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A Additional Background on HMMs

In this section, we define in detail the HMM settings we are interested in, including the conditions for
Markov chains to converge to unique stationary distributions. Recall that a HMM is characterized
by the Markov chain’s initial state distribution and its state transitions, along with the emission
probabilities of an observation given the hidden state. With finitely many states and observations,
without loss of generality, states take values in X = {1,2,..., M} while observations take values
in O = {1,2,..., L}. The initial state distribution is denoted as 7 € R with 7; the probability
of starting in state 7, the state transitions are describe by the matrix A € RM*M with elements a;j
the probability of transitioning to state j from state 4, and the emission matrix B € RM*L contains
b;; the probability of observing { when in hidden state j. The triple A = (7, A, B) completely
parameterizes a finite-alphabet HMM.

Let { X1, X3, ...} denote a discrete-time Markov chain taking values in X’ with transition matrix A.

Let pz(-;) = P(X¢4n = j|X: = i) denote the n-step transition probability between states i, j € X.
State j is said to be accessible from state 7 if there exists an integer n > 1 such that pgl?) >0. A
subset C C X is called irreducible if every pair of states ¢, j € C is mutually accessible. The period

of state 7 is defined as c(i) = ged{n > 1 : p{"”

. > 0}, the greatest common divisor of all possible
return times. State ¢ is aperiodic if ¢(i) = 1. A Markov chain is termed geometrically ergodic if it is
irreducible and aperiodic, which guarantees convergence to a unique stationary distribution p € RM

satisfying pu = pA. The mixing rate p € [0, 1) is such that for all states ¢, j € X, there exists a

constant C' > 0 for which |p§;) — pj| < Cp™ forall n > 1. For a finite-alphabet HMM, p equals
A2, the second-largest eigenvalue of A. We run experiments on a few non-ergodic cases, while the
majority of HMMs are with ergodic state transitions to avoid dependence on the initial state.

The entropy H(X) of a discrete random variable X is defined as H(X) = — >, p(z) log p(z).
A fundamental property of entropy is that conditioning reduces uncertainty: for any two ran-
dom variables X and Y, we have H(X|Y) < H(X), with equality holding if and only if X
and Y are statistically independent [1]. By applying the chain rule of entropy, the joint entropy
of a stochastic process can be expressed as H (X1, Xo,...,X,) = Yo H(X;|X;—1,..., X1).
For a Markov chain with stationary distribution p, the entropy rate is defined as H(X) =
lim,, o0 %H(Xl,XQ, X)) = — Zm. tia;jlog a;;, which depends solely on the transition
matrix A. We additionally define the entropy of the emission matrix B as — . ; 115051 log b, which
quantifies the average uncertainty in observations given the underlying states. Although the entropy
rate of the observation process in a HMM has no known closed-form expression, it can be bounded
as H(O,|0pn-1,Xn-1,...,01,X1) < HO) < H({O,|Op—1,...,01). As A defines transitions
from X to X;41, and B determines sampling O; from X, the entropies of A and B combined help
us to control the entropy lower bound of the sampled HMM sequence.

Submitted to 39th Conference on Neural Information Processing Systems (NeurIPS 2025). Do not distribute.
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B Additional Details of Experimental Setup

Construct A with specific mixing rate, entropy, and steady state distribution. For an ergodic
Markov chain that converges to a unique stationary distribution, the stochastic matrix A can be
decomposed into eigenvalues and eigenvectors with the ordering shown in Figure 1, where TeRM
is a vector of ones, \s is the second-largest eigenvalue of A, and p is the stationary distribution
[2]. We leverage this decomposition to construct A with predefined A, and p. To determine
the remaining eigenvalues and eigenvectors, we formulate an optimization problem based on the
following requirements: (1) all entries of A are non-negative; (2) each row of A sums to 1; (3)
U~'U = 1; and (4) all remaining eigenvalues have magnitudes not exceeding \». The optimization
problem has the following form, where we translate the constraints above into penality terms.

M M 9 M M
i —a; M) — 12 o
iy, zijzlmax{ a”’O}Jrj-l((Zl_la”) 1) +‘§:: (VU I)lj—i—;max{)\z A2, 0}

st. A =Vdiag(1, A2, A3, ..., Ap)U, V=[1 Vy], U= {{ILT}
2

This is a nonconvex problem, which we solve using first order methods with pytorch. We randomly
initialize the free variables A3, ..., Ajs and V3 and then run 5000 iterations of Adam with step size
0.01 and default values for other parameters. After the optimizer terminates, we reject instances
which do not satisfy the constraints exactly. By initializing with multiple random seeds, we generate
matrices spanning the desired entropy spectrum.

Figure 1: The singular value decomposition of ergodic unichain Markov matrix A. The darker shaded
region is pre-defined for our controlled experiments. The lighter shaded region is randomly initialized
and calculated using a neural network.

Steady state distribution. We construct steady state distributions with varying skewness using the
Beta distribution with & = 1 and different values of 5. When o = 1 and 5 = 1, the resulting steady
state distribution is uniform. As /3 increases, the distribution becomes increasingly skewed toward
smaller state indices. Unless otherwise specified (Appendix D.3), we use a uniform steady state
distribution as the default configuration.

