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A Other related works

We limit our discussions primarily to provable RL algorithms in the tabular setting with finite state
and action spaces, which are most related to our work.

Finite-sample guarantees for standard RL. A surge of recent research has utilized the toolkit of
concentration inequalities to investigate the performance of standard RL algorithms in non-asymptotic
settings. There has been a considerable amount of research into non-asymptotic sample analysis of
standard RL for a variety of settings; a small set of samples include, but are not limited to, the works
via probably approximately correct (PAC) bounds for the generative model setting (Kearns and Singh,
1999; Beck and Srikant, 2012; ?; Chen et al., 2020; Azar et al., 2013; Sidford et al., 2018; Agarwal
et al., 2020; Li et al., 2023, 2020; Wainwright, 2019), the offline setting (Rashidinejad et al., 2021;
Xie et al., 2021; Yin et al., 2021; Shi et al., 2022; Li et al., 2022a; Jin et al., 2021; Yan et al., 2022),
and the online setting via regret analysis (Jin et al., 2018; Bai et al., 2019; Li et al., 2021; Zhang et al.,
2020b; Dong et al., 2019; Jafarnia-Jahromi et al., 2020; Yang et al., 2021).

Robustness in RL. Although standard RL has achieved remarkable success, current RL algorithms
are still limited since the agent may fail catastrophically if the deployed environment is subject to
perturbation, uncertainty, and even structural changes. To address these challenges, an emerging line
of works begin to address robustness of RL algorithms with respect to the uncertainty or perturbation
over different components of MDPs — state, action, reward, and the transition kernel; see Moos
et al. (2022) for a recent review. Besides the framework of distributionally robust MDPs (RMDPs)
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(Iyengar, 2005) adopted by this work, to promote robustness in RL, there exist various other works
including but not limited to Zhang et al. (2020a, 2021); Han et al. (2022); Qiaoben et al. (2021); Sun
et al. (2021); Xiong et al. (2022) investigating the robustness w.r.t. state uncertainty, where the agent’s
policy is chosen based on a perturbed observation generated from the state by adding restricted noise
or adversarial attack. Besides, Tessler et al. (2019); Tan et al. (2020) considered the robustness to the
uncertainty of the action, namely, the action is possibly distorted by an adversarial agent abruptly or
smoothly.

Distributionally robust RL. Rooted in the literature of distributionally robust optimization, which
has primarily been investigated in the context of supervised learning (Rahimian and Mehrotra,
2019; Gao, 2020; Bertsimas et al., 2018; Duchi and Namkoong, 2018; Blanchet and Murthy, 2019),
distributionally robust dynamic programming and RMDPs have attracted considerable attention
recently (Iyengar, 2005; Xu and Mannor, 2012; Wolff et al., 2012; Kaufman and Schaefer, 2013;
Ho et al., 2018; Smirnova et al., 2019; Ho et al., 2021; Goyal and Grand-Clement, 2022; Derman
and Mannor, 2020; Tamar et al., 2014; Badrinath and Kalathil, 2021). In the context of RMDPs,
both empirical and theoretical studies have been widely conducted, although most prior theoretical
analyses focus on planning with an exact knowledge of the uncertainty set (Iyengar, 2005; Xu and
Mannor, 2012; Tamar et al., 2014), or are asymptotic in nature (Roy et al., 2017).

Resorting to the tools of high-dimensional statistics, various recent works begin to shift attention
to understand the finite-sample performance of provable robust RL algorithms, under diverse data
generating mechanisms and forms of the uncertainty set over the transition kernel. Besides the
infinite-horizon setting, finite-sample complexity bounds for RMDPs with the TV distance and the
x? divergence are also developed for the finite-horizon setting in Xu et al. (2023); Dong et al. (2022).
In addition, many other forms of uncertainty sets have been considered. For example, Wang and
Zou (2021) considered a R-contamination uncertain set and proposed a provable robust Q-learning
algorithm for the online setting with similar guarantees as standard MDPs. The KL divergence is
another popular choice widely considered, where Yang et al. (2022); Panaganti and Kalathil (2022);
Zhou et al. (2021); Shi and Chi (2022); Xu et al. (2023); Wang et al. (2023); ? investigated the
sample complexity of both model-based and model-free algorithms under the simulator or offline
settings. Xu et al. (2023) considered a variety of uncertainty sets including one associated with
Wasserstein distance. Badrinath and Kalathil (2021) considered a general (s, a)-rectangular form of
the uncertainty set and proposed a model-free algorithm for the online setting with linear function
approximation to cope with large state spaces. Moreover, various other related issues have been
explored such as the iteration complexity of the policy-based methods (Li et al., 2022b; Kumar et al.,
2023), and regularization-based robust RL (Yang et al., 2023).

B Preliminaries

For convenience, we introduce the notation [T'] := {1,---,T} for any positive integer 7" > 0.
Moreover, for any two vectors & = [;]1<i<n and y = [y;]1<i<n. the notation z < y (resp. z > y)
means z; < y; (resp. x; > y;) forall 1 < ¢ < n. And for any vecvor x, we overload the notation
by letting 2°% = [z(s, a)?] (o5 TESP. 2°% = [2(s)?] ). With slight abuse of notation, we

denote 0 (resp. 1) as the all-zero (resp. all-one) vector, and drop the subscript p to write U (-) = U o ()
whenever the argument holds for all divergence p.

Matrix notation. To continue, we recall or introduce some additional matrix notation that is useful
throughout the analysis.

* P% € R54%5: the matrix of the nominal transition kernel with P, as the (s, a)-th row.

« P ¢ RS4X5: the matrix of the estimated nomimal transition kernel with P, as the
(s,a)-th row.

« 7 € R54: a vector representing the reward function 7 (so that T(s,a) = 7(s5,a) for all

(s,a) € S x A).
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o II™ € {0, 1}5*94: a projection matrix associated with a given deterministic policy 7 taking
the following form

T T T
er(1) 0 S 0
ogr el - 07
I = : : - S (18)
o’ 0" el
where 61(1)’ 61(2), e eTTr( s) € R4 are standard basis vectors.

s 7, € R¥: areward vector restricted to the actions chosen by the policy 7, namely, 7 (s) =
r(s,m(s)) forall s € S (or simply, 7 = II"7).

s Varp (V) € RS4: for any transition kernel P € R¥4*9 and vector V' € R¥, we denote the
(s,a)-throw of Varp (V) as

Varp(s,a) :== Varp, (V). (19)

« PV € RSAXS PV ¢ RSAXS. the matrices representing the probability transition kernel
in the uncertainty set that leads to the worst-case value for any vector V € R¥. We denote

PY, (resp. PY,) as the (s, a)-th row of the transition matrix PV (resp. P¥). In truth, the
(s, a)-th rows of these transition matrices are defined as

Vv . oV .
Py, = argminpcyapo PV, and P, = argmmpeua(ﬁga)PV. (20a)
Furthermore, we make use of the following short-hand notation:
V. pVT™T _ ; )
Pl =P, =argminpcyopo PV,
prY =pPY" = argmingp y o (po ) PV™, (20b)
P;f;lv = Ps‘fa’ = argminpeua(ﬁsoa)PV”’”,
e,V . pvmo : mo
Py =P, = argmmPeuv(ﬁga)PV . (20c)

The corresponding probability transition matrices are denoted by P™" € RS4xS pmV ¢
RSAXS pmV ¢ RSAXS and P™V € R¥4%S respectively.

~ > 7,V .,V
« P € RSXS_ P ¢ RSXS’BTF,V € RS%S, Bw,V € RS*S, B’T c RS%S and Bﬁ c
RS*5: six square probability transition matrices w.r.t. policy 7 over the states, namely
. 0 D DO Vo WV Vo._ v
PT =1I"P", P =1I"P", PV =T11"P™", P™Y =11I"P™",

~m,V ~T,

~ \a ~ >
P =1I"P™V, and P =1P"". (21)
We denote PT as the s-th row of the transition matrix P™; similar quantities can be defined
for the other matrices as well.
B.1 Basic facts

Kullback-Leibler (KL) divergence. First, for any two distributions P and ), we denote by
KL(P || Q) the Kullback-Leibler (KL) divergence of P and (). Letting Ber(p) be the Bernoulli
distribution with mean p, we also introduce

» 1-p ) r-9¢?® -9 _ (-9
KL =plog=+ (1 —p)l d = + = ’
ellg)=plog +{1-plog7—, and x'(pllg)="—"=+T— =g

which represent respectively the KL divergence and the x? divergence of Ber(p) from Ber(gq) (Tsy-
bakov and Zaiats, 2009). We make note of the following useful property about the KL. divergence in
Tsybakov and Zaiats (2009, Lemma 2.7).

Lemma 1. For any p,q € (0,1), it holds that
(»—q)*

KL(p |l q) < A

(23)
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Variance. For any probability vector P € R'*“ and vector V' € R, we denote the variance
Varp(V) = P(VoV)— (PV)o (PV). (24)
The following lemma bounds the Lipschitz constant of the variance function.

Lemma 2. Consider any 0 < V;, Vs < ﬁ obeying ||V1 — Va|loo < @ and any probability vector
P e A(S), one has

2z
Varp(Vi) — Varp(Vs)| < . (25)
Varp (V1) — Varp(V2)] < (7= =
Proof. Tt is immediate to check that
|Varp(V1) = Varp(V2)| = [P(Vi o V1) — (PV1) o (PV1) = P(Va 0 V3) + (PV2) o (PV3)|
<|[P(VioVi = Voo Vo)| +[(PVi + PVa) P(Vi — Va)|
2z
<2[Vi+ Vallac V1 = Valloo < : (26)
(1-7)
where the penultimate inequality holds by the triangle inequality. O

B.2 Properties of the robust Bellman operator

v-contraction of the robust Bellman operator. It is worth noting that the robust Bellman operator
(cf. (6)) shares the nice ~y-contraction property of the standard Bellman operator, stated as below.
Lemma 3 (y-Contraction). (Iyengar, 2005, Theorem 3.2) For any v € [0, 1), the robust Bellman
operator T?(-) (cf. (6)) is a y-contraction w.rt. || - |ls. Namely, for any Q1,Q2 € R34 s.t.
Q1(s,a),Q2(s,a) € [O, ﬁ} Sorall (s,a) € S x A, one has

177(Q1) = T7(Q2)ll oo <7 1Q1 — Q2| - 27

Additionally, Q*° is the unique fixed point of T? () obeying 0 < Q*7(s,a) < ﬁfor all (s,a) €
S x A

Dual equivalence of the robust Bellman operator. Fortunately, the robust Bellman operator can
be evaluated efficiently by resorting to its dual formulation (Iyengar, 2005). In what follows, we shall
illustrate this for the two choices of the divergence p of interest. Before continuing, for any V € RS,
we denote [V], as its clipped version by some non-negative value «, namely,

a, ifV(s) > a,

[V]a(s) = {V(s), otherwise. (28)

* TV distance, where the uncertainty set is ¢ (1350 W) = U%V(Isg W) =Ug (ﬁso ») W.L.t. the
TV distance p = pyy defined in (7). In particular, we have the following lemma due to
strong duality, which is a direct consequence of Iyengar (2005, Lemma 4.3).

Lemma 4 (Strong duality for TV). Consider any probability vector P € A(S), any fixed
uncertainty level o and the uncertainty set U’ (P) = U, (P). For any vector V € R®
obeying V' > 0, recalling the definition of [V, in (28), one has

inf PV = PV] — — min |V ! . 29
'PG%/IDU(P) a€[ming V%??fnaxs V(s)] { [ ]a g (a n:ls%n[ ]a (S ))} ( )

In view of the above lemma, the following dual update rule is equivalent to (13) in DRVI:
@t(s, a) =r(s,a)
+ _ max {ﬁsoa [f/\'t,l} -0 (a — min {‘7}71] (s’))} . (30)
? a s’ @

ozE[min5 Vi—1(s),maxg l//\'t,l(s)}

« x? divergence, where the uncertainty set is 27 (]Sf o) =UD (]350 W) = ngz (ﬁf o) W.It. the

x? divergence p = py2 defined in (8). We introduce the following lemma which directly
follows from (Iyengar, 2005, Lemma 4.2).
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Lemma 5 (Strong duality for x?). Consider any probability vector P € A(S), any fixed
uncertainty level o and the uncertainty set U (P) := U7, (P). For any vector V' € RS

obeying V' > 0, one has

inf PV = max {P[V]a — JoVarp ([V]a)} . @n

PeU (P) a€[ming V(s),maxs V(s)]
where Varp (-) is defined as (24).

In view of the above lemma, the update rule (13) in DRVI can be equivalently written as:

@t(s, a) =r(s,a)

Fr . max AP ] oo, (7], )} 0

o€ [mins V1 (s),maxs Ve1(s)

The proofs of Lemma 4 and Lemma 5 are provided as follows.

Proof of Lemma 4. To begin with, applying (Iyengar, 2005, Lemma 4.3), the term of interest obeys

pnf PV = max {PV =)o (max{V(s) = u(sh} —min {V(s) = u(s")}) }
(33)

where f1(s") represents the s'-th entry of ;» € R®. Denoting * as the optimal dual solution, taking
a = maxy {V(s') — u*(s')}, it is easily verified that u* obeys

win  JV(s)—a, ifV(s)>a
ws) = {0, otherwise. 34)

Therefore, (33) can be solved by optimizing « as below (Iyengar, 2005, Lemma 4.3):

inf PV = {P V], —o <a —min [V],, (s’))} . (35)

max
PeUs(P) a€[ming V (s),max, V(s)]

Proof of Lemma 5. Due to strong duality (Iyengar, 2005, Lemma 4.2), it holds that

inf PV = max {P (V = p) — /oVarp (V — u)} : (36)

PeU (P) HERS 1>0
and the optimal p* obeys

v JV(s)—a, ifV(s)>a
wis) = {0, otherwise. (37)

for some o € [min, V(s), maxs V(s)]. As a result, solving (36) is equivalent to optimizing the
scalar oz as below:

inf PV = max {P[V]a — \/oVarp ([V]a)} . (38)

PeU (P) a€[ming V(s),maxs V(s)]
O]

B.3 Additional facts of the empirical robust MDP

Bellman equations of the empirical robust MDP /\7 rob- To begin with, recall that the empirical ro-
bust MDP Mo, = {S, A, ~, U7 (P°), 7} based on the estimated nominal distribution P° constructed
in (10) and its corresponding robust value function (resp. robust Q-function) V™7 (resp. Q™).

