i’o + [a C} |: 13 0:| |:ZT:| .

Therefore, by the Sherman-Morrison-Woodbury formula and Hanson-Wright inequality, we have

R = RO - Aaa - Acc + Aac + Aca + Od,ﬂj’(l); (CZO)
where we further defined
T5 —T: T
Ay, = 2 5 Roaa Ry, A, := BlRoccTRo,
1 1
Aca = BRQC(ITRO, Aac = ER()(ICTR(].
Consider the linear part of the subtracted term in (C.9):
2 *2 B ~ 2 *2 ~
By := - gTw, RS X3, B, = - gTW R®] X ..

’ VN VN

By repeatedly applying the Hanson-Wright inequality (since a is centered and independent of all
other terms) and Lemma 19, we can employ decomposition (C.20) to obtain

Biy = B}, — 2T\ (T7 — T5)(Ty — T) /D + 0a,p(1).

Now we denote A, := %?WguaT, Ay = Aza and Agyq = %aa? Hence,

35 =g, + Aua + Auy + Apua- (C.21)
Let BY := f*TXT{)OROf% R0<I>g)~(f*. With (C.20) and (C.21), we can decompose Bz defined
in (C.10) as follows

2T (T7 — T5) (T — Tio) N (Ty — T5)2(TETyy + T2Tyo + T — 2T2Ty)

_ 0
BQ—BQ + D D2

+o4p(1),
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where we repeatedly make use of Lemma 19 and the concentration for a to simplify the computa-
tions. Therefore, one can obtain

Ro(A) —R1(N) = B?,l — Bi1+ BS — B+ 04p(1)

COT(Ty — Ts)(Ty + Thg — 2T5) (T — Ts)2(T2Ty, + T2Tyo + Ts — 2T2T) X
= ) — 2 + 0d7]p( )

For the details of the above computation, we refer to the Theorem 36 in [BEST22]. Meanwhile,
from Proposition 20 we know that

]pZT T7 — T5) (T4 + T12 — 27 77— 75)2 (1211 + T30 + T8 — 2727
Ro(A) = Ra(N) 5 1( 7T (5)(_4 _121 6) (17 5)° (TP 1710 28 179)
1(T2 73) (71(72—7'3)—1)

)

25(n,\ 1 ,92)

where the right hand side is the quantity of interest 6(7, A, 11,%2) defined in Theorem 5. Also
observe the following equivalences from Proposition 20,

MT@Q(TQ — T3) = 9%(7’7 — ’7'5), /JJTHQ(TH + Ti0 — 2’7’9) :9%(7'4 + 712 — 27'6).
Hence, we can simplify §(n, A, ¥1, 1) to conclude (C.19).

Non-negativity of (1, A,v1,12). Finally, we validate that the function §(n, \, ¢, 1) is non-
negative on variables 7, A, 11 and ¢5 € (0,400). Observe that the formula of (n, A, ¢1,12) in
(C.19) is decomposed into two parts. From Proposition 20 we know that 7; and m, are the limits
of tr Ro(z) and tr Ry(z) evaluated at z = 1)1 A\/19; this indicates that 71 € (0, 2/A1)1] is non-
negative. For the same reason, my € (0,%2/Ab1] and —m/, —m} € (0,43 / \%¢?]. Also due to
Proposition 20, we have

2
Ty — T3 = —u192<¢1> Amo <0, T — Ts = ,ululﬁg(w > Amg <0,
() (0
/ m/
Ty + T2 — 276 = — 102 g >0, 711+710—279:—9%m7§ >0, (C.22)
my 1

_ 1 1 Yo 2 o 1
e mmmen) ()

Therefore, 71 (77 — 75) (74 + 712 — 276) < 0 and 71(72 — 73) — 1 < —1. This entails that the first
part of §(n, A, ¢1, 1) is non-negative:

7’1(7’7 — 7'5)(7'4 + T12 — 27’6)

> 0.
Tl(TQ 77’3) — 1

As for the second part, it suffices to evaluate A := 7y (74 + 712 — 275) + (77 — 75)73 since

7'1(7'7—7'5)(T4—|-7'12—27’6)+(7’7—T5)2T8 _ (T5—T7)A

(r1(r2 —73) — 1) (r1(r2 —73) = 1)

Plugging in quantities in (C.22) with z = )1 /1o, we have

Y1 m T1MY
A =—puib (¢2 zm% (mq + zm}) + o

- 533%2 (Z; (mamg + zmam/ + zmimb) + (1 - :f;)mé)
u’{eg U1 U1
am? dz |y <¢’22m1( Jma(z) + <1 - 1#2) (Z)>

(:i) R 162 i
zm3h p? dz

@ _ _pibz d

2,2
zmipg dz

2=AP1 /12 (1 - Zigz;)

zpimy (2)71(2),
2=AP1 /92
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where (7) and (é¢) are due to (C.16) and (C.18), respectively. By Lemma A.1 in [TAP21], we know
function zpu?m;(z)71(2) has non-positive derivative when z > 0. This implies that A > 0 and
hence the second part of §(n, A, 11, 12) is also non-negative.

