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A Technical assumptions and Some comments on Section 2

A.1 Technical Assumptions

For the validity of our theoretical results, we require some mild regularity conditions on the loss
functions as well as the noise level of each client. We remark, that the following assumptions have
appeared extensively in the theoretical analysis of iterative convex optimization algorithms, and here,
are merely adapted to the federated learning setting.

Assumption A.1 (Strong convexity). There exists j1 > O such that for each k € [K],

(VEL(0) = VEL(0),0 —0') > ulo—0']%, 0,6 € R

Assumption of strong convexity is common in the analysis of SGD iterates, appearing in Ruppert
[1988], Polyak and Juditsky [1992], Bottou et al. [2018], Chen et al. [2020], and as such, Assumption
A.1 adapts this condition to the decentralized setting.

Assumption A.2. (Stochastic Lipschitzness of noisy gradients) There exists L > 0 such that for each
ke [K],
Ep, [[Vfi(0,6%) = fu(0',€)*] < Ll — ', 0,0" € R”.

Assumption A.2 combines the L-smoothness condition on the risk functions Fy, with a stochastic
Lipschitz condition on the gradient noise vectors g (6, %) = VEL(0) — V £ (6, £F).
Assumption A.3. (Control on noisy gradients) The functions f (0, €) is assumed to be continuously

differentiable with respect to 0 for any fixed &. Moreover, assume that maxe (k) E[|gi (0, &%)[P] < 0o
for some p > 2.

Assumption A.3 ensures that Newton-Leibnitz’s integration rule holds and consequently,
Z,[le wygk(0F, €F) constitutes a martingale difference sequence adapted to the filtration o (=, :
s < t), where =, = (£1,...,¢K). Moreover, Assumptions A.2 and A.3 jointly imply that there
exists a constant L¢ such that for all § € R?

max |V F(6) = VaF (05) (0 = 05)| < Lolo — 05 (A1)

See Lemma 5 of Sheshukova et al. [2025]. The assumptions A.2 and A.3 are fairly ubiquitous in the
stochastic optimization literature Zhu et al. [2023], Wei et al. [2023], Li et al. [2024]. In particular,
assumption A.3 is much weaker than the corresponding Assumption A2(p) in Sheshukova et al.
[2025].

A.2 Is strong-convexity Assumption A.1 necessary?

It is important to note that Assumption A.1 fails to hold in certain M-estimation problems including
logistic regression Bach [2010]. Gu and Chen [2024] addressed this issue by invoking a weaker local
strong-convexity assumption, also known as the “local concordance” condition.

Assumption A.4 (Local strong convexity). There exists ;1* > 0 such that Vo F (0%,) = p*. Moreover,
there exists a constant C' > 0, and compact set & C RY, such that for all 01,605 € ®, it holds that

| ()| < C'101 — O3] ¢" (u), where p : u s F (01 +u (0 —01)),u € R.

In view of Assumption A.4, for theoretical validity of our results, one requires a projected local
SGD updates ©; = Mg ((©;—1 — G¢)C}) instead of (2.2), where Mg denotes the projection operator
on the set compact ®. The key difference in the treatment of Assumption A.4 compared to that of
Assumption A.1 lies in the analysis of the term |6 — nV F(0)|? for some small enough n > 0. In
particular, a recurring theme of our proofs is to show that

10 — 0% —nVF(6))* < (1 —nc)| — 0%]|? for some ¢ > 0, € R% (A2)
We highlight the different arguments leading up-to (A.2), leveraging Assumptions A.l1 and A.4

respectively.
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A.2.1 Proof of (A.2) via Assumptions A.1 and A.2
Note that
10— 05 —nVEO)] =[0* — 20(0 — 05) " VF(0) + 7| VF(0)[
<(1 = 2nu+n*L?)|0 - 05|, (A3)

and hence, (A.2) is inferred by choosing n to be small enough. In particular, since we work with
decaying step size 1; o< t=72, it follows that 1 — 2n,u + n2L? < 1 — n,c for some ¢ > 0 and all
sufficiently large ¢t € N.

A.2.2 Proof of (A.2) via Assumptions A.4, A2 and [z| < R

Fix 0 € RY, and choose ¢(u) = F (0% + u(f — 0%)), u € [0,1]. Note that ¢ (0) > pu*|0 — 0%|2.
From Assumption A.4, one directly has

¢"(u) = ¢"(0) exp(=Clf — O |w),

and therefore, recalling |z| > R
(0 —05%) "VF(0) =¢'(1) — ¢(0)

1
ST / exp(—C160 — B [u)du
0

1 —exp(—C|0 — 0%])
—u*le — o0* 2 K
>p*Cexp(—R)|0 - 05|, (A4)

which immediately can be applied to (A.3) to deduce (A.2).

In view of the analysis in Sections A.2.1 and A.2.2 coming to the same conclusion, for the sake of
simplicity, our subsequent theoretical findings are stated and proved using Assumption A.1 only. We
remark that an accompanying result invoking Assumption A.4 and the projected 1local SGD updates
can easily be obtained via minor modifications of our arguments following Section A.2.2. For a
more detailed discussion on the implications of Assumption A.4, we refer the interested readers to
Assumption 3.4 and the associated remark in Gu and Chen [2024].

A.3 A comment on step-size

Our choice of the step-size is motivated from the extensive literature of asymptotics of various
stochastic approximation algorithm. In particular, it is well-known that SGD with a constant step-size
is asymptotically biased Dieuleveut et al. [2020], Li et al. [2024], Glasgow et al. [2022], whereas
central limit theory based on polynomially decaying schedule 7, &< =7, 8 € (1/2, 1) has an extensive
literature for different algorithms. In practice, often a combination of the two kinds of step-size is
used, where a constant-step size algorithm provides a warm start, and after discarding initial few
iterates pre-specified by the fixed burn-in period kg, local SGD can be run with the polynomially
decaying step-size to ensure appropriate convergence. This is tantamount to the step-size choice
n: = Mot — ko) ™P, t > ko, which is also covered by our theory.

B Proof of Theorems 2.1 and 2.2

In this section we rigorously derive the Berry-Esseen bounds on Y;, and Y,,, as stated in Theorems
2.1 and 2.2 respectively. Similar to the simpler analysis for stochastic gradient descent in Samsonov
et al. [2024], we aim to leverage Theorem 2.1 of Shao and Zhang [2022]. However, the regular
synchronization step, as well as the general connection matrix C, induces some significant non-
triviality in the problem, requiring, in particular, careful analysis of the difference between client-wise
estimates and the aggregated estimate. Before we delve deeper into the mathematical details, we
summarize the road-map to prove Theorem 2.1 below.

* In Section B.1.1, we decompose the local SGD updates into a linear component and the
remainder terms.
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1042 * In Section B.1.2, we echo the Lindeberg method, and define a coupling for the remainder

1043 terms. In particular, our choice of the coupling is novel, and rooted into the uniqueness of
1044 the decentralized setting.

