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Abstract

Thanks to their practical efficiency and random nature of the data, stochastic
first-order methods are standard for training large-scale machine learning models.
Random behavior may cause a particular run of an algorithm to result in a highly
suboptimal objective value, whereas theoretical guarantees are usually proved
for the expectation of the objective value. Thus, it is essential to theoretically
guarantee that algorithms provide small objective residual with high probability.
Existing methods for non-smooth stochastic convex optimization have complexity
bounds with the dependence on the confidence level that is either negative-power or
logarithmic but under an additional assumption of sub-Gaussian (light-tailed) noise
distribution that may not hold in practice, e.g., in several NLP tasks. In our paper,
we resolve this issue and derive the first high-probability convergence results with
logarithmic dependence on the confidence level for non-smooth convex stochastic
optimization problems with non-sub-Gaussian (heavy-tailed) noise. To derive our
results, we propose novel stepsize rules for two stochastic methods with gradient
clipping. Moreover, our analysis works for generalized smooth objectives with
Holder-continuous gradients, and for both methods, we provide an extension for
strongly convex problems. Finally, our results imply that the first (accelerated)
method we consider also has optimal iteration and oracle complexity in all the
regimes, and the second one is optimal in the non-smooth setting.

1 Introduction

Stochastic first-order optimization methods like SGD [33], Adam [21], and their various modifi-
cations are extremely popular in solving a number of different optimization problems, especially
those appearing in statistics [37], machine learning, and deep learning [14]. The success of these
methods in real-world applications motivates the researchers to investigate theoretical properties
for the methods and to develop new ones with better convergence guarantees. Typically, stochastic
methods are analyzed in terms of the convergence in expectation (see [13, 25, 16] and references
therein), whereas high-probability complexity results are established much rarely. However, as
illustrated in [15], guarantees in terms of the convergence in expectation have much worse correlation
with the real behavior of the methods than high-probability convergence guarantees when the noise
in the stochastic gradients has heavy-tailed distribution.

Recent studies [36, 35, 42] show that in several popular problems such as training BERT [38] on
Wikipedia dataset the noise in the stochastic gradients is heavy-tailed. Moreover, in [42], the authors
justify empirically that in such cases SGD works significantly worse than clipped-SGD [31] and
Adam. Therefore, it is important to theoretically study the methods’ convergence when the noise is
heavy-tailed.
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For convex and strongly convex problems with Lipschitz continuous gradient, i.e., smooth convex and
strongly convex problems, this question was properly addressed in [26, 3, 15] where the first high-
probability complexity bounds with logarithmic dependence on the confidence level were derived
for the stochastic problems with heavy-tailed noise. However, a number of practically important
problems are non-smooth on the whole space [41, 23]. For example, in deep neural network training,
the loss function often grows polynomially fast when the norm of the network’s weights goes to
infinity. Moreover, non-smoothness of the activation functions such as ReLU or loss functions such
as hinge loss implies the non-smoothness of the whole problem. While being well-motivated by
practical applications, the existing high-probability convergence guarantees for stochastic first-order
methods applied to solve non-smooth convex optimization problems with heavy-tailed noise depend
on the negative power of the confidence level that dramatically increases the number of iterations
required to obtain high accuracy of the solution with probability close to one. Such a discrepancy in
the theory between algorithms for stochastic smooth and non-smooth problems leads us to the natural
question: is it possible to obtain high-probability complexity bounds with logarithmic dependence
on the confidence level for non-smooth convex stochastic problems with heavy-tailed noise? In this
paper, we give a positive answer to this question. To achieve this we focus on gradient clipping
methods [31, 11, 24, 23, 41, 42].

1.1 Preliminaries

Before we describe our contributions in detail, we formally state the considered setup.

Stochastic optimization. We focus on the following problem

min f(z), f(z) = E¢[f(z,8)], (1)

rER™

where f(x) is a convex but possibly non-smooth function. Next, we assume that at each point z € R"
we have an access to the unbiased estimator V f(z, §) of V f(z) with uniformly bounded variance

E¢[Vf(z,6)] = Vf(z), Ee|l|Vf(x,&) V@) <o? o>0. )

This assumption on the stochastic oracle is widely used in stochastic optimization literature [12,
13, 20, 22, 27]. We emphasize that we do not assume that the stochastic gradients have so-called
“light tails” [22], i.e., sub-Gaussian noise distribution meaning that P{||V f(z,£) — Vf(z)|2 > b} <
2 exp(—b"/(20)) for all b > 0.

Level of smoothness. Finally, we assume that function f has (v, M, )-Hélder continuous gradients
on a compact set ) C R for some v € [0, 1], M,, > 0 meaning that

Vi) = Vil < Mz —yly Yo,y € Q. 3)

When v = 1 inequality (3) implies M;-smoothness of f, and when » = 0 we have that V f(x)
has bounded variation which is equivalent to being uniformly bounded. Moreover, when v = 0
differentiability of f is not needed, and one can assume uniform boundedness of the subgradients of
f. Linear regression in the case when the noise has generalized Gaussian distribution (Example 4.4
from [2]) serves as a natural example of the situation with v € (0, 1). Moreover, when (3) holds for
v = 0 and v = 1 simultaneously then it holds for all v € [0, 1] with M,, < M~ M} [29]. As we
show in our results, the set () should contain the ball centered at the solution z* of (1) with radius
2Ry = 2||2° — x*||2, where 2° is a starting point of the method, i.e., our analysis does not require (3)
to hold on R™.

High-probability convergence. For a given accuracy ¢ > 0 and confidence level 8 € (0,1) we
are interested in finding e-solutions of problem (1) with probability at least 1 — 3, i.e., such T that
P{f(Z) — f(z*) < e} > 1 — j. For brevity, we will call such (in general, random) points Z as
(e, B)-solution of (1). Moreover, by high-probability complexity of a stochastic method M we mean
the sufficient number of oracle calls, i.e., number of V f(x, £) computations, needed to guarantee that
the output of M is an (g, 8)-solution of (1).
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Table 1: Summary of known and new high-probability complexity bounds for solving (1) with
f being convex and having (v, M, )-Holder continuous gradients. Columns: “Ref.” = reference,
“Complexity” = high-probability complexity (¢ — accuracy, 5 — confidence level, numerical constants
and logarithmic factors are omitted), “HT” = heavy-tailed noise, “UD” = unbounded domain, “HCC”
= Holder continuity of the gradient is required only on the compact set. The results labeled by * are
obtained from the convergence guarantees in expectation via Markov’s inequality. Negative-power
dependencies on the confidence level 3 are colored in red.

[ Method [ Ref. ] Complexity [ v [HT? [ UD? [ HCC? |
SGD [27] max { 278 =70 1 o | x| v | x
AC-SA [12, 22] max{\/MlTRg, @} 1 x | v X
5 A
v 3v 2 p2
SIGMA 6] max q M —Jo oM 0,1 | x v X
cT¥3v
SGD [271* max { 29758, 25 1 o | v | x X
AC-SA [12, 22]* max { MBS ‘f—R;%} 1| v v X
1«#% 21(}th) 2 52
SIGMA [61* | max{ M fo— ZHEL 01| v | v X
pTHI TR
clipped-SSTM | [15] max {\/ MRS o'RY 1 v | v | ox
clipped-SGD [15] max { MiRG TR } 1 | v | v X
M 1+23u R 21(?35) 0'2R2
clipped-SSTM | Thm.2.2 | max Y0 ) 2 [0,1] v v/ v
cT¥3v
% 2 2 p2
clipped-SGD | Thm. 3.1 max { Mo T o } 0,1 | v v 7
elt+v

1.2 Contributions

* We propose novel stepsize rules for clipped-SSTM [15] to handle the problems with Holder
continuous gradients and derive high-probability complexity guarantees for convex stochastic

optimization problems without using “light tails” assumption, i.e., we prove that our version of
clipped-SSTM

2 2(1+v)
2 p2 1+3v 1+3v
2a+0) D 0°R D M R
O | maxq DIn+v —, 20111— , D="*Y -9
ﬁ & ﬁ e1+3v

high-probability complexity. Unlike all previous high-probability complexity results in this setup
with v < 1 (see Tbl. 1), our result depends only logarithmically on the confidence level [ that
is highly important when 3 is small. Moreover, up to the difference in logarithmic factors the
derived complexity guarantees meet the known lower bounds [22, 18] obtained for the problems
with light-tailed noise. In particular, when v = 1 we recover accelerated convergence rate [30, 22].
That is, neglecting the logarithmic factors our results are unimprovable and, surprisingly coincide
with the best-known results in the “light-tailed case”.

* We derive the first high-probability complexity bounds for clipped-SGD when the objective
functions is convex with (v, M, )-Holder continuous gradient and the noise is heavy tailed., i.e., we

derive
1
2R3, D24 D'+ MR
O<max{D2,max{D1+”,J 20}1n + }) , D= 710
9 B eT+v
high-probability complexity bound. Interestingly, when v = 0 the derived bound for clipped-SGD

has better dependence on the logarithms than the corresponding one for clipped-SSTM. Moreover,
neglecting the dependence on ¢ under the logarithm, our bound for clipped-SGD has the same
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Table 2: Summary of known and new high-probability complexity bounds for solving (1) with f being
u-strongly convex and having (v, M,,)-Holder continuous gradients. Columns: “Ref” = reference,
“Complexity” = high-probability complexity (¢ — accuracy, /5 — confidence level, numerical constants
and logarithmic factors are omitted), “HT” = heavy-tailed noise, “UD” = unbounded domain, “HCC”
= Holder continuity of the gradient is required only on the compact set. The results labeled by * are
obtained from the convergence guarantees in expectation via Markov’s inequality. Negative-power
dependencies on the confidence level S are colored in red.

[ Method [ Ref. ] Complexity [ v [ HT? [ UD? [ HCC? |
SGD [27] max { My o o | x | v | «x
AC-SA [12,22] max{,/“;{l, 21 1| x| v ok

SIGMA [6] " {N7 "~ } .
V= ()™ + ()

2

SGD [27]% max{Mg o } 0 ol ox

pnpe? pulhe

AC-SA [12, 22]* max {\/ATTI ;73} 1 v

max {N "—}, & = fe,

> ué

SIGMA (6% A o = e Nk | 0]V v X
= () ™+ ()
R-clipped-SSTM | [15] max { /20, 2% 1| v | v
R-clipped-SGD [15] max %;i;} 1 | v | v
max{N, ua}
R-clipped-SSTM | Thm. 2.1 . Iy T > N\ e [0,1] v v v
:( Ré'iy> (HH-usyl—u)
. uT uI 2
R-clipped-SGD | Thm. 3.2 | max BT R ety [0,1] v v v
HH%RH'i” pe TFv

dependence on the confidence level as the tightest known result in this case under the “light tails”
assumption [17].

* Using restarts technique we extend the obtained results for clipped-SSTM and clipped-SGD to
the strongly convex case (see Tbl. 2). As in the convex case, the obtained results are superior to all
previous known results in the general setup we consider.

* As one of the key contributions of this work, we emphasize that in our theoretical results it is
sufficient to assume Holder continuity of the gradients of f only on the ball with radius 2Ry =
2||2° — 2*||2 and centered at a solution of the problem. This makes our results applicable to much
larger class of problems than functions with Holder continuous gradients on R", e.g., our analysis
works even for polynomially growing objectives.

* To test the performance of the considered methods we conduct several numerical experiments
on image classification and NLP tasks, and observe that 1) clipped-SSTM and clipped-SGD
show a comparable performance with SGD on the image classification task, when the noise
distribution is almost sub-Gaussian, 2) converge much faster than SGD on the NLP task, when the
noise distribution is heavy-tailed, and 3) clipped-SSTM achieves a comparable performance with
Adam on the NLP task enjoying both the best known theoretical guarantees and good practical
performance.

1.3 Related work

Light-tailed noise. The theory of high-probability complexity bounds for convex stochastic op-
timization with light-tailed noise is well-developed. Lower bounds and optimal methods for the
problems with (v, M,,)-Holder continuous gradients are obtained in [27] for v = 0, and in [12] for
v = 1. Up to the logarithmic dependencies these high-probability convergence bounds coincide with
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the corresponding results for the convergence in expectation (see first two rows of Tbl. 1) While not
being directly derived in the literature, the lower bound for the case when v € (0, 1) can be obtained
as a combination of lower bounds in the deterministic [28, 18] and smooth stochastic settings [12].
The corresponding optimal methods are analyzed in [4, 6] through the lens of inexact oracle.

