A Numerical Simulations

A.1 Simulations of the discretized continuized acceleration
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Figure 1: Comparison between gradient descent, Nesterov acceleration, and the continuized version
of Nesterov acceleration, on a convex function (left plots) and a strongly convex function (right
plots). For the continuized acceleration, which is randomized, the results shown in the above plots
correspond to a single run. In the plots below, the thick line represents the average performance
over N = 1000 runs of the continuized acceleration, while the thin lines represent the 5% and 95%
quantiles.

In Figure 1, we compare this continuized Nesterov acceleration (12)-(14) with the classical Nesterov
acceleration (3)-(5) and gradient descent. In the strongly convex case (right), we run the algorithms
with the parameters of Theorem 1.(2) and 3.(2) on the function

3 L
f($1,$2,$3) = %(1‘1 — 1)2 + ?UJ($2 — 1)2 + 5(1‘3 — 1)2,

with t = 1072 and L = 1. In the convex case, we run the algorithms with the parameters of Theorem
1.(1) and 3.(1) on the function

11001 1 2
f($17-~-,$100):2zz.2(37i_i> s

i=1

which has negligible strong convexity parameter. All iterations were initialized from xg = 29 = 0.

14



A.2 Simulation of Accelerated Randomized Gossip
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Figure 2: Comparison between randomized gossip [11] and accelerated randomized gossip from
Section 6, on 3 different graphs: line with 30 nodes, 2D-Grid with 225 nodes and complete graph
with 30 nodes. The probability P on the set of edges that determines at every activation which
edge is activated is uniform in all cases. Parameters of the algorithm are taken as in Theorem 5. In
all simulations, initialization was taken with a vector z( such that z¢(v) = 0 at all nodes, except
one where zo(v) = 1. Figures on the left represent one run of the algorithms. Figures on the right
represent the average performance (thick line) for NV = 1000 runes with the same settings, and the
5% and 95% quantiles (thin lines). As expected, we observe acceleration one the line and the grid,
but no such phenomenon on the complete graph.

B Robustness of the continuized Nesterov acceleration to additive noise

In this section, we study the continuized acceleration (15)-(16) under stochastic gradients. We assume
that our gradient estimates are unbiased, i.e.,

vz eR?,  EVf(x,8) =Vf(z), 27)
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and has a uniformly bounded variance, i.e., there exists 2 > 0 such that
Ve eRY,  Ee||Vf(x, &) — Vi) <o?. (28)

These assumptions typically hold in the additive noise model, where V f(z,£) = V f(x) 4+ &£, and
¢ € R? satisfies E¢€ = 0, E||¢]|? < o2. By an abuse of terminology, we say that our stochastic
gradients have “additive noise” when (27) and (28) hold.

We should emphasize that similar studies of Nesterov acceleration under additive noise has been done
[34,27,56, 17, 13, 6].

Theorem 7 (Continuized acceleration with additive noise). Assume that the stochastic gradients are
unbiased (27) and have a variance uniformly bounded by o (28). Then the continuized acceleration
(15)-(16) satisfies the following.

1. For the parameters of Theorem 2.(1),

o 2L)|z0 — |2

Ef(z)) — f(z.) < +o2 L

12 3L°
2. Assume further that f is p-strongly convex, p > 0. For the parameters of Theorem 2.(2),

Ef(z:) — f(zs) < (f(:vo) — flzs) + g\lzo - x*||2> exp (— Zt) + 02% .

This theorem is proved in Appendix D.3.

In the above bounds, L is a parameter of the algorithm, that can be taken greater than the best known
smoothness constant of the function f. Increasing L reduces the stepsizes of the algorithm and
performs some variance reduction. If the bound o2 on the variance is known, one can choose L
optimizing the above bounds in order to obtain algorithms that adapt to additive noise.

In Figure 3, we run the same simulations as in Figure 1, with two differences: (1) we add isotropic
Gaussian noise on the gradients, with covariance 10~ Id, and (2) we initialized algorithms at the
optimum, i.e., o = 29 = . Initializing at the optimum enables to isolate the effect of the additive
noise only. These simulations confirm Theorem 7: the noise term is (sub-)linearly increasing in the
convex case and constant in the strongly convex case.

Note that similarly to Theorem 3, one could obtain convergence bounds for the discrete implementa-
tion under the presence of additive noise.

C Stochastic calculus toolbox

In this appendix, we give a short introduction to the mathematical tools that we use in this paper. For
more details, the reader can consult the more rigorous monographs of Jacod and Shiryaev [29], Ikeda
and Watanabe [28], Le Gall [36].

C.1 Poisson point measures

We fix P a probability law on some space =.

Definition 2. A (homogenous) Poisson point measure on R>o x =, with intensity v(dt,d¢) =
dt @ dP(§), is a random measure N on R>q X Z such that

* For any disjoint measurable subsets A and B of R>¢ x E, N(A) and N (B) are independent.

* For any measurable subset A of R>o x E, N(A) is a Poisson random variable with
parameter v(A). (If v(A) = oo, N(A) is equal to oo almost surely.)

Proposition 1. Let N be a Poisson point measure on R>o x = with intensity dt @ dP(§).

There exists a decomposition AN (t,€) = > ;<1 6(1, ¢,,)(dt,dE) on Rz x Ewhere 0 <Ty < Ty <
T3 < ...and &,&2,&3,- -+ € 2 satisfy:

e 11, Ty —T1,1T5 — Tb, ... arei.i.d. of law exponential with rate 1,
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Figure 3: Effect of additive noise on gradient descent, Nesterov acceleration, and the continuized
version of Nesterov acceleration, on a convex function (left) and a strongly convex function (right).
All algorithms are started from the optimum ... The results shown in the above plots correspond to a
single run. In the plots below, the thick line represents the average performance over N = 100 runs
of each algorithm, while the thin lines represent the 5% and 95% quantiles.