Note that @*"’ is the unique fixed point of ’?"’() (see Lemma 3), the empirical robust Bellman
operator constructed using P°. Moreover, similar to (??), for M, the Bellman’s optimality

18



664 principle gives the following robust Bellman consistency equation (resp. robust Bellman optimality
665 equation):

V(s,a) eSx A: Q™%(s,a) =r(s,a) + inf PV, (39a)
Peus(rP?,)

V(s,a) e Sx A: Q%(s,a) =r(s,a) + 7 inf PV, (39b)
PeUr(PY,)

666 With these in mind, combined with the matrix notation, for any policy 7, we can write the robust
667 Bellman consistency equations as

Q™ =r+~y inf PV™ and Q77 =r+~ inf_ PV, (40)
PeUa (PO) Peus (Po)

668 which leads to

V™o =r, 440"  inf PV™? @ e + WEW’VV”’U,
Peus(pPo)
yme = re+~I"  inf Py ™ @
PeU(PO)
es9 where (i) and (ii) holds by the definitions in (18), (20) and (21).
670 Encouragingly, the above property of the robust Bellman operator ensures the fast convergence of
671 DRVI. We collect this consequence in the following lemma.

672 Lemma 6. Let Qo = 0. The iterates {Q:}, {V;} of DRVI obey

PN
re+yP VT, (41)

A Ax,0 ’yt i {7*,0 7t
20: [|Q-Q < ad ViV < g “42)
673 Furthermore, the output policy T obeys
|70 = DRl < 25 ere [P0~ D] = o 3)

674 Proof of Lemma 6. Applying the y-contraction property in Lemma 3 directly yields that for any
675 t >0,

18— 0%l = [7°(@) - 7@ <l1Qa - 0],
~ o~ . t
< <)@= @ =0 < 1
-
676 where the last inequality holds by the fact ||@*7"Hoo < ﬁ (see Lemma 3). In addition,
7 17 oy -~ —~ ~ t
L e e e L i e et

677 where the penultimate inequality holds by the maximum operator is 1-Lipschitz. This completes the
678 proof of (42).

679 We now move to establish (43). Note that there exists at least one state sg € S that is associated with
680 the maximum of the value gap, i.e.,
[V*57 = V™| =V (sg) = VE7(s0) > V*7(s) = V™(s),  Vs€S.

et Recall 7* is the optimal robust policy for the empirical RMDP M. For convenience, we denote
es2 a3 = 7*(sp) and az = T(sg). Then, since 7 is the greedy policy w.r.t. Qr, one has

r(s0,a1) +y inf PVr_1 = Qr(s0,a1) < Qr(s0,a2) = (50, az) + 7 inf PVr ;.
PeUs (PO, ) PeUs (P, ,,)

(44)
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Recalling the notation in (20), the above fact and (43) altogether yield

r(so,a1) + VPQQT,JE (V*,o — soptl) <r(sg,a1) + VPS‘?,,;; Vr_1
< r(s0,a2) +7 inf PVr_y
PeUs(PS, )
i

< r(s0,a2) + ’YﬁVﬂYU‘A/Tq

50,02

< r(sg,az) + 7ﬁ‘7%’0 (17*"’ + Eoptl) , (45)

50,02

—~
=

where (i) follows from the optimality criteria. The term of interest can be controlled as

= ‘7*’0(80) - ‘7%’0(80)

oo

“‘7*0 ‘7?0
o s

=r(so,a)+y_ inf PV - (T(507a2)+7 inf P%U>
a )
2

PeuUs(PY, ,.) Peus (P,
=r(sp,a1) —r(so,az) +~ inf PV — inf PV
Peus (PO ) Peus (P9 )

(i) PO PPN ~ o
< 2eope +y | PY L VOT = PYToaVH + inf PV - inf PV

’ ’ PeU(PY, .)) Peus (P )
= 2veopt + ¥ ﬁs‘zz; Vo inf PVTO | 4 v inf PV — ﬁs‘?{; o

’ PeU(PY, .,) PeuUs (P ..) '

(i) AR [~ ~n T~ T~
S 2’}/€opt + ’)/Ps‘g,az (V*,o' _ V‘n’,o‘) + v (PVT_l V*,U _ PVT_1 V*,U)

50,01 50,01

< 29e0pt + ¥ H‘Af*’“ _ VR

; (46)

o0

where (i) holds by plugging in (45), and (ii) follows from inf ) PV < PV* for any

PeU(PY, 0,
P eU (P ,,)- Rearranging (46) leads to
H‘Af*’” _ || < 2
oS] 1-— Yy

C Proof of the upper bound with TV distance: Theorem 1
Throughout this section, for any transition kernel P, the uncertainty set is taken as (see (7))
o a a o 1
U (P) :=UD(P) = @ UD(Paa),  UD(Pua) = {P;,a €AS): 5 [|Pla—Peall, < o} :
(47)
C.1 Technical lemmas

We begin with a key lemma concerning the dynamic range of the robust value function V™7 (cf. (??)),
which produces tighter control when o is large; the proof is deferred to Appendix C.3.1.

Lemma 7. For any nominal transition kernel P € R34*S | any fixed uncertainty level o, and any
policy w, its corresponding robust value function V™% (cf. (??)) satisfies

1
Vo — min V™o < )
Les (5) Ses (s) < ymax{l —v,c}

Next, we introduce the following lemma, whose proof is postponed in Appendix C.3.2.
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Lemma 8. Consider an MDP with transition kernel matrix P and reward function 0 < r < 1. For any
policy 7 and its associated state transition matrix Py := II™ P and value function 0 < V™F < 1

(cf. (1)), one has = 1—y

_1 - 8(max, V™F (s) — min, VP (s))
(I —~Pr)" " y/Varp (V©F) < \/ (1) 1.

C.2 Proof of Theorem 1

The main proof idea of Theorem 1 is similar to that of Agarwal et al. (2020) and Li et al. (2020)
while the argument needs essential adjustments in order to adapt to the robustness setting. Before

proceeding, applying Lemma 6 yields that for any eope > 0, as long as T' > log(ﬁ), one has
= ~= 2
|7 =] < T (48)
o0 1-— Yy

allowing us to justify the more general statement in Remark ??2. To control the performance gap
|| Ve —yme HOC, the proof is divided into several key steps.

Step 1: decomposing the error. Recall the optimal robust policy 7* w.r.t. M., and the optimal
robust policy 7*, the optimal robust value function V*? (resp. robust value function Q™) w.r.t.
M op. The term of interest V** — V7™ can be decomposed as

Vo - vEe = (Ve L )y (D PR ) g (DR S PR ) 4 (PR yRe)
Q (vrio - g} 4 (77 - 07) 4 (PR - ve)
< (V”““—iW“ﬂ)4—%??%14—(Vﬁ0—-vﬁﬂ) (49)

where (i) holds by Yo _ YRt < 0 since 7* is the robust optimal policy for M\rob, and (ii) comes
from the fact in (48).

To control the two important terms in (49), we first consider a more general term V™o _ YT for
any policy 7. Towards this, plugging in (41) yields

m,o 0 Aﬂ-"?/\ﬂ'ﬂ T,V mo
R il A (R4 ety
PURPN S~ S~

_ <")/P Ve ,YPTF,Vvﬂ',U) + (,YBTF,VVTF,U _ ,YBTF,VV‘IT,O')
9) T,V ir T,V Am"}/\ . V>
S’Y(E’ VW’U*B’ Vﬂ',0'>+ ,YE Vﬂ',ainy, Vo ,
where (i) holds by observing

Bﬂ‘,‘?‘/}‘n,o’ SBﬂ',V‘/}ﬂ',o’

due to the optimality of B”"A/ (cf. (20)). Rearranging terms leads to

. IR o
V™o _ e < v (I o ,YBﬂ',V) 1 (P Ve _ Pﬂ',VvTr,a') ) (50)

Similarly, we can also deduce
im0 T,0 AF"?AWU ™,V rmo
Vo -V = 4P VT — (1 +yPTY V)

oV~ o~ 5
— (’}/P VTr,a‘ _ ’}/PW’VVW’U> _|_ (VBW,V‘/TF,U _ ,YBW,VvTr,U)

o . T o
2 v (BW,VVW,U _BW,VVW,J) + (,YP Vo _ ,yP‘IT,VVTI',O')

21



713

714

715
716

77

718
719

720
721

722

723

N1 [ an T~ PN
> v (I _ 7£W,V) (P VVW,G _ P'fr,VVrr,a'> ] (51)
Combining (50) and (51), we arrive at

< ,ymax{ H(I o ,yBﬂ',V)fl <ﬁ7r’vx77r,a _Pﬂ',\7‘77r70'> H ;

oo

‘ } (52)

~7,V -1 ~m,V TV
< ymax (I —~P ) (B Voo — P Vﬂ’”)

| } (53)

With the above facts in mind, we are ready to control the two terms ||[V™ ¢ — V™| and
|[V™o — V79| in (49) separately. More specifically, taking = = 7*, applying (53) leads to

A~V -1 ~m* )V o T Vit o
< ymax{ ||(1-+P Py _prvy

~r* ¥ -1 ATV T Vo
I—~P pr oy - prt VT L (54

Similarly, taking = = 7, applying (52) leads to

H‘//\'ﬂ',(r _yme

oy (50

By decomposing the error in a symmetric way, we can similarly obtain

7

H‘/}ﬂ',a _yme

/\77"7 - ATV T, T,V m,o
I-~P (B" v — prVyme)

bl

H‘/}ﬂ'*,a o Vﬂ'*,o’

HA,\ ~
‘/7 5O ‘/7 5O
oo

oy () )

Step 2: controlling ||[V™ 2 — V™ 7| .: bounding the first term in (54). To control the two
terms in (54), we first introduce the following lemma whose proof is postponed to Appendix C.3.3.

Lemma 9. Consider any § € (0,1). Setting N > log( 18SAN) with probability at least 1 — 6, one
has
rt Y 1 ISSAN 1 18SAN
E V PTr Vv‘n' N Og \/Varpﬂ_ V* 0’ Og(())
log IBSAN
—_— 56
= ) N (56)

where Var pr+ (V*7) is defined in (19).
Armed with the above lemma, now we control the first term on the right hand side of (54) as follows:
~n* V\ 1y ~n* vV * TV *
(1) (e

@) ~m* )V ~m* )V * Y *
<(1-42"7) HP yrhe - prVyTe

o0

(ii) r* l 18SAN
e N

VVarpe (V7)) +
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10g( 1SSAN) otV log( 1SSAN> v —1
<8V (1 _p ) 142 7(1 P ) v (VR
- N(1_7> ( L + N L VarB V(V )
=:C;
log( 18SAN) ot V _1
+2\| = (1 ~P ‘Varﬁﬂ* (V57) = Var oo v (V57)
::CQ
log( 18SAN) TV
+2y —— (I ~P ) (\/Varpﬂ* (V=) — \/Varp,. (V*x”))7 (57)
=:C3

~n*, v\ —1 .. . . .
724 where (i) holds by (I —vP ) > 0, (ii) follows from Lemma 9, and the last inequality arise
725 from

VVarper (V7] = (VVarpe (V57) = VVarp.. (Vo)) + VVarp.. (V=)
< (\/Varpw* (V*o) =/ Varp,« (V*=‘7)) + \/‘Varls,,* (V*7) = Var gre v (V)
+ /Varﬁ,r*,v(V*ﬂ)

726 by applying the triangle inequality.

. STV . T . .
727 To continue, observing that each row of P is a probability distribution obeying that the sum is 1,
728 We arrive at

~*V e ~m* VNt 1
(I +P ) 1:<I+nyt<£ ))1:—1. (58)
t=1 1—=v
729 Armed with this fact, we shall control the other three terms Cy, Cs, Cs3 in (57) separately.
730 * Consider C;. We first introduce the following lemma, whose proof is postponed to Ap-
731 pendix C.3.4.
732 Lemma 10. Consider any 6 € (0,1). With probability at least 1 — §, one has

log( 1SSAN)
(1+ = )

¥3(1 = v)?max{1 —v,0}

(I ,ﬂg” V) VarEW*,v(V*v") <4

lOg( 18SAN )
<1 + u—wv)
<

<4
Y31 —7)?
733 Applying Lemma 10 and inserting back to (57) leads to
1og( 18SAN) otV
C1=2 ~ (I ~P ) Var oo v (V47)
lo 18SAN lo 18SAN
<8 85 ) PG vl P (59)
P17, 0N 1—7)7N
734 * Consider Cs. First, denote V' := V*? — mingcs V*7(s')1, by Lemma 7, it follows that
1
o<V < (60)

S —
~ ymax{l —~,0}
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735

736

737

738

739
740

741

742

743

744

Then, we have for all (s,a) € S x A, and P; , € A(S), and Jgs}a €U (Psq):

Varp (V*7) —Varp, (V™)

_ ‘Varﬁw(vf) ~Varp, (V)

< HPS,a - PS,aHIHVIHEo
20 2
< 1< 1.
~ y?(max{l —v,0})?> T y?max{l —~,0}
(61)
Applying the above relation we obtain
log(185AN ) otV
Cy =2 ~ (I ~P" ) \/‘Vaer V) = Varge v (V)
log(18SAN ) tV - -
=2 T(I ~vP ) \/|HTr (Varp, (V*9) — Var g, (V*9))]
log( ISSAN rt Y N -
<2 T(I vP ) \/HVarPO V*9) = Varpg,. v (V U)Hool
1 18SAN o 1
<oy fl8 ) (1 ~P ’V) 1
N ~y max{l — 5,0}
2 log(1884AN
i sl 5 ) (62)
¥ (1 —~)? max{l —v,0}N

~*V
where the last equality uses (I vP ) 1= ﬁ (cf. (38)).

* Consider Cs. The following lemma plays an important role.

Lemma 11. (Panaganti and Kalathil, 2022, Lemma 6) Consider any ¢ € (0, 1). For any
fixed policy 7 and fixed value vector V- € R®, one has with probability at least 1 — 6,

2[|V||2, log (254
Nl =B w I os(5),

Applying Lemma 11 with 7 = 7* and V' = V*7 leads to

2[lV*e |12 1 25A
e B P CIR e TN

which can be plugged in (57) to verify

¢o— 2B (1) (g (77 — g (V)

4 1Og(SAN)HV* a'” - 410g<18SAN)
T (1=9) N T (=N

(63)

~m*V
where the last line uses (I vP > 1= ﬁ (cf. (58)).

Finally, inserting the results of C; in (59), Cs in (62), C3 in (63), and (58) back into (57) gives

~*V -1 ~m* )V o T Vit o
[—~P Pyt _ prtvynt,

( 1SSAN)

( 185'AN)

<8 log log
- ¥3(1 —v)?max{1l —vy,0}N (1-7)2N
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N 2\/ 2 log( 1SSAN) 410%( 1SSAN) - log( 18SAN) .
(1 = 7)?*max{l - v,0}N (1 =7)2N N(1—7)?
“10 ) log( 18SAN) N log( SAN) 5 log( 18SAN)
- (1 —=~v)?max{1 —v,0}N (1-7)2N (1—7)2N
1Og(1SSAN) 510g( 1SSAN)
<1 1 1 4
: 60% o maxd i, o}N T AN 9

Iog( SAN)

745 where the last inequality holds by the fact v > X 7 and letting N > (1_75)2 .