Finally, we note that when p = 0, the function 6(n, A, ¢1,12) = 0. This is because

Tr — T5 = —pipilathiAma /13 = 0,

when pj = 0. Whereas when n = 0, we know that §; = 6, = 0, which entails 0(n, A, 11, ¢2)
is also vanishing. Also observe that in (C.22), mq, mo, m}, mj, 7y are all positive. Hence we
conclude that if 6(n, A, 11, 2) = 0, then at least one of 7, y1 4] must be zero. O

D Proof for large learning rate (7 = @(\/N )

In this section we restrict ourselves to a single-index target function (generalized linear model):
f*(x) = o*({x,B,)), and study the impact of one gradient step with large learning rate n =

6(\/N ). For simplicity, we denote n = 7W/N where 77 > 0 is a fixed constant not depending on N.

As the Gaussian equivalence property is no longer applicable, we instead establish an upper bound
on the prediction risk of the CK ridge estimator. Our proof is divided into two parts: (i) we show that
there exists an “oracle” second-layer a that achieves small prediction risk 7* when n/d is large; (i7)
based on 7*, we provide an upper bound on the prediction risk when the second layer is estimated
via ridge regression.

Here we provide a short summary on the construction of @ and upper bound on the prediction risk.

* We first introduce f,.(x) := ﬁ DA, o({@, w})), which is the average of a subset of neurons
in A, C [N] defined in (D.4). Intuitively, this subset of neurons approximately matches the target
direction 3, . This averaging corresponds to setting the second-layer a; = |T¢§| foralli € A,.

* We show that f, can be approximated up to ©(d/n)-error by an “expected” single-index model
f(x) := Eynro, 1/4)[0((w + cB,, x))], for some ¢ € R that depends on the learning rate and
nonlinearities. To bound this substitution error, we establish a more refined control of gradient
norm in Section D.1.

* By choosing an “optimal” subset A,., we simplify the prediction risk of f into the one-dimensional

expectation 7* defined in (5.1). This provides a high-probability upper bound of the prediction
risk of the constructed @ up to O(d/n)-error.

After constructing some a that achieves reasonable test performance, we can then show that the
prediction risk of CK ridge regression estimator with trained weight W is also upper-bounded by
7" when n > d. This result is established in Section D.3 and follows from classical analysis of
kernel ridge regression.

D.1 Refined properties of the first-step gradient

Recall that W = W + 7V NGy, where Gy = A; + Ay + B + C is defined in Lemma 10 and
11, and the full-rank term B is given as

1 1 T T /
B=-.-—X a O (XWy)).
n VN (y L( 0))
We first refine the estimate on the Frobenius norm of certain submatrix of B; the choice of such
submatrices will be explained in Section D.2.

Lemma 22. Given Assumption 1, take B, € R™Nr which is a submatrix of B via selecting any
N, € [N] columns in B, and let a, € RN" be the corresponding 2nd layer coefficients. If entries

of a,. are uniformly bounded by a/\/]v, then for any e € (0,1/4), we have

Coa?N, [ 1 d
E|B,|% < =& ( + ) (D.1)

N Ndi— ' nN
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and

N 2 01 ng 042 Ol4
P~ |B,|% < b S D.2
(FiBel < o+ S - (D2)
where constants Cy, Cy,Ca > 0 only depend on Ay and || f*|| 12(wa ).
Proof. Let X ' = (zq,xo, ... ,xy)andy ' = (y1,...,yn). Then, matrix B, can be written as
1 :
B, =—— o) (x] W) diag(a,),
’I’L\/N;y J_( 0) g( )

where W, € R¥*Nr is a submatrix of W by choosing any N,. columns of W, and a,. € RY" is
the corresponding second layer (note that by assumption ||a.||.c < /v N). Hence,

1B, ||} =Te(B,B,) = 2N Z yiy; T [0, (x] W) diag(a,)?o’, (2] Wi) Ta] ]

1,j=1
1 n
=— Z Vi, (oj_(:c;rWS) diag(a,,)Qaj_(w;WE)Tac;wi)
ij=1
1

> vy (ol (2] W) diag(ar)®o’ (x] W) @] @)
i#j

nzNZyz (o' (@ W) diag(a,)?0, (Wi ay)|2i]2) =+ Ja.

