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ABSTRACT
In this paper, we revisit the problem of sparse linear regression in the local differen-
tial privacy (LDP) model. Existing research in the non-interactive and sequentially
local models has focused on obtaining the lower bounds for the case where the
underlying parameter is 1-sparse, and extending such bounds to the more gen-
eral k-sparse case has proven to be challenging. Moreover, it is unclear whether
efficient non-interactive LDP (NLDP) algorithms exist. To address these issues,
we first consider the problem in the € non-interactive LDP model and provide a

lower bound of Q(iﬂl\%‘;g% on the £>-norm estimation error for sub-Gaussian data,

where n is the sample size and d is the dimension of the space. We propose an
innovative NLDP algorithm, the very first of its kind for the problem. As a remark-
able outcome, this algorithm also yields a novel and highly efficient estimator as a

valuable by-product. Our algorithm achieves an upper bound of O(df\ﬁ) for the

estimation error when the data is sub-Gaussian, which can be further improved by
a factor of O(+/d) if the server has additional public but unlabeled data. For the

sequentially interactive LDP model, we show a similar lower bound of §2( %)

As for the upper bound, we rectify a previous method and show that it is possible to

achieve a bound of O(%ﬁ) Our findings reveal fundamental differences between

the non-private case, central DP model, and local DP model in the sparse linear
regression problem.

1 INTRODUCTION

Protecting data privacy is a major concern in many modern information or database systems. Such
systems often contain personal and sensitive information, making it essential to preserve privacy
when sharing aggregated data. Traditional data analysis techniques such as linear regression often
face a number of challenges when dealing with sensitive data, especially in social research (Serlin &
Marascuilol [1988; Buzkoval 2013; Biihlmann & de Geer, 2011). Differential privacy (DP) (Dworkl
et al.,|2006b) has emerged as a widely recognized approach for privacy-preserving, which provides
verifiable protection against identification and is resistant to arbitrary auxiliary information that
attackers may have access to.

Previous research on DP has given rise to two primary user models: the central model and the local
model. The central model uses a trusted central entity to handle the data, including collecting data,
determining which differentially private data analysis to perform, and distributing the results. The
central model is commonly used for processing census data. Different from the central model, the
local model empowers individuals to control their own data, using differentially private procedures
to reveal it to a server. The server then “merges” the private data of each individual into a resultant
data analysis. This paradigm is exemplified by Google’s Chrome browser and Apple’s i0S-10, which
collect statistics from user devices (Tang et al.,[2017; [Erlingsson et al., 2014).

The local model, despite its widespread application in industry, has received less attention than the
central model. This is because there are inherent constraints to what can be done in the local model,
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resulting in many fundamental problems remaining unanswered. Linear regression, a fundamental
model in both machine learning and statistics, has been extensively studied in recent years in the
DP community in two different settings: the (stochastic) optimization and the (statistical) estimation
settings. In the former, the aim is to find a private estimator # € R that minimizes the empirical
risk L(0,D) = 23" | ((z4,6) — y;)? or population risk Lp(6) = E(, ,)~p[((z,0) — y)?] of the
given dataset D = {(z;,y;)},, where P is the underlying distribution of (z,y) with covariate
and response y. In the latter, it considers a linear model with covariate x and response y that satisfy
y = (z,0%) + ¢, where ( is a zero-mean random noise, and 6* is an underlying parameter. The
goal is to find a private estimator #P"*" that approximates 0* as closely as possible, with the £5-norm
estimation error ||#P"*” — 6*||5 being minimized.

DP linear regression has been extensively studied in the central model, including both the optimization
and estimation settings (see the Related Work section |A|for further details). Recently, researchers
have also investigated the problem in the high-dimensional space where the dimensionality is much
larger than the sample size. For instance, [Talwar et al.|(2015)) focused on the private LASSO problem
in the optimization setting, where the underlying constraint set is an ¢;-norm ball. In the estimation
setting, which involves sparse linear regression where 6* is a k-sparse vector with k£ < d,|Cai et al.
(2021); [Kifer et al.|(2012a)) considered sub-Gaussian covariates, and this was later expanded by [Hu
et al.| (2022) to include heavy-tailed covariates.

Despite the growing interest in DP linear regression, there is still a lack of understanding of the local
model compared to the central one. While there have been numerous studies on the optimization
setting in the low-dimensional case (Duchi et al., 2018), less attention has been paid to the statistical
estimation setting in the high-dimensional space. Although Wang & Xu|(2021)) provided the first
study on sparse linear regression in the LDP model, the problem is still far from well-understood in
comparison to the non-private and central DP cases. By and large, there are three main challenges
that need to be addressed. Firstly, for lower bounds, Wang & Xul (2021)) only considered the 1-sparse
case and their proof cannot be extended to the general k-sparse case. Thus, there is still no lower
bound for the k-sparse case. Secondly, in the non-interactive setting, it is unclear whether there exists
any efficient algorithm due to the non-interactivity constraint and the sparsity nature of the problem.
Even for the 1-sparse case, Wang & Xu|(2021) showed only a lower bound. Finally, for the upper
bound in the sequentially interactive setting, while |Wang & Xu| (2021) provided an algorithm, it
heavily relies on the assumption that the covariate follows the uniform distribution of {1, +1}4,
and there are some technical flaws in their analysis (see Section @] for details).

In this paper, we address the three challenges of sparse linear regression in the LDP model that were
left by previous research. Specifically, we provide new hard instances of lower bounds, novel self-
interested NLDP algorithms, and new proof techniques for lower and upper bounds. Our contributions
are three-fold. See Table[I]in Appendix for comparisons with previous work.

1. In the first part of this paper, we focus on the non-interactive setting. For the k-sparse case, we
show that even with 1-sub-Gaussian covariates and responses, the output of any e-NLDP algorithm

must have an estimation error of at least (4 / %), where n is the sample size and d is the

dimension of the space. This lower bound is significantly different from the optimal rates achieved
by non-private and central DP algorithms. Moreover, previous results only consider the case where
k = 1 and it is technically difficult to extend to the general k-sparse case. Prior to our work, there
were no comparable lower bounds. We give non-trivial proofs for our lower bounds by constructing
hard instances that might be instructive for other related problems.