1045 * Finally, in Sections B.1.3-B.1.7, we control the different terms arising out of the application
1046 of the abstract Theorem 2.1 of Shao and Zhang [2022] to the steps above. We remark that
1047 this is where our treatment diverges from the preceding works proving Berry-Esseen in a
1048 stochastic approximation framework. To accommodate an increasing number of clients
1049 as well as to control the error of the each local client-level iterates, we derive and apply the
1050 Auxiliary results 4-8.

1051 The proof for Theorem 2.2 will follow a similar structure.

1052 B.1 Proof of Theorem 2.1
1053 B.1.1 Linearization

1054 Noting that Y; = K~ ' R;1 no matter if t € E ort ¢ E, it is easy to observe

K
Yi=Yio—m Yy wiV (01, 8), t € [n, 1290. (B.1)
k=1
1055 Write (B.1) as follows:
K K
Vi =Yi1 = V(Y1) + ey wp(VER(Yier) = VER(0F1)) +me Y wign(0F-1,&F)
k=1 k=1
=(I = A)(Yie1 — 0%) + me (A(Ys—1 — 0F) — VF (V1))
K K
e Y wp(VE(Yio1) = VE(0F 1)) + 10 Y wiegr (01, €F),
k=1 k=1

(B.2)

1056 where g (0, &) := VF(0) — V fx(0, &) denote the gradient noise. Denote A%, = H§:S+1(I —njA),

1057 A} = I with A := V2 F(0}), and define Qs = n, >__, AJ. Recursively, (B.2) can be simplified to

— AL (Yo — 0%) +Zn5At( A(Yeor = 03) = VF(Ys1))+

s=1

K K
+ > w(VE(Yoo1) = VE(OE) + D wegn(0F_1, 68 ).
k=1

k=1
(B.3)

1058 which immediately yields,

Yo — 05 =n"lng 1 Qo(Yo — 05) + _1ZQN+n_1ZQs( Yoo1 —05) — V(Y1)

K
S (VR 1)~ VR + 3 wn(an 06 - 9 (07c,€5)) ),
k=1 k=1
(B.4)

1059 where we define that N; = S°0_ w,WF, with WF = gu(0%,€F). Let H = n=1/23"_ Q.N-,
1060 and let 3, = E[H H "]. Then, (B.4) can be re-written as

VS, V2(Y, — 0%) = W + Dy + Dy + D3 + Dy, (B.5)
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1061

1062

1063

1064

1065

1066

1067
1068

1069

where

" 1
—_y-1/2p _ _ T y-1/2
W =3S."2H =" u,, where u, ﬁzn Q.N,, (B.6)
s=1
1
D, = So2Q0 (Y — 0%, B.7
1 \/5770 n QO( 0 K) ( )
Dy = J”ZQS Yoo1 = 0%) = VF(Ys 1)), (B.8)
\/7
1 K
Dy = —=%,'/2 ZQS(ZkaFk(m_l) ~ VE(65.))). (B.9)
Vn =\
K
Dy *Z UQZQS(Zwk gr(05_1,€8) — gr (0% fk))) (B.10)
s=1
B.1.2 Definition of the Lindeberg Coupling
Note that
bV'L
|Ds|, <C 2f|2 172 ZZW e (B.11)
s=1 k=1
b2 \/F" 1
< 12 Y, — 0% (B.12)
F' Zl ZI 1 12
bovV'L 4
=== |n 12 O,(I—J)|p:=As. B.13
\/;{j§?| n |17 ;g;; | ( )|l7 3 ( )

In the above series of inequalities, (B.11) follows from wy < by K —1, max, |QslFr < C, and
Assumption A.2; (B.12) is a trivial consequence of Cauchy-Schwarz inequality. Additionally, define
Ay = |Dylaforl =1,2,4. Let Z; = (¢},...,¢K), and for each i € [n], let us denote

{:h t#£1q
\_‘t{} : (gtv"'7£t )7 t:7’7

where &, & Pk e [K],t € [n]. For each i € [n], define the coupled DFL iterates as
O iy = (©4—1 15y — G 113)Ct, Op (i} = Oo, (B.14)
where Gy = K(w1vf1(9t1,1’{i}, ftlﬁ{i}% e avafK(etiiL{i}v gtK{Z})) Let Yy =

K*1®t){i}1. Based on (B.14), we can define coupled versions of A, [ = 2,3, 4 as follows:
Dg iy = ‘ ek ZQS Yo 1,0y —0%) = VF(Ye_1.01))) |, (B.15)

b2‘\/47 1
Ag iy = |21/ O, (I =D, (B.16)
sty =C s Z:l 195,01} |
K
Ay iy = ‘ 1/2ZQ5<Zwk gk (05— 1{}75 {}) gk(g}k(vff,{i})))‘~ (B.17)
=1

Note that Dy ;3 = Dy for all i € [n]. With these definitions, along with the fact that E[WW '] =
allows us to apply Shao and Zhang [2022], Theorem 2.1 on (B.5) to obtain

de(VnE, VA (Y, = 05). 2) < et/ d L T E[IWI[ AL + Y Ellug| [An — Ay gy, (B.18)

i=1

where Z ~ N(0,1), T, = 30 ElJug)?], Ap = - [Arland A, iy = S0 Ay gy
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B.1.3 Boundon ) Ef|u] [A, — A, (1y]

Recall that max;, [Var[W¥]| = O(1). Clearly N, are i.i.d. and E]N.N] = T8, w2 Var[WF],
which directly implies |%,,| = O(K 1) in view of the fact wy, < K~ for k € [K]. Therefore, from
(B.6) it follows E[|us|?] = O(1/n), and consequently,

4 n
1
ZE il [A = An ] S %ZZ E[|A; — Ay (i3]?]- (B.19)
1=2

i=1 =2 i=1
We will deal with the three terms in the right side of (B.19) one-by-one.

Bound on Ay — A, ;3 We start with controlling E[| Ay — Ay (;3]?]. It is easy to see from (B.8) and
(B.15) that

SKY E[Y, = Ya ' = O(Kn' =% — Ki' =), (B.20)

s=1

where (B.20) follows from Cauchy-Schwarz inequality and Proposition 8.

