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PROOF OF THEOREM

A.1 DECOUPLED/TRANSFORMED WEIGHT UPDATES OF DSG-RMS

To facilitate subsequent theoretical analysis, we presents the compact equivalent update form of the
DSG-RMS algorithm.

Define the network variables:

W, £ col{w; (n), wa(n), ..., wi(n)}, (SD)

W, £ col{w), (n), wh(n), ..., wl(n)}, (S2)

as well as network gradient noise S,,, S, network random matrix M,,, and vectors C,,_; and
n—1°

S, =col{s1 p(wi(n—1)),....,8xn(wk(n—1))}, (S3)

S = col{s1 n(wi(n—1)),..., s n(Wy(n—1))}, (S4)

M, = blkdiag{ M1 (n), M (n), ..., Mk (n)}, (S5)

Ch—1 =col{||wi(n—1)||- 1z, ..., |lwg(n—1)| - 1.}, (S6)

C—1 = col{|lwi(n—=1)|| - Lz, ..., [[wi (n—1)[| - 1}, (87)

where gradient noise sy, ,, (wi(n — 1)) = ﬁk(wk(n—l); zi(n)) — VJg(wg(n —1)).
The update rule given by (3] can then be reformulated as:
Wn = Aanl - AIY;U'VJ(anl) + A’Y(#IKL - Mn)
T

ij(wn—l) - -A'-YMWSVL + ﬁ(»A - IKL)(Cn—l - én—l)» (Sg)

where A = A® I, VI(W,_1) = col{ VI (wi(n—1))H, and C,, = || & S, wi ()| Licr.-

Following the analytical approach in Zhao & Sayed| (2014}, we proceed to derive the transformed
weight updates of (5)). Using the structure of X' in , we define w,,, and w,, as

w,|] [IT
][5
where w,, = % Zszl wy(n). From , we have W,, — W,, = cXrw,, withW,, = (%IK ]1}-(@

IDW,.

By left-multiplying both sides of with X1, we obtain the following transformed update for-
mulas of the DSG-RMS:

W, =W, 1 — yul" VI (Wa1) + 917 (uIk — M,,)
xvj(wn—l) - ’YFT MnSn7 (SIO)

and

o v 1 1
Wy, = Dy — VMDEXLVJ(anl) + DEXL7

1
X(,uIKL - Mn)VJ(anl) - DEXL'YMnSn
T
VL

It can be observed that in (S10) and (S11)), the updates of w,, and w,, are decoupled through the use
of the matrix X1,

1 _
+ (D—I(KA)L)EXL(Cn—l —Cn1). (S11)

A.2 PROOF OF THEOREMIII

Define the error vector w;, = w,, — w*. Using Assumptions @]and [5| we have

VT Wao1)|? < 2|VT (Wio1) = VIOV + 2| VT (W12
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< AKS(J(@,-1) — J(w) + 2| VTV, (S12)
and

E{|TT (uIxr — Mn)VI(Wno)|*}

20,8 4o, VT v)1®
1o 2 201 2 w2 12
< P, + 7 (e TR

where ||V Jy (W, 1) — VJp(w*)]]? < 20 (Jp(W,_1) — Jx(w*)) and ||V I (W, 1) — VI (w*)]|? <
8?||w,_1 — w*||* are used in (S12) and (S13), respectively.

From (ST0), it holds that
E{|@S | F)_1} = [@5_y — vul" VI Wae )P + V¥E{ITT (uIxr — Mn)VI(Wiao1)|*}
+72E {”FT Mn8n|l2|-7:/n—1}

1 & 2 1 E
< ||ﬁfle2 + 72M2HE Z Vg (wi(n — 1))H - 2’7M<th1; K Z VJi(wg(n — 1))>
k=1 k=1

20262 5 402 _ VT W2 6202
Pl + 2 (2w 2+ T gl
(S14)
where (ST2) and (ST3) are used. Then, we apply the inequality:
14
(2=, VI (@)) 2 T (2) =T () + ly—=[" =]l ===, (S15)

where z,y, 2 € RY and J(z) is d-smooth and v-strongly convex. Setting z = w,,_1, y = w*, and
x =wi(n—1), we get:

K
<mn,1—w*, % 3 VJk(wk(n—l))> > J(@Wn_1) — J(w*)
k=1

v ) _
+ Z||ﬁﬁ—1||2_§|‘Wn—1_wn—l||2~ (S16)

Applying the smoothness of Ji(-), we obtain:

1 & ’
Jic o wiscontn )|
k=1
2
g%nwm—wn,uﬁ + 2| VI (@)

242

2
<= | (817)

A X2 Dn—1]|* + 2|| VI (@n1)|

Substituting these results back into the conditional expectation formula (ST4) and provides

E{|[@;,| Fnl?} < (1~ w%)llﬁi_lll2 = 2yp(J (W) — J(w"))

20252 o
7 (2106 +270222 9= ) XL X 2 a1 | + 52 (2029 (@)

402 |\ VT W) |12 40252 6202

a4 2 123 — 2 2 S
Tt )+7 — wn ol 7 (S18)

where ¢? = K|| X, ||? is used again. When ~ satisfies the following conditions:
2o 20,07
206 + 2907 " + y—— < 3ud, (S19)
2 52
v 0,0 v

L—yps +9°—E— <1—yu— S$20
g+ e S=ug, (v >0) (S20)
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and
2yp — 4v26p% > yp, (S21)
along with using the inequality under Assumption [4}
IVI(@,-1)]? < 26(J (@) — J(w")), (S22)

from @) we obtain the following results:
e (Case: v =0)
E{llwy|*} < E{lw;, 1"} =i (E{I (@n-1)} = T (w"))
+37u8 | XL ||| Xr|*E {]|wn—1 ]}
+72403||V»7(W*)||2 N 20503

“é. 2
e VR (823)

e (CaseII: v #£ 0)

E{|[w;,|]*} < (1~ %)E{”ﬁn—ﬂw} = y(E{T (@n-1)} = J(w"))
L A0 IVT V)|

+3y00 | XL ||| XR|*E {[[dn |7} + ¥ 2

422 s (S24)

For the case I, from (S23)), we have

ol E { w512} L S R (P
Wg EA{J(Wn-1)} — J(w")) < =05+ 3yud | XL || X N;E{nwn_ln }
LATGIVTOWVII2 | 0507
= S25
+9? K2 +92 K (525)
Using Jensen’s inequality and (ST12), from (STI)), we know that
y 1+||D|| . 8IVTWHII? | -
E{[|w.]*} < —5—E{[wn1|*}+( e T
(11— DK
16725602 || D||?
xv“’fh%lll?\l2+771 — |T7>| ” (E{J(@n-1)}—J(w")), (S26)
and
N
1 . 11+ D] o2 2 8[IvT w12 2\ 2921712
~ 2 E{llwal?} < E{lwoll”} + +05 | 70D
N nz::l N1—|D| 1D\ (- [DHK g
3267°0%||D[> 1 =
——ianz v 2 E{J @)} = J(w")), (827)
1—1Dl)?* N ,;0
where the following conditions (S28)) and (S29) are required,
1-|D
7| < Il ) (528)
VBID — I 1y ||| XLl Xl
1—[D]|
y < , (S29)
466, | DI XL || ¥R
By applying the relation (S27), the inequality (S23)) becomes:
9620262 XL P Xl DI . E{IwgI?) | 6382 Xl
1— - En < -+ E {0 "}
( 1 —=1Dl)? N N1 —[D])
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67207 1o || X1 || XRI1Z /8][VT(W*)|1?

