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A Proofs of Lemmas

For the theoretical exposition, we first establish the following Lemmas. Lemma[A.T] proves that the
derivative of the function ¢ is bounded in the /3-norm when the domain is restricted to the support of
P.

Lemma A.1. Under A3, |[Vo(x)|2 < HyM./p, for all x € [—M, M]P.

Proof. From A3, we observe that

IVo(x) = V(0) |2 < Hpllzl2
= [Vo(@)2 < Hylz|2 < HyM/p.

O
Lemma essentially proves that the function ¢ is Lipschitz with Lipschitz constant H, M /p on
[—M, MTP.
Lemma A.2. Under A3, forall x,y € [-M, MP, ¢(-) is 2H, M /p-Lipschitz, i.e.

0(x) — ¢(y)| < HyM/pllz = yllo-

Proof. From the mean value theorem,

d(x) — o(y) = (Vo(€), z — y),

for some £ in the convex combinations of  and y. Clearly, & € [— M, M1?, due to the convexity of
[—M, M]?. Now by the Cauchy-Schwartz inequality and Lemmal[A.1]

[6(x) — oY) < IVo(&)l2llz —yll2 < HyMy/plle —yll2.
O

Lemma[A.3|proves that the function fe, as a function of @, is Lipschitz with respect to the || - ||
norm.
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Lemma A.3. Forany ©,0" € [-M, M]?,

k
Ifo — forlloo < 47a k HyM /B Y |16 — 6;])2.

j=1

Here, ® = (0] ,...,0]T and® = [0]",...,0}"]".

Proof.

| fo — forllso

= sup |\I/a(d¢(w,01),...,d¢(x,0k)) — \Da(d¢(:c,0’1),...,d¢(m,0§€))\
xe[—M,M]P

IN

k
Ta Y |do(, 05) — dy(x, 0))]

k
= s > 16(0)) — 6(8;) + (Vo(8)),  — 0)) — (Vo(8;). 2 — 6,)]
j:l

Tak2|¢ (6;) +(Vo(0)) = V(6;), = — 05) + (Ve(0;),0; — 07)]

k
Z |6(8}) — 6(8,)| + (VH(6)) — V6 (8,), @ — 6))| +(Ve(6;),6, — 0))])

IA
5‘
M?r "

(HpM/pll0; = 0;ll2 + [[V6(87) — Vé(8)) 2| — O]l|2 + [[VH(8,)]12]10; — 65]]2)

.
I
s

‘Mw

< Tak Yy (HpyM\/p||0) — 652+ Hy60; — 652 x 2/pM + H,M/p||6; — 6]2)

1

J

k
< Adra Z 165 — 6512

B Proofs from Section 3

B.1 Proof of Lemma 3.1

Proof. Let J(x) = d4(x,0). Since Pc(0) minimizes J(-) over C, there exists a subgradient
d € 0J(Fc(0)) such that

(d,x — Pc(0)) > 0. 1
We note that J(Pc(0)) = {Vé(FPe(0)) — V¢(0)}. Thus, from equation (I),
(Vo(Fe(8)) = V(8),x — Fe(0)) > 0. (2)

‘We now observe that,
dy(x,0) — dy(x, Pe(0)) — dy(Pe(0),0) = (Vo(Fe(8)) — Vo(0), z — Fe(8)) > 0.
Hence the result. O

B.2 Proof of Lemma 3.2

Proof. Suppose © = {01,...,0;}. We take C = [~ M, M]**P and ®' = {P¢(01),..., Pc(0%)}.
Clearly C is a convex set. Thus, from Lemma 3.1, we observe that

do(@,0,) > dy(a, Pe(6,)) + do(Pe(6,).8;) > dy(w, Pe(8;)) Vj=1,....k.
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dy(x, Pc(61)), ..., dg(x, Pe(0r))) < Vo (dp(x,01), ..., dy(x,0k))

— / o (do(@, P(01)), ... dy(x, Pe(61))) dQ < / e (dg(,01), ... dg(, 01)) dQ
= Qfer < Qfe

