Fast and Scalable Score-Based Calibration Tests
(Supplementary Material)

A CONDITIONAL GOODNESS-OF-FIT: GENERAL OPERATOR-VALUED KERNEL

Assume that

e kernel | € C%(Y x V,R),

* densities P, € C'(Y,R) for P(X)-almost all x, and that
* Ewy~rixy) [Kp,Ep, (4:0)] 5, < oo

Due to the Bochner integrability of (x,y) — K PLEP, (y, -) expectation and inner product commute [see|Andreas Christ{
mann, 2008, Definition A.5.20], and hence we have

CP\-(P) = |‘E(I7y)~P(X7Y) [Kp‘mfp‘w(:% )] HQfK

= <]E(x,y)~IP(X,Y) (KPP, (4 )] B yy~px,y) [KPWSP'I/ (', ')} >;
K

= E(z,)~r(x,v) E@ y)~P(X,Y) <KP|I§P1 (v,), Kp,8p,, (¥, ')>
FK

= E(z,y)~p(x,v) B2/ y)~P(x,7) <K1*D|,,,,Kpmfpm(y7 )P, (Y ')> ,

d
Yy
}-L

where Kj;l , is the adjoint of K'p, ,. The reproducing property implies K 1*’| ,Kp, = K(P, P ), and therefore we get

OP|A (]P)) = E(Ly)NIP’(X,Y) E(x’,y’)NIP’(X,Y) <K(P|a:a P|:r’)§P\x (y7 ')a §P‘I/ (y/7 )>

d
Y
}_l

= IE’(a:,y)~IP’(X,Y) E(a:’,y’)r‘vll:"(X,Y) H((P|w7 y)a (P|a:’7 y/))

where

H((p.y). (0 y)) = <K<p,p'>5p<y, ). o ->>

dq
Yy
}-l

- <K<p7p’>£p<y, )1y )V, 1og fr(4) + Tyl '>>

d.
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Fori e {1,...,d,}, let proj;: ]-"ldy — JF be the projection map to the ¢th subspace of the product space ]-'ldy, and similarly
lete;: F; — }'ld” be the embedding of F; in the ¢th subspace of }'ld” viaz — (0,...,0,2,0,...,0). Then we can write

dy

H((pw), 0,0) =3 <projz- K060 1) 55 108 Fr ') + 55 00 ->>f

S

Yy

= [(proji K(p,p")&p(y, -))(3/)8% log fy (y') + aiy{(proji K(p,p")& (v, -))(y’)] :

7

Since K (p,p’) € E(]—'ldy) is a linear operator, we have
K(p, )&y, ) = K(p,p') 1y, -)Vylog fp(y)) + K(p,p")Vyl(y, ).
For1 <i,j <d,, define K; ;(p,p’): Fi — F; as the continuous linear operator
Kij(p,p') := proj; K(p,p')e;.

Thus we have

d Y

. / 8 / a /
proj; K (p,p')&(y, ) = [ay log fp(y)} Kij(p. o)y, )+ gy K@ P, ),
j=1 J j=1 J
and therefore
d, d g
(proj; K (p, )& (y, N (W) = [ -log p(y } (Ki (0, 0y, Z By, Kii(p:p POy, D).
j=1 i=1

Due to the differentiability of kernel [ we can interchange inner product and differentiation |[Andreas Christmann) 2008,
Lemma 4.34], and thus we obtain
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Define A: (Plx x V)? — R4 by

[A(p, y), 0", y"))ig = (Kij(, 0y, D) (1 <45 <d,).

Thus we obtain
H((p,y), (0", 1)) = (spr () + V) Al w), (0, ¥)) (5 () + V), (A1)

where for z, 2/ € R4, M (z,2') € R9*? we use the notation
Vo M(z,a') = [VIIM(z,2).1 - V]I[M(z,2)].q] = [dive[M(z,2")].0 - dive[M(z,2")].4],

and similarly

M(z,2" )V = (V) M(z,2) )T = [divy [M(z,2)]1,, -+ divy [M(a,‘,a:’)]m:]—r



and

T _ T T
VI M(z,2' )V = V] (M(z,2)V], Z amx z,2')]; -

3,j=1

1d.

Thus, given samples {(P,:,5")}f—; ~ P(P/x,Y), an unbiased estimator of statistic Cp_(P) is

— 2 i j
Cp = ——— H((Pai,y"), (P2, v’)),
| n(n—1) 1§;§n | |

where H is given by Equation (AT).