746 Step 3: controlling | V™ " — V™" 7|| : bounding the second term in (54). To proceed, applying
747 Lemma 9 on the second term of the right hand side of (54) leads to

~7* V 1/ x* v * Y *
(7 e

P log(ISS(SAN) log(ISSAN)
< el ) o *,0 - 0 7
2([ P ) N VVarprs (V) + N(1-— )1
210g(185AN) ot Uy~ 1 1Og(185AN) a7y —1 P
N () 1 (1) Vg s (7)
::C4
1Og(ISSAN) /\71-*,\7 —1 . S
+2 T(I—’YB ) <\/Var137,*1\7(v ’ _V ’ ))
=:Cs
log( 18SAN o v
49 g(N )(I ~P <\/‘Varpw (Vxo) — VarA,,*V(V*"))
:JCG
log (18SAN P
+2 # (I ,YP ) ( VarPﬂ,* (V*vo') — Varlg,,* (V*’U))7 (65)
=:Cr

748 where the last term (f; can be controlled the same as C3 in (63). We now bound the above terms
749 separately.

750 * Applying Lemma 8 with P = ]3”*"7, m = 7* and taking V = V™7 which obeys
% At Vs
751 V™o =r 4P V™% and in view of (58), the term Cy4 in (65) can be controlled as
752 follows:
log(18SAN T
Cy=2 M(I ~P ) VarA,* o (Vo)
Hog (1834N) \/ max, V7™ (s) — ming V79 (s ))
( )?
. log( ISSAN 1 )
3 (1 —~)2 max{l f’y,o}N ’
753 where the last inequality holds by applying Lemma 7.
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754 * To continue, considering Cs, we directly observe that (in view of (58))

lo 18SAN o T 1 —
Cs =2 g< ) (I ~P ) \/Varﬁ,,*,‘;(V’T*v" _Prio)
1SSAN .
2N HV*=" -V 67)
755 e Then, it is easily verified that Cs can be controlled similarly as (62) as follows:
Cs <2 2log () 1 (68)
© =V 20 =72 max{l —v,0}N
756 * Similarly, C7 can be controlled the same as (63) shown below:
4log( 18SAN) "
7S W (69)
757 Combining the results in (66), (67), (68), and (69) and inserting back to (65) leads to
~1* V ~T*V R N R IOg( ISSAN)
I-4P" ") (P vehe - prVyTie) <8 1
( = - ~ V(1 —~v)2max{1 —v,0}N
10 1SSAN 21 1SSAN 41 18SAN
g HV*U IR og(=%) og(=% )
(1—7)2 max{l —v,0}N (1- )2]\7
1og 1SSAN) log( 1SSAN 410g( 1SSAN)
< 80 142 HV*" 7| 1+ —mi
= \/(1_7) Tmax{l - y.o}N o\ (1 o TTA 2N
(70)

758 where the last inequality follows from the assumption y >
759 Finally, inserting (64) and (70) back to (54) yields

- 160 log(l&S‘AN) N 510g( 185AN)
o = X (1—7)2max{l —7,0}N = (1—~)2N °

%0 log(ISSAN) o 10g(18SAN HV*U Vﬁ - 410g(185’AN)
(1 —~)2max{l — 7,0} N (1-

o T1=7)2N
\/ log(lss’AN) SIOg(lssAN)
(1 —~v)?max{1l —v,0}N (1—~)2N ~’

1
-

H‘/}ﬂ"‘,a _ V7r*,o’

(71)

. . . 16 log( 24N

760 where the last inequality holds by taking N > W

761 Step 4: controlling |V — = bounding the first term in (55). Unlike the earlier term,
762 we now need to deal with the complicated statistical dependency between 7 and the empirical RMDP.
763 To begin with, we introduce the following lemma which controls the main term on the right hand side
764 of (55), which is proved in Appendix C.3.5.

765 Lemma 12. Consider any § € (0,1). Taking N > log (54SAJ)\; ) with probability at least 1 — 6,

766 one has

P ~ lo (54SAN2 Slo (54SAN2)
=7V UV Tn e\ a = S\ )8 279€opt
P yTe _Emvvﬂ,o <2 7’7\/\731.1)0 V*o)1 4+ 2 14+ Pt
R (R B s
log(34345) 9
<10 ()0 2y 4 Z7Copty (72)

i R URPE) G g
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767 With Lemma 12 in hand, we have

[—~PV) (P Fe — prVie
(r=ae77) " (2™ )

(1) ~ o\ "L ARV Ao PR,
< (1=~p™7) BT PR - prTpRe
log(F405) 2! =
<2 % (I - fyB”’V) Varpz (V*7)
54SAN?
n (I _ WP%,v*)*l 8log(*=3)5) N 27opt | 4
@ N(1—7) 1—y
2 - :
(i) 8log(5é§‘i% ) 27vEopt 142 log(dés_a])\i;) (I _ P%"A/)_l Var (V7o)
S\ NOr T N i e
::Dl
log (345402 - ~ —
42 7(]; &l (I - WE’V) \/ ’Varpm (V%7) = Var .z o (V72)
:ZDQ
log(34SAN2 ) L — —
+ 2| —C (1=2277) \/ ’Varpﬁ (V%) = Var s o (V49)], (73)

::Dg

o -1
768 where (i) and (ii) hold by the fact that each row of (1 — ~) (I — 'yﬂﬂ’v) is a probability vector
769 that falls into A(S).

770 The remainder of the proof will focus on controlling the three terms in (73) separately.

771 * For D;, we introduce the following lemma, whose proof is postponed to C.3.6.
54SAN?
772 Lemma 13. Consider any § € (0,1). Taking N > % and eopy < 1777 one has
773 with probability at least 1 — 6,
~ o\ 1 == 1 1
I— PW) Var . o (Vo) <6 1<6, —— 1.
( = wrper (V7)< \/73(1 —7)?max{l —v,0} 7 "\ (1-7)%
774 Applying Lemma 13 and (58) to (73) leads to
log (2455 -0\ L =
Dl = 2 % (I — fyBTF’V) VarB,‘;’\'} (Vﬂ'7o-)
log( 54SAN? )
(A=)
<12 1. 74
= \/ﬂl P max{l — 701N "
775 * Applying Lemma 2 with ||‘A/*7U . V%’UHOC < 2%‘1;” and (58), D, can be controlled as
log(54SAN2) —
DQ =92 (1 7)d ( PTr V \/‘Varp V* o' Varp%,\? (VTF,O’)
log( 5ASAN? . Eopt log (BASAN?
< s(G=s) (1 _ 7E,v) \/Veopt Vot log( <1 v) )1. (75)
N
776 ¢ D3 can be controlled similar to Cs in (62) as follows.
log(34SAN?) . — —
Dy =2 % (I - WBT“V) \/‘Varp:r(V*v") — Var,z ¢ (V*7)
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54SAN?

log( ) o\ ! 1

(1-7)d 7,V

< R Gt P _ )

<4 N (I e ) \/ny max{l —vy,0} !

o8 (D)
<4 (1=7)9 1 (76)
Y2(1 = v)?max{l —y,0}N

777 Finally, summing up the results in (74), (75), and (76) and inserting them back to (73) yields: taking
log(34SANZ )

778 N > T2

and gqp; < 1777, with probability at least 1 — 6,

= 2

o=l [ AT~ PPN 810g(dﬁS_AN5 ) 2ve
= Pﬂ',V) < e P‘n’,VVTr,U> < (I—v) + opt 1
(1-02 - NI-7)2 " (@-p2

+12 log (=% ) V2opt log () 1
72 (1= 7)? max{l —v,0}N (I—=)*N
54SAN?
4 log (=55 )
¥2(1 = v)?max{1 —v,0}N
54SAN2 54SAN?
<16 log (%2575 14log(“7=555) -
V(1 =) max{l —v,0}N N1-v? 7
779 where the last inequality holds by taking 4, < min {1_7 los( =435 } _ sl )
opt = v YN YN :

70 Step 5: controlling ||I7%"’ — V77 || ¢ bounding the second term in (55). Towards this, applying
781 Lemma 12 leads to

log ( 3ASAN? . _
7( (1-7)9 )(I — fyB’T’V) Var p= (V*7)

N
54S AN?
+ (] _ ,YP%,V)—l 810g(W) 2YEopt .
n N(l - 'Y) 1—7
54SAN? YN
: i) | e +2 log(G=)s) (I - vP’ﬁ,V)il Var pr.v (V7)
- N(1 =) (1—7)? N L PR
=:Dy
10g(54€AN2) o _ i
+ 2 % (I - 'YBW’V) \/V&I'B?r,v (VTr,o’ _ VTr7‘7)
=:Ds
IOg( 54S_AN2) . - -
+2 % (I - ’YB”)V) \/‘Varpﬁ,v (Vxo) — VaYE%‘V(V”’U)
=:Dg
10g(54S_AN2) L _ ]
+ 2 % (I - ’YB’TxV> \/’Varp% (Vo) — Var ps.v (Vo). 78)
=Dy

782 We shall bound each of the terms separately.
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783
784

785

787

788

789

790

791

792

* Applying Lemma 8 with P = P™V 7 =7, and taking V' = V77 which obeys V77 =
= + 'yE’T’VV%"’, the term D, can be controlled similar to (66) as follows:

10g(54SAN2)
Dy < 1. 79
18 (1 = 7v)? max{l —v,0}N 7

¢ For D5, it is observed that

log(2ASAN ) N — -
D5 —9 (1—v)d (I i ,wa,v> \/V&I‘B%,V(Vﬂ"g _ Vﬂ',a)
54SAN
HV” prell 1. (80)

* Next, observing that Dg and D7 are almost the same as the terms D5 (controlled in (75))
and Ds (controlled in (76)) in (73), it is easily verified that they can be controlled as follows

Y€opt log( 5(41{,:1)\22 ) log( 5&%47])\;2 )
Ds < 4 1, D; <4 .
(I=7)*N 72(1 = 7)? max{l —,0}N
8D
Then inserting the results in (79), (80), and (81) back to (78) leads to
~ v\ LAV A Uon
(I_'VBWV) (B ‘/7\'7 VV )
54SAN?
8log(*GZ5y5 ) 2yeopt 18 log(245AN) )
NI-7)? = (1-9)? 721 —7)? max{l —v,0}N
1 54SAN ~Eopt log(ZASAN2 )
Og vaa VTro’ 1+4 opt (1—7)é 1
(1—=7)*N
54SAN?
y IOg( =) .
7*(1 = y)?max{l —v,0}N
8SAN?2 54SAN?
<12 210g(( ) ) 14 IOg( (1*7)5 ) log 54SAN HVﬂ Ne V7T Ne 1
(1 —v)2max{l —v,0}N N(1—7)2 0o
(82)
: . : log(B4SANZ) : 1
where the last inequality holds by letting eqpe < ———722"—, which directly satisfies o5t < =2 by
. log(54SAN2 ! K
letting N > #

54SAN2 )

Finally, inserting (77) and (82) back to (55) yields: taking eqpe < log(;liN”” and N >

16 log( 545?1\/2 . - 5
— =T with probability at least 1 — d, one has

545 AN?2 545 AN?
HVTFO— Ve < max{16 log ("G =55 ) 14log( (-5 )
3(1 —v)?max{l —v,0}N
b 2log SfoE) . 1410g(%) 1og (ASANE HVWU a4 }
(1 —7v)?max{l —7,0}N = N(1- >
. 2
<2 log ) 28log (7)) (83)
3 (1 )2max{l —v,0}N N(1—~)2

29



793 Step 6: summing up the results. Summing up the results in (71) and (83) and inserting back

784 to (49) compl - taki log (PN ) 16 log(S4S AN :
plete the proof as follows: taking eqpe < N and N > =2 , with
795 probability at least 1 — 6,
- x ~ 2
o L i e L
- 27€opt 160 log( 1SSAN) N 8 log( ISSAN)
- 1- (1 —7v)?max{1 —~,0}N (1-7)2N
- : 2
+24 log(2355) 28log ()
1—7)2max{l —~v,0}N N(1—~)2
gl gl v
2
< 184 log(235) 36 log(45)
- 1—7)2max{l —~,0}N N(1 —~)2
v gl v
log( 54SAN2)
(1—v)é
< 1508 84
- \/(1 —v)2max{1 —v,0}N’ ®4)

16 10g(75436AN2 )

796 where the last inequality holds by v > % and N > — T

797 C.3 Proof of the auxiliary lemmas
798 C.3.1 Proof of Lemma 7

799 To begin, note that there at leasts exist one state sy for any V™7 such that V™7 (sy) =
80 minges V™7(s). With this in mind, for any policy 7, one has by the definition in (??) and the
go1  Bellman’s equation (??),

V™ (s) = maxEgon(. | , £ pvme
rgleag;( () 1§1€a§< 1) [T(S @) +77>eul§1( Ps.a) ]

< max (1 +~ inf PV”’”) ,
(s,0)ESX A PeuU(Ps..)

sz where the second line holds since the reward function (s, a) € [0, 1] for all (s,a) € S x A. To
o3 continue, note that for any (s,a) € S x A, there exists some PS o € RS constructed by reducing
so4 the values of some elements of P , to obey P, , > P, a=>0and ), (Psq(s") — Ps,a(s’)) =o0.
gos This implies PS o+ o*e e U’ (P ), where e, is the standard basis vector supported on sg, since
806 5 ||Ps,a +oel, — s,a||1 < §||Ps,a — Py 4|l1 + § = 0. Consequently,
int PV < (Bt 0], ) VO < Bl IV o+ 0V s0)
PEU (Ps,q)
< (1= T,0 : T,0 85
<(1-o) Igleagcv (s) +Ugrlelgv (s), (85)
807 where the second inequality holds by ||P, o1 = Do P, a(s) = — Do ( sal(s’) — Jgs’a(s’)) +
808 »,. Psa(s") =1— 0. Plugging this back to the previous relation gives

Vﬂ',d’ < 1 1 _ Vﬂ',U : V‘IT,O'
max V™ (s) < 147 (1 - o) maxV"(s) + yomin V"7 (s),

gos which, by rearranging terms, immediately yields

1+ yo minges V™7 (s)

max V™7 (s) <

s€S - 1—-v(1-o0)
< ]‘ + 3 Vﬂ'o’( )< ]‘ + 4 V‘n’ o’( )
————— 4+min V" (s) < ———————— + min V" (s).
T (1=7v)+~vyo ses ~ ymax{l —v,0} ses
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sio C.3.2 Proof of Lemma 8

811 Observing that each row of P, belongs to A(S), it can be directly verified that each row of (1 —
s12 ) (I —yP;) " falls into A(S). As a result,

_ 1 _
(I —~yP;)" ' y/Varp (VmP) = T ’Y(l — ) (I —yP;)" " y/Varp (V™P)

M 1 - .

