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PROOF OF THEOREM 1

A.1 DECOUPLED/TRANSFORMED WEIGHT UPDATES OF DSG-RMS

To facilitate subsequent theoretical analysis, we presents the compact equivalent update form of the
DSG-RMS algorithm.

Define the network variables:

Wn
∆
= col{w1(n),w2(n), ...,wK(n)}, (S1)

W ′
n

∆
= col{w′

1(n),w
′
2(n), ...,w

′
K(n)}, (S2)

as well as network gradient noise Sn, S ′
n, network random matrix Mn, and vectors Cn−1 and

C′
n−1:

Sn = col{s1,n(w1(n− 1)), ..., sK,n(wK(n− 1))}, (S3)

S ′
n = col{s1,n(w′

1(n− 1)), ..., sK,n(w
′
K(n− 1))}, (S4)

Mn = blkdiag{M1(n),M2(n), ...,MK(n)}, (S5)
Cn−1 = col{∥w1(n−1)∥ · 1L, ..., ∥wK(n−1)∥ · 1L}, (S6)

C′
n−1 = col{∥w′

1(n−1)∥ · 1L, ..., ∥w′
K(n−1)∥ · 1L}, (S7)

where gradient noise sk,n(wk(n− 1)) = ∇̂Jk(wk(n−1);xk(n))−∇Jk(wk(n− 1)).

The update rule given by (5) can then be reformulated as:

Wn = AWn−1 −Aγµ∇J (Wn−1) +Aγ(µIKL −Mn)

×∇J (Wn−1)−AγMnSn +
τ√
L
(A− IKL)(Cn−1 − Cn−1), (S8)

where A = A⊗IL, ∇J (Wn−1) = col{∇Jk(wk(n−1))}Kk=1 and Cn = ∥ 1
K

∑K
k=1wk(n)∥·1KL.

Following the analytical approach in Zhao & Sayed (2014), we proceed to derive the transformed
weight updates of (5). Using the structure of X−1 in (7), we define wn, and w̆n as[

wn

w̆n

]
=

[
ΓT

1
cXL

]
Wn, (S9)

wherewn = 1
K

∑K
k=1wk(n). From (S9), we have Wn−Wn = cXRw̆n with Wn = ( 1

K1K1
T
K⊗

IL)Wn.

By left-multiplying both sides of (S8) with X−1, we obtain the following transformed update for-
mulas of the DSG-RMS:

wn = wn−1 − γµΓT ∇J (Wn−1) + γΓT (µIKL −Mn)

×∇J (Wn−1)− γΓT MnSn, (S10)

and

w̆n = Dw̆n−1 − γµD1

c
XL∇J (Wn−1) +D1

c
XLγ

×(µIKL −Mn)∇J (Wn−1)−D1

c
XLγMnSn

+
τ√
L
(D − I(K−1)L)

1

c
XL(Cn−1 − Cn−1). (S11)

It can be observed that in (S10) and (S11), the updates ofwn and w̆n are decoupled through the use
of the matrix X−1.

A.2 PROOF OF THEOREM 1

Define the error vector we
n = wn − w∗. Using Assumptions 4 and 5, we have

∥∇J (Wn−1)∥2 ≤ 2∥∇J (Wn−1)−∇J (W∗)∥2 + 2∥∇J (W∗)∥2
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≤ 4Kδ(J(wn−1)− J(w∗)) + 2∥∇J (W∗)∥2, (S12)

and

E{∥ΓT (µIKL −Mn)∇J (Wn−1)∥2}

≤
2σ2

µδ
2

K2
c2∥XR∥2∥w̆n−1∥2 +

4σ2
µ

K

(
δ2∥we

n−1∥2 +
∥∇J (W∗)∥2

K

)
, (S13)

where ∥∇Jk(wn−1)−∇Jk(w
∗)∥2 ≤ 2δ(Jk(wn−1)−Jk(w

∗)) and ∥∇Jk(wn−1)−∇Jk(w
∗)∥2 ≤

δ2∥wn−1 − w∗∥2 are used in (S12) and (S13), respectively.

