Appendices

A On the Commutativity Assumption

‘We consider the problem

1 2 — 112 . 9 def T

fx.0) =5 (|Az -y + 0]z — z|p) , with |||}, = =" Dd,
which is a generalization of Example 1 for the matrix norm ||z||%, with a diagonal matrix D. Contrary
to Example 1, the matrix D is not an identity matrix, but instead a diagonal matrix where the diagonal
entries are generated from a Chi-squared distribution. In this case, Assumption 2 is no longer verified.

To investigate whether the two phases dynamics appear also on this class of problems, we repeat the
same experiment as in Figure 2 with the above objective. We plot the result here below, confirming
the same dynamics of an initial Burn-in-Phase followed by a linear convergence phase observed in
the initial experiment.
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Figure 6: Two-phase dynamics without the commutativity assumption. The two-phase dynamics
predicted by Corollary 1 and Theorem 3 empirically hold for a problem that does not satisfy the
commutativity assumption (Assumption 2).

We also reproduced the same setup as in Figure 4 with this matrix norm, obtaining again comparable
results as in the commutative case. This suggest that results regarding the two-phase dynamics could
potentially be developed without Assumption 2, as we observe similar results as in Figure 4.
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B Experiments

B.1 Further experimental details

Hyperparameters. Initialization is always zero, oy = 0, the regularization parameter 6 in the
ridge regression problem is always set to A = 1073|| A|2.
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DATASET n d K

BREAST CANCER 683 10 7.2 x107
BODYFAT 252 14 0.021
SYNTHETIC 200 100 0.18

Train-test split. For every dataset, we only use the train set, where the split is given by the
libsvmtools* project.

Run-time. Given the reduced size of these datasets, the script to compare all methods, which does
a full unrolling for each iteration, runs in under 5 minutes running on CPU.

C Proofs

C.1 Proof of Theorem 1

Theorem 1 (Master identity). Under Assumptions 1, 2, 3, let x;(0) be the t" iterate of a first-order
method associated to the residual polynomial P;. Then the Jabobian error can be written as

d,(0) — 0w, (6) = (P,(H(9)) — P/(H(6))H(6))(dz0(8) — I.(0))

+ P/(H(0))0pV f(x0(6),0) . ®)

Proof. We differentiate both sides of (4) and use Assumption 2:
0x(0) — 0z.(0) = P(H (0))(0z0(0) — 02.(6)) + I’ (H (6))0H (0)(20(0) — x.(6)) .
We now differentiate the equation b(6) = H(0)x,(0) w.r.t. 6,
0b(0) = 0H (0)x,(0) + H(0)0x.(0).
We first substitute 0 H (6)x,(0) by 0b(0) — H(0)0x,(0). After rearrangement, we finally get
0x(6) — 0z.(6) = (F,(H(0)) — P'(H(0))H(0))(0o(0) — 0x.(0))

+ P'(H(0)))[0H(0)xo(0) + 0b(0) + H(0)0xy(0)]

It suffices to notice that the terms inside the square brackets are the cross-derivative of f:

06V f(z,0) = H(0)0x(0) + OH (0)z(0) + 9b(6).

C.2 Proof of Corollary 2

Corollary 2. Assuming G = 0, the bound of Theorem 2 is monotonically decreasing fort > 1 if the
step size h from Theorem 2 satisfies 0 < h < \/2/L.

Proof. In this proof, we assume that ¢ > 1. Indeed, when ¢ = 0 and ¢ = 1, the worst-case bound do
not guarantee any progress over ||0x1(0) — 0x(0)|| F.

First, we notice that when A\ < 1 (i.e., h < 1/L), we have that the rate from Theorem 2 is
monotonically decreasing. Indeed, the derivative over ¢ gives

(1 — RN 7 ((RA(t — 1) 4+ 1) log(1 — hA) + h).

If the following condition is satisfied for all ¢ > 1, the derivative is negative, and therefore the bound
is monotonically decreasing:
hA

log(1 —hA) < Ok

*https://www.csie.ntu.edu.tw/~cjlin/libsvmtools/datasets/
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This is always true since the right-hand side is negative, because hA < 1, and the left-hand side is
always positive since ¢ > 1.