B.3 Proof of Lemma 3.3

Proof. We first divide the set [—M, M] into a small bins, each with size e. Denote y; = — M + e, for
i=1,..., 2] andletTc = {v ||i € {1,..., [ ]}}. If € > 2], we take I'. = {0}. Clearly,
IT¢| = max{[ 2 ],1}. From the construction of I, for all z € [—M, M], there exists i € [|T'c],
such that, |x — ;| < e. We take ¢ = (47'047;€HI,Mkp)_1 0. We define

©s5 = {0 = ((0)) : 0 € T.}.

o= (o[ 2] )"

For any © € [—~M, M]P, we can construct ®' € @, such that, |0;, — 0%,] < e. From Lemma
we observe that,

Then immediately we see

k
Ifo — forllse < 47a xHyM /D> 116 — 6;]2.
j=1

< A7q 1 HpyM\/Dk+/pe
= 474 1 HpMEpe
=J.

Thus, F5s = {fe : ©® € O} constitutes a §-cover of F under the || - || norm. Hence,

N(&F, |- lloo) < |Fs] < |O5] = (ma"{ {mﬂ ’1}>’“’
- (o[22 1))

B.4 Proof of Lemma 3.4

Proof. From LemmalA.3] we observe that,

diam(F) = sup lfe — forllc
©,0'€[— M, M]kxp

k

< 4H, M \/DTe i sup > 1165 =651z
o0l xr

< AH,M \/pTar. X 2kM /D
= 87k H, M?kp.

B.5 Proof of Lemma 3.5

Proof. From the non-negativity of Uy (-), we get, Uo(dy(x,01),...,ds(x,0;)) > 0, for any
€ [-M, M? and © € [-M, M]"*?. For any 3 € R%,, from A3, we get,

Va(B) = [Va(B) = Va(0)| < 7a kB — Ol = [|B]1-



Taking 3 = (dy(x, 01),...,dy(xz,0%)) ", we get,
lecx(dQﬁ(ma 01)7 s 7d¢(wa ak))

k
< Tak Y dy(@,6))
j—l
—Takz = (Vo(0;),x - 0;))
<Takz |( 6;)| +1(Ve(8;),x — 6;)])
k
< Tan Y (HyM /blle — 652 + | V(8)) ]|z — 6]|2) 3)
paet
’ k
< 2o HyM/p Y ||z — 65 )
j=1

< A7 1 H,y M pk.

Here inequality (3) follows from Cauchy-Schwartz inequality and Lemma[A.2] Inequality (@) follows
from Lemmal[ATl O

B.6 Proof of Theorem 3.1

Proof. Let A = 8H,M 2:1=1/5p. We construct a decreasing sequence {8 }ien as follows. Take
01 := diam(F) = A (the last equality follows from Lemma 3.4) and ;11 = %6, Let F; be a
minimal &; cover of F, i.e. |F;| = N(6;;F, || - ||oo)- Now denote f; to be the closest element of f in
F; (with ties broken arbitrarily). We can thus write,

E sup — Zelf i) <& +&+Es,

fermn
where
=Eswp o Zez — fm(X4)), )
m—1
Z ]Ebup Zez i1 (Xa) = f3(X5)), (6)
£ = E?E?r - ; e f1(X3). @)

Since we can pick f; arbitrarily from F (as ; = diam(F)), {3 = 0. To bound &;, we observe that,

= Esup — Zez —fm (X)) <Esup = (Ze ) (Z X;) —fm(Xi))2> <O

n
fermn feF i1

To bound &5, we observe that,

1fi41 = Filloo < W fi41 = Flloo + 11 = Filloo < 0541 + ;-
Now appealing to Massart’s lemma [4], we get,

(0541 +85)1/210g (N (63 F, I loo) N (515 F, [ - 1))
]E]S;gg Zez (fi+1(X3) = [3(X3)) < =~ ’ : G :
2(0j+1 +8;)\/1og N (85415 F, || - [loo)
— \/ﬁ