From (S10), it holds that

E{∥we
n∥2|F

′
n−1} = ∥we

n−1 − γµΓT ∇J (Wn−1)∥2 + γ2E{∥ΓT (µIKL −Mn)∇J (Wn−1)∥2}
+γ2E{∥ΓT MnSn∥2|F ′

n−1}

≤ ∥we
n−1∥2 + γ2µ2

∥∥∥ 1

K

K∑
k=1

∇Jk(wk(n− 1))
∥∥∥2 − 2γµ

〈
we

n−1,
1

K

K∑
k=1

∇Jk(wk(n− 1))
〉

+γ2
2σ2

µδ
2

K2
c2∥XR∥2∥w̆n−1∥2 + γ2

4σ2
µ

K

(
δ2∥we

n−1∥2 +
∥∇J (W∗)∥2

K

)
+ γ2

θ2µσ
2
s

K
,

(S14)

where (S12) and (S13) are used. Then, we apply the inequality:〈
z−y,∇J(x)

〉
≥J(z)−J(y)+

ν

4
∥y−z∥2−δ∥z−x∥2, (S15)

where x, y, z ∈ RL and J(z) is δ-smooth and ν-strongly convex. Setting z = wn−1, y = w∗, and
x = wk(n− 1), we get:〈

wn−1−w∗,
1

K

K∑
k=1

∇Jk(wk(n−1))
〉
≥J(wn−1)− J(w∗)

+
ν

4
∥we

n−1∥2−
δ

K
∥Wn−1−Wn−1∥2. (S16)

Applying the smoothness of Jk(·), we obtain:∥∥∥ 1

K

K∑
k=1

∇Jk(wk(n− 1))
∥∥∥2

≤2δ2

K
∥Wn−1−Wn−1∥2 + 2

∥∥∇J(wn−1)
∥∥2

≤2δ2

K
c2∥XR∥2∥w̆n−1∥2 + 2

∥∥∇J(wn−1)
∥∥2. (S17)

Substituting these results back into the conditional expectation formula (S14) and provides

E{∥we
n|Fn−1∥2} ≤ (1− γµ

ν

2
)∥we

n−1∥2 − 2γµ(J(wn−1)− J(w∗))

+ γ
(
2µδ+2γδ2µ2+γ

2σ2
µδ

2

K

)
∥XL∥2∥XR∥2∥w̆n−1∥2 + γ2

(
2µ2∥∇J(wn−1)∥2

+
4σ2

µ∥∇J (W∗)∥2

K2

)
+ γ2

4σ2
µδ

2

K
∥we

n−1∥2 + γ2
θ2µσ

2
s

K
, (S18)

where c2 = K∥XL∥2 is used again. When γ satisfies the following conditions:

2µδ + 2γδ2µ2 + γ
2σ2

µδ
2

K
≤ 3µδ, (S19)

1− γµ
ν

2
+ γ2

4σ2
µδ

2

K
≤ 1− γµ

ν

4
, (ν > 0) (S20)
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and

2γµ− 4γ2δµ2 ≥ γµ, (S21)

along with using the inequality under Assumption 4:

∥∇J(wn−1)∥2 ≤ 2δ(J(wn−1)− J(w∗)), (S22)

from (S18), we obtain the following results:

• (Case I: ν = 0)

E{∥we
n∥2} ≤ E{∥we

n−1∥2}−γµ
(
E{J(wn−1)}−J(w∗)

)
+3γµδ∥XL∥2∥XR∥2E{∥w̆n−1∥2}

+γ2
4σ2

µ∥∇J (W∗)∥2

K2
+ γ2

θ2µσ
2
s

K
. (S23)

• (Case II: ν ̸= 0)

E{∥we
n∥2} ≤ (1− γµν

4
)E{∥we

n−1∥2} − γµ
(
E{J(wn−1)} − J(w∗)

)
+3γµδ∥XL∥2∥XR∥2E{∥w̆n−1∥2}+ γ2

4σ2
µ∥∇J (W∗)∥2

K2

+γ2
θ2µσ

2
s

K
. (S24)

For the case I, from (S23), we have

γµ

N

N∑
n=1

(
E{J(wn−1)} − J(w∗)

)
≤ E{∥we

0∥2}
N

+ 3γµδ∥XL∥2∥XR∥2
1

N

N∑
n=1

E{∥w̆n−1∥2}

+γ2
4σ2

µ∥∇J (W∗)∥2

K2
+ γ2

θ2µσ
2
s

K
. (S25)