2N

Here, .J; represents the sum for distinct ¢ # j € [n] and J5 is the sum when ¢ = j € [n]. Therefore,

2
97 @*Npn(n—1)
< P
a®N, .
B[ @1)? + 02)o (2] w)P ),

where w ~ N (0, I ) independent of a, X. We compute the aforementioned expectations as follows

E[f* (1) f*(22)0’ (2] w)o' (x5 w)m; 1]

+

N .
—~ EllBl7] < \E[ 1) f* (w2)0') (] w)o'| (x5 w)z; 1]
2
* g
+ WE[f (x1)%0", (2] w)?||l21|*] + nfvE[Ui(wlTW)QHmlllz] =L+ 1+ Is.

To verify (D.1), we in turn control I1,I5 and I3. For I;, the moment calculation in [BEST22,
Appendix D.1] entails that [; < C %ds_?’/ 2 for all large d, sufficiently large constant C' > 0 and
sufficient small €. As for I and I3, notice that

A2 N 1 1 3CN\2d
Iy < ZEIf (@) P El|aa || F < =52,
because o* is Lipschitz and f* € L*(R%,T). Following the same computation, we also have

I3 <

[[|B||%] in (D.1).

For the tail control (D.2), recall that ||B,.||% = J; + J2 where E[|J1]] < “2]\][\“11 and E[J5] <
Q—I\IZVT (I2 + I3). Hence Markov’s inequality and the upper bound for I; implies that

2
<|J1 > t) Ca
tds—<N’

By choosing t = C/Ndi~¢, we conclude that —|J1\ cannot exceed C'/Ndi~¢ with probability
at least 1 — o2 /d7, for any e € (0,1/4). As for J,, since o’ ', is uniformly bounded by A, and all
entries of a, are bounded by a//N, we have
N | < Na?
N, “?'= Nn?

villwill* =: Js.

i=1
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Similarly for I and I, it is easy to check [E[J3]| < 32°C4  Besides,

4 at 3&4 cotd?
Var(Jg) = Ao Var(i e ) < Lol o] < Sy
where constant ¢ > 0 only depends on A, and || f*||.s(r,ry. By Chebyshev’s inequality,
472
, ca*d
HJ)(|J2 [JQH > t) = tQNgng

Letting t = y/cd/Nn, we arrive at
\f d 3Cd \f d 3Cd at
Pl —Jh< X —+— | >P|J, — ) >1-—.
(N 2= Nt 2 S TN )T T
We conclude (D.2) by combining the above estimates of J1 and Js.

D.2 Construction of “oracle” estimator

In this subsection we prove the following lemma related to Lemma 6.

Lemma 23 (Reformulation of Lemma 6). Suppose Assumption 1 holds, n = O(V'N) and the
activation o is bounded. Then given any € > 0, for N su]ﬁciently large, there exists some constant

C' and second-layer @ such that the model f(x) = \1F a' o(W | x) has prediction risk
. d d
RS +C\ V[~ 4 — | +e+oap(l), (D.3)

where the scalar T* is defined in (5.1).
We first introduce a constant « (independent to V). Recall that [a]; = a; NS N (0, N _1) for
i € [N]. For any a € R, define the subset of initialized weights:

A% = {Z €[N] : ’\/Nwzi —a‘ < N*T}, for any given r > 0. D.4)

The size of the subset is given by |A%| = Zf\il 1| VNai—a|<N-7 and hence its expectation is

ElA2| = N - E.on(01) [1s—a|<n--] = C(a)N'~" for some constant C(r) o exp(—a?). By
Hoeffding’s inequality,

2
P(||AY] — EJAY| >t)<2€xp<—2]f]>. (D.3)

Hence we may conclude that for any » € (0,1/2) and large enough N, |A%| = ©4p(N'~") with
probability at least 1 — 2 exp(—c log® N ) This is to say, for any constant «, we know that with high
probability, there exist a large number of initialized second-layer coefficients a;’s that are close to
a.. We specify our choice of @ € R via (5.1) in the subsequent analysis.

