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A Appendix: Dual Forms of Subquadratic Penalties

A.1 Dual Forms for Common Penalties

The full version of the Table[I]is given in Table [3] The dual formulations are derived in the next
sections.

Table 3: Common penalties and their corresponding dual formulations.

Penalty Q(w) /) s (w)
a1 Jw] nj || )
t, p€(0,2) 1HWHP Hlnl\q rq =5 w; > 7wl
@, pe(0,2) o lw;[P e =g |w; [*7P
fo ]1{|wj|>()} 2]1{77J>0} OC]l{"UJJ‘>O}
. ;(1-6)2 v
ELASTICNET(6) [46] Qw? + (1 — 0)|wy| B H =10, 4] gy
Lw? + £ jwj| <e
HUBER(e) [11]1122] {25 7o nj, H = [e, o) max {e, |w;|}
Jwj, |w;| > & ! . !
2 A, /e2 fdn, —
LoGSUM(e) @] log (jusl +2)  2log (VEEEE) - WDy 4 o)
w; . wj| < A Jw;l, lw;| < A
SCAD(a. \) [13] Za/\\w]\f’w‘ffx\z Xal Ul nj < A (ail))\\w” ] A a\
(a, N) [13] BTy lw;| € (A, aA] (a+1)zj—x7nj>/\ e =Tyl [wj| € (A, aA]
5, | > a) (aTiry =, | > ax
w? aX|w;| )
MCP(a, \) [44) ;] = gox: [wjl < aX @ ar—Tuy] 103l < aX
@ lw;| > aX nite o, |w;] = aX
HARDTHRESH(k) [7] ol {|wl, > k} 0, H={n:|nl, <k} ool {j € Tor-k(w)}

A.2 General Strategy

Define g(u) := Q(u®2) for u € R? and h(v) = f(—vO!) for v € @io. As mentioned in
Section[2.2] when g is concave, —2¢g and h comprise a Legendre—Fenchel conjugate pair, each being
convex functions. That is, the following relationships hold:

—2g(u) = supu' v — h(v), h(v) = supu'v + 2g(u). (22)
We can thus obtain —2¢g and h from each other by solving these optimizations. If the functions

are differentiable, the following first-order conditions must hold for the dual pair u* and v*, the
argument and maximizing variable in either equation in (22):

u* = V h(v¥), v = —2V,g(u™). (23)

Note that the second condition is equivalent to (7). Once we have characterized g and h, we can
recover {2 and f by considering w®? = uand n = —v©~!. In the following sections, we use these
properties to obtain the dual forms presented in Table[I] For separable penalties, it suffices to derive
the dual form of the scalar penalty.

A3 [lfor0<p<2

This formulation can be found in Lemma 3.1 of Jenatton et al. [26]], but we present another derivation
here. First we compute the gradient

1 1_9q
» P 1 » » P
g(w) = (Zui) —  Vag(u) = ;u®! (Z u) : 24)
J J

The the first-order condition is

—2
Vi = - g(ut) (25)
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which gives 7);(w) = |wj|2_p|\w\|zfl. Now then

h(v¥) = — (Z u;‘f§> g(u*)' "7 4 2g(u*) (26)
= —g(u*)Pg(u*)' 77 + 2g(u*) 27)
= g(u®). (28)

Since g(az) = \/ag(z), we can solve (23) for g(u*):

Thus, £(n) = |n], for g = 52

A4 (Pfor0<p<2

First we compute the derivative

) e

(—v*)@v%) (30)

<
2()7)
)

H) . (32)

o) = ~uf = g = gut (3)
Then the first-order condition is
vt = T (34)
which gives fj(w) = |w|?>~P. We also have u* = —v* 772, which gives us
h(e") = ~(=0)7 4 2 (o) G9)
= 2%’ —vl*) o (36)

Thus, f(n) = g0 for g = 32

A.5 Elastic Net

First, we compute the derivative

gy =dur 1o — g =

2
The first-order condition is

v¥ = —0

which is bounded by v* < —6. From this we obtain 7(w)

g 1-80
— . 7
2 + 23/u 37
1-06
_ - 38
= (38)
= %. We also have v u* =

—12% . This gives us
% 2 2 2
o (102 616 2(1-6)
M) = T o T T T (mor—0) 59)
(1= 0)?
- o 28 (40)
Thus, f(n) = "(11:”09)2 forn < 5.
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A.6 Huber

As usual, first we compute the derivative

1,4 < < L <e
g(u) — {25u+ 27 \/a\g — g’(u) — 251’ \/E ) (41)
Vu, Vu>e s Vu>e
The first-order condition is
1 1
* = —min{ -, — 42
v min { o \/17*} , 42)
which is bounded by v* > —1. This gives us j(w) = max {e, |w|}. For v* > -1, V/u* = — 4 50
1 1 1
®) __ —
Thus, f(n) = nforn > ¢.
A.7 Log Sum
First, we compute the derivative
1
=1 +e = () = ——————. 44
() = log(/u + ¢) 00 = 5 (44
Then the first-order condition is
v* = S (45)
VauF(Vaut +e)
This gives us 7j(w) = |w|(Jw| + €). Rewriting the above as a quadratic equation in v/u*, we have
1
(Vu*)? + evu* + — =0, (46)
v
Je2 4 _
which gives the inverse mapping vu* = % Thus we get

2 2 4
* 4 5 _'ui*_'—&
h(v*) = ”Z («/52 - —5) +2log | ——"— |. (47)

Y 2
Thus, f(n) = 2log <62J;477+€) - ﬁ (\/52 +4n — s) .

