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APPENDIX

In section [A] we establish technical lemmas based on the assumptions considered in the paper.
These lemmas characterize important properties of problem|[I] Notably, Lemma|[I]is instrumental in
understanding the properties associated with problem[I] Moving on to section[B] we present a series
of lemmas essential for deriving the rate results of the proposed algorithm. Among them, Lemma 2]
quantifies the error between the approximated direction Fj, and V/(xy). This quantification plays
a crucial role in establishing the one-step improvement lemma (see Lemma[7). Next, we provide
the proofs of Theorem I]and Corollary [I]in sections [C|and [D] respectively, that support the results
presented in the paper for the convex scenario. Finally, in sections [E and [ we provide the proofs for
Theorem [2] along with Corollary [2|for the nonconvex scenario.

A SUPPORTING LEMMAS

In this section, we provide detailed explanations and proofs for the lemmas supporting the main
results of the paper.

A.1 PROOF oF LEMMA[I]

(I) Recall that y*(x) is the minimizer of the lower-level problem whose objective function is strongly
convex, therefore,

< (Vy9(x, ¥y (%)) — Vyg(x, 7 (X)), ¥ (x) — y* (X))

= (Vyg(%,¥" (%)) = Vyg(x,y" (%)), y" (%) - ¥ (%))

fg ly™ (x) = y* (X

Note that V,g(x,y*(x)) = V,9(X, y*(X)) = 0. Using the Cauchy-Schwartz inequality we have

1 Iy* () = y" (®I” < IVy9(%,y" (%)) = V(¥ () ly* (x) = y* (2|
< O llx = xllly* () —y" (%)

where the last inequality is obtained by using the Assumption [2] Therefore, we conclude that
g ly* (x) — y*(X)|| < CJ,[[x — x]| which leads to the desired result in part (I).

(IT) We first show that the function x — V,, f(x, y*(x)) is Lipschitz continuous. To see this, note
that for any x,x € X, we have

IV, f(x, 5" (%) = Vy (5" (R))I| < Lillx = % + L], [ly*(x) — y* ()|

L C9
S (Lg}/cL + M) ||X - i”:
Hg

where in the last inequality we used Lemma [T}(I). Since X' is bounded, we also have ||x — X|| < Dyx.
Therefore, letting x = x* in the above inequality and using the triangle inequality, we have

f 9
T

L C
193706y NI < (B + =22 ) D+ [V, £ (3 ()l

g

s
Thus, we complete the proof by letting C?f = (L{;m + %)D;\g + |V f(x*, 5y (x*)]|.

Before proceeding to show the result of part (III) of Lemmal[I] we first establish an auxiliary lemma
stated next.

Lemma 3. Under the premises of Lemma |l| we have that for any x,%x € X, ||v(x) — v(X)| <
C, ||x — x|| for some Cy, > 0.
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Proof. We start the proof by recalling that v(x) = V2 g(x,y*(x)) ™'V, f(x,y*(x)). Next, adding
and subtracting V2 g(x,y*(x))V, f(X, y* (X)) followed by a triangle inequality leads to,

[v(x) = v

= [V5y9(x. ¥ ()] 7'V, f(x,y7 (%)) = [V yg(i Y @)V, f (% y (%)l

< V3,96 y™ ()] (Vy f (¥ (%)) = Vi (%" @) | + (V5,90 " (x))]
— [V5,9(%y" (®)] )V, (% y" ()]

< ui(Liwllx = x|+ Ly Iy (x) = y* ®)ll) + Cy V3, 9(x,y* (x)] 7" = [V5,9(x,y" ()]

g

(13)
where in the last inequality we used Assumptions[I]and 2}(iii) along with the premises of Lemmal|T}
(II). Moreover, for any invertible matrices H; and H», we have that

1Hy ™ = H = ([ H Y (Hy = He) Hy | < [ HZ IV Hy = He |l (14)
Therefore, using the result of Lemma [TH(I) and (T4) we can further bound inequality (I3) as follows,

[v(x) = v(x)]|
1 , _ A o
< /T(L'Zzllx — x| + Lj, Ly [lx — x[|) + CJ [[V3,9(x, 5" (x)] ™" = [V3,9(%, y" ()] ]|
9
Vopr opr I < . “(x
/T(Lym + Ly, Ly) x — || + FLW(HX — %[+ [ly*(x) - y* (%))
g g

