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3 A Notation

744  Table|3|summarizes all notations mainly used in this work and their corresponding explanations.

745

746
747
748
749
750
751
752

754
755
756
757
758
759

761
762

Table 3: Main Notations

Notations Descriptions

o A pseudo-hyperboloid with ¢ + 1 time dimensions, p space
dimensions, and space curvature (3

Qg’q The zero-first submanifold of Q}Za’q

(., ) The inner product in Euclidean space

() -)q The inner product in pseudo-Euclidean space

Il The vector norm in Euclidean space

IBIP® The vector norm in pseudo-Euclidean space

G = (Vg,Eg) A static graph G with the node set Vi and the edge set Fg

T, Y, 2, U, v, U, v A single vector or point

X A set of vectors x;

N The number of vectors in a vector set X

T M The tangent space at point x in a manifold M

exp, log The exponential and logarithmic maps

Pl The parallel transport from 7,Qp to 7,Qp? along the

geodesic y

The distance between two points z, y

The embedding dimension

The Euclidean space

The natural number set

The spherical space

The hyperbolic space or the Lorentz model

The extrinsic mapping

The diffeomorphic function

Tl;e Gaussian distribution with the mean p and the variance
o

The probability density function of the Gaussian distribution
The bijective function to Gaussian distributions

=~ zeeﬁmz%&
=
ql\')

B Related works

Graph embedding in Euclidean space. Euclidean space has long been the foundation of deep
learning because it supports fundamental linear algebraic operations such as vector addition and
matrix multiplication. As a result, many early graph representation learning methods were developed
within Euclidean geometry and achieved notable successes. One of the pioneering approaches is the
Graph Convolutional Network (GCN) introduced by |Kipf and Welling (2016), which enabled deep
learning-based graph embeddings. To address GCN’s limitations in depth and its restricted capacity
to capture long-range dependencies, Transformer architecture have been adapted (Vaswani et al.|
2017) for graph data. For example, GraphGPS (Rampasek et al., [2022) integrates local message
passing with global attention in a hybrid architecture. Despite their superior performance over graph
neural networks in small-scale graph applications, Transformer-based methods often struggle with
scalability. (Wu et al.| 2022, |2023). Standard attention computes pairwise interactions between
all node pairs through a softmax function, resulting in quadratic computational complexity. An
alternative approach is utilizing linear attention (Katharopoulos et al., |[2020), which offers linear
computational complexity, for large-scale graph learning. For instance, NodeFormer (Wu et al.,[2022)
introduces a novel kernelized Gumbel-Softmax message-passing mechanism to approximate the
standard attention with linear complexity. SGFormer (Wu et al., 2023) demonstrates the surprising
effectiveness of a single-layer, single-head linear attention module in node-level tasks. Leveraging
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the advantages of linear attention, we propose a pseudo-Riemannian graph model Q-GT built upon
the linear Transformer architecture to ensure scalability and efficiency.

Graph embedding in non-Euclidean space. As data becomes increasingly complex and diverse, the
limitations of Euclidean geometry in graph representation learning are becoming more evident. For
instance, [Krioukov et al. (2010) proved that hyperbolic geometry is better suited for embedding scale-
free and hierarchical graphs due to its exponential expansion property. Consequently, Chami et al.
(2019) extended the classic GCN to hyperbolic GCN by shifting the graph operation to the tangent
space for executing vector operations. |Yang et al. (2024) developed a scalable and robust hyperbolic
Transformer called Hypformer, which employs the linear attention mechanism fully on the hyperbolic
manifold. For modeling graphs of mixed topologies, k-GCN (Bachmann et al., 2019) generalized
GCN to the Cartesian product of constant curvature manifolds. However, computing explicit distances
in the product of manifolds can introduce bias toward one component over the other, thereby restricting
the model’s representational capacity (Law, 2021). Alternatively, pseudo-Riemannian geometry,
which generalizes spherical and hyperbolic geometries, can address the weakness of product spaces
with its intrinsic distance (Law} 2021; Xiong et al., 2021). [Law and Stam (2020) proposed the
first nonparametric method to learn graph representations with a novel optimization tool on pseudo-
Riemannian manifolds. Then|Law (2021) designed a graph neural network on the quotient manifold,
which is a submanifold of the pseudo-Riemannian manifold to avoid geodesically disconnection. On
the other hand, Q-GCN (Xiong et al.|[2021])) introduced a diffeomorphism that decomposes pseudo-
Riemannian manifolds into the product of spherical and Euclidean spaces, enabling a lightweight
extension of GCNs to pseudo-Riemannian geometry. Nevertheless, existing methods suffer from
three notable limitations: (1) the diffeomorphism to the product of spherical and Euclidean spaces
discards hierarchical information inherent in the graph structure; (2) the GNN architecture is prone
to the oversquashing problem as the number of layers increases; and (3) previous methods rely
on a brute-force algorithm to select the appropriate pseudo-hyperboloid, which is computationally
expensive. To address these limitations and attain better outcomes, we propose Q-GT, which is the
first Transformer-based graph method in pseudo-Riemannian geometry.

