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Appendix

A MORE DETAILS IN THE INTRODUCTION PART

A.1 WRONG USAGE OF HOEFFDING’S INEQUALITY

This part mainly discusses some results when we use Hoeffding’s inequality wrongly for the unbounded data { X} ;.
Lemma 3. [f the Gaussian data {X;}}_, M N (u, o) are misspecified as bounded variable (a bound as a function
of n) with high probability, and Hoeffding’s inequality is wrongly adopted for the unbounded Gaussian data, it gives

P (u € [X, £ 20v/n~tlog(4/a)[/log(4/a) + \/log n]) >1—a.

Lemma gives a loose CI, since it contains a y/log n factor. In the remark after the proof, we extend Lemmato some
unbounded random variables with strongly log-concave distributions and finite sub-exponential norms || X7 ||,,, < 00.

Proof of Lemma[3] The Borell-TIS inequality (Giné & Nickl (2016) gives the probability of a deviation of the maxi-

mum of a centered Gaussian random variables (or stochastic processes) above from its expected value. WLOG, we
assume {X;}7 ; N (0, 02) are misspecified as bounded variable, by Borell-TIS inequality

P(max X; — E[max X;] > t) < e*t2/(252)’
1€[n] 1€[n]

we have with probability at least 1 — /4

max X; < /202log(4/a) + E[mz[l)](Xi] < ov2[y/log(4/a) + logn), i = 1,2,--- ,n,
emn

1€[n]

where we use the maximal inequality E[max; <i<n X ] < ov/2logn inRigollet & Hiitter| (2019). Then,

P(max X; > ov/2[y/log(d/a) + VIogn]) < a/4

1€[n]
and P(max;e () (—X;) > ov/2[y/log(4/a) 4+ v/logn]) < a/4 by symmetric property. Conditioning on event

max | X;| < 0p.0 := 0v2[\/log(4/a) + Iogn],

i€[n]

Foriid. {X;}" , with a < X; < b, Hoeffding’s inequality gives P(|X,, — | > b_T;‘ [Llog(2)) < 0). Let§ = a/2

anda = 0y,0,b = —0p.a

P (X0~ 1l > V3o oy/m T Tog(d/a))
<P <Xn —ul > V20,001 log(4/a),mz[1)]( | X;| < 07,,(1) +P <m£[1)]<|Xi| > O'ma) <a/24a/2=«
1emn €N

Then, P(u € [X,, £ 20+/n~1log(4/a)[y/log(4/a) + Iogn]) > 1 — a. O

Lemma [3] can be extend to unbounded non-Gaussian r.v.s. We need some geometric aspect of the concentration
inequalities; see Section 3.2 in/Wainwright (2019). A function ¢(x) : R™ — R is y-strongly concave if there is some
v > 0s.t

A(x) + (1= Np(y) —p(Ax+ (1= Ny) < AL = N)[x—y|3, YA€ [0,1]] and x,y € R".

A continuous probability density f(x) and the corresponding r.v. is strongly log-concave if f(x) is a strongly log-
concave function.
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Lemma 4 (Theorem 3.16 in|Wainwright|(2019)). Let P be any y—strongly log-concave distribution on R™ with v > 0.
Then for any L-Lipschitz function f : R™ — R w.r.t. Euclidean norm, we have

t2
P[f(X) —Ef(X)>1t] <e 12 for X ~Pandt > 0.
From Lemma {4 assume {X;} | are independent r.v.s which are y—strongly log-concave distributed satisfying
2

Pl[f(X)—-Ef(X) >t < e~ 117 for any f : R™ — R that is L-Lipschitz w.r.t. the Euclidean norm. Note that

mf”](% - mﬁ(yi <|z; —y| < ||z — y||2 for some [ € [n].

i€n i€[n

For L = 1, thus we obtain the following max-concentration inequality.

Corollary 1 (Borell-TIS inequality for y—strongly log-concave distributions). If {X;}!"_, are independent r.v.s which
are y—strongly log-concave distributed, then

2

P(max X; — Emax X;] > t) < e 1,
i€[n] i€[n]

From Corollary 7.4 in Zhang & Chen| (2021), one has maximal inequality for sub-exponential r.v.s E(mzu]( | X)) <

i€[n

+2
log(1 + n)|| X1 ||w, if || X1]Jw, < oc. Then with probability at least 1 — e~ 3/7,

m?>}<|Xi\ < E(m?>]<|XZ|) +t <log(l+n)|| X1 |lw, +t.
i€(n i€[n

A.2 HISTORICAL NOTES FOR SUB-GAUSSIAN AND ITS OPTIMAL PARAMETER

The MGF-based variance proxy in Definition (1| for sub-Gaussian distribution dates back to |Kahane| (1960), and it
is not unique which cannot be view as the parameter. So it motivates Chow| (1966)) to defined the optimal variance
proxy agpt (X) as the unique parameter of sub-Gaussian distribution. a;fpt(X ) is also called the sub-Gaussian norm
in [Wang| (2020) or sub-Gaussian diameter in [Kontorovich| (2014). The monograph |Buldygin & Kozachenko| (2000)
gave comprehensive studies concerning metric characterizations for various sub-Gaussian norms of certain random
variables.