If kernel K is of the form in ??, we recover the simpler formula in ??2. In this case A((p,y), (¢, ¥%")) = k(p,2")l(y,y')1a, €
R%*dy je. Aisa scaled identity matrix.

B KCCSD AS A SPECIAL CASE OF SKCE

We prove the following general lemma that establishes the KCSD as a special case of the MMD. Then ?? follows immediately
by considering random variables Z = P x and Y, and models |, = z = P,.

Lemma B.1 (KCSD as a special case of the MMD). Let Q. be models of the conditional distributions P(Y € -| Z = z).
Moreover, we assume that

* Q| has a density fq, € C*(V,R) for P(Z)-almost all z,

e kernell € C*(Y x J,R),

* Biyerzy) [ Kefap. (0,0)]| 7, < 00 and

* Py LWy ) fo. (W)n(y) dS(y') = 0 and §,,, V,i(y,y') fq,. (¥ )n(y') dS(y') = 0 for P(Z)-almost all z,

where n(y) is the unit vector normal to the boundary Y of Y aty € y.ﬂ

Then
Dq,.(P) = MMD}, (P(Z,Y),Pq, (Z,Y))

where we define distribution Pg, by
Pg . (Z€ A)Y € B):= /AQ‘Z(Y € B)P(Z € dz)
and kernel kg, (ZxY)x(Z2xY)—=Ras
kQ\. ((27 y)’ (Z/a y/)) = (SQ\z/ (y/) + Vy’)TA((Z’ y)7 (2/7 yl))(SQ\z(y) + Vy)a

using the same notation as in Appendix@and similarly defining A((z,y), (2',y")) € R¥*dv py

[A((z,9), (¢, y/))]i,j = (K,;(z, )y, )NY) (1<, j <dy).
If K is of the form k(-, )1 .a,, function A simplifies to

1

A((z7 y)’ (Zlv y/)) = k(Z, Z/)l(y, yl)Idy

and kernel kq, is given by

kQ\. ((z:9), (Z/7y/))

dy )
= k(2,2) |l y)50,. ) 50, (V) + 50, () Vyl(y,v) + sq. ) Vylly, y) + Fpay @)
i=1 It

!'These assumptions are not restrictive in practice since they are satisfied if the conditions of [Jitkrittum et al.,[2020, Theorem 1] hold
which are required to ensure that Dg, (P) = Oif and only if Q|z(-) = P(Y € -|Z) P(Z)-almost surely.



Proof. From a similar calculation as in Appendix |A|[cf. Jitkrittum et al., 2020, Section A.2] we obtain that

kQ\. ((Zv y)’ (Zlv yl)) = <KZ§Qz(y7 ')7 Kz’fQ‘z/ (9/7 )>

FK

Thus kg, is an inner product of the features of (z,y) and (2',y’) given by the feature map (2,y) — K.§q . (y,") € Fk,
and therefore k:Q‘_ is a positive-definite kernel. Moreover, from our assumption we obtain

E(z,y)N]P’(Z,Y) ‘kQ\ ((Z, y)a (Za y))|1/2 = E(z,y)NP(Z,Y) ||KZ€Q‘z(y7 ')H]:K < 0.

Thus the mean embedding pp(z vy € Fi of P(Z,Y) exists [Gretton et al., 2012, Lemma 3].

Due to the Bochner integrability of (z,y) — K.&q,. (y, -) expectation and inner product commute [see|Andreas Christmann,
2008l Definition A.5.20], and hence we have

2
E(y)nba, (2¥) B y)npg (23) ke ((2,0), (2,9)) = HE<z,y>~PQ|, (zv) K:6q,. (v, ~)HFK
2
= HEZNIP’(Z) EyNQ\Z KZ&Q\Z (yv ) H]:K
2
= |Eenrz) K:Eyngy. €op. ()| 7, -

Due to the last assumption [[Chwialkowski et al.| 2016, Lemma 5.1] we know that

]EZJNQ\Z gQ\z(yv ) = Oa

which implies
E (. y)npa, (27) B yineg (z3) Ko ((2,9), (2 9) = 0.