Heavy-tailed noise. Unlike in the “light-tailed” case, the first theoretical guarantees with reasonable
dependence on both the accuracy ¢ and the confidence level /3 appeared just recently. In [26], the
first such results without acceleration [30] were derived for Mirror Descent with special truncation
technique for smooth (v = 1) convex problems on a bounded domain, and then were accelerated and
extended in [15]. For the strongly convex problems the first accelerated high-probability convergence
guarantees were obtained in [3] for the special method called proxBoost requiring solving auxiliary
nontrivial problems at each iteration. These bounds were tightened in [15].

In contrast, for the case when v < 1 and, in particular, when v = 0 the best-known high-probability
complexity bounds suffer from the negative-power dependence on the confidence level S, i.e., have
a factor 1/g> for some « > 0, that affects the convergence rate dramatically for small enough
(. Without additional assumptions on the tails these results are obtained via Markov’s inequality
P{f(x) — f(z*) > e} < Elf(®)—f(=")]/e from the guarantees for the convergence in expectation to
the accuracy ¢/3, see the results labeled by * in Tbl. 1. Under an additional assumption on noise
tails that P{||V f(x,&) — Vf(2)]|3 > s0?} = O(s™%) for > 2 these results can be tightened [10]

when v = 0as O (M(?R% max {111(/3’1)/52, (1/pen) /o2 }) without removing the negative-power

dependence on the confidence level 5. Different stepsize policies allow to change the last term in
1 2a . . .

max to §~ 2a-Tg~ 2a-1 without removing the negative-power dependence on (3.

Gradient clipping. The methods based on gradient clipping [31] and normalization [19] are popular
in different machine learning and deep learning tasks due to their robustness in practice to the noise
in the stochastic gradients and rapid changes of the objective function [14]. In [41, 23], clipped-GD
and clipped-SGD are theoretically studied in applications to non-smooth problems that can grow
polynomially fast when ||z — z*|| — oo showing the superiority of gradient clipping methods
to the methods without clipping. The results from [41] are obtained for non-convex problems
with almost surely bounded noise, and in [23], the authors derive the stability and expectation
convergence guarantees for strongly convex under assumption that the central p-th moment of the
stochastic gradient is bounded for p > 2. Since the authors of [23] do not provide convergence
guarantees with explicit dependencies on all important parameters of the problem it complicates direct
comparison with our results. Nevertheless, convergence guarantees from [23] are sub-linear and are
given for the convergence in expectation, and, as a consequence, the corresponding high-probability
convergence results obtained via Markov’s inequality also suffer from negative-power dependence on
the confidence level. Next, in [42], the authors establish several expectation convergence guarantees
for clipped-SGD and prove their optimality in the non-convex case under assumption that the central
a-moment of the stochastic gradient is uniformly bounded, where « € (1,2]. It turns out that
clipped-SGD is able to converge even when o < 2, whereas vanilla SGD can diverge in this setting.

2 Clipped Stochastic Similar Triangles Method

In this section, we propose a novel variation of Clipped Stochastic Similar Triangles Method [15]
adjusted to the class of objectives with Holder continuous gradients (clipped-SSTM, see Alg. 1).

The method is based on the clipping of the stochastic gradients:

A
IVf (2,8l

where V f(z,€) = %n S Vf(x, &) is a mini-batched stochastic gradient. Gradient clipping
ensures that the resulting vector has a norm bounded by the clipping level A. Since the clipped
stochastic gradient cannot have arbitrary large norm, the clipping helps to avoid unstable behavior of
the method when the noise is heavy-tailed and the clipping level A is properly adjusted.

clip(Vf(x, &), ) = min {1, } Vi(x,€) 4

However, unlike the stochastic gradient, clipped stochastic gradient is a biased estimate of V f(x):
the smaller the clipping level the larger the bias. The biasedness of the clipped stochastic gradient
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Algorithm 1 Clipped Stochastic Similar Triangles Method (clipped-SSTM): case v € [0, 1]

Input: starting point £°, number of iterations IV, batchsizes {mk}{cv:l, stepsize parameter «, clipping

parameter B, Holder exponent v € [0, 1].
0

cSetAdg=ag=0,"=20==2
cfork=0,....N—1do
2y
Set a1 = a(k+ 1), Appr = A + g1, A1 =
oFHl = (Ary"+ani12")/a,
Draw mini-batch my, of fresh i.i.d. samples &, ..., &% and compute V f(z"*1,¢") =
i VI gh)
6 Compute ¥/(r1,£) = clip(V /(4 +1,£°), Ay ) using (4
7: ZFtl = ok _ akHVf(xk“,ﬁk)
8
9

AOp+1

A

: Yt = (A oz /4,
: end for
Output: 3V

complicates the analysis of the method. On the other hand, to circumvent the negative effect of
the heavy-tailed noise on the high-probability convergence one should choose A to be not too large.
Therefore, the question on the appropriate choice of the clipping level is highly non-trivial.

Fortunately, there exists a simple but insightful observation that helps us to obtain the right formula
for the clipping level ), in clipped-SSTM: if )\, is chosen in such a way that ||V f(z%) |2 < 2¢/2
with high probability, then for the realizations V f (z*+1, ¢ k) of the mini-batched stochastic gradient
such that ||V f(z*+1, £%) — V f(2*1)||2 < Ax/2 the clipping is an identity operator. Next, if the
probability mass of such realizations is big enough then the bias of the clipped stochastic gradient is
properly bounded that helps to derive needed convergence guarantees. It turns out that the choice
Ak ~ /oy ensures the method convergence with needed rate and high enough probability.

Guided by this observation we derive the precise expressions for all the parameters of clipped-SSTM
and derive high-probability complexity bounds for the method. Below we provide a simplified version
of the main result for clipped-SSTM in the convex case. The complete formulation and the full proof
of the theorem are deferred to Appendix B.1 (see Thm. B.1).

Theorem 2.1. Assume that function f is convex and its gradient satisfy (3) with v € [0,1], M, > 0
on Q = Bagr, = {z € R" | ||z — 2*||2 < 2Ry}, where Ry > ||2° — z*||2. Then there exist such
a choice of parameters that clipped-SSTM achieves f(y¥) — f(x*) < e with probability at least

2 2(1+v)
2(14v) . . . g I+3v 1+3v .
1 — B after O (D In1Fsw %) iterations with D = M= %o 4pq requires
€1+31/
2040y D 02RZ D
O (max § DIn 13— — O = oracle calls. (5)
g€ B

The obtained result has only logarithmic dependence on the confidence level $ and optimal depen-
dence on the accuracy ¢ up to logarithmic factors [22, 18] for all v € [0, 1]. Moreover, we emphasize
that our result does not require f to have (v, M, )-Holder continuous gradient on the whole space.
This is because we prove that for the proposed choice of parameters the iterates of clipped-SSTM
stay inside the ball Bag, = {# € R" | || — 2*||]2 < 2Ry} with probability at least 1 — /3, and,
as a consequence, Holder continuity of the gradient is required only inside this ball. In particular,
this means that the better starting point leads not only to the reduction of Ry, but also it can reduce
M,,. Moreover, our result is applicable to much wider class of functions than the standard class of
functions with Holder continuous gradients in R", e.g., to the problems with polynomial growth.

For the strongly convex problems, we consider restarted version of Alg. 1 (R-clipped-SSTM, see
Alg. 2) and derive high-probability complexity result for this version. Below we provide a simplified
version of the result. The complete formulation and the full proof of the theorem are deferred to
Appendix B.2 (see Thm. B.2).

Theorem 2.2. Assume that function f is u-strongly convex and its gradient satisfy (3) with v € [0, 1],
M, >00nQ = Bag, = {z € R" | ||z — 2*||2 < 2Rg}, where Ry > ||z° — *||2. Then there exist



200
201

202

204
205

206

207
208

209
210
211

212
213
214
215

216

Algorithm 2 Restarted clipped-SSTM (R-clipped-SSTM): case v € [0, 1]
Input: starting point 2, number of restarts 7, number of steps of clipped-SSTM in restarts { N; }7_;,

batchsizes {mp} ot {mite2t, ..., {mf}r ", stepsize parameters {a'}7_,, clipping pa-
rameters { B, };_;, Holder exponent v € [0, 1].
1. 3% =2

2. fort=1,...,7do
3: Run clipped-SSTM (Alg. 1) for V; iterations with batchsizes {mz},iv;f, stepsize parameter
ay, clipping parameter By, and starting point #'~!. Define the output of clipped-SSTM by .
4: end for
Output: 7

such a choice of parameters that R-clipped-SSTM achieves f(i7) — f(x*) < e with probability at
least 1 — B after

2 1
N v D M. T+3v 2 M? 1+3v
N=0(Dpm ™ Z), D= max 22 m A% v ©6)
ﬁ MRO v c Iu1+1/€17u

iterations of Alg. 1 in total and requires

w D o2 D
O (max {D In R —, 7 In — }) oracle calls. @)
B pe B

Again, the obtained result has only logarithmic dependence on the confidence level 3 and, as our
result in the convex case, it has optimal dependence on the accuracy € up to logarithmic factors
depending on 3 [22, 18] for all v € [0, 1].

3 SGD with clipping

In this section, we present a new variant of clipped-SGD [31] properly adjusted to the class of
objectives with (v, M,,)-Holder continuous gradients (see Alg. 3).

Algorithm 3 Clipped Stochastic Gradient Descent (clipped-SGD): case v € [0, 1]
Input: starting point 2°, number of iterations IV, batchsize m, stepsize 7, clipping parameter B > 0.
1: fork=0,...,N —1do
2: Draw mini-batch of m fresh i.i.d. samples &¥,... ¢ and compute Vf(xk“,ék) =
LS Vi)
3: Compute V f(z*, &%) = clip(V f (¥, £¥), \) using (4) with A = B/,
& 2= ok Tf(ah,€h)
5: end for N1

Output: V¥ = L > z*

We emphasize that as for clipped-SSTM we use clipping level A inversely proportional to the stepsize
~. Below we provide a simplified version of the main result for clipped-SGD in the convex case. The
complete formulation and the full proof of the theorem are deferred to Appendix C.1 (see Thm. C.1).

Theorem 3.1. Assume that function f is convex and its gradient satisfy (3) with v € [0,1], M, > 0
on@Q = Bap, = {x € R" | |x — 2*||2 < 2Ry}, where Ry > ||2° — z*||2. Then there exist such a
choice of parameters that clipped-SGD achieves f(zN) — f(x*) < e with probability at least 1 — /3
after

D? + DYV MR
o (max{DQ,D1+V1n+}), pD=—>r_0 (8)
5 gHv
iterations and requires
2R2 D2 D1+l/
O <max {DQ, max {DH‘”, g 5 0 } In +ﬁ }) oracle calls. )
€
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As all our results in the paper, this result for clipped-SGD has two important features: 1) the
dependence on the confidence level /3 is logarithmic and 2) Holder continuity is required only on
the ball Byp, centered at the solution. Moreover, up to the difference in the expressions under
the logarithm the dependence on ¢ in the result for clipped-SGD is the same as in the tightest
known results for non-accelerated SGD-type methods [4, 17]. Finally, we emphasize that for v < 1
the logarithmic factors appearing in the complexity bound for clipped-SSTM are worse than the
corresponding factor in the complexity bound for clipped-SGD. Therefore, clipped-SGD has the
best known high-probability complexity results in the case when v = 0 and f is convex.

For the strongly convex problems, we consider restarted version of Alg. 3 (R-clipped-SGD, see
Alg. 4) and derive high-probability complexity result for this version. Below we provide a simplified

Algorithm 4 Restarted clipped-SGD (R-clipped-SGD): case v € [0, 1]

Input: starting point 2°, number of restarts 7, number of steps of clipped-SGD in restarts { N; }7_;,
batchsizes {m;}]_,, stepsizes {7;}7_,, clipping parameters { B; }]_;
1: 20 =20
2: fort=1,...,7do
3: Run clipped-SGD (Alg. 3) for IV, iterations with batchsize m, stepsize 74, clipping parame-
ter By, and starting point ‘1. Define the output of clipped-SGD by .
4: end for
Output: 7

version of the result. The complete formulation and the full proof of the theorem are deferred to
Appendix C.2 (see Thm. C.2).

