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Algorlthm 2 OLIVE (-Fa Cacta Celima Nact, nelim)

1: Initialize: B° « F, D, < () for all h, k.

2: for phase k =1,2,...do

3:  Choose policy 7" = 7, where f* = argmax ;i1 f(s1,7f(s1)).

4:  Execute ¥ for n, episodes and refresh Dy, to include the fresh (s, an, 7h, sn41) tuples.
5. Estimate £(f*, 7%, h) for all h € [H], where

A 1
o= 3 (i) - maana ().
|D}L| ( NeD a’€A
R s,a,r,s h
if S0 E(fF, 7%, h) < H(y then

Pick any ¢ € [H] for which &(f¥, 7%, t) > (o
. Execute 7* for ngpn episodes and refresh Dy, to include the fresh (s, ap, 7, Spt1) tuples.
10:  Estimate £(f, 7% t) forall f € F.

1. Update B* — {f € Bk . ‘E‘(f, ﬂk,t)] < <eﬁm}.

6
7: Terminate and output 7*.
8
9

A Algorithm OLIVE

In this section, we analyze algorithm OLIVE proposed in [1], which is based on hypothesis elimina-
tion. We prove that, despite OLIVE was originally designed for solving low Bellman rank problems,
it naturally learns RL problems with low BE dimension as well.

The main advantage of OLIVE comparing to GOLF is that OLIVE does not require the completeness
assumption. In return, OLIVE has several disadvantages including worse sample complexity, and no
sublinear regret.

The pseudocode of OLIVE is presented in Algorithm 2, where in each phase the algorithm contains
the following three main components:

e Line 3 (Optimistic planning): compute the most optimistic value function f* from the
candidate set B*~!, and choose 7* to be its greedy policy.

e Line 4-7 (Estimate Bellman error): estimate the Bellman error of f* under *; output 7*
if the estimated error is small, and otherwise activate the elimination procedure.

e Line 8-11 (Eliminate functions with large Bellman error): pick a step ¢ € [H] where the
estimated Bellman error exceeds the activation threshold (,.; eliminate all functions in the
candidate set whose Bellman error at step ¢ exceeds the elimination threshold (gjip-

We comment that OLIVE is computationally inefficient in general because implementing the opti-
mistic planning part requires solving an NP-hard problem in the worst case [Theorem 4, 48].

A.1 Theoretical guarantees

Now, we are ready to present the theoretical guarantee for OLIVE.

Theorem 18 (OLIVE). Under Assumption 1, there exists absolute constant c such that if we choose

2¢ € H% H2dlog(N=(Cotim/8)) - ¢
Cact = 7 Celim = 7 Naa = —5 > and Nejiy = g( }_(Cl / >)
H 2HVd €
where d = dimpg(F,Dr,e/H) and . = clog(Hd/d¢), then with probability at least 1 — 0, Algo-
rithm 2 will output an O(€)-optimal policy using at most O(H3d? 10g[NF(Coiim/8)] - 1/ €2) episodes.

€2

Theorem 18 claims that OLIVE learns an e-optimal policy of an MDP with BE dimension d within

@(H 3d?1og(Nr)/€?) episodes. When specialized to low Bellman rank problems, our sample com-
plexity has the same quadratic dependence on Bellman rank d as in [1].

Comparing to GOLF, the major advantage of OLIVE is that OLIVE does not require completeness
assumption (Assumption 2) to work. Nevertheless, OLIVE only learns the RL problems that have

15



low BE dimension with respect to distribution family D, not D . The sample complexity of OLIVE
is also worse than the sample complexity GOLF (as presented in Corollary 16).

Finally, we comment that interpreting OLIVE through the lens of BE dimension, makes the proof
of Theorem 18 surprisingly natural, which follows from the definition of BE dimension along with
some standard concentration arguments.

A.2 Interpret OLIVE with BE dimension

In this subsection, we explain the key idea behind OLIVE through the lens of BE dimension.

To provide a clean high-level view, let us assume all estimates are accurate for now, and the
activation threshold (,. and the elimination threshold (., satisfy ge.imﬁ < Caet, Where d =
dimpg (.7-', Dr, Cact). Since £(Q*,m,h) = 0 for any (m, h), Q* is always in the candidate set.
Therefore, the optimistic planning (Line 3) guarantees max, f¥(s,a) > V*(s1).

If the Bellman error summation is small (Line 6) i.e., Zthl E(f*, 7%, h) < H(ae, then by simple
policy loss decomposition (e.g., Lemma 1 in [1]) and the optimism of f*, 7% is H(,e-optimal.
Otherwise, the elimination procedure is activated at some step ¢ satisfying E( f k, 7rk, t) > Cact and
all f with E(f, 7%, ) > Celim get eliminated. The key observation here is:

If the elimination procedure is activated at step h in phase k1 < ... < k,,, then
the roll-in distribution of 71, ... 7*m at step h is an (,-independent sequence
with respect to the class of Bellman residuals (I — Tp,).F at step h. Therefore, we
should have m < d.

For the sake of contradiction, assume m > d + 1. Let us prove 71, . .., 7+ is a (,-independent
sequence. Firstly, for any j € [d + 1], since f¥i is not eliminated in phase k1, ..., k;_1, we have
j—1
2
Z (g(fkjvﬂ-kia h)) < \/g X Celirn < C:act~
i=1

Besides, because the elimination procedure is activated at step h in phase k;, we have
E(fFs, ki 'h) > Gt By Definition 6, we obtain that the roll-in distribution of 7%i at step h
is Cy-independent of those of %1, ... 7%i-1 for j € [d + 1], which contradicts the definition
d = dimgg (f ,Dr, Cact). As a result, the elimination procedure can happen at most d times for
each h € [H], which means the algorithm should terminate within dH + 1 phases and output an
H (,c¢-optimal policy.

B V-type BE Dimension and Algorithms

The definition of Bellman rank, mentioned in Definition 10 and Proposition 11, is slightly different
from the original definition in [1]. We denote the former by Q-type and the latter (the original
definition) by V-type. In this section we introduce V-type BE Dimension as well as V-type variants
of GOLF and OLIVE. We show that similar results also hold for the V-type variants.

Definition 19 (V-type Bellman rank). The V-type Bellman rank is the minimum integer d so that
there exists ¢y, : F — R% and 1y, : F — R for each h € [H), such that for any f, f' € F, the
average V-type Bellman error

Ev(f,mprsh) == El(fa — Tafni1)(sn,an) | sn ~ g an ~ mg] = (n (), ¥n(f)),
where ||dn(f)ll2 - |Un(f)l2 < ¢, and  is the normalization parameter.

The only difference between these two definitions is how we sample ay,. In the Q-type definition we
have aj, ~ 7y (the roll-in policy), however in the V-type definition we have a;, ~ 7y (the greedy
policy of the function evaluated in the Bellman error) instead. It is worth mentioning that the Q-type
and V-type bellman error coincide whenever f = f’; namely, E(f, 7, h) = Ev(f, ¢, h) for all
ferF.

We can similarly define the V-type variant of BE Dimension. At a high level, V-type BE dimension
dimvypg (F, II, €) measures the complexity of finding a function in F such that its expected Bellman
error under any state distribution in II is smaller than e.
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Algorithm 3 V-type GOLF (F, K, )

1: Initialize: Dy,..., Dy < 0, B® « F.

2: for epoch k from 1 to K do

3:  Choose policy 7" = 7, where f* = argmax i1 f(s1,7f(s1)).

4:  for step i from 1 to H do

5 Collect a tuple (sp,, ap,7h, sn41) by executing 7% at step 1,...,h — 1 and taking action
uniformly at random at step h.

6: Augment D;, = Dp, U {(Sh, an,Th, sp+1)} forall h € [HJ.
7:  Update
B* = {f €F: Lo, (fn, fo1) < uf Lp, (9, fn1) + B forall h € [H]} ;
h
where Lo, (6, Gup1) = > [Gn(s,a) =7 — max Chra (s a2

(s,a,m,8")EDy
8: Output 7°"* sampled uniformly at random from {7*}# .

Definition 20 (V-type BE dimension). Let (I — T)Vr C (S — R) be the state-wise Bellman
residual class of F at step h which is defined as

(I —=TyVE = {s = (fo — Tofasr)(s,mp,(8)) s f € ]—'}.

Let 11 = {Hh}hH:1 be a collection of H probability measure families over S. The V-type e-BE
dimension of F with respect to 11 is defined as

dimVBE (.7:, H, 6) = 5161?})1(] dimDE ((I - 771,)V]:, Hh, 6).

Relation with low V-type Bellman rank With slight abuse of notation, denote by D j, the col-
lection of all probability measures over S at the h'" step, which can be generated by rolling in with
a greedy policy m; with f € F. Similar to Proposition 11, the following proposition claims that
the V-type BE dimension of F with respect to D := {Dx p, } nea is always upper bounded by its
V-type Bellman rank up to some logarithmic factor.

