A Supporting Lemmas

Lemma A.1. (Lemma 11 in Abbasi-Yadkori et al.|(2011)) Let {X;},-, be a sequence in R4,V bea
d x d positive definite matrix, and define \7} =V 4+ 2271 X, X/ . Then, we have

det
log< ) antuv -

Further, if | X¢||, < L for all t, then

E min {17 ||Xt||%—,t:1l} < 2 (logdet (V;,) —logdet V) < 2 (dlog ((trace(V) + nL?) /d) — logdet V) .
Finally, if Apin (V) > max(1, L?), then
i det(V;,)
2: 2

Lemma A.2. (Lemma 12 in/Abbasi-Yadkori et al.|(2011). Let A, B, and C' be positive semi-definite
matrices such that A = B + C. Then, we have

rT Az det(A)
sup < .
s#0 ¢ Bx ~ det(B)
Theorem A.l. (Theorem 2 in Abbasi-Yadkori et al.|(2011)). Let {F;}.°, be a filtration. Let
{;};2, be an R%-valued stochastic process such that z; is F;_1-measurable and ||z;|| < 1 almost
surely. Let {ei}fil be a real-valued stochastic process such that €; is F;-measurable and is sub-
Gaussian with variance proxy 1 when conditioned on F;_;. Fix 0 € R? such that ||0|| < 1. Let
=I+>" Tori=xl0+¢;,and 0, = A1 i rix;. Forevery § > 0, we have

<1+ dln(l—gn>

where we define ||z||a = VxT Az. Furthermore, when the above event holds, we have for every
n > 0 and any vector x € R? that

‘J)T(én —9)‘ < <1+ dln<1+n)> VaT Ayt .

P[Vn>0 ‘ >1-4,

]

Lemma A.3. (Adapted from Lemma B.1 in|He et al|(2022a)) Under the setting of Theorem
establish C = 1/M? ag = 1+ /dIn(2M2T/6). In layer 0, with probability at least 1 — §, the
good event £y happens:

iT i

50é{:1ct

Lemma A.4. (Lemma 31 in|Ruan et al./(2021)). Given 0,z1, %, ..., 7, € R? such that |0 < 1,
foralli € [n], let r; = xTG + €; where ¢; is an independent sub-Gaussian random variable with

variance proxy 1. Let A = I + > | z;x T and § = A1 S riv. Foranyx € R? and any
a > 0, we have

<wi, ., Vi€ [M)ae[K]tel[T]s= o} .

[|x O —0) > (a+1)||z]la 1}<2exp( 02/2).

B Lemmas for the SupLinUCB Subroutine

We present several useful lemmas that are based on Algorithm@ Recall that ¥, ; represents the index
set of rounds up to and including round ¢ during which an action is taken in layer s. That is,

WU, s = {t' € [t]: 3i € [M], al, is chosen in layer s},Vs € [0 : S].

Similar to Lemma 4 in|Chu et al.| (2011]), we claim that the rewards associated with rounds within
each Uy ,, s € [S] (excluding layer 0) are mutually independent.
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Lemma B.1. For eacht € [T] each s € [S], given any fixed sequence of contexts {x} ,,t € Uy},
the rewards {r} , ,,t € U, ;} are independent random variables with means E[r{ , .| = 0"z} _ .

Proof of Lemma|B.1} For each s € [S] and each time ¢, the procedure of generating U, , only
depends on the information in previous layers Uy, ¥, , and confidence width {w; , ,,a € [K]}.
From its definition, wi,s’a only depends on {z,,,,7 € ¥;_1 ;} and on the current context x%a Thus

the procedure of generating ¥,  does not depend on rewards {r, ,_,7 € U;_1 4}, and therefore the
rewards are independent random variables when conditioned on ¥, . O

Given the above-mentioned statistical independence property, and by referring to Lemma[A.4] we
can establish the following lemma for each layer s € [S].

Lemma B.2. Suppose the time index set W, 4 is constructed so that for fixed . . with T € U, g, the
rewards {r, ., } are independent random variables with mean E[r, . ] = 0"z, o . For any round
t € [T, if client iy = 1 is active and chooses arm a; in layer s € [S|, then with probability at least

1 — 52—, we have for any a; € [K]:

R T . .
|Tt,570«t -0 xllf,at’ < wz,s,at = aSHl.z,at”(Ai’,s)*l'

For layer 0, we employ the self-normalized martingale concentration inequality as outlined in [He
et al| (2022a)). By resorting to Lemma[A.3] we obtain the following:

Lemma B.3. For any round t € [T, given that client iy = i is active in round t and arm ay is chosen
in layer 0, with probability at least 1 — 0, we have for any a; € [K]:

X T, i _ i .
’T‘t701at -0 xt,at| < Wt 0,0, = OCOth,atH(Az)O)*l'

Summarizing the discussions presented in Lemma[B.2]and Lemma[B.3] we now proceed to define the
following good event:

Lemma B.4. Define the good event £ as:
EE{|Prsa— 0] Swj, Vi€ [M)ae[K],te[T],se[0:S]}. 2)
We have P[E] > 1 — 6.