Thus the mean embedding lBg (2Y) € Fk of Pg, (z,v) exists and satisfies ||,U/[PQ‘4 (z) %, = 0, and hence BBy . (2Y) =
0. We obtain [|Gretton et al., 2012, Lemma 4] that

MMDin, (P(Z, Y)»PQ‘.(ZY)) = ”,LL]P’(Z,Y) - /UIIP’Q‘_(Z,Y)H%:K

= ||NIP(Z,Y) ||3TK
=B y)~bz,y) B y)~ezy) ko ((2,9), (2,Y)

=E(y)~pzy) B y)~pz,y) <Kz€czz (v, ), Korbq. (v, -)>

= DQ|.(P)>

FK
where the last equality follows from [Jitkrittum et al.,[2020, Section A.2]. O

C CALIBRATION IMPLIES EXPECTED COVERAGE

We show that the sense of calibration employed by our tests implies posterior coverage in the sense of Hermans et al.|[2021]].
Again let us note P|,(-) for a model of the conditional distribution P(Y" € - | X = x). Moreover, we assume that P/, has a
density fp, for P(X)-almost every z.

Forlevel 1 — a € [0, 1], let ©p (1 — ) be the highest density region of a probabilistic model P, with density f p-Itis
defined [see, e.g.,[Hyndmanl [1996] by

Op,(1—a)={y: fp,(y) > cp, (1 —a)}

where
cp,(1—a):= sup{c: / Pm(dy)>1—a}.
{5+ fr, @)>c}

4



Hence, by definition [see, e.g., Hermans et al.| [2021]]

Eyvp, ]l{ye@plw(l—a)} :/ Py(dy) > 1—a.
Op,(1-a)

Assume that model H is calibrated. By definition, it satisfies
P(Y € | Px)=Px P(X)-almost surely.
Hence, for all « € [0, 1], we obtain

Ery)~pxy) Hy € Op, (1 —a)} =Epp_ yorpyv) H{y € Op, (1 - )}
=Ep,~p(px) By~or, 1{y € Op, (1 - )}
2 ]EP\J:NP(P\X) [1 - a}

=1-a.
Thus model P,. has expected coverage for all « € [0, 1].
D DIFFUSION-LIMIT AND UNIVERSALITY

D.1 FISHER DIVERGENCE AS A DIFFUSION LIMIT

We recall that for a map f and a measure 4, the push-forward measure of 1 by f, noted fxp, is the measure on the image
space of f which verifies, for any measurable function g

/ o(z) fan(de) = / o () p(d).

To prove the differential inequality linking the MMD and the KGFD, we rely on the following reformulation of the
Fokker-Planck equation:

U1)  diva (e Dy 0)) + A, 1)
= divy (—p(z, t)sp(z)) + divy Vau(z, t)
— diva (— (e, 1)5p(2)) + diva (u(z, )V, log (e, )
= diva(— (e, )(sp(@) — Vi log (1),

We remark that since the density p(x,t) is twice differentiable in x and differentiable in ¢ [Johnson, [2004], this equation
holds in the strong sense, and not only in the sense of distributions. Because of that, one has

ust+ A) = (1)
Oz, t) = hrn0 A .

Let us consider an RKHS H with kernel &, and let h € H. Let us define my(x) := m(z,t) := ppp(x,t) — pyq(2, t) and
we note MMD(m;) the function given by

MMD () [// (5, y)mo(@)ma(y )dfdyrm:MMD(Mu,p('7t)aNu,q('»t))~

To show that lim;_, & MMD(m;) = KGFD(p, q), we first analyze the differential properties of the easier to handle MMD?
and complete the proof using a chain rule argument. The first variation (also called Gateaux Derivative) of m — MMD? (m)
is a linear functional on the space of functions

{fg’f,g:Xx[O,oo)%R with VtzO:/f(x,t)dx/g(x,t)dx1},
x

X



given by
§ MMD?
om

o [ 2k gymi(a) () do dy,
Using the chain rule for Gateaux derivatives, we have that

dMMD?*(m)  dMMD? (m) dm
dt - dm dt

— [ 2o mu(a) G ) ddy,

From the Fokker-Planck Equation, we have that

dm
@ = @uu,p - 3t,uu,q

p . q
) — divg (g )
v,p v,q

= div, (vV, log g) — div, (vV, log %> +o(1)

=div, (Uv,:v

= div, (vV, log g) +0(1)

Plugging the last equation in the chain rule, we have:

d MMD?(m)

" = / 2my(z)divyv(y)V, log g(y)k(a:, y)dzdy + o(1)

:/2mt(x) <Vyk(év,y)ﬂ/(y)vy logZ(y)> dzdy + o(1).