We now assume that there exist some values of A such that A\ > 1. For those values of A\, the
expression in Theorem 2 becomes

(BA =)' {(1 4 (t = 1)hA)[0m0(6) — 0.(6)]| -

We now compute its maximum value. First, we compute its derivative over ¢ and solve % =0. We

obtain the unique solution
1 1

log(hA—1)  h\
This means there is only one maximum in the expression. We now seek a value of hA where the
bound decrease monotonically for ¢ > 1, i.e.,

|021(0) — 0z, ()| F > ||0x2(0) — Ox4(0)||F > ||023(0) — 04 (0)||F > ...

Since we know there is only one maximum, we compute hA such that, in the worst case,
|01(0) — 0x4(0)||r = ||0x2(0) — Ox«(0)| r. We therefore have to solve

(MA=1)(1+hN) =1 = hr=V2
In particular, this means that if hA < /2, the bound decreases monotonically for ¢ = 1, 2, .. ..

t,=1—

C.3 Proof of Theorem 3

Theorem 3 (Jacobian Suboptimality Rate for Chebyshev Method). Under Assumptions 1,2, let
1 4 (1 —/k)/(1 + /), and x,(0) denote the t" iterate of the Chebyshev method. Then, we have

the following convergence rate

) 2t2
|02, (8) — dx.(8)||F < (ﬁ) { ’12;—1\ [|0x0(6) — 0x..(0) || F + L_ZG}.
—— N——

exponential decrease quadratic increase

In short, the rate of the Chebyshev algorithm for unrolling in O(t*¢"). Moreover, assuming G = 0,
the maximum of the upper bound over t can go up to

|1024(6) — 0, (6)||p < Orso (2]|020(6) — 0z, (0)|r) at t~ 2\/%.

Proof. First, we recall that the derivative of the Chebyshev polynomial of the first kind can be
expressed as a function of the Chebyshev polynomial of the second kind (written Uy):

acy(\) -
) =tU;—1(N).

Therefore, we replace the polynomial P in Theorem 1 by C}, and evaluate
/ 1 7
dC’t( ) — o) — P (N Ci(m(N)) 2AtU—1(m(N))

Ct ()\) t = = Ct ()\) - = .
dA Ci(m(0)) (L = £)Ct(m(0))
This polynomial achieves its maximum in absolute value at the end of the interval [¢, L]. Therefore,
after replacement, and using the fact that m(L) = 1, C(1) = 1, and U, (1) = t, we obtain
MU, — 2t2
[Ctm 1 (m(A >>] ‘ ‘
(L—0C(m0)],_, 0)[ |T—~
Similarly, for the second term, we have
dC(N) 1 2t2
max = —= .
Ae[l L dA IC(m(0))|1— K
It suffices now to evaluate —=———— TGOl ( ok Using (for example) (d’ Aspremont et al., 2021, Theorem 2.1),
we finally have
1 B 1 ¢ = 1—k
[C(m(0)] & +& L+ Vi
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C.4 Proof of Proposition 1

Proposition 1. Let x; be the t-th iterate of a first-order method. Then, for all iterations t and for all
0, there exists a quadratic function f that verifies Assumption 1 such that G = 0, and

1—Vk
L+ k-

102+(6) — 0z.(0) 1020(0) — 9z, (0)|r, &= (11)

2
>
Ir = £ ¢t

Proof. The proof is based on a reduction to the optimization case. Indeed, consider the specific case
of ridge regression, with a free scaling parameter o > 0,

1
f(x,0) = 3 (||A:c — b||2 + af||x — :c0||2) .

In such a case, for all @, we have ||0gV f(20(0), 0)|| » = 0. Moreover, this function is [02, (A) +

a8 strongly convex and [02,, (A) + af]-smooth, where oyyiy and o,y are respectively the smallest
and largest singular value of a matrix. Let us write H = A" A + oI and x, = H *(8)A”b.

Now, consider any quadratic function f of the form

.1 ~ ~
= §(w -z, )H(x — Z,).

Using the notation 0 to be a fixed value of theta 6 (i.e., 0 = 0 but 990 = 0), it is possible to write f
such that it matches f, by setting

A=(H-0a6)?, b=AATA) " (ATA+ab])z,.

This is possible only if H — 06 > 0,o0r equivalently, if £ > 8. It suffices to set % > o to ensure
that condition. This means we can cast any quadratic function that does not depends on € into one
that depends on 6, such that |0V f(x¢(0),0)| r = 0.