2. Then, we consider upper bounding the estimation error for our problem. Due to the constraints in
the model, there is no previous study. We develop a novel and closed-form estimator for sparse linear
regression and propose the first (e, §)-NLDP algorithm. We also give a non-trivial upper bound of
~ log + . . .

O(%) when the covariates and responses are sub-Gaussian and 7 is large enough. Moreover,

Ve
~ 1

we show that if the server has enough public but unlabeled data, an error bound of O(4/ %) can

be achieved. Fianlly, we relax the assumption to the case where the responses only have bounded
2p-moment with some p > 1.

3. In the second part of the paper, we investigate the problem in the sequentially interactive model.
First, for sub-Gaussian data, we establish a lower bound of Q(4/ %) which is similar to the
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non-interactive case, but requires a different hard instance construction and proof technique. The
investigation on upper bound in the interactive setting is still quite deficient. We thus rectify and
generalize the private iterative hard thresholding algorithm inWang & Xu| (2021) for sub-Gaussian
covariates and responses and demonstrate that the algorithm can only achieve an upper bound of

O(kfﬁ) rather than O(\\/f%) in|Wang & Xu|(2021).

To adhere to space limitations, certain additional sections, including the related work section, along
with all omitted proofs, have been included in the Appendix.

2 PRELIMINARIES

This section introduces the problem setting, local differential privacy, and some notations used
throughout this paper. Additional preliminaries can be found in Section[D]of the Appendix.

Notations. Given a matrix X € R"*%, let z7 be its i-th row and z;; (or [X];;) be its (4, 7)-th
entry (which is also the j-th element of the vector x;). For any p € [1,00], || X]|, is the p-norm,

i.e.,

Xlp = sup, 4o ”ﬁ"ﬁ“p, and || X ||co,0c0 = max; ; |2;;| is the max norm of matrix X. For an
. :

event A, we let I[A] denote the indicator, i.e., I[A] = 1 if A occurs, and I[A] = 0 otherwise.
The sign function of a real number z is a piece-wise function which is defined as sgn(z) = —1 if
x < 0;sgn(z) = 1ifz > 0; and sgn(z) = 0if x = 0. We also use Ayin (X)) to denote the minimal
eigenvalue of X. For a sub-Gaussian random variable X, its sub-Gaussian norm ||.X ||, is defined as
| X[|, = inf{e > 0 : Efexp(Z5)] < 2}

2.1 PROBLEM SETTING

Throughout the paper, we consider the classical setting of sparse linear regression. Suppose that
we have a data universe D = X x V C R? x R and n users in the population, where each user ¢
has a feature vector x; € X and a response variable y; € V. We assume that {(z;,y;)}.; are i.i.d.
sampled from a sparse linear regression model, i.e., each (z;, y;) is a realization of the sparse linear
regression model y = (0*, ) + (, where the distribution of « has mean zero, { is some randomized
noise that satisfies E[¢|z] = 0, and §* € R is the underlying sparse estimator with ||0* ||y < k. In
the following, we provide some assumptions related to the model.

Assumption 1. We assume that ||0*||1 < 1. Moreover, for the covariance matrix of x, %, there exist
Koo and kg such that || Swl| s > Kool|w]lse, Vi # 0 and ||S~2 ]|y, < ’%'EI

Remark 1. Due to the hardness of the problem in the NLDP model, rather than making a bounded
{5-norm assumption, we consider a stronger one where [|6*||; < 1, which has been previously
studied in the literature such as|Chen et al.|(2023;|2022a)); [Fan et al.| (2021). It is notable that all the
lower bounds established in our paper remain valid even in the weaker case ||0*||2 < 1, without any
modifications to the proofs. Moreover, our upper bound in the interactive setting will still not be
changed under the /> assumption. However, our upper bound for the NLDP model relies on such an
assumption. The only result that relies on the ¢; assumption is our upper bound in the NLDP model.

Our focus in this paper is on estimating 6* in the local differential privacy (LDP) model. We aim
to design a locally differentially private algorithm that produces an output #”"*" that is as close as

possible to the true 6*, with the goal of minimizing the ¢,-norm error ||fP™* — §*||,. We provide
definitions related to LDP in Appendix [B] with more detailed information available in reference
Duchi et al.|(2014a; [2018)).

3 IMPROVED ANALYSIS FOR NON-INTERACTIVE SETTING

3.1 LOWER BOUND FOR GENERAL k-SPARSE CASE

In this section, we analyze the lower bound for the estimation error of non-interactive local differential
privacy (NLDP) algorithms. According to [Bun et al|(2019), any (¢, d)-NLDP protocol can be
transformed into an e-NLDP protocol without affecting its utility. || Therefore, we will focus solely
on e-NLDP. To establish the lower bound, we consider a class of distributions for (z,y), where
follows the uniform distribution over {—1,+1}%, and ( is a bounded randomized noise. We denote

'To make our results comparable to the previous results and for simplicity, in this paper we assume oo and
Kz all are constants. Note that previous studies on private regression also hide factors related to 3 in their main
context(e.g. [Wang|(2018); [Wang et al.{(2022); Cai et al.[(2021) hide the term of poly (1/Amin(X)).

The lower bound results also hold for (e, §)-NLDP protocol.
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Pk,d,C as

,ledq,C = {Pg( | 10 € R? s.t. H9||1 <1, ||9||0 <kz~ Uniforrn{—|—1, —1}d,y = <9,.’L‘> + ¢,
where ( satisfies E[¢] = 0 and || < C}. (1)

Based on the notation introduced above, it is evident that for any given data D = {(z;, ;) }1q ~
sz’gl, where Py ¢ € Py q,c, each ||z, = V/d. Consequently, if we use the Gaussian mechanism

on each z; to ensure (e, §)-non-interactive LDP, the scale of the noise should be O(%). This scaling
implies that the Gaussian noise would introduce an error of Poly(d). In the following, we will
generalize the above observation and show for all NLDP algorithms, such polynomial dependency on
d is unavoidable.