Using Jensen’s inequality and (S12), from (S11), we know that

E{∥w̆n∥2} ≤ 1+∥D∥
2

E{∥w̆n−1∥2}+
(
8∥∇J (W∗)∥2

(1− ∥D∥)K
+σ2

s

)
×γ2θ2µ∥D∥2+

16γ2δθ2µ∥D∥2

1− ∥D∥
(E{J(wn−1)}−J(w∗)), (S26)

and

1

N

N∑
n=1

E{∥w̆n∥2} ≤ 1

N

1 + ∥D∥
1− ∥D∥

E{∥w̆0∥2}+
2

1− ∥D∥

(
8∥∇J (W∗)∥2

(1− ∥D∥)K
+ σ2

s

)
γ2θ2µ∥D∥2

+
32δγ2θ2µ∥D∥2

(1− ∥D∥)2
1

N

N−1∑
n=0

(E{J(wn)} − J(w∗)), (S27)

where the following conditions (S28) and (S29) are required,

|τ | ≤ 1− ∥D∥√
8∥D − I(K−1)L∥∥XL∥∥XR∥

, (S28)

γ ≤ 1− ∥D∥
4δθµ∥D∥∥XL∥∥XR∥

. (S29)

By applying the relation (S27), the inequality (S25) becomes:

γµ

(
1−

96γ2δ2θ2µ∥XL∥2∥XR∥2∥D∥2

(1− ∥D∥)2

)
EN ≤ E{∥we

0∥2}
N

+
6γµδ∥XL∥2∥XR∥2

N(1− ∥D∥)
E{∥w̆0∥2}



810
811
812
813
814
815
816
817
818
819
820
821
822
823
824
825
826
827
828
829
830
831
832
833
834
835
836
837
838
839
840
841
842
843
844
845
846
847
848
849
850
851
852
853
854
855
856
857
858
859
860
861
862
863

Supplementary Material

+
6γ3θ2µµδ∥XL∥2∥XR∥2

1− ∥D∥

(
8∥∇J (W∗)∥2

(1− ∥D∥)K
+ σ2

s

)
∥D∥2

+ γ2
4σ2

µ∥∇J (W∗)∥2

K2
+ γ2

θ2µσ
2
s

K
, (S30)

where EN = 1
N

∑N
n=1

(
E{J(wn−1)} − J(w∗)

)
. Under the condition

96γ2δ2θ2µ∥XL∥2∥XR∥2∥D∥2

(1− ∥D∥)2
≤ 1

2
, (S31)

and using the fact that ∥w̆0∥2 ≤ 1
K ∥W0∥2, the desired result (14) is achieved. By integrating

conditions (S19), (S21), and (S31), we obtain (12).

For the case II (strongly-convex), we have

E{∥w̆n∥2} ≤1 + ∥D∥
2

∥w̆n−1∥2 +
(
8∥∇J (W∗)∥2

(1− ∥D∥)K
+ σ2

s

)
γ2θ2µ∥D∥2

+
8γ2δ2θ2µ∥D∥2

1− ∥D∥
E{∥we

n−1∥2, (S32)

where the condition ∥∇J(wn−1)∥2 ≤ δ2∥wn−1 − w∗∥2 is used. Based on this, and combining
with (S24), we derive the following relationship:[

E{∥we
n∥2}

E{∥w̆n∥2}

]
︸ ︷︷ ︸

tn

⪯

[
1− 1

4γµν, 3γµδ∥XL∥2∥XR∥2
8γ2θ2

µδ
2∥D∥2

1−∥D∥ , 1+∥D∥
2

]
︸ ︷︷ ︸

Q

×
[
E{∥we

n−1∥2}
E{∥w̆n−1∥2}

]
+

 γ2 4σ2
µ∥∇J (W∗)∥2

K2 + γ2 θ2
µσ

2
s

K(
8∥∇J (W∗)∥2

(1−∥D∥)K + σ2
s

)
γ2θ2µ∥D∥2

 . (S33)