From Chernoff’s inequality, the exponential decay of the sub-Gaussian tail is obtained

2 .2
OoptS 2

P (X >t) <inf,sgexp{—st}Eexp{sX} <inf,soexp(—st + —%Z—) = exp(—

20’2;;1 )

by minimizing the upper bound via putting s = ¢/02. Moreover, for independent {X;}" ; with X; ~ subG(c?), we
have sub-Gaussian Hoeffding’s inequality (Chowl |1966)

n t2 t2
PSS X > ¢) <2 S S L N ) 12
(12 Xilz1) < ‘”‘p{ 2zi_1a§pt<xz—>} e"p{ 221-_10—%} 12

: : 2\n n
for any variance proxies {07}, of {X;}1 ;.

The agpt(X ) not only characterizes the speed of decay in (I2) but also naturally bounds the variance of X as well. To
appreciate this, observe that by the definition of sub-Gaussian:

52 o2 (X)s? 52
?Gipt(X) +o(s?) = exp(%) —1>Eexp(sX) —1=sEX + 5EX2 + -
2
=3 -VarX 4o (52) (13)

(by dividing s? on both sides and taking s — 0) which implies

o? (X) > Var X. (14)

opt
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Thus, O'Opt (X)) provides a conservative lower bound for optimal proxy variance.

Interestingly, some special distributions whose variance can attain the o2
with mean 4 € (0, 1) [denote X ~ Bern(u)] is sub-Gaussian with

opt(X). For example, Bernoullir.v. X € {0,1}

]‘/4 > Uopt(X) = 2(lig2lu)“ = ,U(]- - ,U) = Var(X)
in [Kearns & Saul| (1998)), while, Hoeffding’s inequality shows a crude bound X — p ~ subG(1/4). The inequality

holds if the Bernoulli distributions is symmetric with p = 1/2, i.e. 02,,(X) = 111?/ 2(1272“ =1/4 = Var X, and

the inequality aopt( ) = Var X define the strict sub-Gaussianity:

Definition 4 (Buldygin & Kozachenko| (2000)). For zero-mean X ~ subG(o?) is called strict sub-Gaussian if
Var X = 02,,(X) [denote X ~ ssubG(o opt( NI

The strict sub-Gaussian r.v.s include Gaussian, symmetric Beta, symmetric Bernoulli and U[—c, c|; Marchal et al.
(2017) showed that by a second order ODE (with a unique solution of the Cauchy problem) Beta(c, 3) has

0200, B) = Gty (e, — 1) > VarBetaa B)].

where z is a unique solution of log (1 Fy (a;  + B;mp)) = 520 (1 4 (ot liodf+1iz,)

2(a+p) 1F1 (osa+B320)
expression and giving the iff condition for general distributions (such as unbounded or asymmetrical distributions) are
still an open questions Marchal et al.| (2017).

). Finding the explicit

Similar to Definition [I] if sub-G variable is unbounded, we define the optimal lower variance proxy that renders a
sharp reverse Chernoff inequality and a sharp lower tails of sub-Gaussian maxima in below.

Definition 5. The optimal lower variance proxy for a sub-G X is defined as

2
lopt

(X) :=sup{l> > 0:Eexp(tX) > exp{l’t*/2}, Vt € R} = 2inf 4cpt *log[E exp(tX)]. (15)
Lemma 5 (A sharp reverse Chernoff inequality). Suppose that lopt( ) > 0 for a sub-G rv. X. Fort > 0, then

P(X Z t) Z Cg,l( eXp{ 4 2Uopt( )/lopt( ) opt(X)]tQ}

02 ()12, () 220 (X124, (X)-1]
T € (0,1).

where Cy (X)) := ( Lot (X) ) (
ol T 2 t(X) gpt(X) ngt,(X)_l%pt(X)
Proposition 2. (a). Suppose that 12,,(X) > 0 for i.i.d. sub-G r.v. {X;}j-, ~ X. With probability at least 1 — ,

opt (X)/Uopt(X
2/202,(X)/12,,(X)-1

\/logn — log Cﬂ, (X) —loglog (%) < maxi<i<n % < \/2[logn +1log (2),

where Cy (X)) < 1 is constant defined in Lemmalbelow (b) if X is bounded variable, then 12,,(X) = 0.

opt

The proof of Lemma 5]and Proposition [2]is similar to Lemma|[I]and Theorem I}

A.2.1 REMARKS FOR ORLICZ NORM AND OTHER COMMONLY USED NORMS

In Remarks [2| and |1| below, we will show P(|X| > ¢) < 2exp{—% (26||X||w2)} and P(|1X| > t) <
2exp {—t2/[2(|| X||w,/V2)?]} forall t > 0. The variance can be upper bounded by both norms as (2| X ||,,)? >
VarX and (v/2[| X |y,)? > VarX.
Remark 1. IfEexp(|X[?/||X|2,) < 2 for || X |lw, < oo, then Markov’s inequality gives for all t > 0
2
P(|X|>t) < p(elX/HXHW\2 > etz/\lXHiz) < 2exp {_L/(%y}_ (16)
270 V2
Using Lemma 1.5 in|Rigollet & Hiitter|(2019):
ifP(|X| >t) < 2exp{ —t*/[20°]} with EX = 0, then Eexp{sX} < exp{4o°s*} 17)
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for any s > 0. Therefore, we have
2
Bexp{sX} < exp {(2]X|lw.)*% }-

By the same argument in (13), one has (2|| X ||w,)? > VarX.