Theorem 1. Given 0 < ¢ < 1 and an error v < ﬁ , consider the distribution class Py q.2, if

for any Py € Prao, given D = {(x1,y1) ... (n,Yn)} Lid. sampled from Py there is an €
non-interactive LDP algorithm A whose output satisfies E , DaPgr [ A(D) — 8]|2] < §. Then, we

dk log(4)
v2e? )

must have n = Q(
Remark 2. It is noteworthy that the class of distributions Py 4 c reduces to the set of distribu-
tions studied in [Wang & Xu| (2021; 2019) when & = 1. The above theorem asserts that for
any e-NLDP algorithm A with 0 < e < 1, there exists an instance Py ¢ € P q2 such that
EA,DNPE?Q [ A(D) — 8]]2] > Q( dilog § ). In contrast to the optimal rate of O(4/ klog &) for the

ne?

{5-norm estimation error in the non-private case (Raskutti et al.,[2011), and the nearly optlmal rate
of O(max{ klog —k klogd}) in the central (¢, §)-DP model (Cai et al.,[2021), for NLDP model we

observe an addltlonal factor of O(T) and O (max{ {, \/%}) respectively. These results indi-

cate that sparse linear models in the non-interactive LDP setting are ill-suited for high-dimensional
scenarios where n < d.

Theorem 1| recovers the lower bound of €( dlogd) in Wang & Xu| (2019; [2021) when k = 1.

ne>
Thus, Theorem I]is more general than previous work. Notably, our proof of the lower bound differs
significantly from that in [Wang & Xu| (2019; 2021} where the private Fano’s Lemma in |[Duchi
et al.|(2018) was mainly employed. The aim was to construct an r-separated family of distributions
{P, }vey for some set V such that the term COO{P }vey is minimized, where

COO{PU}UEV - Tl Sup Z (bv
|V‘ B J¥
Here, each linear functional ¢, : Bo, + R is defined by ¢,(v) = [~(z — dP(z))
with B, = {7 : X = R|||7]|oc < 1} as the set of uniformly bounded functlons and P(z) =
ﬁ > wey Po(x) is the average distribution. Wang & Xu|(2019;2021) considered the case where V
is the set of all basis vectors, which is 1-sparse. They showed that for some r-separated family of
distributions, C*°{ P, },cy < %. However, their approach is challenging to extend to the k-sparse
case as |V| = O(d¥), and it is difficult to bound the summation term. To overcome this difficulty, we

adopt a private version of the Assouad’s lemma in|Acharya et al.|(2022). In details, we first construct
arandom vector Z € {—1,0,+1}4 with || Z||o < k with high probability. For each realization of Z,

z, we have an associated 6, which is also k-sparse. Suppose D is the message obtained via the €
non-interactive LDP algorithm A on D ~ P®" We consider the mutual information between Z and

D, ie, [(ZA D). On the one hand, we demonstrate that any sufficiently accurate (private) estimation
protocol must provide sufficient information about each Z; from the messages D, which is reflected

by the lower bound on mutual information I(Z A D) > Q(k log 4. On the other hand, we show that

if the output of algorithm A achieves an estimation error of v, the mutual information scales as the

TLG 1/2 )

privacy budget €, which is reflected by the upper bound on mutual information (Z A D) <Oo(re

3.2 EFFICIENT NON-INTERACTIVE LDP ALGORITHMS

dklog d

In the preceding section, we established a lower bound of 2( 3

). This suggests that high-
dimensional sparse linear regression, where n < d, becomes effortless in the NLDP model. However,
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this raises two questions. First, in the low dimensional case where n > d, is the lower bound tight?
Second, are there efficient algorithms for this problem? In this section, we focus on the upper bound.
Before that, we introduce an assumption about the distribution of (z, y) to elucidate our approach.

Assumption 2. There exists a constant 0 = O(1) such that the covariates (feature vectors)
x1, %o, &p € R are iid. (zero-mean) sub-Gaussian random vectors with variance o2, and the

responses y, Y2, - - - ,Yn are i.i.d. (zero-mean) sub-Gaussian random variables with variance o>.

Before presenting our method, we will outline the challenges associated with the problem at hand
and explain why existing (non-private) methods are not suitable for our purposes. In the private
and classical setting, where the ¢5-norm of each (x;,y;) is bounded by some constant, the most
direct approach is to perturb the sufficient statlstlcs locally (Smith et al., 2017; [Wang et al., |2021)),
i.e., EXX =1 Z 1 Ts x and EXY == Z _1 Ti¥Y;» by adding Gaussian matrix and Gaussian
vector to each aclacZ and z;y;, respectlvely. However, in our sparse setting, such a private estimator
will provide a sub-optimal bound as it does not exploit the sparsity assumption of the model. In
the non-private and high dimensional sparse setting, to achieve the optimal estimation error, one
approach is based on the LASSO (Raskutti et al., 2011), i.e., to minimize - [|Y — X613 + A, [|0]1
with some \,, , where X = (27 ... [ 2])T ¢ R"*?and Y = (y1,--- ,yn)?. The second type of
approach is based on the Dantzig estimator (Candes & Tao, 2007), i.e., solving the linear program:
ming [|0]|1 s.t. L[| X T (X6 - Y)HOo < A, with some A,. However, these two approaches are
difficult to privatize. However, the significant amount of noise needed for privatization is problematic,
as it destroys the assumptions of the theoretical results for LASSO and the Dantzig estimator. We see
that existing estimators for sparse linear regression all rely on solving an optimization problem, which
is difficult to privatize. Nonetheless, in the classical setting, the private estimator can be obtained
by adding noise to the sufficient statistics without solving an optimization problem. Therefore, a
closed-form estimator will serve our purpose and it can be used to design an efficient private estimator
for the sparse linear model. This approach will minimize the amount of noise added to the model.