IN

Li,+ LI L, CfLg )
:( Y vy + Y yy(1+L ))HX—XH
,ug Mg
5ot
The result follows by letting C,, = Lot Ly Ly

Hg

clfrLe
+ yugyy(1+L) O

(IIT) We start proving this part using the definition of V/(x) stated in (7a). Utilizing the triangle
inequality we obtain

[VE(x) — V)|
= | Vo f(x,y"(x)) = Vi, 9(x,y*(%)v(x) — ( (XY (%) = Vi, g%,y (X)v(x) |
< Ve f(x, 5" (%)) = Vo f (%, 7" () + [ [V35e9(% vy (X)v(X) = Vi,9(%,y"(X))v(x)]
+ (V29X y (X)v(x) — Vi, g9(x, v (x))v(x)] | (15)

where the second term of the RHS follows from adding and subtracting the term V7, g(X, y* (X)) v(x).
Next, from Assumptions[T}(i) and 2}(v) together with the triangle inequality application we conclude
that

IVE(x) = VIR < Lilx = =] + L1, ly* (%) =y &) + ClLllv(%) - v(x)]
cf
+ ﬁ\lvwg(x Y (%) = Vi y (%)) (16)

It should be that in the last inequality, we wuse the fact that vic)| =

§
I [ngg(x7 v ()] TV, fxy (X)) < % Combining the result of Lemma |1| part (I)
and (IT) with the Assumption |Z|-(iv) leads to

IVe(x) = VE)| < L, [Ix — x| + LI, Ly x — x[| + C§,Cvllx — x|

Cf S * * (=
+l7yLZI(HX—XII +ly* (%) = y*(®))
g9
< Li,lx = x|| + LI, Lyllx — x|| + %, Cv|x — x|

cy - -
2L (= 5 + Ly e - 1)
g

cf
< (Lf, + LiLy + CY,Cy + M—ngAl +Ly))[x — x| (17)
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s
The desired result can be obtained by letting L, = L], + L{ Ly, + C9,C, + %ng(l +Ly). O

g

B REQUIRED LEMMAS FOR THEOREMS [I|AND

Before we proceed to the proofs of Theorems [[|and 2] we present the following technical lemmas
which quantify the error between the approximated solution yj, and y* (xy), as well as between w1
and v(xy).

Lemma 4. Suppose Assumptionholds. Let {(Xk,Yi)} k>0 be the sequence generated by Algorithm
such that oo = 2/(ug + Lg). Then, for any k > 0
k-1
Iy =y (i)l < B¥(lyo — y*(x0)|| + Ly Da Y 7B, (18)
i=0

where 3 £ (Lg — p1g)/(Lg + ftg).

Proof. We begin the proof by characterizing the one-step progress of the lower-level iterate sequence
{yx}x- Indeed, at iteration k we aim to approximate y*(x+1) = argming g(xx11,y). According
to the update of y;41 we observe that

I? I?

= llyx — ¥ (%k+1) — aVy9(Xkt1, k)
= llyr — ¥ %kt 0)|I* — 20(Vyg(Xps1,¥5), ¥k — ¥ (Xkt1))
+ I Vyg(xe1, y8) 1 (19)

Moreover, from Assumption@] and following Theorem 2.1.12 in (Nesterov, 2018), we have that

||Yk+1 - y*(xk+1)

* pgLg * 2 2
(VygXit1,¥%): Y6 = ¥ (xkt1)) =2 — —— vk =¥ e ) I” + ———[IVyg(xpt1, 1)
! tg + Lyg pg+Lg 7
(20)
The inequality in (T9) together with (Z0) imply that
* " 2apg L .
[yksr =y )P < lye =" ) 12 = ==y — 3 (xe0) |12
tg + Ly
2a
+ (a2 = — ) Vg e, v 1% @D
thg + Ly Y
Setting the step-size o = Mgi 7 in leads to
* g — Lg\? * 2
Iyisr =y Gorsn)ll? < (B2 )y — v Gersn)l 22
thg + Lyg

Next, recall that 8 = (Lg — jg)/(Lg + f14). Using the triangle inequality and Part (I) of LemmalT|
we conclude that

[¥r+1 = ¥ (K1) | < Bllyr = ¥* (Kpt1) |
< Bllye =y Gell + lly* (xi) = ¥ (i) ]
< B{lye = ¥ i)l + Ly [ = ] 23)

Moreover, from the update of xjy; in Algorithm [l and boundedness of X we have that
Ixk+1 — Xk|| < viDx. Therefore, using this inequality within (23) leads to

Iyer1r =y (xrs)ll < B llyr —y* (xx)|| + ByrLyDx.

