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ABSTRACT

In-context reinforcement learning (ICRL) enables Transformers to adapt to new
decision-making tasks using context alone without parameter updates. Recent
works demonstrate that Transformers can replicate reinforcement learning strate-
gies, such as V-learning, in uncoupled learning environments. This provides valu-
able insights and lays the theoretical foundation for applying Transformers to
strategic settings. However, their approach relies on external sampling mecha-
nisms during inference, introducing an artificial layer on top of the original Trans-
former structure. This work investigates whether Transformers can perform in-
context game playing in matrix and Markov zero-sum games entirely within their
architecture, without external procedures. We show the first theoretical result that
Transformers can approximate online mirror descent (OMD) dynamics in both re-
peated and sequential multi-agent games, with the accuracy dependent on model
size. Additionally, we demonstrate the benefit of pre-training with longer trajec-
tories under appropriate model architecture choices.

1 INTRODUCTION

In-context reinforcement learning (ICRL) refers to a Transformer model’s ability to learn and adapt
to new sequential decision-making tasks purely through context, without any parameter updates
Laskin et al|(2023); Lee et al.|(2023)); Lu et al.|(2023). After being pre-trained on diverse interaction
trajectories, the Transformer is prompted at inference time with a short history from a new environ-
ment and is expected to select actions effectively based on this context alone. This paradigm enables
a single, frozen model to generalize across tasks. The appealing properties of this paradigm have
therefore motivated many theoretical and empirical studies to better understand in-context learning
Xie et al|(2022); (Garg et al. (2022)); Akytirek et al.| (2023); [Von Oswald et al.| (2023); Dai et al.
(2023); Bai et al.|(2024).

One conjecture of how Transformer conduct in-context learning is it does so by implicitly imple-
menting learning algorithms within its forward pass. In fact, recent work has formalized in-context
reinforcement learning (ICRL), demonstrating that well-designed Transformers can replicate clas-
sic algorithms such as LinUCB and Thompson Sampling in single-agent settings like bandits and
Markov decision processes |Lin et al.| (2024). These findings suggest that Transformers, when pre-
trained on appropriate distributions of tasks, can internalize exploration and learning dynamics
purely through context.

However, this line of research has so far focused largely on isolated, single-agent environments. In
contrast, recent advances such as AlphaProof|AlphaProof & AlphaGeometry|(2024) and DeepSeek
Liu et al.|(2024) highlight the growing importance of interactive experience, where models con-
tinually improve by generating and learning from their interactions. Many of these interactive set-
tings are inherently multi-agent, involving coordination, competition, negotiation, and collaboration
among intelligent agents. In such environments, progress relies not only on adapting to a dynamic
world but also on reasoning about and responding to the behavior of other agents. This elevates
agent-to-agent strategic interaction as a central challenge. Extending ICRL to these game-theoretic
settings, known as in-context game playing, introduces new theoretical and algorithmic challenges.

Shi et al. |Shi et al.| (2024) expands beyond single-agent settings to investigate Transformers’ game-
playing abilities under the uncoupled learning paradigm. Specifically, two independent Transform-
ers are pre-trained separately, each without access to the other’s actions. The work show that during
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inference time, the two Transformers can find an approximate Nash equilibrium (NE) by realizing
the V-learning algorithm Jin et al.| (2024). This proves that Transformers can encode reinforcement
learning strategies directly in context.

However, a key limitation of the previous work lies in its reliance on an external sampling mecha-
nism during inference. In fact, realizing V-learning in the uncoupled setting requires a sophisticated
averaging procedure to simulate stochastic mixtures of historical policies. Effectively, it performs a
weighted sampling over past iterates. This introduces an artificial inference-time component outside
the Transformer’s architecture. This raises a natural question:

Can a Transformer, without any external mechanisms, learn to play games purely in context?

We start the investigation of this question with competitive games. In this work, we study the in-
context game-playing capabilities of Transformers in both matrix games and Markov games under
an uncoupled learning setting, focusing on whether the model can implement no-regret learning
dynamics internally. Our main results are as follows.

1. We provide the first theoretical results showing that Transformers can perform in-context
learning in competitive games without relying on any external sampling algorithm at infer-
ence time. We further validate this with empirical results.

2. Technically, we develop a new approach to analyze Transformers. We show that Trans-
formers can learn in-context by approximating online mirror descent (OMD) dynamics in
repeated normal-form games and extend this capability to sequential multi-agent interac-
tions in Markov games. To enable this, we reformulate the constrained OMD updates using
the Lagrangian method, allowing Transformers to approximate the resulting unconstrained
optimization dynamics. Instead of relying on smooth or approximation through gradient
descent, our approach bridges constrained dynamics and transformer architectures through
a careful analysis of the smooth surrogate objective and its approximation error.

3. Our results show that while Transformers can approximate OMD up to an arbitrary e-
accuracy, doing so imposes architectural constraints. Specifically, the achievable accuracy
depends on the model size, revealing a fundamental tradeoff between the model capacity
and the strategic learning ability.

4. We extend the results to Markov zero-sum games. While the previous error bound scales
linearly with the trajectory length 7', which suggests a less efficient training with longer
trajectories, our results show the opposite that the duality gap in in-context game playing
decreases as 7' increases, provided the Transformer architecture is sufficiently large.

2 RELATED WORKS

Provable In-context Learning In-context learning (ICL) with transformer models has garnered
significant attention in recent years, fueled by advancements in large language models (LLMs). A
growing body of research aims to understand the fundamental mechanisms behind ICL. Several
studies have demonstrated that transformers can perform in-context gradient descent, enabling the
implementation of various optimization-based algorithms |Garg et al.| (2022); /Akyiirek et al.| (2023));
Von Oswald et al.|(2023));|/Ahn et al.| (2023). Looped transformers have also been shown to emulate
essential computational primitives, which can be combined to execute more complex operations
Giannou et al.|(2023).

Recent work by Lin et al. [Lin et al.|(2024)) established generalization guarantees for pre-trained mod-
els in the context of single-agent reinforcement learning. They proposed transformer architectures
that provably implement efficient algorithms for single-agent bandits and reinforcement learning.
A follow-up study |Shi et al|(2024) extended this research to multi-agent settings, illustrating the
in-context game-playing capabilities of transformers. This was demonstrated by the transformers’
ability to realize the efficient multi-agent learning algorithm, V-learning Jin et al.|(2024). However,
since V-learning requires stochastic sampling of history iterates, the in-context game-playing ability
of transformers is limited without an external sampling algorithm.

Learning in (Markov) Zero-sum Games For constrained zero-sum games with a unique Nash
equilibrium, Daskalakis & Panageas| (2019)) established asymptotic last-iterate convergence for the



Under review as a conference paper at ICLR 2026

optimistic multiplicative weight update method. This result was later improved by [Wei et al.
(2020), who demonstrated a linear last-iterate convergence rate. However, their analysis depends on
problem-specific parameters, such as a condition-number-like quantity. Subsequent works explored
optimistic learning algorithms with vanishing learning rates Mertikopoulos et al.|(2019), as well as
extensions to more complex variants of zero-sum games, including Markovian settings |Daskalakis
et al.| (2020); Wei et al.| (2021); |Yang & Ma (2022)); Leonardos et al.| (2022). Recent work |Cai et al.
(2024) also showed last-iterate convergence properties of online mirror descent-based algorithms in
(Markov) zero-sum games under bandit feedback.