Before showing our private estimator, we first consider the non-private case. As we focus on the
low dimension case, the empirical covariance matrix X x x always exists. Thus, if there is no sparse

assumption, the optimal estimator will be the ordinary least square (OLS) estimator f];(lx Yxy
given the dataset. However, as now 6* is k-sparse, the OLS estimation will have a large estimation
error since it is not sparse. Intuitively, our goal is to find a sparse estimator that is close to OLS,

ie., argming |0 — X352 XYHQ, s.t. ||0llo < k, whose ¢; convex relaxation of the ¢y constraint
is equivalent to arg ming || — 335 S xy 13 + Al with some An > 0. Fortunately, the above
minimizer is just the proximal operator on OLS: Proxy .||, (E XX N xv ). Since the proximal operator
is separable with respect to both vectors, 6 and Py x XZ XY,

(Proxy, ., (CxxSxy))i = arg Héin(ei — (S5 Sxy))? + Anlos]

= sgn((Exx Sxy))) max{| (S5 Sxy )il — An, 0},

where the second equality is due to the first-order optimality condition. Thus, the previous ¢y
regularized optimization problem has a closed-form optimal solution, which is denoted as 6:

0= SA,,L(EA];(IXEAJXY% ()

where for a given thresholding parameter )\, the element-wise soft-thresholding operator Sy : R% —
R for any u € R? is defined as the following: the i-th element of S (u) is defined as [S) (u)]; =
sgn(u;) max(|u;| — A, 0).

Motivated by and the preceding discussion, a direct approach to designing a private estimator
is perturbing the terms of )y xx and by xvy in . However, the unbounded /5-sensitivity of both
terms under Assumption [2] suggests that we must preprocess the data before applying the Gaussian
mechanism. Since each z; is sub-Gaussian, we can readily ensure that ||z;||2 < O(o+/dlogn) for
all i € [n] with high probability. Thus, we typically preprocess the data by ¢5-norm clipping, i.e.,
Z; = min {||z; |5, 7} H;—l‘b, where = O(o+/dlogn) (Hu et al.} 2022; [Wang et al.,2022). However,
if we preprocess each x; and y; in using this strategy, it becomes difficult to bound the term
|0 — 0*||, which is crucial for utility analysis.
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To address the challenge, we propose a new approach. For the term of Y xx, we use the ordinary
{9-norm clipping to each z; and get Z;, and then add Gaussian matrix to z;7.. For the term

Y xvy, we shrink each coordinate of x; and each y; via parameters 7, and 75 respectively, i.e.,
Tij = sgn (x,J) min {|z;;|, 7} for j € [d] and §; = sgn (y;) min {|y;], 7-2} Then we add Gaussian
noise to xzyz Flnally, the server aggregates these noisy terms and getsa noisy and chpped (shrunken)
version of ¥ xx ( Xxy), i.e., ¥gg and EXY Finally, we get 07" (D) = S, (E E 7). See

Algorlthmlfor details. In the following we show with some 7,71 and 7o, the previous 01’””(D)
could achieve an upper bound of ON((%E)

Theorem 2. Forany (0 < ¢, < 1, Algorithmsatisﬁes (e, 8) non-interactive LDP.

Theorem 3. Under Assumptions[l|and 2] if we set i = 72 = O(0\/logn),r = O(a+/dlogn),

0og N4/ 10, 1
and N\, = O(dlg\f%) in Algorithm |1}  When n is sufficiently large such that n >

Q(max{ E;f: M}) with probability at least 1 — O(d~°) — e=* for some constant ¢ > 0,

’ 62)‘1211in(2)
dlogn,/klogdlog%
<0

’ \/ne ’

where ignores the logarithmic terms.

E] one has

3

épriv D) —6*
(o)),

Remark 3. Compared with Smith et al.{(2017), we improve by a factor of O ( f) in our Theorem
[3] Itis worth notlng that in the absence of the soft-thresholding operator, the upper bound can be

shown to be O( ) which is consistent with previous work on linear regression (Wang et al.| [2022;

Smith et al.} 2017) E]Hence we can observe that the soft-thresholding operator plays a critical role
in our private estimator. The upper bound in equation |3 I has an additional factor of O(\/ﬁ) compared
to the lower bound in Theoremm This is due to the fact that each entry of the Gaussian matrix we
added to each z; 77 is O( ), which indicates that |2 g 5 — %/|o0.00 < O(f ). This O(v/d) scaling

seems necessary in the NLDP model because each | z;||2 < O(y/dlogn) with high probability, and
thus, we must add noise of scale O(%) to release the covariance matrix privately. Based on this, we
conjecture that the lower bound in Theorem|T]is not tight, and the upper bound is nearly optimal. We
leave it as an open problem. Additionally, equation [3|holds only when 7 is sufficiently large such that

~ 4 . .. . . .
n > Q(max{ ez‘fm , %}) to ensure that the noisy empirical covariance matrix is invertible and

1(E %) Moo < 72

Improved rate with public unlabeled data. As discussed in Remark 3] the main reason for the gap
of O(V/d) between the lower and upper bounds is due to |X g ¢ — o000 < O( -). However,

when compared to the non-private case where the error is [|Sx x — %|[oe.c0 < O( \F) we can see

that the error due to the Gaussian matrix dominates. Since estimating the covariance matrix does
not require the responses, we can use public but unlabeled data to achieve an improved estimation
rate. It is worth noting that NLDP with public unlabeled data has been widely studied in recent
years (Wang et al., [2022; Su et al., 2023 [Daniely & Feldmanl [2019). Here we assume that the

server has access to m unlabeled data points DP*> = {x; }?::11 C X'™, where each x; is sampled
from the same sub-Gaussian distribution as x; in Assumption@ Based on the above observations,

rather than using private data, we can utilize these public data points to estimate the underlying
covariance matrix. Subsequently, we propose our private estimator 6" (D) = [E’;?I;(] Sope 5y Where
s = L Z?Jr:j_l x;x] is the empirical covariance matrix of {x; }?tﬁl. The details are provided
in AlgonthmE} The followmg result shows that we can improve the estimation error by a factor of

O(+/d) compared with that in Theorem

3Here we use O(d™°) as the failure probability is for simplicity, we can get a similar result for any failure
probability 8 > 0. The same for other results in the following parts.

3
*It should be noted that|Smith et al|(2017) assumes ||2:;||2 < 1, but we can get a bound of O(%) when we
extend to ||z;||2 < v/d via the same proof in|Smith et al. (2017).
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Algorithm 1 Non-interactive LDP algorithm for Sparse Linear Regression

1: Input: Private data {(v;,5:)};—, € (R? x R)". Predefined parameters 7, 71, 72, Ay,.
2: for Eachuser: € [n] do

Cllp T, = X; min { ) Tzl H } Add noise .’fli'zT = (flif;r + 1,45 where N1, S RdXd isa sym-
4 2.5

metric matrix and each entry of the upper triangular matrix is sampled from A/ (0, %)
Release 7;Z7 to the server.

