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Abstract

Estimating the geometric median of a dataset is a robust counterpart to mean estima-1

tion, and is a fundamental problem in computational geometry. Recently, [HSU24]2

gave an (ϵ, δ)-differentially private algorithm obtaining an α-multiplicative ap-3

proximation to the geometric median objective, 1
n

∑
i∈[n] ∥· − xi∥, given a dataset4

D := {xi}i∈[n] ⊂ Rd. Their algorithm requires n ≳
√
d · 1

αϵ samples, which they5

prove is information-theoretically optimal. This result is surprising because its6

error scales with the effective radius of D (i.e., of a ball capturing most points),7

rather than the worst-case radius. We give an improved algorithm that obtains8

the same approximation quality, also using n ≳
√
d · 1

αϵ samples, but in time9

Õ(nd+ d
α2 ). Our runtime is nearly-linear, plus the cost of the cheapest non-private10

first-order method due to [CLM+16]. To achieve our results, we use subsampling11

and geometric aggregation tools inspired by FriendlyCore [TCK+22] to speed up12

the “warm start” component of the [HSU24] algorithm, combined with a careful13

custom analysis of DP-SGD’s sensitivity for the geometric median objective.14

1 Introduction15

The geometric median problem, a.k.a. the Fermat-Weber problem, is one of the oldest problems in16

computational geometry. In this problem, we are given a dataset D = {xi}i∈[n] ⊂ Rd, and our goal17

is to find a point x⋆ ∈ Rd that minimizes the average Euclidean distance to points in the dataset:18

x⋆ ∈ arg min
x∈Rd

fD(x), where fD(x) :=
1

n

∑
i∈[n]

∥x− xi∥. (1)

This problem has received widespread interest due to its applications in high-dimensional statistics.19

In particular, the geometric median of a dataset D enjoys robustness properties that the mean (i.e.,20
1
n

∑
i∈[n] xi, the minimizer of 1

n

∑
i∈[n] ∥x− xi∥2) does not. For example, it is known (cf. Lemma 4)21

that if greater than half of D lies within a distance r of some x̄ ∈ Rd, then the geometric median lies22

within O(r) of x̄. Thus, the geometric median provides strong estimation guarantees even when D23

contains outliers. This is in contrast to simpler estimators such as the mean, which can be arbitrarily24

corrupted by a single outlier. As a result, studying the properties and computational aspects of the25

geometric median has a long history, see e.g., [Web29, LR91] for some famous examples.26

We provide improved algorithms for estimating (1) subject to (ϵ, δ)-differential privacy (DP, Defini-27

tion 1), the de facto notion of provable privacy in modern machine learning. Privately computing the28

geometric median naturally fits into a recent line of work on designing DP algorithms in the presence29

of outliers. To explain the challenge of such problems, the definition of DP implies that privacy must30

hold for worst-case datasets. This stringent definition affords DP a variety of desirable properties,31

most notably composition of private mechanisms (cf. [DR14], Section 3.5). However, it also begets32

challenges: for example, estimating the empirical mean of D subject to (ϵ, δ)-DP necessarily results33
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in error scaling ∝ R, the diameter of the dataset (cf. Section 5, [BST14]). Moreover, the worst-case34

nature of DP is at odds with typical average-case machine learning settings, where most (or all) of D35

is drawn from a distribution that we wish to learn about. From an algorithm design standpoint, the36

question follows: how do we design methods with privacy guarantees for worst-case data, but also37

with improved utility guarantees for (mostly) average-case data?38

Such questions have been successfully addressed for various statistical problems, e.g., parameter esti-39

mation [BD14, KV17, BKSW19, DFM+20, BDKU20, BGS+21, AL22, LKJO22, KDH23, BHS23],40

clustering [NRS07, NSV16, CKM+21, TCK+22], and more. However, existing approaches for (1)41

(even non-privately) are based on iterative optimization methods, as the geometric median does not42

admit a simple, closed-form solution. Much of the DP optimization toolkit is exactly plagued by the43

aforementioned “worst-case sensitivity” issues, e.g., lower bounds for general stochastic optimization44

problems again scale with the domain size. This is troubling in the context of (1), because a major45

appeal of the geometric median is its robustness: its error should not be significantly affected by46

any small subset of the data. Privately estimating the geometric median thus poses an interesting47

technical challenge, beyond its potential appeal as a subroutine in downstream robust algorithms.48

To explain the distinction between worst-case and average-case error rates in the context of (1), we49

introduce the following helpful notation: for all quantiles τ ∈ [0, 1], we let50

r(τ) := argmin
r≥0

∑
i∈[n]

I∥xi−x⋆∥≤r ≥ τn

 , where x⋆ := arg min
x∈Rd

1

n

∑
i∈[n]

∥x− xi∥ , (2)

whenD = {xi}i∈[n] ⊂ Rd is clear from context. In other words, r(τ) is the smallest radius describing51

a ball around the geometric median x⋆ containing at least τn points in D. We also use R to denote an52

a priori overall domain size bound, where we are guaranteed that D ⊂ Bd(R). Note that in general,53

it is possible for, e.g., r(0.9) ≪ R if ≈ 10% of D consists of outliers with atypical norms. Due to54

the robust nature of the geometric median (i.e., the aforementioned Lemma 4), a natural target is55

estimation error scaling with the “effective radius” r(τ) for some quantile τ ∈ (0.5, 1). This is a56

much stronger guarantee than the error rates ∝ R that typical DP optimization methods give.57

Because a simple argument (Lemma 3) shows r(τ) = O(fD(x⋆)) for all τ < 1, in this introduction58

our goal is to approximate the minimizer of (1) to additive error αfD(x⋆) for some α ∈ (0, 1), i.e.,59

to give α-multiplicative error guarantees on optimizing fD.1 Again, datasets with outliers may have60

fD(x⋆)≪ R, so this is beyond the reach of naïvely applying DP optimization methods.61

In a recent exciting work, [HSU24] bypassed this obstacle and obtained such private multiplicative62

approximations to the geometric median, and with near-optimal sample complexity. Assuming that D63

has size n ≳
√
d · 1

αϵ ,2 [HSU24] gave two algorithms for estimating (1) to α-multiplicative error (cf.64

Appendix A). They also proved a matching lower bound, showing this many samples is information-65

theoretically necessary.3 From both a theoretical and practical perspective, the main outstanding66

question left by [HSU24] is computational efficiency: in particular, the [HSU24] algorithms ran in67

time Õ(n2d+ n3ϵ2) or Õ(n2d+ nd2 + d4.372). This leaves a significant gap between algorithms68

for privately solving (1), and their counterparts in the non-private setting, where [CLM+16] showed69

that (1) could be approximated to α-multiplicative error in nearly-linear time Õ(min(nd, d
α2 )).70

1.1 Our results71

Our main contribution is a faster algorithm for privately approximating (1) to α-multiplicative error.72

Theorem 1 (informal, see Theorem 4). Let D = {xi}i∈[n] ⊂ Bd(R) for R > 0, 0 < r ≤ r(0.9), and73

(α, ϵ, δ) ∈ [0, 1]3. There is an (ϵ, δ)-DP algorithm that returns x̂ such that with probability ≥ 1− δ,74

fD(x̂) ≤ (1 + α)fD(x⋆), assuming n ≳
√
d

αϵ . The algorithm runs in time Õ(nd+ d
α2 ).75

1Our results (and those of [HSU24]) in fact give stronger additive error bounds of αr(τ) for any τ ∈ (0.5, 1).
2In this introduction only, we use Õ,≲,≳ to hide polylogarithmic factors in problem parameters, i.e., d, 1

α
,

1
ϵ

, 1
δ

, and R
r

, where D ⊆ Bd(R) and r ≤ r(0.9). Our formal theorem statements explicitly state all dependences.
3Intuitively, we require α ≈ d−1/2 to obtain nontrivial estimation when D consists of i.i.d. Gaussian data (as

a typical radius is ≈
√
d), matching known lower bounds of n ≈ d

ϵ
for Gaussian mean estimation [KLSU19].
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To briefly explain Theorem 1’s statement, it uses a priori knowledge of 0 < r < R such that R76

upper bounds the domain size of D, and r lower bounds the “effective radius” r(0.9). However, its77

runtime only depends polylogarithmically on the aspect ratio R
r , rather than polynomially (as naïve78

DP optimization methods would); we also remark that our sample complexity is independent of R
r .79

The runtime of Theorem 1 is nearly-linear when n ≳ 1
α2 (e.g., if

√
d · 1ϵ ≳ 1

α ), but more generally80

it does incur an additive overhead of d
α2 . This overhead matches the fastest non-private first-order81

method for approximating (1) to α-multiplicative error, due to [CLM+16]. We note that [CLM+16]82

also gave a second-order interior-point method, that non-privately solves (1) in time Õ(nd), i.e., with83

polylogarithmic dependence on 1
α . We leave removing this additive runtime term in the DP setting,84

or proving this is impossible in concrete query models, as a challenging question for future work.85

Our algorithm follows a roadmap by [HSU24], who split their algorithm into two phases: an initial86

“warm start” phase that computes an O(1)-multiplicative approximation of the geometric median,87

and a secondary “boosting” phase that uses iterative methods to improve the warm start to an α-88

multiplicative approximation. The warm start improves the domain size of the boosting phase to scale89

with the effective radius. However, both the warm start and the boosting phases of [HSU24] required90

superlinear ≈ n2d time. Our improvement to the warm start phase of the [HSU24] is quite simple,91

and may be of independent interest, so we provide a self-contained statement here.92

Theorem 2 (informal, see Theorem 3). Let D = {xi}i∈[n] ⊂ Bd(R) for R > 0, 0 < r ≤ r(0.9), and93

(ϵ, δ) ∈ [0, 1]2. There is an (ϵ, δ)-DP algorithm that returns x̂ such that with probability ≥ 1 − δ,94

fD(x̂) = O(fD(x⋆)), assuming n ≳
√
d
ϵ . The algorithm runs in time Õ(nd).95

1.2 Our techniques96

As discussed previously, our algorithm employs a similar framework as [HSU24]. It is convenient to97

further split the warm start phase of the algorithm into two parts: finding an estimate r̂ of the effective98

radius of D, and finding an approximate centerpoint at distance O(r̂) from the geometric median x⋆.99

Radius estimation. Our radius estimation algorithm is almost identical to that in [HSU24], Section100

2.1, which uses the sparse vector technique (cf. Lemma 2) to detect the first time an estimate r̂ is101

such that most points have ≥ 3
4 of D at a distance of ≈ r̂. The estimate r̂ is geometrically updated102

over a grid of size O(log(Rr )). Naïvely implemented, this strategy takes ≳ n2d time due to the need103

for pairwise distance comparisons (cf. Appendix A); even if dimesionality reduction techniques are104

used, this step appears to require Ω(n2) time. We make a simple observation that a random sample of105

≈ log( 1δ ) points from D is enough to determine whether a given point has≫ β neighbors, or≪ γ,106

for appropriate (constant) quantile thresholds β, γ, which is enough to obtain an Õ(nd) runtime.107

Centerpoint estimation. Our centerpoint estimation step departs from [HSU24], Section 2.2, who108

analyzed a custom variant of DP gradient descent with geometrically-decaying step sizes. We109

make the simple observation that directly applying the FriendlyCore algorithm of [HSU24] yields110

the same result. However, the standard implementation of FriendlyCore again uses Ω(n2) time to111

estimate weights for each data point. We show that FriendlyCore can be sped up to run in Õ(nd)112

time (independently of R
r ) using subsampled weights. Our privacy proof is subtle, and based on an113

argument (Lemma 1) that couples our subsampled algorithm to an idealized algorithm that never114

fails to be private. We use this to account for the privacy loss due to the failure of our subsampling,115

i.e., if the estimates are inaccurate. We note that the [HSU24] algorithm for this step already ran in116

nearly-linear ≈ nd log(Rr ) time, so we obtain an asymptotic improvement only if R
r is large.117