Iterating (S33), we obtain:

tn ⪯ Qnt0 + (I2 −Q)−1

 γ2 4σ2
µ∥∇J (W∗)∥2

K2 + γ2 θ2
µσ

2
s

K(
8∥∇J (W∗)∥2

(1−∥D∥)K + σ2
s

)
γ2θ2µ∥D∥2


⪯
(
1− γµν

4

)n
∥t0∥1 · 12 + (I2 −Q)−1

 γ2 4σ2
µ∥∇J (W∗)∥2

K2 + γ2 θ2
µσ

2
s

K(
8∥∇J (W∗)∥2

(1−∥D∥)K + σ2
s

)
γ2θ2µ∥D∥2

 , (S34)

where the second inequality follows from the condition ∥Q∥1 = max
{
1 − 1

4γµν +
8γ2θ2

µδ
2∥D∥2

1−∥D∥ , 3γµδ∥XL∥2∥XR∥2 + 1+∥D∥
2

}
≤ 1− 1

8γµν, which holds under the condition:

γ ≤ min

{
µν(1− ∥D∥)
64θ2µδ

2∥D∥2
,

4(1− ∥D∥)
(24δ∥XL∥2∥XR∥2+ν)µ

}
. (S35)

Next, we observe that:

(I2 −Q)−1 ⪯ 16

γµν(1− ∥D∥)

[
1−∥D∥

2 , 3γµδ∥XL∥2∥XR∥2
8γ2θ2

µδ
2∥D∥2

1−∥D∥ , 1
4γµν

]
, (S36)

which requires

γ ≤ (1− ∥D∥)
8
√
6δθµ∥XL∥∥XR∥∥D∥

√
ν

δ
. (S37)

Finally, substituting (S36) into (S34) yields the desired result.
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PROOF OF THEOREM 2

B.1 DECOUPLED/TRANSFORMED WEIGHT UPDATES OF EDSG-RMS

Building on analytical frameworks in Alghunaim & Yuan (2022); Zhao & Sayed (2014), we intro-
duce an auxiliary (dual) network variable R′

n = col{r′k(n)}Kk=1, where each r′k(n) is an L × 1
vector. The update rule (6) then admits the equivalent primal-dual representation:

W ′
n = (2A− IKL)W ′

n−1 −Aγµ∇J (W ′
n−1)−R′

n−1

+Aγµ∇J (W ′
n−1)−AγMnS ′

n

+Aγ(µI −Mn)∇J (W ′
n−1), (S38a)

R′
n = R′

n−1 −Aγµ∇J (W ′
n−1) +Aγµ∇J (W ′

n)

+ (I −A)W ′
n−1+

τ√
L
(IKL−A)

×(C′
n−1 − C′

n−1), (S38b)

where C′
n = ∥ 1

K

∑K
k=1w

′
k(n)∥ · 1KL, W ′

n = ( 1
K1K1

T
K ⊗ IL)W ′

n, and initial value R′
0 =

Aγµ∇J (W ′
0)− (I −A)W ′

0.

Define w′
n, w̆′

n, r′n, and r̆′n as[
w′

n
w̆′

n

]
=

[
ΓT

1
cXL

]
W ′

n,

[
r′n
r̆′n

]
=

[
ΓT

1
cB

−1XL

]
R′

n, (S39)

where B2 = I(K−1)L −D. From (S39), we have W ′
n −W ′

n = cXRw̆
′
n with W ′

n = ( 1
K1K1

T
K ⊗

IL)W ′
n. By left-multiplying both sides of (S38a), and (S38b) with [ΓT ; 1

cXL] and [ΓT ; 1
cB

−1XL],
respectively, we obtain the following transformed update formulas of the EDSG-RMS:

w′
n = w′

n−1 − γµΓT ∇J (W ′
n−1)− γΓT MnS ′

n

+ γΓT (µIKL −Mn)∇J (W ′
n−1), (S40)

and [
w̆′

n
r̆′n

]
= G

[
w̆′

n−1
r̆′n−1

]
−
[
γ
cDXLMnS ′

n
0

]
+

[
γ
cDXL(µIKL−Mn)∇J (W ′

n−1)
τ√
L
B 1

cXL(C′
n−1−C′

n−1)

]

− γµ

c

[
DXL

(
∇J (W ′

n−1)−∇J (W ′
n−1)

)
B−1DXL

(
∇J (W ′

n−1)−∇J (W ′
n)
)] , (S41)

where

G =

[
2D − I(K−1)L, −B

B, I(K−1)L

]
. (S42)

For the matrix G, there exists a fundamental factorization G = V PV −1, where P is a diagonal
matrix with entries given by {λi ± j

√
λi − λ2

i , i = 2, 3, ...,K}.4 We partition the matrices V −1

and V as V −1 = [VL, VR] and V = [VU ;VD], where ∥V ∥2 ≤ 4 and ∥V −1∥2 ≤ σ−1
b , with

σb = min{λi, i = 2, 3, ...,K}Alghunaim & Yuan (2022).