* £1,&9,&s, ... areiid. of law P and independent of the T1,15,T53, . . ..

Definition 3. Let N be a Poisson point measure on R>q x Z with intensity dt @ dP(§). The filtration
Fi, t > 0, generated by N is defined by the formula

Fi =0 (N([0,s] x A), s <t,A C = measurable) .
C.2 Martingales and supermartingales

Let (2, 7, P) be a probability space and F, t > 0, a filtration on this probability space.

Definition 4. A random process x; € R%, t > 0, is adapted if for all t > 0, z; is F;-measurable.
An adapted process vy € R, t > 0 is a martingale (resp. supermartingale) if for all 0 < s < t,
E[zi| Fs] = s (resp. Elzy| Fs] < x).

Definition 5. A random variable T € [0, 00| is a stopping time if for all t > 0, {T < t} € F.

Definition 6. A function x.,t > 0, is said to be cadlag if it is right continuous and for every t > 0,
the limit x4 1= limg_,; s<1 X5 exists and is finite.

Theorem 8 (Martingale stopping theorem). Let x4, t > 0, be a martingale (resp. supermartingale)

with cadlag trajectories and uniformly integrable. Let T be a stopping time. Then EXp = X
(resp. EX1 < Xo).

C.3 Stochastic ordinary differential equation with Poisson jumps

The continuized processes are the composition of an ordinary differential equation and stochastic
Poisson jumps. It is thus a piecewise-deterministic Markov process [15, 16], a special case of
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stochastic models that do not include any diffusion term. The stochastic calculus of this class of
processes is particularly intuitive: there is no Ito correction term as with diffusive processes.

We fix P a probability law on some space =, IV a Poisson point measure on R x = with intensity
dt ® dP(€), and denote F;, t > 0, the filtration generated by N.

Definition 7. Let b : R — R% and G : R? x = — R? be two functions. An random process x; € RY,
t > 0, is said to be a solution of the equation

day, = b(:vt)dt—i—/ G(w¢,§)AN(t,€)

if it is adapted, cadlag, and for all t > 0,
t
Ty = Xo +/ b(xs)ds +/ G(zs—,&)dN(s,§).
0 [0,t] xZ

If we consider the decomposition AN (t,£) = 3_, 5, 0(1, ¢,)(dt, d§) given by Proposition 1, then

/[0 : G(xs—7£)dN(8a§) = Z 1{Tk<t}G(ka—a§k) :
X E

k>1

Here, we consider only autonomous equations as b and G are a function of x,, but not of t. However,
there is no loss of generality, one can study time-dependent systems by studying the equation in the
variable (¢, ;). This trick is used in Appendix D.

Proposition 2. Let 2; € R? be a solution of

day = b(x)dt + [ G(z, §)AN(L,§)

D

and ¢ : R* — R be a smooth function. Then

t
ola) = pleo) + [ (Tolw)bads+ [ (plea + Gl €) ~ ol ) NG ).
A XE
Moreover, we have the decomposition

/[0 s (p(zs- + Glxs-,8)) — P(2s-)) AN (s, )

— [ [0l o) — ol ap(e) + i

where M; = f[O,t]xE (p(zs— + G(zs—,8)) — p(s-)) (AN (s,&) — dtdP(§)) is a martingale.

This proposition is an elementary calculus of variations formula: to compute the value of the
observable o (x;), one must sum the effects of the continuous part and of the Poisson jumps. Moreover,
the integral with respect to the Poisson measure N becomes a martingale if the same integral with
respect to its intensity measure dt ® dP(§) is removed.

D Analysis of the continuized Nesterov acceleration

To encompass the proofs in the convex and in the strongly convex cases in a unified way, we assume
f is p-strongly convex, p > 0. If g > 0, this corresponds to assuming the p-strong convexity in the
usual sense; if u = 0, it means that we only assume the function to be convex. In other words, the
proofs in the convex case can be obtained by taking p = 0 below.

In this section, F3, t > 0, is the filtration associated to the Poisson point measure N.
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D.1 Sketch of proof for Theorem 2

A complete and rigorous proof is given in Appendix D.2. Here, we only provide the heuristic of the
main lines of the proof.

The proof is similar to the one of Nesterov acceleration: we prove that for some choices of parameters
N, M4, Ve, Veo t = 0, and for some functions A, By, t > 0,

b= A (F(2) ~ F@)) + Pl — . P

is a supermartingale. In particular, this implies that E¢, is a Lyapunov function, i.e., a non-increasing
function of ¢.

To prove that ¢, is a supermartingale, it is sufficient to prove that for all infinitesimal time intervals
[t,t + dt], Erdpsrar < ¢, where E; denotes the conditional expectation knowing all the past of the
Poisson process up to time ¢. Thus we would like to compute the first order variation of E;¢; q¢.
This implies computing the first order variation of E; f(x14z).

From (10), we see that f(z;) evolves for two reasons between ¢ and ¢ + d¢:

* 1z, follows the linear ODE (8), which results in the infinitesimal variation f(x¢) — f(z:) +
ne(V f(zy), 2, — x)dt, and

» with probability dt, x, takes a gradient step, which results in a macroscopic variation

f(xe) = f(ze =%V fa)).
Combining both variations, we obtain that

Eif(wigrae) = f(we) +1e(Vf(24), 20 — x)dt +dt (f (20 — vV f(2e)) — f(2e))

where the dt in the second term corresponds to the probability that a gradient step happens; note that
the latter event is independent of the past up to time ¢.