Conditioned on the good event &, the ensuing lemma illustrates that the optimal arm persists in the
candidate set, and that the regret experienced in each layer aligns with the order of the confidence
width.

Lemma B.S. Conditioned on the good event E, fort € [T, assume that client i is active and chooses
an action a; € As, and recall (a})* represents the optimal arm in the current round. For any s' < s,
we have:
iy* T, 4 T, i
a))* —argmax @'z, —arg max 0 'z} .
(at) gaE[K] ta gaeAS, ta

Proof of Lemma|B.3} For any time step ¢ € [T'], when the good event £ holds, by the arm elimination
rule in layer 0, we have

’Ft,O,a* + Wt,0,a* 2 max 6Tmt,a Z max 6T-rt,a Z max(ft,O,a - wt,O,a)-
G,G[K] aFa* aFa*

Thus, a* € Ay. For each layer s’ < s, we have:

~ T T ”
Prs/ar +Wes gr > Max 0 x4, > max 6 x> max (Fre.q— Wis' )

acA, aFa*,ac€A aFa*,ac€A,

Thus, we derive 7 o o+ > Maxeea, (T1,s,0) — 2Ws, Which follows from wy o, < W, for all
a € Ay by the arm elimination rule in Line 10 Algorithm [2] Therefore, arm eliminations will
preserve the best arm. O

The forthcoming lemma demonstrates that, under the good event, the regret experienced in each layer
aligns with the order of the corresponding confidence width.
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Lemma B.6. Conditioned on the good event &, for t € [T client i € [M] and s € [S], it holds that:

I[a; is chosen in layer O](mi‘x HTxt,a — GT:vt,at) <dwigq,, 3)
acAg

I[a; is chosen in layer s](mzilx GTxt_,a — GTmt’at) < 8w,. )
acAs

Proof of Lemma|B.6] If an action is taken in layer 0, we have that

ap = arg max Wt,0,a,
a€Ag,w,0,q >Wo '

and

max HT(xta — OTa:t,m) < max GTxt@ — min GTa:t,a
a€Ag ) ac€Ao acAp

AT - AT
< max (0 T1,q + Wr,0,a) — Min (O T4,a — We,0,0)
ac€Ag ac€Ap

<4 max wgg,q
acAg

= 4wt,0,at-

The second inequality is conditioned on the good event £, and the third inequality arises from the
arm elimination rule. If an action is taken in layer s, we establish the following:

a; = arg max _ Wigsq,
GeAsywt,s,a>ws
and
T T AT . AT
max (' xpq — 0 ' T16,) < max (0,_1Tiq +Wes—1,0) — min (0, 1Tt q — Wes—1,4)
a€A, a€A;s -1 a€As—1
AT s AT
<2 max Wys—1,,+ max 6,_; — min 0, x4,
a€A,_1 a€As_1 a€As—1 °

<2 max W¢gs—1,q +2Ws—1
a€As_1

< 4w, < 8ws.

The first inequality is based on the good event £, the third inequality follows the arm elimination rule,
and the fourth inequality is due to wy s—1,, < Ws—1 foralla € A,_;. L]

C Supporting Lemmas and Proofs for Async-FedSupLinUCB

Lemma C.1. (Lemma 6.2 in He et al.|(2022a)) In any epoch from round T, s to round T}, 1 s — 1,
the number of communications is at most 2(M + 1/C).

Proof outline of Async-FedSupLinUCB. First, we reorganize the arrival pattern, demonstrating
that the rearranged system parallels the original system, and present the requisite definitions for our
analysis. Second, we deploy a virtual global model encapsulating information about all clients up
to round ¢, subsequently interconnecting the local models with this global model. Lastly, we derive
upper bounds on the regret and communication cost in each layer s € [0 : S] prior to aggregating
them to yield the total regret and communication costs, respectively.

Suppose that client ¢ communicates with the server at rounds t;,t, with ¢t; < ¢ and does not
communicate during the rounds in between. The actions and information gained by client ¢ at the
rounds ¢; < t < t5 do not impact other clients’ decision-making, since the information is kept local
without communication. Therefore, we can reorder the arrival of clients appropriately while keeping
the reordered system equivalent to the original system.

More specifically, suppose client ¢ communicates with the server at two rounds ¢,, and ¢,, and does
not communicate in the rounds in between (even if she is active). We reorder all the active rounds
of client % in ¢,,, < t < t,, and place them sequentially after the round ¢,,,. Hence, the arrival of
clients can be reordered such that each client communicates with the server and keeps active until the
next client’s communication begins. We assume that the sequence of communication rounds in the
reordered arrival patternis 0 =ty < t; <t2 < .-+ <ty =T, whereinrounds t; <t < t;41, the
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active client is the same. Details of the reordering process are given in Definition [C.2] Due to the
equivalence between the original system and the reordered system, we carry out the proofs in the

reordered system. Note that only one client 7, is active at round ¢, we will write a; = a;*, z; = xijat
and r, = 1}, for simplicity.
Definition C.1. Client information. Recall for each client i € [M], we denote by L;(t) the last

round when client i communicated with the server before and including round t. E.g., L;(t) =t

if client © communicates at round t. For each round t each client © and each layer s, the in-
formation that has been uploaded by client i to the server is: Ay’ = S O ] iy =

i,a¢ in layer s},bi:lfp 25:(? roxpl{iy = 1i,asinlayer s}, and the local information in
the buffer that has not been uploaded to the server is: AA} . = Et, J()+1 oz, Wiy =
i,a; in layer s}, Ab; = Zi,:Li(t)_H ryx;I{iy =i, a, in layer s}.