3 PRELIMINARY

3.1 TWO-PLAYER (MARKOV) ZERO-SUM GAME

Two-player Zero-sum Game Consider a set of two-player zero-sum games G, where each game
G € G shares action spaces A, B. Each game G has a reward function Rg : A x B — R. With a
joint action a € A, b € B, the a-player receive a reward of r¢(a,b) ~ Rg(a,b), and the b-player
receive a reward of —rg(a,b). We thus call the a-player the max player and the b-player the min
player. Without loss of generality, we assume 7¢(+,) € [0,1], for any G € G and follow the form
of a” Agb, where Ag is a game specific matrix. The players can also choose to play randomized
policies z € A(A),y € A(B), and r¢(x,y) = Eqnzpy[ra(a,b)]. A pair of policies (z*,y*) is
said to be a Nash equilibrium in a game G if for any z,vy, (z*)T Agy < (z*)TAgy* < 2T Agy™*.
The minimax theorem guarantees the existence of a Nash equilibrium in a two-player zero-sum
game (v. Neumann, |1928]).

Two-player Markov Zero-sum Game Consider a set of two-player Markov zero-sum games G,
where each of the games G € G shares a state space S, and action spaces A, B. Each G has a
transition function Tz : S X A x B — S, areward function Rg : S X A x B — R and a discount
factor . In a zero-sum game G, upon state s € S and joint action a € A,b € B the a-player
will receive a reward of rg(s,a,b) ~ Rg(s,a,b) whereas the b-player will receive a reward of
—ra(s, a,b). Without loss of generality, we assume rg (-, -, -) € [0, 1], for any G € G. The players
can also choose to play randomized policies x € A(A),y € A(B).

The expected payoff (value function) for the max player in a game G is ny*s =
E [ v ra(se, ae,by) | se ~ Ta(si—1,a4,be),ap ~ ,by ~ y, 50 = s, and the expected pay-
oft of the min player is the negative of the reward. The Q-value of a game G under state-action

s,a,b and policy z,y is Q5 (a,b) = rg(s,a,b) + E [VG’S/ | 8" ~Tq(s,a, b)] When we rewrite

this as a matrix QS7, we can see that V,%;* = 27 Q%*y. We denote the minimax game value on

state s as V,? = max, min, V7 . We call a policy z* = (z*, y*) a Nash equilibrium if it attains the
minimax game value.

Bandit Feedback and Uncoupled Learning Dynamics In this paper, we consider games under
bandit feedback and uncoupled learning dynamics. In this setting, each player chooses their policies
individually and does not observe others’ actions. Both players can only observe the reward that
depends on both the actions chosen.

3.2 IN-CONTEXT LEARNING

In this section, we introduce the setting for in-context learning for two-player zero-sum games.

Distribution of Offline Dataset We define a partial interaction trajectory for the max
player at time ¢ as D,;, = {(a1,7m),...,(as, )}, and analogously for the min player as
Dy, = {(bi,r1),...,(bs,¢)}. In a Markov zero-sum game setting, these trajectories also
include state information. Specifically, for the max player, the trajectory becomes D,; =
{(s1,a1,71), ..., (8¢, a¢, )} and for the min player, D, = {(s1,01,71), ..., (S, b, 7¢) }.

We focus primarily on notation for the max player; analogous definitions apply for the min
player. A max-player algorithm Alg, maps a partial interaction trajectory D, ;_; to a distribu-
tion over actions A(A). Given a game instance G and an algorithm Alg,, the distribution over
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a trajectory D, 7 is defined as follows: 1) In a (non-Markov) zero-sum game: Pélg”( Dp) =

Hthl Alg, (a; | Di—1)Ra(at,be), 2) In a Markov zero-sum game: PGAIQ“ (D) = Hthl Alg, (a; |
Dy—1)Ra (st at, by).

Let A € A(G) denote a prior distribution over games. Then, we write Pglg“”A to denote the joint
distribution over a randomly drawn game G ~ A and the resulting trajectory Dy induced by Alg,, .

Supervised Pre-training During supervised pre-training, we employ a context algorithm Alg,_, =
(Alg, .,Alg, ) to collect offline datasets D, 1 and D, 1 for the max and min players, respectively.
For each trajectory D, , we augment it with actions recommended by an expert algorithm Alg B
The augmented trajectory is denoted by D, 1 = D, 7 U{a;}{_;, where a, ~ Algy, (- | Dr) in the
zero-sum case and @; ~ Algp (- | Dr, s7) in the Markov zero-sum case. The resulting distribution

over the augmented trajectory D, r is given by Pglg”’AlgE’” (D) = Pélg“ (D7) Hthl Algg . (a; |

D, r),or Pglg‘”’AlgE’m (Dr) = Pglgm (D) Hthl Algg . (at | Dy 1, s7) in the case of Markov game.

. . . . . e Alg, ,A
For pre-training, we first sample n offline trajectories { D’ }"_; from the joint distribution P, Oa:,

We then augment each with expert actions {{a:}}_;}7 ;. The training objective is to maximize the
log-likelihood over a parameterized algorithm class Alg‘gw by solving the following optimization
problem:

n T
N 1 =i i
=g 523 log (Mo, (5 DL1-0) 0
or 6 = argmaxg 23" 3/ log (Algy , (@i | DL, ;,si)) in the case of Markov zero-sum

game.

Learning Objective In two-player zero-sum game, a pair of policies (x,y) is said to be an
e-approximate Nash equilibrium in a game G if for any 2/,y', (z)"Agy’ < (z)"Agy +
e,(x)TAgy > ()T Agy — e. Equivalently, this means that neither player can gain more than
€ by unilaterally deviating from their strategy. Similarly, in a Markov two-player zero-sum game, a
policy pair z = (x,y) is said to be an e-approximate Nash equilibrium in a Markov zero-sum game
if for all states s and all alternative policies " and y', V!, < V? +e€, V3 >V7 —e, Vs
For each environment, our learning goal is to approximate its NE policy pair. In other words, we
target outputting a policy pair that is e-approximate NE with an error € that decreases as T increases,

after interacting with the environment for an overall 7" rounds.

3.3 ALGORITHMS INDUCED BY TRANSFORMERS

With the background and objective of in-context learning established, we now introduce the trans-
former architecture that will implement our algorithm |[Vaswani et al.| (2017).

Embedding Mappings The max and min players have two embedding mappings h, : A x O —
R and h,, : B x O — R% with dimensions d,, and d,, respectively. Here, A represents the action
space for the max player, I3 represents the action space for the min player, and O represents the
observation space (which include rewards and state information if the game is Markov, and only
rewards if the game is non-Markov).

Next, we define the algorithm induced for the max player, with similar definitions applying to the
min player. The embedding mapping sends any action-observation pair into an embedding, creating
a sequence of embeddings for the historical data:

h(Dgyi—1) = [hz(a1,01), ..., ha(ai—1,00-1)], 2
where D, ;1 represents the history of the max player’s actions and the corresponding observations
up to time ¢ — 1.

Transformer Processing The transformer TF, ¢ processes these embeddings to produce an
output with the same shape. To extract the action distribution, we use a linear extrac-
tion mapping A, and the max player algorithm’s output is given by alg, , (- | Dy ¢-1) =
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softmax (A - TF; 9 (h(Dy—1))), where D, ,_; represents the extended history that might include
additional context beyond just the max player’s own history. In the case of Markov game, the output
becomes alg, ,, (- | Dg,t—1,8:) = softmax (A - TFg 9 (R(Dgt—1,5¢t))).