A similar computation can be done for E; ||z, — x.||?. Putting things together, we obtain

Eidrrar — ¢ = dt<dd/it(f(xt) — f(i)) + Ane(V f (1), 26 — 24)
dB; 1
— A (f(xe =%V f(ze)) = flay)) + E§||zt —z,|?

By
# B = e = 2+ 5 (2 =) = = 2 = 2. P)).
Using convexity and strong convexity inequalities, and a few computations, we obtain the following
upper bound:
dA, dB;

1
Eeberas — 61 < dt( (dt - Amt) (VF(ae), s — ) + (dt - Bm;) e -

dA 1
(i = B (VS ).z =) + (B~ ) 3l - o

+ (B — e 2= 1)) 3 IV F@IP).

We want this infinitesimal variation to be non-positive. Here, we choose the parameters so that
~v¢ = 1/L, and all prefactors in the above expression are zero. This gives some constraints on the
choices of parameters. We show that only one degree of freedom is left: the choice of the function

Ay, that must satisfy the ODE
d? 1
= (VA) = £ va
de? ( Y) ALV

but whose initialization remains free. Once the initialization of the function A; is chosen, this
determines the full function A; and, through the constraints, all parameters of the algorithm. As ¢, is
a supermartingale (by design), a bound on the performance of the algorithm is given by

R O
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The results presented in Theorem 2 correspond to one special choice of initialization for the func-
tion A;.

In this sketch of proof, our derivation of the infinitesimal variation is intuitive and elementary;
however it can be made more rigorous and concise—albeit more technical—using classical results
from stochastic calculus, namely Proposition 2. This is our approach in Appendix D.2.

D.2 Noiseless case: proofs of Theorem 2 and of the bounds of Theorem 3

In this section, we analyze the convergence of the continuized iteration (10)-(11), that we recall for
the reader’s convenience:

dl’t = m(zt - :vt)dt - ’ytVf(.’Et)dN(t) 5
dzy = (@ — z¢)dt — v,V f(z)dN(t) .

The choices of parameters 7,7, vt, V4, t = 0, and the corresponding convergence bounds follow
naturally from the analysis. We seek sufficient conditions under which the function

B
b = Ai (f(2e) = fo) + é“zt A
is a supermartingale.

The process T; = (¢, x4, 2;) satisfies the equation

1 0
dft = b(.’ft>dt + G(.f‘»dN(t), b(ift) = (’l’)t(Zt — JUt)) y G(jt) = (—’YtVf(J?t)) .
i (we — 2¢) —1V f (1)

We thus apply Proposition 2 to ¢, = ¢(Z;) = @(t, xt, 2;) where
B
o(t,x,2) = A (f(x) — flax)) + {IIZ -z,

we obtain:

bt = do + / (Vep(22), b(z,))ds + / (p(@a + G(T2)) — p(T2)) ds + M,

where M, is a martingale. Thus, to show that , is a supermartingale, it is sufficient to show that the

map t — fg(Vgo(:Es), b(Zs))ds + fg (p(Zs + G(Ts)) — ¢(T5))) ds is non-increasing almost surely,
ie.,

I := (Vo(Z),b(Z1)) + o(Te + G(Z)) — @(Z¢) < 0.
‘We now compute

(Vo(y),b(Z1)) = 0rp(T4) + (0up(ZTe), mi (20 — 20)) + (020(Z0), i (21 — 240))

- % (f(ze) = f(24)) + %%Hzt — |+ AV f (1), 20 — w4)

+ Bz — @, w0 — 21) -
Here, we use that as f is u-strongly convex,

F@) = fl@) < (V@) e —2.) = Slle -2,

and the simple bound

(51— Tarre = 2) = (o1 = Ty = 20} = 20 = all? < 2t = allla = 2]l = [z = 2.2
1 1
< 5 (1= @l llo = 2 2) = o = 22 = 5 (e = ll® = 20 = o) -
This gives
a4 da, \ 1
V() b(ze)) < (o’ltt - Amt) (Vf(xs), e — 24) + (Bm{ — 0‘[5”) §th —nl? 9
dB 1
+ (dtt — Btﬂé) 5”215 - (E*HQ —+ Atnt<vf($t)7 2 — x*> . (30)

20



Further,
0Tt + G(Z4)) — (1) = Ar (f(xe — eV f(24)) — f(20))
By /
ey (2t = @) =%V f(@)l” = 2 = 2]?) -
As f is L-smooth,
f@e =V f(x) = f(@e) <(Vf(e), =7V fze)) + gH’YtVf(It)H2
= (2~ L) I V@I
This gives

o(Zy + G(Z4)) — o() < (Bevy® — Ay (2 — Lyy)) %IIVf(xt)IIQ — BV f(@), 20 — ) -

(31
Finally, combining (29)-(30) with (31), we obtain
dA dB 1
I < (dtt - Atﬁt) (Vf(zt),xe —24) + (dtt - Btﬂé) §||Zt — x| (32)

dA 1
(i = BV ).z =) + (B = St gl - @

1
+ (B = Ay (2 = L)) 51V ()17 (34)

Remember that I; < 0 is a sufficient condition for ¢; to be a supermartingale. Here, we choose the
parameters 7, 1}, Ve, Vi, t = 0, so that all prefactors are 0. We start by taking v; = % (other choices

Ve < % could be possible but would give similar results) and we want to satisfy

dA dB dA A
ditt = Aune ditt =B,  Avm=DBy, B = dittlh By = ft
To satisfy the last equation, we choose
Ay
A i 35
rYt LBt ( )

To satisfy the third equation, we choose

Bt’}/é QBt
m = =/ . 36
t . . ( )

To satisfy the fourth equation, we choose

’ dAt ,LL At’l’}t/J At
M= = = :
at B: B LB,

Having now all parameters 7, 1);, V¢, s constrained, we now have that ¢; is Lyapunov if