Server information. The information in the server is the data uploaded by all clients up to round t:
A = T4 S A b = S

Time index set. Denote by V,  the time index set when the action a! is chosen in layer s. It can be
expressed as U, = {t' € [t],a} inlayers, i € [M]},s € [0: 5]}

Virtual global information. We define a wrtual global model that contains all the information up to
round t as: A?lsf =1+ cu,, xt/xz, bl = = vew,, TvTv

The information that is stored on the server and all the information that has not yet been uploaded
by clients are combined to generate the global information: A7 = A3 + S°M AAL bl =
DT+ 300 Al

Before presenting the proof, we define good event £ as

Eé{x;—zéz -z, 1o <wi’)8’a,WE[MLaE[K],tE[T],SE[O:S]}.

Recall 9}5 5 is the estimate of 6 by client i, and z} , and wt s,q 18 the corresponding context and
confidence width of the action taken at round ¢. The followmg lemma shows the good event happens
with high probability, similar to the result in Lemma [B.4]

Lemma C.2. It holds thar P[] > 1 — 6.

Conditioned on the good event, to upper bound the regret, we bound the confidence width in each
layer via the size of each time index set in the lemma below.

Lemma C.3. Conditioned on the good event &, for each s € [0 : S — 1] we have:

S why < au/2(1+ MO), /2| W [ log [ U] + adM log(1 + T/d).

teVr s

Noting that U | < T naturally holds, we give a tighter (dimension-dependent) bound on the size
of U7 so as to mitigate the larger coefficient vy as follows.

Lemma C.4. The size of Ut o can be bounded by ¥ | < T log T log(2MT/)/d.
We postpone the proofs of Lemma [C.3]and Lemma|C.4]until the end of this section, and instead focus

on presenting the regret analysis next. Equipped with the previous lemmas, we are ready to analyze
the total regret.

Proof of Theorem[5.1] (Regret analysis) The total regret can be decomposed w.r.t. layers as follows:
s
Rr=E Y 0~ ra) + O D (e i)
teVro s=1 teWr,

Conditioned on the good event £, we first bound the regret in layer 0 by

E > (e —Tia) S Y Awioa,

te¥r o te¥r o
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< 400 \/2(1 + MC) /24| W1 | log [Ur.o| + dagdM log(1 + T/d)s < O(/(1 + MC)dT).

The first inequality follows Lemma [B.6 the second inequality is from Lemma [C.3] and the last
inequality is due to Lemma We next bound the regret in each layer s € [1 : S — 1] similarly by

3 ]E[r;ai,* —ri’at} < 3 swo< Y Swa,

teVr teWr o teWr o

< 8a,v/2(1+ MC)\ /2] V7. log V7| + SasdM log(1 + T/d) < O(v/(1+ MC)dT)

where the first inequality follows Lemma[B.6] the second inequality is from the arm selection rule in
line 13 Algorithm[2] and the third inequality is from Lemma[C.3] For the last layer .S, we have:

S E [rj e — r;at} < Y 8ws < 8ws|Ups| < 8wsT < 8VdT.
tevYr s o te¥r s

Finally, with Lemma we have Ry < O(\/(1 + MC)dT).

(Communication cost analysis) Next, we study the communication cost in an asynchronous setting.
For each layer s, i > 0, we define T, ; = min{t € [T]|det(A;<") > 2'}. We divide rounds in
each layer into epoch {7}, 5, T s + 1,..,min(7, 7,41 s — 1)}, and the communication rounds in
the epoch T, ; < ¢t < Tj,41,s — 1 can be bound by Lemma Let N’ be the largest integer
such that Ty is not empty. According to Lemmathat log(det(Af)) < dlog(1 + [¥r,|/d),
N'" < dlog(1 + T/d). The total number of epochs of layer s is bounded by dlog(1 + T'/d). By
lemma the communication rounds in layer s is bounded by O((M + 1/C))dlogT. There are
S = [log d| in the FedSupLinUCB algorithm, the total communication cost is thus upper bound by
O(d(M +1/C)logdlogT). Plugging in C' = 1/M? proves the result.