Theorem 3.2. Assume that function f is u-strongly convex and its gradient satisfy (3) with v € [0, 1],
M, >00nQ = Bap, = {z € R" | ||z — 2*||2 < 2Ry}, where Ry > ||z° — *||2. Then there exist
such a choice of parameters that R-clipped-SGD achieves f(zV) — f(x*) < & with probability at
least 1 — B after

2 2 _2 D
@ (max {Df*” In 'U?RO, D5 max {Dl In —= g Dg} ﬁ })

iterations of Alg. 3 in total and requires

R? R? o? D
@ (max {D (S il Dz”’ max {D1 In #20 , Doy, — 5 } In 7 }) oracle calls, where
I

M, M, 2 R2 ;
Dy =—=, D=1 DZ(D1+”+D)1nu 0 4 Dy+ D =
/LR n2 e 2

As in the convex case, for v < 1 the log factors appearing in the complexity bound for R-clipped-
SSTM are worse than the corresponding factor in the bound for R-clipped-SGD. Thus, R-clipped-
SGD has the best known high-probability complexity results for strongly convex f and v = 0.

4 Numerical experiments

We tested the performance of the methods on the following problems:

* BERT fine-tuning on CoLA dataset [39]. We use pretrained BERT from Transformers library [40]
(bert-base-uncased) and freeze all layers except the last two linear ones.

* ResNet-18 training on ImageNet-100 (first 100 classes of ImageNet [34]).

First, we study the noise distribution for both problem as follows at the startlng point we sample
large enough number of batched stochastic gradlents Vf(%¢&),...,Vf(aP, 5 K) with batchsize
32 and plot the histograms for |V f(2°, &,) — V f(z )||2,...,\|Vf( O,SK) V f(2°)||2, see Fig. 1.
As one can see, the noise distribution for BERT + CoLA is substantially non-sub-Gaussian, whereas
the distribution for ResNet-18 + Imagenet-100 is almost Gaussian.

Next, we compared 4 different optimizers on these problems: Adam, SGD (with Momentum),
clipped-SGD (with Momentum and coordinate-wise clipping) and clipped-SSTM (with norm-
clipping and v = 1). The results are presented in Fig. 2. We observed that the noise distributions do
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Figure 1: Noise distribution of the stochastic gradients for ResNet-18 on ImageNet-100 and BERT
fine-tuning on the CoLA dataset before the training. Red lines: probability density functions with
means and variances empirically estimated by the samples. Batch count is the total number of samples
used to build a histogram.

not change significantly along the trajectories of the considered methods, see Appendix D. During
the hyper-parameters search we compared different batchsizes, emulated via gradient accumulation
(thus we compare methods with different batchsizes by the number of base batches used). The base
batchsize was 32 for both problems, stepsizes and clipping levels were tuned. One can find additional
details regarding our experiments in Appendix D.

Train loss, ResNet-18 Validation loss, ResNet-18 70 Validation accuracy, ResNet-18
2.0
—e— Adam 18
1.8 =~ SGD :
—e— clipped-SSTM 65
16 —+— clipped-SGD o
” 016 g
g14 8 360
®
1.2 1.4
1.0 55
0.8 12
0.2 0.4 0.6 0.8 1.0 1.2 0.4 0.6 0.8 1.0 1.2 0.4 0.6 0.8 1.0 1.2
batch count le5 batch count le5 batch count le5
Train loss, BERT Validation loss, BERT Validation accuracy, BERT
0.70 —*— Adam 0.60
—4— clipped-SSTM 75
—— clipped-SGD 0.58
0.65 SGD 74
2 2 0.56 £
2 0.60 27 573
0.54 ®
055 72
0.52 s 7n
0.0 0.5 1.0 15 2.0 2.5 0.0 0.5 1.0 15 2.0 25 0.0 0.5 1.0 15 2.0 2.5
batch count le3 batch count le3 batch count le3

Figure 2: Train and validation loss + accuracy for different optimizers on both problems. Here, “batch
count” denotes the total number of used stochastic gradients.

Image classification. On ResNet-18 + ImageNet-100 task, SGD performs relatively well, and
even ties with Adam (with batchsize of 4 x 32) in validation loss. clipped-SSTM (with batchsize of
2 x 32) also ties with Adam and clipped-SGD is not far from them. The results were averaged from
5 different launches (with different starting points/weight initializations). Since the noise distribution
is almost Gaussian even vanilla SGD performs well, i.e., gradient clipping is not required. At the
same time, the clipping does not slow down the convergence significantly.

Text classification. On BERT + CoLA task, when the noise distribution is heavy-tailed, the methods
with clipping outperform SGD by a large margin. This result is in good correspondence with the
derived high-probability complexity bounds for clipped-SGD, clipped-SSTM and the best-known
ones for SGD. Moreover, clipped-SSTM (with batchsize of 8 x 32) achieves the same loss on
validation as Adam, and has better accuracy. These results were averaged from 5 different train-val
splits and 20 launches (with different starting points/weight initializations) for each of the splits, 100
launches in total.
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A Basic facts, technical lemmas, and auxiliary results

A.1 Notation, missing definitions, and useful inequalities

Notation and missing definitions. We use standard notation for stochastic optimization. For all
x € R™ we use ||z||2 = /(z, x) to denote standard Euclidean norm, where (x,y) = z1y1 + Z2y2 +
ot Ty = (21, .., 0) 2 = (T1,...,2,) T € R™. Next, we use E[¢] and E[¢ | 7] to denote
expectation of ¢ and expectation of ¢ conditioned on 7 respectively. In some places of the paper,
we also use E¢[-] to denote conditional expectation taken w.r.t. the randomness coming from . The
probability of event E is defined as P{E}.
Finally, we use a standard definition of differentiable strongly convex function.
Definition A.1. Differentiable function f : Q@ C R™ — R is called p-strongly convex for some p > 0
ifforall z,y € Q
I
Fy) = f@) +(Vf(2),y = 2) + Slly = 213

When 11 = 0 function f is called convex.

Useful inequalities. Forall a,b € R" and A > 0

lall3 | Allbll3
< 1
(o, b)] < 532+ =572, (10)
lla +bl|3 < 2||all3 + 2[|b]13, (11)
1
(a,b) = 3 (lla +0l13 = llall3 — lI6]13) - (12)

A.2 Auxiliary lemmas

Lemma A.1 ([5, 29]). Let f be (v, M, )-Holder continuous on Q C R™. Then for all x,y € Q and
forall§ >0

J) < @)+ (V@) —a) + ey, 13)

ﬂwsﬂm+Wﬂmww+”&”mw%57L@w(ﬁ”ﬁwi.<m

2 2 6
Lemma A.2 (Bernstein inequality for martingale differences [1, 7, 8]). Let the sequence of random
variables {X;};>1 form a martingale difference sequence, i.e. E[X; | X;_1,...,X1] = 0 for all

. .. . d .
1 > 1. Assume that conditional variances af 2 E [XZ2 | Xic1,..., X 1] exist and are bounded and

assume also that there exists deterministic constant ¢ > 0 such that || X;||2 < ¢ almost surely for all
1> 1. Thenforallb >0, F >0andn > 1

§ § 2
i=1 i=1

A.3 Technical lemmas

Lemma A.3. Let sequences {ay >0 and { Ay } k>0 satisfy

1—v

(k + 1)% (6/2) T+v

T
2147 a My

o =A0=0, apy = v App1 = A+ ags, a,e,M, >0, vel0,1]
(16)
forall k > 0. Then for all k > 0 we have

1—v

1430
kT (5/2) [
2
A > GLkak7 A > T, 2
2T 0 M)

5 (17)
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where Ly = 0 and for k > 0
1
24, \TFv 2
Ly = <’“> M. (18)

Moreover, forall k > 0 .
T (¢f2) T

Ap <

19)

2
2v ——
27+ v a M)t

Proof. We start with deriving the second inequality from (17). The proof goes by induction. For
k = 0 the inequality holds. Next, we assume that it holds for all £ < K. Then,

1+3v 1-—v 2 1-v
K T+v (¢/2)T+v K+ 1)1+v (¢/2)1+v

Ao = A + a3 TG | (4 DB
2T v aM, 21 v aMy

Let us estimate the right-hand side of the previous inequality. We want to show that
K75 (¢)2) 155 L 1) (c/2) T L K+ 1) 55 (ef2) 55

5 = 3 2 = 5 2
QT a M 277 o M 2T M7
that is equivalent to the inequality:
1+43v 1430 1+43v 2v
KT+ y K+ 1)1+ KT+ K+1)+ (K -1
+(K+1)12+u2( +2) — 5 Z( + )2( )

If K = 1, it trivially holds. If K > 1, it is equivalent to

-1k
K . K+1 1+.
K-17 K

Since 2 — 14-% is monotonically increasing function for v € [0, 1] we have that
25
K+1 < K+1 < K .
K - K T K-1

That is, the second inequality in (17) holds for k = K + 1, and, as a consequence, it holds for all
k > 0. Next, we derive the first part of (17). For k& = 0 it trivially holds. For k£ > 0 we consider cases
v = 0and v > 0 separately. When v = 0 the inequality is equivalent to

2acy, M@ . 2a0g, M3 16)
, TR0

1> wher

i.e., we have A;, = aLkai for all £ > 0. When v > 0 the first inequality in (17) is equivalent to
T (ef2) T
2 i

where the last inequality coincides with the second inequality from (17) that we derived earlier in the
proof.

14y 13y 1

v 1
Ap > a2 (ef2) 2 My £2 4, >

Y

To finish the proof it remains to derive (19). Again, the proof goes by induction. For k = 0 inequality
(19) is trivial. Next, we assume that it holds for all £ < K. Then,

1—v
v

KT (o)1 (K + 1)TH (cf2) 150
s e
Let us estimate the right-hand side of the previous inequality. We want to show that
KT (s)i% | (K+ D) ()10 (K 4+ 1) (521
21%aMl}% ’ 2%QM,}% Q%CLMVI%

that is equivalent to the inequality:

Agy1 =Ag +agy1 <

143v
1+v

KT 4+ (K +1)™ < (K +1)7r .
This inequality holds due to
KT < (K + 1) K.
That is, (19) holds for k = K + 1, and, as a consequence, it holds for all £ > 0. O
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Lemma A.4. Let f have Holder continuous gradients on Q C R™ for some v € [0, 1] with constant
M, > 0, be convex and x* € Q) be some minimum of f(x) on R™. Then, for all x € R"

= V) M (@) - fa) T (20)

IV @)z < (

v

v

| = tim e (H2) T 1

where for v = 0 we use [(

Proof. For v = 0 inequality (20) follows from (3) and' V f(2*) = 0. When v > 0 for arbitrary point

1
1—v\
% . Since z* € Q and f is

convex one can easily show that y € (). For the pair of points x, y we apply (13) and get

x € @ we consider the pointy = z — oV f(x), where @ = (

f) < F@) + (Vi) —2) + 2l g3+

1+v
+1My y
= J(@) = al V@I + 5 IVi@)lE
ey @I V@I I
My (1+v)My (14+v)My

implying

14

IV £ < ( - ) MI (f(z) — Fy) ™ < (1 - ) M (fe) - fa)
O

Lemma A.5. Let f have Holder continuous gradients on Q C R™ for some v € [0, 1] with constant
M, > 0, be convex and x* € @ be some minimum of f(x) on R™. Then, for all x € R™ and all
0 >0,

1 o 2

IV @3 <2 () M (1) - fa)) + 675 ME e

0

Proof. For a given 6 > 0 we consider an arbitrary pointx € Q andy = = — ﬁv f(x), where

1-v 2
L(6,v) = (%) v My, Since z* € @ and f is convex one can easily show that y € Q. For the
pair of points x, y we apply (14) and get

W) < F@) 4 (- o)+ X0 gz ]
~ 10 - gl -+ 5
implying
V@I < 2LE0) (@) = f0) +6L.)
< 2 ((15) M (f(2) - f(a7) + 07 M

"When f is not differentiable, we use subgradients. In this case, 0 belongs to the subdifferential of f at the
point z* and we take it as V f(z™).
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B Clipped Similar Triangles Method: missing details and proofs

5

©

st9  B.1 Convergence in the convex case

520 In this section, we provide the full proof of Thm. 2.1 together with complete statement of the result.

521 B.1.1 Two lemmas

522 The analysis of clipped-SSTM consists of 3 main steps. The first one is an “optimization lemma” —
523 a modification of a standard lemma for Similar Triangles Method (see [9] and Lemma F.4 from [15]).
524 This result helps to estimate the progress of the method after IV iterations.