(37

A, _ - [AB, B, _ . _ [AB
a tht = 7 ar thy = 1 I

This only leaves the choice of the initialization (A, By) as free: both the algorithm and the Lyapunov
depend on it. (Actually, only the relative value A, /By matters.) Instead of solving the above system
of two coupled non-linear ODEs, it is convenient to turn them into a single second-order linear ODE:

d(a) - 1B gy LB g [
&(‘/Aj)’z\/zdt*2 L’ dt(\/BT)’wBidt*z L’ (38)

This can also be restated as

i (V) = A B (VA). e
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D.2.1 Proof of the first part (convex case)

We now assume g = 0, and we choose the solution such that Ag = 0 and By = 1. From (38), we
have & (v/B;) =0, thus B, = 1, and & (v/A4;) = ﬁ, thus \/4; = ﬁ The parameters of the

algorithm are given by (35)-(37): n; = 2,1, = 0,7, = 5 (and we had chosen y;, = ).

From the fact that ¢, is a supermartingale, we obtain that the associated algorithm satisfies
E 2L||1z0 — z4]|?
Ef(z) - fla,) < 20t @0 _ 2hlz0 — 27

Ay T A t2
This proves the first part of Theorem 2.

Further, one can apply martingale stopping Theorem 8§ to the supermartingale ¢, with the stopping
time 7}, to obtain

E[Az, (f(@r) - f(2))] = E[Az, (f(2r,) — f(2.))] < E¢r, < do = |20 — 2.
This proves the formula of Theorem 3.1.
D.2.2 Proof of the second part (strongly convex case)

We now assume p > 0. We consider the solution of (39) that is exponential:
1/ 1/
VA =/ Agexp (2 gt) , vV By =/ Ao/ lrexp (2 'Zt) .
The parameters of the algorithm are given by (35)-(37): n = n; = \/%, v = ﬁ (and we had
chosen y; = %).
From the fact that ¢, is a supermartingale, we obtain that the associated algorithm satisfies
Eor _ b0 _ Aolf(@0) = J(2.)) + Aollzo — .

At = At At
= (f(-TO) - f(fll‘*) + gHZO — at*H2> exp (— Zt) )

This proves the second part of Theorem 2. Similarly to above, one can also apply the martingale
stopping theorem to prove the formula of Theorem 3.2.

Ef(z) — f(z.) <

Remark 2. In the above derivation, in both the convex and strongly convex cases, we choose a
particular solution of (39), while several solutions are possible. In the convex case, we make the
choice Ay = 0 to have a succinct bound that does not depend on f(xg) — f(x+). More importantly,
in the strongly convex case, we choose the solution that satisfies the relation \/ji\/A; = \/By, which
implies that n.,n;,;, are constant functions of t, and n, = n;. These conditions help solving in
closed form the continuous part of the process

d.]?t = Ut(Zt — J)t)dt,
dzy = n;(zy — 2)dt,

which is crucial if we want to have a discrete implementation of our method (for more details, see
Theorem 3 and its proof). However, in the strongly convex case, considering other solutions would be
interesting, for instance to have an algorithm converging to the convex one as p — 0.

D.3 With additive noise: proof of Theorem 7

The proof of this theorem is along the same lines as the proof of Theorem 2 above. Here, we only
give the major differences.

We analyze the convergence of the continuized stochastic iteration (15)-(16), that we recall for the
reader’s convenience:

day = (2 — x)dt — v /: Vf(ze, )AN(t,E),

dZt = 7],/:(3315 - Zt)dt - ’77; : Vf(ﬂft,g)dN(t,g) .
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In this setting, we loose the property that

B
o= Ay (f(20) = f) + S 1z —
is a supermartingale. However, we bound the increase of ¢;.

The process T; = (t,x, 2;) satisfies the equation

1 0
dz, = b(z,)dt +/ G2, AN (t,€), b(@:) = | m(ze — ) |, G(@,§) = | —nV S (21,6) | .
= N (zs — 2t 1V (@,€)

We apply Proposition 2 to ¢; = ¢(Z¢) = (¢, x4, 2¢) and obtain

t
ol :¢o+/ Ids + M, (40)
0
where M; is a martingale and
Iy = (Vo(21), b(Z1)) + Bep(Z0 + G(T4, €)) — @(T4) -

The computation of the first term remains the same: the inequality (29)-(30) holds. The computation
of the second term becomes

Eep(z; + G(74,8)) — 0(T¢) = At (Be f(ze — vV f(21,6)) — (1))

B
+ 5 (Bell(ze = 22) = %V (@, O — llze — 2.]?) -

As f is L-smooth,
f(xe =V (2, 8) — f2) <V (@), =V (2, 6)) + gH%Vf(:Et,ﬁ)llz,

ng(ft =1V f (@, 8)) — f(2e) < (Vf(2h), _’YtEgvf(xtaf» + g]EE”%Vf(gChf)HQ .

By assumptions (27) and (28), the stochastic gradient V f(z,£) is unbiased and has a variance
bounded by o, which implies E¢ ||V f (24, €)[|? < ||V f(24)|> + 0. Thus

2 L’Ytz

Eef(m — 0V (20 8) — F() <~ (2~ L) g IV @)l + 0>

Similarly,
Ecll (2t — x) = %V (26, )1 = 20 — 2l = =29 (BeV f (24, €), 20 — @) + 7 Ee ||V f (w2, ) |12
< =29V f (@), 26 — &) + 2 [V f () P + o972
This gives
1
P(T: + G(71) — p(Z1) < (Biv® — Arve (2 — L) §||Vf(96t)||2 — BV f(2e), 2t — @)

o? 2 2
+ 5 (ALnf + Bry?) -

Combining the bounds, we obtain

dA dB 1
Iy < (dtt - Atﬁt) (Vf(2e), ¢ —20) + (dtt - Btﬂé) llee = z.?
dA 1
(= B (VS ).z = ) + (B~ ) 3l - o