O

Definition C.2. (Reorder function) Without loss of generality, we assume all clients communi-
cate with the server at round ty = 0, and the sequence of rounds that clients communicate
with the server in the original system is 0 < tog < t1 < to < ... < ty < T. Define
I; = I(client i communicates with the server at round t). Denote by L;(t) the last communica-
tion round of client i before and including round t:

u t
L;(t) := inf{u : Z Iy, = Z I i}
=0 =0

Denote by N;(t) the next communication round of client i including and after round t:

Nz(t) = mf{u : zu:jt/yi = 1}

t'=t

The round t € [T in the original system is placed in round ¢(t) by the reordering function ¢ : [T] —
[T). We first reorder the communication round, suppose two consecutive communication rounds t,,

and t,+1 with t,, < t,41, and client 1 is active at round t,, and client j is active at round t,, 1.
¢(tn+1) = ¢(tn) + Z I(Zt’ = Z) -1

t'=t,

Then we reorder the no-communication rounds, assuming client i is active at round t and does not
communicate at this round. We first find the last communication round of client i as L;(t), and place
round t by ¢(t):

o) = S(Li(0) + Y, Il =)= 1.

Lemma C.5. (Adapted from Lemma 6.5 in|He et al.|(2022a)) For each round t € [T each layer
s € [0: 5] and each client i € [M], we have:
Mo 1
AT =1 APUP = —AAL L
t,s + ; t,s — C t,s
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Further averaging the inequality above over M clients, we have:

AfiLHZA”Pi —ZAA

=1

Proof of Lemma Without loss of generality, we consider client 7 and fix any round ¢ € [T']. Let
t1 < t be the last round such that client 7 was active at round ¢;. If client 7 communicated with the
server at round ¢, and chose action a;, at layer s, then we have

Afesr _I_|_ZA1“P = CAArlh s =
1=1

for other layers s’ # s, according to the determinant-based communication criterion, we have:
det(Af51 o+ AAt1 o) < (1+C)det(A] fsr)-
By Lemma[A.2]we have
Al g = A;l o = CAA
Otherwise, if no communication happened at round ¢1, by the communication criterion, at the end
of round ¢4, for each layer s € [0 : S], we have A] | = LAA; . Note that {A] ., s€[0:5]}
are the downloaded gram matrices from last communication before round ¢, so it must satisfy

Ail s S Aje forall s € [0 : S]. For round ¢, since client 4 is inactive from round ¢, to ¢, we have for
alls € [0:5]:

t1,s""

ser ser [ 7 1 7
AT = AT = AL CAAM = AL

where the last equality holds for inactivation, which completes the proof of the first claim. Further
average the above inequality over all clients ¢ € [M], and we get:

AfeST:I+ZAZ“”>—ZAA

i=1
O

Recall that client 7 utilizes Ai,s and b;s to make the decision at round ¢, which were received from
the server during the last communication. The following lemma establishes a connection between the
gram matrix of the virtual global model and the gram matrix in the active client at round ¢.

Lemma C.6. In the reordered arrival pattern, for any 1 <t < to < T, suppose client i communi-
cates with the server at round t1, and keep active during rounds t1 <t < t9 — 1. Then for rounds
t1 + 1 <t <ty —1, it holds that for each s € [0 : S]:

i 1 )
tStl—FMC ?s

Proof of Lemma|C.6] Client ¢ is the only active client from round ¢; to ¢, — 1 and only communicated
with the server at round ¢, which implies that for t; + 1 < ¢ < t5 — 1¥s € [0 : S], we have

M

Ai =7 Ai,up =7 Az UP [ Az ,up AA Aall
b= T4 A +Z = e +Z +Z r—Tte

where the second equality holds due to the fact that no clients communicate with the server from

round t; + 1 to t3 — 1, and the first inequality follows Lemma[C.5] O

Proof of Lemma Fort € Wy, if no communication happened at round ¢, under Lemma
and Lemmal[A.2] we can connect confidence width at the local client with the global gram matrix as:

”xifa”(Aifs)fl <vl+ MCHxi,aH(Aglj)*l'
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It remains to control the communication rounds in U7 ;. We define
T,, = min {t € VUr s | det (At“lsl) > 2”} ,
and let N/ be the largest integer such that Ty is not empty. According to Lemma we have:
log(det(Af’lsl)) < dlog(l+ |¥rs|/d).

Thus, N’ < dlog(1 4+ T'/d). For each time interval from T, to 7,11 and each client i € [M], suppose
client ¢ communicates with the server more than once, and communication rounds sequentially are
Toi1:Tn2, - Tok € [Thn, Tnt1). Then for each j = 2,...,k, since client ¢ is active at rounds
T, j—1 and T, ;, we have

-1 SV1I+ MClzr, ;| (ag

||’JITn,jH(AgFn PN < ||$T7LJ||(A1'TM )

—1+1,s

Since det (A%l,irlfl,s) / det (AaTl,f,]-,lﬂ,s) < 2nt1/2m = 2, by the definition of T},, we have:

lez, jllcas, v < V2 MOog, llage -1 < V20 + MOz, jllagn -,

where the second inequality comes from Af!! | = A" . Specifically, for round T ; the first

communication round, we can bound the conﬁdence width by 1 Thus, for the communication rounds
in ¥ g, we have:

Z ‘ ‘f Ot < MN'+ Z \% 2(1 + Mc)Hxifa”(Aglbl)’l

teWr, s,round t comm teV¥r s,round t comm

Finally, we put all rounds in ¥ , together:

S e =an 3 Iefilos

teVr s teVr s

S0 V20 MO gl agny-1 + s M

teWr s

< a,\/2(1+ MO)y /24| ¥,

where the second inequality follows Lemmal[A.1] O

dM log(1 + T/d)

Proof of Lemma Based on the algorithm, if we choose an action in layer 0, the selected arm is

ay = arg max _ W¢0,as
aGAo,wt,o,a>wo

and the corresponding confidence width satisfies w; o 4, > Wo. Furthermore,

EOl\I]T,O‘S Z Wt,0,a, = Q0 Z th,atH(A:tO)—l

tG\I}T,U tE‘IIT,O

< a0V/2(1 + MC) /24| U7 log [T | + adM log(1 + T/d),

where the last inequality is by Lemma [C3]  We can thus conclude that U7, <
Tlog T log(2MT/4)/d.

O

D Supporting Lemmas and Proofs for Sync-FedSupLinUCB

Proof outline of Sync-FedSupLinUCB. To prove a high-probability regret bound, we first define
the good event &£ in the following lemma, under which the regret bound is derived.

Lemma D.1. Define & 2 {|2]0; , — 2| .0| < wi ., Vi € [M],a € [K],t € [I.],0 < s < S}.
Then, P[] > 1 — 0.
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Define client i’s one-step regret at round ¢ as regi = 0 (2 fair xl a,)- Let reg;"S = reg! if action

a; is chosen in layer s; otherwise regtys = 0. The total regret can be written as

M T. S M T.
Re= > Y= 33 el
i=1t=1 5=0 i=1 t=1
Fix an arbitrary s € {0, 1,...,S}, we analyze the total regret induced by the actions taken in layer s,

. M T ; . . . .
ie, Rsr, =D ;=1 > ;5 reg; ;- The analysis can be carried over to different s in the same manner.

We call the chunk of consecutive rounds without communicating information in layer s (except the
last round) an epoch. In other words, information in layer s is collected locally by each client and
synchronized at the end of the epoch, following which the next epoch starts. The set of rounds that at
least one client is pulling an arm in layer s can then be divided into multiple consecutive epochs, and
we further dichotomize these epochs into good and bad epochs in the following definition.

Definition D.1. (Good epoch) Suppose the set of rounds that at least one client is pulling an
arm in layer s are divided into P epochs and denoted by Aa” b“” the synchronized gram matrix
and reward-action vector at the end of the p-th epoch. P epochs can then be dichotomized into

e all
Ppygood £ {p €[P]: %‘35’5)) < 2} ,Phad £ [P]\ P4, where AY'L £ 1. We say round t is
p—1,s

good if the epoch containing round t belongs to PI°°?; otherwise t is bad.

We bound regrets in layer s induced by the good and bad epochs separately in the following lemmas.
Recall ¥, , is the time index set when the action ay is chosen in the s layer.

Lemma D.2. Conditioned on the good event &, for each layer s € [0 : S|, the regret induced by good
regi , < 0] (ozs NZEZTN log(MTc))

epochs of layer s is bounded as y .. ;i so0d
c, 89

Lemma D.3. Define D = % and R, dlog(l + . 3'). Conditioned on the good
event &, for each layer s € [0 : S|, the regret induced by bad epochs of layer s is bounded as
ZtE\IJTC,S,t is bad regé,s S O (aéM\/ﬁRb>
Lemma D.4. We have |V, | < O(%)

Proof of Theorem[6.1] (Regret analysis) For each s € [0 : S], the regret induced in layer s is
bounded by:

Rs,T

SS DL et ) g

teVr, ,tis good teVr, ,tisbad
< O(QS\/d\xIJTCA log(MT) + a;MVDR,) < O(/dMT,)

where the second inequality is from Lemmas[D and- D.3] and the last inequality is due to Lemma|[D.4]
The total regret can thus be bounded as Ry = ZS o Rs,7, = O(VAMT,). O

Proof of Lemma If ¢ is good and belongs to the p-th epoch, we have by Lemmal[A.2] that
Wiy, = O‘S”xi,a”(Aiys)—l < \/§@s||$i,a||(A;fg)—l < 2048”'7‘12,(1”(14;@1_5)*1' )
Within p-th good epoch, we have

M
Aall + Jii (JZZ ) Aall
p—1,s z : : : t,ai\*"t,al p,s?

i=1 tE€p-th good epoch

which together with inequality (5) and the last inequality in the elliptical potential lemma (Lemma[A.T]))
imply that

M . det (Azit)
Z Z ||:c;a; <4log FEYOTIRE
i=1 tE€p-th good epoch ( p—1 S)
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Thus under event &, the regret induced by good epochs of layer s is

Z regz’s < Z 8wi_’s’ai

(i,t)eWp 4,tis good (i,t)EW,s,t is good

<8 |\IJT,S| Z (wi7s,ai)2
(i,t)ew

T,s,t 18 good

=0 (as d|Ur | 1og(MT)> :

where the first inequality is from Lemma[B.6] the second inequality is by Cauchy-Schwartz inequality,
and the last relation is from

S det(Aph) 0 V]
Zl det derCAzt ) = log det (A% )gd1og(1+ y )Rs. (6)