C More details about space searching algorithm

C.1 Gaussian sectional curvature

Sectional curvature is a fundamental concept in Riemannian geometry that describes how a manifold
curves in different two-dimensional directions (Lee, 2019). Given a point  on a manifold M
and two linear independent tangent vectors u, v € 7, M spanning a two-dimensional subspace U,
the sectional curvature measures the Gaussian curvature of the surface Exp(U) C M formed by
exponential mapping tangent vectors within U. Intuitively, it provides insight into the local geometric
properties around a point = (Gu et al.| [ 2018), where positive sectional curvature indicates a locally
spherical structure, zero curvature corresponds to a Euclidean-like space, and negative curvature
signifies a hyperbolic structure. In the context of graphs,|Gu et al.|(2018)) proposed a discrete curvature
analog « to estimate the section curvature in an undirected graph G. Given a node m € G, for any
two neighbor nodes b, ¢ and a reference node a # m, the curvature analog x(m; b, ¢) is defined as:

. _ 1 dG (av m) d2G(ba C) dZG(a7 b) + d2G(aa C)
r(m;b,¢) = Vol —1 Z ( 2 + 8dg(a,m) B 4dg(a,m) ) ’ (16)

a€G,a#m

where |V| is the number of nodes in the graph G, d¢(a, b) is the length of the shortest path between
nodes a and b. The sectional curvature (m) assigned to point m is determined by averaging curvature
analogs k(m; b, ¢) over different neighbors (b, ¢). In practice, sampling on the neighbors b, ¢ and
reference point a is applied to reduce computational overhead (Gu et al., 2018; Bachmann et al.}
2019).

To assess the topological structure of the graph G, we compute the Gaussian Sectional Curvature
(GSC) distribution NV ([, 52) (Bachmann et al.,|2019). In particular, the mean j and the variance g2
of N(ji, 52) are calculated as:

e S wm), 52 = —— 3 (k(m) — )°. (17)

Vel meG Vel meG
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GSC distribution N (i, 52) provides a comprehensive view of how curvature is distributed across
the entire graph, reflecting the geometric complexity of the graph. The mean curvature i captures
the fundamental structural properties of the graph (i.e., whether it is predominantly hierarchical or
cyclical), while the variance & measures the degree of topological heterogeneity. A negative mean
I < 0 suggests a more hierarchical structure, favoring embedding in a hyperbolic manifold, whereas
a positive mean i > 0 indicates a more cyclical structure, which is suited for a spherical manifold.
The variance &2 further refines this interpretation: a small variance implies a more homogeneous
graph topology, closely aligned with either a hyperbolic or spherical space, while a large variance
signifies a more diverse topological structure comprising both cyclical and hierarchical parts.

C.2 Complexity

To ensure the efficiency of our strategy, we begin by uniformly sampling a subset of nodes .4 such
that | A| < |Vg|. For each node a € A, we precompute the graph distance d¢(a, b) for all node
b € G. Consequently, the curvature analog in Eq. (16) is computed as an average over A when
m ¢ A and over A\{m} when m € A. The time complexity of our algorithm is O(|.A|(|Va| +
|Ec|) + ns|Al|Va| + d), where n is the number of times we sample two neighbor nodes, | E¢| is the
number of edges in graph G, and d is the dimension of embedding space. In contrast, a brute-force
approach to selecting hyperparameters p and ¢ has a complexity of O(nje,dA) where n;., denotes the
number of training iterations, and A represents the model complexity. For instance, in a simple GCN
(Kipf and Welling, 2016), the model complexity is O(L(|Vg|d? + |Eg|d)), where L is the number
of layers, while in a standard linear Transformer (Katharopoulos et al., 2020), it is O(|Vg|d?). Since
our space searching algorithm scales linearly with d, it remains efficient even for high-dimensional
embeddings. Meanwhile, the brute-force approach becomes computationally expensive when both d
and nj., are large.

C.3 Analysis of bijective function I'

Constructing the bijective function I' that reflects the relationship between variations in the ideal
GSC distribution and the structural characteristics of the pseudo-hyperboloid is a non-trivial task. To
facilitate this construction, we analyze the function I' under three different geometric cases, which
are balanced, spherical, and hyperbolic. In the balanced case, the mean curvature p; is set as O
when the input graph exhibits the most uniform structure, containing equal proportions of cyclical
and hierarchical topologies. This structure is best embedded in the balanced manifold Q’B“’qi where

p; = qi = (d — 1)/2. The standard variance o; can take any arbitrary value, and we assign it to 1
for simplicity. In the spherical case, when the manifold Qgi’qi becomes more spherical by setting

p; < (d—1)/2 < ¢, it best corresponds to a graph with a positive mean curvature. Therefore, we set
wi = |ji|, where [i is the estimated mean curvature of input graph. The variance o2, defined as in Eq.