4: for j € [d] do

5: Coordinately shrink Z;; = sgn (x;;) min {|z;;|, 71}

6: end for -

7:  Clip g; := sgn (y;) min {|y;| , 72 }. Add noise &;3; = Z;J; + nq ,;, where the vector no ; € R4

p 2_2 2.5 —

is sampled from A/ (0, %I 4)- Release Z;7; to the server.

8: end for

9: The server aggregates Xy x = 1 37" 7,27 and X5y = 230 T
10: The server outputs 07"(D) = Sy (X 5] S zp)-

Theorem 4. Under Assumptions[I|and[2] we suppose the server also has access to the additional pub-
lic and unlabeled dataset D> = {z; }@+m € X described above. When m is sufficiently large

j=n+1
that m > Q(max{ d’ =, Ci”}“fg) 1), set 11 = 7 = O(o+/logn) and A\, = O(logn— Vdek\}ggdlogé) in

AlgorzthmE] with probabllzty atleast 1 — O(d—°) — e~ for some constant ¢ > 0, then one has

log ny/dklog dlog %
T

éunl D) — p* ’
(D) 27 ev/n
where € ignores the logarithmic terms.

In addition to improving the estimation error by a factor of O(\/ﬁ), our proposed estimator gun! (D)

requires a smaller number of public unlabeled data points compared to the requirements in Theorem |3}
~ 4 .4 ~
We only need m > Q(max{-L- Bl 1) instead of n > O (max{ -2 21z “&}) in Theorem

7 A2 2 ) €2 2
had )\min(z) € Koo )\

[l This is because we do not need to estimate the covariance matrix privately.

Estimation error for heavy-tailed responses. In the preceding parts, our focus has been on the
sub-Gaussian case, where both x and y are sub-Gaussian, meaning that the random noise ¢ is sub-
Gaussian as well. However, this assumption may be too stringent in real-world scenarios, where
heavy-tailed noise is more commonly encountered. Our method is highly adaptable and can handle
such heavy-tailed cases with ease. Here we consider the heavy-tailed case where the responses have
only bounded 2p-moment with some p > 1. This assumption has been widely studied in both the
differential privacy and robust statistics communities (Hu et al., [2022; [Kamath et al.| {2020} Sun et al.}
2020; |Chen et al.l [2022b).

Assumption 3. There exist constants o and M such that the covariates (feature vectors)
x1, %, ,&p € R are i.i.d. (zero-mean) sub-Gaussian random vectors with variance o* and
Vi=1,...,n,E[|y;[]*? < M < oo for some (known) p > 1.

1

Theorem 5. Under Assumptions andl we set 7'1 = O(oVlogn), s = (pg)%. 1 =
O(ov/dlogn), and A\, = O(dlogn,/log 5(lofd) % ) in Algorlthml then as long as n >

~ 4
Q(max{ez,dTm, %}) for some constant ¢ > 0, one has

’ <0 (dlogn,/klo - <1°g2d> ) : )
6 \ ne

where ignores the logarithmic terms.
The limit of the bound in equation @ as p — oo is the same as in equation 3] However, due to the
heavy-tailed nature of the response variable y, our estimator requires more aggressive shrinking than

épri'u D) — 6*
(o),
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in the sub-Gaussian case. Hence, unlike the sub-Gaussian case, we have 71 # 7. It is worth noting
that our current approach relaxes the assumption on the distribution of y only. We anticipate that our
general framework can also handle scenarios where the distributions of both z and y are heavy-tailed,
which we plan to explore in future work.

4 IMPROVED ANALYSIS FOR INTERACTIVE LDP

In the previous section, we studied both the lower bound and upper bound of sparse linear regression
in the non-interactive model and showed that even for O(1)-sub-Gaussian data, it is impossible
to avoid the polynomial dependency on the dimension d in the estimation error. However, since
non-interactive protocols have more constraints compared to interactive ones, a natural question arises
as to whether we can obtain better lower and upper bounds in the interactive model. To simplify the
analysis, we mainly focus on sequentially interactive LDP protocols in this section, and note that all
results can be extended to the fully interactive LDP model (Acharya et al.,|[2022).

4.1 LOWER BOUND FOR GENERAL k-SPARSE CASE

We begin by considering the lower bound, similar to the previous section. When k£ = 1,[Wang & Xu

(2021) provides a nearly optimal lower bound of Q( n%z) for the estimation error. Thus, we are
more interested in whether we can obtain an improved rate for general k. Unfortunately, we will show
that, for the same distribution class Py, 4.2 as in Section , the term of O(\/E) in the non-interactive
case cannot be improved even if we allow interactions.

Theorem 6. Given 0 < ¢ < 1 and an error v < ﬁ, consider the distribution class Py, q,2,

if for any Py € Py a2 given D = {(x1,y1) ... (2, yn)} i.i.d. sampled from Py ., there is an
e-sequentially interactive LDP algorithm A whose output satisfies E , D~pET [ A(D) —0]]2] < wv.
, <

Then, we have n > ) ( dk )

v2e?

Remark 4. The above theorem states that for the class Py 42 and any e-LDP algorithm A with
0 < e < 1, there exists an instance Py ¢ € Py q,2 such that E , DNP(?“[HA(D) —0[|2] > Q(y/ ).
v <

Although the difference is only O(+/log d) compared to the lower bound in the non-interactive model,
the proof and the hard instance construction are entirely different. Moreover, the lower bound proof
of Theorem [6]is also distinct from that of the k = 1 case in[Wang & Xu| (2021). Briefly speaking,
‘Wang & Xu|(2021) mainly uses an LDP version of the Le Cam method, where it needs to upper
bound the term C*°{ P, },,c (which is similar to the non-interactive LDP case). In contrast, we use a
private Assouad’s lemma in|Acharya et al.|(2020).

4.2 LDP ITERATIVE HARD THRESHOLDING REVISITED

Regarding the upper bound, (Wang & Xul (2021) considers the case where the covariates {z;}" ,
satisfy Assumption with x; ~ Uniform{—1, +1}¢, and |¢| < C for some constant C. [Wang & Xu
(2021)) aims to solve the following optimization problem in the LDP model, where %’ is a parameter
that will be specified later.