Boosting. The most technically novel part of our algorithm is in the boosting phase, which takes118

as input a radius and centerpoint estimate from the previous steps, and outputs an α-multiplicative119

approximation to (1). Like [HSU24], we use iterative methods to implement this phase. However, a120

major bottleneck to a faster algorithm is the lack of a nearly-linear time DP solver for non-smooth121

empirical risk minimization (ERM) problems. Indeed, such Õ(1)-pass optimizers are known only122

when the objective is convex and sufficiently smooth [FKT20], or n ≳ d2 samples are taken [CJJ+23].123

This is an issue, because while computing the geometric median (1) is a convex ERM problem, it is124

non-smooth, and multiplicative guarantees are possible even with n ≈
√
d samples.125
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We give a custom analysis of DP-SGD, specifically catered to the (non-smooth) ERM objective (1).126

Our main contribution is a tighter sensitivity analysis of DP-SGD’s iterates, leveraging the structure127

of the geometric median. To motivate this observation, consider coupled algorithms with iterates z, z′,128

both taking gradient steps with respect to the subsampled function ∥· − xi∥ for some dataset element129

xi ∈ D. A simple calculation (7) shows these gradients are unit vectors u, u′, in the directions of130

z− xi and z′ − xi respectively. It is not hard to formalize (Lemma 11) that updating z← z− ηu131

and z′ ← z′ − ηu′ is always contractive, unless z, z′ were both already very close to xi (and hence,132

each other) to begin with. We use this structural result to inductively control DP-SGD’s sensitivity,133

which lets us leverage a prior reduction from private optimization to stable optimization [FKT20].134

Our result is the first we are aware of that obtains a nearly-linear runtime for DP-SGD on a structured135

non-smooth problem. We were inspired by [ALT24], who also gave faster runtimes for (smooth) DP136

optimization problems with outliers under further assumptions on the objective. We hope that our137

work motivates future DP optimization methods that harness problem structure for improved rates.138

1.3 Related work139

Differentially private convex optimization. DP convex optimization has been studied extensively140

for over a decade [CM08, KST12, BST14, KJ16, BFGT20, FKT20, BGN21, GLL22, GLL+23]141

and inspired the influential DP-SGD algorithm widely adopted in deep learning [ACG+16]. In142

the classic setting, where functions are assumed to be Lipschitz and defined over a convex do-143

main of diameter R, optimal rates have been achieved with linear dependence on R [BFTGT19].144

Recent years have seen significant advancements in the gradient complexity of DP stochastic con-145

vex optimization [FKT20, AFKT21, KLL21, ZTC22, CJJ+23, CCGT24]. Despite these efforts,146

a nearly-linear gradient complexity has only been established for sufficiently smooth functions147

[FKT20, ZTC22, CCGT24] and for non-smooth functions [CJJ+23] when
√
n ≳ d is satisfied.148

Differential privacy with average-case data. Adapting noise to the inherent properties of data,149

rather than catering to worst-case scenarios, is critical for making differential privacy practical in real-150

world applications. Several important approaches have emerged in this direction: smooth sensitivity151

frameworks [NRS07] that refine local sensitivity to make it private; instance optimality techniques152

[AD20] with tailored guarantees for specific datasets; dmethods with improved performance under153

distributional assumptions such as sub-Gaussian or heavy-tailed i.i.d. data [CWZ21, AL23, ALT24];154

and data-dependent sensitivity computations that adapt during algorithm execution [ATMR21]. These155

approaches collectively represent the frontier in balancing privacy and utility beyond worst-case156

analyses. We view our work as another contribution towards this broader program.157

2 Preliminaries158

Throughout, vectors are denoted in lowercase boldface, and the all-zeroes and all-ones vectors in159

dimension d are respectively 0d and 1d. We use ∥·∥ to denote the Euclidean (ℓ2) norm of a vector.160

We use [d] to denote {i ∈ N | 1 ≤ i ≤ d}. We use Bd(µ, r) := {x ∈ Rd | ∥x− µ∥ ≤ r} to denote161

the Euclidean ball of radius r > 0 around µ ∈ Rd; when µ is unspecified, then µ = 0d by default.162

For compact K ⊆ Rd, we use ΠK(x) to denote the Euclidean projection argminy∈K ∥x− y∥.163

We let IE denote the 0-1 indicator random variable of an event E . For two densities µ, ν164

on the same sample space Ω and α > 1, we define the α-Rényi divergence Dα(µ∥ν) :=165

1
α−1 log(

∫
(µ(ω)
ν(ω) )

αν(ω)dω). We use N (µ, σ2Id) to denote the multivariate normal distribution166

with mean µ ∈ Rd and covariance σ2Id, where Id is the d × d identity. We let Laplace(λ) be the167

Laplace distribution with scale parameter λ ≥ 0, whose density is ∝ exp(− |·|
λ ). We let Unif(S)168

denote the uniform distribution over a set S, and Bern(p) denote the Bernoulli distribution taking on169

values {0, 1} with mean p ∈ [0, 1]. We refer to a product distribution consisting of k i.i.d. copies of a170

base distribution D by D⊗k. We also use the bounded Laplace distribution with parameters λ, τ ≥ 0,171

denoted BoundedLaplace(λ, τ), i.e., the distribution of X ∼ Laplace(λ) conditioned on |X| ≤ τ .172

Differential privacy. Let X be some domain, and let D ∈ Xn be a dataset consisting of n elements173

from X . We say datasets D, D′ ∈ Xn are neighboring if their symmetric difference has size 1, i.e.,174

they differ in a single element. We use the following definition of differential privacy in this paper.175
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Definition 1 (Differential privacy). Let (ϵ, δ) ∈ [0, 1]2.4 We say that a randomized algorithm176

A : Xn → Ω satisfies (ϵ, δ)-differential privacy (or, is (ϵ, δ)-DP) if for all events E ⊆ Ω, and for all177

neighboring datasets D,D′ ∈ Xn, Pr [A(D) ∈ E ] ≤ exp(ϵ) Pr [A(D′) ∈ E ] + δ.178

DP algorithms satisfy basic composition (Theorem B.1, [DR14]), i.e., if A1 : Xn → Ω1 is (ϵ1, δ1)-179

DP andA2 : Xn×Ω1 → Ω2 is (ϵ2, δ2)-DP, then their composition is (ϵ1 + ϵ2, δ1 + δ2)-DP. We next180

state the Gaussian mechanism. Recall that if v : Xn → Rk is a vector-valued function of a dataset,181

we say v has sensitivity ∆ if for all neighboring D,D′ ∈ Xn, ∥v(D)− v(D′)∥ ≤ ∆.182

Fact 1 (Theorem A.1, [DR14]). Let v : Xn → Rk have sensitivity ∆, and let (ϵ, δ) ∈ [0, 1]2. Then,183

drawing a sample from N (v(D), σ2Ik) is (ϵ, δ)-DP, for any σ ≥ 2∆
ϵ ·
√

log( 2δ ).184

We also require the bounded Laplace mechanism, which is known to give the following guarantee.185

Fact 2 (Lemma 9, [ALT24]). Let s : Xn → R have sensitivity ∆, and let (ϵ, δ) ∈ [0, 1]2. Then,186

drawing ξ ∼ BoundedLaplace(∆ϵ , τ) and outputting s(D) + ξ is (ϵ, δ)-DP for any τ ≥ ∆
ϵ log( 4δ ).187

Fact 2 is proven in [ALT24] using a coupling argument, using the fact that BoundedLaplace(λ) and188

Laplace(λ) result in the same sample except with some probability. We appeal to this technique189

several times in Section 3, so we explicitly state it here for convenience (with a proof in Appendix B).190

Lemma 1. For (ϵ, δ) ∈ [0, 1]2, A : Xn → Ω be an (ϵ, δ)-DP algorithm, and let A be an algorithm191

such that on any input D ∈ Xn, we have that the total variation distance between A(D) and A(D)192

is at most δ′. Then, A is an (ϵ, δ + 4δ′)-DP algorithm.193

We next recall the following well-known result on detecting the first large element in a stream.194

Lemma 2 (Theorems 3.23, 3.24, [DR14]). AboveThreshold (Algorithm 4) is (ϵ, 0)-DP. Moreover,195

for γ ∈ (0, 1), let α =
8∆ log( 2T

γ )

ϵ and D ∈ Xn. AboveThreshold halts at time k ∈ [T +1] such that196

with probability ≥ 1− γ: qt(D) ≤ τ + α for all t < k, and qk(D) ≥ τ − α or k = T + 1.197

Geometric median. In the rest of the paper, for R > 0, we fix a dataset D := {xi}i∈[n] ⊂ Bd(R),198

i.e., with domain X := Bd(R). Our goal is to approximate the geometric median of D, i.e.,199

x⋆(D) := arg min
x∈Rd

fD(x), where fD(x) :=
1

n

∑
i∈[n]

∥x− xi∥ (3)

is the average Euclidean distance to the dataset. Following e.g., [CLM+16, HSU24], we also define200

the quantile radii associated with our dataset D centered at x̄ ∈ Rd by201

r(τ)(D; x̄) := argmin
r≥0

∑
i∈[n]

I∥xi−x̄∥≤r ≥ τn

 , for all τ ∈ [0, 1]. (4)

When x̄ is unspecified, by default x̄ = x⋆(D). In our utility analysis we will often suppress the202

dependence on D in x⋆, r
(τ), etc., as the dataset of interest will not change. In the privacy analysis,203

we specify the dependence of these functions on the dataset explicitly when comparing algorithms204

run on neighboring datasets. Finally, we include two helper results from prior work.205

Lemma 3. Let D := {xi}i∈[n] ⊂ Rd. Then, fD (x⋆) ≥ (1− τ)r(τ) for all τ ∈ [0, 1].206

Lemma 4 (Lemma 24, [CLM+16]). Let D := {xi}i∈[n] ⊂ Rd and let S ⊆ [n] have |S| < n
2 . Then,207

∥x⋆ − x∥ ≤
(
2n− 2|S|
n− 2|S|

)
max
i/∈S
∥xi − x∥, for all x ∈ Rd.

4In principle, ϵ can be larger than 1. However, in this paper, sample complexities are unaffected up to
constants for any ϵ ≥ 1 if we simply obtain (1, δ)-DP guarantees rather than (ϵ, δ)-DP guarantees, which are
only stronger. Thus we state all results for ϵ ∈ [0, 1] for convenience, which simplifies some bounds.
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3 Constant-Factor Approximation208

In this section, we give our first result: a fast algorithm for computing an O(1)-approximation to the209

geometric median. We first show how to estimate quantile radii up to constant factors in nearly-linear210

time using subsampled scores, improving Section 2.1 of [HSU24]. We then adapt a weighted variant211

of FriendlyCore to give a simple algorithm for approximate centerpoint computation, improving212

Section 2.2 of [HSU24] for large aspect ratios. Proofs from this section are deferred to Appendix C.213

We first present our radius estimation algorithm.