Entropy for visualizations. The entropy definitions H(A) and H (B, i) we introduced in Section
2.1 are used for constructing HMM parameters and sampling trajectories. For graphing main paper
Figure 4 (Left), we define normalized entropy considering both matrices:

H(A) + H(B, )
log M +log L

We define H(A) = H(A)/log M and H(B, u) = H(B, p)/log L for the main paper Figure 4
(Middle) and (Right).

T is when LLM converges to Viterbi. The concept of “convergence”, though intuitive to human eyes,
requires a specific numerical definition for plots like the main paper Figure 4. We define convergence
as the point where two conditions are simultaneously satisfied: (i) the accuracy difference between
Viterbi and LLM is within 0.025, and (ii)) LLM achieves at least 95% of Viterbi’s accuracy. We
use both constant and relative thresholds to ensure a strict convergence definition that accounts for
different baseline performance levels across experimental conditions.

H(A,B,p) =

Hellinger Distance. For two discrete probability distributions P, Q € R”, the Hellinger distance is
defined as

L
DHellinger(PvQ) = \2\/2(\/1?’1 \/@)2
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C Details of Benchmark Models

In this section, we provide descriptions and pseudocode for the benchmark models we use (main
paper Table 1). The executable code for all methods are included in supplemental materials.

Algorithm 1: Viterbi Algorithm

Input: States X = {1,2,..., M}, initial distribution p, transition matrix A, emission matrix B,
and observation sequence {o1,...,07}.
Output: Most likely state sequence path = {z1,..., 21}
Initialization: P[0][s] < u[s] - B[s][o] forall s € X’;
Forward recursion: fort =1to7 — 1 do
for s € X do
PlY[s] < max{P[t — 1][r] - Alr][s] - Bls]lod}

Q[t]ls] ¢ argmax{P[t — 1][r] - A[][s] - B[s][o¢]}:
end

end
Backtracking: path[T — 1] « arg m%{P[T —1][s];
se

path[t] < QIt + 1][path[t + 1]] fort =T —2,...,0;
return path

Viterbi algorithm. The Viterbi algorithm is a dynamic programming technique for efficiently finding
the most likely sequence of hidden states in a Markov model, given a sequence of observations. It
iteratively computes the highest probability path to each state at time ¢ by considering all possible
predecessor states at time ¢ — 1, their transition probabilities, and the emission probabilities of the
current observation. Rather than exhaustively evaluating all M possible state sequences, Viterbi
maintains only the M most promising paths at each time step, storing both their probabilities and the
penultimate states that maximize these probabilities. After computing probabilities for all time steps,
the algorithm traces backward from the most probable final state to reconstruct the optimal state
sequence. We use the most probable final state and ground-truth A and B to calculate the prediction
distribution of the next observation.

Algorithm 2: Compute P(O;41|O¢—k.t)

Input: States X = {1,2,..., M}, initial distribution g, transition matrix A, emission matrix B,
and observation sequence {0;_g, ..., 0t }.
Output: Probability of next observation P(0yy1|0t—k.¢)
Forward pass over observation window: a;_x[s] < B[s][o:—x] - ps[s] for all s € X’;
a;[s] < Bls|[oi] - >0 Ar][s] - aj_q[r]fori=t—k+1,...,t,s € X;
reX

Normalize to get posterior: P(s|o;_.+) + Zo"i[s][,] forall s € X;
slex XtlS

Prediction step: P(s|0;_j.t) <= > .cx Alr][s] - P(r|o;_¢) forall s € &;
Marginalize over states: P(0;11]01—k:) < Y cx Bls][ot41] - P(5[04—k:t);
return P(0;4 1|0 k)

Optimal inference with truncated memory P(O;1|O;_.;). The forward-based prediction al-
gorithm computes the probability of the next observation in a hidden Markov model by using a
three-step approach. First, it calculates the posterior distribution over current hidden states via the
forward algorithm, recursively processing the observation window while accounting for transitions
and emissions. Second, it projects this belief state forward by applying the transition matrix to com-
pute the distribution over next possible states. Finally, it determines P(0¢41|0¢—:+) by marginalizing
over all possible next states, weighting each by its emission probability.

Baum-Welch algorithm. The Baum-Welch algorithm is an expectation-maximization method for
estimating hidden Markov model parameters. It iteratively alternates between computing state
posteriors 7;(s) and transition posteriors & (s,r) via forward-backward recursion (E-step), and
updating parameters to maximize likelihood (M-step): setting the initial distribution to 71, transition
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Algorithm 3: Baum-Welch Algorithm

Input: States X = {1,2,..., M}, observations Y = {1,2,..., L}, observation sequence
{o1,...,o0r}, initial parameters (*), A(®), B() and threshold e.

Output: Refined parameters 1, A, B

Initialize: p « p(©, A « A B« B, £, + —oc;

repeat

»Cprev — L

E-Step:

Forward pass: o [s] «+ Bls][o1] - p[s] forall s € X;

ayls] < B[s][o] - >, Alr][s] - oy [r]fort =2,....T, s € X;

L, arls):

Backward pass: Bp[s] < 1 forall s € X;

Buls) & 3, Alsllr] - Blrllovs1) - Byl fort =T —1,..., 1,5 € &

Expected counts: 7;[s] + % fort=1,...,T,s€ X;

ft [S} [7’} - Olt[5]'A[S][T]'BE][0t+1]':61,+1[T] fort = 17 o ,T -1, s,1 € X,
M-Step: p[s] < 71[s] forall s € X;

Als][r] + papi LI 5,71 €X;

2;‘?:711 e ls]
Bls][v] + W foralls € X,v e );
until [£ — L., | < e
return u, A, B

probabilities to normalized expected transitions, and emission probabilities to normalized observation
counts per state. This process continues until the log-likelihood converges, yielding locally optimal
parameters that maximize the probability of generating the observed sequence. We use the learned
parameters to predict next observation similar to the Viterbi algorithm.