Similarly, since mo = pt (-, 0) — pu 4(+, 0) = v — v = 0, we have m;(z) = tdym(z,0) + 0, (¢). The calculation follows
as:

2
%It)(m) — /Qt x Oym(z,t) <Vyk(x,y), v(y)V, log Z(y)> dzdy + o(t)

- / 2t x div, v(z)V, log g(a:) <Vyk(3:,y), V(y)V, log p(y)> dz dy + o(t)

= /2t X <1/(:U)Vm logg(x),vg; <Vyk:(x,y), )V, log (y >> dz dy + o(¢)

:/2t>< <1/($)Vmlogz(m),vzvyk(m,y), )Vy log > da dy + of

To get rid of the degenerate scaling as t — 0, we now focus on (the derivative of) y/MMD? (my) as t — 0. Notice that since

MMD(myg) = 0, the derivative of {/ MMD? (1) does not exist a priori for t = 0: we consider instead % MMDz(mt)‘ ,
t=t
and extend it by continuity by setting ¢ — 0. We have:

dy/MMD*(m,) 1 d MMD? (1)
dt 2 /MMDQ (mt) dt

MMD?(m,) = / k(z, y)mi(z)m:(y) de dy

we obtain through similar calculations that

MMD?(m,) //t2< 2)V, log 2 ( ),Vzvyk(ac,y),V(y)Vylogz(y)> dz dy + o(t)



from which the results follows. Note that the matrix-valued kernel (K (z,y)):; = (Vo Vyk(z,y)):; is positive definite, a
result akin to one of Zhou| [2008]] but for the matrix-valued case. Indeed, for all z,y € X, z,t € R4,

d d
2K (z,y)t = <Z 2i0;k(z, ), Ztiaik(yv )>
i=1 i=1

where 9;k(x, -) € H [Zhou,2008]. In the following, we write ¢ (z, y) = Zle yiOik(x;,-). Now, for all sets of {z*}7 ; € X,
{y7}"_, € R?, we have

H

Z (K (@', 2y y Ypa = Y (2, 0), (27, 47)),,
i,j=1 1,5=1
= <Z ¢<xﬁyi>,2¢<xﬁyi>> >0
i=1 i=1 H

from which it follows that K is indeed positive definite [Micchelli and Pontil, 2005, Theorem 2.1].

D.2 UNIVERSALITY OF THE EXPONENTIATED-GFD AND EXPONENTIATED-KGFD KERNEL

To prove the universality of K, and K, i under the assumptions discussed in the related propositions, we rely on the
following theorem [[Christmann and Steinwart, 2010, Theorem 2.2].

Theorem D.1. On a compact metric space (Z,dz ) and for a continuous and injective map ¢ : Z — H, where H is a
separable Hilbert space, the kernel K (z,2') = e~ Mo =¢GN is universal.

We first focus on the universality of K,. We set as our goal to apply that theorem to our setting, in which Z := Py is a
(sub)set of probability densities, which needs to be associated with a suitably chosen metric in order to make Py to be
compact, and ¢ continuous. As bounded subsets of differentiable densities, whose elements can be framed as elements of the
Sobolev space of first order W21 (1) [Taylor, [1996]), are not compact a priori, we restrict ourselves to twice-differentiable

densities with bounded Sobolev norm of second order, i.e., to W2 (v) with norm ||p[[}2.» == ||pH%2(V) +Z?:1 H@m”%z(y) +

ZZ =1 ||8i3jp||%2(y). From the Rellich-Kondrachov theorem [Taylor,|1996|], we know that when v has compact support,
the canonical canonical injection I: W?2(v) — W?1(v) is a compact operator. As a consequence, for any bounded subset
A of Px we thus have that I(A) is compact for || f[[32.0 = || |7, (,) + PO 10: f|I%,,,)» Which implies that any bounded
subset A of Py is compact for d(z, z') = ||z — 2’||yy2.1. To apply the above theorem, it remains to prove the continuity and
injectivity of ¢ : p — V log p under this metric (in that case the separable Hilbert space H is set to L2(1/)). And indeed,
for such a choice of d, ¢ and H, ¢ is continuous. To prove this fact, remark that differentiable densities with full support
on X are bounded away from 0, making the use of a ¢: p — Vlogp = Vp/p continuous. Moreover, ¢ is injective as
dw21(p, q) = ||p — qllw21 # 0 implies ||V logp — Vlogq| z, () # 0. Thus, all conditions of [Christmann and Steinwart,
2010l Theorem 2.2] are satisfied, and the result follows as a consequence.