In such a case, the master identity from Theorem 1 reads
0w (0) — 0w.(0) = (F,(H (6)) — H(0) P/ (H (6)))(0z0(6) — 0x.(6)),

where H(0) = A" A + 0I. Now, write Q,(\) = P,(\) — AP/()\). We now have the following
identity,
9z1(0) — 0z,(0) = Q:(H (0))(0xo(6) — 0x,(8)).
This identity is similar to the one we have in optimization:
x; — ¢, = P(H)(xo — 24), P (0) =1,

and for this identity, we have the lower bound (Nemirovski, 1995, Proposition 12.3.2)
e — x|l F > S - [zo — .|
T —x To — Tu||F-
¢ SlE 2 e I®o F

However, in the case of unrolling, we have different constraints on @);, which are the following:
Q:(0) = P;(0) = 0-P[(0) =1,  Q4(0) = P;(0) — P;(0) —0- P"(0) = 0.

Therefore, we have more constraints on () (i.e., on how fast we can decrease the accuracy bound).
Since we have seen that the functional class we work on is at least as large as the one of quadratic
optimization, the lower bound can only be worse than the one for minimizing quadratic function with
a bounded spectrum. [

C.5 Proof of Proposition 2

Proposition 2. Assume that ||[0H (0)(x(0) — x.(0))||r < n||0xo(0) — 0x+(0)||p. Then, under
Assumption 1, 2 and 3, we have the following bound for the average-case rate

Er(0)|02¢(0) — 2.(0) 7 < 2| P[5 Exz(o) 00(6) — 0.(6)][3-
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Proof. We first derive both sides of (4) and use Assumption 2, then we use Cauchy-Schwartz and
(a+ b)? < 2a% + 2v%:

102:(8) — 2.(0)]|%,
=|P:(H (9))(0x0(0) — 0.(6)) + P'(H (0))0H (8)(20(0) — x.(9))||*,
< (IIPt(H(a))(c?wo(G) — 0z.(0))llF + ||[P'(H(6))OH (0)(x0(6) — w*((’))IIF) ;
<2|| P,(H (6))(0x0(0) — 0z.(8))|| 7 + 2I| P (H (6))0H (0)(x0(6) — x.(6))| %,
<2||Pi(H(9))[[10z0(0) — 0z.(0)) |7 + 2| P/ (H(6)) |5 0H (8) (20(6) — x.(0))I%,

<2 (| P(H(0)F + nl|lP'(H(6))[F) |00 () — 0z.(6))[7-
=2 (Trace(P,(H(9))?) + nTrace(P'(H(9))?)) ||0xo(6) — 0z.(6)) |3

Since the trace of a symmetric matrix is the sum of its eigenvalues, after taking the expectation on
both sides, we obtain the desired result:

E [[l0z:(68) — =.(0)[F] <2 (/RPE du+n/R(Pt’)2du> |020(6) — O.(0)) %,

T~ —

C.6 Proof of Proposition 3

Proposition 3. Let {S;} be a sequence of orthogonal Sobolev polynomials, i.e., (S;, S;) > 0 if
i = j and 0 otherwise, normalized such that S;(0) = 1. Then, the residual polynomial that minimizes
the Sobolev norm can be constructed as

t t
1 1
Pf= argmin (P, P),=— E a;S;, where a; =-———= and A;= E a; .
" pepip(0)=1 A& [1S¢1l7 :

Moreover, we have that || Pt||2 = 1/A;.

Proof. We have that the sequence {.5; };—o..+ is a orthogonal basis for P;. Therefore, we can write
any polynomials as a weighted sum of .S;. Also, since P;(0) = 1 and S;(0) = 1, we have to enforce
that the linear combination sums to one. This means that

t t
Pt:ZaiSi, Zai:1.
i=0 =0

‘We now minimize over c.

¢ t
. PP — : S S
PeP{I}IIDISO):1< . Py mZ?ilﬂ(%% z,;az i)n
t t t
= Enin Za3<5“51>7]+z Z a0 <Si75j>77
iy g ai=1 i=0 =0 j=0%#1 -0
2 2
= mln a; ||S;
i Z IS:02

The Lagrangian of the optimization problem reads

Za2||5||2—|—/\( Zal).