Algorithm 4: n-gram Based Next-Observation Prediction

Input: Observation sequence O = {0y, ..., or}, context length n — 1, smoothing parameter §
Output: n-gram model for predicting P(0¢|0;— (n—1):t—1)

Count extraction: counts,,, counts,,_1 <— empty associative arrays;
fort=n—1toT —1do

context < 04 (—1), -+, 0i—1];

Increment counts,, [context & o,] and counts,, 1 [context];

end
Model construction with smoothing: V' <— number of unique symbols in O;
for each observed context ¢ in counts,,_1 do

for each unique observation o in O do

counts,, [c®o]+4d
‘ mOdel[C’ 0} A V-0+4-counts,,_1[c]’
end
end

Back-off for unseen contexts: P,,,;f(0) < % for all o;

P(Ot|0t—(n—1):t—1) < {

return model

model[[0;_(—1)---,0t—1],0¢], if context observed
Pounir(or), otherwise ’

n-gram. n-gram models provide an elegant, computationally efficient framework for next-observation
prediction in Markov chain processes by directly estimating conditional probabilities from observed
sequences. These models embody the Markov assumption that P(O;1|01.¢) &= P(Ot41|Ot—p12:t)s
making them particularly effective for stochastic processes where future states depend only on a
limited history of previous states. For first-order Markov chains, bigram models (n = 2) precisely
capture the underlying transition dynamics, while higher-order dependencies can be modeled by
increasing n.
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Algorithm 5: LSTM for Single Sequence Prediction

Input: Observation sequence O = {0y, ..., or}, vocabulary size V', embedding dimension d,
hidden dimension h, layers L, learning rate «, epochs F
Output: Trained LSTM model for P(0¢41|01:¢)
Architecture: Initialize embedding layer: Embedding : Z — R%;
Initialize LSTM layers: LSTM : R — R" with L layers;
Initialize output projection: Linear : R» — RY;
Initialize optimizer with learning rate «;
Training: for epoch = 1 to E do
fort=1toT — 1do

x4 014 // Use all previous observations as context
Yy Op1 // Next observation as target
Update model to maximize P(y|x) via gradient descent;

end

end
Inference: For prefix O1.;, compute P(0;41]01.;) = softmax(model(O1.¢));
return model

RNN LSTM. LSTM networks are specialized recurrent neural architectures designed to model
sequential data through memory cells regulated by input, forget, and output gates. These gates
control information flow, allowing LSTMs to selectively retain relevant historical patterns while
discarding irrelevant information. LSTMs excel at next-observation prediction tasks by capturing
both short-term correlations and long-term dependencies in the observation history. The network
processes a window of prior observations sequentially, updating its hidden state to encode temporal
patterns, then projects this state through a softmax layer to generate a probability distribution over
possible next observations—making LSTMs particularly effective for forecasting future values in

time series where the prediction depends on complex patterns spanning multiple time scales.
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D Additional Synthetic Experiment Results

This section presents additional results from synthetic experiments. All methods are evaluated using
the average performance over 4,096 sequences, with the exception of LSTM, which is evaluated on
16 sequences due to its high computational cost. Consequently, the LSTM results exhibit higher
variance. Nonetheless, in metrics such as Hellinger distance—which account for the full output
distribution rather than relying solely on the argmax for accuracy—LSTM underperforms compared
to the LLM most of the time.

D.1 Varying Entropy of A

In this section, we present detailed results on varying the entropy of A matrix over 4/8/16 states and
emissions, reporting accuracies and Hellinger distances.

States: 16
A entropy: 2.0

EfRIRIRYIS)IR (=R

Al

Viterbi = P(O¢41|0) = Bigram = BW = Qwen2.5-78 = LSTM
Observations: 4 Observations: 4 ol : 8 ol ions: 8 Observations: 16 Observations: 16
B entropy: 0 B entropy: 1 8 entropy: 0 8 entropy: 1 B entropy: 0 B entropy: 1
07 — 07
06
° 06
3 05
Y 05
$5 0.4
58 0.4
82
® 03 03
02 02
T T T T T T T T T T T
050 04
n 4 03
< 040 03
g;go.zs- 02 -
85 030 4 02 1
a5 01
<« 01
020 9 0.0
T T T T T T T T T T T T
05 06 4 e
07 § 06
wﬂ 05 4
% 06
£8 o5+ 04 : 0.4
85 ©
55 o4 g :
s 03 02 4
03 02 4
T T T T T T T T T T T T T T T T T T
06 05 0.40 04 4
S 05 05 035 4
@ - 04 03 4
g b p
Ss 03 0.2 o
5§ 025
< 03 o 0.2 4 0.2 4
0.20 01
T T T T T 01 T T T T T T T T T T T T
045 045
0.40 0.40 035 7
0 030
}o3s
@ 0.35 - 025
7 5 030 :
g3
85 02 030 020
52
©2 020 1 025 015
0.10
015 0.20 4
T T T T T T 005 T T T TTTT T T T T T T 005 T T T T TTT
07 . B
0
T T