Transformer Components The Transformer architecture has become a foundational model for
sequence modeling tasks due to its ability to capture long-range dependencies using attention mech-
anisms. We describe the three types of layers relevant to our framework.

1) Self-Attention Layer. For each token embedding h; in the sequence, the self-attention mechanism
- Kp won,
computes h; = h; + 2%21 o (W) WY h;, where M is the number of attention heads,

o is the ReL U activation function, WX W& WY € R4*? are the Key, Query, and Value projection

matrices for the m-th attention head, v/d is a scaling factor to stabilize gradients during training.

2) Masked Attention Layer. To enforce causal attention, for each token embedding h;, the

masked attention mechanism computes h; = h; +3 1 _ 30 o (%) - Vinh;, where

Koy Qu, Vi € R9*? are the Key, Query, and Value projection matrices for the m-th attention head.

3) MLP Layer. After attention, each token representation is further processed through a position-
wise feed-forward network h; = h; + Wt . U(WL2 - h;), where o is the ReLU activation function,
Wk2 e R4 projects to an intermediate dimension d’, W1 € R *? projects back to the model
dimension d.

Complete L-layer M -head Transformer Now we formally define the Transformer that we will
investigate in the following definition.

Definition 3.1 (Decoder-based Transformer Shi et al.|(2024)) An L-layer M-head decoder-
based transformer, denoted as TFg(-), is a composition of L masked or self attention layers, each
followed by an MLP layer TFo(H) = H®) e RN ywhere HY) is defined iteratively by taking

HO = H ¢ R™N and forl € [L], HO = MLP g (Attnem (H(lfl))) € RN where

mlp attn
th)m € R4 and folip = (V[/lLl,Wle) € R¥*d x R4 Attn refers to the masked attention

layer that has M heads.

The stacking of L such layers allows the transformer to learn increasingly complex patterns and
dependencies in the data, with each layer building upon the representations learned by the previous
layers.

We define the parameter class of transformers as O4,, ar,0,7 = {0 = (0§;{le), 6'l:L2) 0${§3)) :

0(1:L2)

6] < F}, where 05;HL 2 represents the parameters of L self-attention layers, 0, ;¢

the parameters of L, masked attention layers, 0&? 2) represents the parameters of L3 MLP layers,

and Ly + Lo + L3 = L is the total number of layers in the transformer. Given a set of parameters,
the norm ||@|| of a Transformer is defined in Appendix [F}

represents

4 MAIN RESULTS

To demonstrate the in-context game-playing capabilities of transformers, we first establish the result
that the transformer family can implement Online Mirror Descent (OMD) algorithm, which is a well-
known algorithm proven to achieve last-iterate convergence in (Markov) zero-sum games [Cen et al.
(2023); [Cai et al.| (2024). While prior works commonly employ KL-divergence or entropy-based
regularizers on OMD, such an implementation might not be feasible for Transformers. Instead, we
consider OMD with a squared norm regularizer. The unique challenges associated with realizing
OMD under different regularization schemes will be discussed in subsequent sections.

4.1 REALIZING OMD WITH TRANSFORMERS

Recall that prior works were able to establish the convergent dynamics for Transformers in zero-
sum games [Shi et al.|(2024)), but the Transformer investigated there was a modified version with an
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external sampling step. The reliance on an external sampling algorithm stems from limitations in
the transformer-realized learning algorithm, V-learning, which lacks last-iterate convergence guar-
antees. Instead, it depends on an external sampling mechanism to stochastically average across
historical iterates, effectively transforming an average-iterate guarantee into a last-iterate guarantee.
This requirement for external sampling is not inherent to the in-context capabilities of transformers,
but rather an artifact of the implemented algorithm and its corresponding analysis.

To eliminate this artificial sampling layer during inference tasks, we introduce a new approach to the
analysis. We demonstrate that the transformer architecture can implement the OMD algorithm with
a certain degree of accuracy. OMD has been proven to enjoy last-iterate convergence guarantees
across various game settings with a negative entropy regularizer (Cai et al, (2024). However, the
KL divergence induced by the negative entropy can be non-smooth at the edge of the probability
simplex. Because non-smooth operation is generally hard to approximate by sums of ReLUs, it
poses a challenge for the transformer to approximate negative entropy regularizers.

It is then intuitive to find naturally smooth regularizers, such as the squared norm. Fortunately, it is
easy to extend the convergence guarantee to OMD with a squared norm. In this work, we consider
the following Online Mirror Descent (OMD) algorithm with a squared Euclidean norm regularizer,

which takes the update form of 2,41 = argmingeq {(m, gt) + %Hx — xtH%} where the feasible

setis defined as 2 = {a: €eA(A) iz, > ﬁ }, a truncated simplex that enforces a minimum action
re,]{as=a}

1t,a+B B
observed reward, I{a; = a} is the indicator for the selected action at time ¢, 8 > 0 is a constant to
encourage exploration, and € > 0 is an regularization term.

probability. The update direction g, € R!4! is given by Gt,a = — €y, Where 7y is the

A central challenge in realizing this variant of Online Mirror Descent (OMD) with transformers
lies in the nature of the update rule. Existing proofs of transformers’ capability to realize online
algorithms typically depend on the algorithm having either (i) a smooth, closed-form update rule
directly approximable by a sum of ReLUs, or (ii) an update procedure that can be emulated through
iterative gradient descent steps. In these scenarios, transformers can approximate the update by
learning a smooth function directly or by simulating gradient descent iterations. For example, |Shi
et al.|(2024) demonstrates that transformers can efficiently implement a variant of the multiplicative
weights algorithm with closed-form, smooth updates, while|Bai et al.|(2024) shows that transformers
can approximate LinUCB by effectively simulating its gradient descent steps.

Neither approach is viable when it comes to proving that transformers can implement OMD with
last-iterate convergence guarantees. A critical component of OMD’s last-iterate convergence lies
in its constraint set—a truncated probability simplex—within the minimization objective. This up-
date lacks a general closed-form expression. Furthermore, since our OMD update requires solving
a constrained optimization problem, it cannot be achieved through simple unconstrained gradient
steps. Yet projection onto the constrained simplex is a nontrivial operation that is not easily imple-
mented with standard transformer components. To overcome this, we first show that a transformer
can approximate an unconstrained update rule of ;1 = argmin, u(x), where the objective u is ob-
tained from the Lagrangian multiplier method. Then we analyze the error given by the approximate
solution of u(x), and carefully analyze the smoothness of u(x).

Theorem formally characterizes the architectural requirements for a transformer to realize the
proposed OMD algorithm. Notably, the dimension of the transformer and embedding needed only
scales linearly with the action dimension.

Theorem 4.1 For any € > 0, there exists a Transformer TF with d = O(A), d' = dp + O(A),
L = LpT, maxjer, M; = max{Mp, O(c(A)log(1/€)/e*)}, and the Transformer norm defined in
Appendix 6| = max{Fp,3}, such that for all Dy 41, t € [T), ||Alg(- | Dy —1) — Algopn (- |
Dyi-1))|l2 < €+ nA. A similar construction exists for the y-player.

Here, the dp, Lp, Mp are constants from the following assumption that the transformer can per-
form exact division, Alg,p, is the update dynamics of OMD with squared norm.

Assumption 4.1 (Assumption G.2 of Shi et al. (2024)) There exist a Transformer with L. = Lp,
maxjer, M; = Mp, d = dp, ||0|| = Fp such that for any z,y € [0,1], for input H = [hq, .. ],
where h; = [y, x, 1], the output is h; = [y, z/y, 1].
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We remark that the assumption of exact division is only for the simplicity of the analysis and can be
removed.