Taking its derivative to zero gives the desired result:
A 1
20;(|Si[12 = A=0 = 4=, A=——.
e bo2sil Yoio i
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Injecting the optimal solution into || P||? gives

2
P15

t
= dlsill;
i=0

2
t
1 1 ,
|l | ZEplsh
Cicorsmy ) = 15l
2 t
B 1 1
- t 1 12
Yico TS ) =0 115417
1 1
= = t
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D Optimal Sobolev algorithm

We recall the Sobolev algorithm:

Yo = Y1 — MV (Y1) + (Y1 — Yy_2)

zZy = cgl)zt,Q + C,EZ)yt - 0153).%72

Ay &
Ty = ——T—1+ 24,

Ay Ay

parametrized by:

* [¢, L], lower and upper bound on the eigenvalues of H (0),

* «, parameter of the Gegenbaueur distribution (12), supposed to be the expected spectral
density (6). Note: o = 0 leads to a sequence of Chebyshev polynomials for ;.

* 1), assumed to satisfy the inequality ||0H (0)(xo(0) — x4 (0))||r < n||0x0(0) — 0z, (0)] F.
Intuitively, this parameter is the balance between || P|| and || P’||.

D.1 Initialization (required for ¢t =0 and t = 1)

D.1.1 Side parameters

Yo = 20 = %o

L—/
=2t
! L+/
lel
I€2:1
do = &o
di — 3
S et @i DA T )
3
dy =

(o +3)(a +2) (14 pSefBie)

D.1.2 Main parameters

24
h=-7—
m1(1+51§tﬁ>
cgl):O
652):1
cgg):()
_dy (L+V¢ 2
“ T K, (H) 7
Al =Ag+ay
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D.2 Recurrence (for ¢t > 2)

D.2.1 Side parameters

 Ht+2a-1)
Tttt tat )
1
I S—
—% + 01
¢ = t+2)(t+1)
T At+a+ D)t +a)
d — §tVivt—1
=
Ye—1(t? + 1) + E—2(&e—2 — di—2)
P L+ (St%
Ay =———,
Tt
1
Ry = P s
4 (=2 - go) AF
1
Tt = 5
=2t mp i
1
AP =
di—o + (ﬁ: - §t72> Kt—2
tt—1+2
o ti—1+20)

dt+a—-1)(t+a)’

D.2.2 Main parameters

26,
hy = —
T L
L+7
=—|14+6——
my ( + v €>
Cl(fl) = dtngtS
C,(fz) = K¢
ng) = -T2
o — di&i—2 -
t — t—2,
Cidi—o K Ky 1 A2
Ay =A 1 +ay
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E Derivation of the Sobolev algorithm

E.1 Notations

In this section, we use the following notations. We denote by p the Gegenbaueur density 12 defined
in [¢, L], ii the Gegenbaueur density defined in [—1, 1]:

_ _ it 22 —-L—¢
p\) = f(m(\), fp(z)=0—-2*)*"2 and m:[(, L] —[0,1], m(\) = 7
where ) Ly
Jr
m() = 2 A+ (H) (19)
—o 7

We also denote by G and G, the sequence of Gegenbaueur polynomials that are orthogonal respec-
tively w.r.t. the measure . and i, that it, for all ¢, 7 > 0, we have

I e 1 7 R
A ‘ >0 ifi=y X N >0 ifi=j
/u GHNG;(N) duld) {: 0 otherwise /_1 Gil@)Gs(w) dule) {: 0 otherwise

In terms of normalization, we have that G is a residual polynomial, and Gy is a monic polynomials.

In other terms,
G =1+ . A+ 4+ G\ =2+ a2t +.. . +1zt
)

(
In such a case, by using the linear mapping m(\) from [{, L] to [—1,1], see (19), we have the

following relation: R
Gi(\) = Gi(m(A) (20)
G(m(0))

Similarly, we define S; and S, the sequence of orthogonal Sobolev polynomials w.r.t. the Sobolev
product involving the Gegenbaueur density, i.e.,

) , >0 ifi=j
/ Si( A) du(A +77/ Si S(A)d (M) {0 otherwise '
and
, , >0 ifi=j
/ Si(2)S; (x) dp(x +7)/ Si(x)S}(z)d (x){:() otherwise