03

02

States: 16
Aentropy: 2.5

01

055 o 035
05
o 050 030
27 0as o o4 025
§30.4o- 0.3 0.20
B2 4
75 ® 02 015
< 030
o 01 4 010
§ T T T T T T T T T 005 T T T T T T
045
025
J 030 o
0407 T o 025 015 020
o 03 4 0s 4 030 o o
=% 030 4 025 o g 015 o
e 0.10 4
ge 0.2 A 0.20 015 o
28 025 4 010 0.10 4
82 i .10
99 020 01 015 005 7 0.05
< 010 4 0.05 o s
015 o
0.0 0.05 0.00 4 0.00 4 0.00 4
TT T T T T T T 1 O TT T T T T T TT T T T T TT T T T T TT T T T T
4 8 16 32 64128256512 1K 26 4 8 16 32 64128256512 1K 26 4 8 16 32 64128256512 1K 26 4 8 16 32 64128256512 1K 26 4 8 16 32 64128256512 1K 26 4 8 16 32 64128256512 1K 26

Context Length

Figure 2: Accuracies of six methods across different A entropy, B entropy, number of states, and
number of emissions with Ay = 0.75 and uniform steady state distribution.
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Figure 3: Hellinger distances of six methods across different A entropy, B entropy, number of states,
and number of emissions with Ay = 0.75 and uniform steady state distribution.
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131 D.2  Varying Mixing Rate of A

132 In this section, we present detailed results on varying the mixing rate (A2) of A matrix over 4/8/16
states and emissions, reporting accuracies and Hellinger distances.
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Figure 4: Accuracies of six methods across different mixing rates (\2), B entropy, number of states,
and number of emissions with uniform steady state distribution and (1, 2, 3) A entropy for (4, 8, 16)
states respectively.
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Figure 5: Hellinger distances of six methods across different mixing rates (\3), B entropy, number of
states, and number of emissions with uniform steady state distribution and (1, 2, 3) A entropy for (4,
8, 16) states respectively.
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D.3 Varying Steady State Distribution of A

In this section, we present detailed results on varying the steady state distributions of A matrix over
4/8/16 states and emissions, reporting accuracies and Hellinger distances. We construct steady states
with different skewness using Beta distribution with & = 1. Notably, with & = 1 and g = 1, the
steady state distribution is uniform. As we increase (3, the distribution becomes more skewed. We
test with § = 1, 2, 3, representing uniform, skewed, and very skewed respectively.
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Figure 6: Accuracies of six methods across different steady state distributions, B entropy, number of
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D.4 Discussions

When LLMs fail to converge. While LLMs converge to Viterbi performance efficiently under most
HMM parameter settings (scaling trends summarized in Section 3.1), we identify two conditions
where convergence fails or proceeds exceptionally slowly. First, when entropy of A or B is approaches
its maximum (log M or log L respectively), the prediction accuracy gap ¢ at context length 2048
remains substantial. For instance, in the last row of Figure 2 with M = 16 and the entropy of A is
3.5 (near the maximum of log 16 = 4), the LLM (Qwen?2.5-7B) exhibits gradual convergence with a
persistent gap. Second, when mixing is slow (g approaches 1), such as in the third-to-last row of
Figure 4 with M = 16 and Ay = 0.95, a performance gap persists even at maximum context length.

Importantly, the Viterbi algorithm also struggles under these challenging conditions. Under high
entropy, as shown in the last row of Figure 2, Viterbi accuracy barely exceeds random prediction
(0.25/0.125/0.0625 for L = 4/8/16). Under slow mixing, such as in the fourth row of Figure
4 with M = 8 and Ay = 0.99, Viterbi algorithm requires context length 512 to achieve peak
performance. These results demonstrate that LLM performance degradation under high entropy and
slow mixing conditions reflects fundamental limits of stochastic system learnability—arising from
random dynamics and long-range dependencies—that affect even optimal inference methods.

Monotonicity of LLM performance with respect to context length. We observe that LLM
performance almost always improves monotonically with longer context length—a property notably
absent in other learning baselines. Even excluding LSTM from this comparison (due to high variance
from averaging over fewer sequences, as discussed in the first paragraph in Appendix D), both
Baum-Welch and bigram models lack monotonic convergence behavior. For Baum-Welch, the
accuracy graphs (Figures 2, 4, and 6) reveal multiple cases where performance “dips” and recovers, or
deteriorates as context length increases. The Hellinger distance graphs (Figures 3, 5, and 7) provide
clearer evidence that both BW and bigram exhibit non-monotonic learning patterns. In most cases,
LLM Hellinger distance decreases monotonically, while BW and bigram display erratic behavior:
sometimes experiencing early-context “bumps”, other times starting very close to the ground truth
emission distribution (occasionally even closer than the oracle Viterbi by empirical chance) before
gradually converging to statistically sound distributions. Importantly, when BW or bigram achieve
lower Hellinger distances, this does not necessarily indicate better performance—the corresponding
prediction accuracy graphs often show poor results, highlighting the distinction between distributional
similarity and predictive capability.

When (normalized) entropy H is held constant, varying the number of states does not affect
the LLM convergence rate. We provide concrete evidence for this claim in Figure 2, where rows 1,
3, and 6 all have the same normalized entropy H(A) = 0.5. Across each column, the Qwen2.5-7B
convergence curves for these three rows exhibit nearly identical shapes, demonstrating that the
convergence rate depends primarily on normalized entropy rather than absolute state space size.

