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ABSTRACT

In distributed stochastic optimization, where parallel and asynchronous methods are
employed, we establish optimal time complexities under virtually any computation
behavior of workers/devices/CPUs/GPUs, capturing potential disconnections due to
hardware and network delays, time-varying computation powers, and any possible
fluctuations and trends of computation speeds. These real-world scenarios are
formalized by our new universal computation model. Leveraging this model and
new proof techniques, we discover tight lower bounds that apply to virtually all
synchronous and asynchronous methods, including Minibatch SGD, Asynchronous
SGD (Recht et al., 2011), and Picky SGD (Cohen et al., 2021). We show that these
lower bounds, up to constant factors, are matched by the optimal Rennala SGD and
Malenia SGD methods (Tyurin & Richtarik, 2023).

1 INTRODUCTION

Optimization is one of the main workhorses in machine learning (ML), data science (DS), and
federated learning (FL) (Bottou et al., 2018; Kairouz et al., 2021). These fields rely on stochastic
optimization methods, with notable examples including the stochastic gradient descent method
(SGD) (Robbins & Monro, 1951) and ADAM (Kingma & Ba, 2015), which are considered to be the
de facto choices for solving large-scale optimization problems (Schmidt et al., 2021). Due to the
computational demands of modern functions, the size of datasets, and the need for data privacy,
parallelization and distribution are essential for building efficient systems (Kairouz et al., 2021;
Mayer & Jacobsen, 2020). However, it brings many challenges, including computation heterogeneity:
many workers/CPUs/GPUs/phones work in parallel but with varying computation speeds, fluctuating
performance over time, and potential disconnections due to hardware and network delays (Li et al.,
2020).

1.1 PROBLEM SETUP

Unconstrained smooth optimization problems that arise in ML, DS, and FL are described by

min f(x), (D

zeRd

where f : R? — R with the following standard assumptions:
Assumption 1.1. f is differentiable & L—smooth, i.e., ||V f(x) — Vf(y)|| < L |z — y|, Vz,y € R%
Assumption 1.2. There exist f* € R such that f(z) > f* forall z € R%.

In the nonconvex world, we want to find an e—stationary point, a (random) vector Z € R? such that
E[||Vf(Z)||?] < e, since, in general, it is intractable to find a global minimum in the nonconvex
setting (Nemirovskij & Yudin, 1983; Murty & Kabadi, 1985). We analyze convex functions in
Section H.

We consider a problem where workers do not have access to the gradients of the function f. Instead,
they can only calculate stochastic gradients. Such a problem arises when the computation cost of an
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exact gradient is huge or even infeasible due to batch normalization (Ioffe & Szegedy, 2015), dropout,
random data augmentation, and many other handcrafted and naturally occurring noise sources that do
not allow to calculate a gradient (Goodfellow et al., 2016).

Assume that n workers work asynchronously in parallel and calculate stochastic gradients. We focus
on two setups:

Homogeneous setup. For all i € [n], worker i has access to an unbiased stochastic gradients
V f(x; &) with o%-variance-bounded variances, where ¢ is a random variable from some distribution
D on S¢. In ML and FL, this would mean that all workers have access to the same data.

Assumption 1.3 (Homogeneous setup). For all i € [n], worker i can only calculate V f(z;£) and
Ee[Vf(2:€)] = Vf(z) and E¢[||V f(2;€) — Vf(2)]]?] < o forall z € R, where 02 > 0.

Heterogeneous setup. Unlike the previous setup, we assume that f(z) = £ 3" | f;(x) in this
setting, where f; : R? — R for all i € [n], and worker i can only access stochastic gradients
V fi(x; &) of the local function f;, where &; is a random variable from some distribution D; on Sg.

In ML and FL, this would mean that all workers have access to different data.

Assumption 1.4 (Heterogeneous setup). For all i € [n], worker ¢ can only calculate V f;(x;&;), and
Ee, [V fi(z;&)] = Vi(z) and Eg, [||V fi (25 &) — Vfi(z)||?] < 0? forall z € RY, where o2 > 0.

1.2 RELATED WORK

Oracle complexity with one worker. The optimal (dimension-free) oracle complexity, # of stochastic
gradient calls, and an optimal method are well-known in the homogeneous and heterogeneous setups.
In particular, Arjevani et al. (2022); Carmon et al. (2020) showed that the optimal oracle complexity
is O (EA/e + o*LA/2) achieved by SGD, i.e., 27! = o — 4V f(2*; €¥), where £ are i.i.d. random
samples, A := f(z%) — f*, 2% € R? is a starting point, v = © (min{!/L,/Ls?}) is a step size.

Oracle complexities with n workers. There were several approaches, e.g., (Scaman et al., 2017;
Arjevani et al., 2020; Lu & De Sa, 2021), to generalize the classical oracle complexity (Nemirovskij
& Yudin, 1983; Arjevani et al., 2022) to the parallel setup with n workers. In the homogeneous
convex setup, the most relevant to our setup work (Woodworth et al., 2018), using the graph-based
oracle model, obtained the tight oracle complexities for several parallel setups. The heterogeneous
setup with the local smoothness assumption was addressed in (Arjevani & Shamir, 2015; Hanzely
et al., 2020; Lu & De Sa, 2021).

The listed works address key questions in parallel optimization by establishing lower bounds and
developing methods to achieve them. However, the assumptions regarding the computation processes
are overly idealistic, as they assume stable, unchanging, and equal computation speeds for all workers.
They fail to capture practical scenarios such as partial participation, random outages, computation
heterogeneity (some workers being faster than others), communication heterogeneity (some workers
sending vectors faster than others), and changing computation performance over time. It is unclear if
the optimal methods for their lower bounds will maintain optimality in more realistic computation
scenarios.

Time complexities with bounded computation times. Instead of using oracle complexities, another
way to compare algorithms is to use time complexities. Using this paradigm, Mishchenko et al. (2022);
Koloskova et al. (2022) showed that the celebrated Asynchronous SGD method (Recht et al., 2011;
Dean et al., 2012) with the proposer step sizes can provably improve Minibatch SGD in the homoge-
neous setup. Assume for now that worker ¢ requires at most 7; seconds to calculate one stochastic
gradient for all i € [n]. Minibatch SGD is the iterative process %1 = zF — /0 31 | V f(a¥; €F),
where 7 is a stepsize, ¥ are i.i.d. samples, and V f (z*; £F) are calculated in parallel. This method
converges after O (LA/e + UQLA/m?) iterations (Cotter et al., 2011; Goyal et al., 2017; Gower et al.,
2019) and after

0 <max7'1; x (L84 LA)) @
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Figure 2: Universal Computation Model: A new computation paradigm that captures virtually all
possible computation scenarios. The three subplots present illustrative and non-exhaustive examples
of irregular {v;} (Fig. 2(a)), periodic noisy powers {v;} (Fig. 2(b)), and random outages of the
workers, where v; equals 0 periodically (Fig. 2(c)). For all possible scenarios, we establish optimal
time complexities (see Theorems 5.1, 5.3, 6.2, and 6.4). It is possible to get interpretable and explicit
formulas for the optimal time complexities in some scenarios (see Examples 3.2, 5.4, 5.5, 6.5, and 6.6).
However, for Fig. 2(a), Fig. 2(b), and Fig. 2(c), it is arguably intractable to find £ [LA/e] analytically.
Instead, we can easily do it numerically in Fig. 2(a) and get the optimal time complexities 6.57
and 13.02 sec with LA /e = 10 and 02/ = 100 in the homogeneous and heterogeneous settings,
respectively (Fig. 2(b): 2.34 and 2.53 sec; Fig. 2(c): 77.04 and 84.62 sec).

seconds because this method waits for the slowest worker with the time max;c,) 7;. Using Asyn-
chronous SGD, the time complexity (2) can be improved to

0 ((z) (L2 + ”Zfﬁ)) 3)

2

where the dependence on the processing times is harmonic (Mishchenko et al., 2022). An alternative
method that also achieves this time complexity is Picky SGD (Cohen et al., 2021).

Subsequently, Tyurin & Richtarik (2023) formalized the notion of time complexity using the time
oracle protocol, and under the assumption that worker ¢ requires at most 7; seconds to calculate one
stochastic gradient for all ¢ € [n], proved that the time complexity lower bound is

m -1
: 15 1 LA 4 o’LA
@(%H(mzw) (E+m€2)]) @

seconds in the homogeneous setup, where 7 is a permutation that sorts 7; : 7, < -+ < T .
Moreover, they developed a new method, Rennala SGD, that achieves the lower bound in the
homogeneous setup. Under the bounded computation and communication assumptions, Tyurin
et al. (2024b); Tyurin & Richtarik (2024) provided optimal time complexities in a setup where the
communication time between the workers cannot be ignored.

2 CONTRIBUTIONS

In this work, we aim to determine the optimal time complexities of distributed stochastic optimization
with parallel and asynchronous methods in scenarios where the computational performance of workers
can be arbitrarily heterogeneous and variable. We want to capture all possible cases, including random
outages, time-changing computation performances, and slow and straggler workers.
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& We consider a new computation paradigm, for which we coin the name universal computa-
tion model, that includes virtually all possible computation scenarios that can appear in practical
distributed, parallel, and asynchronous optimization environments.

& Using the universal computation model, we prove a tight lower bound for time complexities of
parallel and asynchronous optimization methods in the homogeneous setting, which is matched, up
to constants, by our Theorem 5.3, saying that Rennala SGD (Tyurin & Richtarik, 2023) is optimal.

4 We also close the problem in the heterogeneous setup. We discover the optimal time complexity
and prove the optimality of Malenia SGD (Tyurin & Richtdrik, 2023) (see Theorem 6.4). The proofs
of the lower bounds are based on new proof techniques and constructions (see Section A for an
OoVerview).

¥ In Section H, we provide time complexities of (Accelerated) Rennala SGD and (Accelerated) Malenia
SGD in the convex setting.

3 UNIVERSAL COMPUTATION MODEL

To achieve the goal of finding the optimal time complexities for the stochastic optimization problem
under any heterogeneous asynchronous computation setup, we first have to formalize the computation
model of the workers. To formalize all possible cases, we propose using the following computation
model, called the universal computation model.

For all i € [n], we consider a non-negative continuous almost everywhere function v; : R, — R, !
called a computation power of worker 1.

Assumption 3.1. For all i € [n], v; is non-negative continuous almost everywhere.

Without loss of generality, we assume that the time starts from zero. Using the same reasoning as in
physics, where the energy is the integral of power, in our domain, the number of stochastic gradients
that worker ¢ can calculate from a time ¢g to a time ¢; is the Riemann integral2 of the computation
power v; followed by the floor operation (because we can not partially calculate a stochastic gradient):

t1
“# of stoch. grad. by worker 7 in [tg, t1]” = {/ ’Ui(T)dTJ = |Vi(t1) — Vi(to)], 5)
to

where we additionally define a mapping V; : R3® — R%° such that

t
Vi(t) == / v (T)dr. (6)
0
For t1 > tg, Vi(t1) — Vi(to) is called a computation work of worker i from a time ¢, to a time ¢;.

Example 3.2 (Fixed Computation Model). Let us consider the simplest example and take the
performances that do not change through time, i.e., v;(t) = v; € Ry forall ¢ > 0. If we take ¢y = 0,
then

|/ wr)dr | = Vi) = Vi) = Lot ™

This formula formalizes simple logic that it takes 1/v; seconds to find one stochastic gradient
in worker ¢ because |v; x 1/v;] = 1, 2/v; seconds to find two stochastic gradients in worker 4
because |v; X 2/v;| = 2, and so forth. The higher the power v;, the less time it takes to find a new
stochastic gradient. (7) provides the number of stochastic gradients under the fixed computation
model when reparametrized with v; = 1/7,. However, the fixed computation model is limited; for a
visual comparison, see Figures 1 and 2. Section 5.1 has more examples.

Theorem 3.3 (e.g. (Bartle & Sherbert, 2000)). For all i € [n], V; is continuous and non-decreasing
on R if v; is non-negative continuous almost everywhere (Assumption 3.1).

'Notations: Ry := [0, 00), RY := [0,00], N:= {1,2,3,...},No := {0,1,2,... }, [n] := {1,...,n}.
It is possible to consider the Lebesgue integral and assume that the functions {v;} are measurable, but we
will stick with the Riemann integral for simplicity.



Published as a conference paper at ICLR 2025

Notice this theorem can hold even if v; is discontinuous. In general, the computation powers {v; }
can be even random. Indeed, we can assume that v; : Ry x  — R is a stochastic computation
power, where () a sample space of a probability space. Then, all the following results hold when
conditioned over all randomness in {v; }, assuming that the sources of randomness are statistically
independent. Without loss of generality, we continue assuming that v; : R — R, forall ¢ € [n].
For all i € [n], let us define the generalized inverse function® V;™! : R — R such that

V,H(S) =min{t >0 : V;(t) =S} ®)

K2

for all S € RS If V; is strongly increasing, then Vi_1 is the standard inverse function of V;.