15), increases monotonically with increasing p;. This is because as p; grows, the manifold Qg“q"
shifts toward a more balanced structure, which is suited for a uniform topological graph with large
variance in its GSC distribution. Notably, the standard deviation o; reaches its minimum value o,
when p; = 0 (a fully spherical manifold), and its maximum value oy, Whenp; = (d — 1)/2 — 1.
We determine oy,,x such that the probability density function at zero curvature, f(0), is nearly equal
to f(p;) for the highest variance, while oy, ensures that f(0) < f(u;) for the lowest variance.
In practice, we assign oy, = 0.5|f| and o = 5|f|. Similarly, we define the GSC distribution
N (u;, %) for the hyperbolic case in Eq. where p; > (d — 1)/2 > g;. The key difference is that,
unlike the spherical case, the mean curvature p; is negative and the standard deviation o; decreases
monotonically as p; increases.

D Geodesic tools of pseudo-hyperboloid

D.1 Parallel transport

Given two points x and y that are connected by a geodesic v on the manifold Qg’q, € is a vector in
the tangent space 7 Q’é’q, the parallel transport is formulated by [Law (2021):

<§? y>q

. 18
e R 18)
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D.2 Distance

When z,y € Q’é’q are geodesically connected, the induced distance between = and y in pseudo-

hyperboloid is given by d., (z,y) = ,/[[log, (y)||2. However, in cases where log, (y) is not defined

due to geodesic disconnection, | Xiong et al. (2021) proposed an approximation using midpoints.
Specifically, the antipodal point —x serves as an intermediary for the broken geodesic between = and
v, leading to the distance approximation:

~ dy(z,y), if (z,y)q <[]
Dy (z,y) = {d,y(x, —2) +dy(—2,y) = W\/m+ dy(—z,y). if(z,y)q > |8] (19)

D.3 Exponential and logarithmic maps

The closed form expressions of two tangent maps exp? (¢) and 10g§ (y) proposed by [Law and Stam:

(2020):
[(€.€)ql NI VIEE) ] .
COSh ( m ) x + \/H"Ef)q‘ SlIlh < \/m ) 57 lf <§7£>q > 0
exph (&) =z +&, if (€,€)q = (20)
A VIEE] VIBL V168 .
cos( il )x+ \/I<E,E>qu< N )5, if (£,€)4<0

cosh™? (<T UM) ( B <$,y>qw)’ if 2% g
JE= i

logl(y) =Sy — =, if £)s = 1)

(z,y)q
( ) (y— (:c,y>qx) if (@v)q ¢ (—1,1)

\/ (<zy>q B 18]

where £ € T, Qg’q is a tangent vector and y is a point on the manifold Qg’q.

E Proof of Theorem

Theorem 1. For any point x € Qg”“, there exists a diffeomorphism W : x € Qg’qH — Slqﬁl x LG

that maps x onto the product manifolds of a sphere and a hyperboloid. The mapping and its inverse

are given by:
0
_u_
V1Bl ) o

vy = ") e = [ 22)
v Y1y

/ p
v GILB.

0 ’
where © = <u> € Qg’qﬂ withuw € RIT1\ {0}, v € R?, and z = (5,) withu' € S\ﬁl’

v

Proof It is easy to show that ¥ and W¥~! are smooth since their elemental functions

{18l lull, v, \}’Lu , V[, } are smooth with u € RT"\ {0}, v € RP, v’ € Sy, v" € L. We

only need to prove that ¥(¥~!(2)) = z and U~ (¥(z)) = x.

In the first term ¥ (¥ ~1(z2)), we have:

o) o
0 A (VP
-1 _ Y/ _ \/ﬁ“ _ v}
vt =v | |G = | | = (] e

Yy \/IF vfl:]

Vi
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Since v’ € S?ﬂl’ we have ||v/|| = /|- Eq. becomes:
!/

V(U (2) = Zé = <“:> =2 (24)

!/
Yl
For the second term U~ (¥(z)), we have:

V1Bl W 0
lul = | VBl | = (u) — 2 (25)
v v

U P(z)) =0 !

F Proofs of Propositions [I| and

Proposition 1. The extrinsic mapping function ® and its inverse ®~' are smooth, bijective, and
isometric.

Proof. Since both the extrinsic function ® and its inverse ® ! are linear, they are inherently smooth
mappings.

We also have @1 (®(z)) = x and ®(®~!(y)) = y, which proves the bijective properties of two
functions.

To prove the isometric property, let , y are two points on pseudo-hyperboloid Q%%, we have:

- H <q,(y) (@), <1><y>>q+1q,(x)>

(221 = (@), 8001 and | (= 2200 ;

g+1

Hence, we have [[1og, (y)lly = ogas) (®(1)) 441 or dy(2,y) = d.(®(x), B(y)) when & and
y are geodesically connected. In the case of geodesically disconnection, it is easy to show that
dy(—z,y) = dy(—®(z), (y)), leading to the D, (x,y) = D,(®(x), ®(y)) where D, is the ap-
proximated distance in Eq. (I9). Therefore, ® is isometric. The isometric property proof for the
inverse function ® 1 is similar.