< =) (=3P Var, (V)

= | oA (P Ve, (V) (86)
-7 t=0

813 where (i) holds by Jensen’s inequality.

s14 To continue, denoting the minimum value of V' as Vi, = minges V7P (s)and V! i= V™ — V1.
815 We control Varp_(V™F) as follows:

Varp_(V™F)
P (Vo V') = (PV') o (P,V)
1
= P7T (V/ © V/) - ? (V/ — Tz + (]- - ’Y)Vminl) o (V, — T+ (]— - V)Vminl)

1 2
=P, (V' oV')— =V'oV'+ ?VI o (rr = (1 =7)Vminl)

,-YQ
1
- ? (Tﬂ' - (]- - ’Y)Vminl) o (rﬂ - (]- - "Y)Vminl)
1
<P (VioV) = Vo V/+—||V||oo (87)

816 where (i) holds by the fact that Varp_ (V’T’P —bl) = Varp_(V™F) for any scalar b and V™" € R,
817 (ii) follows from V' = r, + yP, V™ — Vinl = 7 — (1 — 4)Viuinl + vP, V', and the last line
s1s  arises from ,Y%V’ oV’ > %V’ oV’ and |1y — (1 —7)Vminl|leo < 1. Plugging (87) back to (86)
819 leads to

1 2
(=P e, 77 2\ [ St (0o v - Ty B

(i) 1 > - 2
< > ( (V1o V') — —v'ov’ F Dot (P) SVl
1—7\ part 7\ =0 v

1 S yH S 2[[V" o1
< tl ’
(S S wovl et
@ IIV’I21 2[[V]lo
721 —=7)?
8[[V" o1
S TCRERVE (88)
721 =7)?

s20 where (i) holds by the triangle inequality, (ii) holds by following recursion, and the last inequality
g21 holds by [V < T

77 .
g2 C.3.3 Proof of Lemma 9

823 Step 1: controlling the pomt wise concentration. We first consider a more general term w.r.t. any
g24 fixed (independent from PO) value vector V obeying 0 < V < 1 1 and any policy 7. Invoking
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825

826

827
828

829
830

831

832

833

834

835

836

837

Lemma 4 leads to that for any (s,a) € S x A,

pPrVy - PS”;IVV‘ < max {
’ ! a€[ming V(s),maxs V(s)]

s/

o TS oy P2 Ve = w0 (o= min V1, () \

< max (S)]‘(Psa P )[V}a, (89)

a€[ming V(s),maxs V

=:gs,a(a,V)
where the last inequality holds by that the maximum operator is 1-Lipschitz.

Then for a fixed a and any vector V' that is independent with 130 using the Bernstein’s inequality,

one has with probability at least 1 —
210g % 210g
V e 3N 1-—
2 log % 2 1og
\/ V 3N 1- ©0)

Step 2: deriving the uniform concentration. To obtain the union bound, we first notice that
gs,a(a, V) is 1-Lipschitz w.r.t. « for any V obeying ||V || oo § # In addition, we can construct

- - (1 3 (Vershymn 2018). By the union
bound and (90), it holds with probability at least 1 — S that for all @ € N,,

gs,a(aa V)= ‘(Psqa - ]30

an e1-net N, over [0 'v] whose size satisfies |N€1| <

2SA\NE | ZSA\NE |
21 1 2 1 1
goalav) < | 2B T) Varpo ( gi] = ) 1)
Combined with (89), it yields that,
PV - Pryv| < max (P = P2,) Vi
o o a€[ming V (s),maxs V (s)] o =
®) ~
eyt sy y(psfpsg Vi,
a€EN,, ’ ’
2SA|N \ QSA|N51 |)
S €1+ Varpo 3]\]1—_) (92)
(iif) ZSA\NEI | ZSA|N51 | )
VaI‘p()
(1v) 10 ISSAN 10 18SAN
log(Z5) /Varpo g ) 93)
18SAN 18SAN
lo
<o) [T v+ ig( )
N N(1—7)
lo 18SAN
(1- )2N
where (i) follows from that the optimal a* falls into the €;-ball centered around some point inside
2SA|Neg, |
N, and g, o (o, V) is 1- Lipschitz (i) holds by (91), (iii) arises from taking 1 = % @iv)
is verified by | N, | < =ti—yy < 9N, and the last inequality is due to the fact V5700 < j and

letting N > log( 1SSAN).
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gas  To continue, applying (93) and (94) with m = 7#* and V' = V*¢ (independent with ]30) and taking
839 the union bound over (s, a) € S X A gives that with probability at least 1 — §, it holds simultaneously
sso forall (s,a) € S x Athat

~ o " o log 18SAN log( 1SSAN)
Ps7a’VV = Psya’VV ’ VarPO V* U) m
10g ISSAN
— 5
<3 N (95)
841 By converting (95) to the matrix form, one has with probability at least 1 — d,
U log 18SAN log(ISSAN)
P yTe _ priVyThe \/Var o (Vro) g — 02
" Ni-7)
log( 185AN
<3 71 96
<3\ Ty (96)

sz C.3.4 Proof of Lemma 10

843 Following the same argument as (86), it follows

~m* )V -1 1 e ~* V t
(1 ~P ) Vargew (V) =[5 ;’yt (B ) Var oo (VE9). (O7)

s44 To continue, we first focus on controlling Var BV (V*7). Towards this, denoting the minimum

45 value of V*7 as Vipin = minges V7 (s) and V'’ := V*? — V,;.1, we arrive at (see the robust
s46 Bellman’s consistency equation in (41))

V' =V* —Viginl = rer + 9P V'V — Vil
Vv N TV
= . +'Y£ﬂ— ke +'Y(£7T Vv 7£7r )V*,U . Vminl

~t*V__, TV ~*V o
:Tw*7(17V)Vmin1+7£ V +7(£ ’ *B )V’

/\ﬂ'*

’ TV ! TV WV *,0
= 9"V (P - BT T, (98)

847 where the last line holds by letting 7. := 7+ — (1 — ) Viinl < 7+ With the above fact in hand,
s4s we control Var 5x+.v (V*7) as follows:

Var v (V) L Var oo (V) = BT (V0 V) — (P

02
i) ~7*, 1 * =",
(:)B V(V/OV/)—,}/Q(V/—T;T*—’V<P7T7V—P V>V*,U>

~*V

P eV - 2viev s 2o (r;* +7 (P”*’V -P" ’V> V*"’)
v v

02
1 * A~V
~ 3 (r;* +7 (P” VP ) V*»”)
Y

(if)) ~p*, 9 - Juy

<p V(V’oV)ffV'oV’wLV—HV||001+7HV|| ’( vV_p V) ve| (99
Y 1 2 6 log(183AN)

<P (V'oV) = =V oV + LV |lscl + [V |lct | ——3—21, (100)
URSORT SV ot + 21V oy |

sso  where (i) holds by the fact that Varp_(V — bl) Varp_(V) for any scalar band V' € R, (ii) follows
5o from (98), (iii) arises from = = = V' o % > V' oV'and =1 < rpe — (1 —9)Vminl = rhe <1pe <1,
ss1  and the last inequality holds by Lemma 9
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s52  Plugging (100) into (97) leads to

(=) o7

1 > Aw* 1% ~* 1 2 6 log(lssAN)
< / N !/ ! P ! o — ! o
<\ th( )<P (V/o V) = V7oV IVl 4 IV ooy | TF o
(i) 0 ok t Aﬁ
< ﬁ Z,yt (B ,V) ( % (VioV7) — %V’ ° V/)
t=0
1 %) PN 2 6 lOg( 18S§AN
+4)—— ¢+ (P 2V ool + ~ [V flooy | ——2 21
T\ (2"") (72| oo+ 21V oot | <oy
- <2—|—6 log( ) >||V'||oo
1 ~*V t ~t* V 1
S\ 1= ‘L2 P VioV')— —V'oV'| |+ 1,
1—7\} ;7 ( ) [ ( ) gl } (I=7)2y?

(101)

853 where (i) holds by the triangle inequality. Therefore, the remainder of the proof shall focus on the
854 first term, which follows

ny (A” V) (13” V(V’OV/)—%V’OV/)

t=0

()@ Y oewy
t=0 t=0

855 by recursion. Inserting (102) back to (101) leads to

~1
~7*V o
(I ~P ) VarE,r*,v(Vv )

lo ,(185AN)
| () e
= 143 — 1

(1 =7) (1 =)y

1
< VIR a0y

18SAN
(1 ) Ve | (D)
<4 1<4
B (1—7)%2 — (1 —7)?max{l —v,0}
log(159AN
<4 <1 Y )1 (103)
- \ Y31 —7)3 ’

ss6 where the penultimate inequality follows from applying Lemma 7 with P = P° and 7 = 7*

1
/ — *,0 _ : *,0 e ——
1V lloo rgleag(v () glelgv (s) < ymax{l —v,c}

ss57  C.3.5 Proof of Lemma 12

gss  To begin with, for any (s,a) € S x A, invoking the results in (89), we have

(PP = P2a) [777],

el 22 (], - [7,)

57, ViR, V7,0
ew V'O —=Pg)V

3
,a

< _ max
a€[ming V79 (s),maxs V79 (s)]

() ~ ~
< max (’ (Pfﬁa — Pga) [V*‘U]
a€ming V79 (s),maxs V77 (s)] a

)
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0 HO
Ps,a - Ps,a

+|

€ e, 0%y (P P22 [ 71~ [71.0L)
a€[ming V79 (s),maxs V79 (s)] @ 1 e alloo

(ii) ~ ~ ~n ~

< Comax (PO = PO, [D] |2 |0 -0
a€[ming V79 (s),maxgs V7 (s)] « oo

(iii) o ~0 o 27 Eopt

< __ max ‘(Ps,a - Ps,a> Ve + S22, (104)
a€[ming V79 (s),maxs V79 (s)] 1-— Y

where (i) holds by the triangle inequality, and (ii) follows from HPS o= 139 o < 2 and

k) < 1

H[‘/}ﬁ,a}a o [f}*,a’}aH < H‘/}ﬁ,a o f}*,a

, and (iii) follows from (48).

1

To control o —

(Pso,a - ﬁso,a) [‘7*’0]06
between V*:7 and P°, we resort to the following leave-one-out argument motivated by (Agarwal et al.,
2020; Li et al., 2022a; Shi and Chi, 2022). Specifically, we first construct a set of auxiliary RMDPs
which simultaneously have the desired statistical independence between robust value functions and
the estimated nominal transition kernel, and are minimally different from the original RMDPs under
consideration. Then we control the term of interest associated with these auxiliary RMDPs and show
the value is close to the target quantity for the desired RMDP. The process is divided into several
steps as below.

in (104) for any given o € [0 ] , and tame the dependency

Step 1: construction of auxiliary RMDPs with deterministic empirical nominal transitions.
Recall that we target the empirical infinite-horizon robust MDP M, with the nominal transition
kernel P°. Towards this, we can construct an auxiliary robust MDP M for each state s and any

non-negative scalar u > 0, so that it is the same as M}, except for the transition properties in state s.

In particular, we define the nominal transition kernel and reward function of M, as P** and r*",
which are expressed as follows

Psu(s' | s,a) =1(s = s) forall (s',a) € S x A, (105)
Pu(-15,a) = P°(-|3,a) forall (5,a) € S x Aand s # s,
and
ro%(s,a) = u foralla € A, (106)
r®U(s,a) = r(3,a) forall (5,a) € S x Aand 5 # s.

It is evident that the nominal transition probability at state s of the auxiliary M}, i.e. it never leaves

state s once entered. This useful property removes the randomness of ]33 , forall a € Ain state s,
which will be leveraged later.

w .
rop 18 defined as

V) ESx A TLQG0) = Ga) £y il PV, with V(5) = maxQ(5,a).
cue 5‘-,_”11 a

Correspondingly, the robust Bellman operator ’t"u (+) associated with the RMDP M

(107)

Step 2: fixed-point equivalence between M rob and the auxiliary RMDP /(/l\ioﬁ Recall that
@*"’ is the unique fixed point of 7A"’() with the corresponding robust value V*7. We assert that the
corresponding robust value function ‘7;;?* obtained from the fixed point of 7A'S"u() aligns with the
robust value function V*° derived from 7A“’(-), as long as we choose u in the following manner:

S ut(s) = V*O(s) —y_ inf PU 108
W) =Vl =, dat (108

where e, is the s-th standard basis vector in R, Towards verifying this, we shall break our arguments
in two different cases.

* For state s: One has for any a € A:

s,u’ (s,a) +~ inf PV = u* + ~ inf PV
Peus (Pie") PEU? (e:)

r

35



887
888

889

890
891
892

893

894

895

896

897

898

899

900
901

902

903

904

905
906
907
908

909

910

=V*(s)—v__inf PV*? inf PV =V*(s), 109
(s) Y path, + ik (s) (109)

where the first equality follows from the definition of 5" in (105), and the second equality

S,a

follows from plugging in the definition of «* in (108).
* For state s’ £ s: It is easily verified that for all a € A,

P (sha)+y  inf PV =r(sha)+y  inf PR
Peus (P Peus (P )

=T7(Q")(s',a) = Q*" (5, a), (110)

where the first equality follows from the definitions in (106) and (105), and the last line
arises from the definition of the robust Bellman operator in (12), and that Q*“ is the fixed
point of 77(-) (see Lemma 3).

Combining the facts in the above two cases, we establish that there exists a fixed point Q u+ Of the
operator 7;71“ (+) by taking

@;Z* (s,a) = ‘7*’0(8) forall a € A, (a1
Q;’Z*(s’,a) =Q*(s,a) forall s’ # sand a € A.

Consequently, we confirm the existence of a fixed point of the operator i"u* (+). In addition, its
corresponding value function VS*’U* also coincides with VV**?. Note that the corresponding facts
between Mmb and J\/l op 10 Step 1 and step 2 holds in fact for any uncertainty set.