‘We now move on to prove the universality of K, x. The proof follows the same reasoning as the proof of the universality
of K,, the only difference being the fact that the feature map ¢ of K , is given by T}, o ¢, where ¢: p — Vlogp and
Tk, L(X,RY) — Hy is given by

Tk e fH/)(Kmf(m)V(dx).

However, if v is a probability measure and K is bounded, then T'x ,, is a bounded operator, and thus continuous, making (5
continuous. Moreover, if K is characteristic, T , is injective. Thus ¢ is injective and continuous, from which the result
follows by (Christmann and Steinwart| [2010].

E BACKGROUND ON STEIN AND FISHER DIVERGENCES

The Fisher Divergence Consider two continuously differentiable densities p and ¢ on R?. Then the Fisher diver-
gence [Sriperumbudur et al.,|2017, Johnson, |2004] between p and q is defined as:

FD(o) = [ IV ogp(e) — Vloga(o)] pla) do-



We refer to |Sriperumbudur et al.|[2017]] for an overview of the properties of the Fisher divergence, including its relative
strength w.r.t. other divergences, and other formulations. The Fisher divergence was used for learning statistical models of
some training data in Hyvérinen|[2005]], |[Sriperumbudur et al.|[2017]], and more recently in|Song and Ermon| [2019].

Stein Discrepancies Of proximity to the Fisher divergence is the family of Stein discrepancies [Anastasiou et al., [2022].
Stein discrepancies build upon the concept of Stein operators, which are operators Ap such that

Eq[4pf] =0 < Q=P

for any f within a set G(Ap) C dom(Ap) called the Stein class of Ap. Following this definition, the Ap-stein discrepancy
is defined as

SD4,(P,Q) = sup [EqAf|
feG(A)

which satisfies by construction the axioms of a dissimilarity (or divergence) measure between P and Q.

Link Between the Fisher divergence and Diffusion Stein Discrepancies Perhaps the most famous Stein discrepancy is
the one that sets Ap to be the infinitesimal generator of the isotropic diffusion process toward PP [Gorham et al.,[2019]:

(Aapf)() =(Viegp(-),V[f)+(V,V[)

Recalling that Ep [Agpf] = 0 for all f € G(Agp), we obtain the following formulation for the diffusion Stein discrepancy

SD4,,(P,Q) := st}p IEq Agpfll = Sl}p ||IEQ(V logp — V log q)TVfH

{dXt = Vlogp(X,) dt + V2 dW,

= sup |[Eq(Vlogp — Vlogq) g,
9=V [

highlighting the connection between the Fisher divergence and the diffusion Stein discrepancy.

Link Between the Fisher divergence and the Kernelized Stein Discrepancy Given a RKHS H such that Byea(0yead, 1)
is a Stein class for A p, the kernelized Stein discrepancy [[Gorham and Mackeyl, [2017]] is given by

KSD(P,Q) := sup IEq (V log p(x) — V log q(z), h(x))]|
h=V feH®| |}, 0a<1
= sup (h, Eq(V log p(x) — V log q(x))k(=, ) y/24

h=V feH®:||h],, 04 <1
= |[Eq [(Vlogp(z) — V log q(x))k(z, )]l e

= ||1; o(V1ogp = Viogq) |, ca

where I},  is the adjoint of the canonical injection from H® to (L2(Q))®?, also known as the kernel integral operator.
This derivation shows that the KSD can be seen as a kernelized version of the Fisher divergence.

Link between MMD and KSD It is possible [Gorham and Mackeyl [2017] to reframe the KSD as an MMD with a specific
kernel. Indeed, given some base kernel k(x, y), define the following “Stein” kernel

k(z,y) = (Vlegp(z)k(z, ) + Vk(z,"), Viog p(y)k(y, ) + Viog k(y, ) gea
which is positive definite as an inner product of a feature map of x. Then H; = Aqp(H) and || f H;,_Lk = ||Af HH;@.
Moreover, we have that Ep h=0forallh € H % By the definition of the KSD, we have that

KSD(P,Q) = sup [Eq Agph||
heH®d: ||h]l,0a<1
= sup ||E@ Adeh — IE]p AdehHH
heH®d: ||h|l, 04 <1
= s [[Egh—Ezhl,
heHE: [Ihll5, <1 k
= MMD; (P, Q).