B.1.4 Bound on Az — Az ¢y

Note that, since @t,{i} = O, for all t < 7, hence we must have
2
EllAs - Ayl S E[(Z\ — o= ),) ]
< ZEW@S — 0, ) = )2
= E[|(0: =0 )(I = N1+ Y El(0, =0, ) = N)[;]. B2
Note that,
E[(©; — ©; ()T — )| 3] —mE[I(G — G () (Ci = T3]

<n7E]| Zwk (g (OF 1, €F) — gu(0F 1, €)) ]
k=1

s 2
<2PE[] Y wigi (0} 1.65)P) = O(3%)- (B.22)

Hence, Proposition 5 and (B.22) simultaneously imply via (B.21) that

E[|As — Az (4] +K Z nt=0G"PKt 4 Kn'=1 — Kil=%). (B.23)
s=i+1

B.1.5 Boundon Ay — Ay ¢y

This term is the simplest to deal with. In view of the facts (i) Zkl,(:l wi (91 (0F_, &F) —
gr(0—1, (3} ff)) is a martingale difference sequence adapted to the filtration 7; = o(Z, : s <
t)\V (), and (ii) for a fixed ¢, g (0F_1,&F) — gr(0s—1 iy, &F) are independent conditional on
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1086 JFy_1, one readily obtains

E[1As — Ag gy’ (ZEZ ({85, €5,1) — (8 1y, €5 )P

k=1

K
FEIY. welge (05 1,€8) — 0165, €8) — (01, €F) + gkw;(,sf’))m)
k=1
K n—1 K K
ST (K2 S B - 0+ 2K R 165, — 05 [?)
s=i k=1 k=1

n—1
1
S ( S EIOMT — D+ KIY: = Yoo + [0 (7 = ]

B[Oy (I = ) + K|Yiy a;ﬂ)

n—1 . _ 11—
i—B  pl-28 _1-28

Ui 1 2
< — E - 0O(— -
+ n s (nK + n ), (B.24)

1087 where (B.24) follows from Theorem 2.(ii) and Lemma S16 of Gu and Chen [2024], and Proposition
1088 4.

1089 Combining (B.20), (B.23) and (B.24), for (B.19) we obtain

n 1 Oy B2 ns—B _ 3-8
El|lu;| |A — A, 1 gi L + f 1/2—-28 _ i1/272,6 +
Y el 8-l 572 (7 7 VRO )
1. _B
5% 4+ VEn"28. (B.25)

1090 B.1.6 Bound on E[|IWV||A,,]]

1091 From E[juy|?] < n~1/2, we have E[|IW|?] = O(1), where O(-) hides constants involving d. More-
1092 over, we also have E[|A,,[2] < SO/, E[|A[?]. For Ay, observe that from (B.7),

K
B[P S -

K
|Qo|% < - exp(—Cn'~*) for some constant Cz > 0. (B.26)

10e3  On the other hand, for Ay, we can invoke Assumption A.3 and Minkowsky’s inequality to deduce

VE[D,P] S\E > VEIA®Y: 1 — 03) = VE(Ye1)P?
s/f > VENYios — 05l
s=1
K = S n%_ﬁ 1_
s\/:;(z(w?) = O~ + VEn=™), (B27)

1094 where (B.27) follows from Proposition 7. Moving on, for Ag, it is immediate that
VE[ Z,/ 1©:(1 = N)2] < Z WK =0(n PVK). (B.28)
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Finally, for A4, we recall the argument in (B.24) to provide

E[|D4?] ngﬁwkﬂ,>%(swm

n

+n28, (B.29)

Combining (B.26)-(B.29), we obtain

E

2

E[[W]A.l £ \/fexp(_cﬁn )+n2 B\ﬁq_ \/]?

nh. (B.30)

B.1.7 Final Berry Esseen bound

Note that, for any ¢ € [n], Pinelis-Rosenthal inequality (Theorem 4.1 of Pinelis [1994]) applies to
yield

E[|2712 N %) <K32E|| Zwkwk ] = O(K~Y?%),
k=1

which immediately implies that

1
En_3/2 2—1/2/\/‘83 =0
S B A ) = Ol

Therefore, combining (B.25), (B.30) and (B.31), we have that

M=

T, < ). (B.31)

[

1

do (VS Y2 (Y, = 0%), 2) S +nt VK 4+ 2

%
%

which completes the proof.

B.2 Proof of Theorem 2.2

Let I' = Var(}_, neAZN;) = Y0 17]SA”VKA” . Clearly, T'|rp < %. Define v, =
I‘*l/QnsA;‘N’s. Recall (B.3), and rewrite it as

I=Y2(Y,, —05%) = W + Dy + Dy + D3 + Dy, (B.32)

where
=3
Dy =I'~ 1/2,4"( — %),

D, :F_l/Q ZUS-A? (A(Ys—l - 9}({) - VF(YS—I))v
s=1

n K
Dy =I'"1/2 ZnSA? Zwk(ka(stl) — VF,(0%_,)),

s=1 k=1

n K
Dy :Fil/Q Z 779-/4? Z WGk (65—17 5?)
s=1 k=1
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107 Let A, = |bl|2 forl =1,2,4, and let

Ag = T2 [pK™2Y " n ANO(I = J)|p.

s=1

1108 Note that D3|y < Ag. The terms |A;| and |Al,{i}| are defined and controlled very similarly to
n-B/2

VK
1110 which we show below. Since |H|r < n~?K !, therefore

1109 Theorem 2.1, and the details are omitted. The

appears by controlling T,, := S7_ E[jv,]?],

SCE(0f) S K20 S ATPEING] S nf 2K,

s=1 s=1
1111 B.3  Application of Section 2: weighted multiplier bootstrap

1112 In the context of vanilla SGD, Fang et al. [2018], Fang [2019], Sheshukova et al. [2025] introduced a
1113 novel multiplier bootstrap paradigm that precludes the necessity of estimating >-,, while performing
1114 inference. In this section, we adapt this approach for the particular decentralized setting, and hint
1115 towards the applicability of our Berry-Esseen theorems 2.1 and 2.2. Specifically, for each client
16k € [K], let P¥, be a distribution of a random variable with E[W*] = 1 and Var[W*] = o2,
17 Wk~ ]P”ﬁv. For the validity of the bootstrap procedure, we assume that, for all k, a,% < () for some

1118 constant Cy > 0. Moreover, we assume that Wks uniformly bounded, i.e. that there exists universal
1119 constants ¢, ca > 0 such that ¢; < W* < ¢, for all k € [K] almost surely. For b € [B] where B is
1120 the number of bootstrap samples, consider the augmented 1ocal SGD updates

0" = (" —n.G"hC,,

1121 where ) ) )
Gy = K(wlwt,l vfl(ag—l’gtl)v s 7wKWt,KVfK(9tK—17§{<))

122 and for each k& € [K], {Wt{z}} are i.i.d. random variables from P¥,, t € [n],b € [B]. For each

1123 b € [B], define V;{"} = n~1K—1 Dok %" Suppose F,, := o(¢" : s € [n], k € [K]). Following
1124 standard arguments (see Theorem 3 of Sheshukova et al. [2025]), adapting the proof of Theorem 2.1
1125 as well as off-the-self Gaussian comparison results Chernozhukov et al. [2017], Devroye et al. [2018],
1126 it is possible to show that

sup P(V/n(Y1 —V,) € A|F,) —P(V/n(Y, —0%) € A)| <nt/*PVK,
AeB(R4): A convex

112z modulo logarithmic factors, with high probability with respect to F,,. This result enables one to

1128 approximate the distribution of Y, — 6% via the bootstrap samples Y,;{b}. We remark that this approach
1129 works when our focus is on Y,,; we do not expect this multiplier bootstrap to approximate the entire
1130 process {Y;}. We leave the detailed derivations to future work, since the focus of this paper is on
1131 establishing the fundamental Gaussian approximation theorems.