4.2 IN-CONTEXT LEARNING CAPABILITY IN ZERO-SUM GAME

Intuitively, the in-context game-playing capability of the transformer depends on several key fac-
tors. First, given access to an optimal maximum likelihood estimator, we ask how accurately it can
approximate the expert’s actions from the provided dataset, which is captured by the notion of ap-
proximate realizability of the dataset. Second, the learning difficulty is influenced by the covering
number of the parameter class ©, which quantifies the complexity of identifying the optimal param-
eter. Lastly, successful in-context learning also hinges on the last-iterate convergence property of the
OMD algorithm and the transformer’s ability to accurately implement its dynamics. Definition
and Definition [4.2) formalize the concepts of approximate realizability and the covering number of
O, respectively.

Definition 4.1 (Approximate realizability) For some €., > 0, if there exist an optimal
maximum likelihood estimator 0 € © and €y > 0 such that for all t € [T),
EGNA, Dr~phlEnAles [TV (AlgE(- | Di—1), Algg (- | Dt—1))] < €rear We say that © is be €pqr-

realizable.

Remark 4.1 We note that previous works measure approximate realizability using log-likelihood
Shi et al.|(2024); |Lin et al.|(2024)). In contrast, we use the total variation (TV) distance. Bounding
the TV distance guarantees that the models behave similarly in every situation, rather than behaving
similarly merely on average.

Having established the capabilities of the optimal parameter, we next define the covering number of
the Transformer algorithm class to characterize the complexity of learning such an optimal parameter
from finite data.

Definition 4.2 (Covering number |Shi et al.[(2024); Lin et al.|(2024)) For a class of Algorithm
{Alg,,0 € O}, we say ©g C O is an p-covering of © if O is a finite set such that for any 0 € ©,
there exists some 0y € Oy, ||log Alg, (- | Di—1)—log Algy(- | Di—1)llee < p, forall Dy_y,t € [T].
The covering number ncov(p) is the minimal cardinality of ©¢ such that © is a p covering set.

Our main statement, Theorem .2} characterizes the in-context capacity of the transformers in zero-
sum games.

Theorem 4.2 Let O, and ©, be the classes of transformers satisfying the requirements
in Theorem @.1| and Algoyp o be the OMD algorithm.  Let x4 )Yz py be the out-
put policies of the transformer trained on the dataset Dp.  Then, with probability at
least 1 — 6, it holds that Egrop {EDNPSIQO,A [maxw,y (xeT(D)AG/y—xTAG/yé(D))H <
O (T=V22% = 2|2 + ATY% 4 \/I(AT[O)T~7/12 4 eroulT + RBLeotl/mlo) y ),

where ncov (-) is the covering number and zy = (xo, yo) is the initialized policy of the transformer.

We note that although the result scales with €,,p:0x 1", but such term €,p,:0x can be controlled to be
arbitrarily small by scaling the size of the transformer as described in Theorem [4.1]

The result of Theorem can be decomposed into several contributing terms. The first term,
O(T‘3/ 8), arises from the last-iterate convergence rate of the OMD algorithm in zero-sum games.
The second term, €,¢,17, captures the cumulative error incurred by the transformer’s approximation
of the OMD updates over 7 iterations. The third term, log(ncov(1/n)/d)/n, reflects the statistical
complexity of learning the optimal parameter from a dataset of n samples, as governed by the cov-
ering number of the parameter space. Finally, the term €0, quantifies the approximate realizability,
which is how well the optimal parameter can reproduce the expert’s actions.

Remark 4.2 In contrast to previous work, we show that Transformers can approximate online mir-
ror descent (OMD) with last-iterate guarantees up to an € error. This reveals a fundamental tradeoff
between approximation accuracy and Transformer size. This tradeoff would not have existed if
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Transformers realized the multiplicative weights algorithm with an external sampling mechanism.
Our results offer new insights into the intrinsic tradeoffs between Transformer architecture design
and game-playing capability achieved.

4.3 EXTENSION TO MARKOV ZERO-SUM GAMES

Let n++1(s:) be the number of visits to state s; up to time ¢, then the OMD update rule for the
Markov zero-sum game is described in the following pseudocode.

Algorithm 1 OMD for Markov zero-sum game

1: Imput: Parameters ., 1, €, 5,

2: Initialization: 1 ,(s) = 1/A, forall a, n1(s) = 0, Vi(s) = gy, forall s.
3: fort=1,...,Tdo

4: 7 < ngy1(s¢), and Sample a; from z;.

Set gt (st) < (H{at:gfir(t:)wﬁ(stﬂ))) — x4 4(s¢) for each action a.

Set 21.1(s1) « argmingeq (@, ) + 31z — z:(s1)]l2
Vigr(se) = (1= ar)Vi(se) + ar(re +9Vi(se41))
No update for s # s;

end for

wed oW

We note that this algorithm closely resembles the one used to achieve last-iterate convergence in
Markov zero-sum games.

Consistent with prior works, our results assume that the Markov game is irreducible and that the
travel time between any pair of states is uniformly bounded. This assumption is essential for ensur-
ing efficient exploration and is also required in the strongest known results on last-iterate conver-
gence for Markov zero-sum games |Cai et al.| (2024).

Assumption 4.2 We assume that under any pair of stationary policies of the two players, and any
pair of states s, s, the expected time to reach s’ from s is upper bounded by L.

Similar to the analysis of zero-sum games, we first show that Transformers with certain architectures
can realize OMD.

Theorem 4.3 For any € > 0, there exists a transformer TF with L = (Lp + 1)T, max;¢[z) M =
O(S?% + max{Mp,O(c(A)log(1/€)/€*)}), d = O(T + A), the Transformer norm defined in
Appendix@ 0] = O(T?), d = O(A), such that for all D, 41, t € [T), |Alg(- | Dyi—1,8t) —
Algoyn (- | Dai—1,81)|l < €+ nA. A similar construction exists for the y-player.

The in-context game-playing capacity is formally captured by the following Theorem.

Theorem 4.4 Let ©, and ©, be the classes of transformers satisfying the require-
ments in Theorem and Algoyp n be the OMD algorithm. Let x5y, Y5p) be

the output policies of the transformer trained on the dataset Dp.  Then, with proba-
bility at least 1 — 6, it holds that Eg:i.p []EDNPA@U,A [maxmy,s (VS -V )H =

ghs T,y T, yr

0 (\/ET*1/4||Z*’S — 28 + ALT Y% 4 \/zoaT + €real + log(ncotfl/n)/t?)

1/3
A (L ot ST T/ (1"”)) Lin(sT/5) !/ ) where 2 = (x5,y5) is the initialized

policy of the transformer.

Similar to the results in the zero-sum game setting, we note that although the bound scales with
€approx ], the term €,pp.0¢ can be made arbitrarily small by appropriately scaling the size of the
Transformer, as described in Theorem [4.3]

Inspecting the bound provides us with insights into the efficiency of training Transformers with
respect to the length of the trajectories.
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Remark 4.3 Previous error bound in |Shi et al.| (2024), which scales linearly with T, suggests a
less efficient training with longer trajectory (i.e., larger T). In contrast to that, our results show
that the duality gap in in-context game playing decreases as I increases, provided the Transformer
architecture is sufficiently large to ensure a small €...1. Intuitively, a longer trajectory allows the
model to learn more effectively from repeated interactions.