Step 3: building an c-net for all reward values u. It is easily verified that

~ 1

We can construct a IV, -net over the interval {0 ] where the size is bounded by | N, | <

’1— ea 1 —)
(Vershynin, 2018). Following the same arguments in the proof of Lemma 3, we can demonstrate
that for each u € N,,, there exists a unique fixed point Q3’7 of the operator 7, (-), which satisfies

0< Q* o< 1= 1 Consequently, the corresponding robust value function also satisfies ‘7;’37 <

1—v°
By the definitions in (105) and (106), we observe that for all u € st, /\/lS b 18 statistically in-

dependent from P0 . This independence indicates that [V* 2] and P0 are independent for a
fixed a. With thlS 1n mind, invoking the fact in (93) and (94) and taklng the union bound over
all (s,a,a) € S x A x N, u € N, yields that, with probability at least 1 — 4, it holds for all
(s,a,u) € S x A x N, that

max (PO, =P, [Ver] |
agl0,1/(1—7)] ’ L

log( 18SAN|N.,| )

2 log 185AJ(;/\N52 | )

< 2 A s V: ‘/}S*%f
<éeg+ N arpg‘a( )+ 3N(1—7)
(185’AN\N52|)
< 3 —2_ - 113
<ée2+ (1 — 7)2N ) ( )
where the last inequality holds by the fact Varpo (A9 7)) < ||V* oo < ﬁ and letting N >

log (185’AJ;I\N52|).
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911 Step 4: uniform concentration. Recalling that u* € [O, i ] (see (112)), we can always find

912 some W € N, such that [t —u*| < e5. Consequently, plugging in the operator 7;"u( ) in (107) yields

VQ € R4 .

1@ ~ T @ _ =i —w <=

913 With this in mind, we observe that the fixed points of ﬁ”ﬁ() and 7A'S"u* (-) obey

Qe —
s, u s u*

~ ~o
7;,u* (Qs7u* )
e’}

- Tr(Qi)

s,u*
Q*,a
s H 5,u*

7)) = T (@100

‘ oo

+ €9,
o0

914 where the last inequality holds by the fact that ’if’u (+) is a y-contraction. It directly indicates that

[cxaass

Trx,0 *,0
and ||V - V2

T (1—y
(114)

915 Armed with the above facts, to control the first term in (104), invoking the identity Vo = ‘A/Sf;‘i
ot6 established in Step 2 gives that: for all (s,a) € S x A,

__max (Rso,a *ﬁf,a) [V*]a
a€[ming V77 (s),maxs V77 (s)]
< PO po ) o ‘: ‘(PO .y ) Ve
—ae[of??()fw]‘( s = o)Vl = e [\ Fria = Fra ) Waiila

0 0\
S e U Fra P ) Vo]

+ ‘(P?,a - P:?,a) ([‘/sf,ﬂg]ﬂ - [V;;J,U*]Ot)

262

(ii)
< P, =P ) Ve
_ae[Ol/)l( 7)]‘( 5@ )[ Jo

1sSAN Ne,| 1SSAN N.
e ] W )
= €2 P 3N1— )

ISSAN N. 1SSAN N

362 log 18SAN|Ne, | | 18SAN|N.,| )
Varpo V* o)

-7)

185’AN\N52|

7)

Varpo i (V*o) — Var po (‘73*;)

1SSAN|NE \
lV oo lte21
< 352 \/ \ [Varpo (V)

9 log(ISSAJ;T\N52|) \/25 ,lo (18SAN\N52|
N

3N(1—7) (1—=7)2
1Og(a4SAN2 _ Slog(oéis_AN )
<2 %\/Varpo (7+9) + N(l(l ”))‘5 (115)
—
log(54SAN2)
(1—7)é
<104] — =208/ 116
<10 (16)

917 where (i) holds by the triangle inequality, (ii) arises from (the last inequality holds by (114))

(P = P) (V70 = 72520 o |71 = V200

50
a_Ps,

oo
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918

919

920

921
922

923

924

925

926
927

928

929

930

262
co (1 — ’y) ’
(iii) follows from (113), (iv) can be verified by applying Lemma 2 with (114). Here, the penultimate

18SAN|Ne, |

inequality holds by letting &, = 62— which leads to |NE2\ iy < £25, and the

last inequality holds by the fact Varpo (Vo) < [[V|oe < —= - and letting N > log ("(‘lls_éf)\i; )

*G‘iv*a'

5,u*

(117)

Step 5: finishing up. Inserting (115) and (116) back into (104) and combining with (116) give that
with probability at least 1 — 4,

s DS S DS ~ EN 2
D T Comax (PO, PO [V + T
a€[ming V79 (s),max, V79 (s)] 1- y
~ =~ 2
< max (Psoa Pga) [V*’U]a‘ i
acf0.1/(1-y] I\ ! 1—~
54SAN?2 54SAN?
log( (1—7)3 ) V. Do 8log( (1-7)5 ) 2YEopt
- g, (V2 NI -7) 1—v
54S AN?2
<10 log( (1—)3 ) 2750pt (l 18)

R
holds for all (s,a) € § x A.

Finally, we complete the proof by compiling everything into the matrix form as follows:

BN ~ lo (54SAN2 810 (54SAN2>
TV ~n D mn 2 I 2
B Vﬂ',U _BTI',VVTr,a’ S 9 (1 7)o \/V?LI‘PO V* a') (1—=7)d 1+ ’Yé‘Optl
N(1—-7) 11—~
log(54S_AN ) o
<10 (=)0 7y 4 Z0opty (119)

[ T o S
C.3.6 Proof of Lemma 13

The proof can be achieved by directly applying the same routine as Appendix C.3.4. Towards this,
similar to (97), we arrive at

o -1 .
(I - VE“V) Var s, o (VF9) < [ == P” V) Var . o (VR0). (120)

1=7)2N  1-v

To control Var p. V( ™.7), we denote the minimum value of V™ as Viin = minges V%’U(s) and
V=V Vinl. By the same argument as (99) we arrive at
T 7,V 1 70 o) as
Varp s (779) < 2V (' 0v) = 207 e v+ 2+ 2y | (27 - 77 07
~ 1 log(54S_AN ) 9
BN (VIoV) = 2V oV SV ol + 2V (10 L
7

(121)
where the last inequality makes use of Lemma 12. Plugging (121) back into (120) leads to

(I — 72%7‘7)71 VarEﬁwf,(f/%v”) (Sl) ,/

% 1
P7r V) (PTr,V (V/ o V/) _ ;V/ ° V/)

1 log( 5(4 1S,A1)\i;2 ) 2ve
———2+20 i P V| ool
B\ EEEEecl e ey i ey LA
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10(545‘7AN2) -
<2+20 A + 32 ) |V
1

(ii) /0|2 v
o v, _
(1 =) (1 =)y
(iii) 1|2 241V || 0o "o
N T T BT
(1 =) (L =)y (1=7)%y
(122)
931 where (i) arises from following the routine of (101), (ii) holds by repeating the argument of (102),
log(ZASAN )

932 (iii) follows by taking N >

033 ||[V*7 oo < ﬁ

EE=E: and gopt < 1_77 and the last inequality holds by ||V’]|o <

934 Finally, applying Lemma 7 with P = Plandm =7 yields
~a ~a 1
[V |loo < maxV7™7(s) —min V7™ (s) <
seS s€ES

~ ymax{l — 7,0}’
935 which can be inserted into (122) and gives

_ o1 — 1 1
I-— P“’V> Var . o (V7o) <6 1<6y | ——1.
( K arpe v (V) < \/73(1—7)2max{1—%0} =\ =932

a6 D Proof of the lower bound with TV distance: Theorem 2

937 To prove Theorem 2, we shall first construct some hard instances and then characterize the sample
938 complexity requirements over these instances. Note that the hard instances for robust MDPs are
939 different from those for standard MDPs, due to the asymmetric structure induced by the robust RL
940 problem formulation to consider the worst-case performance. By constructing a new class of hard
941 instances inspired by the asymmetric structure of the RMDP, we develop a new lower bound in
942 Theorem 2 that is tighter than prior art (Yang et al., 2022).

a3 D.1 Construction of the hard problem instances

944 Construction of two hard MDPs. Suppose there are two standard MDPs defined as below:
{Md) = (SvAaP(vav’Y) |¢ = {0:1}} .

945 Here, « is the discount parameter, S = {0,1,...,5 — 1} is the state space. Given any state

a6 s € {2,3,---,5 — 1}, the corresponding action space are A = {0,1,2,---, A — 1}. While for

947 states s = 0 or s = 1, the action space is only A’ = {0, 1}. For any ¢ € {0, 1}, the transition kernel

ss  P? of the constructed MDP M, is defined as

pl(s'=1) + (1 —p)I(s'=0) if (s,a) =(0,9)
P?(s'|s,a) =< ql(s' =1)+(1—q)1(s'=0) if (s,a)=(0,1—¢) ,  (123)
1(s' =1) if s>1
949 where p and q are set to satisfy
0<p<1l and 0<g=p-—-A (124)

950 for some p and A > 0 that shall be introduced later. The above transition kernel P? implies that state
951 1 is an absorbing state, namely, the MDP will always stay after it arrives at 1.

952 Then, we define the reward function as

1 ifs=1
r(s, a) :{ 0 otherwise - (125)

953 Additionally, we choose the following initial state distribution:

1, ifs=0
=<7 . 126
#(s) {0, otherwise (126)

954 Here, the constructed two instances are set with different probability transition from state 0 with
955 reward O but not state 1 with reward 1 (which were used in standard MDPs (Li et al., 2022a)), yielding
956 a larger gap between the value functions of the two instances.
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Uncertainty set of the transition kernels. Recalling the uncertainty set assumed throughout this
section is defined as /% (P?) with TV distance:

1
U (P) = Uy (P) = 0 Uy (P, Uy (P = { Pl € ) 5 [PLa = P <},
(127)
where P?, := P?(-|s,a) is defined similar to (4). In addition, without loss of generality, we recall

the radius o € (0,1 — co] with 0 < ¢y < 1. With the uncertainty level in hand, taking ¢, := %, p
and A which determines the instances obey

p=(1+c)max{l —~,0} and A < c¢ymax{l —~,0}, (128)

which ensure 0 < p < 1 as follows:
3 3
(1+cl)a§1—co+610§1—%0 <1, I+c)(l—v)< 5(1—7) < 1 <1. (129)

Consequently, applying (124) directly leads to
p>q > max{l —v,0}. (130)

To continue, for any (s,a,s’) € S x A x S, we denote the infimum probability of moving to the
next state s’ associated with any perturbed transition kernel P, , € U°(P?,) as

P?(s'|s,a) = . eglaf(P¢ )P(s’ | s,a) = max{P(s'|s,a) — 0,0}, (131)

where the last equation can be easily verified by the definition of 2/° (P?) in (127). As shall be seen,
the transition from state 0 to state 1 plays an important role in the analysis, for convenience, we
denote

p=P?°(1[0,¢)=p—0, q=P°(1|0,1-¢)=q—o0, (132)
which follows from the fact that p > ¢ > o in (130).

Robust value functions and robust optimal policies. To proceed, we are ready to derive the
corresponding robust value functions, identify the optimal policies, and characterize the optimal
values. For any MDP M with the above uncertainty set, we denote W; as the optimal policy, and
the robust value function of any policy 7 (resp. the optimal policy 77) as V(;T 7 (resp. V(;‘ 7). Then,
we introduce the following lemma which describes some important properties of the robust (optimal)
value functions and optimal policies. The proof is postponed to Appendix D.3.1.

Lemma 14. For any ¢ = {0, 1} and any policy , the robust value function obeys

VI(0) = 7((?7; ; U> , (133)
- (1+ 2555 ) 0= 0-0)

where zj is defined as

zg = pr(¢]0) + g (1 — ¢]0). (134)
In addition, the robust optimal value functions and the robust optimal policies satisfy
V7 (0) = 7( (f’; 9) , (135a)
(1= (1+ 28525) =7 (1-0)
m(¢]s) =1, forseS. (135b)

D.2 Establishing the minimax lower bound

Note that our goal is to control the quantity w.r.t. any policy estimator 7 based on the chosen initial
distribution ¢ in (126) and the dataset consisting of N samples over each state-action pair generated
from the nominal transition kernel P?, which gives

(@, V)7 = V7Y = V37 (0) = V)7 (0).
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Step 1: converting the goal to estimate ¢. We make the following useful claim which shall be

verified in Appendix D.3.2: With e < ﬁ, letting

A =32(1—v)max{l —v,0}e < c¢ymax{l —v,0} (136)
which satisfies (128), it leads to that for any policy 7,
(o, V37 = V7)) > 2e(1—7(40)). (137)

With this connection established between the policy 7 and its sub-optimality gap as depicted in (137),
we can now proceed to build an estimate for ¢. Here, we denote P as the probability distribution
when the MDP is M4, where ¢ can take on values in the set {0, 1}.

Let’s assume momentarily that an estimated policy 7 achieves
= 7
P { VR YR < }> L 138
Az 5 7)<ep 2 3 (138)

then in view of (137), we necessarily have 7 (¢ | 0) > 3 with probability at least Z. With this in mind,
we are motivated to construct the following estimate ¢ for ¢ € {0,1}:

~

¢ = arg e 7(a|0), (139)
which obeys
~ _ 7
Po{o =0} 2 Py{7(0]0) > 1/2} > <. (140)

Subsequently, our aim is to demonstrate that (140) cannot occur without an adequate number of
samples, which would in turn contradict (137).

Step 2: probability of error in testing two hypotheses. Equipped with the aforementioned
groundwork, we can now delve into differentiating between the two hypotheses ¢ € {0,1}. To
achieve this, we consider the concept of minimax probability of error, defined as follows:

pe = inf max {Po(¢ #0), Pr(y # 1)} (141)
Here, the infimum is taken over all possible tests ¢ constructed from the samples generated from the
nominal transition kernel P?.

Moving forward, let us denote (4 (resp. pe(s)) as the distribution of a sample tuple (s;, a;, ;) under

the nominal transition kernel P? associated with M and the samples are generated independently.
Applying standard results from Tsybakov and Zaiats (2009, Theorem 2.2) and the additivity of the
KL divergence (cf. Tsybakov and Zaiats (2009, Page 85)), we obtain

1
Do > ZEXP ( - NSAKL(,uO I u1)>

4
where the last inequality holds by observing that

KL(po Il m) = g 32 KL(PY(S |s,a) | P’ [5,0))

s,a,s’

- 1exp{ fN(KL(PO(.|O,O) | P(-10,0)) + KL(P°(-]0,1) || P'(-]0, 1)))}, (142)

:SLA > KL(P(-[0,a) || P'(-]0,a)),

a€{0,1}
Here, the last equality holds by the fact that P°(- | s,a) and P'(- | s, a) only differ when s = 0.

Now, our focus shifts towards bounding the terms involving the KL divergence in (142). Given
p > q > max{1l — v, 0} (cf. (130)), applying Lemma 1 (cf. (23)) gives

0. 1/, = o) §_&
KL(PPCI0D I PHC10.1) =KL( 1 9) < (70 = 2=
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1008
1009

1010
1011

1012

1013

1014

1015
1016

1017

1018

1019

1020
1021

1022

1023
1024

1025
1026

1027

1028

Gi) 1024(1 — v)? max{1 — v, 0 }%¢2

p(1—p)
1024(1 — )2 1-— 4
< DAL= el 2 )E I el -k, a43)
— 1

where (i) stems from the definition in (124), (ii) follows by the expression of A in (136), and the last
inequality arises from 1 — ¢ > 1 —p > ¢ (see (129)).