Proposition 2. Given two vectors x,y € g’q, the closed form of pseudo-hyperboloid vector addition
is expressed as:

(@(x), 2(y))g+1

z=ydpgzr=(z)+ 3]

(0 + 2(y)).

Proof. Beginning from the Definition [2| we have the formula of vector addition:
2= expl ) (PLgq, 02k (2(2)))).
Since (®(x),0)q41 = 0, following the definition of logarithmic map in Eq. (21), we have:

logd (®(x)) = 7 ().

Applying the parallel transport P in Eq. l) we have:

6—2(y)

P o (50@) = () + 5 R ENe o 1 ) =

e
o
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Now we calculate the squared norm of &:

(@(2), ®(Y))g 11 (®(x), D(y))g+1

(@@ ) ey (),

- 3] T IR
=B ), + (5200 ), + 2580,
_ (zy))? @.9)0\" 5, 5@,

= ””( I )5” B (@Y
e . (@w)e? L (e
T T T I

Since the squared norm (3¢, 5€)q41 = (g)Q B < 0, following the definition of exponential map in
Eq. (20), we have:

z= expg(y)(gﬁ) =&

This finishes the proof. O

G Pseudo-Riemannian graph convolutional network

This section describes the pseudo-Riemannian graph convolutional network, Q-GCN2, which builds
upon the diffeomorphic framework introduced in Section[3] Q-GCN2 comprises three fundamental
operations: linear transformation, neighborhood aggregation, and nonlinear activation. As the linear
transformation and nonlinear activation have been detailed in Sections 4.1|and respectively, we
focus here on the formulation of neighborhood aggregation in pseudo-Riemannian geometry. We
then present the complete structure of Q-GCN2.

G.1 Pseudo-Riemannian neighborhood aggregation

Neighborhood aggregation in GCNs (Kipf and Welling, 20165 |Chami et al.,2019) relies on scalar
multiplication, an operation that has not been defined on the pseudo-hyperboloid Qg’q. To address
this, we instead formulate the neighborhood aggregation on the product of spherical and hyperbolic

manifolds by using our diffeomorphic framework. Given the neighborhood N (7) of node 7 and their
q P q P

features in the product space {x?‘ﬁ lad }jenr(s) where each node vector x?“’ e (uj € Sy v5 €

Lg,)T, and a set of positive weights {w; ; } je (i), We propose the neighborhood aggregation at node

7 as follows:

ST, XY SN (6) WinjUj eN () Wi,jVj
:Agg({xj‘ﬁ\ 5},{“’1’,]‘}) _ \/W(nga\f() 4J4 ]4||7 ZJGN() J I T
sent) Wid il 11 enrn wigvs 2]

(26)
where ||z||2 = (z, )y, is the Lorentz squared norm. The aggregating function in Eq. @) is the
extension of a hyperbolic centroid formulation proposed by Law et al.|(2019). Since the squared
distance in the product space can be decomposed to the sum of squared distances in the component
space (Gu et al., 2018), i.e. ||Z; — z;||2,;. = ||Z; — ;]|2 + ||Zi — x;||?, we can find the centroid that
minimizes the weighted sum of squared distances in the product space by concatenating two centroids
in spherical and hyperbolic spaces. In other words, our neighborhood aggregation is a centroid with
respect to the squared distance in the product space. We first calculate the spherical centroid from the
feature set {u; } je n(s)» then combine with the hyperbolic centroid of a set {v; }jen(i)-

q P
~-Sg *Lig
Ly

G.2 Overall structure

The development of the @-GCN2 model is a direct consequence of our proposed diffeomorphic
framework and the Transformer model Q-GT. With all key operations of Q-GCN2 introduced, we now
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. . . , Qv i
summarize the structure of a single Q-GCN2 layer. Given the node features X 4 = {o7 }i=N
of input graph G, we follow the procedure in Q-GT to project them onto the product space, resulting

q P s q D
in X5ie1 s = \Il(é(XQZ q)) Next, the representations X °1#1"5 is sent to the message-passing
structure in a Q-GCN2 layer:

’

@Sngl = (ﬂi = (\/WWmi/IIWwiII) 05 = (\/ [Wau;||> — 7W2Ui>)T7 (27)

’ ’ ! ’
S?, xLP S, xLE
~ 18I B _ <7181 B
€Z; _Agg({xj }7 {wi’j})jGN(i% (28)
s9° xLE s” xL?
— Jé ~ B
Z; i =0 Activation (Il 7l )7 (29)

where W, € R0 D> (@+D) 117, ¢ REI* P+ are two transformation matrices, w; ; = ((deg(j) +
1)(deg(i) 4 1))~/2 is the normalized weight from GCN (Kipf and Welling, 2016), and deg(i) is the

/
Sfm x L2

’
M5 = {z,"7" yiEN

degree of node i. Finally, the output X Sia1 @ are projected back to the pseudo-

Riemannian manifold by using our diffeomorphic framework, i.e. X5 " = &= (w1 (X5 <15 ),