112 C  Proof of Theorem 2.3

1133 Recall that $,, = n™1 Y7 Q, V@), and & = KA Vg A~T. We aim to decompose X, —
113¢ K ~'Y into manageable terms, and then control them piecemeal. To be precise, write

Y, - K'Y= %Z (Qs — A WKA T+ A Wk(Qs — AN +(Qs — AV (Qs —A™HT).
s=1

n

1135 Crucial to our proof is the observation that AL — A!_| = n AA? for all s,t € [n]. Therefore,

n

n n n J n J n
YIRS TR 3 IWTED 3 Y SIFIPURERVED 3 [Pl
j=1

s=1 s=1 j=s j=1s=1 j=1s=1
(C.1)
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1136 where the last equality is via a telescoping argument. From (C.1), we obtain y »_,(Qs — A7) =
117 —A~T 30| Ap. Consequently, recalling that |V |p = K~1/2 it is immediate that

nHATY Qs — A< Al < 7/ exp(—2'7?) dz = O(K~1/2nf71),
ATVl | 2 ) DM S oz [ et de = O )

VK ¢

1138 Moving on, the term (Q, — A~")Vx (Qs — A~')T can be similarly controlled by K ~'/?n~1 from
1139 Lemma A.5 of Wu et al. [2024] (also see Lemma 11 and 12 of Sheshukova et al. [2025]). This
1140 completes the proof of (2.7). Finally, (2.8) follows from (2.7) on the account of Proposition 9, and
1141 the fact that 3, is positive-definite, and hence maps a convex set to a convex set.

1142 D Proofs of Section 3

1143 In this section, we derive the time-uniform Gaussian approximation results Theorem 3.1 and 3.2. Our
1144 proofs are divided into four successive approximation steps. We summarize our arguments in the
1145 following. In the step I, we control the difference between the aggregated and the local client-level
1146 local SGD updates. In step II, we replace the martingale structure of the gradient noise by i.i.d. mean
1147 zero noise. In step III, we further linearize the local SGD updates, which we finally approximate by
1148 a stochastically linear Gaussian process such as (3.3) or (3.5) in Step IV.

1149 D.1  Proof of Theorem 3.1
1150 D.1.1  Step I
1151 Consider ©f = (0%,...,0%) € R>K and let
07 = (071 —nG{)Cy, (D.1

1152 where G? is defined similar to G, in (2.2), but with #F° instead of #*. Moreover, let Y,° =
13 K1@91 € RE. Suppose Ry = (r},...,75) = ©;_1 — 7:Gy, and R is defined likewise. Recall
1154 (B.1) and (B.2). Define two more intermediate oracle processes:

K
Y, =Yy = VE(Yioa) +me Y wege(0F 1, &F), t € [n], Yo = Yp (D.2)
k=1
K
O __ \r0 o) k° k Y
Ve =YV = VEY2 ) +me Yy wegn(611,€5), t € [n], Y5 = Yo (D.3)
k=1

1155 For a random variable X, let || X|| = (E[|X|?])'/? be the random variable L£y-norm. Then,

K
1V = Yill < |(Yee1 = Vi) = 0 (VE(Yic1) = VE o)) + el Y wi(Fe(Yier) — Fi(0F )] == A + B.
k=1
(D.4)

1156 Now, for the term A in (D.4), invoking Assumptions A.1 and A.2, it is easy to observe that
A2 =|Yier = Yea |2+ 0f [VE(Yir) = VE(Vi)|P = 20E[(Yior = Viet) T(VF(Yio1) = VF(Yi-1))]
<(1=2nep 4 L2)[Yier = Vi ||, (D.5)
1157 On the other hand, for B in (D.4), Assumption A.2 entails,
K
B? <t Ky wil| Fi(Yeo1) = Fr(0f_1)|* < i L*KE[[|©:(1 - J)||F] = O(n), (D.6)

k=1

1158 through an application of Lemma S.16 of Supplement of Gu and Chen [2024]. Combining (D.5) and
1159 (D.6) and choosing a ¢ > p V L, it must hold that

1Y = Y[l < (1= mee)[[ Vi1 = Yiea|l + O,
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1160 which readily yields
IY; = Vi = O(m).- (D.7)

1161 Very similarly, one can show that ||Y;> — Y;°|| = O(#;). Finally it remains to show that ¥; and Y;° is
1162 approximately close. We show it as follows.

¥z — Y22

=[lYio1 = Y2, —m(VF (Y1) = VE(Y2 )P + 07 Zwkllgk (0F 1, €8) — ge(0F 1, €012
k=1
(D.8)

<(1=ne0)|Yy = Y7 |? + dnfts K 22 1651 = Yoot I? + Vo1 = 03[ + 1070 — Y2 I* + V.2, = 6511%)

D.9)
<(1 =m0V —11°||2+4ntb2<2f+2K) (D.10)
¥ 012 noon
<L =me)||Y: = Y72 +O(ﬁ+?)' (D.11)
1163 Here, (D.8) employs Assumption A.3 to deduce that g (0¥ |, £F) — gi(65°,, €F) are mean-zero
1164 martingale differences adapted to F; := o(¢¥,s < ¢,k € [K]); moreover, since {¢F}E | are

1165 independent for a fixed ¢, hence gx, (05 1, &F) — gy (05_1, £F) are also uncorrelated. Additionally,
1166 (D.9) uses a treatment analogous to (D.5) along with applying Assumption A.2 to the g terms; and
1167 (D.10) involves applications of Lemmas S.16 and Theorem 2(ii) from Gu and Chen [2024]. Finally,
1168 (D.11) immediately implies that

IV = Y2 |? = O K2 + i K™1),
1169 which, coupled with (D.7), yields,

t n
max [ Y (Vi —Y9) <> Vi = Y| = Op(n' 7). (D.12)
=1 =

1<t<n
1170 D12 Step II
1171 Moving on, we approximate )7t° by another oracle descent sequence, given by

K
Y =Y - VEE) + 00 weg(0%.€F), Y = Yo (D.13)
k=1

1172 Importantly, (D.13) can be leveraged to linearize the original sequence Y;_; in (B.1). Before we

1173 proceed in that direction, we still need to approximate f’to by YtT. From (D.3) and (D.13), it follows
1174 very similarly to (D.8)-(D.11), that,

Do alk
=1V, =Y = m(VF(Y,2) = VEYL )P + 7 Zwkllgk 121, 68) — gk (0%, €011

S(l—mC)llff{il—YLHQerLQbQ *(Ell®7 (1 - J)IF]+C77t+Cn2 )
(L= nolY2y =YL 1P+ O K2 i K1),

1175 which immediately yields ||V — Y;'|| = O(nK~! + /> K~1/2). Similar to (D.12), here too we
1176  finally obtain

max |Z — Y| = Op(n'PK= 4 pt =382 g —1/2), (D.14)