1D (1= PIhK
o3|V T (WP 0502
2 M 271 Os
Y e Y (530)
where &y = £ SN (E{J(®@,_1)} — J(w*)). Under the condition
9625202 || XL |12 | XR]12IP)? 1
RSN QRH o1 _ 1 .
(11Dl 2’
and using the fact that ||wo||2 +Wq 14) is achieved. By integrating
conditions (ST9), (SZ1), and (S31), we obtain (]12[)
For the case II (strongly-convex), we have
1+ ||D|| 2 BIVTOVII® | 2\ 202 17912
E{[|w,)*} <= l[wn1]* + { oo + 03 | 265Dl
(1 —PlhE g
8725292”17”2
——iprEd@al, (S32)

1P|

where the condition |V.J(w,,_1)||?> < 62||w,—1 — w*||? is used. Based on this, and combining
with (S24)), we derive the following relationship:

{E{||w"||2}}<l — Ly, 3w5|XL|2||XRIT

o2y | 2] 8y2028D)? 1+]D|
E {[[w,[/*} W’ —a
t’VL Q
=€ 2 2M+ 2%
8 [%Hmn_lnbﬂ | (shvaon L 2 gl (833)
-1 (UEABL +02) 126211
Iterating (S33)), we obtain:
24Ui|\V»7(W*)H2+,Y29iU§
th 2 Q"0+ (L2 — Q7 | g v "
( ‘él—H(DH)I)(” +0§) 202 ||D|?
2402||V-7(W I 293 :
v L — e+
(1 B T) ltollx -T2+ (1> = Q) (snw(w 2 ) 292“1)“2 ; (S34)
(1-IPIHK
where the second inequality follows from the condition Q[ = max{l — Lyu +
8v%626%||D||? . o
Vlj‘il,%”, 3ypd|| Xr ||| XR|1? + %} < 1 — Lypw, which holds under the condition:

CfwQ—|Dl) 4Dl
< .
e mm{ 610207 D]]> " (243X, 2 X2+ )1 (835)

Next, we observe that:

1-||D]| 2 2
_ 16 — 3yl XL Xl
(I, - Q)™ ' < W [s’ﬁeigﬂmﬁ 1 ) (S36)
which requires
1—||D
a-loh [ -

~ 8636, || XL ||| Xr[ID]|
Finally, substituting (S36) into (S34) yields the desired result.
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PROOF OF THEOREM [2]

B.1 DECOUPLED/TRANSFORMED WEIGHT UPDATES OF EDSG-RMS

Building on analytical frameworks in |Alghunaim & Yuan|(2022); Zhao & Sayed (2014)), we intro-

duce an auxiliary (dual) network variable R, = col{r},(n)};_,, where each r},(n) is an L x 1

vector. The update rule (6) then admits the equivalent primal-dual representation'
W, = 2A~IxkL)W, 1 — AypVIW, 1) = R,y
+ AV I (W, ;) — AanS’n

+A7(MI -M )Vj( Wi, 1), (S38a)
R, = — AypvI (W, 1) + AypVI (W)
+ (I - AW, _+—=Ixr—A
( W, 1 ﬁ( xkr—A)
(€1 = C); (S38b)
where C,, = |+ S wh(n)] - 1k, W, = (£1x1% ® I,)W,, and initial value R{, =

AV T (W) = (T — AW,

—/ vl =l =/
Define w,,, w,,, T,,, and 7, as

w! I’ 7 I’
CI A A P
where B2 = = I x—1yr, — D. From 1! we have W, W/ = cXpw),, with W/ ( ]lK]lT

I.)W.,. By left-multiplying both sides of (S ) and - ) with [T ; 1x7] and ' 18 Lxpl,
respectively, we obtain the following transformed update formulas of the EDSG-RMS:

w, =w, ; —yul' VI(W,_,) — 1T M, S,

+ I (uIkL — Ma)VI (W), (540)
and
i) _ g [#h] _ [1Paem,s,] | [FPXed e~ M) TI OV, )
=Y 0 TEBLX ( o1 —Coe 1>
_ k| DXL(VIW, ) = VI (W, 1)) (S41)
¢ |BIDXL(VIW, 1) - VIWV,))|’
where
_ 2D —Ix-1)z, —B
G = [ B, I(KI)L] ’ (542

For the matrix G, there exists a fundamental factorization G = VPV !, where P is a diagonal

matrix with entries given by {\; £+ j/\; — )\?,i =2,3,..., K} We partition the matrices V!

and V as V7! = [V, Vg] and V= [Vi; Vp], where |[V[|? < 4 and |[V7}|? < o, ', with
= min{\;,7 = 2,3, ..., K JJAlghunaim & Yuan|(2022).