Finally, the desired result can be deduced from the above inequality recursively. O

Previously, in Lemma 4] we quantified how close the approximation yy, is from the optimal solution
y*(xx) of the inner problem. Now, in the following Lemma, we will find an upper bound for the
error of approximating v(xy) via Wy41.
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Lemma 5. Let {(xy, W) >0 be the sequence generated by Algorithm|l| such that ~;, = . Define
o = (1 - Niphg) and C 2 Ly Su —|— Lf Under Assumptwnsland 2|\ we have thatfor any k >0,

YY pg
[Wii1 — v(xi)[| < prllwi — v(xk-1)|| + pCvyDx + i Ca (B DY + Lyyi—3 BDX)- 24
Proof. From the optimality condition of (8) one can easily verify that v(xx) = v(xi) —

Mk (V2,9(Xk, y* (Xk))V(Xk) — Vy f (Xk, y* (1)) . Now using definition of wy, 1 we can write
[Wet1 — v(xi)|| = H (Wk — (Vi 9(Xk, Y)W, — Vyf(Xk7Yk))) - (V(Xk)
— (V2,900 ¥ (xi )V (k) = V(x5 (x0)) ) |
= H (I — Vo, 9(xk, Yk)) (Wi — v(xk)) — 7k (Vf,yg(Xk, Yk)

- Vf,yg(xkay*(xk))>v(xk) + 1k (Vyf(xk’y*(xk)) - Vyf(XkaYk)) )
(25)

where the last equality is obtained by adding and subtracting the term (I — 7y V2, 9(Xk, Y1)V (Xk).
Next, using Assumptions[I]and 2] along with the application of the triangle inequality we obtain

[Wit1 — vl < (1= npg) Wi — v(xe)ll + n6 L5, lye — y™ (xa) [l v(xe)
+ L, lye — y* (%)l (26)
)
Note that [|v(xz)|| = [|[[V2,9(x, y*(x))] 7'V, f(x,y*(x))] < l%’ Now, by adding and subtracting

v(xp_1) to the term ||w;, — v(x;)]|| followed by triangle inequality application we can conclude that

[Wri1 = v < (1= nkpg) [Wi = v(xk-1) [ + (1= 1iopg) |V (xk—1) = v (x|
f

C;
(L 1y )y =y (a0 &)

Therefore, using the result of Lemma@ we can further bound inequality (27) as follows
Iwier = vl < (1= mopg) W — vl + (1= miptg) v lxis — x|
+ mCallyr — y" (xi) |

B
< prllwi, — v(xk-1)| + prCyvyDx + n:C1 (8" DY + LyVme) (28)
where the last inequality follows from the boundedness assumption of set X, recalling that DY =
llyo — ¥*(%0)||, and the fact that S5 gF—i < % O

Lemma 6. Let {(xy, W) }i>0 be the sequence generated by Algorllhmlwnh step-size N, =N <
ll gB where [ is defined in Lemma Suppose that Assumpttonlholds and v(x_1) = v(xq), then
forany K > 1,

vpCyDx  nC1DYp5+tt  ynBCiLyDx

- =B TU-pa-p)

Wi — v(xr—1)| < p™|wo — v(x0)]| + (29)

where p 21 — Nfkg-

Proof. Applying the result of Lemma 5| recursively for k¥ = 0 to K — 1, one can conclude that
K K

Wi = v(xi—1)| < p"[[wo = v(x0)[| + CoyDx > p' +1C1 Y (B'Df +LyDx
i=1 i=0

6 K—1
17/3)”
K

< Pl wo — vi(xo) | + 1%pcvwx DY (S B
1=0

K
VWﬁCILyDX K—i
4 T 7 e (30)

=0
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where the last inequality is obtained by noting that Zfil pt < ﬁ. Finally, the choice n < 1;5
implies that 5 < p, hence, Zfio(%)’ < 525 which leads to the desired result. O