Rank-1 approximation of gradient. Denote N, := |.A%| for some constant «, and i, € [N] as
the index such that i, € AY. We define f, as an average over neurons with indices i, € A%, and
fa as an approximation of f,. in which the first-step gradient matrix G in (B.1) is replaced by the
rank-1 matrix A, defined in (B.14):

1
=— Z (@, w))); fa(z):= A Z o((z, w)), (D.6)
N irEA2 " e A
where w] _is the i,-th neuron in W1, w# = w + nvN[A1];, [A1]; is the i-th column of A,

and w? € R? is the corresponding 1n1t1a1 neuron in W. Applying the Lipschitz property of the
activation function, one can control E[(fa(x) — f,(x))?] as follows

Fale) @) 5 Y [l —wha) = TS (i,

" irc A i €AY
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where the “residual” is entry-wisely defined as [0;]; := [A2 + B + C];; fori € [N] and j €
[d]. Recall that Ay, B and C have been analyzed in Lemmas 10 and 11. Let us further denote
A, € R¥Nr a5 a submatrix of A by selecting all i, € A& columns of As. Similarly, we choose
B,,C, € R¥™Nr a5 submatrices of B, C related to A2, respectively. Using Lemma 11 applied to
the submatrix, we have

N Cd 1
Pl —A, %2> "= < ’( —evn 7). D.
(NTH ”F_nN)_C ne —l—d (D.7)
Moreover, by definition of A<, all a; ’s are close to JLN for i, € A%; thus Lemma 22 (in particular

(D.2)) can be directly applied to B,.. As for C,., since |C..||r < ||C]
10 to obtain

F, we use part (¢i¢) in Lemma

C'lognlog N
p(1Cs > Shoenioed)

< (ne_Clog2 n 4 Ne—clos’ N). (D.8)

With these concentration estimates, we know that when n > d,

2

N n’N
Eol(fa(®@) ~ ;@) S Bo | [ D 3 1@ | | = 55Ea| > |o]al6] o]
"ieAn r iy, jr €AY
772N T 2 % T 2 % ,’72N
< NE Em[(%w)} Em[(w)} =1 > lles e,
T oirjreAY T iy jr€AY

2

2 2 2 2
_ n°N n°N 9 9 9 d 1 log” nlog” N
= T | X 10l ) < A 1B+ 10 $ 14 s+ PR

D.9)

2 4
with probability at least 1 — 0(57 £ fnemelotn 4 N o N) for some constant ¢ >
4

0; this is due to the defined step size n = ©(v/N), (D.7), (D.8) in (D.2) of Lemma 22 outlined
above. In (D.9), we ignore the constants in the upper bound since we are only interested in the rate
with respect to n, d, N.

Simplification under “population” gradient. Recall the definition of the single-index teacher:
f*(x) = o*({x,B,)), and the definition of rank-1 matrix A; = L - %XTX,@*CLT. Define

n VN
v = %XTXﬁ* € R?, we can write
1 ~ 1
fa(x) = Miga U<<wir + \/Nairv,:w), fa(x) = ﬁri;a o({w;, +av,x)),

where we dropped the superscript in the initialized weights 'w?r to simplify the notation. Note that

the difference between f4 and fa is that the each second-layer coefficient a; is replaced by the
same scalar «. By the definition of A and the Lipschitz property of o, one can obtain

~ N-T
fale) = a@) £ - 3 T |(AxTxpLe)
"ireAg

1
< N ’<XTX,6*,:B>‘. (D.10)
n
Define v := "’f/lﬁ”; « = Tp1piB,, which corresponds to the “population” version of v, and denote
_ 1 B
fa(zx) = N ’g o((w; + av,x)). (D.11)
(28 o
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Similar to (D.10), we have

pinicol = & 2 (b7}

<[((pxx-1)e)

Combining the inequalities (D.10) and (D.12), we know that for some constant C,

Eul(fa(@) — fa(@))?] SN2 ~Ew(<iXTXﬁw””>)2 +Ew<<(iXTX - I)ﬁ*’””>>2
. (N— ) 8.2

()

where the last inequality holds with probability at least 1 — exp(—cd) for some universal constant

¢ > 0, due to the operator norm bound and concentration of the sample covariance matrix %X X
(for instance see [Ver18, Theorem 4.6.1]).

1 2
2r 7XTX
n

1
+ HXTX—I
n

Now we take the expectation of f4 over initial weight w;, in (D.11) to define
f(x) = Ew~n (0, a-11)[0({(w + v, z))].