Thus,

m—1 n m—1
1 200541+ 65)\/log N(641;F, || - |oo
52 — Z E?ugﬁzez(f]-i-l(xz) _f_](Xz)) S Z ( 7+1 J)\/ ( J+1 H ” )
j=1 € i=1

vn

j=1
Combining the bounds on &7, &5 and &3, we get,

Esup - Zezf ) < b +fz b1+ )\ Iog NG Fll - o) (®)

fermn

From the construction of {d;};>1, we know, 0,41 + ¢; = 6(d;41 — J,42). Hence from equation
we get,

m—1

i Zezf )< bt = 3 (g1 +8)log NEyai - )
A
5.+ nz 41 — j+2)\/10gN(5j+1§]:7H'||00)
12 [
S%+%%Mﬂﬁ%M&RWMW

Taking limits as m — oo in the above equation we get,

E sup — ZGZ i) \/» \/logN(e;J:7 I [|oo)de

From Lemma 3.3, plugging in the value of N(&; F,| - ||loo), We get,

Ro(7) < 22 [ NG T T
AL wmgw{%»de
1/kplog

||
%\
<:Lgﬂ k‘§\$
\ \
I
&

= 48ﬁ7a7kaM2(kp)3/2n_l/2.

B.7 Proof of Theorem 3.2

Proof. From Lemma, 3.5, we observe that sup s¢ 7 || floc < 47,1 HpM?pk. Under assumption Al,
we observe that, with probability at least 1 — 4,

log(2/0)

sup [P, f — Pf| < 2Ry (F) + sup || f|lo 5
ferF feF n

log(2/5
< 96/ 7o Hy M2 (kp)/2n=Y/2 4 4oy 1 H, M2ph %. )
n



Inequality (9) follows from appealing to Theorem 3.1 and observing that supscr || flls <
4Ta,;€HpM2pk‘. O

B.8 Proof of Theorem 3.3

Proof. (Proof of Strong consistency) We will first show |Pfg — P fe- 22, 0. To show this let

C = max{192/7 7o . H,M?(kp)3/?, 874 x H,M?pk}. Then from Theorem 3.2, we observe that
with probability at least 1 — 4,

C log(2/0)

Ple, = Plor| = =+ 0\ =5, (10)

Fixe > 0.Ifn > 4C?/e* and § = 2exp ( e ) the RHS of (I0) becomes no bigger than €. Thus,

2

. >e) < 2exp (—;22), Vn24C2/62.

P (IPfs,

. . 2 . . .
Since the series .. exp (—%) is convergent from the above equation, so is

P (1o,

almost surely w.r.t. [P] for n sufficiently large. From assumption A4, diss(@n, ®*) < 7, almost

a.s.

surely w.r.t. [P], for any prefixed > 0, and n large. Thus, dlSS(@n, ®*) —= 0, which proves the
result.

> e). Hence, Pfg = Pfo-. Thus, forany ¢ > 0, Pfg < pfe- + ¢

(Proof of v/n-consistency) Fix § € (0, 1]. From Theorem 3.2, with probability at least 1 — 6,

Plo. logéi/f”

Hence, /n|Pfg — Pfe+| = O(1) with probability at least 1 — §. Thus, 3Cj, such that
P (ﬁ\Pf@n — Pfe+| < C(;) > 1 — ¢ for all n large enough. Hence, |Pfg — Pfeo-
Op(n_l/Q). O

(kp)3/2n_1/2 + 8Ta’kaM2pk = O(n_1/2).

C Proofs from Section 3.4

C.1 Proof of Lemma 3.6

Proof. Suppose ©® = {01,...,0;}. We take C = [-M, M]**?P and ® = {P¢(01),..., Pc(0x)}.
Clearly C is convex. Let £ C {1, ..., L} be the set of all partitions which do not contain an outlier.
Thus, from Lemma 3.1, we observe that

d¢(Xi,0j)>d¢,(X“Pc(0 ))—|—d¢(Pc( ) )>d¢(X“Pc(9 ))VJ—l ,kandi €T
= Vo (d¢(X1aPC(01))a'~-ad¢(X7PC(0k))) <V (dtb(Xlael) 7d¢(X79k)) Viel

= Y Vo (dg(X i, Pe(61)), .-, dp(X, Pe(01))) < > Vo (dg(Xi,601),...,dg(X,0k)) VL EL
1€By 1€By
1
:>ng®,( <*Zf® OVLEL
i€By i€ By