Algorithm 1 FastRadius(D, r, R, ϵ, δ)

Input: D ∈ Bd(R)n, 0 < r ≤ R, (ϵ, δ) ∈ [0, 1]2

1: (T, k, τ)← (⌈log2(Rr )⌉, 3 log(
4T
δ ), 0.775n)

2: τ̂ ← τ + νthresh for νthresh ∼ Laplace( 6ϵ )
3: for t ∈ [T ] do
4: for i ∈ [n] do
5: S

(i)
t ← Unif([n])⊗k

6: N
(i)
t ← n

k

∑
j∈S(i) I∥xi−xj∥≤rt for rt ← r · 2t−1

7: end for
8: qt ← 1

n

∑
i∈[n] N

(i)
t

9: νt ∼ Laplace( 12ϵ )
10: if qt + νt ≥ τ̂ then
11: Return: rt
12: end if
13: end for
14: Return: R

214

Algorithm 1 is an instance of AboveThreshold with ∆ = 3, where the queries are given on Line 8.215

However, our queries have random sensitivities depending on the subsampling in Line 5. Nonetheless,216

Chernoff bounds control this sensitivity with high probability, which yields privacy via Lemma 2.217

Lemma 5. Algorithm 1 is (ϵ, δ)-DP.218

The proof of Lemma 5 is a simple combination of Fact 4, Lemma 1, and Lemma 2. Next, we state219

a utility bound for Algorithm 1, whose proof is essentially identical to the proof in [HSU24], after220

applying Chernoff bounds to ensure our estimated counts are accurate.221

Lemma 6. Algorithm 1 runs in time O(nd log(Rr ) log(log(
R
r )

1
δ )). Moreover, if r ≤ 4r(0.9) and222

n ≥ 2400
ϵ log( 4Tδ ), with probability ≥ 1− δ, Algorithm 1 outputs r̂ satisfying 1

4r
(0.75) ≤ r̂ ≤ 4r(0.9).223

In summary, Lemmas 5 and 6 show that we can privately estimate r̂ satisfying 1
4r

(0.75) ≤ r̂ ≤ 4r(0.9)224

in nearly-linear time. The upper bound implies (with Lemma 3) that r̂ = O(fD(x⋆)); on the other225

hand, the lower bound will be critically used in our centerpoint estimation procedure, Algorithm 2.226

Algorithm 2 is a simplification of the FriendlyCore algorithm of [TCK+22], that outputs a noisy227

weighted average of the dataset, where the weights {pi}i∈[n] linearly interpolate estimated scores228

fi ∈ [0.5k, 0.75k] into the range [0, 1], sending fi ≥ 0.75k to 1, and fi ≤ 0.5k to 0. We first make229

some basic observations about the points that contribute positively to the weighted combination x̄.230

Lemma 7. Assume that r̂ ≥ r(0.75) in the context of Algorithm 2. With probability ≥ 1− δ
18 , every231

i ∈ [n] that is assigned pi > 0 in Algorithm 2 satisfies ∥xi − x⋆∥ ≤ 3r̂, and Z ≥ 0.6n.232

Lemma 7 constitutes most of our utility analysis, as all contributing points to x̂ are O(r̂) away from233

x⋆, our final desired error. We next note that whenever the algorithm does not return on Line 10, all234

surviving points lie in a ball of diameter O(r̂), under a high-probability event over our subsampling.235

Importantly, this holds independently of any assumption on r̂ (e.g., we do not require r̂ ≥ r(0.75)).236

Lemma 8. Suppose that it is the case that in the context of Algorithm 2, we have237

f⋆
i ≤ 0.45k =⇒ fi ≤ 0.5k, and f⋆

i ≤ 0.55k =⇒ fi ≤ 0.6k, (5)

6



Algorithm 2 FastCenter(D, r̂, ϵ, δ)
Input: D ∈ Bd(R)n, r̂ ∈ R>0, (ϵ, δ) ∈ [0, 1]2

1: k ← 600 log(18nδ )
2: for i ∈ [n] do
3: Si ← Unif([n])⊗k

4: fi ←
∑

j∈S(i) I∥xi−xj∥≤2r̂

5: pi ← min(max(0, fi−0.5k
0.25k ), 1)

6: end for
7: Z ←

∑
i∈[n] pi

8: ξ ∼ BoundedLaplace( 24ϵ ,
24
ϵ log( 24δ ))

9: if Z + ξ − 24
ϵ log( 24δ ) ≤ 0.55n then

10: Return: 0d

11: end if
12: x̄← 1

Z

∑
i∈[n] pixi

13: ξ ∼ N (0d, σ
2Id), for σ ← 1600r̂

nϵ

√
log( 12δ )

14: Return: x̄+ ξ

for all i ∈ [n]. If Z > 0.55n, there exists some x ∈ Rd such that {xi | pi > 0}i∈[n] ⊆ B(x, 4r̂).238

Moreover, the event (5) occurs with probability ≥ 1− δ
9 .239

We are now ready to prove a privacy bound on Algorithm 2. Our proof follows the original privacy240

analysis of FriendlyCore [TCK+22], but accounts for the failure of the “accurate subsampling” event241

(5) by coupling to an algorithm that always ensures (5), and then applying Lemma 1.242

Lemma 9. If n ≥ 20, Algorithm 2 is (ϵ, δ)-DP.243

Combining our developments gives our constant-factor approximation to the geometric median.244

Theorem 3. Let D = {xi}i∈[n] ⊂ Bd(R) for R > 0, let 0 < r ≤ 4r(0.9)(D), and let (ϵ, δ) ∈ [0, 1]2.245

Suppose that n ≥ C · (
√
d · log(

1
δ )

ϵ +
log(

log(R/r)
δ )

ϵ ), for a sufficiently large constant C. There is an246

(ϵ, δ)-DP algorithm that returns (x̂, r̂) such that with probability ≥ 1− δ, following notation (3),247

fD(x̂) ≤ (40C ′ + 1)fD(x⋆(D)), r̂ ≤ 4r(0.9), (6)

for a universal constant C ′. Moreover, ∥x⋆(D)− x̂∥ ≤ C ′r̂. The algorithm runs in time248

O

(
nd log

(
R

r

)
log

(
n log(Rr )

δ

))
.

We remark that Theorem 3 actually comes with the slightly stronger guarantee that we obtain the249

optimal value for the geometric median objective fD, up to an additive error scaling as O(r(0.9)).250

In general, while r(0.9) = O(fD(x⋆(D))) always holds (Lemma 3), it is possible that r(0.9) ≪251

fD(x⋆(D)) if a small fraction of outliers contributes significantly to fD. We also note that for252

datasets where we have more a priori information on the number of outliers we expect to see, we can253

adjust the quantile 0.9 in Theorem 3 to be any quantile > 0.5 by appropriately adjusting constants.254

4 Boosting Approximations via Stable DP-SGD255

In this section, we give a DP algorithm that efficiently minimizes the geometric median objective256

(3) over a domain Bd(x̄, r̂), given a dataset D := {xi}i∈[n]. In our final application to the geometric257

median problem, the optimization domain (i.e., the parameters x̄ ∈ Rd and r̂ ∈ R≥0) will be258

privately estimated using Theorem 3, such that with high probability r̂ = O(fD(x⋆(D))) and259

∥x− x⋆(D)∥ ≤ r̂. In the meantime, we treat the domain Bd(x̄, r̂) as a public input here.260
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Our strategy is to use a localization framework given by [FKT20], which gives a query-efficient261

reduction from private DP-SGD to stable DP-SGD executed in phases. Observe that outputting5262

z− xi

∥z− xi∥
= ∇∥· − xi∥ (z) (7)

for i ∼ Unif([n]) is unbiased for a subgradient of fD(z), leading to the following Algorithm 3.263

Algorithm 3 StableDPSGD(D, x̄, r̂, ρ, δ, η, T )
Input: D = {xi}i∈[n] ⊂ Rd, (x̄, r̂) ∈ Rd × R≥0, ρ > 0, δ ∈ (0, 1), η > 0, T = 2K − 1 ≥ n for
K ∈ N

1: m← 3(Tn + log( 8δ ))
2: for k ∈ [K] do
3: (T (k), η(k), σ(k))← (2−k(T + 1), 4−kη, 3−k (2m+1)η√

ρ )

4: if k = 1 then
5: (z

(k)
0 ,K(k))← (x̄,Bd(x̄, r̂))

6: else
7: (z

(k)
0 ,K(k))← (x̂(k−1),Bd(x̂(k−1), 2σ(k)

√
d log( 4Kδ )))

8: end if
9: for 0 ≤ t < T (k) do

10: g
(k)
t ← z

(k)
t −xi

∥z(k)
t −xi∥

for i ∼ Unif([n])

11: z
(k)
t+1 ← ΠK(k)(z

(k)
t − η(k)g

(k)
t )

12: end for
13: x̄(k) ← 1

T (k)

∑
0≤t<T (k) z

(k)
t

14: ξ(k) ∼ N (0d, (σ
(k))2Id)

15: x̂(k) ← x̄(k) + ξ(k)

16: end for
17: Return: x̂(K)

Remark 1. Several steps in Algorithm 3 are used only in the worst-case utility proof, and do not affect264

privacy. Practical optimizations can be made while preserving privacy guarantees, e.g., removing265

projections onto the changing domains K(k) rather than K(1), which is not used in the privacy proof.266

One optimization we found useful in our experiments (described in Section 5) is replacing the random267

sampling on Line 10 with deterministic passes through the dataset in a fixed order. By doing so,268

we know the total number of accesses of any single element is ≤ m := ⌈Tn ⌉ (rather than the high-269

probability estimate in Lemma 10 for the randomized variant in Algorithm 3). This lets us tighten the270

noise level σ(k) by a fairly significant constant factor, resulting in improved empirical performance.271

We provide a privacy bound on Algorithm 3 in Appendix D.1, and a utility bound in Appendix D.2.272

Our utility proof is fairly standard, and makes small modifications to the original localization analysis273

in [FKT20] to obtain a high-probability error guarantee using martingale arguments.274

Our main technical novelty lies in our privacy proof, which is unconventional as it requires showing275

stability of DP-SGD on a non-smooth function (3). This contrasts with [FKT20], which assumed276

smoothness to achieve fast runtimes. Our main observation to this end is in Lemma 11 and Corollary 1,277

which show Line 11 implemented with a shared xi, but different starting z
(k)
t , (z

(k)
t )′, is contractive,278

unless z(k)t , (z
(k)
t )′ were close. This yields a refined bound on the stability of each phase, allowing us279

to use the [FKT20] reduction for DP. Combining these pieces yields our following main result.280

Theorem 4. Let D = {xi}i∈[n] ⊂ Bd(R) for R > 0, let 0 < r ≤ 4r(0.9)(D), and let (α, ϵ, δ) ∈281

[0, 1]3. Suppose that n ≥ C · (
√
d

αϵ log2.5(
log( d

αδϵ )

δ )), for a sufficiently large constant C. There is282

an (ϵ, δ)-DP algorithm that returns x̂ such that with probability ≥ 1 − δ, following notation (3),283

fD(x̂) ≤ (1 + α)fD(x⋆(D)). The algorithm runs in time284

O

(
nd log

(
R

r

)
log

(
d log(Rr )

αδϵ

)
+

d

α2
log

(
log( d

αδϵ )

δ

))
.

5By default, if x = xi, we let (7) evaluate to 0d, which is a valid subgradient by first-order optimality.
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5 Experiments285

We present empirical evidence supporting the efficacy of our techniques.6 We conduct experiments on286

Algorithm 1 (the radius estimation step of Section 3) and Algorithm 3, to evaluate how subsampled287

estimates and DP-SGD respectively improve the performance of our algorithm.288

We do not present experiments on Algorithm 2, as our current analysis results in loose constants,289

which in our preliminary experimentation significantly impacted the performance of Algorithm 2 in290

practice. We leave optimizing the performance of this step as an important step for future work. Our291

Algorithm 2 and Section 2.2 of [HSU24] had essentially the same theoretical guarantees, so we find292

it in line with the conceptual contribution of this work to evaluate the other two components.293

We use two types of synthetic datasets with outliers, described in Appendix E: GaussianCluster (used294

in [HSU24] as well), and HeavyTailed (a multivariate Student’s t distribution).295

Subsampling. We performed experiments to show the benefit of subsampling in FastRadius (Algo-296

rithm 1) over RadiusFinder (Algorithm 1 from [HSU24]) for differentially private estimation of the297

quantile radius, which is the first step in differentially private estimation of the geometric median.298

Across a variety of settings of n, d, and aspect ratios in our GaussianCluster experiment and degrees299

of freedom in our HeavyTailed, both FastRadius and RadiusFinder consistently resulted in estimates300

≈ 1.2-3× the true quantile radius, with FastRadius’s estimates consistently about 10-20% worse.301

However, the average wall-clock time for our algorithm was roughly 30× faster, even at n = 1000,302

d = 10. We present plots and experimental results for this evaluation in Appendix E.303

Boosting. We also evaluate the performance of our boosting algorithm in Section 4, compared to304

the baseline method from [HSU24]. We in fact evaluate three methods: (1) the baseline method,305

DPGD (vanilla DP gradient descent), as described in Algorithms 3 and 6, [HSU24], but with an306

optimized step size selected through ablation studies (cf. Appendix E); (2) StableDPSGD, i.e., our307

Algorithm 3 implemented as written, and (3) FixedOrderDPSGD, a variant of our Algorithm 3 with308

the last optimization described in Remark 1. We calibrated our noise level in FixedOrderDPSGD to309

ensure a fixed level of CDP via a group privacy argument, where we use that each dataset element is310

deterministically accessed at most m = ⌈Tn ⌉ times in FixedOrderDPSGD with T iterations.311

We present here a representative experiment, deferring a more comprehensive set of experiments312

to Appendix E. Here, we vary n only, fixing all other parameters in a GaussianCluster dataset in313

R50. We report the performance of all three methods, plotting the passes over the dataset used by the314

excess error. Our error metric is 1
r̂ · (fD(x̂)− fD(x̂)), i.e., a multiple of the “effective radius” used.315

This is a more reflective performance metric than the corresponding multiple of fD, as our algorithms316

achieve this bound (cf. discussion after Theorem 3), and fD ≥ r̂ for our datasets due to outliers.317

(a) n = 100 (b) n = 1000 (c) n = 10000

Figure 1: Comparison of DPGD, StableDPSGD, and FixedOrderDPSGD across different datasets
over R50. All plots are averaged across 20 trials and standard deviations are reported as error bars.