Note that it can be shown that KL (P°(-]0,0) || P*(-]0,0)) can be upper bounded in a same manner.
Substituting (143) back into (142) demonstrates that: if the sample size is selected as

c1log 2
N < 144
~ 8192(1 — v)2 max{1l — v, 0}e?’ (144)
then one necessarily has
1 8192 1
De 2 4eXp{—N(I—V)Zmax{l—’y,a}g} > 3’ (145)
C1

Step 3: putting the results together. Lastly, suppose that there exists an estimator 7 such that
*,0 0 1 o 7,0 1
Po{(p, Vg*7 = V7)) > e} < g and P {{p, V"7 = V%) > e} < 3
According to Step 1, the estimator $ defined in (139) must satisfy

P#0)<g  and  P(G#1) <

However, this cannot occur under the sample size condition (144) to avoid contradiction with (145).
Thus, we have completed the proof.

D.3 Proof of the auxiliary facts
D.3.1 Proof of Lemma 14

Deriving the robust value function over different states. For any M with ¢ € {0, 1}, we first
characterize the robust value function of any policy 7 over different states. Before proceeding, we
denote the minimum of the robust value function over states as below:
Vo o =min V7 (s). 146
Jifi = min V7 (s) (146)

,fnin
Clearly, there exists at least one state s7 ;. that satisfies V7 (s7 ;) = V7.

With this in mind, it is easily observed that for any policy 7, the robust value function at state s = 1
obeys

VI7(1) = Eqrony. r(l,a) + inf  PV?
5 (1) (1)[( ) ’YPEMU(Pffa) f

O Y B [ﬂ(l 1, a)V(;r’"(l)} + 90V D141 = ) V7 (1) + 40V

,min ¢,min’

(147)

where (i) holds by r(1,a) = 1 for all a € A’ and (131), and (ii) follows from P?(1|1,a) = 1 for all
aec A.

Similarly, for any s € {2,3,---,S — 1}, we have

V() = 04+ vEamn(. | 5) [£¢(1 s, a)V(;r’”(l)} oV

,min

=71 =o) V"7 (1) + oV 0 (148)

¢,min’

since r(s,a) =0 forall s € {2,3,---,S — 1} and the definition in (131).
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1029 Finally, we move onto compute V; "?(0), the robust value function at state 0 associated with any
1030 policy m. First, it obeys

V7(0) = Egeony. r(0,a) +~ inf  PV]?
57 (0) (-10) |7(0,a) peip e

=0+~ym(e]0) inf PVJ"’ + (1l —¢|0) inf PVJ"’. (149)
PeUs (P ,) Peu (P, _,)

1031 Recall the transition kernel defined in (123) and the fact about the uncertainty set over state 0 in
1032 (132), it is easily verified that the following probability vector P; € A(S) obeys P, € U ”(ng o)
1033 which is defined as
Pi(0)=1=p+01(0=5F ) P(l)=p=p-o,
Pi(s) =01 (s=5F i) Vs €{2,3,---,5 -1}, (150)

1034 where p = p — o due to (132). Similarly, the following probability vector P, € A(S) also falls into
1035 the uncertainty set 4/ (P(f’ 1)

Pg(O)zlqura]l(O:sg’min), Py(1) =q=q—o0,
Py(s) =01 (0= 8] 1in) Vse€{2,3,---,9 —1}. (151)

1036 It is noticed that P and P; defined above are the worst-case perturbations, since the probability
1037 mass at state 1 will be moved to the state with the least value. Plugging the above facts about

1038 P € M"(ng(ﬁ) and P, € L{U(P(fl_(i)) into (149), we arrive at
V7 (0) S am(@|0) PV +ym(1— ¢ [ 0) PV,
= 17(610)[ (0= ) VI (1) + (1= ) V77 (0) + 0V

+9m(1 = 610)| (g = o) V7 (1) + (1 = ) VI (0) + oV,

(i) T ™,0 ™,0 e m,0

=7 (25 — o) Vi () +yo VT, + (1= 25)V7(0), (152)
1030 where the last equality holds by the definition of 27 in (134). To continue, recursively applying (152)
1040 yields

V5o (0)
<7 (25 — o) Vil (1) 4oV, (1= 23) {7 (25 — o) Vo (1)

+ 0V (1 — zg)VJU(O)}

¢,min

,min

<7 (z(;r — 0) V(;T’U(l) F oV (1= 2F) {yzgvﬁu) +(1 - z(’;)VJ’U(O)

<7 (25 = o) VT )+ 90V + 92 300" (L= ) V() + Jim 2 (1= 25)VE(0)
t=1

(ii) - Y s _ N2

< (5 = 0) Vi (1) o Vi, + (1= 25) 4

,min

— " VTI(1)+0
I (1)

< (25 =) VO (1) +yo Vs, + (1= 25) V7 (1)

¢,min
=v(1-o0) Vg’a(l) —l—anq:flin, (153)
1041 where (i) uses V.7, < V77(1), (i) follows from (1 — 27) < 1, and the penultimate line follows
.. 'yzg
1042 from the trivial fact that T < 1.

1043 Combining (147), (148), and (153), we have that for any policy T,
VJ"’(O) =V (154)

- Y ¢,min’
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1044 which directly leads to

1 +~0V7(0)
(1) =1 1-— (1 I = 155
Vq} () +7( 0)V¢ ()+Pyav,m1n 1_,}/(1_0.) ( )
1045 Let’s now return to the characterization of V; "7(0). In view of (154), the equality in (152) holds, and
1046 we have

V0 = () ) 5 )
i 1+~v0V,;7(0) -
(:)V(Zg_g)—(b‘f"Y(l—Zg—i—a)Vd)’ (0)

1-~v(1-o0)
_ ’Y(Zg_o—) T ’70_(1_’7(1_0)) 0
et (1 G G v

v(2E —0o 1=z -0 .
e (o

1047 where (i) arises from (155). Solving this relation gives

)
V7(0) = T : (156)

- (1+ 255

104¢  The optimal robust policy and optimal robust value function. We move on to characterize the
1049 robust optimal policy and its corresponding robust value function. To begin with, denoting

B 'y(zg—o)
g g (157)
1050 we rewrite (156) as
m™,0 _ z —
V0=, e

1051 Plugging in the fact that z§ > ¢ > o > 0 in (130), it follows that z > 0. So for any z > 0, the
1052 derivative of f(z) w.r.t. z obeys
A= +2)-(1-7)z 1

1220422 d-yarae " (158)

1053 Observing that f(2) is increasing in 2, 2 is increasing in 27, and 27 is also increasing in 7(¢ | 0) (see
1054 the fact p > ¢ in (130)), the optimal policy in state 0 thus obeys

m5(6]0) = 1. (159)

1055 Considering that the action does not influence the state transition for all states s > 0, without loss of
1056 generality, we choose the robust optimal policy to obey

Vs>0: m(¢|s)=1. (160)

1057 Taking m = 71'2;, we complete the proof by showing that the corresponding robust optimal robust value
1058 function at state 0 as follows:

Z(Zg(*l_”g 17(17(10) )

7(0) = e = S . 161

V¢ (0) ’y(zg*_o_) (1 _ ’y) (1 + ’Y(;D*O’) ) ( )
(1= {1+ T~(1—0) T—~(1—0)
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1070

1071
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1073

D.3.2 Proof of the claim (137)

Plugging in the definition of , we arrive at that for any policy 7,

v(p—23)
(9, V7 = V7Y = V7 (0) = V7 (0) = e e e R
(=) (1+ 2% (”1—%1—@)

which follows from applying (133) and basic calculus. Then, we proceed to control the above term in
two cases separately in terms of the uncertainty level o.

* When o € (0,1 — 7]. Then regarding the important terms in (162), we observe that
l-y<1l=-7(1-0)<1-7(1-(1-7)=010-700+7) <21 —-7), (163)
which directly leads to

zr—o) (i) — 1— (ii)
W -0) O ap=0) _ sall=y) @ (164
l-9(1=0) " 1=79(1-0) " 1-7(1-0)
where (i) holds by zg < p, and (ii) is due to (163). Inserting (163) and (164) back into
(162), we arrive at

L
, V*,O’ _ Vﬂ',O’ Z -y 2
(Ve =V 2 T Trerp = ST p

v(p—23)
1

8
Y(p—q) (1—7(0]0)) ~A(1—7(¢]0))

>2e(1—7(¢]0)),

8(1—7)2 o 8(1—n)?
(165)
where the last inequality holds by setting (v > 1/2)
A =32(1 —v)%. (166)
Finally, it is easily verified that
sgﬁ = A<c¢(l—7).
* When o € (1 —~,1 — ¢1]. Regarding (162), we observe that
yo<l—v(1l—-0)=1—v+7v0 <(1+7)o <20, (167)
which directly leads to
W —0) _ Aw-0) _  qao  ® . (168)

1-y(1—-0) " 1=7(1—=0) " 1—7(1-0)
where (i) holds by (167). Inserting (167) and (168) back into (162), we arrive at
(o V37 =V]7) > e 1 (p =) _1p-a)(1-7(¢]0))
e P T -y +a)® T 8190 8(1 =)o
A -7(5]0))
8(1 =)o
where the last inequality holds by letting (y > 1/2)

A = 32(1 — y)oe. (170)

>2e(1—7(¢]0)), (169)

Finally, it is easily verified that

e<——=  — A<co. (171)
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E Proof of the upper bound with y? divergence: Theorem 3

The proof of Theorem 3 mainly follows the structure of the proof of Theorem 1 in Appendix C.
Throughout this section, for any nominal transition kernel P, the uncertainty set is taken as (see (8))

uU(P) = Z/[;Zz(P) = ®u;2(Ps,a)a

UTL(P,,) = {P;,a e as): 3 B0 P ) a} Cam

x P(s'[5,0)

E.1 Proof of Theorem 3
In order to control the performance gap HV*’” — V%"’HOO, recall the error decomposition in (49):
~ . ~ 2veo ~ -
V*A,a' _ VTr,G‘ S (Vﬂ' 0 Vﬂ' ,J) + 176 Ptl + (VTr,a' _ V7'r,a‘> , (173)
-7

where €, (cf. (48)) shall be specified later (which justifies Remark ??). To further control (173), we
bound the remaining two terms separately.

Step 1: controlling H yrie e Towards this, recall the bound in (54) which holds for

any uncertainty set:

oo

H‘/}ﬂ'*,a _ Vﬂ*,o’

)

PR A WP S V4 * v *
< ymax (I—VB ) (B | L V) ’J)

‘ oo

’ } (174)

~7* WV * * * . . .
To control the main term EW V7o — PV in (174), we first introduce an important lemma
whose proof is postponed to Appendix E.2.1.

Lemma 15. Consider any o > 0 and the uncertainty set U° (-) :== U= (-). For any 6 € (0,1) and
any fixed policy w, one has with probability at least 1 — 6,

< 4\/2(1 +0) log(w).
o0

~r* VN L1/ an* vV * Y *
(™) e

"j}ﬂ’vlij,a _ })ﬂy‘/‘/ﬂ,a

(1—=7)N

Applying Lemma 15 by taking 7 = 7* gives

~*V

j2) VTr*,o _ Pﬂ'*,VVﬂ'*,O'

(175)

SA
<4 2(1~&—<7)1og(¥)7
o (1—=9)?*N

which directly leads to

PR LR AN WP LN 74 * TV *
(]’__/ylz ) (lz Ve —-p e ,U)

oo

*
AT

I2 7Vvﬂ'*,o’ o P7T*7VV7T*7U

SA
‘ <4\/2(1—|—0)log(246N).
o0

\ )
= (=227
o0 (1—9)N
(176)
Similarly, we have
At VTl st v Vot o 2(1+0)1og(2436AN)
(I—’YB ) (B Vree —pr ot yTe ) ’oo < 4\/ AN . 177)
Inserting (176) and (177) back to (174) yields
St o ™o 2(1 + 0’) log(w)
[ v 0034\/ 10— )N (178)
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Step 2: controlling HXA/%’” —yTe Recall the bound in (55) which holds for any uncertainty

set:

oo

i

H‘/}'ﬁa V%o’
0 s

o=l R T~ I
< ’ymax{ H (I _ '_YBW’V) (B lvvﬂ—’(r . E’T\',VVT{‘,O’)

’ oo

‘ } (179)

V®o — pTVYT in (179); the proof is

~ o\l a7V s PP
H (I _ ,YPW,V) (B Vo _ BW,VVW,U>

We introduce the following lemma which controls E
deferred to Appendix E.2.2.

Lemma 16. Consider the uncertainty set U°(-) := U7 (-) and any 6 € (0,1). With probability at
least 1 — 0, one has

7V~ I, 2(1 + o) log(2BSANZ) - ope O€opt
E Vme 7£7r,VV7r,0' S 12 4 + op 4+ 4 op . (180)
o0 \/ (1—7)*N 1—xy (1—9)2
Repeating the arguments from (175) to (178) yields
~n ~ 2(1+ o) log(3654N2)  9ne s T Eopt
VEe _ R <12 + P 4, —=P . (181)
H o0 \/ (1—=7)'N (1=7)? (1=
Finally, inserting (178) and (181) back to (173) complete the proof
- x ~ . 2 ~o ~
”V*,U _ Vrr,aHOC < Hv‘rr o _To + YE€opt 4 Hvﬂ,a _yTme
oo 1-— Y oo
<4, )20t0) log (Z4SAN ) RRALT SR 2(1 + o) log (365487 )
- (I=7)'N -y (I=7)'N
+ 2’.}/f':opt OEopt
(1—7)? (L=y)*
21 log( 36SAN2
< (1+0)log(=>>57) (182)
(I=)*N ’
O 2 s 2
where the last line holds by taking o5t < min {\/32(1+”) 10]5(7365?1\7 ) 4o 3:{37;‘N ) }

E.2 Proof of the auxiliary lemmas
E.2.1 Proof of Lemma 15

Step 1: controlling the point-wise concentration. Consider any fixed policy 7 and the correspond-
ing robust value vector V := V™7 (independent from P°). Invoking Lemma 5 leads to that for any

(s,a) € S x A,
P2, [V]a —4/oV Via
aE[minSVI?s?,)fnast(s)]{ s,a[ ] 7 arPsO’a ([ ])}
— P2, [V]o — (JoVars, (V
a€[ming Vlflsé)]‘,}r(naxS V(s)]{ 5,a[ ]O( g arPS,a ([ ]a)}|

< max ‘(pga - 133@) V]a + \/UVarlsU ([V]a) - \/UVarpga (V1)
)

a€[ming V(s),maxs V(s)]
< max ‘ (PSO — P
a€[ming V (s),maxs V (s)] ’

AT{',V w0 T, Vyrmo|
Ps,a Vv 7133,(1 Vv -




1105
1106
1107

1108
1109

1110

1111
1112

1113
1114

1115

1116

1117

1118
1119

1120

1121

1122
1128

Vo |\Varpy ([VIa) = y/Vares, (V1)

where the first inequality follows by that the maximum operator is 1-Lipschitz, and the second
inequality follows from the triangle inequality. Observing that the first term in (183) is exactly the
same as (89), recalling the fact in (94) directly leads to: with probability at least 1 — 9,

max (183)
a€[ming V(s),maxs V (s)]

1 2SAN
< og(=25~)

“PL) V|2 Ty

(184)

S,a

max ‘(
a€[ming V (s),maxs V(s)]

holds for all (s,a) € S x A. Then the remainder of the proof focuses on controlling the second term
in (183).