4 PRELIMINARIES

Before presenting our main results, we formalize the concepts of time and time complexity. This
section is somewhat technical; readers not interested in the proof details may skip ahead to Sections 5
and 6.

Recall that in the classical approach of deriving lower bounds, we examine the following protocol
(Nemirovskij & Yudin, 1983; Nesterov, 2018; Carmon et al., 2020):

Protocol 1 Classical Oracle Protocol

1: Imput: function f € F, oracle O € O(f), algorithm A € A
2: fork=0,...,00do

30 ok =AF(gh, ... gY) D> 2% = A% fork = 0.
4 gl =0(z)
5: end for

Where we want to find the worst-case oracle complexity formalized by

. : for 112
jg&?ggozlggﬁmf{kEN‘E {HVf(m )H } < E}.

Protocol 1 is a reasonable way to establish lower bounds and compare algorithms, but it is not
convenient for analyzing parallel algorithms. In order to analyze parallel and asynchronous algorithms,
Tyurin & Richtérik (2023) proposed to use the time multiple oracles protocol:

Protocol 2 Time Multiple Oracles Protocol

1: Input: function f (or functions f;), oracles {O;}_; € O(f), algorithm A = {A*}2° /€ A
2: 89 =0foralli € [n]

3: fork=0,...,00do

4 (tRHL Rl AL k) = Ak(g L gF) >l > ¢k
5: (sfktll,ngrl) = Orpr (tFHL 2k, sfkﬂ,ckJrl) >Vj # ikt 5§+1 = sé“
6: end for

Unlike the classical protocol where an algorithm returns a new point z* based on the current
information g', ..., g*, this protocol requires an algorithm to return a time t**!, an index of an
oracle i**1, a control variable c**!, and a new point z*. In the parallel setting, algorithms have
access to many workers/oracles. In every iteration, an algorithm has the freedom to choose any oracle

using i**1, and call the oracle at a point z*. The role of control variables {c**1} will be clear later.

The main idea is that an algorithm controls time and decides when it is ready to go forward using a
time sequence {t*+1}. Let us introduce an oracle that emulates the behavior of a real worker, and
then we will provide clarifications. For all ¢ € [n], we consider the mapping

*We use the standard convention min{(} = cc.
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O; : Ry x R x (Ry xR x {0,1})x {0,1} — (Ry xR¥x{0,1})x R?  such that

time point input state stop computation output state output vector
((t,.fl?, l)a 0)7 CZO,SQZO,
875171a 07 C:()?S :LVzt_VzS <17
Oi(t7.’17, (St7sa:78q)7c) = (( i ) ) ¢ ( ) ( t) (9)
((07070)a gi(Sw;f,t)), C:O,qu 1a‘/i(t)_‘/i(8t> > 1,
((0,0,0), 0), c¢=1,

where D;, ; ; is some distribution that can depend on s,,t, £ ~ Ds, ;;,and g; : R4 xSe xRy — R?
is a mapping. This oracle can return different outputs depending on an input it receives: 1) if
¢ = 0,5, = 0, then the oracle is only starting the calculation of a stochastic gradient, and it
memorizes the time when it was called in the variable s,; ii) if ¢ = 0,5, = 1, V;(¢) — Vi(s:) < 1,
then the oracle is still calculating; iii) if ¢ = 0,s, = 1,V;(t) — Vi(s;) > 1, then the oracle has
finished the calculation and returns g;(s.; &, t) at the point s, where the calculation was initialized.
The condition V;(t) — V;(s:) > 1 means that “at the current time ¢, the oracle is ready to return the
stochastic gradient that began to be calculated at time s;.” The control variable c allows algorithms to
stop the calculations at any time they want if they pass ¢ = 1.

The oracles (9) force algorithms to increase times; otherwise, they will not get stochastic gradients and
enough information to find an e—stationary point. Using Protocol 2, we consider the time complexity
measure

: PNVIE — k
ﬁgaﬁgg(o Ds)uepo(f) inf {t >0 ’ E [klélgt ||Vf(:v )H } < 5} , Sy = {k € No|t < t} (10)

where the sequences t* and z* are generated by Protocol 2. This measure takes algorithm and function
classes and returns the worst-case time complexity. We refer to (Tyurin & Richtérik, 2023)[Sections
3-5] for more details.

In this work, we consider zero-respecting algorithms formalized by the definition below.

Definition 4.1 (Algorithm Class .A,;). Let us consider Protocol 2. We say that an algorithm A =
{AF}22, is a zero-respecting algorithm, if

1 AF : R x o xR = Rsox [n] x {0,1} x R* Wk >1,A4° € Ry x [n] x {0,1} x R?,
> >

k times
2. supp (z¥) C \J7_, supp (¢”) for all k € Ny, where supp(z) := {i € [d] | z; # 0},
3. forallk > 1andg',...,g" Rd we have t**1 > t# where t**1 and t* are defined as
(tht1,) = A (1~--,g) and (5, ) = AF-1(gL .. gF-1).

The first condition defines the domain and range, the second condition is the definition of a zero-
respecting algorithm (Carmon et al., 2020), the third condition ensures that the algorithm return a
non-decreasing sequence of times (Tyurin & Richtarik, 2023).

5 HOMOGENEOUS SETUP

We are ready to present our lower bound in the homogeneous setup. Let us also provide a simplified
and informal version of the theorem, followed by the formal one.

Theorem (Informal Formulation of Theorem 5.1). Let Assumptions 1.1, 1.2, 1.3, and 3.1 hold. It is
impossible to converge faster than /2 X t erx 127 seconds, where the sequence {t, } is defined in

(11) and cq is a universal constant.

Theorem 5.1. Consider Protocol 2. We take computation powers {v; } such that Assumption 3.1 holds,
and fix L, A, e > 0 and 0> > 0 that satisfy the inequality e < ¢’ LA. For any algorithm A € A,
there exist a function f, which satisfy Assumptions 1.1, 1.2 and f(0) — f* < A, and stochastic
gradient mappings {g;} in (9), which satisfy Assumption 1.3, i.e., B¢ [gi(54;&,t)] = Vf(sy) and
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Method 3 Rennala SGD Method 4 Malenia SGD
1: Input: point 20, stepsize v, batch size S 1: Input: point 20, stepsize -y, parameter S
2: fork=0,1,...,K —1do 2: fork=0,1,...,K —1do
3:  Ask all workers to calculate stochastic gra- 3:  Ask all workers to calculate stochastic gra-
dients at " dients at "

4 Init gk =0ands=1 4:  Init® gf =0and B; =0
5. whiles < S do . o (1w=n 1\ ! _ s
6: Wait for the next worker 5 Whlle. (5 Zi:l E) < 5 do
7 Receive a calculated stochastic gradient ©: Wait for the next worker j
Vf(l’k; fé) 7: Update Bj = Bj +1
8: g¢ =g* + %V f(zF; g’; ), s=s+1 & Receive a calculated stochastic gradient
9: Ask this worker to calculate a stochastic V fi(a®; jk Bj)
gradient at x* 9: gF = gF + Vfi(ahi ek, )
. 1=
10: eII:Slr 1whllek i 10: Ask this worker to calculate a stochastic
Mo am e =2 =g . gradient at z*
12: (Sltgp all the workers’ calculations 11:  end while
13: end for ) k_1x"m 1k
In practice, instead of sH+1 — 2k gt (Line 1), iy " =1 B
(In practice, instead of x = z”—~g" (Line 11), 13: gkl — gk _ ’ygk

one can use any other update technique, including 4. g¢op all th kers’ calculati
ADAM (Kingma & Ba, 2015), AdaGrad (Duchi |5, end far o oo

et al., 2011), and SGD with momentum (Polyak, , . . . k
1964; Nesterov, 1983)) (a): In practice, worker % can store g;

Eel|gi(s2;€,t) — Vf(52)||°] < 02 forall s, € R%,i € [n] such that B[ inf IVrE)|*] > e
€5¢
holds, where Sy := {k € No |t < t},

and*
t, = min{t >0 : é [Vi(t) = Vilty_1)]| > 2 x max{’r%f‘ 1}} (ty=0) (11

for all k > 0. The quantities ¢, c1, and cy are universal constants. The sequences x* and t* are
defined in Protocol 2.

Unlike most previous works (e.g., (Nesterov, 2018; Arjevani et al., 2022; Tyurin & Richtarik, 2023)),
the obtained lower bound is implicit. This, we believe, is expected due to the generality of our
assumptions about the universal computation model. To find the lower bound, one must determine
the minimum of the set in (11) one by one (1,5, 5, ...) to get 1/2 X t|c, xLa/e)- Computationally,
this problem is not difficult since the function Y7 ; | Vi(t) — Vi(t;_1)| is non-decreasing; thus, for
instance, we can employ the bisection method.

5.1 OPTIMAL ALGORITHM

The natural question is whether the lower bound is tight. The answer is yes (as usual, up to constant
factors). The lower bound can be matched by Rennala SGD (Method 3) (Tyurin & Richtarik, 2023).
In every iteration, the method collects a batch of size S, and performs a gradient-like step once
the batch has been collected. The following result was proved in (Tyurin & Richtarik, 2023).
The proof technique is simple and follows the classical analysis of SGD (Ghadimi & Lan, 2013;
Khaled & Richtarik, 2022) since the logic of Rennala SGD is equivalent to the steps z**! =
zF — /s Zle Vf(zk; &), where {&;} are i.i.d. samples.

Theorem 5.2. [(Tyurin & Richtdrik, 2023)] Let Assumptions 1.1, 1.2, and 1.3 hold. We take
v = 1/2L and batch size S = max{[°°/c| ,1} in Method 3. For all K > 24LA/e, we get

TS B[V <-

*We use the standard convention min{()} = co.
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The following result is new and proves the time complexity of Rennala SGD.

Theorem 5.3. Consider the assumptions and the parameters from Theorem 5.2, plus Assumption 3.1.
Then Method 3 (Rennala SGD) converges after at most t [212a] seconds, where

B = min{t >0 3 (Vilt) = Vi(fa_y)| = max{[ffﬂ 1}} (fo=0) Vk>1. (12)

i=1

Up to constant factors, Theorem 5.1 together with Theorem 5.3 provide the tight time complexity
for the problem (1) in the homogeneous setup. As we noted in Section 5, the obtained result
is implicit, we do not get a closed-form expression for 5[24 rAye] in Theorem 5.3. That said,
the sequence t;, is mathematically rigorous, and we can provide explicit formulas in some cases.
Surprisingly, Rennala SGD gets the optimal complexity automatically, without prior knowledge about
the computation powers {v; }. Therefore, the absence of a closed-form expression is irrelevant for
practical implementations and is only of theoretical interest.

Example 5.4. [Fixed Computation Model] Consider Example 3.2 with v;(¢) = v; € R, for all
t > 0,4 € [n]. Then, for all ¢ € [n], V;(¢) = v;t and

m -1
t_|—24LA-| = 0O | min (rln > ”m) (% + LmA;zz) ’ (13)
B me(n] i=1

m is a permutation such that v, > --- > v, . The proofs of the examples are in Section I.

In Example 3.2, we discuss that 7; = 1/v; is the time required to find one stochastic gradient in worker
i. If we reparametrize (13) with v; = 1/7,, then we get the time complexity (4). Thus, Example 5.4
restores the optimal time complexity obtained by Tyurin & Richtarik (2023) for the fixed computation
model, where the smaller the computation times 7; (the higher the computation powers v;), the
smaller the complexities. Notice that if v; is small enough for some worker j, then it is possible that
the complexity (13) will not depend on v;, meaning that this worker potentially does not contribute
to an optimization process because it is too slow. We can immediately derive a more general result:

Example 5.5. [Nonlinear Trend] Assume that v;(t) = v; x g(t) with v; > 0 for all ¢ € [n] and a
continuous almost everywhere positive” function g(¢) : R — R;.. Then

m -1
7 _ -1 . 1 LA | LAo?
t|'24£A" =G (Cl wrmrél[rrlL] (m 7; 'U7ri> ( = + me2 )) ’ (14)

where 7 is a permutation such that v, > --- > v, , G(t) := fot g(7)dr, and ¢ € [1/4,4] (can
depend on other parameters but is bounded).

Example 5.5 illustrates many practical cases. For example, the computation powers can vary
according to the function g(¢) = 1.01 + sin(¢), causing them periodically increase and decrease.
Then G(t) = 1.01¢ — cost + 1, which is invertible, and we can obtain a formula for the optimal time
complexity using (14).

Let us consider an example where all workers have the same performances, but any worker can
randomly shut down and, after a while, become available again. We could have chosen virtually any
(even random) example, but for the sake of simplicity, let us consider the following example to gain a
basic intuition.