G.3 Integrating into Graph Transformer

Incorporating GCN to Graph Transformer is well-known for graph representation learning (Wu et al.,
2023; |Yang et al., 2024), which enhances the local structural information. Let p* and ¢* denote
the optimal space and time dimensions, estimated by our searching algorithm in Section[5. Given

the outputs of Q-GCN2 and Q-GT as X1, X5 € Q’B’*’q* , we utilize this approach and combine two
outputs with a balance hyperparameter « as follows:

X, = logh(®(X,)) , X5 = logh (®(Xs))
7 = OzXl + (1 - 04>X2 (30)
Z =exp2(Z) € Qg*’q*ﬂ

where @ is the extrinsic mapping function in Eq. (E), Q’B’*’q*ﬂ is the zero-first submanifold, expg
and logg are the exponential and logarithmic maps in Eq. and Eq. . In practice, the value of

the balance weight « is determined by the grid search strategy.

H More ablation studies

H.1 Effectiveness of space searching algorithm

We further assess the effectiveness of the proposed space searching algorithm on Cora, Citeseer
and Pubmed datasets, as visualized in Fig. . It is clearly seen that varying space dimensions
significantly impact the performance of pseudo-Riemannian models, especially in node classification
task. This highlights the importance of selecting an appropriate pseudo-hyperboloid for effective
graph representation learning. Our algorithm consistently identifies an optimal or near-optimal space
dimension p* in both tasks. Meanwhile, the performance of Q-GCN does not align with the space
searching result or the underlying topology of the input graph. While Q-GCN performs reasonably
well when the product space becomes Euclidean space through increasing space dimension, Euclidean
space lacks the capacity to capture the cyclical and hierarchical structures in many real-world graphs.
This limitation leads to inferior performance compared to our proposed Q-GCN2 and Q-GT.

H.2 Runtime comparison

For a better complexity comparison, we report the training time of our proposed Q-GCN2 and
Q-GT against the baseline Q-GCN in Table d. All models are trained for 1000 epochs using
their corresponding optimal configurations on a 16-dimensional manifold. Q-GCN suffers higher
runtime than Q-GCN?2 due to its reliance on tangent space mappings from the product manifold,
which introduces additional computational overhead. This finding underscores the advance of
our diffeomorphic framework, which allows operations to be conducted directly on the product
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Figure 4: Evaluating space searching algorithm on Cora, Citeseer and Pubmed datasets. The red line
denotes space dimension p* estimated by the searching algorithm.

Table 4: Comparison of training time and the runtime of the space searching algorithm (in second).
Datasets Q-GCN Q-GCN2 Q-GT ‘ Space searching Ratio to Q-GT

Cora 136.6 82.44 193.7 12.70 0.07x
Citeseer 141.8 76.12 188.2 6.90 0.04x
Airport 211.4 66.59 249.5 15.30 0.06x
Pubmed 278.0 83.52 386.0 71.60 0.19x

Arxiv 347.2 145.9 353.5 1922.1 5.43x
Penn94 299.7 121.4 258.5 361.1 1.40x

Twitch Gamers 377.2 181.2 386.3 1611.7 4.18x

964 manifold rather than in the tangent space Despite that, Q-GT incurs higher training time compared to
965 GNN-based models because it is built upon the Transformer architecture.

966 In addition, Table [ presents a comparison between the runtime of the space searching algorithm
967 and the training time of Q-GT across seven datasets. On Cora, Citeseer, Pubmed, and Airport, the
968 computing time searching algorithm is less than 20% training time of Q-GT. However, in the two
969 large datasets, Arvix and Twitch Gamers, the space searching requires more computation, around
970 4-5 times higher than the training of Q-GT. Compared to a brute-force approach which requires
971 training the model 16 times (once per each dimension), our algorithm is more efficient in both time
972 and computation.
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Figure 5: Visualization of the learned embeddings for the link prediction task on Tree-1, Tree-2,
Tree-3 datasets. The colors denote depth levels. Nodes at Levels 1 and 2 are classified as low-level,
which are closer to the root, while the other are considered high-level.

H.3 Advantage of diffeomorphic framework

To investigate the advantage of the pro- Typle 5: The link prediction results in ROC AUC (%)
posed diffeomorphic framework, we create ) (ree datasets.

three datasets Tree-1, Tree-2 and Tree-3

that best reflect the hyperbolic geometry. Datasets Tree-1 Tree-2 Tree-3
Detailed descriptions of these datasets are  Space dim p* 16 15 13
provided in Appendix [[.I] Table[5|presents ~ Time dim ¢* 0 1 3

the link prediction results of Q-GCN, Q- O-GCN  91.44+052 8583051 84.86+0.35
GCN2 and Q-GT on these graphs. Q- Q-GCN2 9534 +£031 93.60+0.32 89.25+0.34
GCN2 and Q-GT significantly outperform O-GT 96.05+0.10 94.02+0.06 92.03 +0.11

O-GCN across all datasets. For instance,
on Tree-2, Q-GT and O-GCN2 achieve
AUC improvements of 9.54 % and 9.05 %, respectively, over Q-GCN. To shed light on the su-
perior performances of our models, we further visualize the learned embeddings on the Tree-1,
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Table 6: Ablation study on the impact of each component in Q-GT.