Then, by left-multiplying both sides of (S41) with V −1, we have

V −1

[
w̆′

n
r̆′n

]
︸ ︷︷ ︸

hn

= Phn−1 −
γ

c
VLDXLMnS ′

n + V −1

[
γ
cDXL(µIKL−Mn)∇J (W ′

n−1)
τ√
L
BXL(C′

n−1−C′
n−1)

]

− V −1γµ

c

[
DXL(∇J (W ′

n−1)−∇J (W ′
n−1))

B−1DXL(∇J (W ′
n−1)−∇J (W ′

n))

]
. (S43)

4To ensure that the diagonal elements of P have an amplitude less than 1, the condition λi > − 1
3

must
hold. This condition relaxes the positive definiteness requirement of the combination matrix in Assumption 1
and imposes the constraint A > − 1

3
IK for the EDSG-RMS.
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B.2 PROOF OF THEOREM 2

Using the definition in (S39), we have

∥W ′
n −W ′

n∥2 ≤ c2∥XR∥2∥VU∥2∥hn∥2. (S44)

Define the error vector we′
n = w′

n − w∗. Using (S44) and following a process similar to that in
(S14)-(S18), from (S40) we get

E{∥we′
n |Fn−1∥2} ≤ (1− γµ

ν

2
)∥we′

n−1∥2 − 2γµ(J(w′
n−1)− J(w∗))

+ γ
(
2µδ+2γδ2µ2+γ

2σ2
µδ

2

K

)
∥XL∥2∥XR∥2∥VU∥2∥hn−1∥2

+ γ2
(
2µ2∥∇J(w′

n−1)∥2 +
4σ2

µ∥∇J (W∗)∥2

K2

)
+ γ2

4σ2
µδ

2

K
∥we′

n−1∥2 + γ2
θ2µσ

2
s

K
. (S45)

Under inequality conditions (S19) to (S22), from (S45), we have:

• (Case I: ν = 0)

E{∥we′
n ∥2} ≤ E{∥we′

n−1∥2}−γµ
(
E{J(w′

n−1)}−J(w∗)
)

+3γµδ∥XL∥2∥XR∥2∥VU∥2E{∥hn−1∥2}

+γ2
4σ2

µ∥∇J (W∗)∥2

K2
+ γ2

θ2µσ
2
s

K
. (S46)

• (Case II: ν ̸= 0)

E{∥we′
n ∥2} ≤ (1− γµν

4
)E{∥we′

n−1∥2} − γµ
(
E{J(w′

n−1)} − J(w∗)
)

+3γµδ∥XL∥2∥XR∥2∥VU∥2E{∥hn−1∥2}

+γ2
4σ2

µ∥∇J (W∗)∥2

K2
+ γ2

θ2µσ
2
s

K
. (S47)

For the case I, from (S46), we have

γµ

N

N∑
n=1

(
E{J(w′

n−1)} − J(w∗)
)
≤ E{∥we′

0 ∥2}
N

+ 3γµδ∥XL∥2∥XR∥2∥VU∥2
1

N

N∑
n=1

E{∥hn−1∥2}

+γ2
4σ2

µ∥∇J (W∗)∥2

K2
+ γ2

θ2µσ
2
s

K
. (S48)

From (S43), with Assumptions 4, 3 and 5, we get

E{∥hn∥2} ≤

(
∥P∥+

4γ2δ2σ2
µ∥D∥2∥XL∥2∥XR∥2∥VU∥2∥V −1∥2

1− ∥P∥

+
2τ2∥B∥2∥XL∥2∥XR∥2∥VU∥2∥V −1∥2

1− ∥P∥

+
2γ2µ2δ2∥XL∥2∥XR∥2∥VU∥2∥V −1∥2∥D∥2

(1−∥P∥)

+
4γ4δ4µ2∥XL∥2∥XR∥2∥VU∥2∥V −1∥2∥D∥2∥B−1∥2

(1−∥P∥)

×
(
µ2 +

σ2
µ

K

)
+ 2γ4δ4µ2∥V −1∥2∥XL∥2∥XR∥2∥VU∥2
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× ∥D∥2∥B−1∥2
(
µ2 +