Step 2: controlling the second term in (183). For any given (s,a) € S x A and fixed o € [0, ﬁ],
applying the concentration inequality (Panaganti and Kalathil, 2022, Lemma 6) with ||[V]4||cc < ﬁ
we arrive at
2log(2)
’\/Varﬁga ([V]a) — \/Varps()’a ([V]a) m (185)

holds with probability at least 1 — §. To obtain a uniform bound, we first observe the follow lemma
proven in Appendix E.2.3.

Lemma 17. For any V obeying |V||c < ﬁ, the function Js (o, V) = ‘ Varg, ([V]a) —

Varpga ([Vl]a)

salan, V) = Jualas, V)| <4 'ai_‘j?'

In addition, we can construct an e3-net N, over [0, 1= whose size is [N, | < 7 (Vershynin,
2018). Armed with the above, we can derive the uniform bound over «v € [min, V' (s), max, V(s)] C

[0,1/(1 —7)]: with probability at least 1 — <, it holds that for any (s,a) € S x A,

Varpo

VarPO
a€[ming V max5 V(s)] s,a

Var N
—ae[ofrll/a()f—v)] \/ arpy, (V1) \/ arey, ([V]a)

(n) 2SA\NE3
(iif) 210g 2SA\N63 2log (2454N)
(186)
where (i) holds by the property of N.,, (ii) follows from (185), (iii) arises from taking €3 =
2SA|Ne, |
% and the last inequality is verified by | N,,| < - Sy S 24N.

Inserting (184) and (186) back to (183) and taking the union bound over (s,a) € S x A, we arrive at
that for all (s,a) € S x A, with probability at least 1 — 9,

PrYv - Py < max (P2 - ﬁfa) V]a| +
’ ’ a€[ming V(s),maxs V (s)] ’ ’
v VoV Vi
+ a€[ming Vrg?i(naxs V(s)] ‘\/O' arPO ) 7 al’pg,a ([ ] )
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1124

1125

1126
1127
1128

1129

1130

1131
1132

1133
1134

1135
1136

1137

1138

1139

1140
1141

1142

1143

zlog(QSAN) \/20_ 10g(24SAN) \/2(1 + 0_) 10g(24S5AN)
<\/< ) A 7 e Ry

Finally, we complete the proof by recalling the matrix form as below:

2(140) log(%)
<4\/ T-N

< max

oo (s,a)eSx.A

Hﬁﬂ-’vvﬂ',a o Pﬂ',VvTr,o’

E.2.2 Proof of Lemma 16

Step 1: decomposing the term of interest. The proof follows the routine of the proof of Lemma 12
in Appendix C.3.5. To begin with, for any (s,a) € S x A, following the same arguments of (183)
yields

TVYTe _ prV Tl <  max ‘(pga _ ﬁ£a> {‘7%} N
ae[mins V79 (s),maxs V*v"(s)] ' ' o
+ _ max Var s, ({\7%‘7} )— \/Varpga ([17*‘7} ) . (187)
oze[minS V7.9 (s),maxs V’AT>“(S)] sa « s «

Invoking the fact in (118) (for proving Lemma 12), the first term in (187) obeys

_ max N ’(Pso_a — ]350_(1) [f/\'ﬁ,a} < max ’(Ps @ PO ) [f/\'?,a}
aG[mins V’Arv”(s),maxs V%"U(S)] ’ ’ * “

agl0,1/(1—)]

3SANS3/2
log( (1—7)3 ) 27vEopt

1-y2N 1=

(188)

The remainder of the proof will focus on controlling the second term of (187).

Step 2: controlling the second term of (187). Towards this, we recall the auxiliary robust MDP
M defined in Appendix C.3.5. Taking the uncertainty set I () = U (-) for both Mrob and

Mrob, we recall the corresponding robust Bellman operator T" () in (107) and the following
definition in (108)

rob

* = VRO (s) — inf PV, 189
(s) Yotk (189)

Following the arguments in Appendix C.3.5, it can be verified that there exists a unique fixed point
A - . . 1

%o of the operator 7.7, (+), which satisfies 0 < Q* v < 17— 1. In addition, the corresponding robust
value function coincides with that of the operator T"( ), ie., Vs*u" = V*e.
51447

We recall the N_,-net over {0 - } whose size obeying | N, | < ﬁ (Vershynin, 2018). Then

911.

for all v € N, and a fixed a, /\/lmb is statistically independent from P0

independence between [V,S*u"]a and Pg’ o With this in mind, invoking the fact in (186) and taking the
union bound over all (s,a) € § x A and u € N, yields that, with probability at least 1 — 4,

— — 2 log( 24SAN|N., | )
Warﬁga (V21 ) - \/Varpg’a (V1) | <2 D (190)

(I=7)2N
holds for all (s,a,u) € § x A X Ng,.

To continue, we decompose the term of interest in (187) as follows:
_ max ‘\/Varp0 V%v"] ) - \/Varpsna ([‘7%"} )
aE[minS V7.9 (s),max, V7o ( 9) a ' o
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which indicates the

max
a€0,1/(1-7)]




= €01 (1) \/VarP;{a ({V%’UL) - \/Varpow ([XA/?JL)
%) acl0) ()] \/VN’B?@ ([‘7*7”}(!) - \/V’“‘VP;?,Q ([‘7*’”}@)

max

gty [, ([77],) v, (7],
v ([77],) v, (]|
2 e, (] ) = o, (7]

aG[OfIll/a()l(—'y)]Q\/(l 37) H [‘A/%’UL B [?ML o
g, ) Sopt (191)

\/V""ﬁs,a (17-].) - \/V”Pi% ([7].) T

1144 where (i) holds by the triangle inequality, (ii) arises from applying Lemma 2, and the last inequality
1145 holds by (48).

< max
a€l0,1/(1—v)]

1146 Armed with the above facts, invoking the identity Vo = Vs ot
1147 with probability at least 1 — 4,

W ([7+7].) - yfoerss, ([7+].)
Vo, ([722] ) o, ([722],)
2 s Vo, (7], ) = v, ([722])
b N Vers ([722] ) ~vars ([72].)
%\Varm ([722],) ~veree, ([F22].)

leads to that for all (s,a) € S X A,

(i)

~ ~ €9
< Vargy ([127],) = Voree, ([722] )| +4
= €0y (1—7)] \/ REEPANACL e, (Vs [ )| F (1-7)
(iii) 2 log(424SA];|Naz | ) €9
<2 ] 14
(1—-7)2N (1—=7)
2 log( SGSA]\C/:|N52 \ )
<6 192
_\/ (1—9)2N (52

114¢ where (i) holds by the triangle inequality, (ii) arises from applying Lemma 2 and the fact

1149 ’ VS*EU — V:ug* < (15_—{” (see (114)), (iii) follows from (190), and the last inequality holds
2o (24SAN\N52\)
1150 by letting e5 = g(l# which leads to | N, | < m < 3N

1151 In summary, inserting (192) back to (191) and (191) leads to with probability at least 1 — 4,

_ max ’\/Varp0 V“"’] )7 \/Varpga ({IA/%"] )
ae[mins V7.9 (s),maxs V7 (s ) « S» a
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\/20 log(25AN?INe, |y o=
<6 0 +4, 2R (193)
(1—7)2N (1—7)?

1152 holds for all (s,a) € S x A.

1153 Step 4: finishing up. Inserting (193) and (188) back to (187), we complete the proof: with
1154 probability at least 1 — 6,

ATV~ NS
B Ve 7£7T,Vv7r,0'
o0
52
10g(3‘(91{1\77)35 ) 2760pt + 6\/20' log(BGSA]\gﬂNsﬂ) N A Ugopt
(1-7)2N  1-v (1 —=7)2N (1—7)?

< 12\/2(1 +0) log(w) N 29€0pt 4 TEopt . (194)
- (1—9)2N 1—vy (1—7)?

1155 E.2.3 Proof of Lemma 17

1156 Forany 0 < a1, s < 1/(1 — ), one has
|Js,a.(a1, V) — Js,a(OfQ, V)'

’\/Varﬁé,ya (V]ar) \/Varpo (V]ear)

< [ Nary, (V1) = Narpg, (Vo) =\ Varg, ([V]a2)+\/VarPo (IV]ax)
‘\/Varp0 (V]ar) \/VarP0 las) ’\/Varpo’ (V]ar) \/Varpo’ (V]as)

WVarPO 02) = /Varpo  ([Vlas)

< Nty (VI ~Varpy (VIe) +Nareg, (Vles) — Varpg (V]ar)
< \/ P2y [([Vlar) © ([Var) = (V]aa) @ (Vlaa)]| + [P (V]ar + [V]aa) - P (Vlay = [V]as)

+ /1P l(VIan) © ([Vlar) = (VIaz) © (VIan)l| + [Pla (Vlay + [Vaz) - Pla (V]ay = [V]as)]
< 2¢/2(a1 4 az)]ar —az| < 4 % (195)

1157 where (i) holds by the fact ||z| — |y|| < |z — y| for all z,y € R, (ii) follows from the fact that
1158 /= — \/y < /x —yforanyz >y > 0and Varp ([V]a,) > Varp ([V]q, ) for any transition kernel
1159 P € A(S), (iii) holds by the definition of Varp(-) defined in (24), and the last inequality arises from
160 0 <o, <1/(1—7).

et F Proof of the lower bound with y? divergence: Theorem 4
1162 To prove Theorem 4, we shall first construct some hard instances and then characterize the sample
1163 complexity requirements over these instances. The structure of the hard instances are the same as the
1164 ones used in the proof of Theorem 2.
1165 F.1 Construction of the hard problem instances
1166 First, note that we shall use the same MDPs defined in Appendix D.1 as follows

Mg = (S, A, P¢,r,7) ¢ ={0,1}}.

1167 In particular, we shall keep the structure of the transition kernel in (123), reward function in (125)
1168 and initial state distribution in (126), while p and A shall be specified differently later.
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1169
1170
171

1172
1173
1174

1175

1176

1177
1178

1179
1180

1181
1182

1183
1184

1185
1186
1187
1188

1189
1190
1191

1192

1193

Uncertainty set of the transition kernels. Recalling the uncertainty set associated with x? diver-
gence in (172), for any uncertainty level o, the uncertainty set throughout this section is defined as
U (P?):

U (P?) = @ UL(PL,),

/ ! 2
US(P2,) == {Psﬂ eAS): Y (P(s'[5,0) = PO(s' | 5,a)" a}. (196)

S$,a d) /7
= Pe(s'|s,a)

Clearly, Z/{"(P¢ ) = P¢ whenever the state transition is deterministic for x? divergence. Here,
q and A (whose ch01ce w1ll be specified later in more detail) which determine the instances are
specified as

_[1—y ifoe (0,42) -~
OSQ{liU ifo e [131 00)7 P=q+A, 197
and
1 - 1-
11—=7) if o € (0,-32)
0<AL _ . 198
{mln{i(l—y),ﬂlia)} if o € [157,00) (198)

This directly ensures that

1
s+o b

=A+g<m 2 —(1- <1

p 9= ax{l 074( ’Y)}_

since vy € [%, 1).

To continue, for any (s,a,s’) € S x A x S, we denote the infimum probability of moving to the
next state s’ associated with any perturbed transition kernel Py , € U°(P?,) as
P?(s'|s,a) = inf P(s'|s,a). (199)
Py o €U (PL,)
In addition, we denote the transition from state 0 to state 1 as follows, which plays an important role
in the analysis,

p=P%1]0,¢), q=P%1]0,1-¢). (200)

Before continuing, we introduce some facts about p and g which are summarized as the following
lemma; the proof is postponed to Appendix F.3.1.

Lemma 18. Consider any o € (0,00) and any p,q, A obeying (197) and (198), the following
properties hold

Sr<g<lon, g+ iA<p<g+ A<M o e (0,4,
=0, THA<p<(B+0)A ifo € [45%,00).

(201)

Value functions and optimal policies. Armed with above facts, we are positioned to derive the
corresponding robust value functions, the optimal policies, and its corresponding optimal robust
value functions. For any RMDP M with the uncertainty set defined in (196), we denote the robust
optimal policy as w;, the robust value function of any policy m (resp. the optimal policy 77) as
Vq:r 7 (resp. V(; '7). The following lemma describes some key properties of the robust (optimal) value
functions and optimal policies whose proof is postponed to Appendix F.3.2.
Lemma 19. For any ¢ = {0, 1} and any policy w, one has

Vo(0) = Yo : (202)

(1= (1-70-27))

where 2 is defined as

zg = pr(¢]0) + gm(1 — ¢]0). (203)
In addition, the optimal value functions and the optimal policies obey
*,0 P
V.7 (0) = = , (204a)
i (1= (@ =v(-p)
mi(pls) =1, forseS. (204b)
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F.2 Establishing the minimax lower bound

Our goal is to control the performance gap w.r.t. any policy estimator 7 based on the generated
dataset and the chosen initial distribution ¢ in (126), which gives

(@, V37 = V7Y = V7 (0) = V77 (0). (205)

Step 1: converting the goal to estimate ¢. To achieve the goal, we first introduce the following
fact which shall be verified in Appendix F.3.3: given

Tt ifo e (0,%7),
£ <\ BOEFITH) ifae[l%ﬁ), (206)
2 T
choosing
18(1 — )% ifo e (0,37),
A={64(1+0)1—-7)% ifce [1777, ﬁ) , (207)
et if o> gy

which satisfies the requirement of A in (197), it holds that for any policy 7,

(o, V37 = V7)) > 2e(1=7(40)). (208)

Step 2: arriving at the final results. To continue, following the same definitions and argument in
Appendix D.2, we recall the minimax probability of the error and its property as follows:

De > ieXp{ —N(KL(PO(-|0,0) | P*(-10,0)) + KL(P°(-]0,1) || P'(- |0, 1)))}, (209)

then we can complete the proof by showing p, > % given the bound for the sample size V. In the
following, we shall control the KL divergence terms in (209) in three different cases.

e Case 1: 0 € (0, 157). In this case, applying v € [2, 1) yields

p>qg=1—n. (210)

Armed with the above facts, applying Lemma 1 (cf. (23)) yields

=
=

>

[\V]

KL(P°(-10,1) | P'(-10,1)) =KL (p | q) < g_;;p - p(1 = p)
i) 324(1 — 7)%e?

p(1—p)

(iii)
< 648(1 — )32, 211)

where (i) follows from the definition in (197), (ii) holds by plugging in the expression of A in
(207), and (iii) arises from (210). The same bound can be established for KL(Pl0 (-10,0) ||

P!(-]0,0)). Substituting (211) back into (209) demonstrates that: if the sample size is

chosen as
log 2
—_ 212
~ 1296(1 — v)3e?’ 12)
then one necessarily has
1 1
Pe > 4€Xp{ — N -1296(1 — 7)352} > 3 (213)
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1212 e Case2: 0 € {1777, ﬁ) Applying the facts of A in (198), one has

l-¢g>1-p=1 A>T L __1
¢ P T e =, T30 10) 20+ o)

> __ 0
pP=9=q1r5
1213 Given (214), applying Lemma 1 (cf. (23)) yields

0. 1, = (p_q)Q(i:) A*
KL(P°(-10,1) || P'(-]0,1)) KL(pIIq)S(lfp)p p(1—p)

(i) 4096(1 + 0)2(1 — ~)*e?