1 o 2
inL(0; D) = — 0 —y;)", st |02 < 1,0 <kK.
min £(0: D) = 3 3~ (o 6) = )" s 1612 < 1,60 < )
The authors proposed a method called LDP Iterative Hard Thresholding, and claimed it achieves
ﬂ)
ne?

an upper bound of O( for the general k-sparse case, nearly optimal based on Theorem

However, this rate is mistaken. The sensitivity analysis of the per-sample gradient is incorrect under
the assumption of ||6*||s < 1, and such analysis leads to the incorrect utility bound. Specifically,
in the proof of Theorem 9 in[Wang & Xu|(2021), it needs to upper-bound the each term (x;, 6;_1),
where ||0;—1|]2 < 1 and ||0;—1]|lo < O(k). They claims that this term is upper bounded by 1, but
in fact it is upper bounded by O(v/k). Seeing the flaw of its own, we also highlight the technical
constraint. Their sensitivity and utility analysis heavily relies on the uniform distribution assumption
of x and the assumption that the random noise is bounded, which is challenging to extend to general
distributions (such as those in Assumption [2). In this section, we aim to rectify the previous analysis

and show an upper bound of O(%ﬁ) for the LDP Iterative Hard Thresholding method. Moreover,
we generalize to the distributions satisfying Assumption 2]



Published as a conference paper at ICLR 2024

For data distributions satisfying Assumption [2] to ensure bounded sensitivity of the per-sample
gradient of L(6; D), i.e., ||[x] ({6, ;) — y;) ||2 for i € [n], we adopt a similar strategy as in Section
That is, each user ¢ conducts the same shrinkage operation: z;; = sgn (x;;) min {|x;;|, 7 } for
J € [d] and §; = sgn (y;) min {|y;|, 72 }. In this case, we can see the i-th sample gradient satisfies
127 ((0,2:) — §:) l2 < Vdri(VE'T1 +72) if |0]]2 < Land [|0]]o < &'

To privately solve the optimization problem equation[5] we apply a combination of private randomizer
(Duchi et al.| [2014a) (see equation [6]in Appendix |C) and the iterative hard thresholding gradient
descent method to develop an e-LDP algorithm. In total, our approach begins by assigning each
user to one of the 7' groups {St};‘ll, with the value of T to be specified later. During the ¢-th
iteration, users with (z,) in group S; randomize their current gradients 7 ({#,0;_,) — ¢) using
equation[6] Once the server receives the gradient data from each user, it executes a gradient descent
step followed by a truncation step 8; = Trunc(6;, k'), which retains the largest &’ entries of 6; (in
terms of magnitude) and sets the remaining entries to zero. Finally, our algorithm projects §; onto the
unit /5 norm ball B to get 6,. See Algorithm@]for details.

Algorithm 2 LDP Iterative Hard Thresholding

1: Input: Private data {(z;,y;)};_; € (R? x R)n. Iteration number T, privacy parameter €, step
size ), truncation parameters 7, 71, T2, threshold &’. Initial parameter 6y = 0.

2: For the i-th user with ¢ € [n], truncate his/her data as follows: shrink x; to Z; with z;; =

sgn (z;;) min {|x;;|, 7} for j € [d], and §; := sgn (y;) min {|y;| , 72 }. Partition the users into

T groups. Fort = 1,--- , T, define the index set Sy = {(t — 1) | %] +1,--- ;¢ | 2] };ift =T,

thenSt ZStU{t L%J +1, ,Tl}

fort=1,2,---,7T do

4:  The server sends #;_; to all the users in S;. Each user ¢ € S; perturbs his/her own gradient:
let V; = &7 ({(6;_1,%;) — §:), compute z; = R’ (V;), where R is the randomizer defined
in equation@with r=+dn (\/@ 71 + 72) and send back to the server.

5:  The server computes V;_; = ﬁ D ic s, #i and performs the gradient descent update 0, =
Or—1—nVi-1.
0, = Trunc(6;_1, k).
0 = argyep, |16 — 0il5-

end for

Output: 61

e

LoD

Theorem 7. For any € > 0, Algorithm[2)is € sequentially interactive LDP. Moreover, under Assump-
tions and and if the distribution of x is isotropic, i.e., ¥ = I;. By taking T = O(logn),
K =8k, n = OQ1), m = m = O(c\/logn), the output O of the algorithm satisfies
|07 —0%|, < O(kfﬁ) with probability at least 1 — O(d™°) for some constant ¢ > 0.

In comparison to the upper bound presented in Theorem [3]for the non-interactive case, our algorithm

exhibits a noteworthy improvement by a factor of approximately O(\/ﬁ / \/E) This improvement
stems from our approach, which eliminates the need for private estimation of the covariance matrix,

thus achieving an enhancement of approximately O(\/&) However, it is worth noting that the
sensitivity of the per-user gradient in our algorithm, denoted as O(v/dk), differs from the sensitivity
of O(\/&) associated with z;y; in Algorithmm Consequently, we introduce an additional factor of

approximately (N)(\/E) Importantly, when compared to Wang & Xu|(2021), our Theorem s primary
contribution is extending the {—1, +1}¢ uniform distribution assumption of covariates in Wang &
Xu|(2021) to general O(1)-sub-Gaussian assumption on covariates and heavy-tailed assumption on
responses, rather than improving the upper bound. In fact, our upper bound aligns with the correct
bound in/Wang & Xul(2021).

Remark 5. We can see that Theorem [7)only holds for the case where the distribution of z is isotropic.