We emphasize that convergence rate differs from convergence target—the Viterbi performance. While
the rate of improvement remains consistent across different state space sizes (when normalized
entropy is fixed), larger state spaces result in lower achievable prediction accuracy due to increased
task difficulty.
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E Ablations on LLMs

In this section, we provide the results on the families, sizes, and tokenization of the LLMs.

E.1 LLM Size

We compare Qwen and Llama model families with seven different models. We found that their
performances are similar, with slight degradation when the model size is small.
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Figure 8: Accuracies of seven models across different A entropy, B entropy, number of states, and
number of emissions with Ay = 0.75 and uniform steady state distribution. Lighter color represents
smaller models. The two smallest models from each family have suboptimal performance.
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Figure 9: Hellinger distances of seven models across different A entropy, B entropy, number of
states, and number of emissions with Ao = 0.75 and uniform steady state distribution. The models
converge similarly, especially when entropy is high.
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Figure 11: Hellinger distances of seven models across different mixing rates (\2), B entropy, number
of states, and number of emissions with uniform steady state distribution and (1, 2, 3) A entropy for
(4, 8, 16) states respectively. The models converge similarly, especially when mixing is slow.
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Figure 12: Accuracies of seven models across different steady state distributions, B entropy, number
of states, and number of emissions with (0, 0.5, 2) A entropy for (4, 8, 16) states respectively and
(0.99, 0.95, 0.75) Ao for (4, 8, 16) states respectively. The poor performance observed in smaller
models at short context length under low A &B entropy settings may be attributed to the filtering of
repeated n-grams during pretraining, as discussed in Appendix E.2.

17



== Llama-3.1-8B == Llama-3.2-3B Llama-3.2-1B === Qwen2.5-7B === Qwen2.5-3B  ~—— Qwen2.5-1.5B Qwen2.5-0.5B

Observations: 4 Observations: 4 Observations: 8 Observations: 8 Observations: 16 Observations: 16
B entropy: 0 B entropy: 1 B entropy: 0 B entropy: 1 B entropy: 0 B entropy: 1
E
2
5
<5
G5
£a
95
3
H
2
A

States: 4
Steady State: skewed

States: 4
Steady State: very skewed

States: 8
Steady State: uniform

States: 8
Steady State: skewed

T 0.55 0.60
H 0.50 055 o
w - 045 050
g ? 0.40 0.45 -
g g 035 0.40
o 030 035

?3 025 030 -
a 020 025

T T T T
: 1
£ 0525
95 0.500 0575
i% 0475 20
Sa 0525
Rk 0.450 0500
] 0425 0.475 4
0.400 0.450
L e e

0.56 o 0.62 o
070 4 0.44 075 054 0.60

0.58
0.56
0.54
0.52
050
0.48

0.52
0.50
0.48
0.46

States: 16
Steady State: skewed

044

T TT
Context Length

Figure 13: Hellinger distances of seven models across different steady state distributions, B entropy,
number of states, and number of emissions with (0, 0.5, 2) A entropy for (4, 8, 16) states respectively
and (0.99, 0.95, 0.75) \q for (4, 8, 16) states respectively.
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E.2 Tokenization

In this section, we evaluate three tokenization strategies: ABC, which encodes emissions as single
letters; 123, which encodes them as single digits; and random, which maps emissions to random
tokens from the LLM’s tokenizer. For the random strategy, we specifically map emissions to special
tokens (!@#3). All experiments are conducted using the Qwen2.5-1.5B model, and the results are
presented below.

We observe that all tokenization methods converge to similar performance levels in terms of accuracy,
with ABC converging slightly faster when the entropy of A is large. This suggests that the choice
of tokenization has limited impact on final performance. In our experiments, we adopt the ABC
tokenization for maximum performance on the LLM. However, when the entropy of matrix A is
low, ABC tokenization exhibits significantly lower initial accuracy and a higher Hellinger distance
with short context length. We hypothesize that this is due to the increased likelihood of repetitive
state sequences early in the sequence—for example, ‘AAAAA...’. During pretraining, such repeated
n-gram patterns are often filtered out, as they could cause loss spikes [7]. As a result, the model may
have limited exposure to these patterns, leading to poor initial performance on such inputs.
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Steady State: Uniform Steady State: Uniform Steady State: Uniform
2: 0. 2: 0. : 0.
A entropy: 1 A entropy: 1.5 A entropy: 1
036 0.475
0.551
0.450
§ 0.34 )l
§ 0.50 039 ] 0.425 A
v} : 4
& 0.400
0.45 <\/ 0.30 ‘\/ 0.375 1
— T — T — T
4 8 16 32 64 128256512 1K 2K 4 8 16 32 64 128256512 1K 2K 4 8 16 32 64 128256512 1K 2K
Steady State: Uniform Steady State: Skewed Steady State: Very Skewed
2:0.95 A2:0.99 2A2:0.99
A entropy: 1 A entropy: 0.1 A entropy: 0.1

0.80
0.75 1

0.45 / 0.75 1
>

]
© 0.401 0.70 1 0.70 1
=]