Example 2. (i) For X ~ N(0,0?%), one has | X||w, = \/ga (see Example 3.4 in|Zhang & Chen| (2021)), and

then we have a crude tail bound from (16), P(|X| > t) < 2exp{ (3 2)} (ii) For X ~ Bern(0.5), one has

which leads to the bound P(|X — 0.5] > t) < 2exp {f%/@}; (iii) For X ~ [a, b], we

[ X = 0.5[[w, = \/7
have || X — 2£2|,,, < 2\/7 by and then P(| X — Fb| > ¢) < exp{—7 (510?22 } The results in (ii) and (iii) comes

from the conclusion about bounded variables in Example 1 in|Zhang & Wei|(2022)), while Hoeffding’s inequality gives
sharper tail inequalities P(|X — p| > t) < 2exp{—2t?} and P(|X — “f2| > t) < 2€Xp{—(b27%)2} in (ii) and (iii).

Remark 2. Recall|Vershynin|(2010)’s definition of sub-Gaussian norm

- 1/p
Xy = mascp (BLX]P)

By p! > (p/e)?, a crude bounds also appears. Indeed, by (E|X|p)1/p < K ./p for all integer p > 1,

1y . cPXP = P (2K %p)” = 2eK? 2eK? = 2eK?
B X =1+ <14y ———<1+) P=1 > P
e + <1+ < +p=1( ) +(—; )p:o( )

Setting QGKZ < s < 1 and assign s such that Eexp( _1X2) : 2, the solution is s = 1/2. Let

= ||XH¢2 We thus have ¢ > 4e||XH¢ The EeX /(4eIXI,) < o 1mplles P(|X| >1) <2 F P/ (elXI,), by
usmg(m) Therefore, one has

Eexp{tX} < exp {(4Vel|X||y,)*t*/2}. (18)
Example 3. For X ~ N(0, 1), observe that

_ 1/p _ 1/
| X, = maxp~!/2(E|X[7)F = lim p=!/2(E|X[?) ¥ = lim 2R )1r = 1/3/2 2 0.7071.

For uniform distributed X ~ U[—1,1], one has || X|,, = 0.4082 and P(|X| > t) < 2e—t"/(4e-:0.4082%)
2e~ /18122 comparing to Hoeffding’s inequality with a sharper bound P (IX|=1t) < 2. For X ~ Bern(p),
%[E|X — ulP)Me = ﬁ[(l — )P + (1 — p)P)V/P. Let pp = 0.3, we have || X||,, = 0.3240 and P(|X| > t) <

2t/ (4e:0.8240%) — 9 —t*/1141T conaring to Hoeffding’s inequality with a sharper bound P (IX|>t) < 2e~2t,
Example 4. The (I8) implies

U3 X120 2o { G 20 1

i=1

The 2||X||12p2 > Var X implies that for strictly sub-G independent variables { X;}7 ,

n t2 t
P( S Xil 2 0) < 200 { o Sy | < 2030 {_42 Xz, } <2exp{ e e )

Hence, by (19), 2|| - ||w,-norm leads to a looser concentration bound.
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bernoulli distribution beta distribution o + f = 1
0.6
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u u
Bernoulli Beta(a, )

Figure 5: The half length of 1 — § confidence interval with different norms. The results are divided by 4/2log(2/4) to
eliminate the affect of d.

A.3 DETAILS FOR TABLE 1

Let {X,}"_, be iid. rvs with EX; = 0,EX? = 02 > 0, and E | X;° = p < . (2013) gave a tighter

estimate of the absolute constant in B-E bounds for X,, := £+ > | X

0.3328 (p + 0.4290°
A, :=sup < (p3 ) )
zER g \/ﬁ

Vn>1, (20)

g

P(L%, <) - 2(0)

where ®(-) is the cumulative distribution function of N (0, 1).

Consider Bernoulli samples { X} ; "L Ber (1/2) witho = 1/2 and p = 1/8, and |Zolotukhin et a1.|(12018l) shown
A, <0.409954/+/n. Put 6 = 0.05,0.075,0.1. For n > 1, Hoeffding’s inequality gives

p (|Xn ~1/2) < 5= 21og(§)) >1-4.

From B-E bounds (20), we have P(*%(X,, —1/2) < —z) — ®(—z) < A, and P((1/2 - X,,) < —x) — ®(—z) <
A, by the symmetry of Ber (1/2). Set

P (@(Xn -1/2) < *$> <A+ P(—x) < % + O(—2)

P (4@" —1/2) = x) <Ay + @(—x) < ML 4 O(—a) =: §

where 7 = —®~1(2 — 70'4\(%’54) with 2 — 0'4\0/9%’54 > 0.

Then, it results in a (1 — ¢)100%’s non-asymptotic CI:

P (1% —1/2] € —5le - @71(5 - 249950)) > 1 g

for n > (0.8199/5)2, which require least sample sizes n > 269, 120, 68 for § = 0.05,0.075, 0.1 respectively.