Actually, we can relax this assumption, and we can show the bound ON(%) also holds for general

sub-Gaussian distributions. Due to the space limit, please refer to Section [F]in the Appendix, where
we have slightly modified Algorithm 2}
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Model Method Setting Upper Bound Lower Bound Data Assumption
Cai et al.|(2021) general | O % + n%) Q(\/g +4) sub-Gaussian
Central 7Kifer etal. f2012b) sparse O(k':’ni) o \/@ 4+ logd sub-Gaussian
Cai et al.|(2021) sparse O( % %) " " sub-Gaussian
Hu et al.|(2022) sparse O(L:ed) - heavy-tail
Wang & Xu ;2021) 1-sparse | - Q( d:’[%d) sub-Gaussian
Non-interactive Local | Qur Work k-sparse O(@) Q(\/ dhlogd) sub-Gaussian
Our Work k-sparse ()( ’i’; ) - sub-Gaussian with public data
Our Work k-sparse e} ( ‘2/;7,“2,, ) - heavy-tailed response
Smith et al.[(2017) | general | O( diﬁ) - Sub-Gaussian distribution
Interactive Local Wang & Xu(2021) | 1-sparse | - (/%) sub-Gaussian
Wang & Xul(2021) | k-sparse | O ( ‘i’: )* - Uniform distribution
70ur Work ) k-sparse | O( ’%g) Q(y/ L) sub-Gaussian

Table 1: Comparison of our work with related studies on (e, §)-DP (sparse) linear regression in
the statistical estimation setting. Here, n represents the sample size, k denotes the sparsity, and d
refers to the dimension. The asterisk (*) indicates that the proof of the upper bound inWang & Xu
(2021) contains technical flaws and is deemed incorrect. In our comparison, the term "sub-Gaussian"
signifies that both the covariates and responses follow O(1)-sub-Gaussian distributions. On the other
hand, "heavy-tail" indicates that both the covariates and responses have bounded fourth moments.
Additionally, "heavy-tailed response” implies that the responses possess a 2p-moment, where p > 1.
"Sub-Gaussian with public data" characterizes the scenario where the data is sub-Gaussian, and the
server possesses additional public but unlabeled data. Lastly, "uniform distribution" describes the
situation where the covariates are drawn from {+1, —1}¢, and the responses are bounded by O(1).

A RELATED WORK

There is a significant body of research on the differentially private (sparse) linear regression problem,
which has been examined from multiple perspectives, such as /Alabi et al.|(2022);|Chen et al.|(2016);
Barrientos et al.| (2018)); |Q1u et al.| (2022). In this study, we mainly focus on the works that are highly
relevant to our research problem. Thus, we compare the research on sparse linear regression in the
central model with that on linear regression in the local model. For a detailed comparison between
these two directions of research, please refer to Table

Linear regression in the central DP model. Most studies on the optimization setting consider more
general problems, such as Stochastic Convex Optimization (SCO) and Empirical Risk Minimization
(ERM) (Wang, 2018]). In recent years, DP-SCO and DP-ERM have been extensively studied (Bassily
et al.| [2019; Feldman et al.| |2020; |Asi et al.| 2021bj [Su et al., 2022} [Sarathy & Vadhan), 2022).
However, it is worth noting that in order to apply these results to linear regression, we need to assume
that both the covariates and responses are bounded, and the constraint set of # is also bounded to
ensure that the gradient of the loss is bounded. Some works, such asWang et al.| (2020); Kamath
et al.|(2022);|Lowy & Razaviyayn|(2023)), have relaxed these assumptions to allow for sub-Gaussian
or even heavy-tailed distributions. In the statistical estimation setting, |Cai et al.| (2021)) provides a

%:1/6)) for the (¢, §)-DP model with O(1)-sub-Gaussian data.

Later, [Varshney et al.|(2022) improves upon this rate by considering the variance of the random noise
o2, Additionally, [Liu et al.| (2023) extends this work to the case where some response variables are
adversarially corrupted.

nearly optimal rate of 0(\/% +

Sparse linear regression in the central DP model. In the optimization setting, the LASSO problem
with an /1 -norm ball constraint set is studied in Talwar et al.|(2015)). The authors demonstrate that this

setting leads to an excess empirical risk of O(%), which is further extended to the population

risk in |Asi et al.[(2021a). On the other hand, Kifer et al.| (2012b) provides the first study for the
3/2
k\/ne )

Recently, Cai et al.|(2021) has shown a nearly optimal rate of O( % + %) for (¢,0)-DP in

estimation setting and develops an efficient algorithm that achieves an upper bound of O(
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the case of O(1)-sub-Gaussian data. Additionally,[Hu et al.[(2022) has established an upper bound
of O(&\/%d) for the scenario where the covariate and response have only bounded fourth-order
moments.

Linear regression in the local DP model. Regarding the non-interactive case, |Smith et al.|(2017)
has demonstrated that if both covariates and responses are bounded by some constant, the ¢ private

n62

3
optimal rate for the excess empirical risk is O(4/ -5 ), indicating a bound of only O (%) under

the O(1)-sub-Gaussian assumption. On the other hand, in the (sequentially) interactive setting, the
majority of research considers the DP-SCO or DP-ERM protocols (Duchi et al., [2014bj 2018)).

Sparse linear regression in local DP model. Compared to the three aforementioned settings, there
has been relatively less research conducted on sparse linear regression in LDP. For the optimization
perspective, [Zheng et al.| (2017)) has shown that when the covariate and response are bounded by
some constant, it is possible to achieve an error of O((~ log d) 1) if the constraint set is an ¢;-norm
ball. However, their method cannot be extended to the statistical setting since we always assume
that the covariates are O(1)-sub-Gaussian, which indicates that their £3-norm is bounded by O(+/d).
Regarding the estimation setting, as discussed in the introduction section, Wang & Xu|(2021)) provides
the first study. Notably, the upper bound proof in|Wang & Xu/(2021)) has a flaw, and the correct upper

bound is O ({%)

B LOCAL DIFFERENTIAL PRIVACY

Definition 1 (Differential Privacy (Dwork et al.,2006a))). Given a data universe X, we say that two
datasets D, D' C X are neighbors if they differ by only one entry, which is denoted as D ~ D’. A
randomized algorithm A is (e, §)-differentially private (DP) if for all neighboring datasets D, D’
and for all events S in the output space of A, we have P(A(D) € S) < e‘P(A(D’) € S) + 4.

Since we will consider the sequentially interactive and non-interactive local models in this pa-
per, we follow the definitions in [Duchi et al| (2018). We assume that {Z;} , are the private
observations transformed from {X;}?_, through some privacy mechanisms. We say that the mech-
anism is sequentially interactive when it has the following conditional independence structure:
{Xi,Zh' i ,Zifl} — ZzaZz 1 Xj | {XiaZI; ce 7Zi,1} for all] 75 iand i € [n}, where |
means independent relation. The full conditional distribution can be specified in terms of condi-
tionals Qi (Z | Xi; = x4, Z1.; = z1.;). The full privacy mechanism can be specified by a collection

={Q:},. When Z; only depends on X;, the mechanism is called non-interactive and in this
case we have a simpler form for the conditional distributions Q;(Z; | X; = x;). We now define local
differential privacy by restricting the conditional distribution @;.