σ2
µ

K

))
E{∥hn−1∥2}

+

(
8γ4µ4δ3∥D∥2∥B−1∥2

(1−∥P∥)
+

16γ2δσ2
µ∥D∥2

1− ∥P∥

+
16γ4µ2σ2

µδ
3∥D∥2∥B−1∥2

(1−∥P∥)K
+ 4γ4µ4δ3∥B−1∥2∥D∥2

+
8γ4µ2σ2

µδ
3∥B−1∥2∥D∥2

K

)
(E{J(wn−1)} − J(w∗))

+

(
8γ4µ2δ2σ2

µ∥B−1∥2∥D∥2

(1−∥P∥)K2
+

8γ2σ2
µ∥D∥2

(1− ∥P∥)K

+
4γ4σ2

µδ
2µ2∥B−1∥2∥D∥2

K2

)
∥∇J (W∗)∥2

+

(
2γ4µ2δ2θ2µ∥B−1∥2∥D∥2

(1−∥P∥)K
+

γ4µ2δ2θ2µ∥B−1∥2∥D∥2

K
+ 2γ2∥D∥2θ2µ

)
σ2
s , (S49)

where c2 = K∥XL∥2∥V −1∥2 and the following inequalities are used

∥γ
c
DXL(µIKL−Mn)∇J (W ′

n−1)∥2 ≤
γ2σ2

µ

c2
∥D∥2∥XL∥2∥∇J (W ′

n−1)∥2, (S50)

∥∇J (W ′
n−1)∥2 ≤ 2∥∇J (W ′

n−1)−∇J (W ′
n−1)∥2

+4∥∇J (W ′
n−1)−∇J (W∗)∥2 + 4∥∇J (W∗)∥2

≤2δ2c2∥XR∥2∥VU∥2∥hn−1∥2 + 8Kδ(J(wn−1)− J(w∗)) + 4∥∇J (W∗)∥2, (S51)

and

E{∥∇J (W ′
n−1)−∇J (W ′

n)∥2|F
′
n−1} ≤ 2γ2µ2δ2K∥ΓT ∇J (W ′

n−1)−∇J(w′
n−1)∥2

+ 2γ2µ2δ2K∥∇J(w′
n−1)∥2 + γ2δ2K∥ΓT (µIKL −Mn)∇J (W ′

n−1)∥2 + γ2δ2θ2µσ
2
s

≤2γ2
(
µ2δ4 +

δ4σ2
µ

K

)
c2∥XR∥2∥VU∥2∥hn−1∥2 + 2γ2µ2δ2K∥∇J(w′

n−1)∥2

+ γ2δ2
4σ2

µ∥∇J (W∗)∥2

K
+ γ28σ2

µδ
3(J(wn−1)− J(w∗)) + γ2δ2θ2µσ

2
s , (S52)

When τ and γ further satisfy

|τ | ≤ 1− ∥P∥√
8∥B∥∥XL∥∥XR∥∥VU∥∥V −1∥

, (S53)

γ ≤min

{
1− ∥P∥

8(σµ + µ)δ∥XL∥∥XR∥∥V −1∥∥VU∥
,√

1− ∥P∥

3δ
√
µ(µ2 + σ2

µ)
0.5∥V −1∥∥B−1∥∥XL∥∥XR∥∥VU∥

,

√
1− ∥P∥

δ∥B−1∥
√
12µ2 + 2σ2

µ

}
, (S54)

the inequality recursion (S49) can be simplified to

E{∥hn∥2} ≤ 1 + ∥P∥
2

E{∥hn−1∥2}+
16γ2δ(σ2

µ + µ2)∥D∥2

1− ∥P∥
(
E{J(w′

n−1)} − J(w∗)
)

+
9γ2σ2

µ∥D∥2

(1− ∥P∥)K
∥∇J (W∗)∥2 + 3γ2θ2µ∥D∥2σ2

s . (S55)
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Averaging both sides of (S55) over N iterations gives

1

N

N∑
n=1

E{∥hn∥2} ≤ 1

N

1 + ∥P∥
1− ∥P∥

E{∥h0∥2}+
2

1− ∥P∥

(
9γ2σ2

µ∥D∥2

(1− ∥P∥)K
∥∇J (W∗)∥2

+ 3γ2θ2µ∥D∥2σ2
s

)
+

32γ2δ(σ2
µ + µ2)∥D∥2

(1− ∥P∥)2
1

N

N−1∑
n=0

(E{J(w′
n)} − J(w∗)). (S56)