3
For symmetric data with zero mean and finite third moment, (20) gives a trivial bound if we put %\2{129‘” >1,

3y\12
i.e. the B-E bound is useless when n < [0‘3328@?2'429” I

17



Under review as a conference paper at ICLR 2023

B SMALL SAMPLE LEAVE-ONE-OUT AVERAGE IN MOMENT NORM ESTIMATIONS

For the small sample zise (n < 20), one has two other methods, except the direct empirical moment method (DE). The
first one is the well-known Bootstrap. The non-parametric Bootstrap can reduce the estimator’s variance and make it
more robust (see p512 in Hesterberg|(2011)). Especially, here we use (n — 1)-out-of-n Bootstrap and construct n — 1
Bootstrap estimators and then take the median of these estimators. The second robust method under small sample
setting is called the leave-one-out Hodges-Lehmann method (LOO-HL) proposed by Rousseeuw & Verboven|(2002).
Specially, based on sample X = (X1,...,X,)" € R", define LOO-HL empirical mean estimator as

DE(X(_y) + DE(X(_j))
2

ﬂLoo::med{ :1§i<j§n},
where DE(X(_;)) := >~ _; Xx/(n—1) is the empirical mean estimator of X(_;) = {X1,..., X;_1, Xiy1,..., Xn}.

It is worthy to note that the leave-one-out method is different from classic Hodges—Lehmann empirical mean estimator
fmr := med;<; XitXi which uses a single sample X; instead of leave-one-out mean DE(X(_;)) since in practice
we find that classic Hodges-Lehmann method cannot render ideal performance.

To see the performance, we use the three methods above to calculate the relative estimators’ errors based on small
samples corresponding to the settings in the previous section, except we use 1% independent Cauchy(0, 5) perturbation
to contaminate the original distribution. The results is shown in Figure [f] It can be seen that the three methods can
achieve relatively good performance, while the LOO-HL method gives less error overall and is obviously better than
the other two methods when 2 < n < 4.

Standard Gaussian contaminated by Cauchy(0, 5) Centralized Bernoulli contaminated by Cauchy(0, 5) Uniform[-0.5, 0.5] contaminated by Cauchy(0, 5)

label label label
Bootstrap Bootstrap | Boolstrap

— DE — DE i — DE

075 LOO-HL | LOO-HL I LOO-HL

Relative Error
°

Relative Error

Relative Error

£
2
s

3

/ | A
\V“ 0.0
:

Standard Gaussian Centralized bernoulli Uniform on [—0.5,0.5]

n n

Figure 6: The relative error of || - ||g-norm estimation for three kind distributions by using direct empirical moment
method (DE), Bootstrap, and Leave-one-out Hodges-Lehmann method (LOO-HL).

C PROOFS OF MAIN RESULTS

Proof of Lemmal[2] Note that || X||¢ := max,,eon [%] Um, where Z ~ N(0, 1). If the maximum take at m = oo,

ExmY™ ok 1\~ @
mm[m] —%sg[ﬁf(kwﬂ Xl

is an increasing function for some sub-sequence {k¢} C {k} such that lim,_,, k¢ = oo when ¢ is large enough, where
we use the formula of 2k-th moment of standard normal distribution (see (18) in|Winkelbauer| (2012)).

oke 1 —1/(2ke) ket 3 —1/(2ke+2)
Frlen)] s [T ()] s

Therefore,

18
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1/ke
ie. 2kt [7“,6@@1/2)} < ||IX |55t 2 /|1X |54 for any Ky is large enough. Let £ — oo, we have

2k +2 1/ke
2ky + 1
1 = limsup IX ngeig > lim s [ vr }
oo || XI55 o002 T(ke+1/2)
1/ke 141/ (2ke)
VT . e e
= lim (ks +1/2 =lim —=—>1,
ﬁoo( e+1/2) L/%(kz + 1/2)kee—(ke+1/2) t—oo /2 V2
which leads to a contradiction, where we use a fact that lim, o || X||n = || X||lcc = esssup|X|, and hence
limsup, ., [ X[3:75/1 X157 = 1. As a result, one must have arg max, con [%::]l/m < 0. O

Proof of Theorem[2] If X; is symmetric around zero, then we have by EX Ek“ =0fork e N,

> 2RE X2k = R (2k)! X1 = (12X || /2)" £ | Xill¢
tX; ? R =G
EetXi =1 1+>° ( Z = exp{———<}

— ' < o
k) = T (2k) 2RK

k=1 k=1

for all t € R, where the last inequality is by the definition of || X;||, < oo such that EX?* < gﬁg, | X ||G Then it

proves X; ~ subG(||X¢||é), which shows case (a).
For case (b), if X; has zero mean, then we bound the odd moment by even moments. For k = 1,2,--- and ¢, > 0,
Cauchy’s inequality and mean value inequality imply

E|tX |2k+1 ( 1E\tX |2k ckE\tX |2k+2)1/2 ( fthkEX2k+c t2k+2EX2k+2) /2

-1 —1
So, EltX;|? < t’EX?+cit*EX} E[tX,|° < & t*EX} +eot° EX?