1 o2
+ (B2 — Ay (2 — L)) §||Vf(35t)||2 t5 (AL + B2

which is an additive perturbation of the bound (32)-(34) in the noiseless case, with a perturbation
proportional to o2, The choices of parameters of Theorem 2 cancel all first five prefactors, and satisfy
Ve = 1, Ay Ly} = Byvy;*. We thus obtain

Ay

It <Ugf.
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This bound controls the increase of ¢;. Using the decomposition (50), we obtain

t
Ef(r) - flas) < B0 < B0 JoBLds

S A A Ay
< Aolf(@o) = f(@2) + Bollzo — |2, o Jy Asds
D Ay L A

D.3.1 Proof of the first part (convex case)

In this case, A; = % and By = 1. Thus fg Ay ds = ﬁg Thus

2L||z0 — 4|2 5 t
Bfw) - f(e.) < 22y 2 b

D.3.2 Proof of the second part (strongly convex case)

In this case, 4, = Agexp (y/Et) and By = Ao4. Thus fot Agds < Ay %_1 exp (/Et) =

\/% A;. Thus

Eﬂ%)—ﬂm)<O@M—f@ﬁ+ngﬂMﬂew<— gQ+a2.

D.4 With Pure Multiplicative Noise: Proof of Theorem 4

The proof of this theorem mimics the proof of Theorem 2, with a slightly different Lyapunov function.

We recall that in Section 5, the function f is of the form:
1
Vo € R £(2) =B |5((aa) =07,

where ¢ = (a,b) € R? x R is of law P. Thanks to the noiseless assumption, for H = E [aaT] , we
also have:

1
¥z € RY, f(2) = 5z — .l

The Lyapunov function studied in the proof of Theorem 2 would then write as, for ¢ € Ry :

A
o ="5

An acceleration of stochastic gradient descent using this Lyapunov function has been done by Vaswani
et al. [52]. In order to have an analysis similar to Nesterov acceleration, the authors make a strong
growth condition, which is too strong for many stochastic gradient problems and for our application
to gossip algorithms. Instead, our analysis requires a bounded statistical condition number &, and
i 2 2 2
performs a shift in terms of dependency over H: ||z — x.||7; becomes ||z — x.||”, and ||z — x.||

2 . .
becomes ||z; — 2. ||7;—:. The new Lyapunov function writes:

A
b=t

As in Theorem 2, the proof consists in proving that for carefully chosen parameters, ¢; is a super-
matingale. The process Z; = (¢, x4, z;) satisfies the equation

B
2 t 2
e = @allzy + <7 llze — 24

B
o = wl® + Fllze = ol

1 0
dz; = b(Z4)dt +/ G(z¢,&)AN(t,6), b(x:) = (ﬁt(zt - xt)) . G(x,8) = (’thf(xtaf)) .
B 7’]2(1}15 — Zt) _’szf(xta 5)

We apply Proposition 2 to ¢; = ¢(Z) = p(t, 24, 2¢) and obtain:

t
@=%+/A®+M,
0

24



where M, is a martingale and
Iy = (Vo(Z1),b(20)) + Ecp(2 + G(24,€)) — (T4) -
Since the Lyapunov function is not the same, we need to explicit here each term. The first term writes:

o ld4, 1dB, )
(Vip(n), b@) =5tz = wull” + 5Tz — 2o

+ Anlmy — oy 20 — x0) + B (H (20 — 2,), 2 — 24).

Mimicking the proof of Theorem 2, we write

1
sllee—aul® < low = 2l* = Slle = a1,

and
(H Mz — x0), 06 — 2) = (2 — T, Ty — T g1 — || 2 — x*||§1_1
1 2 2
< §(||$t - $*||H—1 — ||zt — 33*||H—1)~
Hence:
_ _ dA dA 1
(Tl blan)) < o — a4+ (Bt = Sta) o ol
dB 1
+ — Bmt *Hzt—x*H?{—l + AT — T, 20 — T
dt 2
Further,
B B B A
p(@+ Gla0) = (@) = 5 (Ilee =1V (@0, €) = vl = llow = 2.
B,
+ — (2 —22) =%V (@, Ol — 20 —2llF1) -

Then, expanding and taking expectation over & of the first term:

1 1 2
Ee |5 llze = %V (@, €) = all” = Sl - x*nQ] = LE IV (e, O] = e H i — 2,20 — 2)

R2 2
< (55 =) e = Iy,

where we used the definition of R? in Equation (19):
Be [I9/(z0 1] = (w0 - 2.) "E [aa"aa™) (&, - z.)
= (2 —2.)E [||a|\2aaT] (z¢ — )
< R*(zp — x) "H(zy — x4).
The second term writes:
2
LB 1z~ ) VS O — o~ o] = 2B 19 1

- 7£<-73t — Ty, Bt — 1‘*>

[ER

— (& — T, 2 — L),

where we used the definition of < in Equation (20):

Ee [IV @0 O3 ] = (e~ 2.)TE [aa" Haa"] (2, — .)

= (a¢ — )" [ lallz-+a } 7 — )
H

< /ﬁ(xt—x*) (2 — ).
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Combining these inequalities gives the following upper-bound on [;:

dA dB 1
o (S - aem) o = a4 (S5 - But) g1 - . B

dA 1
+ (A — Beyi) (@ — Tay 20 — Ta) + <Bt77£ - d;u) §||9€t A=

1
+ (%Bﬂf = A (2 - Rz%)) §H$t - %qu

Since I; < 0 is still a sufficient condition for ¢, to be a supermartingale, we choose parameters such
that all prefactors are equal to 0. We first take v; = &5, and we want to satisfy:

a4, 4B dA, Ay
At Ane —+ =B, Am=By,, B = ar B = RR?

dt
I At
TN\ BER

To satisfy that last equality, we choose:
The rest of the proof then follows just as in the proof of Theorem D.2.