Originally, they are called Gegenbaueur-Sobolev polynomials (Marcelldn et al., 1994) because p is
a Gegenbaueur density, but for conciseness, we simply call them Sobolev polynomials. As for the
Gegenbaueur polynomials, .Sy is a residual polynomial while S; is a monic polynomial. Finally, we

have that B
sy = Sem)
S5:(m(0))

Note that we make a distinction between plain symbols and tilde ~ symbols, where the tilde ~ notation
is used for polynomials that are defined on [—1, 1], while the plain notation is the counterpart defined
on [¢, L].

if and only if 7 = oin. 1)

E.2 Monic Sobolev polynomial

We now describe the construction of S , detailed in (Marcelldn et al., 1994). The monic Gegenbaueur
polynomial is constructed as

~ - - - - t(t+ 20+ 1)
0=1 Gi=z, Gui(z)=21G(z)—nGi-1(z), 1 Wt a)tta—1 (22)
Then, the Sobolev polynomials are defined as a simple recurrence involving Gy and Gy_o,
So=Go, S1=G1, Si=d 25 2+G—& 2G s, (23)
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where
t+2)(t+1)

Y litarita)
dO = 507
dy = 3 24)
P20+ 2)(a+ D1+ 2n(a + 1)
3
dp = 8(at2)(a+1))’
(0 +3)(a+2) (1 + o2l
d, EtVivt—1

(2 4 ) + €2 (G2 — di—a)
Note that the following property will be important later:
1Gel
IS¢l

dy =& (25)

where
1

G2 = [ G duta), 1Sl = [ St@)aute)+7 [ (SR dute)

—1

E.3 Shifted, normalized Sobolev polynomials

We now shift and normalize the Sobolev polynomials, that it, instead of being defined in [0, 1] and
being monic, we make them defined in [/, L] (evaluate the polynomial at z = m(\)) and residual

(divide the polynomial by S;(m(0))).
We begin by doing it to the Gegenbaueur polynomials. By applying the technique from (Pedregosa
et al., 2020, Proposition 18) on the polynomial G (m(\)),

Go(m(N) = 00Gi_1(m(N) + 512G 01 (m(N) — yeo1Gooa(m(N)).

‘We obtain the recurrence

Gt(m()\)) = aoéth_l(m()\)) + 015,5/\Gt_1(m(>\)) + (1 — Jo(st)Gt_Q(m(A)), (26)

where -
_ Gea(m(0)) _ 1 . 27)
G¢(m(0)) 00 — Ot—17Vt—1

This expression can be cast into a recurrence that involves a step size and a momentum,

Gi(N) = Gi—1 — M AGi—1(X) + me(Gi—1(X) — Gr—2(N)),

where
512—%,
26
=-7 —1z’
my = — <1+51§i_ﬁ>7
1
o= —% +61Ye-1
o
my = — (1+5t§i—ﬁ>'
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We now show how to shift and normalize the Sobolev polynomial. The shifting operation is not

complicated, as it suffice to evaluate the polynomial S, at x = m(A). The difficult part is the
normalization. Using the relations (20), (21) and (23), we obtain

5 = SeamO) o Gum(0) [, Cra(mlO0)
S, (m(0)) Sim(©) " Sim(0)
N——— N——— N————

=D =@ =

Therefore, we have to compute those quantities that involves ratio of polynomials evaluated at A = 0,
whose recurrence is detailed in the next Proposition.

Proposition 4. Let

ap = Gra(mO) s Sa(m©) _Gum(@) _ Gia(m(0)
t T A ’ t & - g ’ -3 '
Gt(m(0)) Si(m(0)) St(m(0)) S5¢(m(0))
Then,
AP = 5,5, = M7 (28)
Yt—1
! 29)
Rt = )
L (=2 - ga) AT
1
e ) (30)
mi2 T AP T §t—2
g 1
Ay = 3D
di—o + (Tlf — &572) Rt—2
Proof. We now show, one by one, each terms of the recurrence. We begin by AL, Indeed,
Gi(m(\) = 00Gi—1(m(N)) + o1m(A)Gr—1(m(A)) = 7-1Gi—2(m(N)).
Therefore, using (27), we obtain
Gi(m(N) = 006:Gr—1(m(N)) + 016;m(N)Gi -1 (m(N) = -1 A7 Gy _2(m(N)).
After comparing this expression with (26), we deduce that
—’yt_lAf = (1 — 0'0615).
In other words,
0pby — 1
AP =200
Yt—1
To show the other recurrences ,we will often use the fact that
gt(m(O)) = dt_QSt_Q(m(O)) + ét(m(O)) — ft_zét_g(m(())). (32)