1<t<n
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D.1.3 Step III

Define YJ as

YT Y;f 1 ntVF( 1) +77tzwk9k gvat) YEJ—G*
k=1
Then it trivially follows that

DA A ARES AR B VACAR ER WA AR
<t —mo)|viL, =V |1P S exp(—t"7) Yo — 0%, (D.15)
which implies maxi<;<, | S0_; (Y] — Y1) = Op(1), since [;" exp(—t'~7) dt = O(1). Moving

on, to linearize f/tT, write (D.13) as
. . K
Vi =05 = (I —mA) Yy = 05) —n(VEY, ) — AV = 05) +me Y wign(05c, &),
k=1
(D.16)

where A = V3 F(0%). Note that, Assumption A.l along with Y wy, = 1 implies that A > pl.
Mimicking (D.16), define

K
Y2 = (I =AY+ Y wngr(05. &), Y5 =0, (D.17)
k=1
Clearly, it follows that
E[)Y, - 0 — Y2 <(1 — B[V, — 05 — Y2, | + nE[[VF(Y, ) — A, - 05)]]
< - mwE[YL, = 0 = Y2 || + LomE[V, — 05/ (D.18)
<A - B[V, -0 — Y2 || + OmE " + ), (D.19)

where, (D.18) follows from Assumption A.3 , and (D.19) is a trivial consequence of Theorem 2.(ii)
of Gu and Chen [2024]. Finally, (D.19) yields that

max |Z —Y2)| = Op(n'PK~Y2 4 n1=28), (D.20)

1<t<n

D.1.4 StepIV

Note that Y,° is a linear process, and thus we can hope to bear down standard strong invariance
principle results Komlos et al. [1975], Sakhanenko [2006], Géttse and Zaitsev [2009] on it to yield an

asymptotically optimal Gaussian approximation. In particular, let Vi = Vaur(ZkK:1 wrgk (0%, €%)),
&% ~ Py, k € [K]. Note that, Assumption 4.2 in Gu and Chen [2024] can also be summarized as

| K Vi || =< 1. We pursue two different type of Gaussian approximation. Let W} = g.(0%, £F), and

N, = Zszl w, WE. By Géttse and Zaitsev [2009], there exists i.i.d. Zy,. .., Z, L N(0,KVxk),

such that max; <<y, | Zizl(ﬁNS — Z,)| = op(n'/?). Write (D.17) as
Ve = —nA)Y  + Mg,
which immediately yields

t t ¢
DY =D nNeBay, Bar = Al (D:21)
s=1 s=1 j=s

where AL = T[_, ., (I — n;A), Al = I. Mimicking Y;°, define ¥4 as in (3.3), to which we can

simplify Zi YEG =K 02y SAJ Note that,

max \Z YSG1 )| < max ; max |ZN K127, )| —olp(max Qn'/PK- 1/2)

1<t<n 1<t<n 1<t<n 1<t<n

(D.22)

where Q, 1= |By|F + 2222 |Bs.t — Bs—1,t|r- The proof of (3.4) is completed after combining
(D.12), (D.14), (D.20) and (D.22) in view of Proposition 2.
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D.2 Proof of Theorem 3.2 and Proposition 1

In this subsection, we pursue a finer, client-level Gaussian approximation, with slight sacrifice to the
optimality in terms of error rate. In particular, the steps I, II and II from the proof of Theorem 3.1
carry forward verbatim. Consequently, it enables us to invoke from Theorem 2.1 of Mies and Steland
[2023] so that for each k € [K], there exists ZF, ..., ZF ~ N(0, Var(W*)), such that

t

max Z|Z (WF — Z¥)| = Op(K Ki-zps5t 1/logn). (D.23)

-

1<t<n
Here W* denotes a generic gi (0%, ¢%). For 61°,...,0K% € R4, define ¢ = (17 ...0K7)
Rk and simultaneously define the recursion (3.5). Letting Yt% =K *1@? 1, one arrives at the

recursion

K
YtG2 =~ 777514)5/;(31,2 + M Z wi Zy, (D.24)
k=1
to which, from (D.23), one has
¢t K Kt
< Q k_ ZE) <by1 -1 ko
fggg)IZ Vo) < max |y > wi(Wy = Z§)| <bslogn max K Z\Z(Wt

= s=1k=1 s=1

=1
=Op((n/K)* +QIJ(logn)?’/Q),
(D.25)

where the second inequality is due to Proposition 2 and maxy wy, < by K ~!. Again, we conclude
(3.6) in light of (D.12), (D.14), (D.20) and (D.25). Finally, Proposition 1 follows trivially from
Theorems 3.1 and 3.2.

E Auxiliary propositions

In this section, we present some technical results required to prove our main theorems. Propositions 2
and 3 relates the 1ocal SGD updates to its asymptotic covariance matrices. In particular, Proposition
2 controls the implicit total variation between the linearized local SGD updates, and as such, is
crucial in deriving the time-uniform approximations Aggr-GA and Client-GA.

Proposition 2. Let A € R be a positive definite matrix with smallest eigen value Ay, > 0, and
define A = H] s+1<I njA), Ay = L If

t
Q== |B1r + Z |Bs,t — Bs—
s=2

then it holds that maxi <<, 2 = O(logn).
Proposition 3. Let B, ; be as in Proposition 2. Then, for all s > 1,t > s, it holds that

|Bst — A7 p S texp (—ep(t 7P +5177)),
where cg is some constant depending on 3, Amin.

Propositions 4-8 characterizes the various properties of the local SGD updates and its difference
with its corresponding Lindeberg coupling. These results hold under the conditions of Theorem 2.1,
and can be considered as its building blocks.

Proposition 4. Under the assumptions of Theorem 2.1, it holds that for all i € [n],t > i, it holds that

E[|Y; — Vi (53] = O(n}). (E.1)

Proposition 5. Under the conditions of Theorem 2.1, for all i € [n],t > 1, it holds that

E[[(©; — ©1:)(I — J)|3] = O} K).
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Proposition 6. Under the conditions of Theorem 2.1, it holds that
E[|©.(I - J)|x] = O(n; K?). (E:2)

Proposition 7. Under the conditions of Theorem 2.1, it holds that
n?
E[|Y — 05 |'] = O(2% + ). (E3)

Proposition 8. Grant the assumptions of Theorem 2.1. Then, for t > 1, it holds that

E[|Y: = Y, ('] = O(nf). (E.4)

Proposition 9 is a typical Gaussian comparison results that relates the finite-sample covariance 3, to
the asymptotic covariance X in terms of the corresponding normal distributions. This result enables
theorem 2.3 to reflect the computation-communication trade-off of Remark 2.2.