ses  Lemma B.1. Let f be a convex function with a minimum at some* point x*, its gradient be (v, M, )-
s26  Holder continuous on a ball B3g,(x*), where Ry > ||2° — z*||2, and let stepsize parameter a
se7  satisfy a > 1. If 2%, y* 2 € Bsg, (2*) forallk = 0,1,...,N, N > 0, then after N iterations of
528 Clipped-SSTM for all z € R™ we have

N-1
1 1
Ay (FG™) = f() < 10— 2B 51N — A3+ 3 aner (g, 2 - 2F)
k=0
N-1 N-1 Ave
2 N
+ > 0kl + > af iy (Brpr, V) + R
k=0 k=0
On £ V€N - VEE), (23)
520 Proof. Consider an arbitrary k € {0,1,..., N — 1}. Using zF*! = 2F — V(2P 1, £F) we
530 get that for all z € R™
Qft1 <§f(xk+1,£k)7zk — z> = a1 <§f(xk+1,£k)7zk — zk+1>
+ak+1 <6f($k+1,€k), 2 — Z>
= ap <§f(xk+1,€k)7zk _ Zk+1> n <Zk+1 k- Zk+1>
(12) = 1
= Q41 <Vf($k+17§k)72k - Zk+1> - §||Zk - ZkHH%
1 1
+oll2 =23 = Sl 23 24)
2 2
531 Next, we notice that
k1 _ Akﬁl/k +ak+1zk+1 _ Ak:yk +ak+1zk Ak+1 ¢ k41 kY _ k41, YR+l k1 K
Y = = (z z ) =z +— (z z )
Agg1 Akt Agq1 Akt

(25)

2Qur proofs are valid for any solution z* and, for example, one can take as z* the closest solution to the
starting point z°.
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532 implying

~ (23),(24) 1
an (TI@HLE), 24— 2) TS apen (VD) 2P = ) - ks
1 1
gt (g, 27 — 2P + §||Zk — 2|3 - §||ZkJr1 — 2|3
(25 A v k+1\ k+1 _  k+1\ 1 kE _ k+1)2
= k+1< [z ), Yy > 2”2 z I3

1 1
+ag41 <0k+172k - Zk+1> + §||Zk - ZH% - §||ZkJr1 - ZH%

Api1L
S A (JEM) = FM) SR

apr1e 1
+1< *”Zk o Zk+1||§ + Qpt1 <0k+172k o Zk+1>

4 2

1 k 1 k
512t = 2l — S = 213

2
25) 1 (ai Lkt
D (P - 1) g (T 1) - s

1 1 Ak+1E
e R R [

tags1 (Ops1,2

533 where in the third inequality we used z**1,y**!1 ¢ Bj Ro(2*) and (14) with § = QOX“;:I € and

iy 2
s34 L(6,v) = Lgy1 = (%ﬁi) " M. Since A1 > aLkHa%H (Lemma A.3) and a > 1 we

535 can continue our derivations:

s (VAETLE) S =) € A (F@) = F) + anrs (B, 25 = 244)

byl B A BHE )
536 Next, due to convexity of f we have
<§f(xk+1)£k>7yk _ xk+1> @) <Vf(xk+1)7yk _ xk+1> + <9k+17yk _ xk+1>
< P = FET) + (Orgayt — 2. 27)
537 By definition of zFt! we have zF+1 = %W implying
apr (@ = 2F) = Ay (yF - M) (28)
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538 since Apy1 = Ag + apy1. Putting all together we derive that
a1 (V@ E) M —2) = ap (V€8 ab - 2F)

+ap+1 <%f(xk+1,£k),zk - z>

D A (VM gh) - )
+agt1 <§f(mk+1,£k), A z>
(27),(26)
< A (fWF) = FETY) + A (Orgr, vt — 2B

+Akt1 (f(xkﬂ) - f(ykﬂ)) + Qg4 <9k+1a 2~ - 2k+1>

1 k 1 k Apy1€
512k = 2l = Sl — 2l + 22
(28)

= AW = A W) A+ angr (Brg, 2T - 2F)

g f(@ ) + appn (O, 2° = 2

1 1 Q1€
5l =23 = S+ — 23 + =2

= ApfF) — A WP + appa f(aMT)
ot <0k+17$k+1 - Zk+1>

Ap41€

1 k 1 k
312k = 2l = Sl — 2]+ 2

2
539 Rearranging the terms we get

Aeer W = AR < i (£ + (TR €52 - k1)) 4 1k — 2l
1

2
o () + (VA 2 - )

1, & 1, &
o (O, 2 = 2 ol = 25 = Sl = 2]

J2++1 L _ gty Q€

— 2|13 + apg1 (Opt1, @ 1

A1 1E

it (Opsr, aFTE = 2FH) 4+ %
1 1 Qp11E
< arnf(D) + Sl — 2l I - 2l apn (B, 7 - ) 4 B

s40  where in the last inequality we use the convexity of f. Taking into account Ay = oy = 0 and

541 Ay = 2116\[:701 a1 we sum up these inequalities for k = 0,..., N — 1 and get
N Lo 2 L1y N 2 - E+1 Ane
AnflyY) < Anf(z)+ 5”2’ —zll3 = 5”2 —zll3 + Z a1 (k1,2 — 27 + 4
k=0
1 1 N—-1
= AnfE) 4 gl =2l G sl 3 e (Bn,e = )
N-1 Ane
= N
+ 37 afe (e, VI E9)) + 25
k=0
23) 1 1 Nl
2 NS =)+ 510 = A3 = S = A3 Y anrn (B2 — )
k=0
N-1 N-1 Ane
2 N
+ Z aiﬂ 0k+1ll5 + Z O‘i+1 <9k+1» Vf(xk+1)> + 4
k=0 k=0
s42  that concludes the proof. O
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543

544
545

546
547

548
549
550
551

552

553
554

555

556

557

558
559
560

561
562
563

564

565

566

From Lemma A.3 we know that N

N T+v g1+v

M
Therefore, in view of Lemma B.1 (inequality (22) with z = z*), to derive the desired complexity
bound from Thm. 2.1 it is sufficient to show that

An ~

N-1 N-1 N-1

A
> anrt Bz = ) + 3 adiy [0ksl3+ D o (Brer, VFEH) + =5 S RS,
k=0 k=0 k=0

with probability at least 1 — 5. One possible way to achieve this goal is to apply some concentration
inequality to these three sums. Since we use clipped stochastic gradients, under a proper choice of the

clipping parameter, random vector 0,1 = V f(zF1, &) — V f(2**1) is bounded in £5-norm by
21 with high probability as well. Taking into account the assumption on the stochastic gradients
(see (2)), it is natural to apply Bernstein’s inequality (see Lemma A.2). Despite the seeming simplicity,
this part of the proof is the trickiest one.

First of all, it is useful to derive tight enough upper bounds for bias, variance and distortion of

v [zt g k) — this is the second step of the whole proof. Fortunately, Lemma F.5 from [15] does
exactly what we need in our proof and holds without any changes.

Lemma B.2 (Lemma E.5 from [15].). For all k > 0 the following inequality holds:
V@65 —Be [Vt €M) | < 20 29)

Moreover, if ||V f(zFT1) || < )"5“ for some k > 0, then for this k we have:

e [Frae 6] - vreho], < o (30)
e [Tt - v )] < al (1)
Egx [H?f(x’““,a’“)—lEgk [W(w’“*%&’“)ﬂ)z] < 1;22. (32)

B.1.2 Proof of Theorem 2.1

The final, third, step of the proof is consists of providing explicit formulas and bounds for the
parameters of the method and derivation of the desired result using induction and Bernstein’s
inequality. Below we provide the complete statement of Thm. 2.1.

Theorem B.1. Assume that function f is convex, achieves minimum value at some’ x* , and the
gradients of f satisfy (3) with v € [0,1], M,, > 0 on Bsg,(z*), where Ry > ||2° — 2*||2. Then for
all B € (0,1) and N > 1 such that

In % >2 (33)

we have that after N iterations of clipped-SSTM with

1—v

/o) 55 20736 No2a? . In 4

o= T —max {1, T 0 (34)
212+—”uaMVl+u C RO

=0 4>16384In% —, 35
161n% - B (33)

L. aCM)T R 21 o C1HV R M,
el < 4@ 161 4NO 5 e < -l 1+3v : ) (36)

n -z 10072

30ur proofs are valid for any solution z* and, for example, one can take as z* the closest solution to the
starting point z°.
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567

568

569

570

571

572

573

574

575

576

577

581

582
583

584
585

586
587

243v—v2 (a+1)?

_.2

11— a 2(+3v) a 1+3v 102 1t 1—v
e1+3v < min C 1730 RIF3v Ny 1+3v
— 24y 38— 502 —6v 4N A4Ty42 24 7v+202—-303 14+v 4N 0 v
2 (1+V)(1+31/) In = 2 I+ (1+3v) In 5
(37
with probability at least 1 — 3
2
4aC?*R2 M, T
N * (Ve
f(y ) - f(QL' ) < 143y 1-—v (38)
N T+ ¢ T+v
where
4v 14v 2014w 2040 2
21+3ua1+3uc 1130 R Sy pp ity
N = 0 - +1, C=+1. (39)

£ 1+3u

In other words, if we choose a = 16384 In” 4év then the method achieves f(yN) — f(x*) < € with

2 2041) 3 204w
M3V R, 1+3v 204v) ppIF3v R, 1¥3v . . .
probability at least 1 — (8 after O | ——=>——In"1#3v =20 | jterations and requires
e 1+3u e 1+3V B
2 204 2 2040 2 2 20+4v)
M1+3uR 1+3v 2(1+U) M1+3uR 14+3v R M1+3uR 14+3v
O | max{ —=—59%———In"1+5v o , O —~—20 oracle calls.
cT+3v 51+3uﬁ g2 eT+3v 3
(40)
Proof. First of all, we notice that for each k > 0 iterates 2", 2*, y* lic in the ball Bj _(z"), where

R = ||2F — 2|2, Ry = Ry, Rk+1 = max{Rk,RkH}. We prove it using 1nduct10n. Since 30 =
20 =20, Ry = Ry > ||2° — 2*|s and 2! = %ﬁalzo = 2% we have that z',2%,¢° € B («*).
Next, assume that 2!, /=1 y!~1 € By, (¢*) for some I > 1. By definitions of R; and R, we have
that 2! € Bg, (z*) C Bg (x*). Since y! is a convex combination of ' ~1 € By (z%) € B (z"),
' € Bg (¢*) and B (¢*) is a convex set we conclude that y* € By (z*). Finally, since 2" is a
convex combination of y' and z! we have that z'*! lies in B 7 (z*) as well.

Next, our goal is to prove via induction that for all £ = 0,1, ..., N with probability at least kﬂ
the following statement holds: inequalities
t—1 t—1
R < R24+2% ary (Br,a” — )42 a2y (601, V)
1=0 1=0
t—1
AN€
+2 Z o1 101 ll5 + 5
1=0
< C’R} (41)

hold for ¢t = 0,1, ..., k simultaneously where C'is defined in (39). Let E}, denote the probabilistic
event that this statement holds. Then, our goal is to show that P{F}} > 1— % forallk =0,1,...,N.
For ¢ = 0 inequality (41) holds with probability 1 since C' > 1, hence P{Ey} = 1. Next, assume

that forsome k =T — 1 < N — 1 wehave P{E} = P{Er_1} > 1 — w Let us prove that
P{Er}>1- TW’B First of all, since Ry_1 implies R, < CRg forallt =0,1,...,T — 1 we have
that Rr_1 < C'Ry, and, as a consequence, 2T-1 € Bo R, (™). Therefore, probability event Ep_q
implies

127 =2 —ar V", €7 ]l < 127 =22 + ar |V (T, €772

CR A= 1 1 CR B L VTRy < 3R
o tarAr = +m 0o = +§ 0 < olip,

12" = 2"l

IN
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sss  hence Ry < 3R,. Then, one can apply Lemma B.1 and get that probability event E'r_; implies

t—1

A (F) ~ F@) €SI — 21— Sl = B Y ann (B, — o)
— 2 2 = ;_0 k+1 Are
+ kzzoak—H 101115 + kZ:()ak+1 <9k+1a Vi )> + T’(42)
Ouir £ VP EN) - V) (43)

sso forallt =0,1,...,T — 1,T. Taking into account that f(y*) — f(z*) > 0 for all y* we derive that
590 probability event E_; implies

t—1 t—1 t—1

* A¢€
R? < R%+2;Ozl+1 <91+171' — zl>+2§al2+1 <91+1, Vf(xl+1)>+2ga%HHGlHH%—i-T.
(44)

so1 forallt =0,1,...,T.