T < R s == < R , and so on, which implies

> t’“E|X k& PEX? o "EX? + ot EX}  #EX!
tXL i 1 [ i i
1+ Z sht— 23] T

ey "PEX} + 02t6EXi6 N tSEXS N c3 MOEXY + e3P EXP N

25! 6! 2.7
<1+(1+3!> tQEQ‘!XQJr(H;!,c;,Jrz!C%,l) t4i‘!}(?+(1+26!652,+62!637,1> t6EGf(E+---
§1+(1+6;> tQEZ,Xi2+<1+2 1+10> t4lix4 <1+3 2+ 14>t6]2!X6+---
<1+ (1+ oo 1) t2E2!X2 <1+2 c + 101> t4zX14 +§(1+kck1+42’§2)t2§5§3k. (21

71.

ST +2 _ for k > 2 and z, m > 0. Consider the following system of equations:

l—l—%:m
-1
1+201+612—0:m2

19
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2
This system with c; = zm? gives 1 + 2¢; + 0.63:(1 n %) - (1 n %) which could implies ¢, = 0.4 if we
set z = 0.9806308. And then mn = 1+ g = {Z. Therefore, (ZI) has a further upper bound

t?EX2 HEX! ¢t O\ t*EXZ
E tX; <1 7 2 7 1 kcw_ k i
e T +;;, TRt 2 ) TR
S \Ft %EX% (i) ) 2R Xille; £ (VIT/12) Xill)?
<> ST Z BT o S e - L@
k=0 k=
where the first inequality stems from 1 + 2 "y (g,ﬁ)f -m~F1 < m¥ withm = 17/12,k = 3,4,-- -, and the last
inequality is by the definition of || X;|| . Thus we show X; ~ subG(17\|Xi\|2G/12). O

Proof of Theorem[I] For (a), it remains to show the lower tail bound. For ¢ > 0, by the independence of {X;}7,,

P{max X <t} =P(X1 <t Xy 1) =[P i<t

[Applying Lemmall] < (1 — C?(X)e2IXI&/IXIE 1) < exp (—n 2 (X)e#EINIE/IXIE 117

where we use 1 —x < e~ 7 for all € R in the last inequality.

Let § = exp(—nC2(X)e 42IXIE/IXIE 1)) and we get t = XN/l Xllg logn — log C—2(X) — loglog (2).
p(—nC?*(X) ) g 2¢2||XH2G/\|XH§~;—1\/ gn —log C~2(X) —loglog ()

For (b), if X < M < oo, it shows

0 <[|X|& < min

1/(2k) 1/(2k)
{2’%! Qk} o [Qkk!] o
k>1

(2k)! (2k)!

So we immediately get || X||5 = 0. O

Proof of Lemmall} The proof is based on Paley—Zygmund inequality P(Z > 0EZ) > (1—0)? gg];] for a positive r.v.
Z with finite variance, where 6 € (0, 1); see Page 47 in Boucheron et al.| (2013).

Since X is symmetric around zero, one has EX2*+1 = 0 for k € N, which gives for all s € R,

[ee]

%EX% = 2 RUIXE & (s HXII /2 8 x4
E sX _ 1 >1 G G 23
¢ * ; QK = Z (2k)l 2kl kz:: —ep{—5 " @3
where the last inequality stems from the definition of || X || 5 < oo such that EX?* > (22,53!! | X Hzék
Let Z = exp{sX }. The above Paley-Zygmund inequality and (23) imply
P(Z > t) := P(exp{sX} > exp{||X|%s?/2}) > P(exp{sX} > 0Eexp{sX}) > (1 — 9)2M
= P - P G - P - P - Eexp{2sX}
X% 52
> (1-0p 2PN ] (1 g2 o2, - X 135%) 24

2
exp{2]| X||gs?}

20
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. .. t+,/t2+2]| X ||% log(1/6 .
where ¢ := || X Hé% + 1029 > 0, and the last inequality is from Theorem a). Put s = H||X”H2c =0/ ), which
G

is solved from equation 3| X || 5s? — ts — log(1/6) = 0, then we have

412 + 4| X || % log(1/6)

2
—4
= IXIG! [t /e 21X ostr /)] < TG
G

Substitute this upper bound into (24), and it leads to

POX 5 0> (16 exp { 2X11% — XU + 4 X[ log(1/0) }

BYE
= (1—0)?exp{— 2| X%/ X[l& — X1 5°][4£* + 4]| X || log(1/6)]}
_ (1 _ 9)294[2”X|‘é/“XH4@—HXHE; ] eXP{_4[2||XHé/||XHé _ HX”é?]tQ} (25)

Taking sup on € € (0, 1) over the two sides of (23), we have

— 2 2 _
P(X > ) > exp{ 42| X[|&/I1X & — 1X]I 5"t} suppeo 1) (1 — 6)?6* I/ X6 =)

22| XI5/ I1X 1% -1]

1X1% > <4||X||é2xné> 2 ord P

= exp{—42| X|[5/1X 115 — IX1Z7¢2  (26)
<4|X||é —I1x1% ) \ 4IxII% - I1X11% “

4 Xz -21X1%

T T O
AIXNE-I1X1%

where the supremum of supye(o,1y(1 — 9)264[2”)(”%/”)(“26’1] is attained at fy =

Proof of Proposition[I] As in Hao et al| (2019), the sub-Weibull condition is that X ~ subW () is defined as a
sub-Weibull r.v. with sub-Weibull index 7 > 0 if it has a finite sub-Weibull norm ||X||,,, := inf{C € (0, 00) :
Elexp(|X|7/C™)] < 2}. Itis easy to see that, for sub-G X, we have X ~ subW (2). Write