Proposition 21 (low V-type Bellman rank C low V-type BE dimension). If an MDP with function
class F has V-type Bellman rank d with normalization parameter (, then

dimVBE(J:a D]:7 6) < O(l + leg(l + C/G))

The proof of Proposition 21 is almost the same as that of Proposition 11 in Appendix D.1. We omit it
here since the only modification is to replace Q-type Bellman rank with its V-type variant wherever
it is used.

B.1 Algorithm V-type GOLF

In this section we describe the V-type variant of GOLF. The pseudocode is provided in Algorithm 3.
Its only difference from the Q-type analogue is in Line 5: for each h € [H], we roll in with policy
7% to sample s, and then instead of continuing following 7" we take random action at step h.

Now we present the theoretical guarantee for Algorithm 3. Its proof is almost the same as that of
Corollary 16 and can be found in appendix G.2.

Theorem 22 (V-type GOLF). Under Assumption 1, 14, there exists an absolute constant c such that
for any given ¢ > 0, if we choose B = clog|K HNx_g(e?/(d|.A|H?))], then with probability at
least 0.99, 70U is O(¢)-optimal, if

a4 &\ HdA
w20 (T e s (g ) )

where d = minge(p, p,} dimyeg (]—', 11, e/H)

Compared with Theorem 23 (V-type OLIVE), Theorem 22 (V-type GOLF) has the following two
advantages.
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Algorithm 4 V-type OLIVE (F, Cact, Celim s Tact; Melim )
1: Initialize: B° « F, D, < () for all h, k.
2: for phase k =1,2,...do
3:  Choose policy 7" = 7, where f* = argmax ;i1 f(s1,7f(s1)).
4:  Execute ¥ for n, episodes and refresh Dy, to include the fresh (s, an, 7h, sn41) tuples.
5. Estimate & (f*, 7%, h) for all h € [H], where
o X (0 - maysaea).
(s,a,r,s’)EDy,
it S0 Ev(f*, 7%, h) < H(aeq then
Terminate and output 7*.
Pick any t € [H] for which &y (f*, 7% t) > Cact.
Collect nji, episodes by executing % for step 1,...,¢ — 1 and picking action uniform at
random for step ¢. Refresh Dy, to include the fresh (sp, an, T, Spr1) tuples.

10:  Estimate &y (f, 7%, t) for all f € F, where

5 : _ 1 1[a:7rf(8)] ro
Ev(f, wk,h) = w . m%;)GDh W (fh(s,a) —r— gleaﬁfhﬂ(s ,a )) )

11:  Update B* — {f € BT . ‘fv(f, wk,t)‘ < cenm} :

Ev(fr, m h) =

oo

e The sample complexity in Theorem 22 depends linearly on the V-type BE-dimension while
the dependence in Theorem 23 is quadratic.

e Theorem 22 applies to RL problems of finite V-type BE dimension with respect to either
Dx or Da. In comparison, Theorem 23 provides no guarantee for the D case.

Finally, we comment that for the low Q-type BE dimension family, we provide both regret and sam-
ple complexity guarantees while for the low V-type counterpart, we only derive sample complexity
result due to the need of taking actions uniformly at random in Algorithm 4 and Algorithm 3. [38]
propose an algorithm that can achieve /T-regret for problems of low V-type Bellman rank. It is an
interesting open problem to study whether similar techniques can be adapted to the low V-type BE
dimension setting so that we can also obtain v/7T-regret.

B.2 Algorithm V-type OLIVE

In this section, we describe the original OLIVE (i.e., V-type OLIVE) proposed by [1], and its theo-
retical guarantee in terms of V-type BE dimension.

The pseudocode is provided in Algorithm 4. Its only difference from Algorithm 2 is Line 9-10:
note that V-type Bellman rank needs the action at step ¢ to be greedy with respect to the function f
instead of being picked by the roll-in policy ¥, so we choose action a; uniformly at random and
use the importance-weighted estimator to estimate the Bellman error for each f.

We have the following similar theoretical guarantee for Algorithm 4. Its proof is almost the same as
that of Theorem 18 and can be found in Appendix G.1.

Theorem 23 (V-type OLIVE). Assume realizability (Assumption 1) holds and F is finite. There
exists absolute constant c such that if we choose

2¢ € H?, H2d|A|log(|F]) - ¢
Cact = ﬁa Celim = ma Nacr = €T7 and Nejim = €2

where d = dimygg (F, Dr,e¢/H) and v = clog[Hd|A|/5¢], then with probability at least 1 — 6,
Algorithm 4 will output an O(¢)-optimal policy using at most O(H3d?|A|log(|F|) - 1/€2) episodes.

For problems with Bellman rank d and finite function class F, Theorem 23 together with Proposi-

tion 21 guarantees O(H3d?|A| log(|F|)/€%) samples suffice for finding an e-optimal policy, which
matches the result in [1]. For function class F of infinite cardinality but with finite covering number,
we can first compute an O((eim )-cover of F, which we denote as Z,, and then run Algorithm 4 on
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Z,. By following almost the same arguments in the proof of Theorem 23 (the only difference is to
replace Q* by its proxy in Z,), we can show Algorithm 4 will output an O(e)-optimal policy using
at most Q(H3d?|.A| log(N)/€?) episodes where N = N7 (O(Cetim))-

B.3 Discussions on Q-type versus V-type

In this paper, we have introduced two complementary definitions of Bellman rank: Q-type Bellman
rank and V-type Bellman rank. And we prove they are upper bounds for Q-type and V-type BE
dimension, respectively. Here, we want to emphasize that both Q-type and V-type Bellman rank
have their own advantages. Specifically, the Q-type version has the following strengths.

1. There are natural RL problems whose Q-type Bellman rank is small, while their V-type
Bellman rank is very large, e.g., the linear function approximation setting studied in in [8].

2. All the existing sample complexity results for the V-type cases scale linearly with respect
to the number of actions, while those for the Q-type cases are independent of the number of
actions. Therefore, for control problems such as Linear Quadratic Regulator (LQR), which
has both small Q-type and V-type Bellman rank but infinite number of actions, the notion
of Q-type is more suitable.

On the other hand, there are problems that naturally induce low V-type Bellman rank but have large
Q-type Bellman rank, e.g., reactive POMDPs.

C Examples

In this section, we introduce examples with low BE dimension. We will start with linear models and
their variants, then introduce kernel MDPs, and finally present kernel reactive POMDPs which have
low BE dimension, but possibly large Bellman rank and large Eluder dimension. All the proofs for
this section are deferred to Appendix H.

C.1 Linear models and their variants

In this subsection, we review problems with linear structure in ascending order of generality. We
start with the definition of linear MDPs [e.g., 7].

Definition 24 (Linear MDPs). We say an MDP is linear of dimension d if for each h € [H], there
exists feature mappings ¢, = S x A — RY, and d unknown signed measures )y, = (’(/J}(Ll), - 71#,(:1))
over S, and an unknown vector 05 € R%, such that P (- | s,a) = ¢p(s,a) "¢p(-) and rp(s,a) =
bn(s,a)T 0% forall (s,a) € S x A.

We remark that existing works [e.g., 7] usually assumxe ¢ is known to the learner. Next, we review
a more general setting—the linear completeness setting [e.g., 8].

Definition 25 (Linear completeness setting). We say an MDP is in the linear completeness setting
of dimension d, if there exists a feature mapping ¢, : S x A — R%, such that for the linear function
class Fr, = {¢n(-) 70 | 0 € R}, both Assumption 1 and 2 are satisfied.

We make three comments here. Firstly, we note that linear MDPs automatically satisfy both linear
realizability and linear completeness assumptions, therefore are special cases of the linear com-
pleteness setting with the same ambient dimension. Secondly, only assuming linear realizability but
without completeness is insufficient for sample-efficient learning (see exponential lower bounds in
[44]). Finally, as mentioned in Appendix B.3, though MDPs in the linear completeness setting have
low Q-type Bellman rank, their V-type Bellman rank can be arbitrarily large.

Finally, we review the generalized linear completeness setting [6], which generalizes the linear
completeness setting by adding nonlinearity.

Definition 26 (Generalized linear completeness setting). We say an MDP is in the generalized linear
completeness setting of dimension d, if there exists a feature mapping ¢, : S x A — R? and a
link function o, such that for the generalized linear function class F, = {o(¢n(-)70) | 6§ € R4},
both Assumption 1 and 2 are satisfied, and the link function is strictly monotone, i.e., there exist
0 < ¢1 < ¢g < 00 such that o' (x) € [e1, ca| for all x.
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One can directly verify by definition that when we choose link function o(z) = z in the generalized
linear completeness setting, it will reduce to the standard linear version. Besides, it is known [18]
the generalized linear completeness setting is a special case of low Eluder dimension, thus belonging
to the low BE dimension family. Finally, we comment that despite the linear completeness setting
belongs to the low Bellman rank family, the generalized version does not because of the possible
nonlinearity of the link function.