Now since |£| > |£¢| (from assumption A6),

Median( Y fer(X Z for(X; ) < Median (2 > f@(Xi),...,% > fe(Xi)>

1€ By ZEBL 1€B1 1€BL,
= MoM} (@) < MoM}(©)



C.2 Proof of Theorem 3.4

Proof. For notational simplicity let Pp, denote the empirical distribution of {X;},cp,. Suppose
€ > 0. We will first bound the probability of supg¢|_ as, 1)k x» IMOMY (fo) — P fe| > €. To do so,
we will individually bound the probabilities of the events
sup  (MoMj(fe) — Pfe) > ¢
Oc[—M,M]kxp

and

sip  (Pfo —MoM} (fo)) > €
©c[—M,M]kxp

‘We note that if
L

L
sup ZIL{(P—PB[,)f@ > €} > 3
©c|-M, M|k *» 1=

then

sip  (Pfo —MoM} (fo)) > €
ec[— M, M]kxp

Here again 1{-} denote the indicator function. Now let ¢(¢) = (¢t — 1)1{1 <t < 2} + 1{t > 2}.
Clearly,
{t > 2} < p(t) < 1{t > 1}. 1D
We observe that,
L

sup Z]l{(P—PBe)f@ > e}
©c[—M,M]k¥P {3

< sup Z]l{(P*PBZ)f@>e}+\O|
®c[- M MI**r (=7

2(P-P
< s Y (AR g
Oc[—M,M]kxP y 7 €

2(P — P,
< sup g Ep (( BZ)f@) + 0|
ec[—M,M]k*P 7 €

+ sip 0 [gp (2(PPBg)f@> Ry <2(P€P)Bz)f®>:|' (12)

ec[-M,M]F>r yor €
To bound supge(— s, arprxr ZZL:l 1{(P - Pg,)fe > ¢}, we will first bound the quantity
Eyp (M) We observe that,

€

Eq (%) gE[ﬂ{w >1H _p [(P—PBE)f@ - a

€
be>
<exp{— 13
—eXp{ 32Ti7ngM4k2p2} (13)

We now turn to bounding the term

sup Z[@(Q(P_PBZ)JC@)—]EL;: (Q(P_PBz)fG)>:|.
ec[—M,M]FxP y 7 € €

Appealing to Theorem 26.5 of [S] we observe that, with probability at least 1 — e=2L%%  for all
© ¢ [-M, M]kxp,

72 ( (P — PB;)f@)

LeLl

%Z@ (2(P - fBQf@)

Lel

<E +2F +6.

LS (ATl

L
OE[-M,M**P & yep

(14)



Here {o¢}sc are i.i.d. Rademacher random variables. Let {£;}?_; be i.i.d. Rademacher random
variables, independent form {o} e . From equation (T4), we get,

Ly o[ (AEPadie) _p, (AP Palfe)]

@e[—M,]V[}’»‘XPEEE € €

(P-P
<2E sup Zw (Wa) +90
Oc[—M,M]kxp L ter
4
<—E sup o¢(P — Pg,)fe (15)
Le @e[—M,M]kXp;E;: ‘

Equation (T3) follows from the fact that go( ) is 1-Lipschitz and appealing to Lemma 26.9 of [5]]. We
now consider a “ghost" sample X’ = {X,..., X}, which are i.i.d. and follow the probability law
P. Thus, equation (T3)) can be further shown to give

4
=— sup oEx ((Pg, — Pp,)fe
Le _@E[*]W,M]k”’eezc ( By [ )

<—E sup ZUE(PIBZ - Pg,)fe
Le | OE[-M, M]F*P cp

LT
=—F sup Uﬁ* X;) — fe(Xi)| +0
4
=—10RFE sup o] &i(fe(X5) — feo + 0 (16)
bLE —M,M kXpezE;C 1623;5 ( ))
AT
) sup oii(fe(X;) — fe(Xi))| +9
LT
gn—E bup Z Z ou&i(feo(X5) + fo(Xi))| +0
€ L PrecLieB,
AT
=—F sup Y vilfe(X)) + fo(X)) (17
ne  |eel-M,Mkxr o2
S| sup Zv fel
=— iJO
ne | @[ M, M]FxPp ;2
<2 A8 Rk H, M2 (kp) /21T + 8 (18)
ne
4
S%\/EkaHpM%kp)S/Q\/m +0. (19

Equation (T6) follows from observing that (fo(X!) — fo(X:)) £ &(fo(X)) — fo(X;)). In
equation (I7), {7;}ics are independent Rademacher random variables due to their construction.