3 2k 2% 1 1~ o k
Xl ||X||GX(2]€X_1)”anXi X —EX
i=1

Since X ~ subW(2), by Corollary 4 in|Zhang & Wei| (2022), we have X2** ~ subW(1/kx ). Then apply Theorem
1 in|Zhang & Welil (2022), we get

P([IXlg ™ = IXIEY| < 2en 21X |l o COH {VE+ L (KT 1T Xy, ) 55} ) 21— 267,

where constants C(-) and L, (-, -) is defined in Theorem 1 of |[Zhang & Wei|(2022), and

Ln(k)_(la n71||XH1/11/kX 1”)
I X g Lnlloo
=X g iy Lnll2

”n_l ||XH’¢1/1CX Lol

. 2kx —1
=y Ak ) -
* 1= X |y I l2

{0 < k' <1} + 92> B(ky') k' > 1}

I X N Tl .
=P A ) T A = PR AGRY) [V, (1/641/8 = 1),
12 X 0 ol

Proof of Theorem 3] Let MOM,[Y] := med,¢ ;) {P5:Y} be the MOM estimator for data {Y;}7;.

Since bg represents the number of sane block containing no outliers, and 7)(¢) is a possitive fraction function for sane
block such that bg > n(e)b. For € > 0, in fact, if

Zke[bg] 1{|Pi"'Y—EY\>e} <bs — b/27 then |MOMb[Y} — EY| <e
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The reason is that if at least b/2 sane block { By} s.t. [P2*Y — EY| < ¢, then | MOM,[Y] — EY| < e. We have

b b
{IMOM,[Y] —EY| <€} D {|{k € [bs]: |IP2*Y —EY| < ¢}| > 2} =< > 1{|pf;,way\>e} <bs—35
ke[bs]
Then,
b
P{IMOM,[Y] —~EY|< e} >Pq 1{‘P3’,¢Y7EY|>E} <bs—
kebs]
b
Bg By
=Pq > Mpaey—pyisey = P{IPmY —BY[> e}] <bs — 5 = bsP{[P;Y — EY| > ¢}
s€bs]
1
P8 Mypry_pypseg — PUPRY —EY| > e}] <bs[l - e P{|PP:Y —EY|>€}] 3, (27)
s€bs]
where the last inequality is by (M.2): fg > f%. In 27), Chebyshev’s inequality implies
Y Y 1
P{PEY —BY| > 20/ MV pipiy gy 5 g [HEVAYy 1
m m 4n(e)
Lete =2 "(6)%, and the last inequality shows
3
P{|MOM,[Y] ~EY| < e} >Pq > (Lypmey_ysa ~ P{|PB:Y —~EY| > €}] < bs[l — 477(6)]
s€[bs]
ince Bay_ sc[b] are independent r.v. which is bounde , Hoeffding’s inequality shows
Si {l{leY EY‘X}} c[bs) are independ hich is bounded by 1, Hoeffding’s inequality sh
3 *nygi:Z#%7N2 3 \2
P> [Lfip2ey_py sy — PAIPIY —EY| > e}] <bs[l - 477(6)] S1oe  TEa-0f 1 s(l-ghs)?
s€fbs]
Therefore, we have
p { MOM,[Y] — EY| > 2 W} < e Ps0-mim)” < 2= 30)° (28)
m
where the last inequality is from bg > 7(e)b.
Next, recall that
Ex2k 1Y/ px2k 1Y/
= —_— f— J— >
Xl =, e, [(% - 1)!!} 1S5 [(% - 1)!!] for any fin 2 kx 29
and ||3(\||b,c = max Erée[zg{[(%il)” - PBs X2k]1/(2k)1  Recall that 3. (01) and G i (o) are the sequences s.t.

':| 1/(2k)

1/(2k)
[EX%/(%— ! ;

(1= grm(@0)) = max [=20m/n(e)] ok /(BX*) + EX**/(2k — 1)1]

1<k<knp

(30)

[2[m/n(e)] "V 20k J(EX?K) + 1]/ =1 +9, . (ok) foranym € Nand 1 < k < k, respectively. 31)
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For the first inequality, we have by (29)

[ EX 2k 1/(2k)
e

— <l _Ex*
P {”XHb,G — [1 132?{ Ik m(ak)]”X”G} {”XHb G = 132)( 2% — 1)”

<P {HXHb,G

__ ok 2 10 G A
By @) =P {”X“w = {_ CE— T /n @ T @ 1)!1] }

1 1/(2k) ok 9 Ex2k /(26
<) P ————— . PB. x 2 < k.
Z {géeg]i -y o | b= {(%— Dt [m/n(e)]'/? T }

(1 — max gkm(ak))}

1<k<k

IN

EX 2k :|1/(2k)

1k %0, {(%1)” (1- gk,m(%))}

) EX?2%k ok 2
- ZP {med{ 2k — 1)1 P XY < k-1~ (2k f1)n ‘ [m/n(e)]l/Q}

Kn

2k 2 o 2
- ZP{med{ TS [P X —EX} < _(Qk—kl)!! ' [m/n(€)]1/2}

2 3 2
< E P! |med{PB:[X?** —EX?*]}| > of - } < kpe 210 mE)"
— {| e 2 [m/n(e)]*/?

where the last inequality is by [28) with Y; = X?*; and the assumption that v VarX2* < of, 1 < k < k,,.