Example 5.6. [“Random” Outages] Assume that

oo

v, t€ U k(= 1), (ki = 1)+ 1)
J:

0, otherwise,

v >0, k; € N,and h; > 0 for all i € [n]. Then

—1
¥ ~ : Lm v LA LAg?
o (5) (). w

where 7 is a permutation such that k,, < --- <k,

vi(t) = ; (15)

"

>We can relax these assumptions to measurability and non-negativity, but the proof will be more technical.
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In this example, worker 7 is active in the time intervals [0, 1], [k;, k; + 1], [2k;, 2k; + 1], and so forth.
The parameter k; characterizes how often the worker’s outages occur.

The formula (16) says that the more worker ¢ is inactive (the larger k;), the more time it takes to solve
the problem. Due to the min operation in (16), the formula indicates that some workers can be ignored
if their k; are too large. In general, we could have analyzed (15) with U;‘;l [starty, ;, endy, ;], where

the pairs {start), ;,endy ;} are arbitrarily (random) values on R, but would get less interpretable
formulas.

6 HETEROGENEOUS SETUP

We now consider the heterogeneous setup discussed in Section 1, and present our first lower bound:

Theorem 6.1. Consider Protocol 2. We take computation powers {v; } such that Assumption 3.1 holds,
and fix L, A, e > 0 and 0> > 0 that satisfy the inequality e < ¢’ LA. For any algorithm A € A,
there exist functions { f;}"_,, where the function f = * Soi, [i satisfies Assumptions 1.1, 1.2 and
f(0) — f* < A, and stochastic gradient mappings { gi??zl in (9), which satisfy Assumption 1.4, i.e.,
Ee [9i(52:€,t)] = Vfi(se) and e[| gi(s2;€,t) — Vfi(sm)Hz] < o2 forall s, € R%i € [n], and
t > 0, such that]E[kigé HVf(J;k)HQ] > ¢ holds, where Sy := {k €N |tk < t} ,

EFXLAJ
log L

=

t:

N

o

g

and

N
tp:=minct >0 : (Tll Dy \‘Cg X ‘WJ ) > max {02 X 2—271} a7

forallk > 1 (t, = 0). The quantities ¢, ¢y, co, and cs are universal constants. The sequences xk

and t* are defined in Protocol 2.

Unlike (12) where the dependencies on {V;} are mean-like, the dependencies in (17) are harmonic-
like. Since the heterogeneous setting is more general and complicated, this leads to worse guarantees.
Looking ahead, up to logarithmic and constants factors, the obtained lower bound is tight and attained
by Malenia SGD (Tyurin & Richtarik, 2023) (see Section 6.1).

We asked ourselves if getting a tight lower bound without the logarithmic terms is possible. The
answer is affirmative, but instead of taking one group of predefined worst-case deterministic func-
tions { f;}, the following construction samples random functions { f;}. The fact that the functions
{fi}}_, are random helps to prove a tight lower bound (the main difference between the theorems is
highlighted in bold). This lower bound is fundamental and can not be bypassed by any parallel and
asynchronous method (Zheng et al., 2017; Gu et al., 2021; Mishchenko et al., 2022; Islamov et al.,
2024). We provide informal and formal versions of the theorem:

Theorem (Informal Formulation of Theorem 6.2). Let Assumptions 1.1, 1.2, 1.4, and 3.1 hold. It is
impossible to converge faster than /2 x t [ex LAT seconds, where the sequence {t,.} is defined in

(18) and c1 is a universal constant.

Theorem 6.2. Consider Protocol 2. We take computation powers {v;} such that Assumption 3.1
holds, and fix L, A,e > 0 and 0® > 0 that satisfy the inequality e < ¢ LA. For any algorithm
A € Ay, we sample { f;}7_, from some distribution of functions, where the function f = % Z?Zl fi
satisfies Assumptions 1.1, 1.2 and f(0) — f* < A deterministically, and there exist stochastic
gradient mappings {g;}1, in (9), which satisfy Assumption 1.4, i.e., B¢ [g;(s5;€,t)] = V fi(se)
and E§[||gi(3x;f,t2) —Vfi(so)I’] < 02 forall s, € RYi € [n], and t > 0, such that
E| inf k holds®, wh ={keNy|th <t
[klgStHVf(m )||”] > € holds®, where S, := {k € No |tk < t},

1
b= 3t x2a|

5We take the expectation over all randomness.
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and

N1 .
t = min{t >0 (A0 Jes x (Vi(®) = Vitty-n)| ) = max{er x 22, 1}} (18)
forallk > 1 (t; = 0). The quantities ¢, c1, c2, and c3 are universal constants. The sequences xk
and t* are defined in Protocol 2.

6.1 OPTIMAL METHOD

The obtained lower bound is tight since it is matched by Malenia SGD (Tyurin & Richtarik, 2023).
This method is closely related to Rennala SGD with a similar structure, and mathematically, it is
the vanilla SGD method with a proper batch collection strategy (see Method 3). However, essential
algorithmic changes must be applied to make it work with heterogeneous functions. The following
theorem was proved by Tyurin & Richtdrik (2023).

Theorem 6.3. [(Tyurin & Richtdrik, 2023)] Let Assumptions 1.1, 1.2, and 1.4 hold. We take take
S =max {[°/c] ,n},and v = min { +, 552, } = © (1/L) in Method 4, then after K > 24AL/e

iterations the method guarantees that - 52_01 E {HVf(ack) ||2} <e.

This is a new theorem analyzing Malenia SGD with the universal computation model:

Theorem 6.4. Consider the assumptions and the parameters from Theorem 6.3, plus Assumption 3.1.
Then Method 4 (Malenia SGD) converges after at most t [21La] seconds, where

t; := min {t >0 : (% Z?Zl | Vi(t) — ‘/i({k_l)jﬂ)_l > max{%, 1}} (to=0) (19)
forallk > 1.

Up to constant factors, Theorem 6.2 and Theorem 6.4 provide the optimal time complexity in the
heterogeneous setting. The result is implicit, which is not a problem in practice since Malenia SGD
does not require {V;} to reach the optimality. Let us consider examples where we can get an explicit
formula.

Example 6.5. [Fixed Computation Model in the Heterogeneous Setting] Assume that v;(t) = v;
with v; > 0 for all 7 € [n]. Then

trazay =0 (xnax? + (l Sy i_) f’i) . (20)
= ic[n) v, n v, ] n
Example 6.6. [Nonlinear Trend in the Heterogeneous Setting] Assume that v;(t) = v; X g(t) with
v; > 0 forall i € [n] and a continuous almost everywhere positive function g(¢) : RS® — R. Then

E"%'l = G_l (Cl . |:maX1, + (% Z?:l ’Uil) ZZ:|) ) (21)

i€[n] ¥
where G(t) := fot g(7)dr,and ¢; € [1/4,4] (can depend on other parameters but is bounded).

Example 6.5 shows that our result recovers the optimal complexity derived in (Tyurin & Richtarik,
2023). However, our time complexity works with virtually any computation model.

7 CONCLUSION

To the best of our knowledge, this is the first work that provides optimal time complexities under
virtually arbitrary computation behavior of workers in the distributed setting. We believe that our
lower bounds, Theorems 5.1 and 6.2, and upper bounds, Theorems 5.3 and 6.4, close an important
problem in parallel optimization. Our approach and techniques have the potential to serve as a
foundation for solving other mathematical questions from parallel and asynchronous optimization in
the future. One interesting question is determining the optimal time complexities when the universal
computation model is correlated with the randomness from stochastic gradients.

10
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A PROOF TECHNIQUES

A.1 PROOF TECHNIQUES IN THE HOMOGENEOUS SETUP

The proof of the upper bound (Theorem 5.3) is relatively simple and uses only (5). The proof of
the lower bound (Theorem 5.1) is standard at the beginning: we assume that the workers store
the “worst-case” function from (Carmon et al., 2020) and have access to oracles that calculate
the exact gradient but zero out the last non-zero coordinate with some probability (Arjevani et al.,
2022). The next steps are new and can be briefly described in the following way. The workers
calculate in parallel; thus, they can calculate at most Y., | V;(¢)] stochastic gradients by a time ¢.
At the same time, the oracles zero out the last coordinate with a probability p using i.i.d. Bernoulli
random variables. Therefore, the workers cannot get a point with a non-zero first coordinate earlier
than t; ;== min{t >0 : Y. | |Vi(¢)] > m1} seconds, where {n;,}7_, are i.i.d. geometric random
variables. Using the same reasoning, the workers cannot get a point with a non-zero k™ coordinate
earlier than ¢y, ;= min {t > 0 : > I | [Vi(t) — Vi(tx—1)] > mx} seconds, and T' ~ LA/e. With high
probability, the large chunk (at least a quarter of 7' &~ LA/e) of {ny, } is not significantly smaller than
1/p &~ max { {”2/ 6—‘ , 1} . Finally, with high probability, at least a quarter of indices from the set [T']
satisfy

tr > min {t >0 : Z LVi(t) = Vi(tr—1)] 2 max {["/c] ,1}} ) (22)

Note that all lower bounds in stochastic optimization ultimately reduce to the concentration analysis
of the sum of random variables. Tyurin & Richtarik (2023) approach this by analyzing the sum
23:1 min,e(y) 757ij, Where n; are i.i.d. geometric random variables. In our case, we cannot directly
apply this reduction anymore because the computation powers vary over time. Therefore, we found a
non-trivial modification: we have to reduce the problem to the concentration analysis of the sum of

indicators: 2]11 I[n; > %] and investigate this sum, which represents the number of indices that
satisfy (22).

A.2 PROOF TECHNIQUES IN THE HETEROGENEOUS SETUP

The proofs in the heterogeneous setup are more technical, so we suggest first understanding the idea
in the homogeneous setting. Unlike the homogeneous setting, where all workers have access to
stochastic gradients of the same function, the heterogeneous setting offers more freedom in designing
the worst-case construction. We can allocate the worst-case functions from (Carmon et al., 2020)
in almost any desired manner. We consider S functions {h;} such that h;(z) : RS*T — R and
h; depends only on the j" block z; € RT of z = [z1,...,25] € R9*T where T ~ LA/e, and
consider the optimization problem with f(z) = /n Zle hj(x). As usual, the designed oracles zero
out the last non-zero coordinate of calculated gradients, and an algorithm cannot find an e-solution
before at least roughly half of the functions {h;} are “solved,” requiring non-zero values in the
last coordinates of the corresponding blocks. The main question is how to distribute the functions
{h;} among the workers. Intuitively, the slower a worker, the more functions we want to assign
to this worker. This intuition works, and in Theorem 6.1, we take the first K “parts” of all the
functions {h;}, and assign the “parts” of the first ¢; /V; (1) functions to the first worker, the “parts”
of the second ¢1/V5 (t1) functions to the second worker, and so forth, where ¢; ~ ¢; from (18),
c1 is a constant such that >_" , ¢1/V; (£1) = S. The next K “parts” we assign proportionally to
c2/ (Vi (t2) = V; (t1)), and so forth. In total, the allocation of the functions {h; } is dynamic since one
function can be stored on many workers. For all j € [S], the “parts” of h; can be distributed among
different workers according to {V;}. By taking the appropriate values .S, K, and other parameters, we
can ensure the lower bound in Theorem 6.1 holds.

However, Theorem 6.1 is only tight up to logarithmic factors because the allocation of {h;} is
predefined. In response, we propose a construction where the functions {%;} are allocated based
on the randomness we receive from the oracles that calculate stochastic gradients in the proof of
Theorem 6.2. The idea is to track the Bernoulli random variables, which zero out the last coordinates,
and use them in the construction. We ensure that the workers still receive unbiased and o—variance
bounded stochastic gradients.
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B PROOF OF THEOREM 5.3

Theorem 5.3. Consider the assumptions and the parameters from Theorem 5.2, plus Assumption 3.1.
Then Method 3 (Rennala SGD) converges after at most t|’24LA“ seconds, where

i ::min{tZO: im(t)_vi({k1)szax{[ﬂ,1}} (fo=0) Vk>1. (12)

i=1
Proof. From Theorem 5.2, we know that Method 3 converges after
24LA
€
iterations. The algorithm waits for S = max{ (02/ s-l , 1} stochastic gradients from all the workers in
every iteration. The workers work in parallel and after ¢ seconds they guarantee to calculate

o)

stochastic gradients (see the discussion of the universal computation model in Section 3). It means
they will calculate the first S = max{[2°/=| , 1} stochastic gradients after at most

{1 := min {t >0 : 2”: [Vi(t)] > max{{aj-‘ ,1}},

i=1

seconds, where the min operation is well-defined due to Lemma G.1. After at most ¢; seconds, the
algorithm stops the calculations in the workers and asks them to start the calculation of a new batch
of S stochastic gradients that will take at most

n 2
fy = min{t >0 ) (Vi) - Vi(hr)] > max{ FW 1}}
i=1 c
seconds because | V;(t) — V;(t1)] is the number of stochastic gradients that worker 7 can calculate

from time #; to time ¢ (see (5)). Using the same reasoning, it will take at most t_|'24LA‘| seconds to
finish all calculations.