5 EXPERIMENTS

Our experimental setup for the zero-sum games involved training transformer models on trajectories
of varying lengthsnacross a set of 5 similar zero-sum games with 3, 5 actions per player. The games
were generated by perturbing a base payoff matrix with controlled perturbation magnitude (p =
0.1). For each trajectory length, we trained separate models for both max and min players using
supervised learning on expert demonstrations derived from Nash equilibrium strategies. Models
were then evaluated on unseen games by measuring exploitability, which is the maximum advantage
an optimal counter-strategy could achieve against the learned policies.

We then extend our experimental results to Markov games, which introduce sequential state transi-
tions and longer-term strategic planning. The similar Markov games, each with 2, 3, 5 states and 3
actions per player, where transition probabilities and reward matrices were perturbed from a base
game with controlled perturbation magnitude (p = 0.1). We then train and test the transformer
models, similar to what we do with the zero-sum case.

For both zero-sum and Markov zero-sum game results, we use a transformer-based architecture
with multi-head attention mechanisms (4 heads) and a model dimension of 64. The model consisted
of 2 transformer layers with a feed-forward dimension of 256. For input representation, we use
a tokenization scheme that encoded states (if any), actions, and discretized rewards into a unified
vocabulary space. We trained the models using the Adam optimizer with a learning rate of 0.001
and employed early stopping when the cross-entropy loss fell below 0.01.

We repeated each experiment with 5 different random seeds to ensure statistical robustness, with the
mean and standard deviation reported. The following results demonstrate how trajectory length af-
fects the algorithms’ ability to generalize to new games within the same distribution with limited size
of the transformer model. This validates tradeoff between trajectory length and model performance.

Exploitability vs Trajectory Length Exploitability vs Trajectory Length
06 Action Space Size 055
—e— 2Actions
—e— 3 Actions
—e— 5 Adtions ‘ 050

Normalized Exploitability
Exploitability

T

State Space Size
—e— 2 States

—e— 3 States
—e— 5 States

w s 5 10 15 2 > 2 »
Trajectory Length

2 2
Trajectory Length

Figure 1: Exploitability on zero-sum game with [2, 3, 5] actions (Left), exploitability on Markov
sum game zero-sum game with [2, 3, 5] states and 3 actions (Right)

6 CONCLUSION

This work shows that Transformers, in their standard form, can perform in-context learning in zero-
sum and Markov zero-sum games. We establish theoretical bounds on learning accuracy, reveal-
ing key architectural factors for effective gameplay and highlighting tradeoffs between model size,
strategic precision, and trajectory length. Notably, we provide the first theoretical proof that Trans-
formers can implement no-regret dynamics like online mirror descent in both matrix and Markov
games. The finding could be of independent interest in analyses of Transformers in other tasks.
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A PROOF OF THEOREM [4_1]

A key tool to our analysis is the approximbility by the sum of ReLUs. Specifically, one can show that
if a function is smooth, it is approximable by a sum of ReLUs, which can be efficiently implemented
by transformers. The following definitions formally define the approximability and the smoothness
of a function.

Definition A.1 (Approximability by Sum of ReLUs, Definition 12 in Bai et al.[(2024)) A func-
tion g : R¥ — Riis (qpprox , Ry M, C)-approximable by sum of ReLUs, if there exists a (M, C)-sum
of ReLUs” function fp c(2z) = Zﬁf:l cmo (a,[2;1]), with

M

D eml <€, max anl; <1, an € R e €R
m

m=1

such that SUDeBallk_(R) l9(2) — far,c(2)] < approx -

11
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Definition A.2 (Definition A.1 in Bai et al.| (2024)) We say a function g : R — R is (R, Cy)-
smooth if for s = [(k — 1)/2] + 2, g is a C*® function on Ball];O (R), and

sup vig(z) = sup o max |0, ..., 9(2)| < L;
z€Ball®_(R) || HOO zeBall’;o(R)le"'JiE[k] | Zj17 R4 | g

foralli e {0,1,--- s}, withmaxo<i<s Li R < C,.

Proposition A.1 (Proposition A.1 in Bai et al. (2024)) For any eppror > 0, R > 1,C¢ > 0, we
have the following: Any (R, Cy) smooth function g : R¥ — Riis (€4pprox » R, M, C) approximable by
sum of ReLUs with M < C(k)C}log (1 + Cy/eupprox ) /€approx and C < C(k)Cy, where C (k) > 0
is a constant that depends only on k.

One challenge of the proof is that the OMD step is not directly approximated by the sum of ReLUs,
making it hard to approximate with a transformer. The following Lemma shows that the implemen-
tation of OMD can be done by approximating a surrogate objective.

Lemma A.1 There exists a (M,C)-sum of ReLUs function #1411 = fM,c(z) _
Z%:l cmo (a),[z;1]), with

M
Z lem| <C,  max |lanl; <1, an€ RFL ¢, €eR
= me[M]

such that ||Z141 — ze41]l1 < €rear + A, where M = O(c(A) log(1/€reat) /€%,), and C = O(c(A)),
where c(A) is a constant that only depends on A.

Proof: We thus would need to reformulate this to z; 1 = argmin,, u(z), where the minimization
is unconstrained and u is smooth. We choose u(x) to be

A
1 1 1
u(@) = (z,90) + 1z~ ze[* + 5 log ( Y A )> + 5 log (e“z;‘:l a=l) 4 e*A(Za“*l)) :
a=1

We first analyze the error given by the approximate solution given by u(x). Let Z;41 be the updated
policy with u(x), by optimality conditions, we have

N - 2
(Vu(Tygi1), 0 —Tep1) > 0 (g¢ + E(It+1 —2¢), T — xyq1) > 0.

Taking = z;4 in the first inequality and x = Z;4; in the second inequality, and subtracting them
gives

- 2 .
(Vu(Tiy1) — gt — E(zt-&-l —T4), Tpp1 — Tey1) 2 0.
Recall that:

. 2, .
Vu(Zip1) = gt + 5($t+1 —x¢) + Vo(Ti11)

where ¢(z) = § log (Zle e’\(“_ﬁ)) + 1 log (e’\(zf=1 Ta—1) 4 o= MEa ““_1)). Substituting
this gives

2, . ~
<n(9€t+1 — Zp41) + VO(Ttq1), Tep1 — $t+1> >0.
Therefore,
2. . -
;||$t+1 — z41]13 < (VA(Fi41), Frg1 — Teg1)

SVO( @) 2| Te1 — T ]2 -

12
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For our smooth term, we notice that
eA(xjiﬁ) eA(Ea w@_l) — e_A(Ea wa—l)

0;0(x) = +
i (x) S ) | N, ma D) e A, 7D

= softmax(z;) + tanh ()\(Z Tq — 1)) .

Since both softmax and tanh are bounded by 1, we have |9;¢(x)| < 2. Therefore, ||V (Zi41)|]2 <
2+/A. Hence

2. . -
EthH — 13 < 2VA|Fp1 — zi1al2, 3)

and ||Z¢41 — 2411 ]l2 < VAR,

We next show that u(z) is smooth and can be approximated by a sum of ReLUs. For any z, the
partial derivative of the j-th component is

2 ¢ eh(xj_ﬁ) 6)\(2“ C170-71) — efA(Za zail)

dju(x) = grj + 5(%‘ — )+ ZA_1 AN@a—55) + Ao ra—1) 4 =M, za—1) |

For the first term, |g;, ;| < 4 +¢In(AT?). For the second term, |%(x] —azh)| < % for 2 € Ball (R).
The second and third terms are bounded by 1 as they are softmax and tanh.