O

Proof of Lemma|D.3] Denote by Ry = dlog ( 1+ Lﬁ“”l) . It follows that the number of bad epochs

is at most O(R;). Moreover, the regret within a bad epoch of length n can be upper bounded as

O(M + a,M~/D) by applying the elliptical potential lemma for each client i and the communi-
cation condition, where the extra 1 in the upper bound is due to that at most M clients trigger the
communication condition at the end of the p-th epoch. We thus have

S oregin< > 8wi,=0 (MRS + asM\/ERS> -0 (QSMMERS) .

t is bad teWr , is bad
O

ProofofLemma- Recall D = T};;g]\f) Note that if as\/d|¥r s|log(T) = O(a. <Mv/DR,),
we have |Ur | = O(M?Dd) = O(XL). Otherwise |V ,[w; = O(as d|\I/T’S|10g( )), which

implies |¥r 5| = ~(%) _ O(M? ). -

E Variance-adaptive Async-FedSupLinUCB

The variance-adaptive SupLinUCB subroutine is presented in Alg.[5] while the complete variance-
adaptive Async-FedSupLinUCB is given in Alg.[6]

E.1 Algorithm
E.2 Supporting Lemmas and Proofs

Theorem E.1. (Theorem 4.3 in{Zhou and Gu|(2022)) Let {F;},> | be a filtration, and {z¢, i },~,

be a stochastic process such that x; € RY is F-measurable and n: € Ris Fyy1-measurable. Let
o, > 0,0 € RY. Fort > 1, lety; = (0%, ;) + n¢ and suppose that 1, x; also satisfy

Eln: | Fi) = 0,Elnf | Fi] < o2, |ni| < R, [laell, < 1.
Fort>1,let Z, =1 + ZZ 1T x] by = 22:1 YiT;, 0 = Zt_lbt, and

By =12¢/02dlog (1 + tL2/(d)) log (32(log(R/€) + 1)t2/0)
+ 241log (32(log(R/€) + 1)t*/5) max, {Iml min {1, ||xiH;i31 }} +6log (32(log(R/e) + 1)t*/d) €.
Then, for any 0 < § < 1, we have with probability at least 1 — ¢ that,
t
Z ZiT;
=1

vt > 1, < B, 0c—6%z, < B+ 60"]|2-

z7t
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Algorithm 5 Variance-adaptive SupLinUCB subroutine: VS-LUCB

1: Imitialization: S < [log R + log T, Wo = dR?, W4 <+ 2~ W, Vs € [1 : 9],

2 ap = O(Vd), s = 14+ 2Im(2KMT1nd/6), p = 1/VT,y = R/?/d"/4.

3: Input: Client i (with local information A’,b", AA?, Ab"), contexts set {z] ;... ,xij Kt

40 Al AL D, b, for lazy update

5 és A (Aé,s)_lbzz‘:,s’ f%,s,a = é:xé,a’ wr%,s,a A aé”m%,a”(z‘li )b Vs € [O : SLVO’ € [K]

6: s 0 Ag « {a € [K] |7, +wio, > maxeex)(Ploa —Whoa)t > Initial screening
7: repeat > Layered successive screening
8: if s = S then _

9: Choose action a; arbitrarily from Ag
10 else if w; , , <, forall a € A, then
11: A1+ {a € A | f‘i,s,a > maXgec A, (fzs o) —2Ws} s s+1
12: else _ 7
13: Choose a; = arg MAX{ae A, wi | >w.} Wi g q
14: end if

15: until action a; is found ‘
16: Take action a; and and receive reward r; . and variance oy

_ i 1/2
17: 7 = max{ow, p 7|} o, I )2}

18: AAL  AAL + i 25, /57, A  Ab, + 1, 27 ,, /5 > Update local information
19: Return layer index s

Algorithm 6 Variance-adaptive Async-FedSupLinUCB
: Imitialization: T, C, S = [log R + log T']
C{AFT 14,057 0| s€[0: 5]} > Server initialization
c {AL I, AAL DL, AL, 0] s€[0:5],i e [M]} > Clients initialization
fort=1,2,...,Tdo ‘ A A

Client ¢; = 1 is active, and observes K contexts {x%yl, Tyt @QK}

s = VS-LUCB (clienti, {x} 1, } 5, - , 2} ;}) with the lazy update

.o det(AL+AAL

if 7tgeg(;i) ) > (14 C) then

Sync(s, server, clients ) for each s € [0 : 5]

end if

end for

A e A U S o b

—

Lemma E.1. (Adapted from Lemma B.1 in\Zhou and Gu|(2022))). Let {0, ﬁt}t21 be a sequence
of non-negative numbers, p,y > 0,{z:};>1 C R? and ||x¢||2 < 1. Let {Z;}1>1 and {5+ },, be
recursively defined as follows: B

Zy=1;, Zy1=27;+ :z:txtT/&f, Vt> 1,0, = max{at,p,fnytHlZ/_Ql}.
t

Let v = log(1 + T/(dp?)). Then we have

T T
Zmin{l,ﬂtﬂxt\bf} < 2du 4 2B772du + 2Vdu Zﬂf(g? + p2?).