C PROOF OF THEOREM 6.4

Theorem 6.4. Consider the assumptions and the parameters from Theorem 6.3, plus Assumption 3.1.
Then Method 4 (Malenia SGD) converges after at most t [21241] seconds, where

-1
t; := min {t>0 : (% Z?:l | Vi(t) —Vi(t_kil)Jfl) >max{2;;,1}} (fo =0) 19
forall k > 1.
Proof. From Theorem 6.3, we know that Method 4 converges after
24LA
€

iterations. In the first iteration, the algorithm waits for the moment when

n

1 1
— — < =
nleZ-_S

{[ 5]} < m{ 0}
S=max{ |—|,np, <max< —,n,,
€ €

16
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we get

no ne
g <~ min {ﬁ’ 1} .
According to the computation model, after ¢ seconds, worker ¢ can calculate
B; = |Vi(t)]

stochastic gradients meaning that

11 1 & 1
ﬁEE:E;mmJ'

Therefore, the algorithm exits the first iteration after at most

_ 1 — 1 ne
= 1 > M — < i e
11 Imn{t_() n;:lL 0] _mm{Qaz,l}}

=min{¢t>0: (;;m>_lzmax{i‘;,l}

seconds, where we use Lemma G.1.

The second iteration will start at least after ¢; seconds. Since, after ¢ seconds, worker ¢ can calculate
at least

LVi(t) = Vi(ta)]

stochastic gradients in the second iteration. Using the same reasoning as in the first iteration, the
algorithm exits the second iteration after at most

-1
_ 1 n 1 20.2
tor=minct>0: |- ———- > —,1
S (n 2 Vit) - Wh)J) = ma"{ ne’ }
seconds. We can continue and show that it will take at most £ [22a] seconds to finish all calculations.

O

D PROOF OF THEOREM 5.1

In our lower bound proofs, we employ the following well-known function. Let us define

prog(z) :=max{i > 0|z; #0} (zo=1).

For any T' € N, Carmon et al. (2020); Arjevani et al. (2022) define a function Fr : RT — R such
that

T
Fr(z) = —V(1)®(z1) + > [U(—2i—1)P(—2;) — VU(z;—1)P ()], (23)
i—2
where z; is the i™ coordinate of a vector € R? and
o 0, x§1/2, 4 @ \/» v 1t2d
T) = an T) =€ e 2" dt.
(@) exp(l—ﬁ)7 x>1/2, () [m

In the proofs, we will only use the results from the following lemma.
Lemma D.1 (Carmon et al. (2020); Arjevani et al. (2022)). The function Fr satisfies:

1. Fr(0) —inf cpr Fr(z) < AT, where AY = 12.
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2. The function Fr is li—smooth, where [y = 152.

3. Forallx € RT | ||[VFr ()| < Yoo, Where oo = 23.

loo

4. Forall x € RT prog(V Fr(z)) < prog(x) + 1.
5. Forall x € RT  ifprog(x) < T, then ||V Fr(x)| > 1.

We are ready to prove our first main result.

Theorem 5.1. Consider Protocol 2. We take computation powers {v; } such that Assumption 3.1 holds,

and fix L, A, e > 0 and 0> > 0 that satisfy the inequality e < ¢’ LA. For any algorithm A € A,

there exist a function f, which satisfy Assumptions 1.1, 1.2 and f(0) — f* < A, and stochastic

gradient mappings {g;} in (9), which satisfy Assumption 1.3, i.e., B¢ [gi(54;&,t)] = Vf(ss) and

Eelllgi(s2:€,t) — Vf(s2)|?] < 02 forall s, € R, i € [n] such thatIE[king ||Vf(xk)H2] > e
€5¢

holds, where Sy = {k € No| th < t} ,

and’
t, := min {t >0 : g:jl [Vi(t) = Vilty_1)]| > 2 x max{[";] 1}} (t,=0) (11

for all k > 0. The quantities ¢, c1, and cy are universal constants. The sequences x* and t* are
defined in Protocol 2.

Proof.

(Part 1). In the first part of the proof we use the same idea as in (Carmon et al., 2020; Arjevani
et al., 2022; Tyurin & Richtérik, 2023; Huang et al., 2022; Lu & De Sa, 2021). We will construct a
“worst-case” function. Let us take any A > 0, 7" € N and take the function

s =2 ().

We have to show that f satisfy Assumptions 1.1, 1.2 and f(0) — f* < A. Indeed,

LA x Y Ty d
- === ) - 2 < Z_ 2= _
1V£@) = Vil = 7= [V (5) - vor (5)] < 225 - %] = £le -l vy ere,
where [;—smoothness of F; (Lemma D.1). Let us take
Aly
r= {L/\2A0J ’
then
L)\? LX2AT
F(0) — inf f(zx) = Z=~(Pr (0) - inf Fp(z)) < ="—— <A,
zeRT l1 zeRT l1

Next, we construct a stochastic gradient mapping that satisfy Assumption 1.3. As in (Arjevani et al.,
2022), for all i € [n], let us take

sy = V1) (14 10> proglo)] (92 -1)) woe®T, o

and {¢;} are i.i.d. from Bernouilli(p) for all i € [n], where p € (0, 1]. We denote [v]; as the j™ index
of a vector v € R”'. This mapping satisfy Assumption 1.3 since

Ello i€, 0] = (7@ (1420 prog(] (£ 1) ) = ws)

"We use the standard convention min{@} = oo.
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forall j € [T7], and

E [llgi(w:€,1) = VI@)*] < max [V ()}*E

E 2
( : )
p
because the dlffel‘ence IS non-zero Only in one C()()rdinate. Theref()re

2
Vi@l (—p) _ X[V ($)], (1-p)
F i (2 1) — 2 < H 00 _ A 9]
(lg:(:6,6) = VF@)I?] < . 7
2122 (1 _
<<LA7§O P 2
lip

where we take into account Lemma D.1 and choose

L2)\2 2
p_min{2zoo,1}.
o?ly

‘We also choose
vV 25[1

A
L

to ensure that

sl = 2 v (5)| =2 |ore (5]

it
for all z € RT. Using Lemma D.1, if prog(x) < T, then ||V Fr(x)|| > 1. Thus
IVf(@)|I* > 2¢1 [prog(z) < 7] (25)
Using the choice of A, one can easily show that
AL
T=|——"_ 26
\‘2511A0J ( )
and
2 2
p_mm{E@”J}. 27)
o
The inequality (25) implies
. kN2 . k
klélét |V f(@®)||” > 2e klélgt 1 [prog(z*) < T, (28)

where {z¥}2 are defined in Protocol 2.

(Part 2). The last inequality in (28) says that if an algorithm wants to find an e—stationary point of
the function £, then it is necessary to return a point 2* such that the last coordinate of z* is not zero.
All algorithms start with the point 2 = 0, and the only way to discover a new non-zero coordinate
is through the oracles (9) since the family of algorithms A, is zero-respecting. The function f is
a zero-chain (Arjevani et al., 2022) meaning that prog(V Fr(z)) < prog(z) + 1 for all z € RT
(Lemma D.1). Therefore, the oracles can reveal the next non-zero coordinate with the probability p
due the construction (24).

For all i € [n], oracle O; emulates the behavior of a real computation process that can calculate at
most

LVi(t1) — Vi(to) ]

stochastic gradients in the time interval [to, ¢]. Effectively, the condition V;(¢) — V;(s;) > 1 ensures
that sufficient time passes before worker ¢ receives a new stochastic gradient.

All workers work in parallel and ask the oracles to return new stochastic gradients. Thus, for all
t > 0, in the interval [0, ¢], all workers can can calculate at most

> Vi)
i=1
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stochastic gradients. At the same time, the stochastic mapping (24) is constructed so that the
last potentially non-zero coordinate is zeroed out using i.i.d. Bernoulli random variables with the
parameter p. All workers have to wait for the moment when one of the oracles samples a Bernoulli
random variables equals to 1. Therefore, the workers have to calculate at least 7); stochastic gradients,
where 7, is a geometric random variable with the parameter p. Finally, we can conclude that the
workers can progress to the first non-zero coordinate after at least

t = inf{tZO : iLVz(t)J 2171} :min{tZO : iLVl(t)J 2771}

seconds, where we use Lemma G.1. In order to get a second non-zero coordinate, the workers should
continue calculating stochastic gradients at points with the progress equals to one. Using the same
reasoning, the workers can progress to the second non-zero coordinate after at least

to := min {t >0 : i [Vi(t) = Vi(t1)] > 772}

i=1

seconds, where 15 is a geometric random variable with the parameter p. Because worker i first gets a
point with the progress equals to one, which takes at least ¢; seconds, and then can calculate at most

[Vi(t) = Vi(t1)]

stochastic gradients by a time ¢ > 0. We continue: let us define
t; = min {t>0 : ZU/;(t)_V;(tlfl)J >771} (to EO),
i=1

and take i.i.d. {n;}7; geometric random variables with the probability p. We can conclude that all
algorithms from A,, require at least ¢ seconds to get a point where the 7" coordinate is non-zero.
(Part 3).
It is left to find a concentration bound for ¢7. Using Lemma G.2 with p; ,,
we have

ni_, = pforalli e [T,

----- i

) 1 T
E > <= <
]P’( 1[’71>4p] 2+log5>§

i=1

for all § € (0, 1] (Note: Clearly, Lemma G.2 is too redundant for the current case when {n;}_, are
i.i.d., but we will use the lemma in other proof where the generality is justified).

1 T-1
g5 >[5 |-

Since

[—

Iy
2

With a probability at least 1/2, there exist L% indices such that 7; > ﬁ,

K dp )| — 2 '

ie.,

{z’ € [T]

With a probability at least 1/2, there exist 1 < j; < jo < -+ < jLEJ < T such that ;, > ﬁ for
2
all k € H%H . Using a proof by induction, let us show that
- 1
ti >ty = min{t >0 |[Vi(t) = Vilty_y)] > 4p} (ty = 0) (29)
i=1

forall k € H%H .

Recall the definition of ¢;, . Using it, we have

lj, = min {t >0: zn: L‘/;(t) - Vvi(tjlfl)J > TIjl} .
=1
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Using Vi(t;,—1) > 0 and n;, > &, we get
! 1
; > Z ]l_l)J > My = %
and

1
tj >t1m1n{t>0 ZLV _4p}

i=1

Thus, we have proved the base case. Assume that (29) holds for £ — 1. Note that

t'k—mln{t>0 Z ]k 1”277%}'

Using 7, > 75, tju—1 = tj,_,,, the induction assumption Z;, ., > t, ;, and the fact that the
functions {V} are non-decreasing, we get
Vi(tjkfl) > V( J(k— 1)) 2 Vl(tkfl)
and
n n 1
Z Vity-1) Z (tjn—1)] 2 mj. = i
i=1 i=1 P
Therefore
. 1
tjy >ty =min<t >0 : Vilte_1)| > — 7.
=1 4p

In total, with a probability at least 1/2, due to (26) and (27), we have

tr > t; ZzL%JZthM%J’

|75

where

b min{t 5003 [Vilt) — Vilty )] > 2 x max{ H 1}} (th=0) (0)

i=1

and c1, co are universal constants. Recall that ¢ is a necessary number of seconds to get a point
where the T™ coordinate is non-zero. Due to (28),

|:klé1£ HVf || } > 2eP( tT>t)>2EIP’(tT>tLC1XLAJ) > e
for

1
t= 5 X thl y LAJ .
The first inequality follows from the fact that if 7 > ¢, then the set S; := {k € Ny [ t* < t} contains

the indices of iterations from Protocol 2 where all returned by the algorithm points have prog(-) less
than 7.

E PROOF OF THEOREM 6.1

Theorem 6.1. Consider Protocol 2. We take computation powers {v; } such that Assumption 3.1 holds,
and fix L, A, e > 0 and 0> > 0 that satisfy the inequality e < ¢’ LA. For any algorithm A € A,;,
there exist functions { f;}7_,, where the function f = 1 Soi, [i satisfies Assumptions 1.1, 1.2 and
f(0) — f* < A, and stochastic gradient mappings { giz}v?zl in (9), which satisfy Assumption 1.4, i.e.,
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Ee [9i(52:€,t)] = Vfi(se) and e[| gi(s2;€,t) — Vfi(sm)HQ] < o2 forall s, € R%i € [n], and
t > 0, such that]E[kiné HVf(xk)HQ] > ¢ holds, where S; := {k €Ny |tk < t} ,
€5

=3

t=

N

m

h
P

and

N
tp:=minqt>0: (711 Z?’:l {03 X V('L))U(VLS'SI)J ) > max {C2 X na,l} a7

forallk > 1 (t, = 0). The quantities ¢, c1, ca, and c3 are universal constants. The sequences xk

and t* are defined in Protocol 2.

Proof. As in Theorem 5.1, we base our proof on the function Frr(z) from Section D. Let us fix
any algorithm A € A,,. First, we define S € N functions such that, for all j € [S], we have
hj(z) : RS*T — R and

nL\2

€T;
hilw) = P (5, 1
i () TS (D
where T', S, and \ are defined later. We assume that = [z1, ..., z5] € R¥*T. We define z; € R
as the j block of a vector z = [z1, ..., z5] € R¥*T. The function h; depends only on a subset of

variables x; from z. We construct a function f : R3*T — R such that

fe) = > hil@). (32)

While the final structure of the local stochastic functions f; is not yet defined, during the proof, we
will ensure that (32) holds.