Equation (I8)) follows from appealing to Theorem 3.1. Thus, combining equations (T4), (T3), and
(T9), we conclude that, with probability of at least 1 — e—2L0%

L

sup Y 1{(P-Pg,)fe > ¢}
ec[-M,M]kxp ]

be> 0] | 384 2 )2
<L{ o0\~ g2 e i VAT H, M (k)P VT 45 ) (20)




— 2 _ 9
We choose § = puwr 7 and

4 4 L1 N To 1 Hy M? A
e:2max{\/3QTika§M4log <(7777—i_))1<p\/n7 536(n + )Tn K p \/%(kp)wz\T}.

This makes the right hand side of (20) strictly smaller than . Thus, we have shown that

P sup  (Pfe —MoMj(fe)) > ¢ | < e
@c[-M,M]kxp

Similarly, we can show that,

P sup (MoM7? (fe) — Pfe) >¢| < e2L0%,
ec[—M,M]Fxp

Combining the above two inequalities, we get,

P sup [MoM7 (fe) — Pfe| > €| < 2¢ 210"
ec[—M,M]kxP

In other words, with at least probability 1 — 26’2”2,

sup IMoM7 (fe) — Pfel
Oc[—M,M|kxp

4 4 L 1536 4 H,M? I|Z
§2max{\/3272 JH2M* log (W)kp = (n+4)TarHp ﬁ(kp)?’/QT'l'}
: n "

1
L N
STan Hp max {km/ = (kp)?’”?L} :

C.3 Proof of Corollary 3.5

Proof. We observe the follwoing.
|Pfé51M0M) — Pfo-|
= PfészMoM) — Pfo~
= Pf(:);MoM) — MoM’LL(féELMom) + MoME(fé(wyom) — MoM} (fe+) + MoM7} (fe+) — Pfe-
< Pf(:);MoM) — MOM”Z(fégll\/loM)) + MoM7} (fe+) — Pfe- 21

<2 sup IMoM7 (fe) — P fe|
@c[—M,M]kxr

L A
S Ta,kHp max {kp\ / - (kp)3/2 7L | } .

. . ~ (MoM)
Inequality (Z2T)) follows from the fact that MoM7 ( f 5w ) < MoM7 (fe- ), by definition of ©,,

n D
C.4 Proof of Corollary 3.6
Proof. In this case, H, = 2. Thus, the bound in Corollary 3.5 becomes

|Pf@(MoM) — Pfo~ < max{\/g, Vnzl}. By A7, 2e—2L8* o(1). Thus,



P <|Pf@<MoM> — Pfo-

=0 (max{\/g, VF})) > 1— o(1). Hence, |Pfé\)£lMoM> — Pfe-
o (o {yE. )

Under A7, max{\/g, \/F} < max{\/%, %} =o(l) = [Pfgoem — Pfer| = oP(l)

Thus, P fg oo i Pfe«. Now, forany ¢,0 > 0, P(Pfg < Pfe~+¢) >1—0,if nis large.

From assumption A7, lP(diss((:)n, ®*) < n) > 1 — ¢ for any prefixed n > 0, and n large. Thus,
diss(©,,,0) £, 0, which proves the result. O

D Additional Experiments

D.1 Additional Simulations

Experiment 3 We use the same simulation setting as Experiment 1. However, the outliers are now
generated from a Gaussian as well with mean coordinate 20 x 15, and covariance matrix 0.175, where
15 is the 5 dimensional vector of all 1’s and I5 is the 5 x 5 identity matrix.

Experiment 4 We use the same simulation setting as Experiment 2. However, the outliers are now
generated from the same scheme as in Experiment 3.