Proposition 9 (Gaussian comparison lemma; Theorem 1.1, Devroye et al. [2018]). Let 31 and ¥4
be positive definite covariance matrices in RP*P. Let X ~ N (0,%21) and Y ~ N (0,X2). Then

dfr\/(;K} }f) < -
E.1 Proofs of the auxiliary results

Proof of Proposition 2. In the following, all < solely depend on 3 and Ay,i,. Observe that for s < ¢,
By =15 (I + 773_+11 (I- T]SA)BS+17t). Therefore, it can be written that

Byt~ Bso1s= %Bf + i1 (BegA — 1) =1 + L. (ES)
The I; term is relatively straightforward by noting that max ¢ | Bs :|r = O(1), and %| =
O(s™1). On the other hand, for I, Proposition 3 instructs that
Ns—1|BstA—1I|p < sl s Pexp ( — cB(tl_’B + 51_5)). (E.6)
Combining (E.5) and (E.6), we obtain
Bt = Bomiplr Ss7' s Pexp (= et ™7 +5177)),
which immediately shows
t t
Q2 S Zs_l + exp(—Cgtl_B)/ s P exp(css' ™) < logt,
s=1 1
which completes the proof. O
Proof of Proposition 3. Decompose B, + = 15 Z;ZS Aj as
t—1
Byy— A7h = —ATVALH Y (51— 1) A5 + e AL (E7)
j=s

where the sum Z;;i is interpreted as 0 if s = t. For the term A~ A% in (E.7), we deduce

|AL| < exp(—cp(t' =P 4 s'=7)). On the other hand,

t—1 t—1
S (1 = )AL S5 expleps' ) Y (- ) exp(—F) S 57
Jj=s j=s
This completes the proof. O
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1248

1249
1250
1251

1252

1253

1254
1255

1256

1257
1258

1259
1260

Proof of Proposition 4. From (B.2) we write
M et (r (O 1,€8) — (01, €)), t=1
(Yier = Yio1 iy) = ne(VE(Yio1) = VE(Yio1 (1y))
i Yoy Wk (VFR(Ye1) = VF(Yioy () — VER(0F_,) + VE(0F_ W)
e ey Wi (9101, €F) = 9 (011,117, €F)). t> .
(E.8)
Clearly, when ¢ = i, we have trivially that E[|Y; — Y (;1|?] = O(n?K~'). Hence, we focus on

Yi—Yi =

t > 4. Consider the observation that 34—, wy (g (0F_1,€F) — g(6;—1 (i1, &F)) is a martingale
difference sequence adapted to the filtration 7, = o(E; : s < t) \/ o(E}). Moreover, for a fixed ¢,
9e(0F_1,&F) — g1 (04—1,(s}, &F) are independent conditional on F;_. Therefore, rewriting (E.8) as

Yi—-Yi=T1+T2+T3 (E.9)
with
Ty = (Y1 = Yoy y) = m(VFE(Yi1) = VE(YZ1,(45))),
K
15 =, Zwk(ka(y}fl) —VE(Y;_10y) — VF(0F 1) + VFu(0;_, i }))a and,
k=1
K
T3 = ZWk (91(0F_1, €F) — gr(01—1, 11y, €F)),
k=1
it is easy to see that E[T}" T3] = E[T, T3] = 0. Consequently, from (E.8), one computes
E[[Y; — Y0y 2] = E[Ti[?) + EIIT3[?] + BT[] + 2B(T) T5). (E10)

Now all that is required is to build a recursion by analyzing (E.10) term-by-term. Note that standard
arguments invoking Assumptions A.2 and A.1 yields

E[|T1°] < (1 — mo)E[|Yie1 — Yio1, /7). (E.11)
On the other hand for T3, we proceed as follows:

E[|T5 2] me,iEmk 08 1. €F) — gr(61_y 11y, €D

k=1

K
<ot > wf (EN0R) — Yioa 2] + BIOy gy = Yo,y 2] + E[ Y1 = Yooy g0y ?])
k=1

<"f E[|Vioy — Yie1 (] HO(nt) (E.12)

where O(n K1) bound in (E.12) is derived upon applying Lemma S16 of Gu and Chen [2024].
Very similarly, one can bound 75 as
K
IEHTQ| NWtKZwi]E Y1 — 95 1| + [Yio1, iy — t—l,{i}|2] = 0(7721)- (E.13)
k=1

Finally we tackle the cross-product term in (E.10). Again, Assumption A.2 and yet another application
of Lemma S16 of Gu and Chen [2024] produces

E[T) To] <ni/E[|T1|?] |Zwk VE(Yio1) = VE(Yio1,0y) = VE(07_1) + VER(OF | (1) ]
k=1

K
<1t |T1 Z]E Vi1 — 95‘71|2 + |Yt—1,{i} - 9,{11,{1-}|2]
k=1

S VE( T
1
Sm(znf + CE[|T3[*]) (E.14)

<m E[IT[*] + O(n}), (E.15)
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1261 where (E.14) involves an application of Young’s inequality zy < ex? + (4¢) 1y with e = (4¢)~ 1,
1262 where c is as in (E.11). Therefore, in view of (1 4+ 7;5)(1 — n:c) < 1 — 5, we combine (E.11)
1263 -(E.15) into (E.10) to obtain

4
E[|Y: = Yo < (1= mg + ”f) E[|Yim1 = Yio1, (7] + Ol +55), ¢ > i,
1264 which immediately shows (E.1) with standard manipulations (see Lemma A.1 and A.2 of Zhu et al.
1265 [2023]; Polyak and Juditsky [1992] ]

1266 Proof of Proposition 5. Recall Cy from (2.2). Let r;, be the number of synchronization steps
1267 between s — 1 and ¢, satisfying L J +1>r> V_TSJ Further note that C™s = H;:s C
1268 From (2.2) and (B.14), it is easy to see that

(@ — O, i) (I —J) ZnsG — G ay)(Ce =), (E.16)

s=1

1269 where we have repeatedly used the fact that C1 = 1. Moreover, it also holds that

~t—s—(17—1) :in(t,s),

(E.17)

( l)ma»x{t—s—(‘r'—2)70}

lcre =g, < = Mtmscr-1)  Lt-s2r-1yP

1270 where p = pl/ 7. Equation E.17 also appears as (S7) in Gu and Chen [2024]. In view of (E.17), one
1271 can expand (E.16) as follows:

t

Ef| Zns(Gs = G ) (C™ = D)3

<Zﬁp‘rt‘9 ‘G G {7,}|F]
¢t
)Y kpalt, S)HP,T(t7l)nSnlE|:T‘r|:(Gs —Gypiy) (G — Gz,{i})]}
s=i I=i,l#s
(E.18)
¢
<25 )G = Gl
- t
30N Kot (D2 E(R2IGs = Gy B 401G — Gy [7)
s=1 l=1,l#s
¢
<Z,@M (t, S2E[|Gs — Gy gy |2) +Z,@pr (t, s)PE[| G, —GS,{i}|2F]( 3 /-;,)77(15,1)).
s=1 l=i,l#s
(E.19)
1272 Now we are required to tackle E[|G — G (;3|%]. To that end, observe that for s > i
K
E(|G; — G|t =K Y wiB[|Vfi(0_1,€5) = V01 3y, €]
k=1
K
<2M3L Y E[07y — 0y (3]
k=1
K K K
SO EN6E . —Yeri Pl D EI0, y — Yoo, T+ D BlYeor = Yooy, o]
k=1 k=1 k=1
—O0(?K), (E.20)
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where (E.20) follows from Lemma S16 of Gu and Chen [2024] and Proposition 4 respectively. Putting
(E.20) back into (E.19), we obtain

E[[(©; — ©; 1i))(I — J)|3] <Zn4Kmths <Z774 it = O(iK),

s=1

where the last assertion uses fln x~%¥%dx < n~%™ for a,y > 0, where < is independent of n.