(Step 1: f € Fa.1)
First, we show that f satisfies Assumptions 1.1, 1.2 and f(0) — f* < A. Let us show that the function
f is L-smooth. Indeed, we have

2

1| 1o
2 2
IVf(z) - =3 Z = 72 [Vhi(x) = Vhi(y)|
1 nLA X nLA Yi
- TT; GV () (A)’i’
where [|-[|; is the Euclidean norm w.r.t. 4 block. Then,
2 L2A2 9 9
IVF@) - VI = = HVFT(A) ver (W) <z S -l = 22 le ol
1 i=1
where the last inequality due to Lemma D.1. Let us take
Aly
= LL)\QSAOJ (33)
then
5
1 nL\? LA2SA°T
f(O)—Teignsffo ﬁ; (Fr (0)_TIGHH§TFT( z)) < = <A,

where the first inequality due to Lemma D.1.
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(Step 2: Construction of local functions f;)
Each function h;(z) depends only on T coordinates of the i™ block. We split these 7' coordinates
into T + 1 groups with T' := |T/Kk | , where we choose K later. For all w € [T + 1], let us take any

Swo=1<sy1 < < Swn-1 < Swn = S+ 1. (34)

It is convenient to define the length of each segment: a., ; = Su,; — Su,(;—1) forallw € [T + 1] and
i € [n]. Also, we take any times
to=0<t; < - <ty <ty =00 (35)

associated with the coordinates’ groups. We construct functions in the following way. For all i € [n],
we define

Slyifl

fi@) = Y (~OW)B(w0) + o+ U(—zj k1)~ 1) — U(w)0-1) P (2 k)
J=81,(i—1)
s2.;—1
+ Y (W) (k) — V() P(Tpca1)
Jj= $2,(i—1)

+ U(—zjox-1)P(—2j2r) — ¥(Tj2k-1)P(zj2K))
+ ...

ST.i
+ Z (U(=2; 71y )= 71y 1) — V(5 (7)) P(2) (Fryrsn) + - -
J=ST (i—1)
+ V(= p—1) (7 1K) — \Il(xj,TK—l)(I)(mj,TK))
5T+1,i_1
+ Z (‘I’(*l’j,TK)‘I)(*Ij}TKH) — V(2 i) (% prcgr) +
J=ST41,(i—1)
+ U (—zjr—1)(—zj7) — V(2jr-1)P(2)7))

and

where z; ; is the i coordinate of z; € R”".

Let us explain the idea. For all j € [S], we take the function h; from (31), which consists of T
parts with the structure ¥(—z;.)®(—z;,.) — ¥(z;,.)®(x;.), and distribute these parts between the
workers according to the predefined segments {s,, ;}. The first K parts of the function %; will be
stored in worker 41 such that sy (;, 1) < j < s1,,, the second K parts will be stored in worker iy
such that s5 (;,_1) < j < s2,4,, and so on. One can easily show that ZS h; = Z?Zl fi-

(Step 3: Time-dependent stochastic oracles)

‘We now construct a stochastic oracle. Let us take

- f aw,m® LN
P += min {02@ 1} (36)

for all w € [T + 1],4 € [n]. The stochastic mapping takes a point x, a random variable ¢, a time ¢,
and returns

[9i(@; &, 0)]j,m = [V fi(@)]j,m %
(1 > progtaoy) 0 || 4 1= i) <fm 1)) weersr, O

Pw(t),

where [7];,, is the m™ coordinate of the j® block of x € R*T, {¢; ,,};.m are i.id. from
Bernoulli(py,(4),;), and w(t) € [T] is the index such that £(,(;)—1) < t < ()

The idea is almost the same as in (Arjevani et al., 2022): we also zero out the last potentially non-zero
coordinate with the probability p,, ), ;- However, we only zero out a coordinate if it belongs to the
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parts from the set { (K — 1)w(t) +1,..., Kw(t)}, where w(t) is associated with the current time
interval [£(,(1)—1), tw(+)) Where the current time ¢ belongs to.

Then, g;(x; €, t) is unbiased because E [(p%: - — 1)} =0 and

¢ [Hgi(x;f,t)—Vfi(m)HQ} < > " [VEr ()5 @ = Puo),i)

J=8w(t),(i—1)

l%pw(t),i

because, due the condition Lm 1J + 1 = w(t), we only consider the blocks from the sum
Z‘?w(”’i_l . Using Lemma D.1, we have |V Fr (33)||io < ~2 forall z € RT and

J=Sw(t),(i—1)
w(t) i LPN* Y2 (1 = Due) i) <2

BDw(e),i

Ee [llg:(23¢.8) = Vi(@)|IP] < =

where the last inequality follows from the choice of p,, ; in (36).
(Step 4: Analysis of Protocol)
Using the definition of f, we get

s S
1 L2)\? z;\ |2
V7@ = 31V = 3 = |97 (3]
=1 i=1
222 &
E > 1fprog(x;) < T (38)
i=1
forallx = [z1,...,2,] € RT. In the last inequality, we use Lemma D.1. Let us take
4el?
A=/ —=. 39
L2s (39
to ensure that
e s
Jof [|Vf(z* )|® > nf —Z]lprog §Z inf Tfprog(z7) < TJ,  (40)

where 2" are points defined in Protocol 2. Using Markov’s inequality, we get

de S
P §Z; mf ]l[prog( M <T) <2
> 1
—P< Z nf ]lprog( M <1< 2)

s
1 1
=P = sup 1|pro >T —
(S E: sup [prog(z}) > T] > 5

(41)

13" sup 1[prog(e) > 7]
S i—1 1 k€St

IN
N
&=
| —
[t
195)

S
2
2SO |sup 1 >T
=35> Lfggt [prog () > TJ| .

(Step 5: Bound on the expectations)
In this step of the proof, we fix j € [S], and consider the function h; from (31).

Recall that worker ¢ can calculate | V;(t) | stochastic gradients by a time ¢. Therefore, it takes at least
min {t >0« [Vi(t)] 20} = V' (n)

seconds to calculate 7 € N stochastic gradients, where we use the definition (8).
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By the construction of the functions { f;}, the first K parts of h; belong to worker i, j such that
814, -1 < J < 81,4, ;- While the algorithm A is returning times ¥ such that £, = 0 < t* < £, by
the construction of the stochastic mapping (37), whenever the algorithm calls oracle O, ;, the oracle
zeros out the last potentially non-zero coordinate with the probability p; ;, However due to the

condition Lm 1J + 1 = w(t), the stochastic mapping will zero out the first K coordinates only if
t* < t;. Thus, the time required to progress to the K™ coordinate in the block x; is at least

K
tALj := min {tl, V;l_]l <Z 771,1'1,_7',1)> }
v=1

seconds, where {ﬁl,il,j,v} are i.i.d. geometric random variables with the probability p; ;, ,. Because
either the algorithm returns t* > #;, or it keeps returning t* < #;, but then A should calculate at

least Zle 1,410 Stochastic gradients since the stochastic mapping zeros out the last potentially
non-zero coordinate, and A should wait K times for the “lucky” (¢ = 1) draws of Bernoulli random
variables.

Using the same reasoning, for all w € [T, it will take at least

K
fw,j = min {t_wa V;;l] <Z nw,iw,j,v + V:L'wJ- (tAwl,j)) } (fo,j = 0) (42)

v=1
seconds to progress to the w x K™ coordinate in the block x;, where {ny,i, ; o} are i.i.d. geo-
metric random variables with the probability p. i, ;, and i, ; is the index of the worker such that
Sw,in,—1 < J < Sw,i, ;- Because either the algorithm returns th > t,, orit keeps returnrng th < 1,
but then A should ﬁrst progress to the (w — 1) x K™ coordinate, which takes at least tw,l’j seconds,
and then should calculate at least Zle T, ;v Stochastic gradients. This will take at least

min{t>0: U/}w,j(t)—viwj we 1; anzw]v}

v=1

(cont. of V,;w,j) .
= min¢t >0 : Vzw]() ‘/izu7 w— 17] an%;7v

v=1
8
(:) ij (anlev“i"/ij(w 1,]))

v=1
seconds.

—K/2 e have

z 1
Thw zwj,v - 8pw lw]

Using Lemma G.3, with a probability at least 1 — Te

for all w € [T). Using these inequahtres and (42), we get
. _ K
tuwj > min{tw,V1,< + Vi (fw U))}, (43)

i
wt 8pw,iwd

for all w € [T].

Note that {fw}zzl ,{Sw)i}we[f +1],i€[n]» and S are free parameters with the conditions (34) and (35).
Due to (36) and (39), we have

. [ 4ev2 ayn?
Pw,; = min {0002;’1, 15.

Therefore, we can use Lemma G.4: we can find {{w}zzl,{Sw,i}we[f+1]7ie[n], and S such that

Vi’1 (8p1 ) >t forall i € [n]. With a probability at least 1 — T'e~*/2, with the chosen parameters,

we have
i s mind v (Vs gy =7
; min min = .
1,5 = 1, le 8]?1,1‘1,] - 1,01 1
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Using a proof by induction, with a probability at least 1 — Te~%/2 let us prove that t,, ; > £,, for

all w € [T] with the parameters from Lemma G.4. The base case has been proved. Assume that

twfl,j > t_wfla

. _ K _
i) | 2 min {0 (S5 v )}

8pw7iw,j

then, using (43), we get

ty,; > min {fw, szlj (

8pw,iw,j
In Lemma G.4, we show that V,~! (% + w(fw_l)) >, forall i € [n]. Thus
tAwJ- > min {ty, tw} = tw.

(Step 6: Choose a parameter K)

In the previous step, we prove that, with a probability at least 1 — Te , the algorithm requires at
least £ seconds to progress to the K x T coordinate (K x T' < T)), where £ is defined in in the
proof of Lemma G.4.

—K/2

Let us take
K = |2log4T],

then, with a probability at least 3/4, the algorithm will require at least ¢ seconds to get a non-zero
last coordinate in the block ;. Thus

E {Sup 1[prog(z}) > T]] < i

keS,

forall j € [n] and for all ¢ < %t}«. We substitute these inequalities to (41) and (40), and get

s
4e . k 1

P (S ; klé{g,, I[prog(x;) < T] < 25) < B

and
2 4e 5 4e S
. k . k . k
E nggt [V £ } >E|< g Jnf Lfprog(af) < T]| > 2¢P (5 ;k;ggt 1[prog(z}) < T] > 2e> > e
for all
1~ (60) 1_

where

: LA
5 T (33)§39) o x L&
|2log 4T | log L&

for some universal constant ¢, where we use the assumption e < ¢/ LA of the theorem. Finally, since
tw > 1, forall w € [T] with the chosen K, where the later sequence is defined in (17), we can take

1
t= Ei\‘clx%J.
log L2

F PROOF OF THEOREM 6.2

Theorem 6.2. Consider Protocol 2. We take computation powers {v;} such that Assumption 3.1
holds, and fix L, A,e > 0 and 0> > 0 that satisfy the inequality ¢ < ¢ LA. For any algorithm

A € Ay, we sample { i}, from some distribution of functions, where the function f = 3" | f;
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satisfies Assumptions 1.1, 1.2 and f(0) — f* < A deterministically, and there exist stochastic

gradient mappings {g;}1_, in (9), which satisfy Assumption 1.4, i.e., B¢ [g;(s5;€,t)] = V fi(sz)

and Eg[”gi(sx;f,tz) —Vfi(so)?] < 02 forall s, € REi € [n], and t > 0, such that
: k 8 — k <

E[klggt |V f(@®)||"] > € holds®, where S, := {k € No | tF <t}

_ 1
t= 5§LC1>< LEAJ
and

Q;rmn{tzo: (;EXLlpgx(%(ﬂ\G@h4»Jv_lzrmm{02XZ;l}} (18)

forallk > 1 (t, = 0). The quantities ¢, c1, ca, and c3 are universal constants. The sequences xk

and t* are defined in Protocol 2.

Proof. 'We base our proof on the function Frr(x) from Section D. Let us fix any algorithm A € A,,.
First, we define S € N functions such that, for all j € [S], we have h;(z) : RS*T — R and

L)\? j
hilw) = =P (51, (44)

L A
where T, S, and A are defined later. We assume that © = [z1,...,2g] € R5*T . We define T € RT
as the j block of a vector z = [z1, ..., z5] € R¥*T. The function h; depends only on a subset of

variables x; from z. We construct a function f : RS*T _ R such that

Fa) == S hie). 5)

While the final structure of the local stochastic functions f; is not yet defined, during the proof, we
will ensure that (45) holds.