C.2 Effective dimension and kernel MDPs

In this subsection, we introduce the notion of effective dimension. With this notion, we prove a
useful proposition that any linear kernel function class with low effective dimension also has low
Eluder dimension. This proposition directly implies that kernel MDPs are special cases of low
Eluder dimension, which are also special cases of low BE dimension.

Effective dimension We start with the definition of effective dimension for a set, which is also
known as critical information gain in Du et al. [41].

Definition 27 (e-effective dimension of a set). The e-effective dimension of a set X is the minimum
integer dog (X, €) = n such that

1 1<
sup  — logdet (I + = me?) <e L (6)

Z1,..,xn€X T P

Based on this definition, we can also define the effective dimension of a function class.

Definition 28 (e-effective dimension of a function class). Given a function class F defined on X,
its e-effective dimension deg(F, €) = n is the minimum integer n such that there exists a separable
Hilbert space H and a mapping ¢ : X — H so that

e forevery f € F there exists 0y € By /(1) satisfying f(x) = (05, ¢(x))n forall z € X,
o dot(¢(X),€) = n where p(X) = {p(x) : © € X}.

The following proposition shows that the Eluder dimension of any function class is always upper
bounded by its effective dimension.

Proposition 29 (low effective dimension C low Eluder dimension). For any function class F and
domain X, we have
dlmE(F, 6) S dimeﬁ‘(]:, 6/2)

On the other hand, we remark that effective dimension requires the existence of a benign linear
structure in certain Hilbert spaces. In constrast, Eluder dimension does not require such conditions.
Therefore, the function class of low Eluder dimension is more general than the function class of low
effective dimension.

Kernel MDPs Now, we are ready to define kernel MDPs and prove it is a subclass of low Eluder
dimension.

Definition 30 (Kernel MDPs). In a kernel MDP of effective dimension d(¢€), for each step h €
[H], there exist feature mappings ¢, : S X A — H and ¢y, : S — H where H is a separable
Hilbert space, so that the transition measure can be represented as the inner product of features,
ie, Pr(s' | s,a) = (Pn(s,a),¥n(s’))y. Besides, the reward function is linear in ¢, i.e., r,(s,a) =
(on(s,a),05)w for some 0, € H. Here, ¢ is known to the learner while 1) and 6" are unknown.
Moreover, a kernel MDP satisfies the following regularization conditions: for all h

o |0} < land ||¢n(s,a)||ln < 1foralls,a.
o [ cs V(8)Un(s)lln < 1 forany functionV : S — [0, 1].
o dimeg(Xp, €) < d(e) for all h and €, where X, = {¢n(s,a) : (s,a) € S x A}.

In order to learn kernel MDPs, we need to construct a proper function class F. Formally, for each
h € [H], we choose Fj, = {¢n(-,-) 70 | 0 € By(H + 1 — h)}. One can easily verify F satisfies
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both realizability and completeness by following the same arguments as in linear MDPs [7]. In order
to apply GOLF or OLIVE, we also need to show it has low BE dimension and bounded log-covering
number. Below, we prove in sequence that F has low Eluder dimension and low log-covering
number. Therefore, kernel MDPs fall into our low BE dimension framework.

Proposition 31 (kernel MDPs C low Eluder dimension). Let M be a kernel MDP of effective
dimension d(¢), then
dimg (F,€) < d(e/2H).

Proposition 31 follows directly from Proposition 29 by rescaling the parameters. Utilizing Proposi-
tion 31, we can further prove the log-covering number of F is also upper bounded by the effective
dimension of the kernel MDP up to some logarithmic factor.

Proposition 32 (bounded covering number). Let M be a kernel MDP of effective dimension d(¢),
then
log Nz(e) < O(Hd(e) - log(1 + d(e)H/e)).

C.3 Effective Bellman rank and kernel reactive POMDPs

To begin with, we introduce the definition of effective Bellman rank and prove that it is always
an upper bound for BE dimension. We will see effective Bellman rank serves as a useful tool for
controlling the BE dimension of the example discussed in this section—kernel reactive POMDPs.

Q-type effective Bellman rank We start with Q-type e-effective Bellman rank which is simply
the e-effective dimension of a special feature set.

Definition 33 (Q-type e-effective Bellman rank). The Q-type e-effective Bellman rank is the mini-
mum integer d so that

o There exists ¢, : F — H and Y, : F — H for each h € [H] where H is a separable
Hilbert space, such that for any f, f' € F, the average Bellman error

E(fimpsh) :=Er, [(fn — Tafnt1)(snan)] = (bn (), ¥n(f))n

where ||én ()| < ¢, and C is the normalization parameter.
o d = maxye(g) det (Xn (1, F), €/C) where Xy, (1, F) = {¢n(fr) : frn € Fn}-

One can easily verify that when 7 is a finite-dimensional Euclidean space, the e-effective Bellman
rank is always upper bounded by the original Bellman rank up to a logarithmic factor in ¢ and
e~ L. Moreover, the effective Bellman rank can be much smaller than the original Bellman rank if
the induced feature set { X}, (1), F) }rem) approximately lies in a low-dimensional linear subspace.
Therefore, effective Bellman rank can be viewed as a strict generalization of the original version.

Proposition 34 (low Q-type effective Bellman rank C low Q-type BE dimension). Suppose function
class F has Q-type e-effective Bellman rank d, then

dimBE(]:, D]:, 6) < d.

Proposition 34 claims that problems with low Q-type effective Bellman rank also have low Q-type
BE dimension.

V-type effective Bellman rank We can similarly define the V-type variant of effective Bellman
rank, and prove it is always an upper bound for V-type BE dimension.

Definition 35 (V-type e-effective Bellman rank). The V-type e-effective Bellman rank is the minimum
integer d so that

o There exists ¢y, : F — H and p, : F — H for each h € [H| where H is a separable
Hilbert space, such that for any f, f € F, the average Bellman error

Ev(f,mpr h) = El(fn — Tnfns1)(sn,an) | sn ~ mpryan ~ w5] = (dn(f), Un(f))n

where ||on ()3 < ¢, and ¢ is the normalization parameter.

o d = maxje(g) et (Xn (1, F), €/C) where Xy, (1, F) = {¢n(fr) : frn € Fn}.
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Proposition 36 (low V-type effective Bellman rank C low V-type BE dimension). Suppose function
class F has V-type e-effective Bellman rank d, then

dimVBE(]:, D]:7 6) < d.

The proof of Proposition 36 is almost the same as that of Proposition 34. We omit it since the only
modification is to replace Q-type effective Bellman rank with its V-type variant wherever it is used.

We want to briefly comment that the majority of examples introduced in [41] have low effective
Bellman rank. For example, low occupancy complexity, linear Q* /V*, linear Bellman complete and
Q™ state aggregation have low Q-type effective Bellman rank. And the feature selection problem
has low V-type Bellman rank.

Kernel reactive POMDPs We start with the definition of POMDPs. A POMDP is defined by a
tuple (S, A, O, T, 0, r, H) where S denotes the set of hidden states, .4 denotes the set of actions, O
denotes the set of observations, T denotes the transition measure, O denotes the emission measure,
r= {rh}hH:1 denotes the collections of reward functions, and H denotes the length of each episode.
At the beginning of each episode, the agent always starts from a fixed initial state. At each step
h € [H], after reaching s, the agent will observe oy, ~ O, (- | si). Then the agent picks action ap,,
receives 7y, (0p, ap) and transits to sp41 ~ Tx(- | sk, ap). In POMDPs, the agent can never directly
observe the states s;.z7. It can only observe o1.p and r1.;7. Now we are ready to formally define
kernel reactive POMDPs.

Definition 37 (Kernel reactive POMDPs). A kernel reactive POMDP is a POMDP that additionally
satisfies the following two conditions

e For each h € [H|, there exist mappings ¢, : S X A — H and b, : S — H where H
is a separable Hilbert space, such that Ty (s' | s,a) = (¢n(s,a), ¥Yp(s')) forall §',a, s.
Moreover, for any functionV : S — [0,1], || >°. cs V(s ) (s) || < 1.

e (Reactiveness) The optimal action-value function Q* only depends on the current observa-
tion and action, i.e., for each h € [H|, there exists function f}; : O x A — [0, 1] such that
forall T, = [01,a1,71,...,0] and ap,

Q;;(T}u a’h) = f;:(ohv ah)-

The following proposition shows that when a kernel reactive POMDP has low effective dimension,
it also has low V-type BE dimension.