5 0351 0.65 1 0.65

0.30 0.60 1 0.60 A

B
i

— T T T
4 8 16 32 64 128256512 1K 2K 4 8 16 32 64 128256512 1K 2K 4 8 16 32 64 128256512 1K 2K

Context Length

Figure 14: Accuracy of three tokenization methods across different mixing rates (\2), A entropy, and
steady states with 4 states, 4 emissions, and 1 for B entropy.
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Figure 15: Hellinger distance of three tokenization methods across different mixing rates (\2), A
entropy, and steady states with 4 states, 4 emissions, and 1 for B entropy.
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F Spectral Learning HMMs for Prediction Task

Notations: We use [X]; ; to denote the element of matrix X at its -th row and j-th column. The
indicator function 1¢,_;) is 1 only when x = 7 and is 0 otherwise. We use 1, to denote a vector of
all 1’s with dimension M. We use the notation [L] = {1,2,..., L}. ||-|| denotes the Frobenius norm
for matrices, and depending on the context it denotes ¢; or £ norm for vectors.

Algorithm 6: Spectral Learning-Based Prediction

Input: Number of hidden states M, number of observations L, sequence {01, ...,0n}
Output: Conditional probability distribution P(On+1|01.x = 01.N)
Estimate empirical probabilities: for all combinations i,j,n € [L] do
5 N
[P1i < % Ypet Liop=i}s
B N
[Poij < w Zk:]\} Low=i0n-1=5}}
[P3,n]i,j — % Zk:l 1{0k=i,0k71=",0k—2=j};
end
Compute SVD for dimensionality reduction:
U <« left singular vectors of Py corresponding to M largest singular values;
Estimate spectral parameters: 51 — fJTf’l;
be + (PJU)Py;
for each observation o € [L] do
| C,« UTP;,(UTP,y)1,;
end

Hidden state belief update: f)l < initial belief;

forr=1to N do
- e b, .
| B rg
end
Conditional probability prediction: for each possible next observation on 1 € [L] do
o bLC, bni1
P(O =0 O1.N =01.N) & =2+ 7 -
| P(O+1 = one1lOny = op) - sorCpreba
end

return P(ONH |O1.n = 01.N)

F.1 Preliminaries

For a Markov chain with transition matrix A, we let w € Rf denote the initial state distribution. We
assume that 7r is also the stationary distribution of the Markov chain. This can be achieved by taking
samples after a burn-in time which is proportional to ﬁ. Note that 7t = (A") T is essentially
a convex combination of rows of matrix A?, then by triangle inequality, we have ||7; — 7o |1 <
max;en || ([A";:) T — ooll1. Thus, for an ergodic Markov matrix A, we define the following to
quantify the convergence of ||, — 7 ||1. For an ergodic Markov matrix A € RY*M et myc > 1
and pyvc € (A2(A), 1) be two constants [5, Theorem 4.9] such that

max [|([A"];.) " — mooll1 < TmcPhuc- ey
1€[M]

Furthermore, we define the mixing time of A as
. 1
tye(€) := min {t € N: max —||([AYi.) " — Toolls < e} . 2)
ie[M] 2

Note that 7(IM) and ¢ have similar roles except 7(M) is usually used to study state matrices while
Tmc is for Markov matrices. For a square M, we have | M*|| < 7(M)p(M)¥, and for a Markov
matrix, we have |A! — 1wl || < mvcple-
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F.2 Sample Complexity Analysis

In this section, we analyze the sample complexity of spectral learning algorithm (Alg 6) when the
observation sequence is coming from a single trajectory. Our proof builds on [3] by modifying
their analysis in Appendix A to incorporate single trajectory learning. We only present the Sample
complexity analysis here and refer the reader to [3] for the remaining proofs.

F.3 Proof of Theorem 1

Fix 2 < T < N, and recall from [3] that [P1]; = E[1;,,.—3], [P2lij = E[l{or—i0r_,=j}]s
P3.kli,j = E[l{or—i.0r 1=k or_s—j5}), forall k € [L], when the initial distribution 7r is the stationary
distribution of the Markov chain. In the following, we will present three different estimators for each
of these quantities and analyze their convergence.

° Estlmatlon of Pi: Let N := L |, and without loss of generality, suppose 17\5 is an integer. Suppose

{og} )7 ..., 0p )} be the i.i.d. samples obtained from /N independent trajectories of the HMM. We
define the following three estimators of P,

N N N
- _ Zk:l l{mc:i} [15(4)], _ Zk:l l{Okaz:i} [ls(J-)]_ _ Zk:l 17{#6):1’}
i 1 i N

Pl - , 3
[ 1] N 1 N 3
forall ¢ = 0,...,T — 1. By triangle inequality, we have

[Py =Py < [Py — P 4 [P — Py . )

[3] showed that, with probability at least 1 — , we have, ||IA)(1L) — P S/ w + /= Inthe

following, we will upper bound the term ||P; — f’gL) || by considering entry-wise concentration of
each /-th subtrajectory as follows: We have

N
Zk:l (l{okaz:i} - 1{o¥°):i})
7 .