B.1 PROOF OF LEMMA[2

We begin the proof by considering the definition of V¢(xy) and F}, followed by a triangle inequality
to obtain

|VEe(xk) = Fil| < |Vaf (Xe, Y (xk)) — Vo f (X, y1)||
IV 9 (b, Y ) Wht1 — Vi g(Xe, y* (x1)) v (%) | (D

Combining Assumption (i) together with adding and subtracting V2, g(X, y)v(Xx) to the second
term of RHS lead to
IVe(x) = Fiell < LI llye = y* (i)l + V5090 yi) (Whern = v(xx)) + (Vio9(xe. yr)
— V39(%e, y* (%)) v (x|
cy
< Liylyr =y (o)l + Cfallwirr — v(xi)l| + L&;f\l}’k -y (=)l (32)
g

where the last inequality is obtained using Assumption [2]and the triangle inequality. Next, utilizing
Lemma @] and [ we can further provide upper-bounds for the term in RHS of (32)) as follows

YBLyDx
T+ O (P o — (x| +

nCy1 D pk+? + ’YUﬂclLyDX)
p—p (1-p)(1-5)

vpCyDx

IVe(xk) — Fl| < C2(8 DY + T

B.2 IMPROVEMENT IN ONE STEP

In the following, we characterize the improvement of the objective function ¢(x) after taking one
step of Algorithm [I]

Lemma 7. Let {xk}ffzo be the sequence generated by Algorithm Suppose Assumptionsand
hold and ~y, = vy, then for any k > 0 we have

7?C2 DLy B

((xk11) < 0(xx) —¥G(xx) +7C28* DY D + +Cy, [VDxpkH [wo — v(x0)l

1-p
2792 Yy k-+2 272
v°D%pCy  YDxDyCinp ¥ DXLyclﬂn} 1 9 9
T + + =Ly D%. (33)
1—p p—B (1=p)A=p1 2 .

Proof. Note that according to Lemma (III), £(-) has a Lipschitz continuous gradient which implies
that

1
U(xpr1) < U(xk) + 9 (VE(XE), 86 — Xk) + 5L472||Sk - x|

1
= E(xk) + ’Y(Fk, SE — Xk> + ’y(Vﬁ(xk) — Fy s — Xk> + QLg’yzHSk - Xk||2, (34)

where the last inequality follows from adding and subtracting the term v(F}, sy — Xj) to the RHS.
Define s}, = argmax,{(Vl(xx),xr — s)} and observe that G(xi) = (VI(xx),xx — s},) by
Definition[I] Using the definition of sj, we can immediately observe that

<Fk,Sk — Xk> = géi)r(l<Fk,S — Xk>
< <Fkvs;c - Xk>
= (VU(xp), s}, — xk) + (Fy — VLX), 8}, — Xp)
= —G(xk) + (Fx — VU(xg), 8}, — Xk)- (35)
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Next, combining (34) with (33) followed by the Cauchy-Schwartz inequality leads to

1
O(xp41) < L(xk) = vG(xx) +VIVUxk) — Filllsk — sl + §LW2||SI< -xi* (36)

Finally, using the result of the Lemma [2] together with the boundedness assumption of set X we
conclude the desired result. O

C PROOF OF THEOREM[I]

Since ¢ is convex, from the definition of G(xy) in (@) we have

G(x) = géfﬂ/g@({(VZ(xk),xk —s}) > (Vl(xg),xk — X)) > U(xy) — £(x"). 37)

We assume a fixed step-size in Theorem [T]and we set y;, = ~. Combining the result of Lemma 7] with

leads to

. Ky VCoDRLyB | Bt
C(xpy1) < 0(xk) — y((xx) — £(x")) +7C2B" Dy Dy + T3 + Oy |7Dxp™ [|[wo — v(xo)||
22 y k+2 2792
7" D3pCyv | ¥DxDyCinp V" DiLyCiBn) | 1o 50
+ + + =L D5%. (38)
1—p p—B 1-p1-pl 2 o
Subtracting ¢(x*) from both sides, we get
E(tp 1) = (x7) < (1 =) (U(xx) = (X)) + Ri(7), (39)
where
2CyD3L
Ru) &0 DD + T2 4 [y o — v
2D2 D Dy k+2 2D2 L 1
Y XpCV + YVx OClnp v X yclﬁn + *LZ'Y2D?Y (40)
L—p p—B 1=8)1=p) 2
Continuing (39) recursively leads to the desired result. O
D PROOF OF COROLLARY [I]
We start the proof by using the result of the Theorem([T] i.e.,
K—1
Uxr) = 7)< (1 =) (Elxo) = €x*) + D (L= T Ri(v). (41)
k=0
Note that
K—1
> (1= T R(y)
k=0
K—1 K—1
DL
= oDy 30 (1)Kt + PPN g e
k=0 -8 k=0
K—1 oC K—1
+ Cga (pDallwo = vixo)ll| 32 (1 =) Eph| + T 3T (1 - ) KRy
—p
k=0 k=0
DxD§Cinp® - K—k., k D3LyC1fn - K—k.2
L=7)" " yp™ | + L=7)"""y
e POl b e e 1P}
1 K—1
+ LD [ D (1=K Ea2)
k=0