For higher-order derivatives, notice that the first term vanishes after the first order, and the second
term vanishes after the second order. For the log-sum-exp terms, all derivatives are combinations of
exponential functions divided by sums of exponentials, which are always bounded because: when
inputs are large, the exponential terms in the numerator and denominator grow at the same rate, when
inputs are small, the terms remain bounded due to the constraints. The fourth term is essentially
tanh, which is smooth and has bounded derivatives. Therefore, u(x) satisfies Definition for
some R, Cy.

Now define @(z:) = argmin, u([x, z¢]), where we abuse the notation for u to include the other
variables, i.e. z; = [z4,g:,m]. Then 411 = @(z;). To see argmin, u([z, z¢]) is smooth with
respect to x, we notice the following. As v is strongly convex and has bounded derivatives, V2u
is uniformly positive definite and (V2u)~! exists and is bounded. Therefore, using the Implicit
Function Theorem, the first derivative of & exists and is bounded as the derivatives of u are bounded.
Further, the higher order derivatives of @ are bounded as it is a composition of derivatives of u, which
are all bounded. As g, is only involved in the linear term and x; is only involved in the quadratic
term, argmin, u([x, z;]) is smooth with respect to g, and x;. For any > 0, and z € Ballif“,
argmin, u([z, z¢]) is smooth with respect to 1. Therefore, u(x) satisfies Definition for some
R, Cy and is approximable by a sum of ReLUs by Proposition

Proof: [Proof of Theorem[4.1]] Let G; be a A-dimensional one-hot vector that is 1 at a; = a and 0
everywhere else, 7;, 3 be a A-dimensional where each entry is r;, 8 and €, 7 similarly. So now the
problem is just all left to compute g;. We consider the embedding of

ht = [fta a/ta Ba ga ﬁa Lt OAa OA7 0A7 1A7 :L‘t]—r
For the . . ., they are filled with place holders of A-dimensional vectors of 1.

Therefore, h; has a dimension of O(A).

Step 1 In the first layer, we use the M = 1 self-attention with ReLU activation. Construct
W, WlQ and W such that

Wkhy =7, Woh, = ay, [ar (<W1’“ht, Wlth>)L = Ha, = alre, WPhy =[,14,04,04,04],

where * denotes the omitted zero entries. We can construct the matrices explicitly with W} being
a block-diagonal matrix. The first A columns of W} form an A x Aidentity matrix 14, and the

13
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remaining 114 — A columns are all zero. So W{’C = diag(l4,04x104). We can construct the block
matrices WlQ and WY similarly. The operator norm of WlQ WY, WE s 1.

The output matrix can just be an identity matrix, so the operator norm is also 1.

Therefore the output hy 1 = [+, dys, 5, €7, T, 7+as,04,04, L4, 7¢] T. The norm of the first self-
attention layeris {1,1} + 1+ 1 = 3.

Step 2 In the second layer, we use a MLP with ReLU activation. Let W2 = [0,0,1,0,0,0,...],
WS =0,0,0,0,0,1,...]. Therefore, hyo = [F,as, B, & 1, x4t + B, 7¢dt,04,04, 14,24 . The
norm of the second layer is therefore 1 + 1 = 2.

Step 3 We next compute the division and logarithm

To facilitate the analysis, we assume that transformers exist that can compute the division exactly,
with Assumption .1} we have

Jo T
7 T 5 TGt
ht73: Ttaataﬁaevnaxt+/87 ~50A70A71Aaxt:| .
Lt

The norm of this layer is therefore F'p.

T

Step4 Next we use a MLP with ReLU to obtain h; 4 = [m,at,é,aﬁ,xt,:t—jtg,oA,oA,u,xt
t

Similar to step 2, the norm of this layer is 2.

Step5 We use the M = 1 self-attention with ReLLU activation. Construct W¥, W5Q and W2’ such
that

Whhy =e, Woh; =, [ar (<W1’“ht,W1th>>L —exr, WPhy=[%,—14,04,04,04],

where * denotes the omitted zero entries. Therefore, we have i_ztf, =
[Ft,dt,3,€7ﬁ,xt,gt70,4,0,4,1A7mt]T  where g, = L2 — ez,

Similar to step 1, the norm of this layer is 3.

Step 6 By proposition there exist a function fg(z¢,m,gt) = Zfrvf:l emo(a) e +

blg: + dI i + en), with o being the ReLU activation function and anﬂ_l lemll <
C,lam| + |bm| + |dm| + lem| < 1, that can approximate ;11 UpP tO €approx ac-
curacy. ~ We then design W7 chy = [0,0,0,0,7,2¢,9:,04,04, 10,2 ", WS chy =
[0,0,0,0,dm, G, Gm, 04,04, €m,04] T, WS 2he = [0,0,0,0,0,0,0,14,04,0,04] 7. Therefore,

_ - T
h’t,5 = |:Ft7dt7ﬁ7€af]7xtagtaf6($ta7]7gt)701471A"rti| .

As Z%_H lemll < Clam| + [bm| + |dm| + |em| < 1, the norm of this layer is also 3.

Step 7 Next we use a MLP  with  Relu to obtain i_Lm =

It+B’

. T
[m,at,ﬁ,aﬁ,oA, fg(xt,n7gt)70A,lA,0A] . The norm of this layer is 2.
Step 8 Next we use a self Attention with M = 1 and Relu to obtain h,; =

Tyay

[ft;dtagvaf]ﬂ f6($t7777gt)7 z:+B’

W, WK, WV along with the output projection matrix W are constructed to transform the input.
As these matrices are of block-identity form, the norm of this self-attention layer is 3.

T
04,04,14, fg(mt,n,gt)] . The query, key, and value matrices

Overall, this transformer has dimension d = O(A), L = Lp, maxjer M; = Mp, and ||0]| =
max{Fp, 3}, and can realize one step update of OMD. The overall update can be stacked by T of
such transformer. O

14
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B PROOF OF THEOREM

Proof: [Proof of Theorem[4.2]]

We want to upper bound

IE(;/NA [ED PAIgo A [max( G(D)AG/ :cTAG/yé(D))H .

z,Y

Let (z,,y,) be the set policy outputted by OMD. Then, we can decompose it as,

e ( Topy Ay xTAG’yéw)) A (%5 Agry = Acryo)

IN

max ’ ( O(D)AG/ I’TAGwyé(D)) — (ZL'IAG/:IJ — SCTAG/yO)

z,y

.
§
< max| (2500 = 20) Acrw =T Acr (4o yé(D))’
< o la ([lacoy = o], + ooy =]

where the last inequality we used the fact that the rewards are bounded between 0, 1 so the entries
Ag must be bounded between 0, 1. Therefore,

EG/~A ED PAIgo A [max (mg(D)AG/y — xTAG/yé(D))”

T,y

— B [mx (o] Aary ~ 2" Acrn)| + VEGran [Ep s [(Dn (s300)l120) + Dt (350 I) )]

)

< Egraa max (%TAG/U - $TAG’yo):| +V2Egn [EDNP(A;IQUYA [Du (Alg(- | D)[|Algomp (- | D))]} .

Then, combining the results from Lemma [B.2]and Lemma [BT] gives the result. O

Lemma B.1 If Definition{.1|is satisfied, the solution given by Eq. [I| satisfies
log(ncov/4)
n

+ €real )

Ep, [Da (Alg(- | Dr—1)[|Algoyp (- | Dr-1))] <O (
with a probability of at least 1 — §.