1
=

E Proof of Theorem 3

By integrating the ODE
day = ne(z — x)dt,
dzy = n;(zy — 2)dt,
between T}, and T 1—, we obtain that there exists 74, 75/, such that
Uk = T1p,— = o1, + TR(2n, —21,) = T + TR (Zk — k) (41)

RThp1— — ATy +7',Q’(a:Tk — ZTk) =Zr + T;;/(ik — 2k) .

1

From the first equation, we have 1 = i

equation,

(Jr — Tk 2k ), which gives by substitution in the second

- 1 . - -
%$—:%+#<Lwﬂ%—m%*%0

= Zr + 7 (ke — Z),

1"
Tk
177‘k :

where 7, =
Further, from (6)-(7), we obtain the equations
Tpt1 = TTyy = Ty 11— — VTsa V(@70 —) = Tk — 1700 VI (OK) 5 (42)
Zht1l = 2Ty = - — Vi, V@0 —) = 26+ 100k — 26) — 5 V@) . (43)
The stated equation (12)-(14) are the combination of (41), (42) and (43).

1. The parameters of Theorem 2.(1) are , = 2,1, = 0,y = % and | = ﬁ In this case, the

ODE

2
1

2
day = n (20 — xy)dt = z(zt — xy)dt,

dZt = T]é(l’t - Zt)dt = 0,
can be integrated in closed form: for ¢ > %,

to\> to)’
Ty = 2, + (t) (xto — Zto) = T, + <]. - (t) ) (Zt(] — l’to),

Zt = Ztg -

2
In particular, taking tg = T, t = Tx11—, we obtain 7, = 1 — (Tfil) , T = 0 and thus

/77'12/7 : ~ 1 ~1 o Ty
T = 1o = 0. Finally, v, = 7, = I and 7, = Y1, = 3%
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2. The parameters of Theorem 2.(2) are 1, = n; = \/ %,V = % and y; = ﬁ In this case,
the ODE

day = (2 — @y)dt = \/%(zt —xzy)dt,
— _ K
dz, =y — z)dt = \/Z(zt — z)dt,

can also be integrated in closed form: for ¢ > ¢,

2 = Lto ‘2|’Zt0 i Tto ;Zto exp (_2 %(t _ to))

RS AR oy TR
2 = o ;tho + 2o 5 Tt exp (—zﬂ(t _ to))
— 2+ % (1 — exp (-2[@ - t0)>> (@1 — 20,) .

In particular, taking t¢ = Ty, t = Tpy1—, Wwe obtain 7, = 7/ =

% (1 — exp (—2\/%(Tk+1 — Tk))) and thus 7/, = 11’“_% = tanh (\/%(T;Hl — Tk)) Fi-
nally, 5 = vz, = + and ), = v}, = ﬁ

~i=

~I=

F Heuristic ODE scaling limit of the continuized acceleration
F.1 Convex case
With the choices of parameters of Theorem 2.(1), the continuized acceleration is
2 1
dzy = ;(Zt —x¢)dt — va(xt)dN(t) )
t

The ODE scaling limit is obtained by taking the limit L — oo (so that the stepsize 1/L vanishes)
and rescaling the time s = ¢/+/L. Some law of large number argument heuristically gives us that, as
L — 00, dN(t) = dN(v/Ls) ~ \/Lds. Thus in the limit, we obtain

2 1
dr, = —(zs — 5 VLds — =V T \Eds,
Tz = @) VEds = 2V f(r2)
L
dzy = — QSVf(xs)\FLds.
The second term of the first equation becomes negligible in the limit. Thus the equations simplify to
dx, 2
ds s (25 — ),
dz S
s _ _7v N
- f(.)
Thus
s dz, d s dxg dzs; 1dzs sd3z,
_ZVf(xs)_ds_cb(xSJrQ ds) ~ % T2 T2ae
and thus
d?z, 3dz,
- s)=0.
ds? + s ds + V()

This is the same limiting ODE as the one found by Su et al. [50] for Nesterov acceleration.
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F.2 Strongly-convex case

With the choices of parameters of Theorem 2.(2), the continuized acceleration is
W 1
dl’t = *(Zt — l't)dt — *Vf(l‘t)dN(t) s
L L
Qo = | 22 — 2)dt = ——V f(2)AN (1)
2zt =4/ =(x4 — 2 - — T .
t 7@ =2z il t
Again, we take joint scaling L — oo, s = ¢/ V'L, with the approximation d N () ~ v/Lds. We obtain

&‘

dz, = \/E(ZS —z,)VLds — %Vf(:cs)ﬁds,
= /B, -2 s — L T s
dz, = \/Z(xs JVLd \/Evf( )V Lds.

As before, the second term of the first equation becomes negligible in the limit. Thus the equations
simplify to
dz,
ds

dzg
ds - \/ﬁ('rs - ZS)

= \//j(zs - xs) ) (44)
1

Vi

Vi(zs). (45)

From (44), we have z;, = x4 + ﬁ dd”i;* , and by substitution in (45), we obtain
A2z, dx,
0s2 +2/p P +Vf(zs)=0.

This is the so-called “low-resolution” ODE for Nesterov acceleration of Shi et al. [48].