(Step 1: f € Fa.1)
We have to show that f satisfies Assumptions 1.1, 1.2 and f(0) — f* < A. This step is exactly the
same as in the proof of Theorem 6.1. It is sufficient to take

| An
T—{Dﬁmﬂ. (46)

(Step 2: Construction of local functions f; and stochastic mappings)

Unlike the proof of Theorem 6.1 where the functions are predetermined, in this construction the
functions { f;} depend on sequences of random variables and are constructed algorithmically in the
following way.

For all w € [T + 1], let us take any
Sw,0 = 1 < Sw,1 << Sw,n—1 < Sw,n = S + 17 (47)

and define @, ; = Su,; — 54,(;—1)- We also take any p,, ; > 0 forall w € [T],4 € [n], and any times

to=0<t; < <tp <tpy1 = (48)
associated with {s.. }yepr+1] and {pw,. }wejr). We construct the functions { f; } using the algorithm

below.

We take the expectation over all randomness.
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Algorithm 5 “Resisting allocation” of the functions {h; }

I: fi(z) + Oforalli € [n]
2. forj=1,...,5do
3:  Current time window w = 1
4 form=1,...,T do
5: Find 4., ; such that s ;,, ;—1 < J < Sw,i,,
6: Set bj,m — (w7iw7j)
2 . . . .
7. Update fi, ,(2) ¢ fi,, (2) + 2= (0 (= 5520) @ (= 552) — @ (223=) @ (252))
(zj0 =0forall j € [S])

8: Draw an infinite i.i.d. sequence {£; s} 52, from Bernoulli(py, i, ;)

9: Find the first moment when &; ,, s = 1,16, 1jm = inf{s > 1 : &, s =1}
10: it V' (1jm + Vi, (fw-1)) > L, then

11: w—w+1

12: end if

13:  end for

14: end for

As in the proof of Theorem 6.1, the stochastic mapping takes a point x, a random variable £, a time ¢,
and returns

3 {[foxnj,mx e m=prog(eg) H LAbm = (w0, 1),

9gi Z’,f,t jim = Pw(t),i’
o b [V fi(@)]j,m; otherwise,

where [7]; , is the m™ coordinate of the jM block of x € R¥*T & = (&,...,&g), & is the “next”
random variable from {&; (prog(a;)+1),s foo1 (see Alg. 5), and w(t) € [T7] is the index such that

twm-1) ST <lu()-
Let us clarify what we mean by the “next” random variable. In Line 8 of Alg. 5, we draw an infinite
ii.d. sequence {;m,s}o2, from Bernoulli(p,, ;). For the first time when the mapping g; has to

take the “next” random variable from {gj,(pmg(mjm),s}gozl, it takes &; (prog(x,)+1),1- For the second
time, it takes &; (prog(z;)+1),2, and so forth.

For all 7 € [n], the mapping g; in the oracle O; zeroes out the coordinate m of the gradient V f;(x)
corresponding to m = prog(x;) + 1 (idea is the same as in (Arjevani et al., 2022)). However, we
only zero out this coordinate if the corresponding part of the function h; is stored on worker ¢ at the
time ¢ (condition b, ,, = (w(t),17)).

We now explain the idea. For all ¢ € [n], deterministically, we have

S1,4

fi(x):n€1A2 > —wwe (Eh) 4.

j=s1,i—1+1

where z; ; is the i™ coordinate of z; € RT. Thus, the first part —¥(1)®(z;) of the functions (44)
(see (23)) are allocated according to the values {s1 ;}.

As always, we rely on the fact that the algorithm is zero-respecting, meaning that at the beginning, it
starts with the point z° = 0. While z* = 0, it does not matter where we allocate the other parts of the
functions /. The main idea is to decide the allocation based on the random variables {&; ,,, s}52 4
from Alg. 5. By the construction of the functions {f;}, the first part of h; belongs to worker %1 ;
such that 514, ;1 < j < 81,4, ;- The oracle Oh,j zeroes out the first coordinate of the j™ block of
gradients with the probability p; ;, ; (see (49)).

In Alg. 5, we consider two cases:
If VZ;1 (nj,1) < t1, then in the next iteration of Alg. 5, we allocate the second part of the function

to the same worker 7, ;, i.e.,
st = oo+ 2 (0 (S5 0 (52) - () (59)).
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Otherwise, if VJJ1 (nj,1) > t1, then we increment the parameter w in Alg. 5 and allocate the second
part to worker 4o ; :

Fuste) = o+ 25 (0 (-5 0 (-52) - (52) 0 (52)).

where Z'Q’j such that 52,0 ;-1 <ji< 82,y ;-

The mapping g; is unbiased and o?~variance bounded. If m > prog(z;) + 1, then [V f;(z)]j,m = 0
deterministically due to Lemma D.1. If m = prog(z;) + 1 and b, ,,, = (w(t), %), then we have to
show that

£

Puw(t),i

E; {[v fil@)]jm X ] = [Vfi(®)]jm

for all j € [S],m € [T]. Notice that due the construction in Alg. 5, the gradient V f;(x) can depend
on {&; s }22, since the random variables affect the allocation of parts starting from

() () () ()

v e () v () e (P5).

(B (5w (22 0 (5T).

However, i) the j block does no depend on &/ ., o With j' # j,m’ € [T], s’ > 1ii) all the previous
parts in the jth block depend only on {fj,m/,s}m'<m,sz1, and iii) all the parts from (50) are zero
because m = prog(x;) + 1. Therefore

(50)

Be [Vl % ] 2 g [0 x 2]
i), iif) [V fi(2)]j,mEe, [53} = [V fi(x)]jm-
Pw(t),i

For m = prog(x;) + 1 and b; ,,, # (w(t), ), we have

Ee [[9:(2: &, )] jum] = Ee [V fi(2))jm] 2 Eg, [V fi(@)]jm] "= [V fi(2)]jum-
For m < prog(z;) + 1, we have

Ee [[9:(2: &, t)]jum] = Be [V fi(2)]jm] 2 Eg, [V fi(2))jm] 2 [V Fi(2)]jum-

Using the same reasoning, we have

E¢ [Hgi(m;é t) — Vfi(f”)HZ]

m=prog(z;)+1
g—‘ 2
G|
Puw(t),i
m=prog(z;)+1
m=prog(z;)+1

B X Rk ()

= > (IVfil@)im) Ee

= > (Vi@)m)? (G TGE)

ST (e

G b =(w(t),0), Pu(t
s b m=(w(t)7),
Jym by m=(w(t),i), Pw(t),i
3ym by m=(w(t),5), A Pws),i
m=prog(z;)+1
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Due to Lemma D.1, we get |V Fp (z)[|%, < ~2 forall z € RT and

§ n?L2N*% (1 = pu),i

Be [lgi(w:€.8) - VAi@)[*] < 12( ‘ (.0)

Jm by m=(w(t),q), 1Pw(t),i
m=prog(z;)+1

_ aw(t),in2L2)‘27go (1 _pw(t),i)

BDw(t),i
because, due the condition b;,, = (w(t),?), we only consider the blocks from the set
{8w(t),(i-1) - - -+ Sw(t),; — 1} (see Alg. 5), take one coordinate from each block, and recall that
Q)i *= Sw(t),i — Sw(t),(i—1)- Using the choice
yp in2 L2 A272
i i= min { — L2 oo g 51
Duw, mln{ JQZ% } (629

forall w € [T)],i € [n], we get
Ee [|lg:(z:&,0) - VA@)|] <o

(Step 3: Analysis of Protocol)

Mirroring the proof of Theorem 6.1, using

4el?
_ 52
oo (52)
one can show
4e 5
Jnf V£ > giz inf 1[prog(x ¥) <1, (53)
where ¥ are points defined in Protocol 2, and
S
2
Z mf Iprog(zF) < T) < 2¢ | < —ZIE {sup 1[prog(z¥) > T]| . (54)
S p— keS:

(Step 4: Bound on the expectations)

The time required to progress (get a non-zero value) to the 1" coordinate in the block z; is at least
Sy
min {t1, V,-Lj (77]',1)}

seconds, where VZ-_1 is defined in (8) and 7); ; is a geometric random variable with the probability
P1,i, ;- Because, due the condition b; 1 = (1,41,;) = (w(t), %), the mapping (49) zeroes out the first
coordinate only if the algorithm returns t* < #; and 45, j = 1. Therefore, either the algorithm returns
t* > 1, and (49) does not zero out the coordinate of gradients, or it keeps returning ¢t* < ;, but then
A should calculate at least 77; 1 stochastic gradients in worker 71 ; since the stochastic mapping zeros
out the potentially non-zero coordinate in (49).

Recall that the “resisting” allocator (Alg. 5) tracks the random variable 7; 1.
Opt. 1: If V, (17 5.1) < t1, then Alg. 5 allocates the second part of the function h; to the same

worker 41 ;, meamng that the time required to progress (get a non-zero value) to the 2 coordinate in
the block z; is at least

min {t‘l, Vit (i + 77;‘,2)} > min {t_h v ! (%2)}

seconds, where 77] 2 is a geometric random variable with the probability p; ;, ;-
Opt. 2: If V (7]] 1) > t1, then we allocate the second part to worker iy .j» where 75 ; such that
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Sl ;-1 < J < 81,4, ;, meaning that the time required to progress (get a non-zero value) to the 2th
coordinate in the block z; is at least

min {fg, sz_j (nj2 + Via, (fl))}

seconds, where 7 2 is a geometric random variable with the probability ps ;, ;, because either the
algorithm returns t* > #,, or it keeps returning tF < t,, but then A should first progress to the 1"
coordinate, which takes at least £; seconds, and then should calculate at least 1); » stochastic gradients.
This will take at least
min {t >0: U/iz,_] (t) - ‘/;2,]‘ ({1” > 77]3}
(cont. of V; ) . _
= *’" min {t>0:V, ()= Vi, (t1) =nj2}

Voot (nj2 + Vi, (B1))

seconds. Notice that the parameter of the geometric random variable 7, » depends on the previous
randomness.

®)

In the case Opt. 1, we can only conclude that the algorithm A will require at least £y = 0 seconds to
get a non-zero value in the 7™ coordinate. In the case Opt. 2, we have better guarantees and can
infer that the algorithm A will requlre at least £; > t; seconds to get a non-zero value in the 7
coordinate because the inequality V- (77] 1) > t1 holds. Hence, the condition in Line 10 of Alg. 5

determines a necessary time to get the Tlh with a non-zero value.

For all j € [m], we have the following Markov process that generalizes our previous discussion.

Algorithm 6 Markov process in the 5™ block

1: Current time window w,, = 1
2. form=1,...,T do
3: Find iy, ; such that sy, i, =1 <7 < Swpnin,,

4:  Draw an infinite i.i.d. sequence {&m,s IR ol from Bernoulh(pwm i i)

5:  Find the first moment when & ,,, ¢ = 1, 1.e., jm = inf{s > 1 : & m s =1}
6: if V' (njm+ Vi, ;(Fuw,-1)) >, then

7: W41 & Wy + 1

8: else

9: W41 < Wy

10:  endif

11: end for

12: Return: f(wT,l) is a necessary time to get the 7™ non-zero coordinate in the 5™ block

The provided random Markov process determines the time #(,,,, 1) required to get the T™ non-zero
coordinate in the 5 block.

For all j € [m],m € [T, 1;,m has the geometric distribution with the parameter p,,, ;,, ,, which

depends only on the previous random variables 1; 1, . . ., 1j m—1. Therefore, we can use Lemma G.2

and get
T
1 T
P 1 |njm > ————| < = +1logd | <
(Z [m, S ] . og5> 5

el Wi b, j

for all 6 € (0, 1]. The last inequality means that with a probability at least 3/4, there exist 1 < m; <
mo < --- <mLBJ < T such that
2

! (55)

o > >
g AP, T8

Wy, 7L'lUfrnk N p'wnlk ’/L'“’?nk J

forall k € H%H .
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Due to (51) and (52), we have

. [ 4ev2 ayn?
Dw,i i= min {0525’1 ,1p.

Recall that {t., },,e(7),{5w,i fwe[T+1],icq)> ad S € N are free parameters with the only conditions
(47) and (48). Therefore, we can use Lemma G.4 with K = 1 and ensure that there exist parameters
such that

1 _ _
Vﬂ( + Vit )2tw.
Spw,i ( 1)

for all w € [T],i € [n]. Putting the last inequality, (55), and Line 6 of Alg. 6 together, we can
conclude that, with a probability at least 3/4, the value of wr — 1 is greater or equal to | 252 | since
the condition in Line 6 of Alg. 6 will hold at least | 252 | times.

(Step 5: Endgame)

In the previous step, we prove that, with a probability at least 3/4, the algorithm requires at least
tLB ] seconds to progress to the 7™ coordinate of the 5™ block, where # is defined in the proof of

2
Lemma G 4.
Thus

JMH

E {:gg L[prog(«}) > T]]

forall j € [n] and forall t < ¢ =

S
€
(SZ f]lprog )<T}<25> <

T2 We substitute these inequalities to (54) and (53), and get

’_

DO =

and
S

4
E Liggt va(xk”ﬂ > E ;; 1nf 1[prog(z¥) < T

s
4e
> 2eP (S Z 1nf 1[prog(z¥) < T] > 25) >

=1
for all

t<1? ((2) 15
=9'%F2] = ')

Using the assumption € < ¢/ LA of the theorem, (46), and (52), we get
{T — 2J { LAJ
- 2 c1 X —
2 €

Finally, since t~w > t,, forall w € [T], where the later sequence is defined in (18), we can take

for some universal constant c; .