18
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Moreover, one can easily verify that 3" p ' (1—~)5 4% < y(1—7) and 31" (1 — )5 Frph <
10=7). from which together with the above inequality we conclude that

[1—y—p]
K-1
> (=N FRe(y)
k=0
CaDDxy(1 —7) | CaD3LyBy(1 —79) Dxpy(1—1)
< 1=~ -3 1-3 JFC{(LC(mHWO*V(Xo)”
DXCvpy(1=7) , DaDgCunp*y(1=7) | DRLyCiBy(L—=y)\ 1y o 0
T, Iy vy vy g B2 S )
Cvp Lyclﬁ >
=0 . 42
(1—p”<1—6><1—p>" @

Using the above inequality within (#T) we conclude that ¢(xx) — £(x*) < (1 — v)E(l(x0) —
0(x*)) + O(%V + %v) where Cy = O(3), C1 = O(k2), Ly = O(k,) as shown in
Lemma [3|and min{1 — p,1 — 8} = Q(H—lj) as shown in Lemma Next, we show that by selecting
v = log(K)/K we have that (1 — v)¥ < 1/K. In fact, for any z > 0, log(z) > 1 — 1 which
implies that log(=) > v = log(K)/K, hence, (;=5)" > K. Putting the pieces together we
conclude that £(xx) — £(x*) = O((1 — 7)X (£(x0) — £(x*)) + y&3) = O(k3/K), which leads to
an iteration complexity of O(k3e™?).

Furthermore, assuming that V,, f(x, -) is uniformly bounded for any x € X, we conclude that
Cf = O(1), hence, C; = O(ky) from which we have that £(xx ) — £(x*) = O((1 — )% (¢(x0) —
((x*)) 4 k). Therefore, selecting v = log(K)/K implies that £(xx ) — £(x*) = O(kj/K) which
leads to an iteration complexity of O(kje™1). O

E PROOF OF THEOREM 2]

Recall that from Lemma [7] we have

0(xy) — 0(x C,D%2L
g(xk) < W+C?BkDgDX+w+ng|:Dka+lWO_V(XO)”
D2,pC,  DxDICnpkt? D%L,C 1
L YD xDgCuinp 1D%Ly 1ﬁn}+7Lng€
L—p p—B (1=8)A-pd 2

Summing both sides of the above inequality from k = 0 to K — 1, we get

K—1 B . , )
> Gxi) < fxo) = fx) | C2DoDix | 7C2Dalyl C-%[pDXHWo v (xo) |
k=0 v 1-p 1-8 v 1-p
1D3pCy  DaDYCinp®  ADILyCifny K .,
K + + =Ly D%,
L—p (L=p)(p—B) (1-3)(1-;;)} g X

where in the above inequality we use the fact that Zfio Bt < ﬁ Next, dividing both sides of
the above inequality by K and denoting the smallest gap function over the iterations from k£ = 0 to
K —1,i.e.,

K—-1
s . 1
S < —
Gr o fmin G(xg) < e ,;) G(xx),
imply that
— D2, pC,CY D%2C9 L, C
G < lxo) — txx) | 1C2DaLyf  7DXpCvCyap  7D3Chaly 161 N leDi
Ky 1-5 L—p (1=8)1-p) 2
N CoD{DxfB  DxCi.pllwo —v(xo)| = DxD§Cg,Cinp? “3)
K(1-p5) K(1-p) K(1-p)1-p)
L]
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F PROOF OF COROLLARY 2]

We begin the proof by using the result of the Theorem [2]