P - [P = o)

First, we observe that E {l{o”_e:i}

almost surely. However, the summation in (5) has weakly dependent terms. Therefore, we use the
Bernstein type inequality for a class of weakly dependent and bounded random variables proposed
in [6]. Before that, we need to upper bound the variance of the summation in (5). Observing that

E {[P(f)]i - [PEL)]Z} = 0, we have,
var (1P} - [P{);) =5 | (121 - 1P{ L)
—e[(p)] +E[(01)] - 22 [EPLEM]). ©

In the following, we will upper bound each term in (6) separately. We begin with,

B | ()] = 3

— 1{O¥C):i}] 0. Moreover, |1, ,—i} — 1{O¥9):i}| <1,

N
Z 1{0kT4:i}1{0,§/T,2:i} ,

A [1{0kaz:i,ok/T,z:i}} )

[ 4 N N
S ) [BTdiag(w)Alk*k’lTB . )
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240 Next, we have,

ES
l I
—

I

|

-

241 Lastly, we have

1 N N
= 2 Z Z E |:1{0kT—€:i>O'(1§l):i}i| ’
k=1k'=1
1 N N ,
= 722 2 B(Oure =i, 08 =) = BTa:

™
Il
-
X
Il
-

242 Combining (7), (8), and (9) into (6), we get

N N
Var <[155€)]1 _ [Pgi)L) — ﬂBTw 4 _i Z Z {BTdiag(ﬂ')A‘kfk/lTBLl

N2
k=1k'=1 ’
k' #k
_ [BTT"]2
—(N+1 —
(N +1) =,
2(BTx] —[BTa]?) | 1 <= . L
- = + =YY [Bleag(ﬁ)A|k k ‘TB}
k=1k'=1
k' #k
_ BT 2
(N*l)[ Tr]l’

N
1 LY ,
+—= 3% b/ diag(n) (A"f—’c T _ 1M7rT) bi,

b/ m)? |bil*rmcpiic o bl w — (b )

?

N N = pe) ~ N 7

243 where b; denotes the i-th column of B and we get the last inequality by choosing,

> 1og< IbillPmaic )) Ji-p)

(b7 — (b m)*)(1 = pic

®)

©))

(10)

(11)

244 Hence, using the Bernstein type inequality for weakly dependent and bounded random variables
245 (Theorem 1 in [6]), together with (10) (11), and the observations we made right after (5), with

246 probability at least 1 — 4, we have

' ~ T7T — Tﬂ- 2
B}~ P < \/ ULES UL ((1;)
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247 Union bounding over all ¢ € [L],and ¢ € {0,1,...,T — 1}, with probability at least 1 — §, we have

NI 1;BTw — |BTx|2 LT
)~ b 5 [P T BT (1D, 13
N 5
. 27— . . . .
248 given T 2 max;ep {log ( Ors ‘(lg’fl)x(cl_pﬂ C)) } /(1 — p). This further implies that, with

249 probability at least 1 — 4, the same upper bound also holds for ||[P; — f’gJ‘) ||. Combining this with
250 (4) and [3], with probability at least 1 — 4, we have

. log(1/8 1 1;BTn — |B x> LT
||P1—P1||5\/ggv/)+\/N+\/ L N” ” log<6>. (14)

251 o Estimation of P,: Here, we follow a similar line of reasoning as above. We begin with defining
252 the three estimators of Py as follows,

N N
[PQ]i,j _ Zk:l 1{0k:i70k—1:j} [Py)]i,j _ Zk:l 1{OkT—£:i,0kT—£71:j}7

N N
S L,
- =1 "oy =i,op’ =5}
P(L) ii= T_ r—1 15
[P li N (15)
253 Similar to P, we consider the entry-wise concentration of each ¢-th subtrajectory as follows,
Zkal (1{0kaz=i opT—e—1=4} 1, w (k) s )
NT; N = ) {0y’ =i,0 =j}
P15 — [P = — (16)

N

254 Observing that E {[lsg)]m - [PéL)],]} = 0, we have,

Var ([f’g)]i,g’ - [f’gL)]m) =E {([ng)]i,j - [f’él)hj)? ;
(

255 In the following, we will upper bound each term in (17) separately. We begin with,

N N
¢ 2 1
E |:([P; )]1]> = N2 E E : E :l{OkT72=i,0kT7571=j}l{Ok/Tfe=7370k/T471=]‘} )
k=1k'=1

7D, ;1 1 L
j,i+ M T k—k'|T—
=—x tm > > w Dy AFFITTID 1y, (18)

256 where, given the i-th column b;, and the j-th column b; of B, we define

D, := diag(b,) A diag (b;) . (19)
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257 Next, we have

s V2L - 5
E[(“’z ]Z‘J‘)] T2 |20 2 it i Lo ey |

k=1k'=1

1 N N
k=1k'=1
1 N N
k . k 3 % . & )
- ﬁz Z ]P<O( ) :ZvO(T_)l :JaO(T ) :Z’O(T—)l :j)’
k=1k'=1

™D ;1 _ TI'TD‘i]. 2
_ ™ Dilar g qy (T Dialar)” % M) (20)

258 Lastly, we have

N
(4 (L
E [([P; )]Z\j) ([Pé )]i’j)} = FE Z 1{0kT—Z:1.70kT—2—1:j}1{0,(15“/)21’70,(11691:]‘} ’

N
k=1k'=1
N

1 N

= ﬁz E |:1{OkT 0=1,0kT—0—1=], O(T ):l Og/)l—J}]’

k=1k'=1
_ 15 sp(o 0 —j,0%) =i %) —
_szz (kTe—l kT—0—1 = ], =1, Tl_)’

k=1k'=1

2

= (7" Djilm) . 1)