Proposition 38 (kernel reactive POMDPs C low V-type BE dimension). Any kernel reactive
POMDP and function class F C (O x A — [0, 1]) satisfy

dimVBE(]:, Y)]—-7 6) < max deﬂ‘(X}“ 6/2)7
he[H]
where X), = {Eﬂf [qSh(sh,ah)] s fe .F}
We comment that when H approximately aligns with a low-dimensional linear subspace, the V-type
effective Bellman rank in Proposition 38 will also be low. However, the Eluder dimension of F can
be arbitrarily large because we basically pose no structural assumption on F. Besides, its V/Q-type
original Bellman rank can also be arbitrarily large, because  may be infinite-dimensional and the

observation set O may be exponentially large. If we additionally assume JF satisfies realizability
(f* € F), then we can apply V-type OLIVE and obtain polynomial sample-complexity guarantee.

D Proofs for BE Dimension
In this section, we provide formal proofs for the results stated in Section 3.

D.1 Proof of Proposition 11

The proof is basically the same as that of Example 3 in [18] with minor modification.
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Proof. Without loss of generality, assume max{||¢n ()2, |¥n(f)ll2} < v/, otherwise we can
satisfy this assumption by rescaling the feature mappings. Assume there exists & € [H] such
that dimpg((I — 71)F, Drp,€) > m. Let pq, ..., tm € Drj, be a an e-independent sequence
with respect to (I — T,)F. By Definition 6, there exists f!,..., f™ such that for all i € [m],

\/Z B [ff — Thfi])? < eand |E,, [f} — Tnfi ]l > € Since pi, ..., pn € D p, there

exist g',..., g™ € F so that 11, is generated by executing 7 for all i € [n].

By the definition of Bellman rank, this is equivalent to: for all ¢ € [m],
VI (6n(g7), ¥n(f9))? < e and |(dn(g'), ()] > e.

For notational simplicity, define x; = ¢5,(¢"), z; = ¥ (f*) and V; = i 1ztzt + € C -I. The

previous argument directly implies: for all i € [m], ||x;|lv, < v/2e and ||x;]v, - Zily-1 > e
Therefore, we have ||zi\|v;1 > %

By the matrix determinant lemma,

2 3 62 3 m—1 62 d 3 m—1
det[V,,] = det[Vp—1](14]|Zzm||5,-1) = =det[Vi—1] > ... > det[—1](2) =(=)%2)
Vi 2 2 ¢ 2
On the other hand, )
trace[Vin]. g _ ,C(m—1) €,
Vv < < — )",
Therefore, we obtain )
2\ym—1 < (m - 1) d
Take logarithm on both sides,
¢(m—1)
<4|1+dlog(Z———=+1
"= [ - dlog( de? R
which, by simple calculation, implies
<2
m§(9<1+dlog( 1)) O

D.2 Proof of Proposition 12

Proof. Assumed,,,...,Jd,,  isane-independent sequence of distributions with respect to (I—7Tp,).F,
where &, € Da. By Definition 6, there exist functions f1,..., f™ € F such that for all i € [m], we

have |(f} — Tafiy1)(z0)| > e and \/SIZH(f] — Tafi) (20)? < €. Define g, = Ti i, Note
that g} € F}, because T, Fp11 C Fp. Therefore, we have for all i € [m], |(f — gi)(2:)| > € and

\/ STV — gi)(24)[2 < ewith fi, gi € Fy. By Definition 4 and 5, this implies dimg (Fp, €) >
m, which completes the proof. O

D.3 Proof of Proposition 13

Proof. For any m € N, denote by ey, ..., e,, the basis vectors in R™, and consider the following
linear bandits (|S| = H = 1) problem.

e The action set A = {a; = (1;¢;) € R™T: i € [m]}.
e The function set F; = {fp,(a) =a'0; : 0; = (1;¢;), i € [m]}.
e The reward function is always zero, i.e., 7 = 0.

Eluder dimension For any ¢ € (0, 1] ai,...,am—1 1s an e-independent sequence of points be-
cause: (a) for any t € [m — 1], SI_ 1(fgt(al) — fo,.,(a;))? = 0; (b) for any t € [m — 1],
fo.(at) — fo,.,(at) = 1 > e. Therefore, min, e[z dimg(Fr, €) = dimg(F1,€) > m — 1.
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Bellman rank It is direct to see the Bellman residual matrix is £ := T © € R™*™ with rank m,
where © = [0, 05, ...,60,,]. As a result, the Bellman rank is at least m.

BE dimension First, note in this setting (I — 7;)F is simply F; (because F2 = {0} and r = 0),
and Dx coincides with Da, so it suffices to show dimpg(Fi1, Da,€) < 5.

Assume dimpg(F1, Da, €) = k. Then there exist 1, ..., qx € Aand wy, ..., w, € A such that for

allt € [k], Z:;i«qt, w;))? < eand |(g;, w;)| > €. By simple calculation, we have ¢,/ w; € [1,2]
forall i, j € [k]. Therefore, if € > 2, then k = 0 because | (g, w:)| < 2;if e < 2, then k < 5 because

VE=T <Y (g wi))? < e O

E Proofs for GOLF

In this section, we provide formal proofs for the results stated in Section 4.

E.1 Proof of Theorem 15

We start the proof with the following two lemmas. The first lemma shows that with high probability
any function in the confidence set has low Bellman-error over the collected datasets D1, ..., Dy as
well as the distributions from which Dy, ..., Dy are sampled.

Lemma 39. Let p > 0 be an arbitrary fixed number. If we choose 3 = c(log[K HNxug(p) /8] +

K p) with some large absolute constant c in Algorithm 1, then with probability at least 1 — 0, for all
(k,h) € [K] x [H], we have

_ 2 ;
(a) i EI(F (snran) = (Tff ) (smyan))” | snsan ~ 7]<O(6).
k— i i ii))2
(b) Zi:11 (fi(shyah,) = (T fh)(shya3,)) " <O(B),
where (s%,al,..., st a%, sl}ﬂ_l) denotes the trajectory sampled by following 7* in the i*" episode.

The second lemma guarantees that the optimal value function is inside the confidence with high
probability. As a result, the selected value function f* in each iteration shall be an upper bound of
Q* with high probability.
Lemma 40. Under the same condition of Lemma 39, with probability at least 1 — 6, we have
Q* € B* forall k € [K].

The proof of Lemma 39 and 40 relies on standard martingale concentration (e.g. Freedman’s in-
equality) and can be found in Appendix E.3.

Step 1. Bounding the regret by Bellman error By Lemma 40, we can upper bound the cumula-
tive regret by the summation of Bellman error with probability at least 1 — 4:

S (Vs = v (1) <3 (max fi(sra) = v (s0)) 230N A0, )

k=1 k=1 k=1h=1

where (%) follows from standard policy loss decomposition (e.g. Lemma 1 in [1]).

Step 2. Bounding cumulative Bellman error using DE dimension Next, we focus on a fixed
step h and bound the cumulative Bellman error 22{:1 E(f*, 7%, h) using Lemma 39. To proceed,
we need the following lemma to control the accumulating rate of Bellman error.

Lemma 41. Given a function class ® defined on X with |¢p(x)| < C for all (g,x) € ® x X, and
a family of probability measures 11 over X. Suppose sequence {¢y}5_ | C ® and {p.}., c 11
satisfy that for all k € [K], f:_ll (Eu, [0x])? < B. Then for all k € [K] and w > 0,

k
Sy, (64l < O (/dimp(®, TL,w) 3k + min{k, dimpp(@,TL,w)}C + kw) .
t=1
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Lemma 41 is a simple modification of Lemma 2 in [18] and its proof can be found in Appendix E.4.
We provide two ways to apply Lemma 41, which can produce regret bounds in term of two different
complexity measures. If we invoke Lemma 39 (a) and Lemma 41 with

1 1
= — = — =1
r=g e\ ¢t

X:SXA, @Z(I—ﬂl)]:, H:Df,h,
S = [ — Taflyy and . = P (s, = - ap, = -),

we obtain
k
S e(ffnth <o <\/k -dimpg(F, Dr, V1/K) log[KHNng(l/K)/5]> . (8)
t=1

We can also invoke Lemma 39 (b) and Lemma 41 with

1 1
= — = _— :1
r=g o=\ =t

X:SX.A, P = (1—771)]:, andH:DAJH
Ok = [ = Tufys and e = 1{- = (s};, ap)},

and obtain
k k
25 Z =T fhs1)(sh,ap) + O( klog(k))
t=1 t=1 )

<0 (Vi dimsl(7, D, VIR el HN 061/ K)/3])

where the first inequality follows from standard martingale concentration.

Plugging either equation (8) or (9) back into equation (7) completes the proof.