Letg (0):=maxi<k<s, g, , (ok). For the second inequality, the definition of g, (%) implies

X1, ¢ — px2k 1Y0CH Ex2 1YY
PlIX — = L =P<||X —— o 1\
{H e < L+g (o) Xy, = Lk [(Qk—l)!!} > 9,,(7) 1Sk S [(2/9—1)”}

_ EX2k 1/(2k) EX 2k 1/(2k)
<P ||X||b7G— max [} >gk7m(0k) max [)”}

1<k<rn | (2k — 1! 1<k<rn | (2k — )N

[ EX2k 1/(2k)
||X||bG> max ]

1<k<r, | (2k — D! (1+9k7m(‘7k))}

EX2k 1/(2k) ok 1/(2k)
P ” e > 1<mka<),i | (2k — 1)! ] {EXQ’C . m/n g)]1/2 + 1}
2

_ r O.I];c EX?2k 1/(2k)
R T = e § T oyt VR T 1)"} }

k 2 EX2k 1/(2k)
w}

[
g

IN
g

/—/H/—/H/—’H/—/H/—/H

(I med

.PTJ%X%P/(%)} > [(Qk—kl)” : [m/n(E)}lﬂ + (2k — 1!

ron 1 , 1/2k O'k 2 EX2k 1/(2k)
- f{me{%{[(zkn?ﬁw} }>[<2kkl)!z'[m/n@]l/z*(%1>”} }

) ok 2 EX?F
med{ @ X k} @D e (2k—1)!!}

P {med{PB X2 > _ 2k +EX%} = ip {med{PB (X2 —~EX?*]} > 2””3}
k=1
{ 2

F
Il

seb m/n(e)}lﬂ seb] [m/’r](s)]l/Q

L NgE HM;,

[By @8)] <

| med{PZ: [ X% — EX?*]}| > oF }gmne—%(e)b(lnﬁm)i
it W=zt e

=
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where the last inequality stems from v/ Var X2k < o¥ 1 < k < x,, for a sequence {0} }r>1. O

Proof of Theorem[d;: Denote Y} ; represents the i-th value of reward of arm k in its history, where i € [T (t)] for any
round ¢. It is needed to bound ETy(¢) as one has

K
E RegT < Z AkETk (t),
k=2
from (T0), so we can only focus on some fixed arm. Hence, we can just drop the subscript & in {Yk,,»}iT;Y) as {Yi}f:’“ %t).

We first give a lemma, which is crucial in the following proof.

Lemma 6. Let {Y;}" | be independent r.v.s with p; = EY;, and assume that Y; — p; is symmetric around zero with
Y — pille < C and {w;}1, are i.i.d. Rademacher r.v.s independent of {Y;}?_,. Let w := L """ | w;. Then,

P(;Zn:(wi—w)(yi—m) <C 2log7(ll/a)) >1-a.

Proof of Lemma[B] From Theorem[2], we know that under the conditions in the lemma,

P2 Y ailvi— ) < Ol YV 2ER) 2 1 ()
n n

i=1
— T n
for any vector a := (ay,...,a,) € R™

On the other hand, we have following inequalities,

lw =3 :=> (wi —w)* =Y _w} —nw® =n(l -w°) <n, and || — D] < 2. (33)
=1 =1
Therefore, one has

n

P(25 -0 ) < 0 ZEUD) e, (15w - m - ) < 0 2

n 4 n ; n
i=1 i=1
1 < . o 2log(1/a)
> PPy = i —w)(Y; — i) < Cllw—w|s—F") 21—q,
= y<n ;Zl(w w)(Y; = i) < Cllw —wlls~— a
where the second inequality is by (33) and the last inequality applies (32). O

Based on Lemma [f] next we can prove Theorem ] We first state the assumptions for Theorem d]in detail.

(UCB1) The rewards of k-the arm in round ¢, Y. And /VarYkz“’ < a,’jﬁ, 1 < k < ky, for a sequence {Jk’,{}@l;

(UCB2) For any k € [K]

—1/(2 1/(2k)
(0p) 1= 1— [BY2 /(26 — 1)1] 7/ _max [—2m’1/2cr,§7,€/(EYk2“) +EY2% /(26 — )1
SKSRY,

gn,m
and

9y Ok ) = [2m 720 J(BYE) + 1]/ —1

Ry

—1/2

are both less than n for sufficient large m.

Proof of Theoremd} Denote the population version of
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Pa(Yy) = /2ot e o 00 (v,) o= |V — o/ 288D with  BY =g

Theorem 2] gives

Y n2<p2 (Yn)
P(IY — p| = pa(Yn)) < 2exp {G} =a/2.
( ) 2l 4l

by the fact that Y — p is symmetric around zero.