Throughout our experiments, we observed consistent trends to Figure 3, where our (optimized)318

algorithm FixedOrderDPSGD outperformed the baseline by an amount depending on n (with better319

performance for larger n), and the unoptimized StableDPSGD achieved worse, but competitive,320

results. We remark that one limitation of our evaluation is that DPGD gradient computations can be321

parallelized, which leads to wall-clock time savings; we discuss this point further in Appendix E.322

6Our subsampling experiments were performed on a single Google Colab CPU, and our boosting experiments
were performed on a personal Apple M4 with 16GB RAM.
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A Discussion of [HSU24] runtime461

We give a brief discussion of the runtime of the [HSU24] algorithm in this section, as the claimed462

runtimes in the original paper do not match those described in Section 1. As the [HSU24] algorithm463

is split into three parts (the first two of which correspond to the warm start phase and the third of464

which corresponds to the boosting phase), we discuss the runtime of each part separately.465

Radius estimation. The radius estimation component of [HSU24] corresponds to Algorithm 1 and466

Section 2.1 of the paper. The authors claim a runtime of O(n2 log(Rr )) for this step due to need to467

do pairwise distance comparisons on a dataset of size n, for O(log(Rr )) times in total. However, we468

believe the runtime should be O(n2d log(Rr )), accounting for the O(d) cost of each comparison.469

Centerpoint estimation. The centerpoint estimation component of [HSU24] corresponds to Algo-470

rithm 2 and Section 2.2 of the paper. We agree with the authors that this algorithm runs in time471

O(nd log(Rr )), and in particular, this step does not dominate any runtime asymptotically.472

Boosting. The boosting component of [HSU24] corresponds to Algorithms 3 and 4 and Section 3473

of the paper. The authors provide two different boosting procedures (based on gradient descent and474

cutting-plane methods) and state their runtimes as Õ(n2d) and Õ(nd2 + d2+ω), where ω < 2.372 is475

the current matrix multiplication exponent [ADV+25]. We agree with the latter runtime analysis;476

however, we believe there is an additive Õ(n3ϵ2) term in the runtime of gradient descent. This follows477

by noting that Algorithm 3 uses ≈ n2ϵ2

d iterations, each of which takes O(nd) time to implement.478

B Deferred material from Section 2479

In this appendix, we provide missing material from Section 2. We begin by proving Lemmas 1 and 3.480

Lemma 1. For (ϵ, δ) ∈ [0, 1]2, A : Xn → Ω be an (ϵ, δ)-DP algorithm, and let A be an algorithm481

such that on any input D ∈ Xn, we have that the total variation distance between A(D) and A(D)482

is at most δ′. Then, A is an (ϵ, δ + 4δ′)-DP algorithm.483

Proof. For neighboring datasets D,D′, and any event E ∈ Ω, we have that484

Pr
[
A(D) ∈ E

]
≤ Pr [A(D) ∈ E ] + δ′

≤ exp (ϵ) Pr [A(D′) ∈ E ] + δ + δ′

≤ exp (ϵ) Pr
[
A(D′) ∈ E

]
+ δ + 4δ′.

The first and last lines used the assumption between A and A, and the second used that A is DP.485

Lemma 3. Let D := {xi}i∈[n] ⊂ Rd. Then, fD (x⋆) ≥ (1− τ)r(τ) for all τ ∈ [0, 1].486

Proof. This is immediate from the definition of fD and nonnegativity of each summand ∥· − xi∥.487

Next we provide pseudocode for Algorithm 4, analyzed in Lemma 2.488

Algorithm 4 AboveThreshold(D, {qt}t∈[T ], τ, ϵ)

Input: D ∈ Xn, sensitivity-∆ queries {qt : Xn → R}t∈[T ], τ ∈ R, ϵ > 0

1: τ̂ ← τ + νthresh for νthresh ∼ Laplace( 2∆ϵ )
2: for t ∈ [T ] do
3: νt ∼ Laplace( 4∆ϵ )
4: if qt(D) + νt ≥ τ̂ then
5: Output: at ← ⊤
6: Halt
7: else
8: Output: at ← ⊥
9: end if

10: end for
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Finally, our developments in Section 4 use the notions of Rényi DP (RDP) and central DP (CDP). We489

provide a self-contained summary of the definitions and properties satisfied by RDP and CDP here,490

but refer the reader to [BS16, Mir17] for a more detailed overview.491

Definition 2 (RDP and CDP). Let α ≥ 1, ρ ≥ 0. We say that a randomized algorithm A : Xn → Ω492

satisfies (α, ρ)-Rényi differential privacy (or, is (α, ρ)-RDP) if for all neighboring datasets D,D′ ∈493

Xn,494

Dα(A(D)∥A(D′)) ≤ αρ.

If this holds for all α ≥ 1, we say A satisfies ρ-central differential privacy (or, is ρ-CDP).495

Fact 3 ([Mir17]). RDP and CDP satisfy the following properties.496

1. (Composition): If A1 : Xn → Ω1 is (α, ρ1)-RDP and A2 : Xn × Ω1 → Ω2 is (α, ρ2) for497

any fixed choice of input from Ω1, the composition of A2 and A1 is (α, ρ1 + ρ2)-RDP.498

2. (RDP to DP): If A is (α, ρ)-RDP, it is also (αρ+ 1
α−1 log

1
δ , δ)-DP for all δ ∈ (0, 1).499

3. (Gaussian mechanism): Let v : Xn → Rk have sensitivity ∆. Then for any σ > 0, drawing500

a sample from N (v(D), σ2Ik) is ∆2

2σ2 -CDP.501

Finally, we require the following standard bound on binomial concentration.502

Fact 4 (Chernoff bound). For all i ∈ [n], let Xi ∼ Bern(pi) for some pi ∈ [0, 1], and let µ :=503 ∑
i∈[n] pi and µ̂ :=

∑
i∈[n] Xi. Then, Pr[µ̂ > (1 + ϵ)µ] ≤ exp(− ϵ2µ

2+ϵ ) for all ϵ ≥ 0, and504

Pr[µ̂ < (1− ϵ)µ] ≤ exp(− ϵ2µ
2 ) for all ϵ ∈ (0, 1).505

C Deferred material from Section 3506

In this appendix, we provide missing material from Section 3.507

Lemma 5. Algorithm 1 is (ϵ, δ)-DP.508

Proof. Fix neighboring datasets D,D′ ∈ Bd(R)n, and assume without loss that they differ in the nth509

entry. Observe that FastRadius (independently) uses randomness in two places: the random subsets510

in Line 5, and the Laplace noise added as in the original AboveThreshold algorithm in Lines 2 and 9.511

We next claim that in any iteration t ∈ [T ], as long as the number of copies of the index n occurring512

in
⋃

i∈[n−1] S
(i)
t is at most 2k, then the sensitivity of the query qt is at most 3. To see this, denoting513

by qt, q
′
t the random queries when Algorithm 1 is run on D, D′ respectively, and similarly defining514

{N (i)
t , (N

(i)
t )′}i∈[n], we observe that the sensitivity is controlled as follows:515

qt − q′t ≤
1

n

∑
i∈[n−1]

(
N

(i)
t −

(
N

(i)
t

)′)
+

n

n

≤ 1

n
· n
k
·

number of copies of n occurring in
⋃

i∈[n−1]

S
(i)
t

+ 1 ≤ 3.

The first line holds because the nth (neighboring) point has N (n)
t ≤ n and (N

(n)
t )′ ≥ 0; the second is516

because every I∥xi−xj∥≤rt used in the computation of N (i)
t is coupled except when j = n is sampled.517

Now, let A denote Algorithm 1, and let A denote a variant that conditions on the randomly-sampled518 ⋃
i∈[n−1] S

(i)
t containing at most 2k copies of the index n, in all encountered iterations t ∈ [T ]. By519

using Fact 4 (with µ← k · n−1
n , ϵ← 1), due to our choice of k,

⋃
i∈[n−1] S

(i)
t contains at most 2k520

copies of n except with probability δ
4T , so by a union bound, the total variation distance between521

A and A is at most δ
4 . Moreover, A is (ϵ, 0)-DP by using Lemma 2. Thus, A is (ϵ, δ)-DP using522

Lemma 1.523

Lemma 6. Algorithm 1 runs in time O(nd log(Rr ) log(log(
R
r )

1
δ )). Moreover, if r ≤ 4r(0.9) and524

n ≥ 2400
ϵ log( 4Tδ ), with probability ≥ 1− δ, Algorithm 1 outputs r̂ satisfying 1

4r
(0.75) ≤ r̂ ≤ 4r(0.9).525
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Proof. The first claim is immediate. To see the second, for all t ∈ [T ] denote the “ideal” query by:526

q⋆t :=
1

n

∑
i∈[n]

∑
j∈[n]

I∥xi−xj∥≤rt ,

and recall Eqt = q⋆t . Our first claim is that with probability ≥ 1− δ
2 , the following guarantees hold527

for all iterations t ∈ [T ] that Algorithm 1 completes:528

q⋆t > 0.8n =⇒ qt > 0.79n, and q⋆t < 0.75n =⇒ qt < 0.76n. (8)

To see the first part of (8), we can view nqt as a random sum of Bernoulli variables with mean529

nq⋆t > 0.8n2 ≥ 20000 log( δ
4T ), so Fact 4 with ϵ← 1

80 yields the claim in iteration t with probability530

≥ 1− δ
2T . Similarly, the second part of (8) follows by using Fact 4 with µ < 0.7n2 and (1 + ϵ)µ←531

0.71n2, because532

exp

(
− ϵ2µ

2 + ϵ

)
≤ exp

(
− ϵ2µ

151ϵ

)
= exp

(
− ϵµ

151

)
≤ exp

(
− n2

15100

)
≤ δ

2T
(9)

for the relevant range of n and ϵ ≥ 1
75 , ϵµ ≥ n2

100 . We thus obtain (8) after a union bound over all533

t ∈ [T ].534

Now, suppose that t ∈ [T ] is the first index where qt + νt ≥ τ̂ , so that r̂ = rt and 1
2 r̂ = rt−1, where535

we let r0 := r
2 . If no such query passes, then we set t = T + 1 by default. Then by the utility536

guarantees of Lemma 6, we have that with probability ≥ 1− δ
2 ,537

qt ≥ 0.76n, qt−1 ≤ 0.79n,

since n
100 ≥ α = 24

ϵ log( 4Tδ ) . By taking the contrapositive of (8), we can conclude that with538

probability ≥ 1− δ, we have q⋆t ≥ 0.75n and q⋆t−1 ≤ 0.8n. Condition on this event for the rest of539

the proof.540

Because q⋆t ≥ 0.75n, there is clearly some xi ∈ D such that |D ∩ Bd(xi, r̂)| ≥ 0.75n, as this is the541

average number of dataset elements in a radius-r̂ ball centered at a random x ∈ D. Now applying542

Lemma 4 with S set to the indices of D \ Bd(xi, r̂), so that |S| ≤ 0.25n, gives543

∥x⋆ − xi∥ ≤ 3r̂ =⇒ ∥x⋆ − xj∥ ≤ 4r̂ for all xj ∈ D ∩ Bd(xi, r̂).