G Continuized Accelerated Coordinate Descent with arbitrary sampling

In this section, we focus on the following problem:

i , 46

min flx) (46)

where f is of the form f : x + g(Rx) for some function g and projector R € R?*? (such that

R? = R). We further assume that f is smooth with respect to some matrix M € R%*? and p-strongly
convex with respect to R, i.e.:

1
Elle =yl < S@) = fo) = VI@) (@ = y) < glle -yl

Note that i can be equal to zero, but convergence will be slower in this case. We analyze the
convergence of the following continuized coordinate descent iteration:

day = ne(ze — 2)dt — 3 /_ ];fo(mhf)dN(t,f) )

- 47)
dzt = n;(l‘t - Zt)dt - ’Yé _ vf(xfm f)dN(t, E) )

where

V(€)= ;fvgf(xt), 48)

with the coordinate gradient V¢ f(z:) = e egv f(z¢), with e € R? the unit vector associated with
coordinate £ € {1,...,d} and P¢ and dN are defined as in Section 6. Note that these iterations are
slightly different from the previous stochastic gradient iteration since the stochastic gradient is not the
same for z; and z; (same direction but different magnitudes). The following theorem is a continuized
version of Hendrikx et al. [25], which is itself largely based on Nesterov and Stich [45].
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Theorem 9 (Continuized acceleration of coordinate descent). Assume that the stochastic gradients
are of the coordinate descent form (48). Besides, choose parameter L such that:

MeeR
L > max —=€ (49)
cez P
Then the continuized acceleration (60) satisfies the following:
1 Fornt = %ané :Oa’yt = %7’}4 = i’
2L zg — 4|2
Bf(z) ~ (o) < 20 2ol
2. Assume further that j1 > 0 and choose the constant parameters 0, = 1; = /%, v = %,
r=_L_ Tp
Ve = g Then,

Ef(ze) — f(z:) < (f(:ro) — flxs) + g”Zo - x*”%‘i) exp (— lzt) .

Proof. Similarly to the proof in Appendix D.3, the proof of this theorem is along the same lines as
the proof of Theorem 2, and we only highlight the major differences. The process Z; = (¢, x+, 2+)
satisfies the equation

1 0
At = b(z)dt +/ G (%, £)AN(t,6), b(7) = (771&(215 - m)) o G@, ) = | —n p5 Vf(x,€)
= ny (@ — 2¢) —%Vf(xta £)

We also consider a slightly different Lyapunov function ¢, that takes into account the projector R:

b= A (F(e) = £+ 2zl

This change of norm is essential to take into account the fact that f is not strongly convex with respect
to the euclidean norm, but only with respect to || - ||z. We apply Proposition 2 to ¢y = ¢(Z;) =
o(t, xt, 2¢) and obtain

t
b0 = do + / Lods + M, , (50)
0

where M; is a martingale and

Iy = (Vp(Z4),b(Z4)) + Eep(Ze + G(24,§)) — @(T4) -

The computation of the first term remains the same: the inequality (29)-(30) holds. The computation
of the second term becomes

Bep(zi + G(a1.6) ~ 9(ar) = A (Eef (10 - %vmt,g)) 20)

B
+ 5 (Bell(ze = ) = %V (2,7 — llze = z.1%) -

As f is M-smooth,

£ (0= 0 F01.9)) = 1(00) < (T F )0 ET 0,0 + I FET S,y

Pe Pe

In the additive case, the variance is bounded by o2. In this case, we have that:
R Mee R,
|V (e &)k = =g IV S @ )l < LIV (1, ) (51
3 3
and similarly:
Ree 2 2
(Vf(ze), —%PTVJ”(% §) = —% Ve S @)l = V(20,13 (52)
E
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Thus:

Eef ( _ %ifwm,@)  f) <l - WD) E|V £ ).

Similarly, thanks to the unbiasedness of V f(z¢, £),
Eell(ze — ) = %V f (@, O — |z — 2l

= —29{(B¢RV f(21,€), 21 — ) + 7 Be |V f (21, €)%
< —29{(Vf (1), 2 — ) + 7 Ee |V f (21, |1} -

This gives

(T + G(T1) — p(T) < =By (Vf(we), 20 — @)
1
+ (Bt7£2 — Ay (2 — L’Yt)) iEéva(iUt,f)”%m

Combining the bounds, we obtain
dA dB 1
o< (S = ) (VG- )+ (G = B 3~ ol

dA 1
(o = BT f o) - )+ (B = St gl = ol

1
+ (Bﬂ’? — A (2 - L%)) §E£||Vf($t,€)||%%-

We see that we obtain a result that is very similar to that of the deterministic case. The choices of
parameters of Theorem 9 cancel all first five prefactors, and satisfy v; = %, AyLyE = Biy?. We
thus obtain I; < 0 and so ¢, is a supermartingale, and the rest follows as in Appendix D.2. O

H Accelerated Decentralized Optimization with Randomized Gossip
Communications.

We now consider the setting of decentralized optimization considered in Section 7. More specifically,
recall that we wish to solve:

. N
min {f(l) = > fv(w)} : (53)

veY

where the function f,, is privately held by node v € V. To solve this problem, a classical approach is
to use a dual formulation [47, 25]. We first rewrite Problem (53) as:

ﬂﬂ=;2ﬁ%%7 (54)

min {
IVixd, X, —X,
XeR , Xu=X, V{u,v}eé ey

where X, € R? corresponds to the local parameter of node v, and the equality constraints ensures
equivalence between (53) and (54). The constraints are linear and can be expressed in matrix form as:

ATX =0, (55)

with A € RE*Y such that ker(AT) = Span(l,...,1) the constant vector. The natural choice
for matrix A is to choose a square root of the Laplacian matrix of graph G. For (e,),ecy and
(€{v,w}){v,w}en the canonical bases of RV and R, A is thus that for any {v,w} € &:

Ae{mw} =1/ ,P{mw} (61) - ew)-

Matrix A then satisfies AAT = £ the Laplacian matrix of graph G with weights Piywy- Indeed, if