A8 SCAD

The SCAD penalty as presented by Fan and Li [13] uses the regularization scaling A as a parameter,
so first we factor it out:

|wl, [w| < A
C2_\2
AQ(w) = A { 2RIyl e (A a)] (48)
@, |w| > aA
We then compute the derivative
Va, NIEP) ﬁ Vu <A
_ QGA\/E—T,L—)\2 A )\ / _ a 1 )\ A
g(u) = P CES Vue(hal] = g(u) = 2—Dva _ 2(a-1)x° Vu e (A al].
(a+21))\, V> a) 0, Vu > al

(49)
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This gives us the first order condition and in turn 7:

e VuE < A
v = v T e VuF e (A al] (50)
0, VuF > a
|wl, lw] < A
— fw) = S LSBRL | e (A aN] . (51)
o0, |w] > aX

Now when Vu* < A, v* < —1, and when vu* € (X, a)], v* € (—%,0]. In the first case,
Vu* = —Ui*, and in the second, vV u* = W Therefore,

12 e 1
h(v*) = e ( A ) 252 2 oA (52)
- 2a\ & — a —\
(1_&23\3’;}*)2 + 17(aiI)M*(a—l()lg(‘kUM*)2 ’ v* > _%
-, <-4
=1 a(a=DA%0* 12222 (1— (a—DAv¥)—a? A2 = A2 (1—(a—1)Av*)? " A (53)
(a—DA1=(a=1)rF)2 » VT > X
=, o<
= 4 AMa—a?(a—1)Av* —(1—(a—1)Av*)?) w 1 (54)
(a—D)(I—(a—T1)AvF)2 » VT >
1 * 1
NGE vt S =X
=4 Ala®—14(a—1)Av*) 1 (55)
{(a—l)(l—(a—l))\v*)’ vt > =%
1 * 1
— = v < — =
= {WLW*) po 1 (56)
1—(a—1)Av*> AC
From this we obtain
7, n<A
Fm) =14\ (atnn-2 (57)
Mapans 1> A
A9 MCP
As with SCAD, we first factor out the A from the penalty:
a2
_ w <
AQ(w) = A 01— s fwl<ad (58)
%, |w] > aX

We then compute the derivative

\/ﬂ*ﬁ, \/aéa)\ ’ 72\1/7772(})\7 \/aéa)\
= N = u 5
g(u) {aQ)\’ \/ﬂ>a)\ g (u) ( 9)

Our first-order condition is

__1 1 %
U*z \/ui*—’_a)\’ u <a)\7 (60)
0, VuF > al
from which we obtain
AAlwl | < a)
N(w) = { ar=lwl . 61
f(w) {oo’ lw| = a) (61)
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We have the inverse mapping v/ u* = %, which gives us
a’ ¥ 2a\ a\
h(v*) = + — 62
(v) (I—aX*)?2  1—alv* (1—adv*)? 62)
_ aX(a w® +2(1 — adv*) — 1) 63)
(1 —adv*)?
a
=——. 64
1 —aXv* ©4)
. . aX
From here, we directly obtain f(n) = k.
A10 4y
The ¢, penalty is not differentiable. However, it is separable, and in one dimension we have
g(u) = 1{u > 0}. (65)
Thus —2g¢ is convex since its epigraph is a convex set. For u = 0, —2¢ has a supporting line with
slope —o0, and elsewhere with slope 0. Thus we have the relationship v* = —ool {u* = 0}, which

yields j(w) = o1 {|w| > 0}. The mapping u* — v* is not invertible, so we consider two cases of
v¥:

0 v¥ = —0
h(v*)=<{" 66
) {supu>0 wo* +2g(u), v* > —w (66)
=21 {v* > —o0}. (67)

We thus conclude that f(n) = 1 {n > 0}.

A.11 Hard Threshold

For this penalty, we begin with the 7j(w) that yields the IHT algorithm when w is optimized by a
gradient step. This corresponds to

7 (w) = ol {j € Top-k(w)} . (68)

We thus seek to find a penalty that yields such an 7. In interest of mathematical preciseness, let us
define, given @ > 0 and m € [d], the set

8™ = Conv ({v:v; € {—a,0},#{j :v; = —a} =m}), (69)
where Conv(.A) is the convex hull of the set .A. Similarly define
8™ = Conv ({v :vj € [0, —a] U {0}, # {j : v; < —a} =m}), (70)
and lastly define
3’_”(1 = {v :v; <0} Vj forsome v' € S, }. (71)