This implies 4r̂ ≥ r(0.75) as claimed. Further, because q⋆t−1 ≤ 0.8n, we claim r̂
2 > 2r(0.9) cannot544

hold. Assume for contradiction that this happened, and let S := D ∩ Bd(x⋆, r
(0.9)). By the triangle545

inequality, for all of the 0.9n choices of xi ∈ S, we have that546 ∑
j∈[n]

I∥xi−xj∥≤ r̂
2
≥ 0.9n,

which implies that q⋆t−1 ≥ 0.81n, a contradiction. Thus, we obtain r̂ ≤ 4r(0.9) as well.547

We remark that all of this logic handles the case where 2 ≤ t ≤ T is the iteration where Algorithm 1548

returns. However, it is straightforward to check that the conclusion holds when t = 1 (i.e., r̂ = r)549

because we assumed r ≤ 4r(0.9), and the lower bound logic on r̂ is the same as before. Similarly, if550

r̂ = R, then the upper bound logic on r̂ is the same as before, and 2R ≥ r(1) ≥ r(0.75) ≥ 2
4r

(0.75) is551

clear.552

Lemma 7. Assume that r̂ ≥ r(0.75) in the context of Algorithm 2. With probability ≥ 1− δ
18 , every553

i ∈ [n] that is assigned pi > 0 in Algorithm 2 satisfies ∥xi − x⋆∥ ≤ 3r̂, and Z ≥ 0.6n.554

Proof. Our proof is analogous to Lemma 6, where for all i ∈ [n] we define the “ideal score”555

f⋆
i :=

k

n

∑
j∈[n]

I∥xi−xj∥≤2r̂,

such that Efi = f⋆
i . We first claim that with probability ≥ 1− δ

18 , the following hold for all i ∈ [n]:556

f⋆
i ≥ 0.75k =⇒ fi ≥ 0.7k, and f⋆

i ≤ 0.45k =⇒ fi ≤ 0.5k. (10)
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The first claim above is immediate from our choice of k and Fact 4 (with failure probability ≤ δ
18n557

for each i ∈ [n]); the second follows (with the same failure probability) similarly to (9), i.e.,558

exp

(
− ϵ2µ

2 + ϵ

)
≤ exp

(
−ϵµ

20

)
≤ exp

(
− k

400

)
≤ δ

18n
,

in our application, with ϵ ≥ 1
9 and ϵµ ≥ k

20 . Thus a union bound proves (10).559

To obtain the first claim, observe that any i ∈ [n] with ∥xi − x⋆∥ > 3r̂ must have that B(xi, 2r̂) does560

not intersect B(x⋆, r̂). However, B(x⋆, r̂) contains 0.75n points in D by assumption, so f⋆
i ≤ 0.25k561

and thus as long as the implication (10) holds, then pi = 0 as desired. For the second claim, any xi562

satisfying ∥xi − x⋆∥ ≤ r(0.75) has |B(xi, 2r̂)∩D| ≥ 0.75n, so that f⋆
i ≥ 0.7k. Thus, every such xi563

has pi ≥ 0.8 as long as (10) holds, so the total contribution made by the ≥ 0.75n such xi to Z is at564

least 0.6n.565

Lemma 8. Suppose that it is the case that in the context of Algorithm 2, we have566

f⋆
i ≤ 0.45k =⇒ fi ≤ 0.5k, and f⋆

i ≤ 0.55k =⇒ fi ≤ 0.6k, (5)

for all i ∈ [n]. If Z > 0.55n, there exists some x ∈ Rd such that {xi | pi > 0}i∈[n] ⊆ B(x, 4r̂).567

Moreover, the event (5) occurs with probability ≥ 1− δ
9 .568

Proof. The first statement in (5) was proven in (10) to hold with probability δ
18 , and the second569

statement’s proof is identical to the first half up to changing constants, so we omit it. Conditioned on570

this event, every xi with pi > 0 has f⋆
i > 0.45k. Moreover, because Z > 0.55n, there exists some571

j ∈ [n] (i.e., with the maximum value of pj) such that pj > 0.55, which implies fj > 0.6k and thus572

f⋆
j > 0.55k.573

So, we have shown that B(xj , 2r̂) contains more than 0.55n points in D, and every surviving i ∈ [n]574

(i.e., with positive pi) contains more than 0.45n points in D. Thus, B(xj , 2r̂) and B(xi, 2r̂) intersect,575

and in particular, B(xj , 4r̂) contains every surviving point by the triangle inequality.576

Lemma 9. If n ≥ 20, Algorithm 2 is (ϵ, δ)-DP.577

Proof. Fix neighboring datasets D,D′ ∈ Bd(R)n, and assume without loss that they differ in the nth578

entry xn ̸= x′
n. We will define A, an alternate variant of Algorithm 2, which we denote A, where we579

condition on the following two events occurring. First, the index n should occur at most 2k times in580 ⋃
i∈[n−1] Si. Second, the implications (5) must hold. It is clear that the first described event occurs581

with probability ≥ 1− δ
18 by using Fact 4 with our choice of k, and we proved in Lemma 8 that the582

second described event occurs with probability ≥ 1− δ
9 . Thus, the total variation distance betweenA583

andA is at most δ
6 . We will prove thatA is (ϵ, δ

3 )-DP, from which Lemma 1 gives thatA is (ϵ, δ)-DP.584

We begin by showing that according to A, the statistic Z + ξ − 24
ϵ log( 24δ ) satisfies ( ϵ2 ,

δ
6 )-DP. To do585

so, we will prove that Z has sensitivity ≤ 12, and then apply Fact 2. Recall that by assumption, when586

A is run the number of times n appears in
⋃

i∈[n] Si is at most 2k. Thus, for coupled values of Z,Z ′587

corresponding to D,D′, where the coupling is over the random indices selected on Line 3,588

Z − Z ′ ≤ 1

0.25k
(k − 0) +

1

0.25k

number of copies of n occurring in
⋃

i∈[n−1]

Si

 ≤ 12.

In fact, we note that the following stronger unsigned bound holds:589 ∑
i∈[n]

|pi − p′i| ≤ 4 +
∑

i∈[n−1]

|pi − p′i|

≤ 4 +
1

0.25k

number of copies of n occurring in
⋃

i∈[n−1]

Si

 ≤ 12,

(11)

because the clipping to the interval [0, 1] in the definitions of pi, p′i can only improve |pi − p′i|, and590

the distance between the corresponding fi, f
′
i is at most the number of copies of n occurring in them.591
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Now, it remains to bound the privacy loss of the rest of A, depending on whether Line 9 passes. If592

the algorithm terminates on Line 10, then there is no additional privacy loss.593

Otherwise, suppose we enter the branch starting on Line 12. Our next step is to bound the sensitivity594

of x̄. Observe that whenever this branch is entered, we necessarily have Z > 0.55n (and similarly,595

Z ′ > 0.55n), because Z + ξ − 24
ϵ log( 24δ ) ≤ Z deterministically. Thus, Lemma 8 guarantees that in596

A, all xi ∈ D with pi > 0 are contained in a ball of radius 4r̂, and similarly all surviving elements597

in D′ are contained in a ball of radius 4r̂. However, there are at least 0.55n surviving elements of598

both D and D′, and in particular, for the given range of n there are at least two common surviving599

elements (one of which must be shared). A ball of radius 8r̂ around this element, which we denote600

x̂ in the rest of the proof, contains all surviving elements in D (according to {pi}i∈[n]) and in D′601

(according to {p′i}i∈[n]).602

Now we wish to bound x̄− x̄′, where x̄′ := 1
Z′

∑
i∈[n] p

′
ix

′
i. We have shown that inA, |Z−Z ′| ≤ 12603

and min(Z,Z ′) ≥ 0.55n. For convenience, define yi := xi − x̂ for all i ∈ [n], and similarly define604

y′
i. Recalling that all surviving elements of D ∪D′ are contained in B(x̂, 8r̂),605

∥x̄− x̄′∥ =

∥∥∥∥∥∥ 1Z
∑
i∈[n]

piyi −
1

Z ′

∑
i∈[n]

p′iy
′
i

∥∥∥∥∥∥
≤
∣∣∣∣ 1Z − 1

Z ′

∣∣∣∣
∥∥∥∥∥∥
∑

i∈[n−1]

piyi

∥∥∥∥∥∥+ 1

Z ′

∥∥∥∥∥∥
∑

i∈[n−1]

(pi − p′i)yi

∥∥∥∥∥∥+ pn
Z
∥yn∥+

p′n
Z ′ ∥y

′
n∥

≤
∣∣∣∣Z ′ − Z

Z ′

∣∣∣∣
∥∥∥∥∥∥ 1Z

∑
i∈[n−1]

piyi

∥∥∥∥∥∥+ 8r̂

0.55n

∑
i∈[n−1]

|pi − p′i|+
16r̂

0.55n

≤ 96r̂

0.55n
+

104r̂

0.55n
+

16r̂

0.55n
≤ 400r̂

n
.

The first line shifted both x̄ and x̄′ by x̂, and the second line applied the triangle inequality. The third606

line applied the triangle inequality to the middle term, and bounded the contribution of yn by using607

that ∥yn∥ ≤ 8r̂ if pn > 0; a similar bound applies to y′
n. In the fourth line, we used the triangle608

inequality on the first term, as well as that
∑

i∈[n−1] |pi − p′i| ≤ 1+ 12 by using (11) and accounting609

for the nth point separately. Thus, x̄ has sensitivity 400r̂
n in A. Fact 1 now guarantees that Line 17 is610

also ( ϵ2 ,
δ
6 )-DP.611

Theorem 3. Let D = {xi}i∈[n] ⊂ Bd(R) for R > 0, let 0 < r ≤ 4r(0.9)(D), and let (ϵ, δ) ∈ [0, 1]2.612

Suppose that n ≥ C · (
√
d · log(

1
δ )

ϵ +
log(

log(R/r)
δ )

ϵ ), for a sufficiently large constant C. There is an613

(ϵ, δ)-DP algorithm that returns (x̂, r̂) such that with probability ≥ 1− δ, following notation (3),614

fD(x̂) ≤ (40C ′ + 1)fD(x⋆(D)), r̂ ≤ 4r(0.9), (6)

for a universal constant C ′. Moreover, ∥x⋆(D)− x̂∥ ≤ C ′r̂. The algorithm runs in time615

O

(
nd log

(
R

r

)
log

(
n log(Rr )

δ

))
.

Proof. Regarding the utility bound, we will only establish that ∥x⋆(D)− x̂∥ ≤ C ′r̂, which also616

gives (6) upon observing that fD is 1-Lipschitz, and fD(x⋆(D)) ≥ 0.1r(0.9)(D), due to Lemma 3.617

We first run Algorithm 1 with (ϵ, δ)← ( ϵ2 ,
δ
2 ), which gives for large enough C (via Lemma 6)618

1

4
r(0.75) ≤ r̂ ≤ 4r(0.9), (12)

with probability ≥ 1− δ
2 . Next, we run Algorithm 2 with this value of r̂, and parameters (ϵ, δ)←619

( ϵ2 ,
δ
2 ). The privacy of composing these two algorithms now follows from Lemmas 5 and 9, and the620

runtime follows from Lemma 6, because Algorithm 1’s runtime does not dominate upon inspection.621
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It remains to argue about the utility, i.e., that ∥x⋆(D)− x̂∥ ≤ C ′r̂. Conditioned on (12) holding,622

Lemma 6 guarantees that with probability ≥ 1− δ
4 , we have that ∥x̄− x⋆(D)∥ ≤ 3r̂, as a positively-623

weighted average of points in Bd(x⋆(D), 3r̂). Finally, for the given value of σ in Algorithm 1,624

standard Gaussian concentration bounds imply that with probability ≥ 1− δ
4 ,625

∥x̄− x̂∥ = ∥ξ∥ ≤ 3σ

√
d log

(
4

δ

)
= O

(
r̂ ·
√
d log( 1δ )

nϵ

)
= O(r̂).