592 The rest of the proof is based on the refined analysis of inequality (44). First of all, when v = 0 from
503 (14) for all t > 0 we have

16MoBIn 45 2
[, < ap- SMERE _adBE B e
2 CRO £ 2Ott+1 2
se4  Where we use B = 1661%271" and € < algf\f(ﬁo. Next, we prove that ||V f(z!T1)]|2 < % when
s95 v > (0. Fort = 0 we have
1—v
®) 16e 1+~ In 2¥ B\
VI = IVAEI S M=ol < MRY = —— 2 < 2L =2

1—v
aC M Ry~

1—v
1-v aCM, T RSV

59  since e 1T < —— e For 0 < ¢ < T — 1 probability event E_; implies

VA" D < IVAET) =V + IV

o (LAY s
<l =l (ST M (1) - g

v v
v

(28),(41) Q11 v i1 14\ ™+ 1 C2R2\ T+
< My +1 _ _tv Mupru 0
€ () et - g+ (2 o

v 1 v
_ >\t+1 2My (()ét+1)y ||£L»t+1 B Zt”l, N (1 + I/> T+v 2MV1+V <C2R8> T+v '
2 )\t+1 At 2 v At—i—l 2At

Dy D
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597 Next, we show that Dy + Dy < 1. Using the definition of \; 1, triangle inequality ||z/T* — 2t||; <
so8 ||zt — 2*||2 + ||zt — 2*||2 < 2C Ry, and lower bound (17) for A; (see Lemma A.3) we derive

Qi1
leuRO— AtV o 22Va1+y017yR1—uM3A;,
) 23(t+1)>e' " In 4K o VMHV

_ 1— T (+su)w v(1l—v
attvCl VR() UMU t( 1+u> (6/2) (1+u)

b, MMy Y In A 27 HAM (8 + 1) (5/2)' 7 In 4

oy _i=¥ . 4N qp U= 1ov gy
(t+1)2  2°7er In 4 _ 23T TR In 4

v(1+3v) v L > o )
+v alM,) Cl_”Roﬂj alM,) Cl_”ROHJ
1—v 2v(1—v)(14+2v) 1— 2u(1— 2v(1—v) 2v(1—v)
(39) 234V Ty ln% 9+ (1+3v) aV1(+3Z)C’ ”1(_,_3,,") R, TE ) (T (TH6)
< 1o 1 : 2v(1—v)
v (1-v pl-v o) (T530)
aM,) " C1 YR, £ Fv)(1+3v)
20(1—)(1420)  1—v
PTG 1 In Y gy 1
_ B
B 14v 1—v N4y  E=w)A4v)  —  346v—7v2-203
a(liSi M1+3”C$RO 1+3v 2 A+ a+3) g3z

sso  Applying the same inequalities and (1£2) ™ < 2 we estimate D,:

1 1
% ot T 4N A=t N Ip AN 2y 1y
D, - (1—|—V) T+ 27T T M, OéH_lh’l 3 <9. 25T My In B (t+1)1+v(6 2)1+u
- 1—y v v = 1—v —v 2 2
g CTv Ry ™ AT CHE RIT ATF 277 aM,
v 2v 2v 1—v
247 T+v . 2QT+v ti+v gT+v |n AN
< ﬁ
—= 1—v 1—v 1 v
aCili"’ R01+1/ MV1+1/A1+V
v 20 1—v v(143v)
an 2T T e In % 92 (1+)2 a1+uM(l+V)2
S : v(143v) v(l—v)
aC 1+VR1+"M1+" t (1+0)2 (5/2) (1+0)2
3, v(—v) -
M+ AT gEemE In 4
B R YL
a™ CTH Ry™ My
3y _l-v_ 2V(1+2L/)(1—1/) v(1—v) v(1— _2v(l-v)  __2v(d-v)
39) 24+ +v e (1+)2 In % 2 (1+0)2(1+3v) g A+ a+an) (O (1+u>(1+3u) R(1+")(1+3V) M(1+V)2(1+3V)
< .
> 11 v, 2v(1-0)
al+uCl+uR1+UM( +v) € (r)Z(1+3v)
8y | 2v(1+20)(1—v)
24+ Tro T (14+1)2(1+3v) 6(1+u)(1+3u) ln7 37 1
= 14w 11— 1—v 1—v — 2450403
T C1580 RAT M) QT+ 2 (1+30)
600 Combining the upper bounds for D; and D- we get
1 1
Di+D; < 34+60—Tv2—2,3 + 245u+v3

2 aTN0TE) g5 QT+w2(+a)

601 Since m is a decreasing function of v for v € [0, 1] we continue as
Di+Dy < ! + !
1 2 S eohzas  t =
23J(r16+v>7<1+35) a% \/5

602 Next, we use a > 16384 In? 7N > 210 and obtain

1 1
Dl + D2 S 3411v41302413,3 + \/é
27 T (I+3)
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s03 One can numerically verify that ————>—— + % is smaller than 1 for v € [0, 1]. Putting all
TTaFn sy
604 together we conclude that probability event E7_; implies

IVF)s < 25 @)

eos forallt=0,1,...,7 — 1. Having inequality (45) in hand we show in the rest of the proof that (41)
606 holds for ¢ = T" with large enough probability. First of all, we introduce new random variables:

v — 2, if Ja* — 2]l < CR, V), i V@) e < 52,
m= . and (= | 141
0, otherwise, 0, otherwise,

(46)
607 forl =0,1,...7T — 1. Note that these random variables are bounded with probability 1, i.e. with
608 probability 1 we have

B
lmlz < CRo and |Gl < 5—— (47)
Q41
609 Secondly, we use the introduced notation and get that Ep_; implies
T-1 T-1 T—1
(44),(41),(45),(46) Ane
R} < RE+2)  aupr (Bipr,m) +2 ) afpallfiall3 +2) afy (6141,G) + 5
T—1 T—1 Ane
= R34+ onr By, 2m + 20041G) +2 ) af 100413 + —5
1=0 1=0

st0 Finally, we do some preliminaries in order to apply Bernstein’s inequality (see Lemma A.2) and
611 obtain that Ep_; implies

T-1 T-1
(11)
R: < R+ Z g1 (011, 2m + 20041G) + Z a1 (001, 2m + 20041G)
1=0 1=0
@ ®
T-1 T—1
+ Z daiyy (168115 — Eg [16744113]) + Z dai Be 116144 13]
1=0 1=0
® @
= Ane
N
+ D dodll0f 3+ (48)
1=0
®

612 where we introduce new notations:
def &= def

6, LV ) — By [%f(xl“,gl)] o, YR [%f(xl“,gl)] ~ VY, 49)

613 .
23 b
11 = 91u+1 + 00

614 It remains to provide tight upper bounds for ®, @, ®, @ and &, i.e. in the remaining part of the proof
615 we show that @ + @ + @ + @ + ® < §C?R3 for some § < 1.

s16  Upper bound for @. First of all, since E: [0}, ;] = 0 summands in @ are conditionally unbiased:
]Egl [al+1 <9?+17 2n + 20‘l+1<l>] =0.
617 Secondly, these summands are bounded with probability 1:

largs (OF 1, 2m + 2001G)| < caqallOfy ll2 12 + 20041Gl,

(29),(47)
< 20041 141 (QCRO + B) = 2B(20R0 + B)

1 CzRg (33) 1 C’QR%
1+ AN AN < |1+ 4N °
321117 4ln7 64 41117
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618

620

621

622

623

624

625

626

627

628

629

Finally, one can bound conditional variances 012 def ES‘ {alz 1 <91“+1, 2 + 2al+1§l>2} in the follow-

ing way:

2 2
012 < Egl {alerl H91u+1H2 [12m +20ll+1Cl||2]

2
47 1
< ol B |[0lly] CCRo + B)? = 402, Ee [ (0743 <1+W> C*R?
B
(33) 1\2
< 4o}, Eg [Hafﬂuj] (1+ 64> C*Rg. (50)

In other words, sequence {41 (0} 1, 2m + 2al+1g>}l> , is a bounded martingale difference se-

quence with bounded conditional variances {0} };>0. Therefore, we can apply Bernstein’s inequal-

L . . “ _ 1\ C°R?
ity, i.e. we apply Lemma A.2 with X; = a;41 <01+1, 2n + 2ozl+1§l>, c = (1 + 6—4) 41741% and
n T

c?n 4X

F = —g* and get that for all b > 0

T-1 T-1 b2
E 2
IP){ > b and o] <F}<26Xp <_M)

> Xi
1=0
or, equivalently, with probability at least 1 — 2 exp (— ﬁ;%)

=0

T—1 T-1
either Z 012 > F or Z X <b.
1=0 =
———
|@]

The choice of F' will be clarified below. Let us now choose b in such a way that 2 exp (— ﬁ;%) =

%. This implies that b is the positive root of the quadratic equation

261114N AN
- ——L b—2Fn— =0
3 B ’
hence
cln ¥ c2In? 4 AN clniX¥ 2¢21n? 4N
B B [E] B
b = 2FIn— <
3 +\/ g THmgp st 9
1 4N 1 °R?2 1 1
_ TL\f17<1—: 1+ L) C*Rp.
3 3 3 64) 4 17" 256

That is, with probability at least 1 — %

T—1
1 1
. 2 2 p2
either ZE:O ojf >F or @< ( +256) C*Rj.

probability event Eg

Next, we notice that probability event E'r_1 implies that
T-1

= , 6y 1 )
So 2 o) C*R T oty e[|l
=0

(32),(45) L a2
< 1 ZCQR 1+1
N ( - ) Z my

(3<4) (1+64) C'R El)Tzzl
- 2881n 4N 4N N

T<N (1+ﬁ) C4R§_C ln%

< = =F
- 288 1n % 18
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630

631

632
633

634

635

636

637

638

639

640

641

642

643

Upper bound for @. The probability event Ep_; implies

arr (0], 2m 4 20001G) < ong |07 ]|, 120+ 200Gl

(30),(47) 402
« . 2CRy+ B
Hl M +1 ( 0 )
1022, ( 2ORO> 1020, (14320 1)
mp B my

1 2 D2
o 2 (m%\' * 32) C7Rg 11C%R?
< < 0

- 20736 N — 1728N
This implies that
T-1
T<N 11C?R2
@ = o1 (01, 2m + 20041G) < ——=2
— 1728

Upper bound for ®. We derive the upper bound for ® using the same technique as for ®. First of
all, we notice that the summands in @ are conditionally unbiased:

]Egl [40412“ (||9?+1||§ - ]Egl [H(’Z‘HH%])] =0.
Secondly, the summands are bounded with probability 1:

[4afy (105113 — B [0 13]) | < dady (116754113 +Ee [16751113])

(29)
< dajyy (4N +4ANT)

C?R3 3 C2?R2 et
2 0 0 2
B

Finally, one can bound conditional variances 62 & Eei [’4%2“ (1671113 — B 11654 \|§])ﬂ in
the following way:

(S1)
5'12 < ClEgl [|4al2+1 (||0f+1||% _]Egl [”Wﬂ”%DH

< derad B (1684113 + Eg [168413]] = 8cia? 1 Eg [0 13] . (52)
In other words, sequence {4a7, , ([16f 15 — E¢ [[16f,13]) },~, is bounded martingale difference
sequence with bounded conditional variances {67 };>0. Therefore, we can apply Bernstein’s inequal-
A~ 2 p2
ity, i.e. we apply Lemma A.2 with X; = X; = 4a7, ([|6},]13 — Eg [10,113]). c =1 = %
c?1n 4
and = F) = = 118 2 and get that for all b > 0
T—1 T—1 B2
o <2
P{ ZX[ > b and ZO’Z S Fl} S 2CXp <_2_F1—|—201b/3)
1=0 1=0
or, equivalently, with probability at least 1 — 2 exp (— ﬁ;%)
T—1 T—1
either Z [7l2 > F or Z X;| <b.
=0 =0
——
18]
As in our derivations of the upper bound for ® we choose such b that 2 exp (—ﬁ;l%) = %,
ie.,
a2 G4 AN 142 | 4N _ C2R2
b = B + ! A +2FIn— < +\[clln—§ 0
3 B 3 Jé] 16
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644 That is, with probability at least 1 — S5