Note that for fixed @, (w, ) ~ N (0, ||x||>/d). Since o is \,-Lipschitz, by the Hoeffding bound on
sub-Gaussian random variables, conditionally on x, we have

_ _ 2Nr
P(|fa(z) - f(z)] > t|x) §2exp<—m>, (D.13)
o 2

Also notice that

Bulf(@) - Fa@) = [ B(|fale) - fl@) > 1) d

& N, AN |
<[ 2exp|———tu— | dt= "2
o 222 - [l2]3/d N, d

Thus, by takjng expectation over x in the above bound, we know that E(f(z) — fa(x))? <
ANE[l=]?] _

N-d “ . By Markov’s inequality, we have

ey o BU@) - fa@)? 3

P(Ee(f(z) — fa(z))? > 1) < ; <3 (D.14)
Hence we deduce that E (f(x) — fa(x))? < % with probability 1 — m

Observe that f is given by an expectation over w in a single-index model. To calculate its difference
from the true model: E,(f(x) — f*(x))2, first recall the assumption that ||3,| = 1, and w ~
N(0,I/d), € ~ N(0,I). Denote & := (x,3,) ~ N(0,1) and, condition on z, (x,w) 4
&)z /V/d, where &, ~ N(0,1) independent of &;. Since n/+/N = 7j, we can write  := % =

2]/ + 6y)], and
Eo(f(@) ~ [*(@)° = Ee, (" (&) - B o(st + &2l V). ©13)

In addition, given x € R, we introduce a scalar quantity

aiju i} € R. Following these definitions, we have f(z) = Eg, [0(&|

7= K¢, (g*(gl) —Eg,[o(k& + 52)})2 (D.16)
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Note that o* € L?(R,T) and o is uniformly bounded by assumption; one can easily check that 7
is uniformly bounded for all k € R. Hence 7 defined above is always finite. We now show that the
difference between 7 and E (f(x) — f*(x))? is asymptotically negligible, again using the Lipschitz
property of o,

ones + &) - oty + &l V)| < [1- 151 ol

Since o* € L%*(R,T), and o is uniformly bounded and Lipschitz, based on (D.15) and (D.16), we
can apply the Cauchy-Schwarz inequality to get

|7~ Eo(f(x) — f*(x))?]

< 8] (rtss + 0 - s + el V)|
< E[)7E ‘1 - ”j";'i 2] ’ < \/Cfd, (D.17)

where the last inequality is due to property of the sub-Gaussian norm | ||z||/v/d — 1|4, < C/vd
(see e.g. [Verl8, Theorem 3.1.1]) for some universal constant C' > 0.

Proof of Lemma 23. Based on above calculations, we now control the prediction risk of f

by combining the substitution errors, where f = f, is constructed as the average over subset A%
defined in (D.6).

Given any o € Rand 7 € (0,1/2), we define the subset .A% and the corresponding f(z) = f,(x) =
ﬁdTa(WlTas), where the second-layer @ is given as [a]; = VN /N, if i € A%, otherwise [a]; =

0. Moreover, (D.5) implies that N,, = ©4p(N'~") with probability at least 1 — exp(—log® N).
Therefore, together with (D.9), (D.13), (D.14), and (D.17), we know that

Ballo(@) — F(@) < T2 b oup1); Balr*(@) -~ F@)? =7+ 0a(),

asn,d, N — oo, for some constant C' > (0. By the Cauchy-Schwarz inequality,

Eg(f*(x) — ff’(m))2 <7+ C<\/7i \/g+ Z) + 0ap(1),

where the failure probability only relates to r, v, IV, d, n and vanishes as N, d,n — oo. For simplic-
ity, we only keep the leading orders and ignore the subordinate terms in the probability bounds.

Note that the above characterization holds for any finite «;; since our goal is to construct an estimator
fr that achieves as small prediction risk as possible, we optimize over o € R by defining

2
o= it B, (07(6) ~ Bey (o (ommpt -6 +6))) . 7=+,

where € > 0 is a small constant. This definition of 7* is identical to (5.1) and is always finite
because 7 defined in (D.16) is uniformly bounded and non-negative (observe that optimizing over s
or a € R are equivalent, since we can reparameterize k = aijq i where pq, 17 # 0). When 7* is
attained at some finite o, then we may simply set € = 0 and define

2
o = argminE¢ (a*({l) — Eg, (o (anuip] - & + §2))> .
a€eR
Otherwise, observe that as a bounded and continuous function of « on the real line, 7(a) :=
2
E¢, (U*(fl) — Eg, (0‘ (aﬁul/f{ -& + 52))) will approach its minimum at infinity. Therefore, in

this case, for any € > 0, we can find some finite o such that 7(a) < 77 = 7* + ¢; hence, we
may set @ = o and conclude the proof. Finally, note that given nonlinearities ¢ and o* (which
determine the relation between € and a.), we can take € — 0 at a slow enough rate as n, d, N — oo,
as long as C(a) - N*™" — oo. Thus we also obtain an asymptotic version of Lemma 23: with
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probability one, there exists some second-layer a such that the prediction risk of the corresponding
student model f(z) = T%&TO'(WICB) satisfies

R(f)<r*+c<\/?*- d+d), (D.18)

n n

for some constant C' > 0, as n,d, N — oo proportionally.
O

The above analysis illustrates that because of the Gaussian initialization of a;, for any n = ©(v/N),
we can find a subset of neurons A% that receive a “good” learning rate, in the sense that the corre-
sponding (sub-) network defined by f, can achieve the prediction risk close to 7 when n >> d.