Thus, ∥x⋆(D)− x̂∥ ≤ C ′r̂ holds for an appropriate C ′, except with probability δ.626

D Deferred material from Section 4627

In this appendix, we provide a privacy and utility proof for Algorithm 3, and combine them to prove628

Theorem 4. To recall, Algorithm 3 proceeds in phases K ≈ log(T ). In each phase (loop of Lines 2629

to 16) other than k = 1, we define a domain K(k) centered at the output of the previous phase with630

geometrically shrinking radius ∝ σ(k); the domain for phase k = 1 is simply Bd(x̄, r̂). After this,631

we take T (k) steps of SGD over K(k) with step size η(k), and output a noised variant of the average632

iterate in Lines 13 to 15.633

D.1 Privacy of Algorithm 3634

We first show that Algorithm 3 satisfies (ϵ, δ)-DP for an appropriate choice of ρ. When the sample635

functions of interest are smooth (i.e., have bounded second derivative), [FKT20] gives a proof636

based on the contractivity of iterates. This is based on the observation that gradient descent steps637

with respect to a smooth function are contractive for an appropriate step size (see e.g., Proposition638

2.10, [FKT20]). Unfortunately, our sample functions are of the form ∥· − xi∥, which are not even639

differentiable, let alone smooth. Nonetheless, we inductively prove approximate contractivity of640

Algorithm 3’s iterates by using the structure of the geometric median objective.641

Throughout, we fix neighboring D,D′ ∈ (Rd)n, and assume without loss of generality they differ642

in the nth entry. To simplify notation, we let I ∈ [n]T denote the multiset of T indices sampled in643

Line 10, across all phases. We prove DP of Algorithm 3 using Lemma 1, where we let A denote644

Algorithm 3, and we let A denote a variant of Algorithm 3 conditioned on I containing at most645

m := 3(Tn + log( 8δ )) copies of n. We first bound the total variation distance between A and A using646

Fact 4.647

Lemma 10. With probability ≥ 1− δ
8 , Algorithm 3 yields I containing ≤ m copies of n.648

Proof. In expectation, we have T
n ≥ 1 copies, so the result follows from Fact 4 and our choice of649

m.650

We will show that A is (ϵ, δ
2 )-DP, upon which Lemmas 1 and 10 imply that A (Algorithm 3) is651

(ϵ, δ)-DP. To do so, we control the sensitivity of each iterate z
(k)
t , using the following two helper652

facts.653

Fact 5 ([Roc76]). Let K ⊂ Rd be a compact, convex set. Then for any x,y ∈ Rd, we have654

∥ΠK(x)−ΠK(y)∥ ≤ ∥x− y∥ .

Lemma 11. For any unit vectors u,v ∈ Rd, and a, b > 0, let x = au and y = bv. Then, letting655

x′ ← (a− η)u and y′ ← (b− η)v, we have ∥x′ − y′∥ ≤ max(∥x− y∥ , 3η).656

Proof. We claim that657

∥x′ − y′∥ ≤ ∥x− y∥ ⇐⇒ a+ b ≥ η, (13)

from which the proof follows from observing that if a+ b ≤ η, then we can trivially bound658

∥x′ − y′∥ ≤ ∥x− y∥+ 2η ≤ a+ b+ 2η ≤ 3η.
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Indeed, (13) follows from a direct expansion:659

∥x− y∥2 − ∥x′ − y′∥2 = a2 + b2 − 2ab ⟨u,v⟩ − (a− η)2 − (b− η)2 + 2(a− η)(b− η) ⟨u,v⟩
= 2η(a+ b)− 2η2 − 2η(a+ b) ⟨u,v⟩+ 2η2 ⟨u,v⟩
= 2η(a+ b− η)(1− ⟨u,v⟩).

Thus, for η ≥ 0 and ⟨u,v⟩ ≥ 0, we conclude that (13) holds.660

Corollary 1. For any phase k ∈ [K] in Algorithm 3, condition on the value of z(k)0 , and assume that661

I contains at most m copies of n. Then for any 0 ≤ t < Tk, the sensitivity of z(k)t is ≤ (2m+1)η(k).662

Proof. Throughout this proof only, we drop the iteration k from superscripts for notational simplicity,663

so we let T := T (k) and η := η(k), referring to the relevant iterates as {zt}0≤t<T := {z(k)t }0≤t<T (k) .664

We also refer to the index i selected on Line 10 in iteration 0 ≤ t < T by it.665

Fix two copies of the kth phase of Algorithm 3, both initialized at z0, but using neighboring datasets666

D, D′ differing in the nth entry. Also, fix a realization of {it}0≤t<T , such that it = n at most m667

choices of t (note that m is actually a bound on how many times it = n across all phases, so it668

certainly bounds the occurrence count in a single phase). Conditioned on this realization, Algorithm 3669

is now a deterministic mapping from z0 to the iterates {zt}0≤t<T , depending on the dataset used.670

Denote the iterates given by the dataset D by {zt}0≤t<T and the iterates given by D′ by {z′t}0≤t<T ,671

so that z0 = z′0 by assumption. Also, let Φt := ∥zt − z′t∥ for all 0 ≤ t < T . We claim that for all672

0 ≤ t < T ,673

Φt ≤ max(2mt + 1, 3)η, where mt :=
∑

0≤s<t

Iis=n, (14)

i.e., mt is the number of times the index n was sampled in the first t iterations of the phase. If we can674

show (14) holds, then we are done because mt ≤ m by assumption.675

We are left with proving (14), which we do by induction. The base case t = 0 is clear. Suppose (14)676

holds at iteration t. In iteration t+1, if mt+1 = mt+1 (i.e., it = n was sampled), then (14) holds by677

the triangle inequality and the induction hypothesis, because all gradient steps ηgt have ∥ηgt∥ ≤ η,678

and projection to K can only decrease distances (Fact 5). Otherwise, let it = i ̸= n be the sampled679

index, using the common point xi ∈ D ∩ D′. Now, (14) follows from applying Lemma 11 with680

x← zt − xi, y← z′t − xi, u←
zt − xi

∥zt − xi∥
, v← z′t − xi

∥z′t − xi∥
.

In particular, we have that ∥x− y∥ = Φt, and ∥x′ − y′∥ ≥ Φt+1 (due to Fact 5), following681

notation from Lemma 11. We thus have Φt+1 ≤ max(Φt, 3η), which clearly also preserves (14)682

inductively.683

We can now conclude our privacy proof by applying composition to Corollary 1.684

Lemma 12. Let ϵ ∈ [0, 1]. If 1
ρ ≥

4 log( 2
δ )

ϵ2 + 2
ϵ , Algorithm 3 is (ϵ, δ)-DP.685

Proof. We claim that Algorithm 3 satisfies ρ-CDP, conditioned on I containing at most m choices of t686

(we denote this conditional variant byA). By applying the second part of Fact 3 with α← 2 log( 2
δ )

ϵ +1,687

this implies that A is (ϵ, δ
2 )-DP. Because A has total variation distance at most δ

8 to Algorithm 3 due688

to Lemma 10, we conclude using Lemma 1 that Algorithm 3 is (ϵ, δ)-DP.689

We are left to show A satisfies ρ-CDP. In fact, we will show that for all k ∈ [K], the output of the kth690

phase of A, i.e., x̂(k), satisfies ( 169 )−k · ρ2 -CDP (treating the starting iterate z
(k)
0 = x̂(k−1) as fixed).691

Using composition of RDP (the first part of Fact 3), this implies A is ρ-CDP as desired.692

Finally, we bound the CDP of phase k ∈ [K]. Under A, we showed in Corollary 1 that all iterates693

of the kth phase have sensitivity ≤ (2m+ 1)η(k). Thus the average iterate x̄(k) also has sensitivity694

≤ (2m+ 1)η(k) by the triangle inequality. We can now bound the CDP of the kth phase using the695

third part of Fact 3:696

((2m+ 1)η(k))2

2(σ(k))2
=

((2m+ 1)η)2

((2m+ 1)η)2
· 16−k · 9k · ρ

2
≤
(
16

9

)−k

· ρ
2
.
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697

D.2 Utility of Algorithm 3698

We now analyze the error guarantees for Algorithm 3 on optimizing the geometric median objective699

fD (3). We begin by providing a high-probability bound on the utility guarantees of each single700

phase.701

Lemma 13. Following notation of Algorithm 3, we have with probability ≥ 1− δ
2 that702

fD(x̄
(1)− fD(x⋆) ≤

r̂2

2η(1)T (1)
+

η(1)

2
+ 4r̂

√
2 log(4Kδ )

T (1)
,

where x⋆ := argminx∈Bd(x̄,r̂)f(x), and703

fD(x̄
(k))−fD(x̄(k−1)) ≤

2(σ(k))2d log( 4Kδ )

η(k)T (k)
+
η(k)

2
+8σ(k) log

(
4K

δ

)√
2d

T (k)
for all 2 ≤ k ≤ K.

Proof. First, with probability ≥ 1− δ
4 , we have704 ∥∥∥ξ(k)∥∥∥ ≤ 2σ(k)

√
d log

(
4K

δ

)
for all k ∈ [K],

by standard Gaussian concentration. Thus, x̄(k−1) ∈ K(k) for all 2 ≤ k ≤ K, and x⋆ ∈ K(1), except705

with probability δ
4 . Next, consider the kth phase of Algorithm 3, and for some 0 ≤ t < Tk, let us706

denote707

g̃
(k)
t :=

z
(k)
t − xi∥∥∥z(k)t − xi

∥∥∥
where i ∈ [n] is the random index sampled on Line 10 in the tth iteration of phase k. We also denote708

g
(k)
t :=

1

n

∑
i∈[n]

z
(k)
t − xi∥∥∥z(k)t − xi

∥∥∥ .
We observe that E[g̃(k)

t ] = g
(k)
t for any realization of the randomness in all previous iterations.709

Now, by the standard Euclidean mirror descent analysis, see e.g., Theorem 3.2 of [Bub15], for any710

u ∈ K(k),711 〈
η(k)g̃

(k)
t , z

(k)
t − u

〉
≤

∥∥∥z(k)t − u
∥∥∥2

2
−

∥∥∥z(k)t+1 − u
∥∥∥2

2
+

(η(k))2

2
. (15)

Here we implicitly used that ∥g̃(k)
t ∥ ≤ 1 for all choices of the sampled index i ∈ [n]. Now summing712

(15) for all iterations 0 ≤ t < T (k), and normalizing by η(k)T (k), we obtain713

1

T (k)

∑
0≤t<T (k)

〈
g̃
(k)
t , z

(k)
t − u

〉
≤

∥∥∥z(k)0 − u
∥∥∥2

2η(k)T (k)
+

η(k)

2
.

Next, we claim that with probability ≥ 1− δ
4 ,714

1

T (1)

∑
0≤t<T (1)

〈
g
(1)
t − g̃

(1)
t , z

(1)
t − u

〉
≤ 4r̂

√
2 log

(
4K
δ

)
T (1)

,

1

T (k)

∑
0≤t<T (k)

〈
g
(k)
t − g̃

(k)
t , z

(k)
t − u

〉
≤ 8σ(k) log

(
4K

δ

)√
2d

T (k)
for all 2 ≤ k ≤ K.