Then, by left-multiplying both sides of (S41)) with V=1, we have

%DXL (wdrr— )Vj( ~1)

!

V! {“’,ﬂ} = Ph,_, — %VLDXLMns; + v

T, B‘XL( n—1 Cn 1)
h’VL
—
Sk | DXL(VIW, 1) = VI W, ) | (S43)
c B 1DXL(V\7( n— 1) Vj(wn))
“To ensure that the diagonal elements of P have an amplitude less than 1, the condition A; > —= rnust

hold. This condition relaxes the posmve definiteness requirement of the combination matrix in Assumptlon [
and imposes the constraint A > — fIK for the EDSG-RMS.
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B.2 PROOF OF THEOREM 2]
Using the definition in (S39), we have
Wi, = WLlI” < @1 &R|P Ve [l (S44)

Define the error vector we = w,, — w*. Using (S44) and following a process similar to that in
(ST)-(STS). from (S40) we get

E{|[w; | Fn-1]? }<(1—w @y [* = 2yu(J (@), _y) = J(w"))

262
7 (20829822 = ) L 2 Xl Vi 2 P |
. 4o [V T (W12
42 (mﬂnwwz,nn? ¢ 22T
402(52 92 o2
2 2 42000
Under inequality conditions (ST9) to (S22)), from (S43)), we have:
e (Case: v =0)
E{|w; I} < E{||w; >} —yu(E{J(w,_,)}—J(w"))
+3yud | XL PN X Ve IPE{ A1}
LATIVIOVH|? 0202
e Pt (S46)
e (CaseII: v #£ 0)
. wv _ .
E{[w;/[*} < (1 — ==)E{|[w;_,|*} — yu(E{J (@, _,)} — J(w*))
+3’Y,U5HXL|| IXR I IVU IPE {||hn—1]}
A )
K2 K
For the case I, from (S46), we have
. N
Y E{H"US/”Z} 2 2 o 1 2
— IE < — " - X X — E _
Nz:: {J(@,_1)} — J(w")) < N + 3yud || XL ||| Xrl [ Vu | N; {llhn—1*}
LATIVNTWH? L0002
. 4
+~° K2 g (548)

From (S43)), with Assumptions ] [3]and[5] we get

E {[hu|?) < <||P|| . 4v26202||1>||2|Xff||||2;lﬁ||2||vzf||2||v1||2
L 2P IBIP I X Ve [V
= [P]
70 7 7
(- [[P)
L 0t P AR Ve PV D)8
(=[P

0.2
x (2 4+ 22) + 20 6 |V P X 2 R 2 Ve |



Supplementary Material

2
2p=1p2(,2 , n 2
< |DIB 2 (1 + K))E{nhnu }
(874p453|D|2||Bl|2 1672602(|D) |2

(1=[IP]) L-|P]
4,2 2 2||B—1||12
= M(U ‘filpﬂ I8 a5 e
L& u202532§3 i ||D||2>(]E{J(wn1)} — J(w"))
(8RB PP | 8o D
1| P K2 (1—[PIHK
| bioket 2I||(lj L2 ||D||2)||VJ(W*)|I2

2 EGIBPIPI | 2 PGB IR s niege )2 a0y
(1-PNK K ")

where ¢? = K|| X1 ||?||V~1||? and the following inequalities are used

2 2

Yo
—EIDIPNXLIP VT W, DI, (S50)

| DX (uIxc1~ M)VI W, )P <

IVTOW, I <2IVT (W, 1) = VI WV, )|
+4| VT (W M)—w<w*>u2+4nw<w*>||2
<262C2|| X2 | V|2 | 1 |2 + SES(J (@ —1) — J(w*)) + 4| VT (W%, (S51)
and
E{[VI WV, 1) = VIW)IPIF, 1} < 29222 K|TT VI (W, ) — VI (@, )|
+ 292020 K|V I (@), )| + 1202 KT (udir — M) VI (W, 1>||2 +728%0%07