t=1 t=1

Following a similar proof structure to Async-FedSupLinUCB, we employ a novel Bernstein-type
self-normalized martingale inequality, proposed by [Zhou and Gu|(2022), for layer O to manage the
variance information. We define oy = fBr as specified in Theorem [E.1] and establish the following
lemma, analogous to Lemma [B.3]

Lemma E.2. For any round t € [T), if client iy = i is active in round t and arm a is chosen in layer
0, with probability at least 1 — §, with ag = O(v/d) we have for any a; € [K]:

N T3 % _ i )
’Tt707at - 9 xt;at| S wt,O,at - aOthaaiH(A;,0)71.
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We define good event € as £ = {‘xﬂéés - xﬂ—ﬁ’ <wj, . Vie[Ml,ae[K],te[l],se[0: S]} .
In a manner similar to the proof of Lemma we have that P[] > 1 — 4.

Lemma E.3. Conditioned on the event &, the regret in layer 0 can be bounded by regiuyero < O(d)

Proof of LemmalE.3} We set Wy = dR? to provide a tighter bound for the size of ¥ . Mirroring
the proof methodology in Lemma|C.4] we establish the following:

wo|Pr0| < ap Z ||;131t’z-||(14?5),1 < 2du + 20072 de + 200V du Z (02 + p?)

tG\I/T,O tE\I’T,O
< 2du 4 200073 de + 200V dt |Uro|(R2 + p?).

The first inequality results from the arm selection rule of layer O, the second is derived from
Lemma and the third arises due to the constraint o2 < R2. Consequently, we infer that
Uro < O(d?R?/w§). We can then bound the regret in layer 0 as follows:

reglayero < 4axg Z th’i”(Aits)’l < 8du + 804072(# + 8010\/@ |Wro|(R2 + p?) < O(d)
teWr o ’

O

Lemma E.4. Conditioned on the event &, the regret of each layer s € [1 : S — 1] can be bounded by

r€8layer s < 0 V4 dZt O-%-

Proof of Lemma For s € {1,2,..., S — 1}, the rewards in each layer s are mutually independent,
as proven in Lemma [B.T] We deduce:

r€8layer s S 8@s|\IjT,s| S 80[5 Z ||xt,iH(A:tq)71
tE‘I’T,s a

<os Y il agy-1 + asdMlog(1 + T/d)

teWr s

<O( |d Z a?).
tevr s

The first inequality arises from Lemma [B.6] the second is a result of the arm selection rule in Line 13,
the third derives from Lemma[C.3] and the final inequality is attributable to Lemma O

For the final layer S, applying Lemma [B.6|and setting g = d/T’, we have regayer 5 < 8W|¥s| <
O(d).

Proof of the communication bound in Theorem 7.1, Having established the bound for regret
in each layer, we have demonstrated that Ry < 0) (\/ d ZtT:1 af). Given that we set wg =

dR? and wg = d/T, it requires S = log(wy/ws) = O(log R + log T) layers to achieve the
desired accuracy. The number of communications triggered by layer s can be upper bounded by
O(dM?10g(T) (Lemma|C.1). Consequently, we are able to constrain the overall communication

cost to O(dM?1og?T).

F Corruption Robust Async-FedSupLinUCB

The corruption robust SupLinUCB subroutine is presented in Alg.[7} while the complete corruption
robust Async-FedSupLinUCB is given in Alg.

23



Algorithm 7 Corruption Robust SupLinUCB subroutine: CS-LUCB

1: Initialization: S = [logd], Wy = d"° /T, W + 2~*W, v = Vd/C,.

2 ag = 1+ +/dIn(2M2T/5) + 7Cyp, a5 = 1 4+ /22K MTInd/5) +vCp, Vs € [1: 5]

3: Input: Client i (with local information A%, b', AA?, Ab?), contexts set {xt 1y-- xt) K}

4. Aj < AL b, < b for lazy update

5 éﬁ — (Ai,s)_lbé,s’ f%,s,a = é;rxi,a’ wg,s,a « OéS”x%}a”(Aé s) "L Vs € [O : SLVQ € [K]

6: 5 0; Ag < {a € [K] | 7,4+ w}o, > maxeex) (7o, — Wio,)}. > Initial screening
7. repeat > Layered successive screening
8: if s = S then 4

9: Choqse action aj arbitrarily from Ag
10 elseif w; ; , < w, forall a € A, then
11: As+1<—{a€.,4 | 7 50 = MaXare, (7}, o) — 2Ws}s 8 = 5+ 1
12: else
13: a;ti arg maX{aGAs,wz)s‘a>Es} w%,&a
14: end if