Some examples. Equation (D.3) reduces the prediction risk of our constructed f, to a one-
dimensional Gaussian integral, which can be numerically evaluated for pairs of (¢,c*). Denote
K* = a*nuip], we give a few examples in which we set € = 0 and the corresponding 7* is small.
Note that due to Assumption 1, choices of o and ¢* considered below are centered with respect to
standard Gaussian measure I'.

* 0 = o* = erf. Note that for ¢;,c2 € R, E,nr0,1)lerf(c1z +c2)] = erf( 122 = > Hence we can
€1

choose k* = /3, and the corresponding minimum value 7* = 0.
* 0 = ¢* = tanh. Numerical integration yields 7* ~ 3 x 1074, * ~ 1.6.

* g = 0* = SoftPlus. Numerical integration yields 7* ~ 0.03, k* =~ 0.96.

* 0 = ReLU, 0™ = SoftPlus. Numerical integration yields 7* ~ 0.09, x* ~ 0.94.

Observe that in all the above examples, 7* can be obtained by some finite a* (or equivalently x*).
In the following analysis of kernel ridge regression, we drop the small constant € in Lemma 23 and
directly apply the asymptotic statement given in (D.18).

Remark. We make the following remarks on the calculation of 7* in (5.1).

* When o = o*, we intuitively expect T* to be small when the nonlinearity is smooth such that it is
to some extent unchanged under Gaussian convolution (when k is chosen appropriately).

» Adding weight decay with strength A < 1 to the first-layer parameters W o simply corresponds to
multiplying & in the definition of T (D.16) by a factor of (1 — \).

D.3 Prediction risk of ridge regression

In this section we prove Theorem 7. Recall that we aim to upper-bound the prediction risk of the
CK ridge regression estimator defined as

; 1 T N - T T 1 7
x)=(—=0(W w,a>, where a := (<I> <I>+/\nI) Py &:=—0(XWy),
f@) = (5o W]a) 7 o (XW1)
y (D.19)
where { X, g} is a new set of training data independent of W. For concise notation, in this section
we rescale the ridge parameter in (4.1) by replacing % with \.

Given feature map * — \/%O'( Wchc) conditioned on first layer weights W, we denote the associ-
ated Hilbert space as 7. Note that # is a finite-dimensional reproducing kernel Hilbert space and is
hence closed; we define the optimal predictor in the RKHS as f := argmin ;4 Ex(f(x)— f* (z))?,
which takes the form of f(z) = ( ﬁa(W?wL a) for some @ € RY. In addition, we may write
the orthogonal decomposition in L?(R%, T'): f*(x) = f(x) + f1 (x). By definition of f, , we have

IfLI%2 = Egxlfo(x)?) < R(h) = ||f* — hl|3., for any h € H and & ~ N'(0,1). Finally, from
Assumption 1 we know that || f*|| .2 is bounded by some constant, and thus || f || ;.2 is also bounded.
p y
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We are interested in the prediction risk of the CK ridge regression estimator denoted as R1(\). We
first define the following quantities which R1(\) can be decomposed into (see Lemma 25):
2

B :=Eq(f*(x) — f(=))",

5 1, /o -1 \?
By :=Eq (f(m)¢m(2q>+>\I) @Tf) )
n
. . (D.20)
Lora(s S T
= (I’(Z@ + /\I) So (zcb + /\I> 37z,
LS S -1 - T
Vy = ﬁf@(zqﬁu) 2¢(2¢+)\I) 3" f,,
where the i-th entry of vector f and f, are givenby [f]; = f(&;), [f.]: = fi (&), respectively, and

Se = 107®, %, = LE, {J(WlTa:)a(WlTac)T}. Also, ¢, = =o(x W) forz € RY,

which gives &' = [d);crl, cee d);-;, ce d);crn}, where &, is the i-th row of X. To simplify the
notation, we omit the accent in &, when the context is clear. In the following subsections, to
control R4 (\), we provide high-probability upper-bounds for By, By, V4 and V5 separately.

Concentration of feature covariance. We begin by defining a concentration event .4 on the em-

pirical feature matrix 35, under which the prediction risk can be controlled. We modify the proof
of [Verl8, Theorem 4.7.1] to obtain a normalized version of the concentration for CK matrix, the
detailed proof can be found in [BEST22, Appendix D.3].