§to?
<292 (125 + 2 ) Xl 2V |2 |2 + 202026 K |V T (@, )|

402 |\ VT W) |12
+7262w V280283 (J(W,—1) — J(w*)) + 72620202, (S52)

When 7 and ~y further satisfy

1—-||P
7| < il T (553)
VEIBIH XL xR VoIV 1]
v < min L— || P
- 8(ou + S| XL XR VIV
1—||P 1—-||P
[P | 1] } 554)
35\/u(u2+Uﬁ)°'5||V‘1||||B‘1H||XLH||XR||HVUH S1B=Hly /1247 + 207,
the inequality recursion (§49) can be simplified to
L+ Pl 16v24(a7; + p*)|D|? . .
B {2} < VR 2} + e (BT, 1)) - ()
9v2a2||D||?
7’7H”|\VJ(W*)||2 + 3962 ||D| 03 (S55)

(1—=[lPNKE
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Averaging both sides of (S53)) over /V iterations gives

1 1+ 1P| 2 (97203||7?||2

ZEWMH< |m@wmm+lﬂw”a_wmﬂWﬂww

32 2(5 —|— D||? —

Substituting (S56) into (S48), we obtain
N _
1 . E {||w§ ||
TS B{I@, )} - (") < E{Jlwg I}

2 N &=~ N
2 2 of 12
(1 —=PH*K 1—|P]

402 |\ VT (W) || 0202

2 14 27pn"s
v 2 VR (S57)

where the following condition is used
1—||P

1P| (S58)

S .
V1928, /o2 + 2|V | X2 Xr [ Ve |

By utilizing the definition of hg, reorganize (S57) to obtain the result (I9). Furthermore, by inte-
grating the conditions (S53), (S54) and (S58), we get the convergence condition (I7).

For the case II (strongly-convex), we have the inequality recursion:

{E{wafﬂz}} D 1— gypv, 3ypd|| XL 1P| X[ Ver||?
21| 2 D12V =112 1+ P
E{llhn|?} 8v%(oy +N)252W7 —
t;z o/
N I e
B _ 902 |V.7 (W* e (S59)
E {1} ] |2 v o) (S + 36202)
Iterating the inequality, we obtain:
0 42|V T (W) |12 +7292 e
t, 29"ty + (I, — Q)" oo w 7o 2
72”17”2( TR~ T 30k 2)
2402 |VIT(W)|1? 0202
N ) VIV 4 2%
= (1 a %) 6]l - 1o + (I — @)~ (902|VJ(WI§ 5 » (S60)

—a=enE -~ 300 2)7 DI

where the second inequality follows from the condition [|Q'[|; = max {1 — 2yuv + 842 (o2 +

1) (512_|\|63||H2) , 3y | Xz ||| Xr |2 Ve |2 + HEIY <1 — £~yuv, which holds under the condition:
[ (=PI A1 —[|PI) }
< min , . (S61)
! {64(0,34-#2)52 (246 || XL [P | XR [V I? + v)p
In (S60), we further employ the following inequality:
1=~ 2 2 2
_ 16 —, 3vud || XL |I? 1 XR |17 || Ve
nor o sl o
v (1 = |[Pl)) |8v*(oy; + 1?)d a=ien: el
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which necessitates the condition:

aoim e
8\[5”9@“||XRHHVU||\/<T2 + p?

By applying this inequality in (S60), the desired result is obtained. By collecting the requ1red con-
ditions on v together with the relations ||P|| = ||D||, [|[V||?> < 4, and |[V"}||? < o, !, we obtain
condition (20)).



	Introduction
	Related Works
	Background and Motivation
	DSG and EDSG Algorithms
	DSG algorithm
	EDSG algorithm

	Privacy Issues Discussion
	Privacy risks associated with wk(n) and wk(n)
	Privacy risks in local gradient information
	Privacy risks in local data exposure


	Proposed Methods
	Proposed Algorithms
	Convergence and Privacy Analysis
	Low-Complexity Choice of Matrix-Step-Size

	Experimental Verification
	Application: Adaptive Filtering
	Application: Distributed Learning
	Application: Target Localization

	Conclusion