In each case, this is because ⟨g(k)
t − g̃

(k)
t , z

(k)
t − u⟩ is a mean-zero random variable, that is bounded715

(with probability 1) by twice the diameter of K(k). Thus we can bound the sub-Gaussian parameter716

20



of their sum, and applying the Azuma-Hoeffding inequality then gives the result. Now, finally by717

convexity,718

1

T (1)

∑
0≤t<T (1)

〈
g
(1)
t , z

(1)
t − u

〉
≥ 1

T (1)

∑
0≤t<T (1)

fD(z
(1)
t )− fD(u) ≥ fD(x̄

(1))− fD(u),

1

T (k)

∑
0≤t<T (k)

〈
g
(k)
t , z

(k)
t − u

〉
≥ 1

T (k)

∑
0≤t<T (k)

fD(z
(k)
t )− fD(u) ≥ fD(x̄

(k))− fD(u) for all 2 ≤ k ≤ K.

Combining the above three displays, and plugging in u ← x⋆ or u ← x̄(k−1), now gives the719

conclusion.720

By summing the conclusion of Lemma 13 across all phases, we obtain an overall error bound.721

Lemma 14. Following notation of Algorithm 3 and Lemma 13, we have with probability≥ 1− δ that722

fD(x̂
(K))− fD(x⋆) ≤

r̂2

16ηT
+ 19η + 8r̂

√
log( 4Kδ )

T
+

1314Tηd log4( 8Kδ )

ρn2
.

Proof. Throughout this proof, condition on the conclusion of Lemma 13 holding, as well as723 ∥∥∥ξ(K)
∥∥∥ ≤ 2σ(K)

√
d log

(
2

δ

)
,

both of which hold with probability ≥ 1− δ by a union bound. Next, by Lemma 13,724

fD(x̂K)− fD(x⋆) = fD(x̄
(1))− fD(x⋆) +

K∑
k=2

fD(x̄
(k))− fD(x̄

(k−1)) + fD(x̂K)− fD(x̄K)

≤ r̂2

2η(1)T (1)
+

η(1)

2
+ 4r̂

√
2 log(4Kδ )

T (1)

+

K∑
k=2

(
2(σ(k))2d log( 4Kδ )

η(k)T (k)
+

η(k)

2
+ 8σ(k) log

(
4K

δ

)√
2d

T (k)

)
+
∥∥∥ξ(K)

∥∥∥
≤ r̂2

16ηT
+

η

2
+ 8r̂

√
log( 4Kδ )

T
+

144m2ηd log( 4Kδ )

ρT
+

12
√
dmη log( 4Kδ )
√
ρT

≤ r̂2

16ηT
+

η

2
+ 8r̂

√
log( 4Kδ )

T
+

1296Tηd log3( 8Kδ )

ρn2
+

36
√
dTη log2( 8Kδ )
√
ρn

≤ r̂2

16ηT
+ 19η + 8r̂

√
log( 4Kδ )

T
+

1314Tηd log4( 8Kδ )

ρn2
.

The third line used Lipschitzness of fD, the fourth summed parameters using various geometric725

sequences, the fifth plugged in our value of m, and the last split the fifth term using 2ab ≤ a2 + b2726

appropriately.727

By combining Lemmas 12 and 14 with Theorem 3, we obtain our main result on privately approxi-728

mating the geometric median to an arbitrary multiplicative factor 1 + α, given enough samples.729

Theorem 4. Let D = {xi}i∈[n] ⊂ Bd(R) for R > 0, let 0 < r ≤ 4r(0.9)(D), and let (α, ϵ, δ) ∈730

[0, 1]3. Suppose that n ≥ C · (
√
d

αϵ log2.5(
log( d

αδϵ )

δ )), for a sufficiently large constant C. There is731

an (ϵ, δ)-DP algorithm that returns x̂ such that with probability ≥ 1 − δ, following notation (3),732

fD(x̂) ≤ (1 + α)fD(x⋆(D)). The algorithm runs in time733

O

(
nd log

(
R

r

)
log

(
d log(Rr )

αδϵ

)
+

d

α2
log

(
log( d

αδϵ )

δ

))
.
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Proof. We first apply Theorem 3 to compute a (x̄, r̂) pair satisfying734

r̂ ≤ C ′r(0.9)(D), ∥x̄− x⋆(D)∥ ≤ r̂,

for a universal constant C ′, subject to ( ϵ2 ,
δ
2 )-DP and δ

2 failure probability. We can verify that735

Theorem 3 gives these guarantees within the stated runtime, for a large enough C. Next, we call736

Algorithm 3 with ρ← ϵ2

32 log( 4
δ )

and δ ← δ
2 , which is ( ϵ2 ,

δ
2 )-DP by Lemma 12, so this composition737

is (ϵ, δ)-DP.738

Denoting x̂ := x̂(K) to be the output of Algorithm 3, Lemma 14 guarantees that with probability739

≥ 1− δ
2 ,740

fD(x̂)− fD(x⋆(D)) ≤
r̂2

16ηT
+ 19η + 8r̂

√
log( 16Kδ )

T
+

5256Tηd log5( 16Kδ )

ϵ2n2
,

for some choice of η, T and our earlier choices of privacy parameters. Optimizing in η, we have741

fD(x̂)− fD(x⋆(D)) ≤ 12r̂

√
log( 16Kδ )

T
+

37r̂
√

d log5( 16Kδ )

ϵn
.

Finally, for a large enough C in the definition of n, and T ≥ n+
57600(C′)2 log( 16K

δ )

α2 , we obtain742

fD(x̂)−fD(x⋆(D)) ≤ 12r̂

√
log( 16Kδ )

T
+

37r̂
√
d log5( 16Kδ )

ϵn
≤ αr̂

10C ′ ≤
αr(0.9)

10
≤ αfD(x⋆(D)).

The last inequality used Lemma 3. Now, the runtime follows from combining Theorem 3 and the fact743

that every iteration of Algorithm 3 can clearly be implemented in O(d) time.744

E Deferred material from Section 5745

We first describe the datasets used for our experiments in Section 5.746

GaussianCluster(R,n, d, σ, fracin): This dataset is described in Appendix H of [HSU24]. We draw747

nin = fracin n points i.i.d. from N (µ, σ2Id) with µ uniform on the sphere of radius R
2 , and748

nout = n− nin outliers uniformly from the Euclidean ball of radius R.749

HeavyTailed(ν, n, d): This dataset samples n points in Rd from a zero-mean multivariate Student’s t750

distribution with identity scale and degrees of freedom ν.751

To avoid contamination in hyperparameter selection, every experiment is performed with a fresh752

dataset.753

Subsampling. We now provide more details and results on our evaluation of Algorithm 1.754

In the first experiment (Figure 2a), we set n = 1000, d = 10, inlier fraction fracin = 0.9, standard755

deviation σ = 0.1, and choose an upper bound R from the set {0.5, 1, 2, 4, 8, 10}. The dataset is756

generated as GaussianCluster(R,n, d, σ, fracin) dataset. We set privacy parameters ε = 1.0 and757

δ = 10−5, quantile fraction γ = 0.75, and for each trial we sample rmin ∼ Unif([0.005, 0.02]) to758

randomly initialize our search grid. Since γ < fracin, we estimate the ground-truth quantile radius759

rtrue = σ
√
d, run both algorithms on this dataset, measure the estimated radius r̂ and wall-clock760

runtime, and report the mean and standard deviation of the estimation ratio r̂/rtrue and runtime over761

100 independent trials.762

In the second experiment (Figure 2b), we assess the robustness of FastRadius and RadiusFinder763

to heavy-tailed data. We set n = 1000 and d = 10 in the HeavyTailed(ν, n, d) dataset with764

varying degrees of freedom ν ∈ {2, 4, 6, 8, 10, 12, 14, 16, 18, 20}. For each trial, we sample rmin ∼765

Unif([0.005, 0.02]), set privacy parameters ε = 1.0, δ = 10−5 and quantile fraction γ = 0.75. We766

estimate the theoretical quantile radius rtrue =
√
dFd,ν(γ) where Fd,ν is the CDF of an F(d, ν)767

distribution, which is the Fisher F-distribution with d and ν degrees of freedom, execute both768

algorithms, record r̂ and runtime, and summarize the mean and standard deviation of the ratio r̂/rtrue769

and runtime across 100 repetitions.770
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(a) Ratio of the estimated quantile radius to the true radius
with varying data radius R.

(b) Ratio of the estimated quantile radius to the true
radius with varying degrees of freedom ν.

Figure 2: Comparison of RadiusFinder and FastRadius across different data distributions. All plots
are averaged across 100 trials and standard deviations are reported as error bars.

We observe that in both cases, across a range of increasingly heavier tails of the distributions, both al-771

gorithms achieve reasonable approximation to the true quantile radius, always staying multiplicatively772

between roughly 1.2 to 3 of the true quantile radius. We further record the average wall-clock time773

required by both algorithms in Table 1. We observe that FastRadius is significantly faster compared774

to RadiusFinder, while performing competitively in terms of estimation quality.775

We remark that we also experimented with varying n ∈ {500, 1000, 2000} and d ∈ {5, 10, 20} and776

observed qualitatively similar trends for the performance of both algorithms.777

Table 1: Average wall-clock time in seconds over 100 trials for each algorithm in each experiment
Experiment RadiusFinder FastRadius

Varying R (Figure 2a) 1.192± 0.047 0.0411± 0.002
Varying ν (Figure 2b) 1.204± 0.171 0.0413± 0.007

Boosting. We conclude by describing our evaluation the performance of our boosting algorithm778

in Section 4 based on a low-pass DP-SGD implementation, compared to the baseline method from779

[HSU24].780

We briefly describe our hyperparameter optimization process for the baseline, DPGD. To satisfy781

ρ-CDP, Algorithm 3 in [HSU24] recommends a constant step size of ηbase = 2r̂
√

d
6ρn2 , where r̂ is782

the estimated radius. We examined performance using various step sizes η = ηbase · ηmultiplier with783

multipliers ηmultiplier ∈ {0.5, 1, 10, 30, 50, 100}. Our results indicate that the ηmultiplier depends784

significantly on dataset size, in that larger datasets benefit from higher ηmultiplier. Specifically,785

we observe that as n increases, larger ηmultiplier values consistently reduce optimization error, but786

with diminishing returns. Based on these experiments, we select ηmultiplier = 30 for DPGD in our787

experiments, as this consistently provides nearly the best performance across the range of datasets788

and parameter settings in our evaluation.789

We now describe our setup. In all our experiments, we set d = 50, ρ = 0.5, and vary n ∈790

{100, 1000, 10000}. For the GaussianCluster dataset, we set σ = 0.1 and vary the bounding radius791

R ∈ {25, 50, 100}. We set our estimated initial radius r̂ = 20σ
√
d and initialize all algorithms at792

a uniformly random point on the surface of Bd(0.75r̂).7 For the HeavyTailed dataset, we use the793

same values of d, ρ, and the same range of n. We vary ν ∈ {2.5, 5.0, 10.0}, set our estimated initial794

radius r̂ = 20
√

dFd,ν(0.75) to be consistent with our subsampling experiment, and again initialize795

randomly on the surface of Bd(0.75r̂).796

7We chose a relatively pessimistic multiple of r̂ to create a larger initial loss and account for estimation error.
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In our first set of experiments, we used the middle “scale” parameter, i.e., R = 50 for the797

GaussianCluster dataset and ν = 5.0 for the HeavyTailed dataset, varying n only. We report798

the performance of the three evaluated methods, plotting the passes over the dataset used by the799

excess error. Our error metric is 1
r̂ · (fD(x̂)− fD(x̂)), i.e., a multiple of the “effective radius” used in800

the experiment. This is a more reflective performance metric than the corresponding multiple of fD,801

as our algorithms achieve this bound (see discussion after Theorem 3), and fD ≥ r̂ for our datasets802

due to outliers.803

(a) n = 100 (b) n = 1000 (c) n = 10000

Figure 3: Comparison of DPGD, StableDPSGD, and FixedOrderDPSGD across GaussianCluster
data over R50, varying n. Plots averaged across 20 trials and standard deviations are reported as error
bars.