G AUXILIARY LEMMAS

Lemma G.1. Let V; : R — RS is a continuous and non-decreasing function for all i € [n]. For
all n, by, ..., b, € R, the minimums of the sets

{t>0 : f:m(t)—bij >n}
i=1
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and
1 & -
(n ; > >

exist, considering the convention min{{)} = oc.

Proof. We now focus on the first set. If the set is empty, then the minimum is co by the convention.
Otherwise, let us define

1nf{t>0 Z 77}<oo.

If the minimum does not exist, then
n
> i -

i=1

<.

For all ¢ € [n], the functions V; is continuous and non-decreasing meaning that there exists d; > 0
such that

[Vi(t) = bi] = [Vi(t +6) — bi] .
forall 0 < § < §;. Let us take 6 = min d; > 0, then

i€[n]

n n

D Vil +6) = bi] =Y (Vi) = bi] <

i=1 i=1
This contradicts the fact that ¢ is the infimum. The reasoning for the second set is the same. O
Lemma G.2. Let T > 1 and {n;}1_; are geometric random variables such that given n, . .., n;_1,

n; ~ Geometric(p; y,,....n,_, ) and the probability p; ., . n._, € (0,1] depends only onmy, ..., n;—1
foralli € [T]. Then
+ log 6) )

Proof. Let us consider the simplified notation p; = p; ,,...,n,_, and take any T,s > 0. Using
Chernoff’s method, we get

IP(ZT:H [m> 4;] gT) =P<—SXT:1 {m > 4;] > —5T>

=
]
=
=
Vv
—_
M\H

forall § € (0,1].

i=1 =1
<eTE [652?1 ' ["i>4ii]} (56)
_ T 1
:esTE H]E|:es]1[77i>4p7:] n17,,,,ni_1:|] ,
=1

where we use the definition of conditional expectation.

For all i € [T], we now consider the i expectation separately:

E |:eS]l [m>¢]

_]p< L
=1

M- -- 777i—1:|

. 1
771»---aﬁi1>+€ P(nl>4
Pi
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. 1 .
—(1—e¢ ‘)IP’<77Z_ o nl,...,m_1>+e :.

Due the assumption of our theorem, given 71, ...,7;,—1, 7; is a geometric random variable with the
parameter p; = D; ,,...,n;_, - Lherefore

E {651[””4%}

171,...,771_1] =(1-e77) <1 -1 pl)L“’J) +e’,

where 1 — (1 — pz)h“J =0ifp; = 1and [4;)
and S > 0, we get

E [eﬂ [m>4’%’i]

J = 0. Since 1 — (1—p)L3) < p | S| forallp € (0, 1]

1
e, M= <(l—e* i -
i, » 17 1:| —( € )p \‘4le +e

1
+e ¥ = (1—675)1+6 s

< (T—e %)pi x 1,

Let us take s = 1, then

E [6_31 [m>4Tl7i]

1
M- 77%1} <(1- 6_1)1 +et <el2

We substitute the last inequality and the chosen value of s to (56) and get

T
1 _ _
P (Z]l [m > 4p} < T) < T3

=1

For all ¢ € (0, 1], we can take

+ logd

ST

to ensure that

1 T
P(Z]l {m > 4pj < 2+10g6> <.

i=1
O
Lemma G.3. Let m1,...,m,x ~ Geometric(p1), n2.1,...,m2,xk ~ Geometric(ps), ...,
NT 15+ N7, ~ Geometric(py) are mutually independent geometric random variables. Then
P < Te K72,
U (3 mss g ] <7
ke[T] \ J=1
Proof. Let us fix any a; > 0 for all k € [T)]. Using the union bound, we get
T
(U sl ) <3P (Sm <) (57)
ke[T] =1 k=1 Jj=1

For all k € [T and s > 0, we obtain the following series of inequalities:

K
K N
Z j<ap| =P —sang > —sap | =P (67821:1"’“’]' > e_m’“)
j=1
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< e’ *E [675 i "’”} )

where we use Markov’s inequality. Since the random variables are mutually independent, we have
K X« » K
, s ; k
P Nk < ap | < e’ (E e 51 = % () ,
> (E e s

Jj=1
where we use the moment-generating function of the geometric random variables. Since p;, > 0 and
e’ > 1+ sforall s € R, we get
K
Pk

]P) . < a < esak (
;nk,j >~ Ug > s

)"

Let us take s = 4py, to ensure that
K

P an,j <ay | <etreenTK,
=1

We can take ay = % to get
K
P E < —
Nk,j = 8pk >
O

It is left to substitute the last inequality to (57).
Lemma G.4. Forall T, K € N, there exist non-negative parameters {tw}we T {SwitweT41),iem)s

and S € N such that
1. )
$w0=1< 801 < <syn-1 <sun=5+1 Ywe[T+1], (58)
50—0§f1§~-~§}§t_f+1500,
’ K
Vit Vi(tw-1) | > tw 59
! (8pwv + ( 1)) - ( )
forallw € [T),i € [n],
3.
—1
fw > 1 min ¢ >0 li: ! > ma ’ 1 (?
w = by = > : _ _ > < _r
et {WJ 32y2% en 0
(60)
forallw € [T,
where
: 46’72 A inz
w,i f— Sk 13, 61
bu. Imn{ 028 (61)

2 are arbitrarily non-negative constants.

- 2
Qi = Sw,i — Sw,(i—1)» and € V0r O

Proof. We have the free parameters {%., },,[7]:{Sw.i }we[T+1],ic[n]» 20d S € N with the only condi-
st,n—l st,TLES+1 Vwe [T+1]7 (62)

t S---SETSLTTJAEOO.

tion
Sw,0 = 1< Sw,1
£ 0<t;

to

A
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We now choose values of these parameters to ensure that (59) holds. Instead of {s,, ; }, we will work
with {a,;}, then one can restore {5, ;} using the definition a.,; := Sw,i — Su,(i—1)- We have to
ensure that

n
> awi=8 (63)
holds for all w € [T + 1] to get (62). It is sufficient to validate that
K _
Pw,i < T T (tO = 0)

8(Vitw) — Vi(tw-1))
for all w € [T to guarantee that

K _ _
V;‘il <8 + ‘/;(twl)) 2 tw

Pw,i

for all w € [T)]. Due to (61), it is sufficient to find {a,, ;}, {fw }, and S such that (63) holds and

min {aw,m24€’730 , 1}

So?

(63) . Ay i T 24e72 } K

= min § S—5, 1 . - 64
{ZZ L0 S 8VilEw) = Viltuo1) 9

for all i € [n] and for all w € [T7]. -
Assume that t,,_; is defined (¢o = 0), and let us now consider w € [T].
Let us define

i} K
th = v Vi(t 65
w = max (16 + Vj(tw )) (65)
and
n KO’2
2 :=mindt>0: = =64 ,. 66
. mm{ 204 2 i (7, () Vil ) } (©0
Opt. 1: If ¢}, > #2 , then we take &,, = 1., Gy,; = 0 for all i # j*, and Gy, j~ := 1, where
K
= vt +V;(t . 67
J* = argmaxV <16 (tw )) (67)

Opt. 2: If tL < {2 | then we take t,, = 2, and *

max {V; (tw) — Vi(tw-1)}

1€[n]
w.i — — — 68
’ V) = Vi) %)

forall i € [n].
Forw = T + 1, we take Gy, ; := 0 forall i # 1, and @y, 1 := 1.
We choose the following S :

= max Gw.i | »
we[T+1] (Z ! Z)

and for all w € Arg MAX e (74 1] (Zizl Qi) , We take Gy ; := Gy,;. Let us take any w such that
i Gw, < S, then, for all w € [T + 1], there exists the smallest k,, > 2 that yields

n
ka X dw,i > S
i=1

Vi (tw) > Vi(tw-1) forall i € [n] since £, > £y, and Vi(fw) > £ + V;(fw_1) forall i € [n], due to (65)
and the definition (8).
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Opt. 1: If £, > 2, then we take a,, ;= = ky X o j+ = ky and Gy i == ky X Gy ; = 0 for all
i # j* (j* from (67)) to ensure that ) ;" | @, ; = S.
Opt. 2: If £} < {2 there exist 7y, ; € {0, ...,d, ,} thatif we take

Ay g = (k'w - 1) X aw,i + Tw,is
then we guarantee the equality > | a,,; = S.

It is left to ensure that (64) holds.

Opt. 1: If tL > 2 | then (64) holds since
w,i 24 2
min{a,;ng%o 1} =0 Vi#j*

and

,24 2 K
min{aw,mé%o 1 fori = j%,

n 9 S ]- < = —
21:1 Ay 02 } 8(Vi(tw) — Vi(tw-1))
where the last inequality due to the definition (8) and the choice of 7. :

K K _
V(L) = E+V( )<§+Vj*(tw,1).

Opt. 2: If tL < {2 | then (64) holds since

Qi k dw 7 <9 @w7i

Yoy Gwi (B = 1) X0 Gwi T Yy Gwy

because k,, > 2. Using (68) and 2 > [z] >  forall z > 1, we get

1
; VIOV (66) 2
nCLw,z <4 nm(tw) m(tlw,l) < _— K,U _ .
Zi:l A i Zi:1 Vitw)—Vi(Gw_1) 64n<eys, (Vi (tw) = Vi(tw-1))

The last inequality ensures that (64) holds. In total, we have t,, = max{t.,#2 }.

It is left to prove (60). Let us define

-1

~ 1 & 1 o2 _
fw:=min{ t >0 : Z{ - Zmax{ i ,1} (to = 0).

n 4 16(Vi(t)*Vi(tw71))J 3272 en
=1 K

(69)

‘We know that fo = 0 < £y = 0. Using a proof by induction and assuming fw,l < tw_1, we have

-1
2

~ K 1 1 o
= mi > —1 P - > -
b = min § £ 2 maxV; <16 Vi (E )> " ; Rz max { 329Zen’ 1}

(K 1 & 1 322 en
— mi 1 .- ; 00
= min thHéé[lﬁV} (16+V( ) : n; {16(‘4(0}?@“_1)% gmln{ 2 ,1}

—1
because if <T1L 1e(v o b(tw 1))J > max {%, 1} , then, necessarily, 16(V; (t) —
tw—1)) > K for allz € [n]. Then
K ~ 1< 1 32v2 en
ty =min 4t > ]Hé?ﬁva <16 +Vj(tw—1)) : Hz; {16(\/&-@)—%(&,71% = o2
i= K
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1 1 “1(K =
because - > ", {wwi(t)—vi(?wfl))J <1forallt > ]Hé%ﬁvj (E + Vj(tw—1)) . Further
K
~ (K _ 1 & 1 3272 en
< mi > = 4 = < 22l
b < miny £2 oV (16 * Vj(tw‘l)) n ; (=] fr
K _ - o?
. -1 : .
< min {t > JHEI%VJ (16 + V](tw1)> : Z 1oz Vi) < 64}
i=1 Voo K
because ty_1 < tw_1, {Vi} are non-decreasing, and |z | > § for all z > 1. Then
~ K _ ~ Ko? _ _
tw <min{ ¢ > Vit =+ Vi(tw_1) ) : _ <64, < L2y =1,
= mlll{ — ]Hel?;ﬁ J <16 + J( 1)> ; n2457go(‘/1 (t) _ ‘/;(tw—l)) — } —_ maX{ w w}

due to the definitions (65), (66) of £1 .2 | and ,,. O
Lemma G.5. (Tyurin et al., 2024a)[Section K] Consider a sequence oo > vy > ... > v, and fix
some S > 0. For all j € [n], define

—1

9(j) = (Zw) (S+7).

1. Let j} .. be the largest index such that m%n] 9(7) = g(45 ax)- For 3. < n, we have
JE[Nn

min g(j) < —
1 _.
g€l Vs t1)

2. Let j* be any index such that mfn] g(j) = g(5%). For j* < n, we have
JjEn

. ) 1
min g(j) < .
J€[n] V(j*+1)

3. Let j ., be the smallest index such that min g(j) = g(jk;,)- Then

J€[n]

< min g(7).
vj:;lin ]G[n] ( )

4. Let j* be any index such that m%n] 9(j) = g(5*). Then
JE[Nn

< min ¢g(j).
Vj=  je€[n] U)

H CONVEX SETTING

In the convex setting, the time complexities do not change significantly in a conceptual sense
compared to the nonconvex case. Therefore, we will provide a somewhat less detailed description in
this section. The obtained time complexities also hinge on the sequences (12) and (19). The only
difference is the number of iterations that the methods do in each particular setup.