This completes the proof. O
Proof of Proposition 6. We can re-purpose significant portions of the proof of Lemma S16 of Gu

and Chen [2024] to prove (E.2). Indeed, writing ©; = 22:1 1nsGsC, we have from the referenced
proof that

E(|©:(I — J)|%] =E[ |Z77s (Cmr = J)|E]

t

<2E[(Zns ko (1, )Gyl )}+2E[(§np,7(ts > Kpr(t,Dnem| Gy Gzl)

1=1,l#s
=S\ + S». (E21)
For S7 in (E. 21) it is straightforward to obtain
S SZm K (t, S)E[|Go|] +Z Z ety (4 s)ks - (6 DE[|GL*|Gi?)
s=11=1,l#s
t
<Zns K E[|G4|*] —&—anTts IE[Gs |1 max Z Ii (E.22)
I=1,l#s
< Z K2, (t,5) + iy (2, 8)) = O/ ), (E23)
where, in (E.22) we apply AM-GM inequality to derive
1E(IGs '] + i E|Gl*]
n2nPE(IG, 2| Gif?] < R -
A very similar treatment yields the same bound on S5, completing the proof of (E.2). O
Proof of Proposition 7. Write
R, :=Y; — 0} = E1 + Es + E3, where,
By =Ri1 = VE(Y;-1),
K
By =m Yy wi(VF(Yi-1) — VFL(6f_,)), and
k=1
K
By =n Y wign(0F1,8F)- (E24)
k=1
Note that trivially, Assumptions A.1 and A.2 imply that
E[|E1|*] < (1 = ne)E[| Ry 1 |*]. (E.25)
Moving on, for E5 we proceed as follows:
K
E(|E2|") =n/E[| ) wi(VEFR(Yio1) = VE(0_1))[]
k=1
n; - ko2)2
Scsz{(Z Vi1 — 674 ) }
k=1
<Ca B0 (1~ D] < Oy (E26)
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for some constants Cy, C > 0, where the final assertion is drawn from Proposition 6. Finally, for
FE3, we obtain,

E[| E3|*] =n/E IZwkgk t1,£t>|]<03K2, (E.27)
k=1

for some constant C3 > 0, where we have used the fact that g;, (0¥ ;,¢F) are mean-zero and
independent random vectors conditional on F;. Now, we will leverage (E.25)-(E.27) to develop
bounds on the cross-product terms. In particular,

E[|E1 |?| B2 ] <VE[E1[]VE[El|1]
<Csn}v/E[|E1]Y]

<Cymin{n BB | + (de) '], n2eB[EL|"] + (4e) 0}, (E28)
and similarly
2
|51 <CominneEl BilY] + (42) 00 BB + (197 L), (B29)

where the final assertions follow from Young’s inequality. Here, ¢ is chosen to be small enough,
however it remains a constant; the explicit choice of € will be indicated towards the end of the proof,
when we collect terms to establish the recursion. Note that, quite trivially, from (E.26) and (E.27),
one has

6
E[|Es|?|E3?] < 04% for some constant Cy > 0. (E.30)

Rest of the cross-products are strictly dominated by some combinations of the terms analyzed till
now. For example, for [, r, ¢ € {1, 2,3}, Cauchy-Schwarz and AM-GM inequalities implies that

E[(E E,)”] <E[|Ei|*|E,|?],
E[|E*(E] E,)] <VE[E'\/E(ET E,)?,

E(|(E E.)(E B[] <2”'(E[(E] E,)*] + E[(E} E,)?)). (E.31)
A careful collection of terms from (E.25)-(E.31) yields

E[RI{) < (1 = me)(1 + mCo2)E[ R[] + O( Ty, (E.32)
where Cj is a large constant depending upon Cs, C5 and Cyy. Now, choose € > 0 so that Cye < ¢/2,
upon which we immediately obtain (1 —n;c)(1+1:Coe) < 1—mn.c/2. Therefore, (E.32) immediately
yields (E.3). O
Proof of Proposition 8. Recall (E.8). Clearly, for ¢ = 14, the result is trivial. For ¢t > ¢, we leverage

(E.9). A proof very similar to (E.3), which uses a similar decomposition (E.24), can then be followed.
The crucial term is E[|T1]2|T3|?], which is computed below. Note that

[|T| nt E[ka t— 1aft) gk( t—1,{i}> 5t)|:|

K
SL/%E[Z 0F 1 — 08, oL }
k=1

. K K
§27L/%E[Z 0F | — Y, *+ K|Y,_, — Y;t—l,{i}|4 + Z 01,00y — Yt—l,{i}|4
k=1 k=1

<”f (O, 1 (I — J)|% + 01 (T = J)|b + K[Yio1 — Yiey 1Y)
Sm (Vi1 = Yoo iy [*] + O(). (E.33)
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Therefore, from (E.33), it follows

E[|T1 T3 %] <v/E[T3[]v/E[ T3]
<VEILF] (VIR B[Vt — Yior 1] + O()

SPE(Yi—1 — Yo, '] + ni VE[ T1[4]
SnPE[Yie1 — Yio1 o |'] + i E[T1|"] + O(n}). (E.34)

Rest of the terms are computed similar to Proposition 7, and the details are omitted. The final
recursion can be derived to be

E[Y; = Y, (i3"] < (1 = mo)E[[Ys1 — Vi1 (3 *] + O(n?) for some small constant ¢ > 0,
which immediately yields (E.4). O

F Additional Simulations

F.1 Effect of n and K on the Berry-Esseen rate

In this subsection, we empirically investigate the behavior of the Berry-Esseen error d¢(1/n(Y,, —
0%), Z) for Z ~ N(0, ¥,,) with varying choices of the number of iterations N and the number of
clients K. If the bound (2.5) is sharp, we expect the Berry-Esseen error to decay with increasing IV,
and increase with an increasing number of clients. Since the distance d¢ involves taking a supremum
over all convex sets, which is computationally infeasible, we restrict ourselves to the following
measure of the approximation error:

d.= sup [P(vnS,V2(Y, — )| < z) ~P(1Z] < x)
z€[0,c]

. Z ~N(0,I).

For large enough ¢ > 0, we expect d, to be a reasonable proxy for dc. For our numerical exercises to
quantify d., we analyze the output Y,, of the local SGD algorithm under a federated random effects
model, hereafter denoted as FRand-eff. We describe the set-up below.

F.1.1 FRand-eff formulation

Consider a positive definite matrix I' € R%*? and 8, € RY, and let DX := {,...,8K} Sy
Na(Bo,T). Moreover, consider S := {0?,...,0%} C RE,. Fork € [K] and att € [n]-th
iteration, suppose that the k-th client has access to data (yi, z¢x) € R x R generated from the
linear model y;, ~ N(x;ﬁk, 0,%). If the weights are chosen such that wy = ... = wxg = K1,

then clearly 67 = 22{21 wiPBr — Bo as K — oo. Therefore, local SGD can be employed, and
we expect Y,, to consistently estimate 5y as n and K grow. This model highlights the need for
information-sharing across client, since unless I' = 0, the output of local vanilla SGD for any
particular client is inconsistent for 3.