Across GaussianCluster datasets of size n ∈ {100, 1000, 10000}, we consistently saw that our804

optimized FixedOrderDPSGD performed the best, with comparisons between the baseline DPGD805

and StableDPSGD fluctuating depending on the dataset size. As the theory predicts, the gains of806

stochastic methods in terms of error-to-pass ratios are more stark when dataset sizes are larger,807

reflecting the superlinear gradient query complexity (each requiring one pass) that DPGD needs to808

obtain the optimal utility.809

(a) n = 1000 (b) n = 10000

Figure 4: Comparison of DPGD, StableDPSGD, and FixedOrderDPSGD across HeavyTailed data
over R50, varying n. Plots averaged across 20 trials and standard deviations are reported as error bars.

We next present our comparisons for the HeavyTailed dataset. Here, a step size multiple of ηmultiplier =810

30 was too aggressive for the baseline DPGD to reliably converge when n = 100, but smaller811

steps impacted the performance of DPGD with larger sample sizes. On the sample sizes where812

DPGD successfully converged, we saw that our FixedOrderDPSGD consistently outperformed813

StableDPSGD, whereas the baseline DPGD slightly outperformed FixedOrderDPSGD when n =814

1000 was moderate. The improved performance of DPGD may be related to the relative simplicity of815

this dataset, where all the data is distributed in a rotationally symmetric way around the “population816

geometric median,” i.e., the mean.817

In our second set of experiments, we fixed the size of the dataset at n = 1000, varying the scale818

parameter (R for GaussianCluster and ν for HeavyTailed). We observed that the relative performance819

of our evaluated algorithms was essentially unchanged across the parameter settings we considered.820

Finally, we remark that one major limitation of our evaluation is that full-batch gradient methods821

such as DPGD can be implemented with parallelized gradient computations, leading to wall-clock822

time savings. In our experiments, DPGD often performed better than FixedOrderDPSGD in terms823

of wall-clock time (for the same estimation error), even when it incurred significantly larger pass824
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(a) R = 25 (b) R = 50 (c) R = 100

Figure 5: Comparison of DPGD, StableDPSGD, and FixedOrderDPSGD across GaussianCluster
data over R50, varying R. Plots averaged across 20 trials and standard deviations are reported as error
bars.

(a) ν = 2.5 (b) ν = 5 (c) ν = 10

Figure 6: Comparison of DPGD, StableDPSGD, and FixedOrderDPSGD across HeavyTailed data
over R50, varying ν. Plots averaged across 20 trials and standard deviations are reported as error bars.

complexities. On the other hand, we expect the gains of methods based on DP-SGD to be larger as825

the dataset size and dimension (n, d) grow. There are interesting natural extensions towards realizing826

the full potential of private optimization algorithms in practice, such as our Algorithm 3, e.g., the827

benefits of using adaptive step sizes or minibatches, which we believe are important and exciting828

future directions.829
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paper’s contributions and scope?833
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made in the paper.839
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that is necessary to appreciate the results and make sense of them.972

• The full details can be provided either with the code, in appendix, or as supplemental973

material.974

7. Experiment statistical significance975

Question: Does the paper report error bars suitably and correctly defined or other appropriate976

information about the statistical significance of the experiments?977

Answer: [Yes]978

Justification: All reported figures come with at least 20 runs and error bars.979

Guidelines:980

• The answer NA means that the paper does not include experiments.981

• The authors should answer "Yes" if the results are accompanied by error bars, confi-982

dence intervals, or statistical significance tests, at least for the experiments that support983

the main claims of the paper.984

• The factors of variability that the error bars are capturing should be clearly stated (for985

example, train/test split, initialization, random drawing of some parameter, or overall986

run with given experimental conditions).987
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• The method for calculating the error bars should be explained (closed form formula,988

call to a library function, bootstrap, etc.)989

• The assumptions made should be given (e.g., Normally distributed errors).990

• It should be clear whether the error bar is the standard deviation or the standard error991

of the mean.992

• It is OK to report 1-sigma error bars, but one should state it. The authors should993

preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis994

of Normality of errors is not verified.995

• For asymmetric distributions, the authors should be careful not to show in tables or996

figures symmetric error bars that would yield results that are out of range (e.g. negative997

error rates).998

• If error bars are reported in tables or plots, The authors should explain in the text how999

they were calculated and reference the corresponding figures or tables in the text.1000

8. Experiments compute resources1001

Question: For each experiment, does the paper provide sufficient information on the com-1002

puter resources (type of compute workers, memory, time of execution) needed to reproduce1003

the experiments?1004

Answer: [Yes]1005

Justification: We discuss the computational resources used in our experiments in Section 5.1006

Guidelines:1007

• The answer NA means that the paper does not include experiments.1008

• The paper should indicate the type of compute workers CPU or GPU, internal cluster,1009

or cloud provider, including relevant memory and storage.1010

• The paper should provide the amount of compute required for each of the individual1011

experimental runs as well as estimate the total compute.1012

• The paper should disclose whether the full research project required more compute1013

than the experiments reported in the paper (e.g., preliminary or failed experiments that1014

didn’t make it into the paper).1015

9. Code of ethics1016

Question: Does the research conducted in the paper conform, in every respect, with the1017

NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?1018

Answer: [Yes]1019

Justification: We confirm that our research conforms with the NeurIPS Code of Ethics.1020

Guidelines:1021

• The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.1022

• If the authors answer No, they should explain the special circumstances that require a1023

deviation from the Code of Ethics.1024

• The authors should make sure to preserve anonymity (e.g., if there is a special consid-1025

eration due to laws or regulations in their jurisdiction).1026

10. Broader impacts1027

Question: Does the paper discuss both potential positive societal impacts and negative1028

societal impacts of the work performed?1029

Answer: [NA]1030

Justification: Our work is primarily theoretical in nature, as it studies a fundamental com-1031

putational problem. There is likely a significant pipeline for applications of our results to1032

have downstream social implications, which we do not feel is within our scope to comment1033

on in this paper. We remark that ultimately our algorithms are motivated by robustness and1034

privacy desiderata, so they are in line with (potential) positive societal impacts.1035

Guidelines:1036

• The answer NA means that there is no societal impact of the work performed.1037
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• If the authors answer NA or No, they should explain why their work has no societal1038

impact or why the paper does not address societal impact.1039

• Examples of negative societal impacts include potential malicious or unintended uses1040

(e.g., disinformation, generating fake profiles, surveillance), fairness considerations1041

(e.g., deployment of technologies that could make decisions that unfairly impact specific1042

groups), privacy considerations, and security considerations.1043

• The conference expects that many papers will be foundational research and not tied1044

to particular applications, let alone deployments. However, if there is a direct path to1045

any negative applications, the authors should point it out. For example, it is legitimate1046

to point out that an improvement in the quality of generative models could be used to1047

generate deepfakes for disinformation. On the other hand, it is not needed to point out1048

that a generic algorithm for optimizing neural networks could enable people to train1049

models that generate Deepfakes faster.1050

• The authors should consider possible harms that could arise when the technology is1051

being used as intended and functioning correctly, harms that could arise when the1052

technology is being used as intended but gives incorrect results, and harms following1053

from (intentional or unintentional) misuse of the technology.1054

• If there are negative societal impacts, the authors could also discuss possible mitigation1055

strategies (e.g., gated release of models, providing defenses in addition to attacks,1056

mechanisms for monitoring misuse, mechanisms to monitor how a system learns from1057

feedback over time, improving the efficiency and accessibility of ML).1058

11. Safeguards1059

Question: Does the paper describe safeguards that have been put in place for responsible1060

release of data or models that have a high risk for misuse (e.g., pretrained language models,1061

image generators, or scraped datasets)?1062

Answer: [NA]1063

Justification: All of our data is synthetic, so we do not foresee this as a relevant concern.1064

Guidelines:1065

• The answer NA means that the paper poses no such risks.1066

• Released models that have a high risk for misuse or dual-use should be released with1067

necessary safeguards to allow for controlled use of the model, for example by requiring1068

that users adhere to usage guidelines or restrictions to access the model or implementing1069

safety filters.1070

• Datasets that have been scraped from the Internet could pose safety risks. The authors1071

should describe how they avoided releasing unsafe images.1072

• We recognize that providing effective safeguards is challenging, and many papers do1073

not require this, but we encourage authors to take this into account and make a best1074

faith effort.1075

12. Licenses for existing assets1076

Question: Are the creators or original owners of assets (e.g., code, data, models), used in1077

the paper, properly credited and are the license and terms of use explicitly mentioned and1078

properly respected?1079

Answer: [NA]1080

Justification: We do not use any existing assets in this paper.1081

Guidelines:1082

• The answer NA means that the paper does not use existing assets.1083

• The authors should cite the original paper that produced the code package or dataset.1084

• The authors should state which version of the asset is used and, if possible, include a1085

URL.1086

• The name of the license (e.g., CC-BY 4.0) should be included for each asset.1087

• For scraped data from a particular source (e.g., website), the copyright and terms of1088

service of that source should be provided.1089

30



• If assets are released, the license, copyright information, and terms of use in the1090

package should be provided. For popular datasets, paperswithcode.com/datasets1091

has curated licenses for some datasets. Their licensing guide can help determine the1092

license of a dataset.1093

• For existing datasets that are re-packaged, both the original license and the license of1094

the derived asset (if it has changed) should be provided.1095

• If this information is not available online, the authors are encouraged to reach out to1096

the asset’s creators.1097

13. New assets1098

Question: Are new assets introduced in the paper well documented and is the documentation1099

provided alongside the assets?1100

Answer: [Yes]1101

Justification: We do not release new assets beyond (simple) synthetic dataset creation.1102

Guidelines:1103

• The answer NA means that the paper does not release new assets.1104

• Researchers should communicate the details of the dataset/code/model as part of their1105

submissions via structured templates. This includes details about training, license,1106

limitations, etc.1107

• The paper should discuss whether and how consent was obtained from people whose1108

asset is used.1109

• At submission time, remember to anonymize your assets (if applicable). You can either1110

create an anonymized URL or include an anonymized zip file.1111

14. Crowdsourcing and research with human subjects1112

Question: For crowdsourcing experiments and research with human subjects, does the paper1113

include the full text of instructions given to participants and screenshots, if applicable, as1114

well as details about compensation (if any)?1115

Answer: [NA]1116

Justification: These concerns are not relevant to the scope of this paper.1117

Guidelines:1118

• The answer NA means that the paper does not involve crowdsourcing nor research with1119

human subjects.1120

• Including this information in the supplemental material is fine, but if the main contribu-1121

tion of the paper involves human subjects, then as much detail as possible should be1122

included in the main paper.1123

• According to the NeurIPS Code of Ethics, workers involved in data collection, curation,1124

or other labor should be paid at least the minimum wage in the country of the data1125

collector.1126

15. Institutional review board (IRB) approvals or equivalent for research with human1127

subjects1128

Question: Does the paper describe potential risks incurred by study participants, whether1129

such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)1130

approvals (or an equivalent approval/review based on the requirements of your country or1131

institution) were obtained?1132

Answer: [NA]1133

Justification: These concerns are not relevant to the scope of this paper.1134

Guidelines:1135

• The answer NA means that the paper does not involve crowdsourcing nor research with1136

human subjects.1137

• Depending on the country in which research is conducted, IRB approval (or equivalent)1138

may be required for any human subjects research. If you obtained IRB approval, you1139

should clearly state this in the paper.1140
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• We recognize that the procedures for this may vary significantly between institutions1141

and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the1142

guidelines for their institution.1143

• For initial submissions, do not include any information that would break anonymity (if1144

applicable), such as the institution conducting the review.1145

16. Declaration of LLM usage1146

Question: Does the paper describe the usage of LLMs if it is an important, original, or1147

non-standard component of the core methods in this research? Note that if the LLM is used1148

only for writing, editing, or formatting purposes and does not impact the core methodology,1149

scientific rigorousness, or originality of the research, declaration is not required.1150

Answer: [NA]1151

Justification: LLMs do not play any significant component in this research.1152

Guidelines:1153

• The answer NA means that the core method development in this research does not1154

involve LLMs as any important, original, or non-standard components.1155

• Please refer to our LLM policy (https://neurips.cc/Conferences/2025/LLM)1156

for what should or should not be described.1157
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