Proof: Let ©¢ be a 1/n-covering set of © with a covering number of ncov. Then for k& € [ncov],
define ¢ = log (W), where 6, is some parameter in ©.
Using Lemmal|E.1|{with X; = —¢% /2 and an union bound gives

5 m(55) 25 elon ()]

i=1

for all k& € [ncov], with probability of at least 1 — 4.

As @l are generated by the expert algorithm, we have
—4 _i | Py _i | Py
B o (5 151 )| =& | Aap(ay |5 Alg, (e D)

= > \/Mg,, (| Dy_)Algp(a| Di_,).

Therefore, for any 6 € © that is covered by 6, we have

s o ()
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>1-Ep;

> \/A'gok (a| Dp_y)Algg(a | D%l)]

S \/Alg, (a | Dir ,)AIg,(a | DM]

Ep, [Z Ao 1 D5) (/Aigs (] Di ) /Al Dfm))]

Ep; [Dr (Algp(- | D7) |AIgy(- | Di—1))] = [|AIgy, (- | D7—1) = Algy(- | D)

> SEp, [Du (Alge(- | Di_y)|AIgy(- | Dr_y)] _%7

for all ¢ € [n], where the first inequality uses — log(z) > 1 — x, the second inequality follows the
Cauchy-Schwarz inequality, the third inequality uses (v/z — /y)? < |z — y| for 2,y > 0 and the
last inequality follows from Definition #.2]and Lemma 15 of [Lin et al|(2024).

1/2
> /

»—Al\ﬂ»—l

As any 6 is covered by some 6, we have

Zfz = Z (log Alg g (af | Di_y) — log Algy, (@7 | Dr_y))

i=1
i | i _i | i 1
< 3 (1o g (e | D) - log Algy (@ | D)+ 1)
=1

n

< > (logAlgg (@ | Dy_y) —log Algy(ay | Di_y)) + 1
=1

Therefore,
n

—_

iy i 1 ncov
5 Z log Alg; (a | Di_;) — log Alg,(a% | Dy_y)) + 5 +10g( 5 )
i=1

[\

EEDT (D (Algg(- | Dr—1)||AIgy(- | Dr_1))] — V2.

For the left- hand side, assume 6* is the optimal maximum likelihood estimator, then
n

Z (log Alg; (a | Dy_y) —log Algy (a7 | Dr_y))
1

.
Il

M:

(log A'QE(GT | D) — logAlgo*(d% ‘ D%A))
1

o
Il

-

logE . [exp (log Alg(af | Dip_y) — log Algy. (a% | Di_y))] + log(1/6)
1

< Nereal + log(1/0) .
Rearranging this, we have

_ _ 1+2v2+21 0
Ep, [Dir (Mg | Dr1)Alg, (- | Dr_1))] < 522 AL L L.

O

Lemma B.2 Let {z,,}]_, be a sequence of policy that is solved with inaccurate OMD update, i.e.
Tot+1 = Lot+1 + Coi1, Te41 = argming o (7, gr) + %HI —zylle, Q= {z € A(A) 120 > g ),

and gy, = (%) — €xy,q. Then,

max( TA(;/ -z AG’yoT)

.Yy

<0 (T*1/2||z* — 2|2 + ATY/6 + \/In(AT/6)T~7/12 4 eappmxT) .
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Proof: Define f(z,y) = 2" Gy +¢/2||z||3 — €/2||y||3, and (z*, y*) be the equilibrium of f(z,y).
Then

f(xt, Z/t) - f(x*, Z/t)
= (ze — 2%)  Gye + €/2||zell5 — €/2]|2" |13
€
= (wr — %) "ge + (ze) " (Gye — g¢) + (2*) " (g — Gye) — Ll o5 + e(a” — z1) "y

= o= o= =+ Y (G- o~ Hus o)y e (= G

Teq+ B Tpa + B
“4)
By the optimality condition, we have
(Tegr — 2", Mgt + Tep1 —x4) < 0.
Expanding the terms out, we have
(Br41 — 2, Beg1 — @) + 0 (1 — 27, 9¢) < 0.
Using the identity [|z* — x4]|? = [|2* — @111 + || T141 — zl|* + 2(Be1 — 2o, T — Fyg1), We

obtain

(o™ = el® = lo* = Zeqa]]* = [ Tern — ) -

Fl=

<i‘t+1 - x*agt> <

. N R _ A 2
Since (x; — 111, 91) < ||gell|we — Zega || < % + 2n]|g¢||*. Hence,

* 1 * * A~
(e —a%) g < n (llz* = 24| = l|l2* = Zegal®) + 2nllge ]l

Taking this into Equation[d] we have

1—ne 1 . - N
f(@e,ye) — f(@,y) < o ¥ — 2% — %Hx* — &l + 20llgl* + G + @ s

where ¢ = 3, Tt ((Gyt)a - %), 0t =2, %, (% - (Gyt)a)-

Rearranging this, we have

lo* = zea]* < (1= ne)lla® = zel® + 40®[lge|* + 20Ce + 2nge + 20 f (2", 91) — 20f (we, ye) + Ve,
where ¥y = ||2* — z¢41]|% — ||o* — 211 ||

Repeating the same process with y and let z = (x,y), v+ = (0t,2;), (¢ = (Et,gt), 01 = (@t,gt),
with the underline counterpart be correspond to that for the y-player, we obtain

I = 2411 < (1 =ne)ll2* = zel|* + 4n*|lgel|* + 2nCe + 2nor + vr.

For any v;, we can decompose it as

12" = ze4al® = 12" = 211 < 241 = 2|
< Eapprox +nA.

Expanding the recursion and letting w; = (1 — ne)?,
t t t
2 =zl < (1= ne) Il — 20l + 4> winllgil2 +2 > winGi + 23 wenos + capproxT + nAT .
i=1 i=1 i=1

By Lemma 6 and 7 of |Cai et al.|(2024), with a probability of at least 1 — §/ t? we have

2ZwmQ +2Zwm@z =n-0 (ﬁAT+ VIn(AT/6)T 1/5 )

17
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For the second term, we have Z§=1 win||gil|? < O (ATHB*??).

Combining the terms and take n = T, ¢ = T, and 8 = T~7, we have

12" = ze41]
STV — 2+ 0 (AT”B*ﬁ + ATTB 4\ /In(AT/8)TY/>~7 + In(1 /6)TB*’7> F AT 4 eppronT
Therefore, taking square roots on both sides yields,

T T
max (zorAcry — ' Agryor)

n(AT/3)

go(T—Eln(A)JrT “llz* = 2|2+ A )T°

FATE eappmxT) .
Take € = 1/3,7 = 5/3, 5 = 1/3, we have
max (xITAgry — xTAG/yO)T)
z,y ’
<0 (T—1/3 In(A) + T2 2" — z|> + AT7Y/S 4+ AT=Y2 4 \/In(AT/6)T~7/*? 4 In(1/6)T /3
+ATY3 4 eappmxT)

<0 (T’1/2||z* ~ 2|2 + ATV 4 \/In(AT/8)T~7/12 4 eappmxT) .

18
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C PROOF OF THEOREM [4.4]

Proposition C.1 (Proposition 1 and of |Cai et al.| (2024)) If Assumption holds, then for any
L’ = 2L1log2(S/6) consecutive steps, under any (non-stationary) policies of the two players, with
probability at least 1 — 0, every state is visited at least once. With probability 1 — 6, for any t > 1,
players visit every state at least once in every 6L In(St/d) consecutive iterations before time t.