(214)

p(1—p)
(E) 4096(1 + 0)2(1 — v)1e? < 8192(1 — v)4(1 + 0)1e?
B 3(Tro)? B g 7
(215)
1214 where (i) follows from the definition in (197), (ii) holds by plugging in the expression of A in
1215 (207), and (iii) arises from (214). The same bound can be established for KL(P{(-|0,0) ||
1216 PL(-10,0)).
1217 Substituting (215) back into (142) demonstrates that: if the sample size is chosen as
olog?2
N < 216
~ 16384(1 — )4 (1 + 0)%e?’ (216)
1218 then one necessarily has
1 16384(1 — v)*(1 4g2 1
pe> texp{ - N1 UL L Q1)
4 o 8
1219 e Case3: 0 > ﬁ > % Regarding this, one gives
1 >1 =1 A> L L > !
1 p=2-4 T 140 4(1+0) " 2(1+0)’
1
pzaz 218)
1220 Given p > ¢ > 1/2 and (218), applying Lemma 1 (cf. (23)) yields
_ 2 . A2
KL(P(-[0.1) | P1(-]0.1)) = KL(p || q) < P—9" @
(PClO) I P C01) =KL ) < F—in & s
(;) 1146517)252
p(1—p)
(i) 492¢2
< 219)
o
1221 where (i) follows from the definition in (197), (ii) holds by plugging in the expression of A in
1222 (207), and (iii) arises from (218). The same bound can be established for KL(P10 (-10,0) ||
1223 P!(-]0,0)). Substituting (219) back into (142) demonstrates that: if the sample size is
1224 chosen as
olog?2
< 220
~ 98427 (220)
1225 then one necessarily has
1 4e? 1
peziep{ N2l L 221)
4 o 8
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1244

1245
1246
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1248
1249

1250
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Step 3: putting things together. Finally, summing up the results in (212), (216), and (220),
combined with the requirement in (206), one has when

= if o € (0,12
< ) . (1_74 ) , (222)
max { (itF??j(ii:7§5’ ],} lf.(T S [“1‘*, CXD)
taking
SIS W ifo e (0,12
N <y 0= . (1_74 ) (223)
min{1,(1—v)4(140)%*}e? ifoe [T’ OO)

leads to p. > %, for some universal constants c1, cy > 0.
F.3 Proof of the auxiliary facts

We begin with some basic facts about the y? divergence defined in (22) for any two Bernoulli
distributions Ber(w) and Ber(x), denoted as

(w—2)2 (1—w-—(1-21))? (w—x)?

2
o) =i ) = o2l Lown Coal (sl o
For z € [0,w), it is easily verified that the partial derivative w.r.t. = obeys 2/ g;,a:) = i)((ﬁ:”u)) <0,
implying that
Vi < a2 € [0,w), flw,z1) > f(w, z2). (225)

In other words, the x? divergence f(w,x) increases as = decreases from w to 0.

Next, we introduce the following function for any fixed o € (0, 00) and any = € [ a 1):

140
folx) = inf Yy gmax{o,x— ox(l—x)} =z —+ox(l—2x), (226)
{y:x?(yllz)<o,y€l0,2]}

where (i) has been verified in Yang et al. (2022, Corollary B.2), and the last equality holds since
x > 77—. The next lemma summarizes some useful facts about f, (-), which again has been verified
in Yang et al. (2022, Lemma B.12 and Corollary B.2).
Lemma 20. Consider any o € (0,00). For x € [175,1), f5(2) is convex and differentiable, which
obeys
Va(2z = 1)
2/zx(1—xz)

folw) =1+

F.3.1 Proof of Lemma 18
Let us control g and p respectively.
Step 1: controlling q. We shall control g in different cases w.r.t. the uncertainty level o.

e Case l: 0 € (O, 1?%) In this case, recall that ¢ = 1 — -y defined in (197), applying (226)
with z = ¢ leads to
l-v
l—y=q>q=fo(@)=1-7—Vor(l-7)=21-7—/——(1—7)>

— 1—~
1 —_—

2
(227)

* Case2: 0 € [ITT”, oo). Note that it suffices to treat ng 1—¢ as a Bernoulli distribution Ber(q)
over states 1 and 0, since we do not allow transition to other states. Recalling ¢ = 1%7 in
(197) and noticing the fact that

¢  (1-(1-q)? q
f(q,0) . + 2 =" (228)
one has the probability Ber(0) falls into the uncertainty set of Ber(q)) of size 0. As a result,
recalling the definition (200) leads to

q¢=P?(1|0,1-¢) =0, (229)

since ¢ > 0.
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1253 Step 2: controlling p. To characterize the value of p, we also divide into several cases separately.

1254 * Case 1: 0 € (0,152). In this case, note that p > ¢ = 1 — v > 2. Therefore, applying
1255 that f,(-) is convex and the form of its derivative in Lemma 20, one has

p=fo(p) = folq) + fi(q)(p —q)
Q+<1+\/E(2q_1)>AZq+ VA2 A

2¢/q(1 —q) 2/ (1 =)y = 4
(230)
1256 Similarly, applying Lemma 20 leads to
p=fop) < fola) + f2(0) (P — q)
1-2
S PR it R NFPRN (231)
- 2y/p(1 = p) -
1257 where the last inequality holds by 1—2p > 0 due to the fact p = ¢+ A < %( 1—v) < 15—6 < %
1258 (cf. (198) and v € [%, 1)). To sum up, given o € (O, 1777) combined with (227), we arrive
1259 at
3 5(1 —
ngZASQSngAS%, (232)
1260 where the last inequality holds by A < i(l — ) (see (197)).
1261 * Case2: 0 € [132,00). Werecall that p = ¢ + A > g = 2 in (197). To derive the lower
1262 bound for p in (200), similar to (230), one has
p=fo(p) = fola) + fo(a)(p — q)
2g—1
U PEGIC R R DN
- 2v/q(1 —q)
i oI ~1 1
Dot |14+ Yo A:(1+0>A:(U+)A, (233)
9. /-0 1 2 2
140 140
1263 where (i) follows from ¢ = 1%7 and g = 0 (see (229)). For the other direction, similar to
1264 (231), we have
o(2p—1
p=fo(p) < fold) + foP)p—a) =q+ {1+ Yo =) A
2y/p(1 —p)
i — ii Vo (L_; + 2A)
Ul <1+2ﬁ(2£ 1;) N = A
p —-p a
W(Hgm) (2 -a)
(iii) 1+ 2A (iv) 1
1 ex2d) ) AT <1+(1+a) <1—|—>)A:(3+0)A,
2 _o . 1 1 + o
Ito  2(1t0)
(234)
1265 where (i) holds by g = 0 (see (229)), (ii) follows from plugginginp = ¢+ A = 175 + A,
1265 and (iii) and (iv) arises from A = min {iu — ), ﬁ} < 1in (198). Combining (233)
1267 and (234) yields
1
"; A<p<(3+0)A. (235)
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1268 Step 3: combining all the results. Finally, summing up the results for both ¢ (in (227) and (229))
1269 and p (in (232) and (235)), we arrive at the advertised bound. B

1270 F.3.2 Proof of Lemma 19

1271 The robust value function for any policy . For any M, with ¢ € {0, 1}, we first characterize
1272 the robust value function of any policy 7 over different states.

1273 Towards this, it is easily observed that for any policy 7, the robust value functions at state s = 1 or
1274 anys € {2,3,---,5 — 1} obey

T,0 () T,0 1
V¢ =1+ ’yV¢ (1) = T—o 5 (236a)
1275 and

(i)

Vse (23,8 s VIO B 04V () =

=1 (236b)
-~

1276 where (i) and (ii) is according to the facts that the transitions defined over states s > 1 in (123) give
1277 only one possible next state 1, leading to a non-random transition in the uncertainty set associated with
1278 x? divergence, and 7(1,a) = 1foralla € A’ and 7(s,a) = Oholds all (s,a) € {2,3,--- ,S—1} x A.
1279 To continue, the robust value function at state O with policy 7 satisfies

VI7(0) = Egrony. r(0,a) +~v inf  PV]7
5 (0) 10y |7(0,a) peiiry ?

=0+97m(¢]0) inf PV +ym(l—-¢]0) inf PV° (237)
Peuc (P ,) PeuUs (P, _,)

(i)
< (238)
lL—v
1280 where (i) holds by that ||V(;T oo < ﬁ Summing up the results in (236b) and (238) leads to
Vs €{2,3,---,S}, V(;T’U(l) > Vg’g(s) > VJ’U(O). (239)
1281 With the transition kernel in (123) over state 0 and the fact in (239), (237) can be rewritten as

Vit =amgl0) b PVET+yml-¢l0) b PVEY

Peus(py, PGM”(P(fl_d))

2 yr(@10) [V (1) + (1= p) V7 (0)] +n(1 = 610) [aV 7 (1) + (1 - 0) V7 (0)]

(ii) T/ T,0 T T,0
= 25V (1)+7(1—z¢)V¢ (0)

_ T , (240)
(1= (1-7(1-2)))

1282 where (i) holds by the definition of p and g in (200), (ii) follows from the definition of zg in (203),
1283 and the last line holds by applying (236a) and solving the resulting linear equation for V(;T’U (0).

1254 Optimal policy and its optimal value function. To continue, observing that V77 (0) =: f(2]) is
1285 increasing in z§ since the derivative of f (z;‘) w.r.t. z7 obeys

T 2, m
o _v(l—v)(l—v(l—z¢))—7z¢(1—v)_ ~
f (Z¢>) - 2 - 2 > 07
(1 —79)2 (1—7(1—2(’;)) (1—7(1—4;))
1286 Where the last inequality holds by 0 < 27 < 1. Further, 27 is also increasing in (¢ | 0) (see the fact
1267 p > q in (200)), the optimal robust policy in state 0 thus obeys

m5(6]0) = 1. (241)
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Considering that the action does not influence the state transition for all states s > 0, without loss of

generality, we choose the optimal robust policy to obey

Vs>0: m(e]s) =1

(242)

Taking m = 772 and zgd) = p in (240), we complete the proof by showing the corresponding optimal

robust value function at state 0 as follows:
ﬂ_*
vz4° P

V7 (0) = = =

(=) (1= (1=2F)) ===

F.3.3 Proof of the claim (208)

Plugging in the definition of , we arrive at that for any policy 7,
(V7 = VE7) = Vi (0) = V7 (0)
0 g/ %

1-=7(1-~(1-p) (1—7) (lf'y(lfzg))

V(B—Zg) (;) ’Y(B

—2)

(1-(-p) (1-7(1-27))  (-2(1-p)°

an Y(p— @) (1-7(¢]0)

(1-7(1-p)

)

(243)

where (i) holds by applying Lemma 19, (ii) arises from z7 < p (see the definition of z7 in (203) and

the factp > ¢ + % in (200)), and (iii) follows from the definition of z;“ in (20

To further control (243), we consider it in two cases separately:

3).

e Case 1: 0 € (0,52). In this case, applying Lemma 18 to (243) yields

=g =7(8]0)) _ 7 (1-7(6]0)

<997‘C;’0 - LZ:’U> Ei

> A(1—m(¢]0))

e 2¢(1—m(¢]0)),

(=7(=2)" (1 (1-22))

(244)

where the penultimate inequality follows from v > 3/4, and the last inequality holds by

taking the specification of A in (207) as follows:

A =18(1 —v)%.
It is easily verified that taking ¢ < ﬁ
requirement in (198), i.e., A < (1 — ).

* Case 2: 0 € [152,00). Similarly, applying Lemma 18 to (243) gives
=)L =7(0]0)) _

YIEEA (L — (9] 0))

(245)

as in (206) directly leads to meeting the

(0 V57 = Vg) =

Before continuing, it can be verified that

1-v(1-=B+0)A)=1—v+v3+0)A

() 1
< 1—’y+(3+0)min{4(1—7),
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2(c+1)

}

(=7 (1=p)"  min{1,(0-7(1-@B+0)a)’}

(246)



1304

1305

1306

1307

1308

1309

1310

1311

gmm{m1+@u_7xg}, (247)

where (i) is obtained by A < min {%(1 - ), 3o Jm } (see (197)). Applying the above fact
to (246) gives

P YA (1 - 7(9]0)) O 3(c+1)A(1—7(e]0))
Ve~V >Zmin{1,(1—v(1—(3+o)A))}>8mm{4(1+”)( s
A(l—7(¢]0))

> =2e(1—m(¢]0)), (248)
min {32(1 + 0)(1 = 7)2 5555 }

where (i) holds by v > % and (246), and the last equality holds by the specification in (207):

64(1 1—~)2% ifoe [ L
A:{Eﬁﬁx e e[S e). (249)
mg ifo > 31—
As a result, it is easily verified that the requirement in (198)
.1 1
A f; Hlln{ a;(l - WO, 22(1%_(7)}' (25())
is met if we let
s i€ [ k).
e < 2356(1+U)(1—’y) 4 3(1—) (251)
33 ifo > (1 ok

as in (206).

The proof is then completed by summing up the results in the above two cases.
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