For the purpose of the numerical exercises in this section, we choose d = 2 and By = (2, —3) T, and
let I" = I with v > 0. In particular, v = 0 corresponds to a fixed effect 5y from which each client
generates their observations. For each K, we generate XX uniformly from the set {1,...,5}, DX
from the specification above, and keep them fixed throughout {he corresponding experiments as n

varies. The underlying connection matrix C is taken as C;; = 5 I{|i — j| < 1}, 4, j € [K]. In other

words, every client is connected to only its two immediate neighbors.

F.1.2 JC versus n and K

In this set, we analyze the behavior of Jc versus n for different choices of K, 7, and ~y. In particular,
we aim to verify the Berry-Esseen error rate of n'/2~%+y/K from Theorems 2.1 and 2.2. Let v = 1.
Consider the following two separate settings corresponding to n, K, and 7.

* Setting 1. Let K = 10, and vary n € {100,200, 300,400,500}, and 7 € {10, 15, 20}. For
each pair of (n, 7), we plot d,. against n.
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* Setting 2. fix n = 300, and vary K € {20, 40, 60, 80,100}, and 7 € {10, 15,20}. For each
pair of (K, 7), we plot d. against K.

We provide the practical details behind empirically estimating d.. For each of the experimental
settings described above, we generate (ys1, 7¢x) € R x R k € [K],t € [n] from the FRand-eff
specification described above, and run the local SGD algorithm with step size n; = 0.3t=0-7°
for t € [n]. For the large choice of ¢ = 100, d, is empirically estimated by ng, = 1000 many
independent Monte-Carlo repetitions of our experiments.

Figure 1 allows us to draw important practical insights from the rates of Theorems 2.1 and 2.3. Firstly,
from the Settings 1 and 3, the synchronization parameter 7 does not seem to have a significant effect
on the behavior of czc. Moreover, Figure 1(left) seems to corroborate well with the conclusion of
Theorem 2.1, with d, decaying with n for a fixed K. On the other hand, for Setting 2, Figure 1(right)
seems to point towards a trade-off in terms of K for fixed n. This particular behavior becomes clearer
as we recall (2.5). For fixed n = 300, the initial decay of d, (and by extension, d¢) with increasing
K, is caused by the n=%/2K~1/2 term. However, as K increases, the term n'~#/2y/K starts to
dominate, leading the error d, to increase with increasing K. This numerical exercise establish the
sharpness of our upper-bound (2.5), complementing the discussions in Remark 2.1.

To investigate the behavior of d, further, we also consider the case ~ = 5. In Figure 4, due to the
increased heterogeneity across [y, the effect of synchronization becomes more pronounced; for the
same values of n, K, 7, the d.. values are much lesser compared to that in Figure 1. In particular, in
Figure 4(right), the inflection point in K beyond which n'/2=#/K starts to dominate, has shifted to
the right. This is understandable, since increased variability among /3, means a greater reward for
sharing information, and thus the effect of increasing the clients leads to lowering the error d, fora
longer regime, before the asymptotics of n'/2~%y/K eventually kicks in.

F.2 Computation-communication trade-off

In this section, we numerically investigate the computation-communication trade-off hinted at in
Remark 2.2. There, we noted that if K =< n® for ¢ > 1/2, then, based on our upper bounds, we
argued that for no 8 € (1/2,1) does d¢ converge to 0. In particular, this observation is trivial
for 8 € (1/2,1/2 + ¢/2] since the central limit theory itself fail to help in view of violation of
K > n?P~1. Of particular interest is the range 3 € (1/2 + ¢/2, 1), where, as per Theorem 3 of Gu
and Chen [2024], central limit theory continues to hold, but (2.8) suggests that the upper bound to d¢
is no longer o(1).

To explore this phenomena through numerical examples, we invoke FRand-efffor v = 0, and let
n € {100, 200, 300, 400, 500}, and K = [n"] for r € {0.2,0.6}. In conjunction with Theorem 2.3,
we consider the following error:

dl = sup [B(VAS V(Y — 03)] < )~ B(Z] < )
z€[0,c]

)

where ¥ = A=1SA~T. Moreover, we consider the local SGD algorithm with 7 = 5, and n; =
0.5t=7. In light of 1/2 + /2 € {0.6,0.8}, we ensure the validity of central limit theory by letting

B € {0.85,0.9,0.95}. Finally, for each value of r, we plot d.. against n for the different choices of 3.

For r = 0.2 and r = 0.6, the evident decreasing and increasing trends of d_. in Figure 2 respectively,
vindicate not only the sharpness of our Berry-Esseen bounds Theorems 2.1-2.3, but also clearly
highlights trade-off at the region /n < K < n.

F.3 Performance of the time-uniform Gaussian approximations

This section devotes itself to numerical studies to validate the efficacy of the Gaussian approximations
Aggr-GAand Client-GA, discussed in Section 3. Consider the quantities

¢ ¢ ¢
U, = max |Z(K — 03|, Uhee %% = max |ZY5G1|, and US4 — max |ZY5G2|,
s=1 s=1 s=1

1<t<n 1<t<n 1<t<n
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where Y& and Y5, are defined as in Theorem 3.1. Moreover, we also consider the Brownian motion
approximation by functional central limit theorem as another competitor, and as such, consider

t
- i.4.d.
Ut CLT:E%Q Zy|, Z1,. .., Zn "RE N(0,T),
- s=1

where ¥ is as in Section 2.2.1. In order to compare the distributions of UAg8 %4 [7¢ient-GA 4pq

UZE-°LT to that of U, we resort to Q-Q plots. Fix N = 500, 7 = 20, and let K € {10, 25,50}.
For each triplet of of (N, K,~), we simulate ng, = 500 parallel independent 1ocal SGD chains
with step-sizes 1; = 0.7¢~°-%5, and observations from the FRand-eff model in order to empirically
simulate U,,. Concurrently, we also simulate ng,, independent observations from the distributions of

U4g80h Ctient-GA apd [J£-CLT by running the corresponding chains in parallel. The QQ-plots are

shown in Figure 3.

The sub-optimality of the functional CLT as a time-uniform Gaussian approximation to {Y;} is
empirically evident from the QQ-plots. Both our proposals Aggr-GA and Client-GA uniformly
dominate the approximation via Brownian motion across different settings. Moreover, as K increases
from left panel to the right, Aggr-GA out-performs Client-GA. This in line with Proposition 1 (i)
and (ii) underpinning the sharper approximation rate for Aggr-GA. However, we must recall that
Client-GA requires local covariance estimation for each client, thus protecting the privacy of the
federated setting.

014

100 200 300 400 500 2 s0 75 100 125 150 175 200

Figure 4: Plot of d, against n and K for v = 5, and Settings 1(left), and 2(right).
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