T-1

. C?R?
either Z [752 >F or |®< 16 0.
1=0
probability event Eg
645 Next, we notice that probability event Ep_; implies that
T-1 T-1
. 62 w112
6f < 8ay aiEg [HQMM
1=0 1=0
62449 90202 R TX:l of G C*R} Til 1
- my = 2304In” 4 £ N
T<N C4 Ré ()  C4RA i In 47
S 2 AN S AN = = Fl~
23041n” =3 46081n =3 18
s46 Upper bound for @. The probability event E_1 implies
T— 2 T—1
(2,45 2 7202, 0% () C*R}
® = Z al+1E§l ||91+1||§] < Z¢ < Z 741\;
o = my =5 288N In
TEN C’R3 (2) CQRE'
T 288l T 576
647 Upper bound for ®. Again, we use corollaries of probability event Fr_q:
T—1 T—1
(0,45 1 6402, 0% 640t = al
® = Z 40‘l+1||91+1||2 < Z l+21 = "3 l+21
1=0 1=0 )‘Hl B =0 "M
(34,35 256 - 640 In? % -1 CARY <N 2R
< <
- C?R3 ; 207362 N2t In® 480~ 26244

e48  Now we summarize all bounds that we have: probability event E_; implies

T-1 k—1 T-1

(44)
R% < Rg +2 Z 41 <91+1,£L‘* — Zl> + 2 Z al2+1 <9l+1a Vf(xl+1)> +2 Z al2+1||91+1||3 +

=0 =0

1=0
(48) NE
< —&-@—l—@—&-@—l—@—i—@—i—T
2 2 2 2
o < 11C’R0, @SCRO, C’RO
1728 576 26244
T—1 T—1
Y of < F 6 < Fy
1=0 1=0
649 and ( 5 8 5
T-1
PlEr 1} >1—~—"—, PlEg}>1—-———, PlEg}>1-—
{ T 1}_ N ) { @}_ 2N7 { @}_ 2N7
650 where
T—1 1 1
— ; 2 2 2
Ey = {e1ther§01>F or |®|§<4—|—256)CR0},
T-1 2 P2
Es = {either§612>F1 or |®|<01§0}.
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4y 2004w)  2040) 2

(39) 1+5u i3 1+3u 1+3v 1+3v (36)
651 Moreover, since N < 2 = c o M. +lande < 2’ T We
1+31/ 1002
652 have
1430
1430 _2 1+v 2(1+v) 28:;:/) H% 1+v _2
Ane (19 NI+ gT+v (39 21+3ua1+3u0 130 R M, eT+v
- = < — 1 —
daM eI 4a M
HE o p2 2 p2
(3<6) 101\ v C*R; < 10201C*Rg
100 2~ 20000

653 Taking into account these inequalities we get that probability event Er_; N Eg N E implies

T—1 k—1 T—1
(44)
R} < Rj+2 Z a1 (O, o — 2 +2 Z afy (O, V(') +2 Z aii 013
=0 1=0 1=0
1 1 11 1 1 1 10201
< 1+ |(-"+—=+—-F—F—+—F+—— | C? | R?
= ( i (4 T 256 T 1728 T 16 ' 576 | 26244 20000> > 0
(39)
< CO°RE.
654 Moreover, using union bound we derive
_ — T8
IP{ET,;L ﬂE@ﬂE@}:l—P{ET,1 UE(DUE@}Zl_W- 54
655 That is, by definition of Fr and E'r_; we have proved that
(53) (54 T
P{Er} > P{Er_1NEsNEs} >1- WB
ess  which implies that for all k = 0,1, ..., N we have P{Ey} > 1 — =. Then, for k = N we have that
657 with probability at least 1 — /3
N * @ 1 4 2 - k
An (fyY) = f@@") < Fle" =zl = *llz =23+ D anpr (Brrr, 2 — 2F)
k=0
N-1 Ave
N
+ > ody 10kalls + Z gy (Orrr, V(")) + 4
k=0 k=0
(41) 0233
< —.

- 2

( 7 > (e
es8  Since Ay > %

2 TFv oMY

we get that with probability at least 1 — 3

. 4aC2R2M1+”
f(yN)—f(fE ) < %.

T+v £1+v
3
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In other words, c1ipped-SSTM with a = 16384 In* 4év achieves f(y™V)— f(z*) < e with probability

5 A o4y 4T poriEe
M, R I 204Y) £ R TSV . .
at least 1 — g after O | —4——2%—— In1F3v —~—>20 | iterations and requires
€1+3V €1+3u5
N-1 N-—
G4) o akHNln
mi = Z
k=0 k=0
N— 1 k+1)1+u€ 1+u Nln
= O | max{ N,
k=0 M,,H'” R%a2
2(1—v) 2(143v)
(35) 0— e ity N 1+v
= O | max
M1+"R2 In? 5
2 2(1+v) _2 2(1+v) 912 2 2(1+v)
1+3u 1+4+3v 1+37/ 14+3v 14+3v 14+3v
_ M, RO 204 M, ™" R, o°R; . M, R,
= 0 In"1F3v In 5
51+3u 5‘1+3u 8 3 e+ 3
oracle calls. O

B.1.3 On the batchsizes and numerical constants

The obtained complexity result is discussed in details in the main part of the paper. Here we discuss
the choice of the parameters. For convenience, we provide all assumptions from Thm. B.1 on the
parameters below:

In % >2 (55)

(¢/2) 1%+ 20736 No?ag | In 4%

a= o s Mk =maxg R : (56)
2T+ a My 0
CRy 4N
= —— 1, a>16384In* —, (57)
v aCDM)} 1+u 1 v 9 o C1+VR1+VM
e < 4N ) € S 1+3v ) (58)
16 1n =5 1002~
24+3v—1v2 (141)2 L
1—v a 2(1+3v) a TF3v L2 1—v
ETF S min prPcrE PrCy O R M
22-&-4u+ (1+V)(1+3V) In 4é\f 24+7u+ G+2)(1F30) 1n1+u %
(59
+v 14v 204w  2040) 2
21+3u@1+3uc’ 1+3v R 3 gLy
N = v +1, C=VT1. (60)
€1+31/

We emphasize that (55), (58), and (59) are not restrictive at all since the target accuracy € and
confidence level § are often chosen to be small enough, whereas a can be made large enough.

Next, one can notice that the assumptions on parameter a and batchsize m; contain huge numerical
constants (see (56)-(57)) that results in large numerical constants in the expression for the number
of iterations /N and the total number of oracle calls required to guarantee accuracy ¢ of the solution.
However, for the sake of simplicity of the proofs, we do not try to provide an analysis with optimal
or near-optimal dependence on the numerical constants. Moreover, the main goal in this paper is to
derive improved high-probability complexity guarantees in terms of O(-)-notation — such guarantees
are insensitive to numerical constants by definition.
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Finally, (56) implies that the batchsize at iteration k is

(k+1)1+vs L N v

mp = O | max 17
aQMDH"Rg

meaning that for k ~ N anda = O (ln2 %) we have that the second term in the maximum is

v 2(1-v) . . . . .
proportional to N ¥ e 15 . When v is close to 1 and o2 > 0 it implies that my, is huge for big

enough k making the method completely impractical. Fortunately, this issue can be easily solved
without sacrificing the oracle complexity of the method: it is sufficient to choose large enough a.

Corollary B.1. Let the assumptions of Thm. B.1 hold and

143v 201451 (A+2v)  2(143v) 1+
o 4N 518471+ -2 a+2 g T Cl+VRl+" In T 4é\7
a = max { 16384 1n

(61)

7142—1/ 6v
M, ety

Thenforallk = 0,1,..., N—1we have my, = 1 and to achieve f(y™¥) — f(x*) < e with probability
at least 1 — 3 clipped-SSTM requires

T A je= 2&2”) 2 52
My Ry ™" 204+v) M, Ry R? R?
O|max{ ——% —In73w 20 O —2 (62)
cTFav eT+3v 3 g2 g2
iterations/oracle calls.
Proof. We start with showing that for the new choice of @ we have mj;, = 1forallk =0,1,..., N—1.
Indeed, using the assumptions on the parameters from Thm. B.1 we derive
4N 4v 2(1—v)
20736N02a%+1 IHT 5184N0’ (k+ 1) T+v e I+v
mE = max< 1, 53 = max
C?Rg a2 M, T C2R?
450 2(1—v)
k<N 518402]\7 AP
< max | 1,
a? M, A C?R3
2(1450) (1+2v)
39) 5184 . 2 (Trn(iron g2(CTH5w R”:”“ In 48| 6
max ¢ 1, <1

1+v 2
aT+3v MJ**“’ € T

That is, with the choice of the stepsize parameter a as in (61) the method uses unit batchsizes at each
iteration. Therefore, iteration and oracle complexities coincide in this case. Next, we consider two
possible situations.

1. If a = 16384 1n? ﬂ, then

tv  4v 2041) 21(}¢-+3::) yE=T H 2;?;?
(39) 21+3ua1+3uc 130 R M, M, RO : 2004+v) N
N = +1=0| ———In#v —
€1+3u cTtsv B
2 2(14v) 2 2(1+v)
I+3v p 1+3v If3v 1+3v
o[ METRTE | s TR
eT+3v 51+3uﬁ
1430 20450 (A+20)  2(1430) 1+3p
5184 1+v .2 (1+v)2 o 1tv Cl+u R1+V In T+v %
2. Ifa = S — , then
MY eTH5
v v v 2(1+4v) 2
(39) 21+3ua11r3u021(1++3 )R 1+3v 1+3u
N = +1
€1+31/

2 2(14v) 7
2 P1+3v AN
MR o M InTg o (o?RE | 0® R
. = n .
g2 e2p

= 0

2 2 g,
eT+3v MV1+3U€1+3V

31



696

697

698
699

700
701
702

704

705

707

708

710

71

712

713

Putting all together we derive (62).

B.2 Convergence in the strongly convex case

In this section, we provide the full proof of Thm. 2.2 together with complete statement of the result.

Note that due to strong convexity the solution z* is unique.

Theorem B.2. Assume that function f is u-strongly convex and its gradients satisfy (3) withv € [0, 1],
M, >00nQ = Bzg, = {x € R" | |x — 2*||2 < 3Rp}, where Ry > ||2° — 2*||2. Lete > 0,

Be0,1)andfort=1,...,7

2 11’; 1:31—/ C 1(+§V) szréz) MH% R2
v a v v u O
Ny = +1, &= , 63
: N = o (63)
R 4N,
’710g2 ’“‘2 Ow In ﬂ” >2, C=7, (64)
() = a— 20736 - 2" N;yo? (0l ,,)? In 420~ )
=1 t = ’
Q%GtMVl% CQR%
t 2v ORO 2 4Nt7'
Oziﬁtl = at(k + 1) T+v B = W’ a; = 16384 1n , (66)
1y atCMj% R(l)fu 2554, JQFU Cl+uR1+uM
€t =< A-v)(t=1) AN, 7’ € < (1+u)(t o (67)
16-27 = In =53+ e
2430 —v? (1+1)2 1,2 1=v? d1-v
i < at2(1+3'f) atl+3V CWROLFSV M
€ min ,
(68)
Then, after T restarts R-clipped-SSTM produces & such that with probability at least 1 — [3
f@T) = f@") <e. (69)
That is, to achieve (69) with probability at least 1 — [ the method requires
~ M. 1-%—% ,uR2 M2 H% 2(141) M1+3V In uRO
N =0 [ max ( 1”_V> In 0,( HVQy) W =) (0)
,LLRO 3 1% 3 I TH3v g 1+31/ /8
iterations of Alg. 1 and
- M,}*% In BBy
O | max{ N, —In ———— oracle calls. 71

He Mmgmﬁ

Proof. Applying Thm. B.1, we obtain that with probability at least 1 — g

. . Rj
f@h) - fa) < B0,
Since f is p-strongly convex we have
jl —r* 2 A .
S R R
Therefore, with probability at least 1 — g
. * uR? R . R?
@ - ey < B2 et a2
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718
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720
721

From mathematical induction and the union bound for probability events it follows that inequalities

) o BRSO Rj
@t - e < B8 et - a2 5P
hold simultaneously for t = 1, ..., 7 with probability at least 1 — 3. In particular, it means that after

T = {log2 £ 50—‘ — 1 restarts R-clipped-SSTM finds an e-solution with probability at least 1 — .