We now show how to form 7. Indeed, using (32),

1 _Sum(0))
L Gia(m(0)) ) )
_ disSi-a(m(0)) + Go(m(0)) — &-2Gi-2(m(0))
Gy—2(m(0))
= Zziz + Alf’ —&i—o.
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Using the same technique, we have for x;:

1 Sim()

t

~ Gum(0)) ) )
_ di=258—2(m(0)) + G¢(m(0)) — &—2G—2(m(0))
Gi(m(0))
Si-2(m(0)) P
=di_o—= 1- t—QAt
Gmo))
However, ~ _ _
St:2(m(0)) _ %’t—z(m(o)) Gt~—2<m(0)> _ AP .
Gi(m(0))  Gia(m(0)) Gi(m(0))  Fi-2
Therefore, ,
kil =d_o HA; +1-& AP =1+ (zt:z _ £t2) AF
Finally, it remains to show the recurrence for AY. As usual,
(Af)71 _ NSt(m(O))
Sia(m0) ~
_ di251-2(m(0)) + Gi(m(0)) = &—2Gr—2(m(0))

 Sia(mlo)
G(m(0))

_ )
=di_o+ m §t—oki—2

‘We have seen before that

Si—2(m(0)) A

Ge(m(0)) iz

)

which finally gives

Kt_ 1
(AD) ' =dia+ Atipz —&t2kt2 =di2 + <AP - €t2> Kt—2.
t t

E.4 Norm of Sobolev Polynomials

Now that we can build the shifted, normalized Gegenbaueur and Sobolev polynomials, we still need
to compute the norm of the Sobolev polynomial to compute P;".

First, for simplicity, we write
L
Gl = [ G2y an(
) 1
Gl = [ &) dito)
_L
112 = [ 8200 + i du()

1
158 = [ 820) + ASU@P (o), 7=ty
Indeed, to obtain the optimal method, we need to compute the coefficients
1
at = .
15117
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To do so, we will use the property (25):
ICG1?

dp = & ot
[15¢117

We begin by the explicit expression of the norm of the shifted, normalized Sobolev polynomials, and
express it as a function of the norm of the plain, monic Sobolev polynomial. Indeed,

L &2 m m’ Q/ m 2
ISz = [ gim%i - ggf;g(o;;m 4\

Since m/(\) = o1, and since 77 = o117, we have

2 _ 1 g Q2 m ~r Qi m 2
IS.001 = gy [, SEmON) + S dny

1 L Q2 ~r Q! 2 1~
o T A 82(m(N)) + 718, (mO)]? di(m(\))
1

o [ (S asiwr a) £
- g | G0 as@E) i

g1 &2
=—|IS;||? 33

Note that, by definition of A%, we have the recursion

: A IO))
S7(m(0)) = AT (34)

Let G, be defined as
_ 1 _ _
Q, = - 2z(t+a—1)Qi—1 — (t +2a — 2)Qs—2]
i.e., Gy is a scaled version of G, which is the classical definition of Gegenbaueur polynomials. Then
7201729 (¢ + 20)
() tt+a)’
Since I'(z + 1) = aT'(z), we can deduce a recurrence equation. Indeed,
72(1729) T(t + 20)
C()]? t(t+ )
w200729) (t — 1 4 2a)T(t — 1 + 20)

1G] =

IGe|I* =

[T()]2 t(t — )t + )
w2072 (1 —142a)t—14+a I(t—1+2a)
D)) t t+a (t—D(t—1+a)

C(t=142a)t—140a) 9
e RIS (35)

with the initial condition

1Gol? = 20729 1(2a) 7207299 (2q)
T (@ 0la  all(a)]?