Datasets
Methods Airport Pubmed Tree-2 Tree-3
Q-GT 96.56 £0.07 96.40 £0.10 94.02£0.06 92.03 £0.11
w/o residual 95.22 +0.12 9624 £0.15 89.66 +2.14 90.70 + 0.38

Gain(%) - 1.39 -0.17 -4.64 -1.45
w/o refining 95.73 £0.07 9533 £0.28 81.43 £0.63 89.98 £ 0.27
Gain(%) -0.86 - 1.11 -134 -2.23
w/o GCN 9443 +£035 9047+0.18 86.78£0.49 83.53+1.86
Gain(%) -2.21 -6.15 -7.70 -9.24

Table 7: Link prediction results with different embedding dimensions.

Datasets
Methods Airport Pubmed Tree-2 Tree-3
Original Q-GT (16) 96.56 = 0.07 96.40 £ 0.10 94.02 £ 0.06 92.03 £0.11
Q-GT (8) 9536 £0.28 9588 +£0.20 87.83+£1.35 8550+3.64
Gain(%) -1.24 -0.54 -6.58 -7.10
Q-GT (32) 96.09 £0.15 96.48 £0.10 94.36 +0.36 90.29 £ 2.08
Gain(%) -0.49 +0.08 +0.36 -1.89

Tree-2, and Tree-3 datasets in Fig. [5. Following the experimental setup in Section[6.3] the embed-
dings are projected to the product spaces, excluding the spherical component for clearer interpretation.
In Q-GCN, low-level nodes are scattered randomly among high-level nodes. @-GCN2 and Q-GT,
by contrast, exhibit a clear clustering of low-level nodes, indicating that these models effectively
distinguish between low-level and high-level nodes. These observations emphasize the advantage of
our diffeomorphic framework for preserving hierarchical structures of graphs.

H.4 Impact of key factors in O-GT

To analyze the impact of each key component in our proposed model, we perform an ablation study
using three variants derived from Q-GT:

¢ w/o residual: Q-GT without residual connections. All residual connections are removed
from each layer of the model.

* w/o refining: Q-GT without refinement operations, including layer normalization, dropout,
and non-linear activation. This variant consists solely of linear layers.

* w/o GCN: A variant of Q-GT that excludes the graph-based module Q-GCN2, relying
solely on the Transformer module for representation learning.

We use the same experimental setup as Q-GT to evaluate these variants, and the link prediction results
are reported in Table[6] In general, removing any component would lower the model’s performance.
w/o residual leads to a decline in the model’s performance by 1.91% in average. This suggests that
residual connections play an important role in stabilizing training and facilitating gradient flow across
layers, which is particularly beneficial in deep architectures like Q-GT. Similarly, in the case of w/o
refining, the model’s performance also drops dramatically on Tree-2, which confirms the necessity
of refining functions, such as normalization, dropout, and non-linear activation, for effective graph
learning in pseudo-Riemannian spaces. When removing graph-based module Q-GCN2, it causes a
significant decrease in the performance of Q-GT on all datasets. This observation reveals that the
Transformer module alone is insufficient for capturing local structural information in the graph.

Additionally, we evaluate the capacity of Q-GT with different embedding dimensions, 8 and 32, in
Table[7] Reducing the dimension to 8 leads to a notable decrease in the link prediction results on hierar-
chical datasets, whereas increasing to 32 offers only minor improvements. Therefore, we recommend
using 16 dimensions to maintain computational efficiency and obtain strong performances.
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I Experimental details

Table 8: Summary statistics of the datasets used in this paper.

Datasets Cora  Citeseer Airport Pubmed Arxiv Penn94  Twitch Gamers  Tree-1  Tree-2  Tree-3
Total nodes 2708 3327 3188 19717 169343 41554 168114 5461 5461 5461
Total edges 5278 4552 18630 44324 1166234 1362229 6797557 5460 5960 6460
Undirected Yes Yes Yes Yes No Yes Yes Yes Yes Yes
Total classes 7 6 4 3 40 2 2 - - -
Features 1433 3703 11 500 128 4814 7 5461 5461 5461
Mean [ 0.1658  0.0799  0.3626  0.2264  0.2290 0.2340 0.3238 -0.5983  -0.2924 -0.1417
Std & 0.2290 0.3716  0.3180  0.4197 0.3030 0.2050 0.2088 0.1082  0.2953  0.2932

I.1 Datasets

Table[8 presents the statistics of all datasets used in this study. The mean /i and standard deviation
o denote the Gaussian sectional curvature (GSC) distribution of each input graph. Among the ten
real-world datasets, seven graphs exhibit positive curvature distributions, while other three networks
have negative distributions. In terms of graph size, Arxiv and Twitch Gamers are large-scale networks,
Pubmed and Penn94 are medium-sized, and the remaining datasets are considered small. Detailed
descriptions of each dataset are provided as follows:

* Cora (McCallum et al.,|2000) is a citation network comprising 2708 scientific publications
each node is classified into one of seven classes. The network includes 5278 citation links
among these papers. Each node is represented by a binary word vector, where each entry
indicates the presence or absence of a specific word from a dictionary of 1433 unique terms.