E.2 Proof of Corollary 16

Step 1. Bounding the regret by Bellman error By Lemma 40, we can upper bound the cumula-
tive regret by the summation of Bellman error with probability at least 1 — §:

f}(vl*<sl>—v1“’“<sl))sfj(mgxmsl,a)— )”ZZS 7k, h), - (10)

k=1 k=1 k=1h=1
where (7) follows from standard policy loss decomposition (e.g. Lemma 1 in [1]).

Step 2. Bounding cumulative Bellman error using DE dimension Next, we focus on a fixed
step i and bound the cumulative Bellman error Eszl E(f*, 7%, h) using Lemma 39.
If we invoke Lemma 39 (a) with
2
€

H2 -dimBE(}",D]:,e/H)’

p:

and Lemma 41 with
€

:770211
YT H

X=8SxA &= (-Ty)F, I=Dxry,

k
O = fr = Tnfier and gy, = P (sp = - ap = -),
we obtain with probability at least 1 — 1073,

725 <O (\/dimBE(]:,D}-,e/H)[IOg[KH?(/‘}-UQ(p” +p]+16{>

€ dlog[K HNrug(p)]
<0 (H + \/ K = ) ’
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where the second inequality follows from the choice of p and d := dimpg(F, Dr,e/H). Now we
need to choose K such that

dlog[K HNfug(p)]

By simple calculation, one can verify it suffices to choose

12 dlog(HANFug(p)/€)

K= 2

13)
€

Plugging equation (11) back into equation (10) completes the proof. We can similarly prove the
bound in terms of the BE dimension with respect to Da.

E.3 Proofs of concentration lemmas

To begin with, recall the Freedman’s inequality that controls the sum of martingale difference by the
sum of their predicted variance.

Lemma 42 (Freedman’s inequality [e.g., 49]). Let (Z
sequence adapted to filtration §y, and let E;[-] = E[-
€ (0, %) it holds that with probability at least 1 — 6,

ZZt<(’)<nZEt 122 + log(0~ 1)>.

Ui

t<T be a real-valued martingale difference
J

)t
St If 1 Z:] < R almost surely, then for any

E.3.1 Proof of Lemma 39

Proof. We prove inequality (b) first.
Consider a fixed (k, h, f) tuple. Let

Xe(h, f) = (fu(shy ah) =rh = a1 (shor, T (sh4))) = (T fra1) (85, @h) =7h = fran (h41, T (5541)))?
and §; 5, be the filtration induced by {s%,a}, %, ..., sy ot U{st, al,rt, ..., st, al}. We have

E[Xe(h f) | el = [(fn = T fas1)(s}, ai)]?

and

Var[ X (h, f) | Fe.n] < E[(Xe(h, £))? | Fen) < 36[(fa—T frs1)(sh, ah)]? = 36E[Xy (R, f) | Fenl-

By Freedman’s inequality, we have, with probability at least 1 — 9,

k k k
> Xi(h, ) = D> E[Xe(h, £) | §en)| < O \[log(1/0) > E[X; | Fen] + log(1/5)
t=1 t=1 t=1

Let Z, be a p-cover of F. Now taking a union bound for all (k, h, ) € [K] x [H] x Z,, we obtain

that with probability at least 1 — ¢, for all (k, h, ¢) € [K| x [H] x Z,
k k
) = > [(&n = Tonea)(sh ai)*| < O\ ¢ D [(bn — Tdnrr)(shrap)]> +¢ |
= t=1 t=1

(14)
where ¢ = log(HK|Z,|/6). From now on, we will do all the analysis conditioning on this event
being true.
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Consider an arbitrary (h, k) € [H| x [K] pair. By the definition of B* and Assumption 14

k—1 k—1
Xio(hy f¥) =[x (shsah) =, = fha (shan mpe (h00)))
t=1 t=1
k—1
Z Tfh+1 (sh>ap) — _ff’f+1(52+1»7ff’€(32+1))]2
t=1
k—1
[fh(shaah) f§+1(82+177rf"(82+1))]2
t=1
k—1

. k
- glrelg Z[gh(s}tw ay,) —rh — fh+1(sz+177rf"’ (SZH))]Q <B.
t=1

Define ¢* = argmingez maxycm) || f¥ — ¢} l|oo- By the definition of Z,, we have

k—

k—1
> Xelh ) Z
t=1

< O(kp).

Therefore,
ZXt ) < O(kp) + B, (15)

Recall inequality (14) implies

k— 1

k—1
Z Xi(h, T¢h+1 (S}w ah)]
t=1

t:l

<0 LZ[Wﬁ - T¢§+1)(82,a2)]2 +u

Putting (15) and (16) together, we obtain

k—1

> ((¢F = Ty 1) (shyaf))® < O+ kp + B).

t=1
Because ¢ is an p-approximation to f*, we conclude

k—1
Tfh+1 )(shap)> <O+ kp+ ).

~+

:1
Therefore, we prove inequality (b) in Lemma 39.

To prove inequality (a ) we only need to redefine §; j, to be the filtration induced by
{s%,ai,ri, ..., s% }i_1 and then repeat the arguments above verbatim. O

E.3.2 Proof of Lemma 40

Proof. LetV, be a p-cover of G.
Consider an arbitrary fixed tuple (k, h, g) € [K] x [H] x G. Let

Wi(h, g) = (gh(si,ai)—rﬁ—Qﬁﬂ(SZHaWQ*(S’ZH)))Q—(QZ(SZ»a?)—TZ—QZH(SZHvWQ*(SZH)))Q
and §; 5, be the filtration induced by {s%,a%, %, ..., sy ot U{st, al,rt, ..., sk, al}. We have

E[Wi(h, g) | §e.n] = [(gn — Q1) (sh, an)]®

and

Var[Wi(h, 9) | Sen] < E[(We(h, 9))? | Fen] < 36((9n — Q)(shy ai))? = 36E[We(h, g) | Fe.nl-
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By Freedman’s inequality, with probability at least 1 — §,

k k K
D Wilhg) = [(gn — Q) (shrap))| < O 4| log(1/8) Y [(gn — Q5) (s}, ap)]? + log(1/5)
= t=1 t=1

By taking a union bound over [K] x [H| x V, and the non-negativity of Zle [(gn — Q7)) (st al)]?,
we obtain that with probability at least 1 — ¢, for all (k, h,v) € [K] x [H] x V,

k
— S Wilh) < O,
t=1

where ¢ = log(H K|V,|/d). This directly implies for all (k, h, g) € [K]| x [H] X G

N
=

[QZ(S}fw aZ) - TZ - QTLJrl(s?Ithle TQ* (32+1))]2

I o+
I
- =

<> lgn(shrap) —rh — Qhy1 (Shy1, Tor (524-1))]2 + Ot + kp).
=1

Finally, by recalling the definition of B*, we conclude that with probability at least 1 — §, Q* € B¥
forall k € [K]. O

E.4 Proof of Lemma 41

The proof in this subsection basically follows the same arguments as in Appendix C of [18]. We
firstly prove the following proposition which bounds the number of times |E,, [¢:]| can exceed a
certain threshold.

Proposition 43. Given a function class ® defined on X, and a family of probability measures
II over X. Suppose sequence {¢p Y5 | C ® and {u}E_, C 1 satisfy that for all k € [K],

E=L(B,,, [04])? < B. Then for all k € [K],

k
Z 1{|]EM [(]5,5” > 6} < (g + ].) dimDE(¢7H,e).

t=1

Proof of Proposition 43. We first show that if for some k& we have |E,, [¢r]| > €, then py, is e-
dependent on at most 3/€? disjoint subsequences in {y1, ..., ux_1}. By definition of DE dimen-
sion, if |E,, [¢r]| > € and p4 is e-dependent on a subsequence {v1,...,ve} of {p1,..., ue—1},
then we should have Y '_ | (E,,[¢x])2 > €2. It implies that if p, is e-dependent on L disjoint
subsequences in {x1, . . ., ptg—1}, we have

k—1
ﬂ > Z(Eﬂt [¢k]) > Le

t=1
resulting in L < 3/€2.
Now we want to show that for any sequence {v1,...,v,} C II, there exists j € [x] such that v; is
e-dependent on at least L = [(k — 1)/ dimpg(®, 11, €)] disjoint subsequences in {vy,...,vj_1}.
We argue by the following mental procedure: we start with singleton sequences B1 = {11}, ..., B,
={vr}and j = L + 1. For each j, if v; is e-dependent on By, ..., By, we already achieved our

goal so we stop; otherwise, we pick an ¢ € [L] such that v; is e-independent of B; and update
B; = B; U {v;}. Then we increment j by 1 and continue this process. By the definition of DE
dimension, the size of each By, ..., By, cannot get bigger than dimpg (P, II, €) at any point in this
process. Therefore, the process stops before or on j = L dimpg(®,I,€) + 1 < k.