Substituting (S56) into (S48), we obtain

γµ

2

1

N

N∑
n=1

(
E{J(w′

n−1)} − J(w∗)
)
≤ E{∥we′

0 ∥2}
N

+ 3γµδ∥XL∥2∥XR∥2∥VU∥2
(

1

N

2

1− ∥P∥
E{∥h0∥2}

+
18γ2σ2

µ∥D∥2

(1− ∥P∥)2K
∥∇J (W∗)∥2 +

6γ2θ2µ∥D∥2σ2
s

1− ∥P∥

)

+ γ2
4σ2

µ∥∇J (W∗)∥2

K2
+ γ2

θ2µσ
2
s

K
, (S57)

where the following condition is used

γ ≤ 1− ∥P∥
√
192δ

√
σ2
µ + µ2∥V −1∥∥XL∥∥XR∥∥VU∥

. (S58)

By utilizing the definition of h0, reorganize (S57) to obtain the result (19). Furthermore, by inte-
grating the conditions (S53), (S54) and (S58), we get the convergence condition (17).

For the case II (strongly-convex), we have the inequality recursion:[
E{∥we′

n ∥2}
E{∥hn∥2}

]
︸ ︷︷ ︸

t′n

⪯

[
1− 1

4γµν, 3γµδ∥XL∥2∥XR∥2∥VU∥2

8γ2(σµ + µ)2δ2 ∥D∥2∥V −1∥2

(1−∥P∥) , 1+∥P∥
2

]
︸ ︷︷ ︸

Q′

×
[
E{∥we′

n−1∥2}
E{∥hn−1∥2}

]
+

 γ2 4σ2
µ∥∇J (W∗)∥2

K2 + γ2 θ2
µσ

2
s

K

γ2∥V −1∥2∥D∥2
(

9σ2
µ∥∇J (W∗)∥2

(1−∥P∥)K + 3θ2µσ
2
s

) . (S59)

Iterating the inequality, we obtain:

t′n ⪯ Q′nt′0 + (I2 −Q′)−1

 γ2 4σ2
µ∥∇J (W∗)∥2

K2 + γ2 θ2
µσ

2
s

K

γ2∥D∥2
(

9σ2
µ∥∇J (W∗)∥2

(1−∥P∥)K + 3θ2µσ
2
s

)
⪯
(
1− γµν

8

)n
∥t′0∥1 · 12 + (I2 −Q′)−1

 γ2 4σ2
µ∥∇J (W∗)∥2

K2 + γ2 θ2
µσ

2
s

K(
9σ2

µ∥∇J (W∗)∥2

(1−∥P∥)K + 3θ2µσ
2
s

)
γ2∥D∥2

 , (S60)

where the second inequality follows from the condition ∥Q′∥1 = max
{
1 − 1

4γµν + 8γ2(σ2
µ +

µ2) δ2∥D∥2

(1−∥P∥) , 3γµδ∥XL∥2∥XR∥2∥VU∥2 + 1+∥P∥
2

}
≤ 1− 1

8γµν, which holds under the condition:

γ ≤ min

{
µν(1− ∥P∥)
64(σ2

µ + µ2)δ2
,

4(1− ∥P∥)
(24δ∥XL∥2∥XR∥2∥VU∥2 + ν)µ

}
. (S61)

In (S60), we further employ the following inequality:

(I2 −Q′)−1 ⪯ 16

γµν(1− ∥P∥)

[
1−∥P∥

2 , 3γµδ∥XL∥2∥XR∥2∥VU∥2

8γ2(σ2
µ + µ2)δ2 ∥D∥2

(1−∥P∥) ,
1
4γµν

]
, (S62)
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which necessitates the condition:

γ ≤ (1− ∥P∥)

8
√
6δ∥XL∥∥XR∥∥VU∥

√
σ2
µ + µ2

√
ν

δ
. (S63)

By applying this inequality in (S60), the desired result is obtained. By collecting the required con-
ditions on γ together with the relations ∥P∥ = ∥D∥, ∥V ∥2 ≤ 4, and ∥V −1∥2 ≤ σ−1

b , we obtain
condition (20).
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