8



Differential Inequalities between the KL and the Fisher Divergence It is well known [Carrillo et al.| [2003] that the KL
divergence can be related to the Fisher divergence by considering the evolution of KL(P;||Q) when P; evolves according to
the Fokker-Planck equation

Orpi(x) = div(p; (z)(V log g;(x) — Vlogpi(2))), Po =P (E.1)

(Two relevant side notes: for any ¢ > 0, IP; is the law at time ¢ of the Markov process (X;);>o such that X, ~ P and
undergoing an isotropic diffusion towards Q. Moreover, Equation is also the Wasserstein gradient flow equation
of KL(+||Q) starting from ). Recalling that Equation is satisfied in the sense of distributions, and relying on
Gateaux-Derivative formulas for Free Energy-type functionals [see Ambrosio et al.l 2005, for more precise statements], we
have:

dKL(P||Q) OKL| dP,
dt dP [, dt

= / (V(log p¢(z) —log gs(x)), (V1og qs — Vlogp)) dPi(x)
— —FD(P;, Q).

Kernelized Stein l smoothed ( . .
Discrepancy J‘ LFlsher Divergence

Steinalized
kernel

Maximum Mean

b KL Divergence

Figure E.1: Relationships between the Fisher divergence, the KL divergence, the MMD, and the KSD [Liul 2016].



F EXPERIMENTAL RESULTS

This section contains visualizations of all experiments discussed in ??, including figures contained in the main text. In all
experiments we set the significance level to o = 0.05. Every experiment is repeated for 100 randomly sampled datasets and
with 500 bootstrap iterations for estimating the quantile of the test statistic.

We use Gaussian distributions and compare the KCCSD and the SKCE with different combinations of kernels. For the
KCCSD, for Gaussian distributions all considered test statistics can be evaluated exactly. Alternatively, for the exponentiated
(kernelized) Fisher kernel and the exponentiated MMD kernel one can resort to approximations using samples from the base
measure. For the SKCE, however, the test statistic can be evaluated exactly on in special cases such as Gaussian kernels on
the target space. All approximate evaluations are performed with 10 samples.

F.1 MEAN GAUSSIAN MODEL

exact approximate

1.00 - =@- Exp. Fisher + Gaussian 7] =@- Exp. Fisher (discrete) + Gaussian
) Exp. Fisher + IMQ o Exp. Fisher (discrete) + IMQ
5 0.75 1 =@- Exp. Kernelized Fisher + Gaussian S =@~ Exp. Kernelized Fisher (discrete) + Gaussian
. =@- Exp. Kernelized Fisher + IMQ = =@- Exp. Kernelized Fisher (discrete) + IMQ
g 0.50 - =@- Exp. MMD + Gaussian g | =@- Exp. MMD (discrete) + Gaussian
= =@ Exp. MMD + IMQ o] =@~ Exp. MMD (discrete) + IMQ
8 Exp. Wasserstein + Gaussian 8
‘0 0.25 A1 —@- Exp. Wasserstein + IMQ [k

0.00 1 T T T T T A T T T T T

26 27 28 29 210 26 27 28 29 210
num samples num samples
Figure F.1: False rejection rate of the KCCSD for MGM (6 = 0).
exact approximate

1.0 1 =@- Exp. Fisher + Gaussian T =@~ Exp. Fisher (discrete) + Gaussian
8 Exp. Kernelized Fisher + Gaussian 3 Exp. Fisher (discrete) + IMQ
© =@- Exp. MMD + Gaussian © =@— Exp. Kernelized Fisher (discrete) + Gaussian
c =@- Exp. Wasserstein + Gaussian c =@— Exp. Kernelized Fisher (discrete) + IMQ
.g 0.5 A 8 b ~@- Exp. MMD (discrete) + Gaussian
% 8 =@ Exp. MMD (discrete) + IMQ
o o
— —_

0.0 @ — e —@mn O =g B e A e e

T T T T

2I6 27 28 29 210 2I6 27 2I8 2I9 25.0
num samples num samples

Figure F.2: False rejection rate of the SKCE for MGM (6 = 0).
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rejction rate

rejction rate

rejction rate

exact

rejction rate

1.0 A
0.8
0.6 1
0.4 =@~ Exp. Fisher + Gaussian
’ =@~ Exp. Fisher + IMQ
=@- Exp. Kernelized Fisher + Gaussian
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Figure F.11: Rejection rate of the KCCSD for QGM (§ = 1).
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