Fix k € [K] and let {v1, ..., v} be subsequence of {1, .. ., g}, consisting of elements for which
|E,.,[¢¢]| > €. Using the first claim, we know that each v; is e-dependent on at most 3/€? disjoint
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subsequences of {vq,...,v;_1}. Using the second claim, we know there exists j € [x] such that
v;j is e-dependent on at least (x/ dimpg(®,II,€)) — 1 disjoint subsequences of {v1,...,v;_1}.
Therefore, we have k/ dimpg(®,I1, €) — 1 < 3/ which results in

B

K S (7 —|— 1) dimDE(q),H, 6)
€
and completes the proof. O

Proof of Lemma 41. Fix k € [K]; let d = dimpg(®, I, w). Sort the sequence {|Ey, [¢1]], . .,
|E., [¢r]|} in a decreasing order and denote it by {e1,...,ex} (e1 > ex > -+ > ep).

k k k k k
Z By, o] = Zet = Zetl{et <w}+ Zetl{et >wh < kw+ Zetl{et >wh.
t=1 t=1 t=1 t=1 t=1

For t € [k], we want to prove that if e; > w, then we have e; < min{ C} Assume ¢ € [k]
satisfies e; > w. Then there exists « such that e, > o > w. By Proposmon 43, we have

t < Z 1{61 > a} (— + 1) dimpg(P, 11, a) < (0?2 1) dimpg (P, 1, w),

which implies @ < 1/ . Besides, recall e; < C, so we have e; < min{ C}

Finally, we have

Zetl{et > w} < min{d, k}C + Z \/ < min{d, k}C + \/>/ —dt

t=d+1
< min{d, k}C + 2+/dpk,
which completes the proof. O

F Proofs for OLIVE

In this section, we provide the formal proof for the results stated in Appendix A.

F.1 Full proof of Theorem 18

Proof of Theorem 18. By standard concentration arguments (Hoeffding’s inequality plus union
bound argument), with probability at least 1 — 4, the following events hold for the first dH + 1
phases (please refer to Appendix F.2 for the proof)

1. If the elimination procedure is activated at the h'" step in the k'" phase, then
E(fF, 7% h) > Cacy/2 and all f € F satisfying |E(f, 7%, h)| > 2(elim get eliminated.

2. If the elimination procedure is not activated in the k*" phase, then, S>r_ E(f*, 7%, h) <
2H<act = 4e.

3. Q™ is not eliminated.
Therefore, if we can show OLIVE terminates within dH + 1 phases, then with high probability

the output policy is 4e-optimal by the optimism of f* and simple policy loss decomposition (e.g.
Lemma 1 in [1]):

H
(V) = 17" (51)) < max A (s1,0) = V7 (s1)= D €575 ) < de (D)

In order to prove that OLIVE terminates within d 4 1 phases, it suffices to show that for each
h € [H], we can activate the elimination procedure at the h'" step for at most d times.
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For the sake of contradiction, assume that OLIVE does not terminate in d + 1 phases. Within
these dH + 1 phases, there exists some h € [H| for which the activation process has been activated
for at least d 4+ 1 times. Denote by k1 < --- < kg+1 < dH + 1 the indices of the phases where
the elimination is activated at the h'" step. By the high-probability events, for all i < j < d + 1,
we have |E(f¥i 7% h)| < 2(eim and for all [ < d + 1, we have E(f*, 7% h) > (uct/2. This

means for all [ < d + 1, we have both \/Zi;i (5(]"’“,7r’f'i,h))2 < Vd x 2(eim = ¢/H and

E(f*, 7% h) > (act/2 = €/ H. Therefore, the roll-in distribution of %1 ... 7kd+1 at step h is an
¢/ H-independent sequence of length d + 1, which contradicts with the definition of BE dimension.
So OLIVE should terminate within dH + 1 phases.

In sum, with probability at least 1 — §, Algorithm 2 will terminate and output a 4e-optimal policy
using at most
3cH3d? log(N (F, Celim/8)) - ¢

(dH + 1)(nact + Nelim) < 2

€
episodes. O

F.2 Concentration arguments for Theorem 18

Recall in Algorithm 2 we choose

2¢ € cH?%, cH?dlog(N(F, Cetim/8)) - ¢
Cact = Ea Celim = m7 Tact = 6727 and Nefim = g( (62 el / )) )

where d = maxy, ey dimgg (F, Dz h, €/ H), . = log[Hd/d€] and c is a large absolute constant.Our
goal is to prove with probability at least 1 — 4, the following events hold for the first dH + 1 phases

1. If the elimination procedure is activated at the h'" step in the k' phase, then
E(f*, 7% h) > Cact/2 and all f € F satisfying |E(f, 7%, h)| > 2Ce1im get eliminated.

2. If the elimination procedure is not activated in the k*" phase, then, Zthl E(fr, 7k h) <
QHCaCt = 4e.

3. Q* is not eliminated.

We begin with the activation procedure.

Concentration in the activation procedure Consider a fixed (k, h) € [dH + 1] x [H] pair. By

Azuma-Hoefdding’s inequality, with probability at least 1 — m, we have

Goek o kopy k _k < S RO
0t mt - et a0 < 025 ) < 5 < Gl

where the second inequality follows from n, = C Ii—jb with C being chosen large enough.
Take a union bound for all (k, h) € [dH + 1] x [H], we have with probability at least 1 — §/4, the
following holds for all (k, h) € [dH + 1] x [H]
[ECE 78, h) = ECF5, 75, )] < Gen /4.
By Algorithm 2, if the elimination procedure is not activated in the £*" phase, we have
ZhH:1 E(f*, 7%, h) < H(ucr. Combine it with the concentration argument we just proved,

H H
Zé’(fk,wk7h) < Z(Cj(fk,ﬂ'k,h) + HCact < 5HCact.

4 4
h=1 h=1

On the other hand, if the elimination procedure is activated at the A*" step in the k' phase, then
E(f*, 7%, h) > Cact. Again combine it with the concentration argument we just proved,

_ Sact _ BGact

E(fF m h) = E(F* 7, h) = 2 > =
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Concentration in the elimination procedure Now, let us turn to the elimination procedure. First,
let Z be an (ejim/8-cover of F with cardinality N (F, Celim /8). With a little abuse of notation, for
every f € F, define f = argmin . z maxue(g) | fn — gnlloo- By applying Azuma-Hoeffding’s
inequality to all (k, g) € [dH + 1] X Z and taking a union bound, we have with probability at least
1 — 4/4, the following holds for all (k, g) € [dH + 1] x Z

|é(g,7rk’ hk) - g(gvﬂ-kahk)‘ S Cclim/4~

Recall that Algorithm 2 eliminates all f satisfying |€ (f, 7% hi)| > Celim When the elimination
procedure is activated at the hi" step in the k'" phase. Therefore, if |E(f, 7%, hi)| > 2Celim, f Will
be eliminated because

BT b)) 2 I 7 )] -2 x

> E(, 7%, hy)] — i

2
> JE(f, )| = S g S

Finally, note that £(Q*,w, h) = 0 for any 7 and h. As a result, it will never be eliminated within
the first dH + 1 phases because we can similarly prove

3Celim

|é(Q*77Tk7hk)| < |€(Q*77Tk7hk)| + 4

< Cclim .

Wrapping up: take a union bound for the activation and elimination procedure, and conclude that
the three events, listed at the beginning of this section, hold for the the first dH + 1 phases with
probability at least 1 — 6/2.

G Proofs for V-type Variants
In this section, we provide formal proofs for the results stated in Section B.

G.1 Proof of Theorem 23

The proof is similar to that in Appendix F.

Proof of Theorem 23. By standard concentration arguments (Hoeffding’s inequality, Bernstein’s in-
equality, and union bound argument), with probability at least 1 — ¢, the following events hold for
the first dH + 1 phases (please refer to Appendix G.1.1 for the proof)

1. If the elimination procedure is activated at the h'" step in the k'™ phase, then
Ev(fF, 7% h) > Cact/2 and all f € F satistying |Ey(f, 7%, h)| > 2Ceiim get eliminated.