However, there is a factor between G, and the monic polynomial Gt. Indeed,
N Gy
= =ran

1=0 7

(36)
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This factor can be computed recursively. Let k; = W Then,
! i
k=l 7———
i 1}) 200 +a—1)
t—1

t 7
B 2(t+a—1)g2(i+a—l)

t
= — ki 1. 37
2t+a—1) 7
Therefore, using successively (35), (37), then (36), we have
1G> = k(I Gel?
t? 2 A 12
=——k G
4(t—|—0&— 1)2 tle tH
_ t2 (t—1+2a)(t—1+a)k2 1Gos |2
At +a—1)2 t(t+ ) ttiet
t (t—14+2a) 5 | = 5
4t+a—-1) (t+a) -1 Geall
t(t— 1+ 2a) ~ 9
= Gy 38
4(t—|—a—1)(t+a)” tlH? ( )
=K,
with the same initial condition
_ ~ 720172997 (2q))
1Goll* = |Goll® = —=—=p—"

all())?

We now compute the recursion for |\St||% Indeed, by using successively (33), (34), (25), (38)x2,
(25) then (33),

g1
I1Sel; = =5 1153
T SEm(0)
STy
L BT ST
T 52, (m()
_ [AS]Q _ 01 §t\|GtH2
SE_Q(m(())) dy
A 2
= [AS]Q 5 K K Et”Gt*Q”
St 2( (0)) d
= [AS)? g1 KK, . idi—2 & 2| Gr_a?
S§7_5(m(0)) di§e—2  di—2
di_o  ~
:AS2~LKK7&152572~
Al 52 ,(m(0)) Vi 102l
&dy—
— [ASIPK K, digﬁj [1Se—2 2.
We finally have the desired recurrence for the a;’s since
a
A; = 7515
[1Sel17

where a is a nonzero multiplicative constant. We can arbitrarily decide that @ = 1, which gives us
ao = 1. Given that S; = G, and after using (38), (25) and (33), we have

dy (L4
T aK \L—¢
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F Asymptotic algorithm

F.1 Asymptotics of Sobolev-Gegenbaeur polynomials

From (Scieur et al., 2020b), we know that the parameters converges asymptotically to

2
) 2 VL -\t
hy >h=———=]) , m=|——=|, 6 =2ym, & —4am.

' (\E+\/Z) e <ﬁ+ﬂ> ' '

In addition, it is easy to see that
(o= 1 1
oo T 4 ) ,YOO - 4 .

Therefore,

St Vtye—1 %6 2
doo = lim = =0(1/t*) >0
t=oo v 1(Nt? + ) + &2 (§i—2 — di—2) 77t2+%*doc /&)

Thus, the recurrence simplifies into (after replacing d, by 0)

1 1
fe T e AR T 1-m ©9)

Too = —— m_ (40)
@*foo T1-m

A3 = - = 4m (41)
(3 - &) e
This means that the asymptotic recurrence for .S reads
G; — mGi_
St =di 2A7 St o+ ki Gy — 1€y 2Gy o — %ﬂﬁ

Moreover, we have
di&i—o
Cidi o KK 1 A? =
t(t — 1+ 2a)
At+a—-1)(t+a)’
ag =1

ay =

Kt:

d10'(2)

§1K,

When t — oo, we have that K; — 1/4, & — 1/4, Ay — 4m. Therefore,
Q¢ df

lim = lim 5
t—oo ay_9, t—oo di_om

a; =

or more simply,

Therefore, when t — oo, we have
A t
lim = = lim m = -——. (42)
t—oo ay t—ro0 £ 1—-m
This means that the asymptotic dynamic for P* reads
_ Ap1
Ay

Pt* Pt_1—|—%5t —>mPt_1—|—(1—m)St.
t
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G Asymptotic algorithm and asymptotic rate

The asymptotic recurrence of the polynomials reads

Gy = (1 + m)Gt,1 + hVzGi_1 — mGy_a,

St _ Gt — mGt_g
1—-m

Pt* = mPgll + (1 — m)St

3

This can be simplified into
Gy = (1 + ’I’I’L)Gt71 + hVzGi_1 — mGy_s,
Pt* = Gt + m(Ptil — Gt_g).
Translated into an algorithm, we finally have a weighted average of HB iterates:
Yo = Ye—1 + AV f(yi—1) + m(ye—1 — yi—2), (43)
Ty =y +m(Ti—1 — Yi-2). (44)
Note that the asymptotic rate reads

pon IPEL A
11m ” = =
RPN T A

Therefore, when t — oo,

102:¢(0) — 92*(0) [ < O(m[|90(8) — 9™ (0) 7).
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