Note that S™, € 8™, < §Ta and that §Ta is also a convex set. Now consider

he(v) = 0ol {v ¢ «S_@;k} . (72)
This function is convex as it has a convex epigraph. Its Legendre—Fenchel transform is given by
h¥(u) = supu'v — hy(v) (73)
= sup u'v (74)
vegi;k
< sup u'v (75)
vegf;k
_ T
= sup u'v , (76)
VGSi;k

18



where inequality holds because Sﬁ;’“ c §f;k the final equality holds by definition of §Eg’“. Clearly,
the inequality is equality since Sf;k c Si;k. Now consider that for any v € Sf;k, > ;Ui S
—(d — k)a and v; = —a Yj. We can choose at most k elements of v to be zero, so to achieve the
supremum we must choose them at the largest elements of u. That leaves then that the remaining
elements must be —a, so we have

h¥(u) = —a 2 u(jy.- (77
7>k
With corresponding v} = —al {j ¢ ToP-k(u*)}. Now, taking a — oo for v¥, h,, and hj; we can
determine 7, f, and (2. First, as desired,
1;(w) = lim — (—al {j ¢ Top-k(w)})~" (78)
= 0ol {j € Top-k(w)}. (79)
Then, since h,(v) is infinite for v ¢ S%,* and zero for v € S?,*, we have f(n) = 0 with
H=lim {n:-n°'eSWF (80)
a—0o0
={n:lnly <k} 1)
Lastly, we have
Q(w) = lim —2h7 (w®?) (82)
= ol {|w|, > 0}. (83)

B Adaptive Dropout with Additive Reparameterization

In Algorithm[I] we present one scheme for implementing adaptive dropout using an additive reparam-
eterization via a two-pass proximal update of the variables w and v. This method is equivalent to an
adaptive proximal stochastic gradient descent with the adaptive Tikhonov penalty.

Algorithm 1: Adaptive Dropout with Additive Reparameterization

Input: Differentiable £: R - R, #: R > H, A > 0, (pt)ie1, w°, a®.
Output: w7,
w2 = wo,

fort =1,2,...,T do

Draw s’ ~ MASK(a'™1).
Wil = w2 VL (w2 4 (sF — 1) O vih).
vbl — whl
n' =a(v)
vh? = (p:Adiag (n°) s I)_lvt’l.
wh? — vt
t
o) = etz Vi€ [d]
end

C Experimental Details

We use the PyTorch [34] and skorch [38]] libraries to implement deep network methods. On an Nvidia
980 Ti GPU, the experiment runs in about an hour. We randomly divide the MNIST training set into
training and validation sets with an 80/20 split. For methods involving optimization in log(n), we
optimize instead in log(#) for 7 = 1/A, as Molchanov et al. [32] do. We initialize with log(7;) = 5.
For the VARDROP methods, we use the dual penalty f(77) and implement the methods using code
provided by the authors [2]. For other methods, we simply use the LOGSUM(2) penalty (based on
Figure|I)) applied to n directly, along with a larger value of X to account for the implicit attenuation
of the Tikhonov regularization due to dropout with the cross-entropy loss. For all methods, we use
the Adam optimizer with a linear decay to 0O of the initial learning rate. The initial learning rate is set
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to be 104, but for a few methods this failed to converge to a sparse solution, so we increased it to
1073. For VARDROP, convergence was quite slow; running for a longer number of epochs, however,
does continue to improve the sparsity. Running for 1000 epochs, for example, gets the fraction of
nonzeros down to around 0.1, at a slight expense of accuracy. We report hyperparameters and test
error in Table d]

We measure sparsity using the same method as Molchanov et al. [32]: we count the values of
77 such that o(77;) < 0.05, and we zero out the corresponding w; when applying the network to
a validation/test sample. For n-TRICK, we observed that while the parameters w were indeed
converging to sparse solutions, the 1) parameters were not, resulting in a mismatch of the actual
sparsity of the network and our reported score; to remedy this, we apply a very small penalty of
A - 1073 1og(#), which did not seem to compromise network accuracy. We report the fraction of
nonzeros for each layer in Table 3

Table 4: Hyperparameters and final results for sparsification of LeNet-300-100.

Method A Learning Rate  Test Error  Fraction of Nonzeros
VARDROP+LR+AR 455 10~ 3.21% 0.024
VARDROP+LR e 1072 1.41% 0.088
VARDROP 59,000 1073 1.54% 0.595
n-TRICK 1073 1073 2.16% 0.051
ADAPROX 1073 1074 2.94% 0.028
ADATIKHONOV 1073 10~4 2.88% 0.018
LoGSum 1073 10~4 2.93% 0.019

Table 5: Layer-wise sparsification results for LeNet-300-100.

Method 784 x 300 300 x 100 100 x 1  Total
VARDROP+LR+AR 0.020 0.035 0.502  0.024
VARDROP+LR 0.072 0.189 0.999  0.088
VARDROP 0.568 0.788 1.000  0.595
7-TRICK 0.054 0.026 0.206  0.051
ADAPROX 0.026 0.024 0.399  0.028
ADATIKHONOV 0.016 0.025 0.460  0.018
LoGSuMm 0.016 0.025 0479 0.019
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