Lemma C.1 (Lemma 20 |Wei et al.| (2021)) Wizh probability at least 1 — O(0), for any state s € S
and time t > 1, we have

(1—79) 11—~ 1—v t
where k, = min {ﬁ, B,a—pf, E}.

Ve =VeI<o (AIH(SAt/é) <Lln(St/5) Lt ) <W>k>

Proof: [Proof of Theorem[4.4]] Similar to that of Theorem[4.2] let z, be the set of policy outputted
by OMD over T iterations, then

EGINA |:ED~PAIQO,A [max (V;T,y — V;’yT):H

G z,Y,8

Z,Y,S

~Earmn [ (V2 ~ V2,,) | + V2EGre [Eppmos D (AGC- | D)Gouo- | D]
With Lemma we have the second term be upper bounded as O (M) + €real-
For the first term, by Lemma 10 in|Cai et al.|(2024) and |Wei et al.|(2021), we have

max (VS -V? )

T T
$,7,y t,Y sYt

< 2 max (xf (GS +Es [‘/tS/]) y -’ (GS + By [VtS/D yf) * 147

max |V,> = V?|.
1—7szy s

With probability at least 1 — O(4), for any s, 2%, y*, and ¢ > 1, denote 7 the number of visitation to
state s until time ¢, then

7 (6" + B [Vi]) v = o* (6" + 9By (V] ) wi
<] (GS +9Es [Vti'(s)D y* —a’ (GS +ES [Vti'(s)]) Yr +2max

S :C*,S (GS +,.Y]E€/ |:‘/til(g):|) ys o I’S (GS +’-Y]ES' |:‘/ti’(g):|) y*,s + ZmE,lX “/ts’ . ‘/ti/(s)

V;SS - V;fi(s)

+O([]z7 = 27"2)

<O(T™) +2max ‘Vts/ - V;‘j/(s)

+O([lz7 =27l -

For the last term, define f(z,y) = 2" Q.y + ¢/2||z]|2 — ¢/2||y||3, and (z*, y*) be the equilibrium
of f(x,y).

S(..8 .8 S (k8 8 1_776 *,8 s 1
f ('rT’yT)_f (JT ’ ayT)STHx ’ _‘rT”Q_i

ol = |2+ 2l P+ &+ 2

where

S s s s’ s I f— - r V;
G=ap’ ((G +9Es [V, D Yr — a a}x(: +g t(3t+1))>
t,a

o =T (]I{ai = aj(re + YVi(si41))
T T xi,a +5
Rearranging this, for all ¢ < 7, we have

o =i 1? < (1 =ne)lla™ = @ |1” + 40’ [|g11° + 20¢7 + 2087 + 2nf (x*°,y7) — 20 (25, 45) + 75,

— (@ 4B v) yi) |
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where 07 = ||z** — af 4 [|” — ||la** — 274 [°.

Repeating the same process with y and let z = (7, y), vi = (v5,v5), (¢ = (¢} ), 0] = (85, 0)s

173,
with the underline counterpart be correspond to that for the y-player, we obtain

2 = 22yl < (L= ne)ll=" = 25112 + 40P ¢ |2 + 20 + 2005 + 5

Expanding the recursion and letting w, = (1 — ne)7,

T T T T
2 = 22 < (=)= = 202 + 4D wenllgf 2 +2 > wene; + 2 wengl + Y wevy
i=1 i=1 i=1 =1

By Lemma 6 and 7 of [Cai et al|(2024) and an union bound over A, S, T, with a probability of at
least 1 — 6 /72 we have

2Zwm§f + 22“’15779? =n-0 <5AT +/In(AST/6)T + max IH(AST/(S)) .

i=1 i=1 i€lr] Pi

For the second term, we have >.7_, wyn||¢f||* < O (ATHB*ﬁ). For any v;, we can decompose it
as

*,8 *,8

- §z’+1H2 < ||Zz‘s+1 - 5’2‘S+1||2
< Eapprox + UA .

127 = 25 [1* = 1=

Therefore,

*,8

I = 274417

<0 (7_1—77—5”2*,5 — 2517 + ArHB=1 4 Apl-n=B 4 In(AST/8)7' " + 1n(AS/(5)TB_77) + Eapprox T + AT

Taking € = 1/3,7 = 5/3, 3 = 1/3, we have

- Zf-s-le

<0 (T*1||z*’s — 232+ Ar7Y3 + Ar7t 4 \/In(AT/6)7 %2 + In(1 /5)774/3) + Eapprox T + AT72/3

Iz

<0 (T_1||Z*’s — z§||2 +ATTB ln(AST/5)7_2/3 + Eapprox T + AT_2/3) .

By Lemma 20 of|Cai et al.|(2024), we have
3 _ k./(1—a) k.
I vy VI < O (f“n (SATYS (LT iz =)0 LTI ) ,

-y (1—9)? 1—vy T
where k, = min{a — 1/3,1/3}. Take @ = 2/3, we have

D max Ve - vi < 0 <A1“3(SAT/5) (LIH(ST/5) In(T/(1— 7))) Lln(ST/5)1/3> .

-y (1—9)? 1—vy T
Combining everything, for 7 > T'/L, 7 < T and have Eapprox De bounded by a1, we have

EG’NA |:EDNPAIQO,A [mai( (V;T’y - VIS,yT):|:|

G xr,y

=0 (\/ZT_1/4||Z*’S — 25|+ ALTYS 4+ \/In(AST/0) LT~ + \/ereaT + ALT—1/3)
o <A1n3(5AT/5) (Lln(ST/(S) In(T/(1 _7))) Lln(ST/6)1/3>

FEmE 1= T
L0 (log@jjv/ ‘”) T ereat
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D PROOF OF THEOREM [£.3]

Proof: [Proof of Theorem[4.3]| By step 1 and 2 of Theorem 3.4 of [Shi et al.| (2024), we can realize
one-step V;11(s;) update with a transformer of size L = 1, maxje() M' = O(S?), d' = O(T),
6]l = O(T?).

By Theorem we can stack this and compute ;1 (s;) with another transformer of size L = Lp,
d= O(A), d =dp+ O(A), maXje(r) M= Mp.

Therefore, the overall size of the transformer needed for one-step update is L = Lp + 1,
maxjeq) M = O(S2 + Mp), d' = O(T + A), |6]| = O(T?), d = O(A).

To perform the overall update, we stack 7" of such transformers and the overall norm of the trans-
formeris L = (Lp+1)T, max;e M!' = O(S?+Mp),d = O(T+A), |8]] = O(T?),d = O(A).
O

E AUXILIARY LEMMA

Lemma E.1 (Lemma 14 Lin et al. (2024)) For any sequence of random variable { X;};<,, adapted
to a filtration {F; };<n, with probability of at least 1 — ¢, we have

in < ng]E lexp(X;) | Fi1] + log(1/6),Ys € [n].

F NORM OF TRANSFORMERS

The norm of a transformer parameter set 6 is then defined as [0 =
max{SelfAttnNorm, Masked AttnNorm, MLPNorm}, where

soltAttnNorm = mox & max W], WS, L+ 3 WL, + W€, ¢

me[M]
MaskedAttnNorm = max ¢ max {HQ%) B }—i— Z an(ml) ,
le[Ls] | me[M] op op me[M] op
MLPNorm = max {HWI(I) + HWQ(Z) } ,
l€[L3s] op op

and || - ||op is the operator norm.
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