From Theorem (3} we take b > 8log(ky /) and define the event &y bellow associated with the MOM estimation of
the intrinsic moment norm

T o A . ~
E ={lY —ple > [1 lgigimgk,m(ok)]lllf mllc}

with probability at least 1 — /2. Note that

P(Y = pl = a(Yn)) <P(IY — p| > 8a(Ya), &) + P(EY)
2log(4/a)

1 2Tl 8 ) + a2
<P(IF=ul =)= g (ol 280
’ n

Y - 2
s IV = sl + o

IN
g

(I7 = 1l = pa(Ya) +a/2 <.
where the last inequality is by taking m big enough such that max, <<, /2 Gg.m (%) < 1/4/n. Then, for s € N,

P(|Ys — k| < Pa(Ys)) > 1 — o

Now for any k € [K] and fixed T)(t) = s, we know that

P(?s - Mk > @G(Ys)) < P(l?k - Nk| > @G(Yn)) <.

By the non-asymptotic second-order correction (see Theorem 2.2 in|Hao et al.|(2019)) and the assumption that Y — p
is symmetric around zero, one has

2log(4/a) @G(Ys)} < %

P{,ukys ZQa/Q(Ys*?s)“F s

where Qa/2(YBk - ?Bk) = qa/2 (Ys - ?sa %13)‘
Denote the UCB index UCBy(t) = Y1, () + ha (Y1, (1)), and the good event

Eri={m < gél[lq{l] UCB4(t)} N {?Bk + qay2(Ys —Y,)+/2log(4/a)/s - pa(Ys) < ul} , k € [K],

where By, € [T is a constant to be chosen later. Following from the proof in (B.16)-(B.18) of |[Hao et al|(2019), we
can gives that Ty (t) < By and

ET,(t) < By + T[QaT +P(Vi, + a2 (Yn, — Vi,) + v210g(4/a)/Bx - 3a(Yi,) > m)}- (34)

On the other hand, from Lemmal6} then
P(QQ/Z(YBk ~Yp,)>C
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Next, by applying MOM estimator, we need to the following assumptions for block {by} e[k corresponding to
Theorem 3] Here we include the subscript k to avoid confusion.

Under n(e) = 1 with ¢ = 0, Theorem [3| ensures for b, > 8log(ky /) and take m large enough such that
maxi<x<ky g, (0x) <12, then
P((l + nil/Q)C <Y - N”b,c)

<P(1+ max g (on) IV =l < IV —ally, o) < bye ™ /® < a/2
1<k<ky /25HM ;

Hence, we have

—1/2
210gB(4/a) Ge(Yn) > C |1+ 2log(4/a) 1 + By 210g(4/a)>
k

- By 1-B,"Y? By,

P <Qa/2(YBk —Yp,)+

P Y v 2log(4/a) ||}/\—M\|b,‘ G 2log(4/a)  2log(4/a) (1 + kal/Q)C
< - + = > C +
- (qa/2( B 2 By, 1 Bk—1/2 B}, B, 1 Bk—l/Q

M

SP (QQ/Q(YBQ - ?Bk) Z C Bk

)+ PO = Hl 6 2 (14 B0)
which implies with probability at least 1 — «,

2log(4/a) .

Ga2(Y, —YB,)+ B, Pa(Yp,) < 0[1 +

2log(4/a) 1+ B~ Y?] [2log(4/c)
B, 1-p;'? By,

2log(4
<22+ Va)0, | 2loet/)
By,
where By, > 8log(ky, /a) V 2log(4/a) and maxi <. <ky, /2 Gxm (k) < 1/v/ By, for each arm k.

Now, define the event By, := {¢n/2(Y B, — Y5,) + /2log(4/a)/By - 2c(Y,) < Ak/2} with Ay := 1 — pug.
Choose By, as

42(2+v/2)%C?
By = (AIQC) log(4/a) > 2, (35)

we have o
P(Bz) = P(qa/Q(YBk — YB;C) -+ 210g(4/0£)/Bk . Q/O\G(YB;C) > Ak/Q)

SP(2(2+\/§)C bg(Bt/a)>Ak/2) +a=0+a=oqa.

Applying Theoremfor concentration of Y g, — ju; when By, is chosen as in (33)),

P(Yp, +4a/2(Yp, —YB,) +2log(4/) /By - $6(Yp,) > 1) < P(Yp, — > Ay/2) +P(Bf)

S?exp{—%:/gf}-i-
=2exp{—ikg‘2z}+a
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Taking account these results into (34), we get that

ByAZ }

BTi(1) < By + 20T + oT + 2T exp { - s

42(2 2)2C?
_ (+A—{)C log(4/a) + 2aT? + aT + 2T exp { —2(24 V2)? log(4/a)}
k
16(2 + v/2)2C? 4 )
_A—ilgT_FT—’—T%'HG\[ +8

by taking o = 4/72. Under the problem-dependent case, the regret is bounded by

K
4
— 2
Regp = ;—2: ALET(t) < 16(2 + v2)%C 1ong§ 2:A - (T T%HM ) § Ay

To get the problem-independent bound, we let A > 0 as an arbitrary threshold, then decompose Reg, we get

Regr = METLH(H)+ Y AET()

Ap:Ap<A ApiAg>A
<STA+16(2+V2)°C?logT > A'+ (; + ﬁ +8> oA
Ap:Ap>A Ap:Ap>A
<A+ 10CF ﬂ)ZCQKlogT + (; + T25+216f + 8) Kuj
=8(V2+42)C\/TKlogT + (;{ - T25+216f 8) Kk,

by taking A = 8(2 4+ v2)C'/(K log T) /T And finally, we take C' = maxye (k] [|YVi — k|-
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