Lemma 24. Under Assumption 1, and using the above notations, there exists some constant ¢ > 0
such that the following holds*

IP’(H(E@ PN (2 — S)(Ze + /\I)_l/QH > 2K?2. ﬁ) < 2exp(—cx/ﬁ),

for all large n > N, where K := é“ﬁHWlHF

From Lemma 10 we know that when n,d, N are proportional and n = @(\/N ), there exist some
constants ¢, C such that IP’(||W1 (= C’\/N) < exp(—cN). We denote t = 2C*N/n and consider

sufficiently large n (but still proportional to d) such that £ < 1. Now given fixed A > 0, we define
the concentration event

Ay = {_u < (Bo + M) VH(Zg — 6)(Ze + M) V2 < tI}.
Similarly, for the “ridgeless” case A = 0, we define
Ay = {—tI <33 — Se)85 2 < tI}.

Lemma 24 entails that both Ay and Ay hold with probability at least 1 — 2e—<VN. Following the
remark on [Bac23, Lemma 7.1], under events A, and Ay, we can obtain that

HE;/Q (0 - 30) E;WH <t, D21)
and (1 —t)(Z¢ — 2¢) < t(Ee + AI), which implies that
- -1y /e -1
Yo (2q> + /\I) <7 1+% (2q> + /\I) <71
since ZALP (ZALD + )\I) - H < 1. Analogously, we claim that
(e +21) s (0 +21) g %I.
Thus, under events Ay and A, we know that
‘2;/2 (Zo+ AI)_lzg/Q B (S0 + AI)_1 < %_t (D.22)

We now control By, By, V1, V5 under the high probability events Ay and Ajg.

*Note that for A = 0, the LHS of the inequality may be interpreted as a pseudo-inverse.
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Controlling B, B>. By the definition of f, we have
By = inf Ea(f*(2) = f(2))" < Eo(f*(@) = fr())" = R(f), (D23)

where f, = f € H is the estimator we constructed in Lemma 23. Note that the upper bound R( f )
has already been characterized in (D.18) in the previous subsection.

As for Bo, since f = ﬁa(x W )a, simple calculation yields,

~ “1.\ " N -1
By = Tr<<1 - (2@ + AI) 2¢> R (1 - (2@ + /\I) 2@) azﬁ)
N -1 N -1
- )\2<a, (2¢ + AI) To (2¢ + AI) a>.
Following [Bac23, Proposition 7.2], we define ay = X (Z¢p + A1 )71(1 and obtain

2
By < 2A2H2}1>/2(zq> +AD) '

2 ~ -1 .
+ QHE};Q <<2¢, P 'S — (2¢ + AI) Eq,)a

In addition, note that

~ -1 <
(znb + )\I) S — (Ze + M) 'S
1

:(ﬁq) n )\I)_l (ip - zq,) n |:(§3<1> + )\I>_ — (Ze + AI)l] >

:A(ip + >\I>_1 (% - 2¢) (Se + )L

Therefore, we know that under events A, and Ag,
. -1 2
Hz}f ((2<I> T A 'S, — (2q> + AI) 2q>>a

_ 32|zl (ib n AI)71 (ip - %)(2@ Y i

2

. -1 2 . 2
gHz};?(zﬁu) n? .Hz;”(z@—z@)z;”H .A2Hz}b/2(2@+ﬂ)—1a

2

)

- (-2

where (%) follows from the definition of the concentration events A, (D.21) and (D.22).

~/\2H2(11,/2(2¢ +AD) 'a

Finally, from [Bac23, Lemma 7.2], we have
2|l l/2 —1.)? 5 w .
A Hch (Ze + A0 'al| < Ma, (Zo + M) Sea)

= fig;{nf — FI32 + M3} < 208 = Frllde + Alf s (D.24)

where the last step is a triangle inequality due to || f* — f||2. < ||f* — f.[/2..
Controlling V7, V5. For Vi, note that under event A,

1 ~ -1 N -1
Vi = —~T<I>(Eq> + /\I) o (nb n )\I) 'z

=5
1 /e -1 ~ —1| G g 1 2

<|-eT|| - |(Ze+ A1) Sof|- | (Se+AD) | S el
n A1—=1t) ||In

where ® is defined in (D.19), and (i) is based on the concentration property for A, given in (D.22).
. . . . . 2
Denote X% := [¢]; - € whence [@Té} = Y h_1 Xk Note that E[xix7] = 0, E[(x})?] S %