2. If the elimination procedure is not activated in the k" phase, then, 37 &y (f*, 7%, h) <
QHCact = 4e.

3. Q" is not eliminated.

Therefore, if we can show OLIVE terminates within dH + 1 phases, then with high probability
the output policy is 4e-optimal by the optimism of f* and simple policy loss decomposition (e.g.,
Lemma 1 in [1]):

H
(Vl*(sl) —yr (51)) < max fF(s1,a) = V™ (s1)= D &v(fF 75 h) <de (1)
h=1

In order to prove that OLIVE terminates within d 4 1 phases, it suffices to show that for each
h € [H], we can activate the elimination procedure at the h'" step for at most d times.
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For the sake of contradiction, assume that OLIVE does not terminate in d + 1 phases. Within
these dH + 1 phases, there exists some h € [H| for which the activation process has been activated
for at least d 4+ 1 times. Denote by k1 < --- < kg+1 < dH + 1 the indices of the phases where
the elimination is activated at the h'" step. By the high-probability events, for all i < j < d + 1,
we have |Ey (f*, 7% h)| < 2(iim and for all | < d + 1, we have Ey (f*, 7% h) > (uct/2. This

means for all [ < d + 1, we have both \/Zi;i (c‘,'V(J”WJr’W,h))2 < Vd x 2elim = €/H and

Ev(fF, 7 h) > Cact/2 = €/H. Therefore, the roll-in distribution of %1, ... wkd+1 at step h is
an ¢/ H-independent sequence of length d + 1 with respect to (I — 75, )Vzx, which contradicts with
the definition of BE dimension. So OLIVE should terminate within dH + 1 phases.

In sum, with probability at least 1 — §, Algorithm 2 will terminate and output a 4e-optimal policy
using at most

372 )
(AH + 1) (o + ) < 2cH 4 IANoB(F]) - ¢

€
episodes. O
G.1.1 Concentration arguments for Theorem 23

Recall in Algorithm 4 we choose

2¢ € cH?%, c|A|H?dlog(N(F, Catim/8)) - ¢
Cact = Ev Celim = m7 Thact = 6727 and Nejim = | | g( 65 Cl / )) s

where d = maxye () dimype (F, Dz n, €/H), o = log[Hd/de] and c is a large absolute constant.
Our goal is to prove with probability at least 1 — 4, the following events hold for the first dH + 1
phases

1. If the elimination procedure is activated at the h'" step in the k" phase, then
Ev(fF, 7% h) > Cact/2 and all f € F satistying |Ey(f, 7%, h)| > 2Ceim get eliminated.

2. If the elimination procedure is not activated in the k™ phase, then, 31 &y (f*, 7%, h) <
2H (,cr = 4e.

3. @Q* is not eliminated.

We begin with the activation procedure.

Concentration in the activation procedure Consider a fixed (k,h) € [dH + 1] x [H] pair. By

Azuma-Hoefdding’s inequality, with probability at least 1 — m, we have
So(f* Tk By — kork p)| < L)<« &< /d
|5V<f )y T ah) 5V(f ) T ’h)l <0 Naer ) — 2H = Cdct/ )

where the second inequality follows from n, = C' bSL with C' being chosen large enough.

Take a union bound for all (k, h) € [dH + 1] x [H], we have with probability at least 1 — §/4, the
following holds for all (k, h) € [dH + 1] x [H]

‘gV(fkaﬂ-kah) - gV(fvarkvh)‘ S Cact/4~

By Algorithm 4, if the elimination procedure is not activated in the £*" phase, we have
Zle Ev(f¥, 7% h) < H(aet. Combine it with the concentration argument we just proved,

H H
5 Hact _ 5H(act
& k _k h) < g k _k h ac < ac )
Z V(fvﬂ-? )—Z V(faﬂ-a )+ 4 = 4
h=1 h=1
On the other hand, if the elimination procedure is activated at the h*" step in the k*® phase, then
Ev(f*, 7% h) > Cact. Again combine it with the concentration argument we just proved,

_ @ > 3<act.

Ev(fh mt h) = Ev(f* 7t h) - 2 > =
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Concentration in the elimination procedure Now, let us turn to the elimination procedure. We
start by bounding the the second moment of

W(fh(sha ap) = Th = e fra1(snt1,a))

forall f € F. Let y(sh,an,7h, Sh1) = fr(sh,an) — rn — maxerea fari(sni1,a’) € [=2,1],
then we have
2 .
E[(|A|1[7rf(sh) = ah]y(3h7ah,7ﬂh,8h+1)) | s, ~ ¥, aj ~ Uniform(A)]
<4|APE[1[rs(sn) = an] | sn ~ 7", ap ~ Uniform(A)] = 4]A|.

For a fixed (k, f) € [dH + 1] x F, by applying Azuma-Bernstein’s inequality, with probability at

b
leaSt 1-— W we haVe
5 Al Al Al
Ev(fr ) — &t ol <0 [ ([ ALY o (A e
TNelim TNelim Telim
where ¢/ = log[8(dH + 1)|F|/4], and the third inequality follows from neim = C|A|¢/C3,,, with C

being chosen large enough.
Taking a union bound over [dH + 1] x F, we have with probability at least 1 — §/4, the following
holds for all (k, f) € [dH + 1] x F

“C:‘V(fa ’/Tka hk) - SV(fv ﬂ_kvhk” S Cclim/2~

Recall that Algorithm 4 eliminates all f satisfying |€V( f, 7% he)| > Celim When the elimination
procedure is activated at the h}fh step in the k" phase. Therefore, if |y (f, 7%, hi.)| > 2Celim, f Will
be eliminated because

B, )| > JEu (7 m )l — 5

Finally, note that Ev(Q*, 7, h) = 0 for any 7 and h. As a result, it will never be eliminated within
the first dH + 1 phases because we can similarly prove

E0(@Q* 7 )] < (6@ 7 h) 82 <

Wrapping up: take a union bound for the activation and elimination procedure, and conclude that
the three events, listed at the beginning of this section, hold for the the first dH + 1 phases with
probability at least 1 — §/2.

G.2 Proof of Theorem 22

The proof is basically the same as that of Theorem 15 in Appendix E.

To begin with, we have the following lemma (akin to Lemma 39 and 40) showing that with high
probability: (¢) any function in the confidence set has low Bellman-error over the collected Datasets
D1, ..., Dy as well as the distributions from which Dy, ..., Dy are sampled; (i¢) the optimal value
function is inside the confidence set. Its proof is almost identical to that of Lemma 39 and 40 which
can be found in Appendix E.3.

Lemma 44 (Akin to Lemma 39 and 40). Let p > 0 be an arbitrary fixed number. If we choose
B = c(log[K HNFug(p) /8] + K p) with some large absolute constant c in Algorithm 3, then with
probability at least 1 — 0, for all (k,h) € [K] x [H], we have
(@) T2 BI(fF(snran) = (T FE)(snoan))” | sn~ w0, an ~ Uniform(A)]<O(B),
_ i i 2
(b) T S0 Saen (FE(sha) = (TfE ) (sh, @) *<O(B),

(c) Q* € B,
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where SZ denotes the state at step h collected according to Line 5 in Algorithm 3 following 7.

Proof of Lemma 44. To prove inequality (a), we only need to redefine the filtration §; 5, in Appendix
E.3.1 to be the filtration induced by {s%,a}, 7%, ..., s} }:_] and repeat the arguments there verbatim.
To prove inequality (b), we only need to redeﬁne the filtration § j in Appendix E.3.1 to be the
filtration induced by {s%,a},r%, ..., sy 2T U{st, al, 7!, ..., st} and repeat the arguments there
verbatim.

The proof of (c) is the same as that of Lemma 40 in Appendix E.3.2. O

Step 1. Bounding the regret by Bellman error By Lemma 44 (c¢), we can upper bound the
cumulative regret by the summation of Bellman error with probability at least 1 — 4:

f:(vl*(sl)_v;’“(sl))<§K:(m3xff(sl,) G ZZEV 7k h), (19)

k=1 k=1 k=1h=1
where (7) follows from standard policy loss decomposition (e.g. Lemma 1 in [1]).

Step 2. Bounding cumulative Bellman error using DE dimension Next, we focus on a fixed
step h and bound the cumulative Bellman error Zkl,(:l Ev(fk, 7" h) using Lemma 44.

Invoking Lemma 44 (a) with

€2

H?. dimVBE(.F, D]:, G/H) . |A|
implies that with probability at least 1 — ¢, for all (k, h) € [K] x [H], we have

p:

k—1 2 4
SO | (At on g o0) — (T ) snomgg () on ~ '] <O(AI9)

Further invoking Lemma 41 with
€

:7aC:13
“TH

X:Sa ¢ = (I—E)V}‘, H:D]:,h,
Ok(s) = (F = Tafipr) (5,74 (5)) and g = P™ (s, = ),

we obtain

iié’v(ft P ) <O (\/dimvBE(F,Df,G/H)A| log[K HNFug(p)/9] + 6)
! )< :

K H
Plugging in the choice of K completes the proof.

Similarly, for D, we can invoke Lemma 44 (b) witht

62

H? - dimypg(F,Da,€¢/H) - |A|’

p:

and Lemma 41 with
€

w = ﬁ’ C
=S &= (I Tn)Vr, Il = DA p,
o (s) == (fr — Tnfri1)(s, Ty (s s)) and i = 1{- = s},

and obtain

1 K
*E 5\/( 7T h
Kt:l

M

1
—Tfhi1) (Shvﬂ-f’ (s1) + 0( OiK>

( \/dimVBE(}',DA,e/H)A| log[KHN70(p)/9] |, ¢ 10gK>

<
© K H K
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where the first inequality follows from standard martingale concentration.