— D% pC,CY D%2cC9 L, C
Gpe < K(XO) K(XK) + ’YC2DXLyﬂ TYVxP yaP + T xCyrliy 1677 n lLé’YD?\f‘
K~y 1-5 1—p (1=p1-p) 2
n CoDYDxf  DxCY.pllwo —v(xo)|  DxD§CZ,Cinp”
K(1-5) K(1-p) K(1-p8)(1-p)

Ky P i-p Ta-p-p

The desired result follows immediately from (@3) and the fact that ¢(x*) < ¢(xx). Moreover,

similar to the proof of Corollary [I| we have that C, = O(k3), C1 = O(x}), Ly = O(ky),
and min{l — p,1 — 3} = Q(é) Hence, by choosing v = 1/(k2°V/K), we obtain that G}; =

Oz +Ky) = O(k2° /v/K), which leads to an iteration complexity of O(k5e~2).

_ (9( 1 n vCaoLy 8 7Ly C18 )

Furthermore, assuming that V,, f (2, y) is uniformly bounded, we conclude that C’g = O(1), hence,
C; = O(kg4) from which we have that G- = 0(1% + 7K3). Therefore, selecting v = 1/(k2vK)
implies that G- = O(k2/+v/K) which leads to an iteration complexity of O (ke ~2). O

G ADDITIONAL EXPERIMENTS

In this section, we provide more details about the experiments conducted in section[5]as well as some
additional experiments.

G.1 EXPERIMENT DETAILS

In this section, we include more details of the numerical experiments in Section E} The MATLAB
code is also included in the supplementary material.

For completeness, we briefly review the update rules of SBFW (Akhtar et al.,[2022)) and TTSA (Hong
et al.| 2020) for the setting considered in problem (I)). In the following, we use Py (-) to denote the
Euclidean projection onto the set X'.

Each iteration of SBFW has the following updates:

Vi =Yi-1 — 0k Vyg(Xp—1,¥r-1),
d. = (1 — pr)(dk—1 — h(Xk—1,¥k-1)) + h(Xk, Yk),

s = argmin(s, dg),
seX

X1 = (1 — me)Xp + mxsk

Based on the theoretical analysis in (Akhtar et al., [2022), pr, = k:l% N = W, and 6, = k‘f%

_ : 2 Hg
where ap = min {—3%, 217

which can be computed as follows

hxi,yi) = Vo f (X, Yr) — M(Xi, i)V f (Xi, Vi),

}. Moreover, h(Xg,yx) is a biased estimator of the surrogate ¢(xy)

where the term M (x, y}) is a biased estimation of [V g(xx,yx)] " with bounded variance whose
explicit form is

k 1
M(Xkayk) = V?ng(xkayk) X [fnizl (I - L*V?,yg(l‘myk))}»
g g9

andl € {1,...,k} is an integer selected uniformly at random.
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Figure 3: The performance of IBCG (blue) vs SBFW (red) on Problem (44) when g = 1. Plots from
left to right are trajectories of 0y, and f (A, 0k) — f*.

The steps of TTSA algorithm are given by
Yit1 = yr — Bh,

Xp+1 = Px(xk — ahi),

hi = Vy9(Xk, ¥1),

tma k Ch Ch
hi = Vaf (X, k) = VZ,9(Xp, i) X {72( ) Iy, (I - fviyg(xk,}’k))}Vyf(Xk,Yk),
g
L9 CY. cy,
where based on the theory we define L = Lf + y i + Cg( H“ + %), and L, = f’

thenseta:mln{SL iz 1L, LK 3/ } 8= mm{—g 2 g—2/5 } maz(k):l%’log(k—kl),
p€{0,... tmas(k) — 1}, andch € (0,1].

G.2 TOY EXAMPLE

Here we consider a variation of coreset problem in a two-dimensional space to illustrate the numerical
stability of our proposed method. Given a point xy € R?, the goal is to find the closest point to x
such that under a linear map it lies within the convex hull of given points {1, 22, 73,74} C R?. Let
A € R?*2 represents the linear map, X = [x1, 29,23, 74] € R?*4, and Ay = {\ € R¥|(\, 1) =
1,A > 0} be the standard simplex set. This problem can be formulated as the following bilevel
optimization problem

1

. 1
gg{lg\\ﬁ(/\)*xo\\z s.t. G(A)earf)%l]élzln?\AG—X)\Hz. (44)