%
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forany k € [n] and i # j € [N], due to the assumptions on label noise and bounded activation o.
Therefore, by Markov’s inequality, for any z > 0, we have

1 E||® &[] 2
H"(2’I>T?:|2 > x) < BlI® el o oe (D.25)
n

~

n2xy nx

Similarly for V5, under event Ay, we have

— %f}b(ﬁ@ + )\I>_1E<I> (fhp + AI)_l‘I’TfL

-1 1 2

<
DY)

1 > /o -1
< an}} (Eq,—i—)\I) Yo

| (Ba )

Lo
3
|e7s

Recall that E[¢,, f| ()] = O due to the orthogonality condition. Hence we may apply the exact
same argument as V7 to obtain an upper bound similar to (D.25); by Markov’s inequality,

T 2(17,1)
P(LeTs, 15 o) < EETLL 9 LA 026

N

n2zx nx

where (4i%) is due to the boundedness of o and ||f, ||z 2. Combining V; and V4, and taking © =
Cnf~1in (D.25) and (D.26), for some C' > 0 and any small ¢ > 0, we arrive at

2
o2 + | follz

<
it Ve s nl=eA(1—1t)’

(D.27)
with probability at least 1 — n~°.

Putting things together. The following lemma provides a decomposition of the prediction risk
R1(\) in terms of By, Ba, V7, V5 analyzed above.

Lemma 25. Under the same assumptions as Lemma 6, if we choose \ = Q(nc~1) for small € > 0,
then the prediction risk of the CK ridge estimator admits the following upper bound

R1(>\) § B1 + B2 + 2\/ BlBQ + Od,]P’(]-)v
where By, Bo are defined in (D.20).

Proof. Based on the definition of prediction risk, we have
* 3 3 1 - -1 T~ ?
R =Ex ((7°(a) - fla) + (f(@) - 20, (Ba A1) 275))
< B (f*(2) - f() ) +2v/B151 + 51,

B1

where we defined
Sy i=E, (f(a:) - %% (i@ + AI)flfi'T(f +fL+ é))
B 2
<E. (f(:c) - %q&x (S0 +21) 1<I>Tf> +2/B2Ss + 5,

B2

in which

Sy = %éT@(fJ@ n )\I)%E@ (iq, n )\I)71<I>Té+ %fI@(fzq, n /\I)712¢ (ip n /\I)ili’TfL

V1 V2
2 Tl -1 - R
+ ﬁfﬂ»(z@ n AI) o (2¢ n )\I) 'z
< 2(Vi + Vo).
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Recall that Lemma 24 entails that events Ay and Ay occur with high probability, for constant ¢ €
(0,1). Hence from (D.27) we know that for A = Q(n°~!) with small ¢ > 0, V; + Vo = ogp(1),
and thus S is vanishing when n,d, N — oo proportionally. On the other hand, (D.23) and (D.24)
entail that By and B; are both finite. The claim is established by combining the calculations.

O

Proof of Theorem 7. Since Lemma 24 ensures that events Ay and Ay happens with high
probability for fixed t € (0, 1), if we set A = Q(n°~1) for some small € > 0, then Lemma 25 entails

R1(\) < By + By +2y/B1Bs + 04p(1),

where By < [|f* = f,]|72, BQ<20+* 2)-@U*—ﬁ~§+Awmi>+%yﬂ%

t2
(1—1)
in which f, is defined by (D.6) in the proof of Lemma 23. Here, we applied the upper bounds on B;

in (D.23) and By in (D.24). Since || f* — fr||%2 = R(f), by (D.18) we know that as n,d, N — oo,
with probability one,

If* = frll3a <T*+c(¢?*- ;f+:i), (D-28)

for some constant C' > 0. Finally, recall that in the proof of Lemma 23, we constructed an estimator
fr€ H with ||f,]5, = ||lal]> = N/|A?| = ©4p(N"), for 0 < r < 1/2. In other words,
)\Hfr||§_[ = 0g4p(1) aslongas N\ — Oasn,d, N — oo; this provides a way to choose € (0,1/2)
given A. Now from Lemma 24 we know that there exists some constant 1} such that both .4, and
Ap hold with high probability for ¢ < 0.1 when n/d > 5. In this case, given any A = n~" for
some p € (0,1), we know that

R1(A) < By + Bz + 2¢/B1 Bz + 04(1)

2 2
<8 = £ (4 g ) I = Al a1 1 = ol oas()

Finally, due to the upper-bound (D.28), we conclude that
Ri(A) < 107° +C’(\/7*~ \/%+ %),

with probability one as n, d, N — oo proportionally and n/d > 1, where 7* is defined in (5.1).
O
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