Wiowt = Plow) (€s — w)(€y — €w) T corresponds to the gossip matrix for edge {v, w}, A is such
that:
AAT = Z Wiy = L. (56)
{v,w}e&
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Then, introducing Lagrange multipliers A, we obtain through Lagrangian duality that Problem (53) is
equivalent to:

)\Ierﬂggid F*(AN), (57)
with F'* the convex conjugate of F. Following the approach of Hendrikx et al. [25], we then
apply Accelerated Coordinate Descent to this dual problem. Yet, we use the continuized version of
Theorem 9, which allows us to remove the global iterations counter on which previous approaches
rely. We see that Problem (57) has exactly the right form to apply Theorem 9, leading to the following

dual iterations:
z R v, w
S
R>oXx&

P{v w}
1

>oX& P{U w}

€0} oy ATV (AND)AN(t, {v,w}),

AP = (A — APyt — 4 /]R Sl AT V(AN )AN (¢, {v,w}),
(58)

where P = At A with AT is the pseudo-inverse of A, Ry wy = e{Tv_w}ATAe{wu}. Now, we multiply
these iterations by A on the left (which is standard), and we rewrite them with the following iterates:

=AY =0 (59)

Note that y;, z; € RIVI*, and are thus variables associated with nodes of the graph.

R R «
dys = (2t — yg)dt — %/ ; : }W{v,w}VF (ye)dN (t, {v,w}),
Ryox& {vw} (60)
Wiowy VE (ye)dN (t, {v,w}),

dzy = ny(ye — z)dt — %/ D

Rsox& T{v,w}
where we recall that W, ;4 = Pry,w)(€o — €w)(ey — ew) ! corresponds to the gossip matrix for
edge {v, w}. Besides, the dual gradients V F*(y,) are such that e VEF*(y;) = V f (e} y;), and so
each component can be computed locally at node v.

In summary, the distributed decentralized algorithm writes as follows. Upon activation of edge
{vg, wy } at time T},

G{'Uk7wk}(Tk) = W{vg,wi} [Vf*((ka— )Uk) - Vf*((kaf)wk )}

Ry, W
ur, (08) = Y= (0n) = Wb =L Gy (Th),

{vi, wk }

R Vg, W
i (w8) = yg (06) + 555 G oy (1)
{vk,wi}

(61)

21, (Vi) = 2 (0k) = G (v sun} (Th) »
2Ty, (wk) = ZTk_ (wk) + ’yéG{Uka}(Tk) .

Between these updates, y;(v) and z;(v) locally mix at all nodes v € V, according to the coupled
ODE:

dye(v) = ne(ze(v) — ye(v))dt,
dz(v) = m (g (v) — 2 (v))dt.

This algorithm can be implemented with local computations and pairwise communications only,
since an update along edge {v, w} only involves the parameters and functions of nodes v and w. In
order to fully describe this algorithm, we need to specify the various parameters. We do so, with the
corresponding rate of convergence, in the following theorem.

Theorem 10 (Asynchronous Accelerated Decentralized Optimization). Assume that each f, is

{v,

w-strongly-convex with > 0 and L-smooth. Let Lgya = ;1L maxg,, w} , where we recall
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Riy,w
that Rywy = (ATA) (0,0} (v,w}- Then, let Qe = \/ Pgossip/ MAX (v} 2
the smallest non-zero eigenvalue of the Laplacian of the graph G, and k = L/ is a bound on

_1
Ldual’

where [Lgossip IS

’
the condition number of f. We choose the constant parameters n; = 1, = Gf/‘%c, =

v = ﬁ The iterates produced by the algorithm described in (61) verify:
\/ Hgossip Ldua

1 0
B Y IVA G~ < G e (-"ansr)

with Cvel = 2max (AT (pe(AND)) — F(AN,) + tage

to the dual problem.

A /\*||,24m)r with A\, a solution

Note that ¢’y . is slightly different from 6arc. Yet, following Hendrikx et al. [25], an equivalent

of Corollary 1 can be obtained for ¢, ;. To obtain Theorem 6, we simply choose )\éy) = )\(()Z) and
bound the dual function suboptimality by the distance to optim using the smoothness and strong
convexity of F'*.

We stress the fact that the accelerated algorithm described in this section, as well as accelerated
randomized gossip in Section 6, are decentralized and asynchronous: operations are local and do
not require any global synchronization, provided that a continuous time clock can be shared. This
is possible only thanks to the continuized framework. However, there are some limitations: even if
these algorithms are the first to achieve these rates without any global synchronization, computations
and communications are here assumed to happen instantly, or to take a negligible time. Handling
communication and computation physical capacity constraints such as delays or node/edge overloads
in our algorithms as in [23] combined with accelerated schemes is left for future works.

Proof. First note that the Hessian of the dual objective writes for some A € RI€I*¢:
1
ATV2EF*(ANA = EATA, (62)
since F* is L~1 strongly-convex when F' is L-smooth [31]. Thus, the dual objective is figossip/L

strongly convex on the orthogonal of the kernel of A. Similarly, the smoothness of the dual objective
in direction {v, w} is equal to:

1 P
T T * T T {v,w}
My b {ow} = €loam A VEF (AN Aegy ) < ;e{v’w}A Aefyu) = o ©

Thus, we have that:

Mvw ’Uvaw 1 R’Uw
Lgya = max {vwi{v,w} v, }:*maXM (64)

{v,w} Py v} Plowy

Then, the result follows directly from applying Theorem (9), together with the smoothness of the
dual gradients, since:

Amax(AAT)

o EAY — A% (69

1 . 1 2
B IV ) = ol SEg AN - AN <
veV

O

Note that the primal parameter that we are interested in is z; = V f*(z;), and not y; or z; which are
dual parameters.
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