Using the same reasoning as in other sections and (Tyurin & Richtarik, 2023)[Section B], we
conjecture that the following results are optimal up to constant factors. It is sufficient to use an
appropriate “difficult” function (Guzman & Nemirovski, 2015; Nesterov, 2018; Woodworth et al.,
2018) designed for the convex domain instead of (23).

We use the following assumptions:
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Assumption H.1. The function f is convex and attains a minimum at some point 2* € R%.

Assumption H.2. The function f is M—Lipschitz, i.e.,

[f(@) = fWI < Mz —y|, YayeR?

for some M € (0, x].

Assumption H.3 (Homogeneous setup). For all i € [n], worker i can only calculate V f(x;¢).
For all 2 € R?, stochastic (sub)gradients V f(z; £) are unbiased and are o2-variance-bounded, i.e.,

Be [V (2:€)] € f (x) and B [V (23€) — Be [V (33 €)]IP] < 02, where % > 0.

Assumption H.4 (Heterogeneous setup). For all i € [n], worker ¢ can only calculate V f;(x; &;). For
all x € R?,i € [n] stochastic (sub)gradients V f;(x; &;) are unbiased and are o2-variance-bounded,

ie. Be, [Vfi(2:6)] € 0f:(x) and Ee, [Hv filw: &) — Ee, [V fi(x;fi)]||2] < 02, where 02 > 0.
We consider four cases.

H.1 HOMOGENEOUS SETUP AND NONSMOOTH CASE

Theorem H.5. [(Tyurin & Richtdrik, 2023)] Let Assumptions H.1, H.2 and H.3 hold. Choose any
€ > 0. Let us take the batch size S‘ = max { [02/M2] , 1} , Stepsize v = m € [ﬁ, ﬁ]
in Method 3. Then after K > 2M*R*/c2 iterations the method guarantees E [ f(z5)] — f(z*) <e,
where TK = kK;Ol x* and R = Hx* — acOH .

Theorem H.6. Consider the assumptions and the parameters from Theorem H.5, plus Assumption 3.1.
Then Method 3 (Rennala SGD) converges after at most tP 22 R2‘| seconds, where the sequence ty, is
£2

defined in (12).
Proof. The proof is identical to the proof of Theorem 5.3. O

H.2 HOMOGENEOUS SETUP AND SMOOTH CASE

In the homogeneous and smooth case, we can use an accelerated technique (Nesterov, 1983; Lan,
2020). Instead of Line 11 of Method 3, we use the following steps suggested by Lan (2020):

Vet =7 (k+1), a1 =2/(k+2)

k+1 k k
Y = (1 = apgr)a® + appau®, (W0 =)
k+1 _  k VRFL g (70)
U =u" - =g,
s
k+1 k k+1
2" = (1 — ap1)z" + apgputt

A new method with these steps is called the Accelerated Rennala SGD method (Tyurin & Richtarik,
2023).

Theorem H.7. [(Tyurin & Richtdrik, 2023)] Let Assumptions H.1, 1.1 and 1.3 hold. Choose
any € > 0. Let us take the batch size S = max{[(crzR)/(sg/Q\E)w ,1}, and v =

- 1/2
min {41L, [%} } in Accelerated Method 3 (Accelerated Rennala SGD), then after

K> S\F% iterations the method guarantees that E [ f(z™)] — f(2*) < &, where R = ‘

Theorem H.8. Consider the assumptions and the parameters from Theorem H.7, plus Assumption 3.1.

Then Accelerated Method 3 (Accelerated Rennala SGD) converges after at most t {Sﬁ,ﬂ seconds,
Ve

z* —xOH.

where the sequence ty, is defined in (12).

Proof. The proof is identical to the proof of Theorem 5.3. [
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H.3 HETEROGENEOUS SETUP AND NONSMOOTH CASE

Consider the heterogeneous setup discussed in Section 1.

Theorem H.9. Ler Assumptions H.1, H.2, and H.4 hold. Choose any € > 0. Let us take S =
max {[*/m?| ,n}, and v = 775 € |357, 552 in Method 4, then aﬁer K > 21\/121‘7’/2/ 2

iterations the method guarantees that E [f(z%)] — f(z*) < e, where T% = & Zk o =¥ and
R~ 2" —a9].

Proof. Notice that Malenia SGD is equivalent to the classical SGD method with the step

n

- 7712 ZWJ bk,

where the variance of the unbiased gradient estimator can be bounded in the following way:
2

2 n
Eer Z vag 65 - VIE| | < % Z;j
iz i=1

2

In Method 4, we ensure that (Z =1 Bi) < %% . Therefore
J

2
B; 5

1o 1 o
B =) 5 > VEESG) - VD) | <<

j=1 B; i=1
Thus, we can use the classical result from the literature (e.g. (Lan, 2020)). We get

E[f@")] - f(a*) <e
if

2
T* —xOH

. 2M? ||z —xOH2 - (M2+%2)’

g2 g2

for the stepsize

- £ € e
v= M2+ 2 € [2M2’W]’
where we use the fact that S > o*/nm2. O

Theorem H.10. Consider the assumptions and the parameters from Theorem H.9, plus Assump-
tion 3.1. Then Method 4 (Malenia SGD) converges after at most t P M2R2 ] seconds, where the sequence
gl

1y is defined in (19).
Proof. The proof is identical to the proof of Theorem 6.4. O

H.4 HETEROGENEOUS SETUP AND SMOOTH CASE

Using the same idea as in Section H.2, we will modify Malenia SGD and, instead of Line 13 from
Algorithm 4, we use the lines (70). Such a method is called Accelerated Malenia SGD.

Theorem H.11. Let Assumptions H.1 and 1.1, and 1.4 hold. Choose any € > 0. Let us take
1/2

S = max { ’V(O'QR)/(g?’/Q\/Z)—‘ ,n} , and vy = min {41L, {%} } in Accelerated

Method 4 (Accelerated Malenia SGD), then after K > M% iterations the method guarantees that

E [f(z5)] = f(z*) <, where R = ||a* — 2°]| .

Proof. Accelerated Malenia SGD is equivalent to the classical accelerated stochastic gradient method
with a mini-batch from (Lan, 2020). The proof repeats the proofs of Theorem H.7 and Theorem H.9.
O
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Theorem H.12. Consider the assumptions and the parameters from Theorem H.11, plus Assump-
tion 3.1. Then Accelerated Method 4 (Accelerated Malenia SGD) converges after at most t (Sﬁﬂ
Ve

seconds, where the sequence ty, is defined in (19).

Proof. The proof is identical to the proof of Theorem 6.4. O

I PROOF OF EXAMPLES

1.1 HOMOGENEOUS SETUP

Example 5.4. [Fixed Computation Model] Consider Example 3.2 with v;(¢) = v; € Ry for all
t > 0,i € [n]. Then, for all i € [n], V;(t) = v;t and

m —1
Frowa1 =0 [ min (L3 vy, LA 4 LAGE) 13
ES (mu(mz) (22 + 52 )) a3)

7 is a permutation such that v, > --- > v, . The proofs of the examples are in Section I.

Proof. Clearly, V;(t) = fot vidr = wv;t. Substituting this to (12), we get #, =
min {t >0 : >0, |vi(t — ty—1)] > max {[2°/c| ,1}} ({o = 0). Equivalently, we have to find
§ such that

§ = min {6 >0 : é [v:6] > max {[7*/¢] ,1}} (71)

and obtain t, = § + t;_1 = ko. Let us show that
b1/ <6< 64 (72)

where 7 is a permutation such that v, > --- > v, , and the 5. is defined as

_ . -1, , " -1, ,

iome i (Sare)” (2 00) =ex (Sn) (240). oy
JE[Nn

where j* is the largest index that minimizes the formula, and ¢ > 0 is a constant. Using Lemma G.5,

we obtain 1/(4vx+) < 61/, < 1/(4vr ., ), where we define 1/v,,, = oo for convenience. Thus

s

n 5 l/uj* J — -7
Z: va 1/4J ya<Hvie i Z LUm(Sl/AlJ 2 (2'Um51/2 — 7) (73) L < max{[ ;" 71}»

i=1
where the first inequality due to || < 2z — £ for all > 1/4. Therefore § > &1/,. On the other hand

* L.G.5,64>/v,

émajz londs] > %jg 5 Do (24 ) 2 max{[2] 1}

1

.

~.

We can conclude that § < &4, and using the inequality § > 51/4, we have proved (72). It is left to use
the equality 5, = ké. 0O

Example 5.5. [Nonlinear Trend] Assume that v;(t) = v; X g(¢) with v; > 0 for all ¢ € [n] and a
continuous almost everywhere positive'” function g(t) : R — R, . Then

m -1 2
fraiway =G <01 : Héi[n] (7}1 > vm) (% + Lag )) : (14)
€ me|n =1

where 7 is a permutation such that v, > --- > v, , G fo T)dr, and ¢; € [1/4,4] (can
depend on other parameters but is bounded).

1%We can relax these assumptions to measurability and non-negativity, but the proof will be more technical.
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Proof. We have V;(t fo vig(T)dr = v;G(t). We substitute this equality to (12) and get {, =
min {¢ >0 : Zz:l Lvl(G(t) G(t;c 1 J > max {[¢”/c] ,1}} . Since G(t) is continuous and in-
creasing, one can show that G(¢;) = min {¢ > 0 : Z L it = G(t,—1))] > max {[e?/e] ,1}}.
Therefore G () = 6 + G(tx_1) = ké and t;, = G~ (kd), where ¢ is defined in (71). Using (72),
we get (14). O

Example 5.6. [“Random” Outages] Assume that

o= v 1€ UG =00 -0 + ) 05

0, otherwise,

v >0, k; € N,and h; > 0 for all i € [n]. Then

m -1
— . 1 v LA LAg?
~ pony e 2 ’ !
Irasay @(ﬁm@ékn) (12 + 5 )> "

where 7 is a permutation such that k,, <--- <k, .

Proof Sketch. We have V(¢ fo v;(T)d = v X 1 [measure of intervals before the time ¢] ~ vt/k;.
We substitute it to (12) and get {), := min {t >0 30 [vt/k — vie-1/k | > max {[o7/e] 1}
Using the same reasoning as in Example 5.4, one can easily get (16). O

1.2 HETEROGENEOUS SETUP

Example 6.5. [Fixed Computation Model in the Heterogeneous Setting] Assume that v;(t) = v;
with v; > 0 for all ¢ € [n]. Then

_ n o2
ot (L 0E).
Proof. Clearly, V;(t) = fg vidr = w;t. Substituting this to (19), we get t, :=
min {t >0 (YnXl (it —fe—1)] )7t > max {207/ne, 1}} . Equivalently, we have to find
§ such that

S_mm{azozam}Zp@rlgmmpw%au} (74)
i=1
and calculate #;, = § + #,_; = k0. Let us show that

b1/, <6< 0y (75)

where the ¢. is defined as

0e 1= ¢ X (maXie[n] % + (% E?:l vL

and ¢ > 0 is a constant. Since 04 > Max;e|n] %, we have [v;04] > ”"'264 forall i € [n] and

1 — " 1
E;UMMJ < - sz&t S *Z (1

i=1 111+2U’L EZ lvl>

(76)

&%
~—

1 1
< min 72 : ; , mm{;— }
" i=1 20; (5 Zi:l E) ne
Thus 6 < &,. On the other hand, let us show that 13" L0151/4J71 > min {n¢/252,1}.
If maxie[n] 1/1),; > (l Z?:l 1/11,‘,) ‘72/715, then 51/4 1/2 maxze 1/1;77 LU]61/4J =0 fOI'j =

n
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arg max;e(n) Yvi, and £ S0 | v;0u, | ! = 00 > nefao2 If max;epn) Yo < (30, Yvi) o%/ne,
then since |z| < z for all z > 0, we get

1 « 1 L)1 & 2 ne
E; LUi61/4J Z E;(Uial/zl) 1 Z EZ (l ” 1) > ﬁ

‘ ) 1) a2
i=1 Vi |y Zi:l v;

ne
Therefore + > | |v;61, | “' > min {n¢/202,1} , meaning § > b1/s- O

Example 6.6. [Nonlinear Trend in the Heterogeneous Setting] Assume that v;(¢) = v; x g(t) with
v; > 0 forall i € [n] and a continuous almost everywhere positive function g(¢) : R — R, . Then

2

{[¥1 =G! <81 . {max Ly (% S %) ;;ED , (1)

ie[n] Vi

where G(t) := fot g(7)dr, and ¢1 € [1/4,4] (can depend on other parameters but is bounded).

Proof. We have V;(t) = fot vig(T)dr = wv;G(t). We substitute this equality to (19)
and get f;, = min {t >0 : (% >y v (G(t) - G(fkq))J_l)ﬂ > max {%, 1}} .
Since G(t) is continuous and increasing, one can show that G(¢) =
min {t >0 : (% S | (t— G({k_l))rl)_l > max{%7 1}} . Therefore G(ty) =
8+ G(tr_1) = kd and t, = G~1(ké), where § is defined in (74). Using (75), we get (21). O
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