The total number of iterations NV is

T . _2  2(0+4v) 2 201+4v)
M1+3uR 1+3v 2(14v) M1+3uR 143v T
ZNt = 0 Z I;1+u>r I (tv)t .
- _1+3v l+'§1/
t=1 2 T+sv o 2 13v h ﬁ
_2  204v) _2  2(04v)
M1+3VR 1+3v 21+3V 2<1+V) M1+3VR 1+4+3v 21+3"
= 0 E In+30
(1)t (1)t
t—1 2 1+3v u1+3uR1+3V 92 1+3v M1+3uR1+3”ﬁ
2
—=— (1-v)t —v)t
S ) M5
=0 Z 2 2(1—v) ni+s 2(1—v)
— T2 p 1+ — p 130
t=1 pTFw R, pT R 3
1+23u ol 9ks (a-v)r
v max {7’2 1+3v } 2(14v) M1+3u2 1+3u T
= 0 2(1—v) In 537 2(1—1)
HJ1+3VR 143v 'ulJrgVR 1+3v /8
2 1
M, \7 R M2 \FT| | sin MFT I
= O | max — In o W oy g InFv ————5— |,
uR € uTve pitsr g1 3
and the total number of oracle calls equals
T N¢—1 T T 2RO M1+3y2 1+3V -
E g mi, = O [ max E Ny, g 512 In =)
t=1 k=0 t=1 t=1 t uleR g

2 In 2(1—v)

2
=1 2 RO /L1+3"R 1+3v /8

= O | max

—=— (A-v)T
. i % . 2t M;+3“2 5o T
?

2 R2
R 0.2 MVHSV In Mso
= O max ]V7 e ln Tire i=s
He N1+3u51+3u6

O

One can also derive a similar result for R-clipped-SSTM when stepsize parameter a is chosen as in
Cor. B.1 for all restarts.
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722 C  SGD with clipping: missing details and proofs

723 C.1 Convex case

724 In this section, we provide a full statement of Thm. 3.1 together with its proof. The proof is based on
725 a similar idea as the proof of the complexity bounds for clipped-SSTM.

726 Theorem C.1. Assume that function f is convex, achieves its minimum at a point x*, and its
727 gradients satisfy (3) with v € [0,1], M, on Q = Brr, = {x € R" | ||l — 2*||2 < TRy}, where
728 R > ||2° — x*||2. Then, forall 3 € (0,1) and N such that

AN

729 we have that after N iterations of clipped-SGD with
Ry 81N¢?
)\:@, mZmaX{LW} (73)
730 and stepsize
1—v
T R Rl*l/
v<min{€2, L 4N}7 (74)
8MV1+1/ \/ﬁgm MV1+V 20 MU ln 7
731 with probability at least 1 — (3 it holds that
B . OZRZ
F@) = f@) < =5 (75)
732 where TV = % ZkN:_Ol =¥ and
c=". (76)
1-v 1—v
733 In other words, clipped-SGD with v = min{ e, fo | zc"};fo AN } achieves
8M,)TY VaNeT+v M,V v RE

T € ep

= 14v 14v
734 f(&N)—f(x*) < e with probability at least 1 — 3 after O (max { M”Hz i , MoBo 1n My Ry

735 iterations and requires

2
MY R2 MR 0%R2) . M,Ry™
O | max Zo,max{ 0 ,0 20}ln 0 )
eTiv € € el

736 oracle calls.

737 Proof. Since f(x) is convex and its gradients satisfy (3), we get the following inequality under
738 assumption that ¥ € Brp, (z*):

e I A A D
=l = I3+ PV LR ENE 2y (2 - 2, VAt €5))
= lla* = "3 + 22UV S ") + 0ull3 - 29 (a* — 2", V(") + 6)

2% — 2|3 + 29[V (@) 13 + 29216013 — 27 (a* — 2%, VF(2*) + bk)

< ot a5 -2y (1—27 (E> Mﬁ)(f(x’“)—f(:v ) + 2916k 13

L2
—2~ <33k — ", 9k> + 27251%M1}+",

730 where 0, = V f(z*,£&") — V f(z¥) and the last inequality follows from the convexity of f. Using
740 notation Ry = |z¥ — 2*||2, k > 0 we derive that for all & > 0

1
1\ 2 b2
R, < Ri-2y (1 -2 (3) M;+") (F(a*) = F@) 420200327 (a* — o, 01 )+24% 25 AT
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759

e 2\ (4
under assumption that z* € Byg, (z*). Let us define A = 2 (1 -2y (L) Ml,””) > v >0,

then

_2
A(fa*) = F(@") < BE = REy +292(0k]13 — 27 (&% — 2%, 01) + 296757 M

under assumption that z¥ € Brg, (z*). Summing up these inequalities for k = 0,..., N — 1, we
obtain
4 Nl | Nl L WQ N-1
N 1) s 30 (B R + 2y v 2 I
k=0 k=0
N1
2y k
- <a: —x*,9k>
N =

1 2 2 2_2v 1+, 72N !
~ (RS = RY) + 2% M, Z 1613

9 N-1
N <mk — ¥, 9k>
k=0
—1
under assumption that z¥ € Brg, (z*). Noticing that for zV = Z x* Jensen’s inequality gives

k=0

f@N)=f (11[ > xk> < %Nilf(xk),we have
k=0

k=0

N-1 N-1
AN (f(@V) - f(z*)) < R} —R?\,—i—?'yQNel%M”” + 272 Z 10117 — 2 Z ab — 2%, 0))
k=0

k=0
(78)
under assumption that ¥ € Byg, (2*) for k = 0,1,..., N — 1. Taking into account that f(z%) —
f(z*) > 0 and changing the indices we get that forall k = 0,1,..., N
, o k—1 k—1
R < R} +29°ke ™o My +292 ) (10,3 — 27 ) (2! — 27,0,). (79)
under assumption that 2! € By, (z*) forl =0,1,...,k—1. The remaining part of the proof is based
on the analysis of inequality (79). In particular, via induction we prove that forall k = 0,1,..., N
with probability at least 1 — % the following statement holds: inequalities
79 . t—1 t—1
R? < R2+ 2y 2e ¥ M 4 247 D 10kll3 = 27> (2* — 2%, 0) < C*R] (80)
1=0 1=0

hold for t = 0,1,..., k simultaneously where C' is defined in (76). Let us define the probability

event when this statement holds as Ej. Then, our goal is to show that P{E,} > 1 — == for all
k =0,1,...,N. For t = 0 inequality (80) holds with probability 1 since C' > 1. Next, assume

that for some k = T — 1 < N — 1 we have P{E;} = P{Er_1} > 1 — w Let us prove
that P{ET} > 1 — TWB First of all, probability event Er_; implies that ' € Brg,(x*) for
t=0,1,...,7 — 1, and, as a consequence, (79) holds for k = T'. Since V f(z) is (v, M, )-Holder
continuous on Brg, (z*), we have that probability event Ep_; implies

a9 X
VY|, < M, ||zt — 2°||¥ < M,C"RY < 3 81
fort =0,...,T — 1. Next, we introduce new random variables:
¥ — 2, if [|2* — 2l < CRy
= ’ - ’ 82
n {O, otherwise, (82)
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for! =0,1,...7 — 1. Note that these random variables are bounded with probability 1, i.e. with
probability 1 we have
[mll2 < CRy. (83)

Using the introduced notation, we obtain that F/7_; implies
(73),(74),(79),(80),(82) — —
2 2 2 2
R} < 2R3 427 ) (B,m) +29° ) 1613
1=0 1=0

Finally, we do some preliminaries in order to apply Bernstein’s inequality (see Lemma A.2) and
obtain that Fp_q implies

T—1 T—1 T—1
(11) .
Ry < 2R3+29) (0w +2y Y (0hm) +497 Y (16113 — Eg [l167113])
=0 =0 =0
@ @ ®
+4WQZE51 16113 +4v22||el||27 84)
=0
@ ®

where we introduce new notations:

o def & T ¢! ) — Egi [%f($l7€l)} .o dengl {Vf( ¢ )} — V() (85)

0 =0 + 6.
It remains to provide tight upper bounds for @, @, ®, @ and ®, i.e. in the remaining part of the proof
we show that @ + @ + @ + @ + ® < §C? R3 for some § < 1.

Upper bound for @. First of all, since E: [0}'] = 0 summands in @ are conditionally unbiased:
Ee [2y (0", m)] = 0.
Secondly, these summands are bounded with probability 1:

" N (29),(83)
12901 m)l < 2901072 lmll, < 4vACRy.

Finally, one can bound conditional variances o7 &ef Eg {472 I m>2} in the following way:

w2 2] &3 w2
of < Ee [0 16713 Imli3] < 493(CRo)Eg [10713] -
In other words, sequence {27 (6;', )}~ is a bounded martingale difference sequence with bounded

conditional variances {o7};>0. Therefore, we can apply Bernstein’s inequality, i.e., we apply
2 4N

Lemma A.2 with X; = 2y (6}',m1), ¢ = 4YACRy and F = £ 127 and get that for all b > 0

T-1 b2
E 2
P{ >band o] SF}SZQXP (—M)

1=0
or, equivalently, with probability at least 1 — 2 exp (—#;b/g)

T-1

S x

=0

T-1
either Z 012 > F or < b.
1=0
| @]
The choice of F will be clarified further, let us now choose b in such a way that 2 exp (— #Zb/g) =
%. This implies that b is the positive root of the quadratic equation
2cln =~ 4N AN
- P p _9F =0,
3 B
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hence

AN 2102 4V AN 212 4N
_ clnB N c?In 7 +2Flnﬂ:dnﬁ N 4¢? In 3
3 9 B 3 9
4N 4N
= cln— =4y\CRyIn —.
B B
That is, with probability at least 1 — %
T—1 AN
either » o7 >F or |® <4yACRoln 5
1=0

probability event Eg
Next, we notice that probability event £ implies that

T-1 T-1

w1 G2 T
Yo < 4y(CRe)®D Ee [l611135] < 7272(0]%0)2"2%
=0 =0
2 AN
T<N N c“In=-
< 2P(CReP - < — = F,

where the last inequality follows from ¢ = 4yAC' R and simple arithmetic.

Upper bound for @. First of all, we notice that probability event Fp_; implies

(30),(83)  4g2 8vc2CR,
29 (07, m) < 29[|, Imlly < 27%0R0:u~

mA
This implies that
= TSN 8yg2CRyN (73 8 AN
@ = 2’72@?7’70 < % < 8*1)\’VCR01H7-
1=0

Upper bound for @. We derive the upper bound for ® using the same technique as for @. First of
all, we notice that the summands in @ are conditionally unbiased:

Eet [49° (167113 — Eg [16113])] = 0.

Secondly, the summands are bounded with probability 1:

IN

29)
|49 (1167113 — Ege [167113]) 47 (10713 + Eer [I0113]) < 49° (407 + 40%)

= 32202 % (86)

Finally, one can bound conditional variances 52 & Egi “472 (1163113 — Egr [||01“||%])’2} in the
following way:

(86) ,
67 < B [|[497 (16113 — Eg [I167115]) ]
< 4B 16113 + Eer [16713]] = 87 ciEg [16713) (87

In other words, sequence {47 (||6j"[|5 — E¢: [[|6{*]13]) },-, is a bounded martingale difference se-

quence with bounded conditional variances {67 };>o. Therefore, we can apply Bernstein’s inequality,
i.e. we apply Lemma A2 with X; = X; = 442 (167113 — Et [1161113]). ¢ = 1 = 329*A? and

?ln 4N
F=F = 1118’3 and get that forall b > 0
T-1 T-1 B2
. = o
IP{ ;Xl > band 2 o <F1} <2exp< 2F1+261b/3)
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793 or, equivalently, with probability at least 1 — 2 exp (—ﬁ;l%)

T—1 T—1
either Z &12 > F} or Z X;| <b.
1=0 1=0
——
|®]
794 As in our derivations of the upper bound for ® we choose such b that 2 exp (—ﬁjel%) = %,
795 1.e.,
c1ln 4 \/ cin? 4 AN AN AN
+ +2F11n—§clln—:3272)\21n—.
3 9 B B B

796 That is, with probability at least 1 — %
T—1

4N
either Z 67 > F or |® <329%\? 1117.
1=0
probability event Eg
797 Next, we notice that probability event E'r_; implies that
T—1 T—1
(87) (32) T
67 < 87ay Eg [||e;t||§} < i er0?—
1=0 1=0
T<N N Zlnid
< Al =18 <
m 18
798 Upper bound for @. The probability event E1_1 implies
T—1 T—1
32) 1 T<N 7242Nog? (73) 8 4N
_ 2 w)|2 2 2 - ©42,.27, Y
® = 4y IZ;EMH@;IIQ] < 729%0 ;m S T S