* Citeseer (Giles et al., |1998)) is a citation network consisting of 3327 scientific publications
classified into one of six classes. The citation network consists of 4552 links. Each
publication is described by a binary word vector showing the absence/presence of the
corresponding word from the dictionary of 3703 unique terms.

* Pubmed (Sen et al.,|2008) comprises 19717 scientific articles from the PubMed database
related to diabetes, each categorized into one of three classes. The citation network includes
44324 links between these publications. Each article is represented by a TF-IDF weighted
word vector, constructed from a vocabulary of 500 unique words.

* Airport (Xiong et al.,2021) is a transportation network containing 3188 airports. Edges
correspond to airline routes connecting the airports. For the node classification task, each
airport is labeled with the population of the country in which it is located.

* Arxiv (Hu et al.,[2020) is a directed citation network between all Computer Science (CS)
arXiv papers. This dataset belongs to the Open Graph Benchmark (OGB) collection.
Each node is an arXiv paper and each directed edge indicates that one paper cites another
one. Each paper comes with a 128-dimensional feature vector obtained by averaging the
embeddings of words in its title and abstract. We apply the space searching algorithm on the
undirected structure of Arxiv network, while training on the original directed graph.

* Penn94 (Lim et al.,[2021) is a Facebook "friendship" networks at one hundred American
colleges and universities from 2005. In this graph, nodes correspond to individual students,
each labeled by their reported gender. Node features include academic major, second major
or minor, dormitory or housing assignment, graduation year, and high school background.

» Twitch Gamers (Lim et al.,2021) is an undirected graph representing connections between
user accounts on the Twitch streaming platform. Nodes correspond to individual Twitch
accounts, with edges indicating mutual follower relationships. Node features include the
number of views, account creation and update timestamps, language, account lifetime, and
a flag indicating whether the account is inactive. The associated binary classification task
involves predicting whether a channel contains explicit content.

* Tree datasets are created due to the lack of the negative curvature graphs. Tree-1 is
a balanced tree of depth 6 and branching factor 4 consisting of 5461 nodes and 5460
edges. Tree-2 and Tree-3 are derived from Tree-1 by randomly adding 500 and 1000 edge
respectively, introducing different magnitudes of curvature. Each node is initialized with a
one-hot feature vector, and no node labels are provided in these datasets.
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I.2 TImplementation setup

Objective function. In the node classification task, following [Xiong et al. (2021), we project the
output of the final layer of both Q-GT and Q-GCN?2 onto the tangent space and apply Euclidean
multinomial logistic regression for classification. For link prediction, non-Euclidean methods utilize
the Fermi-Dirac decoder (Krioukov et al.,[2010), which computes edge probability scores based on
geodesic distances in the embedding space.

Optimization. The trainable parameters of Q-GT and Q-GCN?2 are defined in Euclidean space via
the proposed diffeomorphic framework. As a result, standard Euclidean optimization algorithms, such
as Adam (Kingma and Ba|[2014) and SGD (Robbins||1951), can be directly applied for model training.
RiemannianAdam (Bécigneul and Ganea,|2018)) is another choice for non-Euclidean methods such as
HGCN and Hypformer, which operate under specific manifold constraints.

Setting. We implement our models by Pytorch and Geoopt tool |7} All the experiments are conducted
on a GPU device NVIDIA GeForce RTX 4090 with 24GB memory. For comparison baselines, we
follow the implementation of each model introduced in the corresponding paper. The experiment
results are reported by the average value with standard deviation on the test sets using three different
seeds. Unlike the work of [ Xiong et al.[(2021)), we utilize initial features provided in the datasets for
node classification instead of pretrained embeddings for evaluating model’s learning capacity.

Table 9: The grid search ranges for hyperparameters.

Hyperparameter Search range
Learning rate Ir Se-2, 2e-2, le-2, 5e-3, 2e-3, le-3
Balance weight « 0.5,0.6,0.7,0.8, 0.9
Number of layers 1,2,3,4
Activation relu, tanh, sigmoid, leakyrelu
Dropout rate 0.0,0.1,0.2,0.3,0.4, 0.5, 0.6, 0.7

Weight decay le-1, 5e-2, 1e-2, Se-3, 1e-3, Se-4, le-4, 5e-7

Hyperparameter. Besides the space and time dimensions of pseudo-hyperboloids Qg’q, our models
involves other hyperparameters, including learning rate [r, balance weight o, number of layers,
activation function, dropout rate, and weight decay. The optimal hyperparameters are obtained by
applying grid search strategy, where the ranges summarized in Table 9]

1.3 Pseudocode

In this section, we provide the pseudocode of our proposed framework to facilitate implementation
for the reader. Algorithm [I]outlines the procedure of the space searching algorithm. In line 1, a subset
A is uniformly sampled from the node set V. Lines 2-6 precompute the shortest path distances
from each node a € A to all other nodes in the graph G. The Gaussian sectional curvature (GSC)
distribution of the input graph is computed in lines 7-14. Finally, in lines 15-20, we iteratively
calculate the KL divergence between the input GSC distribution N(i, 52) and each ideal distribution

N (;,0?) to determine the optimal space dimension p;.