BTKM -+ kmedians - MOMPKM -+ PKM -+ RKMpp ethod BTKM -+ kmedians - MOMPKM -+ PKM -=- RKMpp

Method
0+ Kmeans -+ MOMKM -+ PAM RCC kmeans <+ MOMKM -+ PAM RCC

1.00

o
=
a

Average ARI
o
w1
o

o
)
a1

0.25

0.00 0.00

0 % 50 75 100 0 10 2 20 40 50
Number of Clusters outlier

(a) Simulation 3 (b) Simulation 4

Figure 1: Results on Simulation Studies based on Average ARI Values

D.2 Case Study on Real Data: KDDCUP

In this section, we assess the performance of real data through the analysis of KDDCUP dataset [[1],
and consists of approximately 4.9M observations depicting connections of sequences of TCP packets.
The features are normalized to have zero mean and unit standard deviation. The data contains 23
classes, out of which, the three largest contain 98% of the observations. Following the footsteps of
[2], the remaining 20 classes consisting of 8752 points are considered as outliers. We run all the
algorithms as described in the beginning of section 4. The parameters considered for our algorithm
are L = 10000, n = 1.02 and o« = 1. We measure the performance of this algorithm in terms of the
ARI, as well as average precision and recall [3]. The last two indices are added following [2]. We
report the average of these indices out of 20 replications in Table[I] For all these indices, a higher

2X,, = op(an) if Xn/an <5 0.
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Table 1: Results on KDDCUP Dataset
Index k.means BTKM RCC PAM RKMpp PKM MOMKM MOMPKM

ARI 107? 0.01 107° 10716 0.81 0.24 0.76 0.87
Precision 0.25 0.23 0.19 0.23 0.64 0.43 0.56 0.71
Recall 0.00 0.14 0.07 0.11 0.63 0.49 0.59 0.76

value implies superior performance. Table[I|shows similar trends as discussed in Section 4 of the
main text. In particular, MOMPKM resembles the ground truth compared to the state-of-the-art.
Surprisingly, RKMpp performs better than other competitors (except for MOMPKM), which was not
always the case for simulated data under ideal model assumptions. This is possibly because of the
fact that the data contains only 47 features, compared to almost 5M samples, significantly capitalizing
on the higher signal-to-noise-ratio, compared to that of the data used in the simulation studies.

E Machine Specifications

The simulation studies were undertaken on an HP laptop with Intel(R) Core(TM)i3-5010U 2.10 GHz
processor, 4GB RAM, 64-bit Windows 8.1 operating system in R and python 3.7 programming
languages. The real data experiments were undertaken on a cluster. The cluster has 656 cores
(essentially CPUs) spread across a number of nodes of varying hardware specifications and ages. 256
of the cores are in the ‘low’ partition. There are 32 cores and 256 GB RAM per node.

F Ethics Statement

Our work focuses on algorithmic and theoretical contributions to unsupervised learning of data that
feature outliers, unifying different center-based clustering frameworks. There are no immediate
privacy or ethical concerns, but by addressing the persistent problem of presence of outliers, broader
impacts extend beyond methodological contributions when the interpretation of pattern discoveries
from the output of unsupervised learning methods have wider implications. Clustering has been used
for countless applications, including community detection, drug discovery, and gene identification
for cancers and other diseases. In such settings where the interpretations and decisions based on
clustering solutions have significant scientific and societal bearing, it is critical that the outliers are
not mistaken as original data while solving for optimal solutions or baseline truth.

That said, we have been careful not to overstate our claims. While theoretical and empirical evidence
supports that we can significantly reduce the effect of outliers, users should not view our method as a
panacea for the problem. Our algorithm provides only a partial remedy to a long-standing challenge
faced by clustering methods, and we emphasize it may eliminate some but not all biases that may
affect interpretations and decisions based on solutions output by unsupervised algorithms.

References

[1] J. Alcala, A. Fernidndez, J. Luengo, J. Derrac, S. Garcia, L. Sdnchez, and F. Herrera. Keel data-
mining software tool: Data set repository, integration of algorithms and experimental analysis
framework. Journal of Multiple-Valued Logic and Soft Computing, 17(2-3):255-287, 2010.