Plugging in the choice of K completes the proof.

H Proofs for Examples

H.1 Proof of Proposition 29

Proof. Suppose F has finite e-effective dimension and denote the corresponding mapping by ¢.
Then we can rewrite F in the form of F = {fy(-) = (¢(-),0)x | 6 € ©}, where © C By(1).

Suppose there exists an €'-independent sequence 2, ..., z, € X with respect to F where ¢ > e.
By the definition of independent sequence, this is equivalent to the existence of 01, ..., 0,, € (0—0)
and 1, ...,x, € ¢(X) such that

t—1

Y (@l6:) <% ten)

i=1

|z, 6, > €, ten).

(20)

Define 3; = Zz;i Tz + % - I. We have
16:]ls, < V26" = € <2/ 0] <|0cls, - lzellgr < V2 |lzellr, tE€ ] QD)

As a result, we should have ||:z:t||;,1 > 1/2forall t € [n]. Now we can apply the standard log-

determinant argument,

- det(Z,41) 4 <
2 _ n+1 _ T
;:1 log(1 + |[z4][5;-1) = log <det(21) ) = log det (I + 7 ;:1 Tix; ) ;

which implies

. 1 4 &
0.5 < 1{161[151] thH;:l < exp (n log det <I + rzlxlx;r)) - 1L (22)
Choose n = deg (F, €/2) that is the minimum positive integer satisfying
1 4 ¢ T —1
sup —logdet ( I+ — Z Tz, | <e . (23)
T1,..., 2, €P(X) T € i=1

This leads to a contradiction because € > € and 0.5 > e¢”" — 1. So we must have
dimg (F, €) < degt(F, €/2).

H.2 Proof of Proposition 32

Proof. Consider fixed ¢ € R and h € [H], and denote n = dimg(F, €). Then by the definition of
Eluder dimension, there must exist 21, ..., 2, € X where X}, = {¢(s,a) : (s,a) € S x A} so
that for any 6,60’ € By(H + 1 —h),if > i ((x;,0 — 0")3)? < €*, then |(z,60 — 0)3| < € for any
z € Xp. In other words, 1, ..., x, is one of the longest independent subsequences. Therefore, in
order to cover Fj, we only need cover the projection of By, (H + 1 — h) onto the linear subspace
spanned by 1, ..., x,, which is at most n dimensional.

By standard e-net argument, there exists C C By (H + 1 — h) such that: (a) log |C| < O(n -log(1+
nH/e)), (b) forany 0 € By (H+1—h), there exists § € C satisfying > .-, ((z;,0—0)3)* < 2. By
the property of 1, ..., zn, {on(:, -)Té | e C} is an e-cover of Fy. Since F = Fy X -+ X Fp,

we obtain log Nz(€) < O(Hn - log(1 4+ nH/e)). Finally, by Proposition 31, n < d(e), which
concludes the proof.

O
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H.3 Proof of Proposition 34

Proof. Assume there exists h € [H] such that dimpg (( — Tn)F, Dr pn,€) > m. Let 1, ..., pn €
Dr, be a an e-independent sequence with respect to (I — 75)F. By Definition 6, there exist
fY..., f"suchthatforallt € [n \/Z E.[f} - ’77Lffb+1])2Seand\Em[fﬁfﬂLfﬁH]|>e.

Since pi1, .. ., pn € Dx p, there exist g1, ..., g™ € F so that y; is generated by executing Tgi, fOr
all i € [n].

By the definition of effective Bellman rank, this is equivalent to: \/ Z {on(f1),vn(gh)))? < e

and |(¢n(f"),¥n(g"))| > € forall t € [n]. For notational simplicity, deﬁne x; = Yn(g') and
0; = on(f*). Then

t—1

Z(zj@t)Q <€, ten]

im (24)
|z 0] > ¢, te€n]

The remaining arguments follow the same as in the proof of Proposition 29 except that we replace €
by €/C. O

H.4 Proof of Proposition 38

Proof. Note that the case h = 1 is trivial because each episode always starts from a fixed initial state
independent of the policy. For any policy «, function f € F, and step h > 2
Ev(f,m, h) =E[fn(on, an) — ra(on, an) = fa+1(0n+1; angr) | sn ~ 7, aningr ~ 7]
=E[fr(on,an) — ra(on,an) = frr1(ons1, angr) | (Sh—1,an-1) ~ T, ap:py1 ~ 7y]
=D Y P (shor=s,an-1 = a) - ($n-1(s,0), Y1 (s))a - V(s),
s,a€S s'€S

where

V(") = E[fn(on,an) — rn(on,an) — fat1(0n+1,ans1) | s = ', anngr ~ y).

As a result, we obtain

E[fn(on, an) = rn(on, an) = fn+1(0n+1,ans1) | Sh~ 7, Qpepyr ~ 7yl

:< wlon_1(sh_1,an_1) th 1 )>H

s'eS

Notice that the left hand side of the inner product only depends on 7 while the right hand side only
depends on f. Moreover, by the definition of kernel reactive POMDPs, the RHS has norm at most
2. Therefore, we conclude the proof by revoking Proposition 36 with = 2. O

I Discussions on Dr versus D in BE Dimension

In this paper, we have mainly focused on the BE dimension induced by two special distribution
families: (a) Dz — the roll-in distributions produced by executing the greedy policies induced by
the functions in F, (b) Da — the collection of all Dirac distributions. And we prove that both low
dimgg (F, Dr, €) and low dimpg (F, Da, €) can imply sample-efficient learning. As a result, it is
natural to ask what is the relation between dimpg (F, Dr, €) and dimpg (F, Da, €)? Is it possible
that one of them is always no larger than the other so that we only need to use the smaller one? We
answer this question with the following proposition, showing that either of them can be arbitrarily
larger than the other.

Proposition 45. There exists absolute constant c such that for any m € NT,

(a) there exist an MDP and a function class F satisfying for all ¢ € (0,1/2],
dimpg(F, Dr,€) < ¢ while dimgg(F,Da, €) > m.
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(b) there exist an MDP and a function class F satisfying for all ¢ € (0,1/2],
dimpg(F, Da, €) < ¢ while dimpg (F, Dr,€) > m.

Proof. We prove (a) first. Consider the following contextual bandits problem (H = 1).

e There are m states s1, ..., S, but the agent always starts at s;. This means the agent can
never visit other states because each episode contains only one step (H = 1).

e There are two actions a; and as. The reward function is zero for any state-action pair.

e The function class F; = {fi(s,a) =1(s =s;) + L(a=aq1): i € [m]}.

First of all, note in this setting D is the collection of all Dirac distributions over S x A, Dr 1
is a singleton containing only d(,, 4,), and (I — 71)F is simply JF; because H = 1 and r = 0.
Since Dr ; has cardinality one, it follows directly from definition that dimpg (F, Da, €) is at most
1. Moreover, it is easy to verify that (s1, az2), (S2,a2),. .., (Sm,am) is a 1-independent sequence
with respect to F because we have f;(s;,a2) = 1(¢ = j) for all 4,j € [m]. As a result, we have
dimpg (F,Da,€) > mforall e € (0,1].

Now we come to the proof of (b). Consider the following contextual bandits problem (H = 1).

e There are 2 states s; and so. In each episode, the agent starts at s; or so uniformly at
random.

e There are m actions aq, . . ., a,,. The reward function is zero for any state-action pair.

e The function class F; = {fi(s,a) = (2-1(s=s1) — 1)+ 0.5-1(a=qa;) : i € [m]}.

First of all, note in this setting (I — 77)F is simply F; and the roll-in distribution induced by
the greedy policy of f; is the uniform distribution over (si,a;) and (s2,a;), which we denote as
. It is easy to verify that pq, ..., u,, is a 0.5-independent sequence with respect to F because
E(s,a)~p: [fi(5,a)] = 0.5 - 1(i = j). Therefore, for all € € (0,0.5], dimpg(F,Dr,€) > m.

Next, we upper bound dimpg (F, Da, €) which is equivalent to dimpg (F7, Da, €) in this problem.
Assume dimpg (F1,Da, €) = k. Then there exist g1, ...,gx € F1 and wy, ..., wg € S X A such

that for all i € [k], \/31—1 (¢: (w:))? < e and |g;(w;)| > €. Note that we have | f(s,a)| € [0.5,1.5]
for all (s,a, f) € S x A x Fy. Therefore, if € > 1.5, then k = 0; if e < 1.5, then k& < 10 because

0.5 X VEk—1 < /S5 gr(wy))? < e <15, O
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