Algorithm 2]demonstrates the learning process of Q-GCN2. In line 1, we apply Algorithm [I]to select
the embedding manifold Qg ', Line 2 projects the initial features to the embedding manifold with
a function f which is either a dense layer or a graph convolution layer to ensure the dimensional

consistency. The projected representation is passed through L layers of Q-GCN?2 in lines 3-9, where
each layer comprises feature transformation, neighborhood aggregation, and nonlinear activation.

The learning process of Q-GCT is described in Algorithm 3] Similar to Q-GCN2, lines 1-2 involve
selecting the appropriate manifold and transforming node features. The transformed representation
is then processed through an L-layer O-GT in lines 3-15. To capture local structural information,
O-GCN?2 is incorporated in line 16. The outputs of Q-GCN2 and Q-GCT are combined using a
balance weight « in lines 17-20. The final node representation Z is obtained for downstream tasks.

*https://github.com/geoopt/geoopt
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Algorithm 1 The procedure of space searching algorithm

Input: An input graph G = (Vg, Eg)
Output: The optimal pseudo-hyperboloid Qj

"

1: Uniformly sampling a subset of nodes A C Vg

2: for each node a € A do

3: for eachnode b € Vs do

4: Precomputing the shortest path distance d¢g(a, b)

5.  end for

6: end for

7: for each node m € V¢ do

8: fori=1tonsdo

9: Uniformly sampling two neighbor nodes b, ¢ € N (m
10: Calculating the curvature analog «(m; b, ¢) in Eq. (16)
11:  end for
12:  Calculating the sectional curvature x(m) by averaging curvature analogs «(m; b, ¢)
13: end for

—_
N

. Calculating the mean i and the variance 52 in Eq. dﬁl)

15: fori=0tod —1do

16:  Assigning space dimension p; := ¢

17:  Calculating the ideal GSC distribution N (y1;,0%) = I'(p;)
18:  Calculating the KL divergence dg 1, (N (fi, 52), N (1, 02))
19:  Saving p* = p; that yields the smallest KL divergence

20: end for

[\
—_

: return the optimal space dimension p*

Algorithm 2 L-layer Q-GCN2 learning process

Input: An input graph G = (V, Eg) with the initial features X*

P
Output: A hidden representation X LQ[*

1: Determining the embedding manifold QZ* a” by using Algorithm

2: Projecting initial features XOQﬁ T = expl ([0]|£(XE)])
3: forl=1to L do .
oy

§77 XL
4:  Decomposing features X, %" 7 = U(d(X, % )

q ]LP

T
oS XLE ST S 512 Ly
5 X = | VIBIWAX, L /IWAX, LA WX 5 ()2 = B, WX 5

~ ST xLP" LS XL
6 X7 =Agg(X,""" | Eq)

_ST xLP" ~ 8% xLP"
7. Xl,ml‘ b= UActivation(Xliﬂl‘ 7 )
. eI AR o1, oS XLE
8:  Projecting back to the pseudo-hyperboloid X =0 (v (X, )
9: end for

p*,q*

10: return the final representation X, *
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Algorithm 3 L-layer Q-GT learning process

Input: An input graph G = (Vg, Eg) with the initial features X®
Output: A hidden representation Z

1: Determining the embedding manifold QZ 1" by using Algorithm
Projecting initial features XOQ P = expl([0]|£(XE))
Qp*-,q* QP*ﬂ*
3: X() s — ULayerNorm(Xo s )

Qp*-,q* Qp*-,q*
X, ? <+ FeatureTransform(X, ” )
Qp*-,q* QP*,Q*
5: X() s <— O Activation (Xo 7 )

o or' "
XO <~ UDropout(Xo )
for/=1to L do

o Qn

X

2:

@ 2

Qp* a*
= OLayerNorm (X i 761 )

*

10:

11:

12:

13:
14:

15:
16:
17:

18:
19:

20:
21:

_ Q:n*,q*-%—l
8
Xl—l

_ Qp*,q*
X,4 = FeatureTransform(
. gr " _gr"a”
s 5

X1

Q5™ v
Xl

end for

P 49
X2
X727 = L'Mayer O-GCN2(X,
X, = logl (®(X;" )

Qp*vq*

Xo = logg(®(X," )
X = OéXl + (1 — Q)XQ
Z = exp2(X)
return the final representation Z

p*.q*
Yol

=X, ®p X,

Qp* a*
= ODropout (Xl 731 )

. ey
= LinearAttention(X, ] )
oy
-1

Q
+ FeatureTransform (X ;

4

p*,q*+1

0
X5

= O Activation (Xl -1 )

* K

Z 'q
* * )
Q5™

0 )
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