259 Combining (18), (20), and (21) into (17), we get

5(0) 5 (L) 2D 1y | 1 AR T lh—k/|T—1
Var ([Pz Jij — [P3 ]i,j) =—2=+ =) Y 7'D;A D; i1y

N N
1 k| T—
“V‘fZZZTPTDJ;(A‘k KT 1—1M7TT) Dj;i]-]bh

< 2 (ﬂ.TDj,i]-M B (ﬂ'TD_j,i].M)Q) + ||7TTDj’Z‘ i
- N N(1 = pie)
WTDj’ilj\{ — (7‘&'T]:)j’i].]\/[)2
N )
260 where we get the last inequality by choosing,
I "Dy l[lDj,i 1l
(mTDjily — (7 TDyilar)?) (1 - piyc

261 Hence, using similar line of reasoning as we did in the case of P;, with probability at least 1 — 4, we

262 have
L T T 2
. . S (' D1y — (w' D1 12T
H[P(;) _ Pél_)ll < \/Z’L,jl ( J» % ( J» M)?) log < - )7 (24)

(22)

<

TZl—i—log( )>/(1—p). (23)
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: 7'I'TD]‘ i Dj_il T . . .
263 givenT' 2 1+max; jer) {IOg ((ﬂTDjl,‘i11%—(Jl—uD.j;,iljl\\jl)‘Q;véf_plac)) } /(1= p). This further implies

264 that, with probability at least 1 — &, the same upper bound also holds for || [Py — PéL) ||. Combining
265 this with the triangle inequality and [3], with probability at least 1 — , we have

S R N VN N 5 )

(25)

266 o Estimation of P3: Here, we follow a similar line of reasoning as above. We begin with defining
267 the three estimators of Pz as follows,

N
[153 ]4]4 _ Zk:l 1{0k:i70k—1:n70k—2:j} [Pgé)] = Zk 1 1{0kT ¢=1,0,T—¢—1=N,0pT—¢—2=J }
1, N nlt, N )
~ 25:1 1 o) =i oM —no =
S = o Zernneremy) 26)

N

268 Following the same line of reasoning as we did in the case of P5, with probability at least 1 — ¢, we
269 have

||P3,n - P37n||
L
< logd/o)  J1 2=t (T Djnilar — (' Djnila)?) log L3T |
~ N N N )

27)

270 provided that,

7 "D i l[1Dym. i1 ar || e
T 224+ max {lo ( = - L=#), 29
i,5,n€[L] & (ﬂ'TDj,n,i]-JVI - (ﬂ'TD]}n,ilM)2) (1 - p{AC) /( p)

271 where, given the i-th column b, the j-th column b; and the n-th column b,, of B, we define

D; ., := diag (b;) A diag (b,,) A diag (b;) (29)

272 e Finalizing the proof: Theorem 1 follows by repeating the proof of Theorem 7 in [3], with the i.i.d.
273 estimators replaced by the single trajectory estimators, and the values of €1, €2 1 and €3 1 replaced

274 by,

log(1/9) \/T 1]BTw — |[BTx|? LT

Sy —== —= - 1 —
~ \/T+ N N e\ )

L T T 2

I 1 1 -1 T D,]_ — (7T Dz]- 2T

€21 5 M + \/7_;'_ 227]*1 ( Js J\{ ( s M) ) log ’
N 5

Z ,]7n 1 ﬂ- D_] n 11]\/[ - (Tr D] n ,L ) ) LST

€3,z,1 N N 10g 5 ,

275 where N = L = O (N(1 = X2(A))). The proof is completed by upper bounding the Hellinger-
276 distance in terms of KL dlstance
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G Additional Real World Experiments

We design an additional experiment using real-world datasets to validate our findings. We artifi-
cially simulate different emission entropy levels for the same underlying hidden transition process
by controlling the amount of information included in the observation sequence. Using complete
information corresponds to low emission entropy, while limiting information artificially increases
emission entropy.

We use the IBL decision-making mice dataset [4]. In our LLM in-context learning experiment, we
implement four ablation conditions that vary the information presented in each trial: (i) “choice only”;
(i1) “choice reward”; (iii) “stimulus choice”; (iv) “stimulus choice reward”. Note that the baseline
GLM-HMM uses all available information as in condition (iv). These ablations describe the same
underlying mouse decision-making sequences but with varying levels of environmental state detail.

Choice
Choice & Reward
—— Stim & Choice
90% Stim & Choice & Reward

100% 1

GLM-HMM

80% {

70%{

60%1 F‘

Average Accuracy

{
T R
Chance level

0 500 1000 1500 2000 2500 3000
Sequence Length

Figure 16: LLM in-context learning prediction accuracy for mice decision-making task with varying
types of information in the observed sequences. Each line is averaged over 7 mice, with 1-o error bar.
The model we use is Qwen2.5-7B.

The results shown in Figure 16 reveal significant differences across ablation conditions: while
“stimulus choice reward” achieves performance exceeding GLM-HMM, “choice reward” is merely at
chance level with its convergence trend similar to the synthetic experiments when the transitions or
emissions are near random. This demonstrates that accurately modeling mouse decision-making in
this task requires both stimulus and reward information.

These findings highlight a broader principle: obtaining appropriate information (corresponding to
low emission entropy) is essential for successful task modeling. This experiment parallels real-world
experimental design, where scientists must choose which signals to collect when studying task
structure. When researchers omit critical information needed to describe a sequence, it can easily
lead to incorrect conclusions about the underlying process.
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