[2] A. Deshpande, P. Kacham, and R. Pratap. Robust k-means++. In Conference on Uncertainty in
Artificial Intelligence, pages 799-808. PMLR, 2020.

[3] T. Hastie, R. Tibshirani, and J. Friedman. The elements of statistical learning: data mining,
inference, and prediction. Springer Science & Business Media, 2009.

[4] M. Mohri, A. Rostamizadeh, and A. Talwalkar. Foundations of machine learning. MIT press,
2018.

[5] S. Shalev-Shwartz and S. Ben-David. Understanding machine learning: From theory to algo-
rithms. Cambridge university press, 2014.

11



Checklist

1. For all authors...

(a) Do the main claims made in the abstract and introduction accurately reflect the paper’s
contributions and scope? [Yes]

(b) Did you describe the limitations of your work? [Yes] Scope for further improvements
are discussed in Section 5 of the main text.

(c) Did you discuss any potential negative societal impacts of your work? [Yes] Our work
focuses on algorithmic and theoretical contributions to unsupervised learning of data
that feature outliers, unifying different center-based clustering frameworks. There are
no immediate privacy or ethical concerns, but by addressing the persistent problem of
the presence of outliers, broader impacts extend beyond methodological contributions
when the interpretation of pattern discoveries from the output of unsupervised learning
methods has wider implications. Clustering has been used for countless applications,
including community detection, drug discovery, and gene identification for cancers
and other diseases. In such settings where the interpretations and decisions based on
clustering solutions have a significant scientific and societal bearing, the outliers must
not be mistaken as original data while solving for optimal solutions or baseline truth.
That said, we have been careful not to overstate our claims. While theoretical and
empirical evidence supports that we can significantly reduce the effect of outliers, users
should not view our method as a panacea for the problem. Our algorithm provides
only a partial remedy to a long-standing challenge faced by clustering methods, and
we emphasize it may eliminate some but not all biases that may affect interpretations
and decisions based on solutions output by unsupervised algorithms. We have added
these remarks in the Supplement.

(d) Have you read the ethics review guidelines and ensured that your paper conforms to
them? [Yes]

2. If you are including theoretical results...
(a) Did you state the full set of assumptions of all theoretical results? [Yes] Described in
sections 2 and 3 of the main text.

(b) Did you include complete proofs of all theoretical results? [Yes] The proofs of most
of the results are presented in the supplement due to space economy. However, proof
sketches are provided in the main text.

3. If you ran experiments...

(a) Did you include the code, data, and instructions needed to reproduce the main experi-
mental results (either in the supplemental material or as a URL)? [Yes] All the codes
are given in a ready to run format in the supplement.

(b) Did you specify all the training details (e.g., data splits, hyperparameters, how they
were chosen)? [Yes] All the experimental protocols are thoroughly described in section
4 of the main text.

(c) Did you report error bars (e.g., with respect to the random seed after running ex-
periments multiple times)? [Yes] The error bars are shown in section 4 of the main
text.

(d) Did you include the total amount of compute and the type of resources used (e.g., type
of GPUs, internal cluster, or cloud provider)? [Yes] All the machine specifications are
given in the Supplement.

4. If you are using existing assets (e.g., code, data, models) or curating/releasing new assets...
(a) If your work uses existing assets, did you cite the creators? [N/A]
(b) Did you mention the license of the assets? [IN/A]
(c) Did you include any new assets either in the supplemental material or as a URL? [N/A]

(d) Did you discuss whether and how consent was obtained from people whose data you’re
using/curating? [N/A]

(e) Did you discuss whether the data you are using/curating contains personally identifiable
information or offensive content? [N/A]
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5. If you used crowdsourcing or conducted research with human subjects...

(a) Did you include the full text of instructions given to participants and screenshots, if
applicable? [N/A]

(b) Did you describe any potential participant risks, with links to Institutional Review
Board (IRB) approvals, if applicable? [IN/A]

(c) Did you include the estimated hourly wage paid to participants and the total amount
spent on participant compensation? [N/A]
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