We set the target 9 = (2,2) and choose starting points as 6y = (0,0) and Ay = 14/4. We
implemented our proposed method and compared it with SBFW (Akhtar et al.| [2022)). It should
be noted that in the SBFW method, they used a biased estimation for [V, g(X,0)] * = (AT A)™!

whose bias is upper bounded by ;% (see (Ghadimi & Wang}, 2018, Lemma 3.2)). Figureillustrates

the iteration trajectories of both methods for p, = 1 and K = 102. The step-sizes for both methods
are selected as suggested by their theoretical analysis. We observe that our method converges to the
optimal solution while SBFW fails to converge. This situation for SBFW exacerbates for smaller
values of 4.

Figure@]illustrates the iteration trajectories of both methods for 1, = 0.1 and K = 10? in which we
also included SBFW method whose Hessian inverse matrix is explicitly provided in the algorithm.
The step-sizes for both methods are selected as suggested by their theoretical analysis. Despite
incorporating the Hessian inverse matrix in the SBFW method, the algorithm’s effectiveness is com-
promised by excessively conservative step-sizes, as dictated by the theoretical result. Consequently,
the algorithm fails to converge to the optimal point effectively. Regarding this issue, we tune their
step-sizes, i.e., scale the parameter § and 7 in their method by a factor of 5 and 0.1, respectively. By
tuning the parameters we can see in Figure [5|that the SBFW with Hessian inverse matrix algorithm
has a better performance and converges to the optimal solution. In fact, using the Hessian inverse as
well as tuning the step-sizes their method converges to the optimal solution while our method always
shows a consistent and robust behavior.
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Figure 4: The performance of IBCG (blue) vs SBFW (red) and SBFW with Hessian inverse (green)
on Problem (@4)) when 1, = 0.1. Plots from left to right are trajectories of 6, and f(Ax, 0r) — f*.
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Figure 5: The performance of IBCG (blue) vs SBFW (red) and SBFW with Hessian inverse (green)
on Problem @4) when p1, = 0.1 and the SBFW parameters are tuned. Plots from left to right are
trajectories of 0y, and f(\g, 0;) — f*.

G.3 MATRIX COMPLETION WITH DENOISING

G.3.1 SYNTHETIC DATASET

Dataset Generation. We create an observation matrix M/ = X + E. In this setting X =wwT
where W € R™ " containing normally distributed independent entries, and E = #(L + L) is a
noise matrix where I € R™*"™ containing normally distributed independent entries and 72 € (0, 1) is

the noise factor. During the simulation process, we set n = 250, 7 = 10, and a = || X ...

Initialization. All the methods start from the same initial point xo and yo which are generated
randomly. We terminate the algorithms either when the maximum number of iterations K., = 10*
or the maximum time limit T}, = 2 X 102 seconds are achieved.

Implementation Details. For our method IBCG, we choose the step-sizes as v = ﬁ to avoid

instability due to large initial step-sizes, and set o« = 2/(pg + Lg) and n = 0.9 X 1;—/5 We tuned the
9

step-size 7y, in the SBFW method by multiplying it by a factor of 0.8, and for the TTSA method, we
tuned their step-size 5 by multiplying it by a factor of 0.25.

G.3.2 REAL DATASET

In order to emphasize the importance of projection-free bilevel algorithms in practical applications,
we conducted further experiments using a larger dataset known as MovieLens 1M. This dataset
consists of 1 million ratings provided by 6000 individuals for a total of 4000 movies. In Figure[6]
the inferior performance of TTSA algorithm in actual computation time, especially when dealing
with large datasets becomes more evident. The observed difference can be attributed to the utilization
of the projection operation in contrast to the projection-free algorithms. TTSA requires performing
projections over nuclear norm at each iteration which is computationally expensive due to the
computation of full singular value decomposition. In contrast, projection-free algorithms IBCG
and SBFW solve a linear minimization at each iteration, which only requires the computation of
singular vectors corresponding to the largest singular value. On the other hand, considering the slow
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Figure 6: The performance of IBCG (blue) vs SBFW (red) and TTSA (yellow) on Problem (2) for
real dataset. Plots from left to right are trajectories of normalized error (&), ||V, (zk, yx)||, and

f(x, yx) over time.

convergence rate of SBFW, when the size of the dataset increases, the improved performance of our
proposed method becomes more evident compared to SBFW.
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