799 Upper bound for &. Again, we use corollaries of probability event Fr_1:

TN ., N 7 64 )\2721112%

T—1
(30)
® = 4 |I67]3 < 64y%0" < 64
i £ 167112 Te TN 6561 N

= m2 )\2 =

goo Now we summarize all bound that we have: probability event E'r_; implies
79 T-1 T-1
R < RE+22 Y 03 -2 Y (ot —at.0)
1=0 1=0
< 2R+ O+@+04+ @+ 06,
N 64 A7 In” 4F

8 AN 8 4
@ < —MCRyln—, ®< -)\~’ln—, 6<
= g retTgn B gAT e S N

T—1 T—1
012 < F, Z&IQSFl
1=0 =0
go1 and (T l)ﬁ 5 8
P{E, V>1-— 7 prpy>1- 2 PlEY>1-—
{Er-1} > N {Ea} > SN {Ea} > SN
802 where
T—1 4N
Ey = {eitherzaf>F or ®|§4'y/\CR01nB},
=0
T—1 4N
Es = {eitherZ&?>F1 or |®<3272)\21nﬁ}.
1=0
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Taking into account these inequalities and our assumptions on A and «y (see (73) and (74)) we get that
probability event Er_; N Eg N Eg implies

- T-1 T-1
R% < 2R2429° Z 161112 — 2 Z (z' —2*,0/)
1=0 1=0

< oy (24 0,1, O
= 0 7 567 49 ' 441 ' 321489

Moreover, using union bound we derive

(76)
)cQRg < C?R2. (88)

— — — T
]P{ET_l ﬂE@ﬁE@}Zl*P{ET_lUE(DUE@}Zl*Wﬁ. (89)

That is, by definition of E7 and Er_; we have proved that

(88) (89) T
P{Er} > P{Er_iNEsnEs} > 1—%
which implies that for all k = 0,1,..., N we have P{E} > 1 — % Then, for kK = N we have that

with probability at least 1 — (3

N-—1 N-—1 (80)
AN (F@) - f@") S 2R+ 242 3 10u3 - 29 3 (o — 0", 60) 'S C2R3.
k=0 k=0

1 2\ (TH
Since A = 2~ <1 — 2y (é) v Ml,1+"> > v we get that with probability at least 1 — 3

C2R}  C2R2
=Ny L faF) < 0 _ 0
JE) — 6 < S =Ty

. E};Z Ry R(l)_u
v = min ) 5 90 M In Y
M 2NeTrv M} vin =g
we have that with probability at least 1 — (3
few 1 L v v
8C2MT" R2 V202 M, Roetiv 2C° M, R In 4%

=Ny * %
FEY) = fa) < mad S S YR R -

Next, we estimate the iteration and oracle complexities of the method and consider 3 possible
situations.

When

1. Ify=-= H” , then with probability at least 1 — 3

8M, v
_ o 8C2MT T R?
F@Y) = fl@") < —=—"
eTi N
In other words, clipped-SGD achieves f(zV) — f(x*) < e with probability at least 1 — j3
after 2
MF R2
(O puu—
g 1+v

iterations and requires

(1—v)
N20272 nX NQE%UQ In ¥
Nm @ O(maX{N,B =0 | max{ N, < A

2 4
o M R2
1+VR 2R 1+uR
= O | max —9 %1n o
eT+v e? gl+uﬁ

oracle calls.
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2. Ify=——"0  then with probability at least 1 — 3
V2NeT+v MY

2 lJer ﬁ
$@Y) - siat) < VEM Foe T

=

In other words, clipped-SGD achieves f(zV) — f(2*) < ¢ with probability at least 1 — 3
after
2
MF RZ
o|——

€l+u

iterations and requires

N2g242In &¥ No?In
Nm 2 0| max N,72ﬂ =0 |max{ N, ———
R e TH M

2 2

MVH”Rg UzR(Q) MVH"RE

= O | max 5 1n 5
eT+v € 51+u5

vl w2

oracle calls.

1—v
RO

3.y = sear PEE

then with probability at least 1 — 3

20T M, Ry In 4
~ :

In other words, clipped-SGD achieves f(zV) — f(x*) < e with probability at least 1 — j3
after

14v M, RitY
M, Rg*" In =22

3

iterations and requires

N26242In & N2g2
Nm 2 O max N772ﬂ = 0O | max N,igN
Rg MER%”lnF

I+v  _2p2 14+v
o (e { MRS PR MRS
€ g2 eB

oracle calls.

2
1+v

2
Putting all together and noticing that In M =0 (ln
el+v g

M,R,T"
eB

) we get the desired result. [

As for clipped-SSTM it is possible to get rid of using large batchsizes without sacrificing the oracle
complexity via a proper choice of 7, i.e., it is sufficient to choose

[ e Ro R Ry
7 = min 2 s T 5 IN N (-
SMu1+u \/ﬁgmM;+u 20 MV ln7 90'N 11’17

C.2 Strongly convex case

In this section, we provide a full statement of Thm. 3.2 together with its proof. Note that due to
strong convexity the solution x* is unique.
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Theorem C.2. Assume that function f is u-strongly convex and its gradients satisfy (3) with v € [0, 1],
M, >00nQ = Bag, = {x € R" | |x — 2*||2 < 2Rp}, where Ry > ||2° — 2*||2. Lete > 0,
B € (0,1), andforallt=1,...,7

CQ+VM R1+u1 16C2+"]VI,,R(1]+"

= 4 N —arr——
N, = 20 My R e 2 _ phRg
t = max 2 ’ (14v)t B} &t = +1°
2t 27 gy 2
RO 81Nt0'2 4Nt7'
M= v Mzmaxil, ———x—», In > 2,
22y In =+ A7 In 25T
1—v
v 1—
¢ = min e Ro Ry "

SMI7 28\ ANEer T M 2 EE O M, In 4
Then R-clipped-SGD achieves f(Z7) — f(x*) < e with probability at least 1 — [3 after
R2 R2 D
o (max{Df*”l “6 DI, max{D1 1n“ D2}1 3 })
iterations of Alg. 3 in total and requires
e 2 5 2 2 D
0) (max {Df” m % pEE ax {D1 m A ”} In }) (90)
€ € LE B
oracle calls, where

M, M, R?
Dy = ito 1-—u D:D21nu€*0~

D ;
' /LRIV M2 e 2

Proof. Applying Thm. C.1, we obtain that with probability at least 1 — g

Since f is p-strongly convex we have
2

A1 %

Therefore, with probability at least 1 — é
R

. o BRE .
f(w1>—f(w)§707 12t = 2"[5 < 5P

From mathematical induction and the union bound for probability events it follows that inequalities
2 2

X oy o BB N R
f(xt)—f(x)§2t+2, ||xt_m“§§7£
hold simultaneously for t = 1,..., 7 with probability at least 1 — /3. In particular, it means that after
2
T = [log2 r ISOW — 1 restarts R-clipped-SGD finds an e-solution with probability at least 1 — 3. The

total number of iterations IV is

T 1+1/R M Rl-‘rl/ M R1+V
ZNt = 0 Zmax 0 In o T

A+t (1+u)t

2
2te [t e T e

T M1+u ) 1+1/)t M, 2(1 v)t M, 2(1 V)'r
= O Z max 21—v) ln v
u1+uR +v URO MRo B

M1+1/ Mu
= O | max In

2 1—v
nRy 2 2 2
vl 7o 1y P (HEG
2(1—v) ? 1o o 1o smax q I )
/~L1+’R1+1 KRy pzezf € €

—_—= _2 2 D
= 0 (maX{Df“ 1nMR07D21+”,maX{D1 In— 1Ey Dg}hl}) ,
€

B
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M, M, R2
Dy=—Y, Dy=-—>"— D=Dn"0
[LRO K2 e 2 3

s51  Finally, the total number of oracle calls equals

T Ni¢—1 v
S g - (max{zfvtvz”% M, Ry ﬁ})
t=1 k=0 t

(max{NZ R nD}> :(’)<max{]\7,zzlng}).
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D Additional experimental details

D.1 Main experiment hyper-parameters
In our experiments, we use standard implementations of Adam and SGD from PyTorch [32], we
write only the parameters we changed from the default.

To conduct these experiments we used Nvidia RTX 2070s. The longest experiment (evolution of the
noise distribution for image classification task) took 53 hours (we iterated several times over train
dataset to build better histogram, see Appendix D.3).

D.1.1 Image classification

For ResNet-18 + ImageNet-100 the parameters of the methods were chosen as follows:

e Adam: lr = le — 3 and a batchsize of 4 x 32
e SGD: Ir = 1e — 2, momentum = 0.9 and a batchsize of 32

* clipped-SSTM: v = 1, stepsize parameter o = le—3 (in code we use separately Ir = le—2
and L =10and o = %), norm clipping with clipping parameter B = 1 and a batchsize of
2 x 32. We also upper bounded the ratio 4x/4,,, by 0.99 (see a_k_ratio_upper_bound
parameter in code).

* clipped-SGD: Ir = 5e — 2, momentum = 0.9, coordinate-wise clipping with clipping
parameter B = 0.1 and a batchsize of 32

The main two parameters that we grid-searched were Ir and batchsize. For both of them we used
logarithmic grid (i.e. for Ir we used le — 5,2e — 5,5e — 5,1le — 4,...,le — 2,2e — 2,5e — 2 for
Adam). Batchsize was chosen from 32,2 - 32,4 - 32 and 8 - 32. For SGD we also tried various
momentum parameters.

For clipped-SSTM and clipped-SGD we used clipping level of 1 and 0.1 respectively. Too small
choice of the clipping level, e.g. 0.01, slow downs the convergence significantly.

Another important parameter for clipped-SSTM here, was a_k_ratio_upper_bound — we used it to
upper bound the maximum ratio of Ax/4,,. Without this modification the method is to conservative.
e.g., after 10% steps 4x/A,,, ~ 0.9999. Effectively, it can be seen as momentum parameter of SGD.

D.1.2 Text classification

For BERT + CoLA the parameters of the methods were chosen as follows:

* Adam: [r = 5e — 5, weight_decay = 5e — 4 and a batchsize of 32
* SGD: Ir = 1e — 3, momentum = 0.9 and a batchsize of 32

* clipped-SSTM: v = 1, stepsize parameter « = 8¢ — 3, norm clipping with clipping
parameter B = 1 and a batchsize of 8 x 32

* clipped-SGD: ir = 2e — 3, momentum = 0.9, coordinate-wise clipping with clipping
parameter B = 0.1 and a batchsize of 32

There we used the same grid as in the previous task. The main difference here is that we didn’t bound

clipped-SSTM Ay /Ay ratio — there are only ~ 300 steps of the method (because the batch size is
8 - 32), thus the the method is still not too conservative.

D.2 On the relation between stepsize parameter « and batchsize
In our experiments, we noticed that clipped-SSTM show similar results when the ration bs°/a is kept

unchanged, where bs is batchsize (see Fig. 3). We compare the performance of clipped-SSTM with
4 different choices of « and the batchsize.
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Figure 3: Train and validation loss + accuracy for clipped-SSTM with different parameters. Here
ap = 0.000125, bs means batchsize. As we can see from the plots, increasing o 4 times and batchsize
2 times almost does not affect the method’s behavior.

Thm. B.1 explains this phenomenon in the convex case. For the case of v = 1 we have (from (34)
and (39)):

X 1
i Nao Qg N CL§CR0M12 CRO

a ~ y O ~RGQ, Mg 221 4N’ 1 ~ 1
1 C?R§In =5 ez azez

whence
CRpao?a?(k +1)? o?a?(k+1)?

mp
azerC2R? ln% ataMe:CRy ln%

where the dependencies on numerical constants and logarithmic factors are omitted. Therefore,
the observed empirical relation between batchsize (my) and « correlates well with the established
theoretical results for clipped-SSTM.

D.3 Evolution of the noise distribution

In this section, we provide our empirical study of the noise distribution evolution along the trajectories
of different optimizers. As one can see from the plots, the noise distribution for ResNet-18 +
ImageNet-100 task is always close to Gaussian distribution, whereas for BERT + CoLA task it is
significantly heavy-tailed.
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Figure 4: Evolution of the noise distribution for BERT + CoLA task.
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Figure 5: Evolution of the noise distribution for ResNet-18 + ImageNet-100 task.
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