15: until action a; is found
16: Take action a; and and receive reward r o

17: e = min{1, 5/l o, lag )}

18: AA; — AAS + ntxt o ;—Z, Abl — Ab + 77,57" ia > Update local information
19: Return layer index s
Algorithm 8 Corruption Robust Async-FedSupLinUCB
1: Inmitialization: T, C, S = [log d]
2: {A I, b5 <~ 0] s€[0: 5]} > Server initialization
3 {AL « I, AA?S, bi, AbL 0] s€[0:5],i€ [M]} > Clients initialization
4: fort=1,2,--- ,T do ' 4 4
5: Client it — s active, and observes K contexts {x} 1,7} o, " , T} f¢ }
6: s ¢ CS-LUCB (client 4, {a} ,, 2} o, - m}K}) with lazy update
7: lf% > (1+ C) then
8: Sync(s, server, clients i) for each s € [0 : 5]
9: end if
10: end for

F.1 Algorithm
F.2 Supporting Lemmas and Proof

When confronted with adversarial corruption, we utilize a weighted ridge regression in which
the weight assigned to each selected action depends on its confidence. Further, we expand the
confidence width to accommodate this corruption, with a9 = 1 + /dIn(2M?T/§) + vC,, and
as =1+ /2In(2KMTInd/5) +~vC, as proposed in He et al.[(2022b). In our analysis of layer 0,
we adapt Lemma B.1 from He et al.[(2022b) to fit a federated scenario, yielding the following lemma:

Lemma F.1. (Adapted from Lemma B.1 in|He et al.|(2022b)) Under the setting of Theorem in
the layer 0, with probability at least 1 — 9, the following event £y happens:

& = xﬂléi — 1o <wj,,. Vi€ [M],ac[K]te[T]s=0}

For each layer s € 5], the rewards are mutually independent, analogous to the proof of Lemma
We can restate the lemma as follows:

Lemma F.2. Suppose the time index set U, , is constructed so that for fixed x, . withT € ¥y g, the

rewards {r, ..} are independent random variables with means Elr, . | = 0"z, o, + c,. For any
round t € [T, if client iy = i is active and chooses arm a; in layer s € [S], with probability at least
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1 we have for any a; € [K]:

_ 5
MT1Ind’

~ T 4 7 _ ) )
|Tt73-,(1t -0 xt,at| < Wy g0 = aSth,a,,”(A;,S)_l'

After combining the aforementioned events, we redefine the good event in the presence of corruption
as follows:
g2

Similar to proof of Lemma B.4] we have that P[£] > 1 — 4.

Lemma F.3. Conditioned on the good event &, the regret of layer s € [0 : S — 1] can be bounded as
follows: reglayers < O(VdT + dCp).

iT fi iT
It,aet,s - xt,aa

<wj, ., Vi€[Mac[Kte[l],sel0: S]}.

Proof of LemmalF:3] Under the condition of the good event £, we adopt a similar approach to the
regret decomposition analysis presented in |He et al.| (2022b) to bound the regret in each layer
sef0:5—-1].

E Z (Ti,ai’*_ri’af)g Z Swt,s,at: Z 8045”5!1‘%@”(14215)71 (7)

teWr, s tevr s tevr s
=8y > letallai )8 Y lwallar ) ®)

teVr s,m=1 teVr s,me<1

I, Iz

The first inequality is derived from Lemma[B.6} while Equation (8) follows from the definition of
1. For the term I, we consider the rounds with 7, = 1, assuming these rounds can be listed as
{k1, k2, ..., k, }. To analyze this, we construct the auxiliary matrix B, s = I + Z?:l T, JUZJ I{k; <

t}. Using the definition of A} ,, we can establish the inequality A} | = 7= A% = 1575 Bros.

Then we have
n= > 8as||zyqllar )1

teEVr s,me=1

< 8a,\/2(1 + MC) /2| U7 log [ | + 8a,dM log(1 + T/d) < O(VdT),

where the first inequality follows from Lemma|C.3| and the second inequality is obtained by noting
that the size of U is bounded by O(T'/d), as stated in Lemmaparticularly for layer 0.

For the term I5, using the property n; < 1, we can express 1 as 7 = 'y/Hxi)aH(A;: -1, which
implies:

I, = Z 8as||$i,a||(A;S)fl
teVr s,me <1
< > 8Bnadl(4l) e, < dlog(T) < O(dC,),
teWr s,me<1 v

where the first inequality is derived from the definition of 7, the second inequality is obtained from
the elliptical potential lemma, as referenced in Lemma[A.T] and the third inequality stems from the
definition of as.

By combining I; and I, we can ultimately bound the regret in each layer s € [0 : S — 1] as
reglayers < O(VdT + dC,). O

For the regret that occurs in the last layer S, we can derive the following bound:

S E [r;ai,* - r;at} < Y 8ws < 8ws|Vrs| < 8wsT < 8VT.

te¥r g te¥r,s

The first inequality is from Lemma and the last inequality follows from wg = /d/T.
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Proof of the communication bound in Theorem By combining the regret in each layer,
we can conclude that Ry < O(VdT + dCp). Note that, based on the definition of 7, < 1 and
Lemma it follows that log(det(A¢)) < dlog(1 + |¥1|/d). Additionally, by following a
similar proof as in Lemma [C.I] we can bound the number of communication rounds in layer s by
O(dM?logT). Considering that the FedSupLinUCB algorithm has S = [log d| layers, the total
communication cost is therefore upper bounded by O(dM? log dlog T').
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