Definition 2 (Local Differential Privacy (Duchi et al., | 2018)). For given privacy parameters 0 <
€,0 < 1, the random variable Z; is an (¢, 0) sequentially locally differentially private view of X; if
SJorall 1,2z, ,2z;—1 and x,x' € X we have the following for all events S.

Qi(Zie S| Xi =i, 211 = 21:-1) <€ Qi (Z; € S| Xs = &), Z1:i-1 = 21:-1) + 0.

The random variable Z; is an (€, 0) non-interactively locally differentially private (NLDP) view of
XiifQi(Z;eS|X;=m) <eQ;(Z; € S|X; =)+ 0. We say that the privacy mechanism
Q = {Qi}._, is (€,0) sequentially (non-interactively) locally differentially private (LDP) if each
Z; is a sequentially (non-interactively) locally differentially private view. If § = 0, then we call the
mechanism e sequentially (non-interactively) LDP.

In this paper, we mainly use the Gaussian mechanism (Dwork et al., 2006b) to guarantee (e, §)-LDP.

Definition 3. (Gaussian Mechanism). Given any function q : X™ — RP, the Gaussian Mechanism is
defined as: M¢(D, q,€) = q(D) + Y, where Y is drawn from Gaussian Distribution N (0, 51,,)

with o > 1/21n(1.25/0)Ax(q)/e. Here Ay(q) is the {o-sensitivity of the function q, i.e. Ay(q) =
supp.p 1g(D) — ¢ (D) ||2- Gausszan Mechanism preserves (¢, §)-differential privacy.
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C PRIVATE RANDOMIZER IN SECTION [4.2]

Private randomizer. On input z € RP, where ||z||2 < r, the randomizer R (z) does the following.
It first sets # = 22Z where b € {—1,+1} a Bernoulli random variable Ber (% + %) We then

=l
sample s ~ Ber (e“/e€ + 1) and outputs O(r,/p)R. (), where
v~ f Uni(ueSPt:(u,z)>0)ifs=1
Rf(x)_{ UniEueSp_1:<u,§:>§O ifs=0 ©)
The following lemma, which is given by |Smith et al.| (2017); |Wang & Xu|(2021)), shows that each
coordinate of the randomizer is sub-Gaussian R (x) and is unbiased.

Lemma 8. Given any vector x € R with ||z||2 < 7, each coordinate of the randomizer R' (x)

defined above is a sub-Gaussian random vector with variance o? = O(:—:) and E[RL(z)] = x.

Moreover R.(-) is e-DP.

D SUPPORTING LEMMAS

First, we introduce the definitions and lemmas related to sub-Gaussian random variables. The class
of sub-Gaussian random variables is quite large. It includes bounded random variables and Gaussian
random variables, and it enjoys strong concentration properties. We refer the readers to|Vershynin
(2011) for more details.

Definition 4 (Sub-Gaussian random variable). A zero-mean random variable X € R is said to
be sub-Gaussian with variance o> (X ~ subG (02)) if its moment generating function satisfies

Elexp(tX)] < exp (izﬁ) forallt > 0. For a sub-Gaussian random variable X, its sub-Gaussian

norm || X ||y, is defined as || X ||y, = inf{c > 0: E[exp(f—;)] < 2}. Specifically, if X ~ subG(c?)
we have || X ||, < O(0).

Definition 5 (Sub-exponential random variable). A random variable X with mean E[X| is (-sub-
exponential if for all |t]| < %, we have Elexp(t(X —E[X]))] < exp(%). For a sub-exponential ran-

dom variable X, its sub-exponential norm || X ||, is defined as || X ||y, = inf{c > 0: E[exp(@)] <

2}.

Definition 6 (Sub-Gaussian random vector). . A zero mean random vector X € R® is said to be
sub-Gaussian with variance o? (for simplicity, we call it 0®-sub-Gaussian), which is denoted as
(X ~ subGy (02)) , if (X, u) is sub-Gaussian with variance o for any unit vector u € R%.
Lemma 9. If X is sub-Gaussian or sub-exponential, then we have || X — E[X]|y, < 2||X |y, or
X = E[X]llg, < 21Xy,

Lemma 10. For two sub-Gaussian random variables X1 and Xo, X - Xo is a sub-exponential
random variable with
2 2
[ X1 - Xolly, < O(max{[[ X1y, [Xa[ly,})-

Lemma 11. If X ~ subG (0?), then for any t > 0, it holds that P(|X| > t) < 2exp (—%)

Lemma 12. For a sub-Gaussian vector X ~ sub Gy (02), with probability at least 1 — &' we have

IX||2 < 404/dlog %.

Lemma 13. (Cai & Zhou, 2012) If {x1,22, -+ ,x,} are n realizations the a (zero mean)
o2-sub-Gaussian random vector X with covariance matrix Yxx = E[XXT], and Sxx =
(6mTﬂ-j) \<ij<d = % Z?Zl x;x] is the empirical covariance matrix, then there exist constants C1
and v > 0 such that for any i, j € [d], we have:

2 8

P(HEXX_ZXXH >t> SCleint “/727
00,00
for all |t| < ¢ with some ¢, where Cy and ~y are constants and depend only on o. Specifically,

A logd
P (v mex] 2" ) <
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Lemma 14. Let X1, -, X,, be n independent (zero mean) random variables such that X; ~
subG (02). Then for any a € R™,t > 0, we have:

t2
P >t | <2exp (—) .
< 2 ) 207l

> aiXi

=1
Lemma 15. (Vershynin |2011) Let X1, X5, --- , X,, be n (zero mean) random variables such that
each X; is sub-Gaussian with 0. Then the following holds

+2

P (maXXi > t> < ne 2%,
en
¢2
P (max|Xi| > t) < 2ne 307
en

Below is a lemma related to the Gaussian random variable. We will employ it to bound the noise
added by the Gaussian mechanism.

Lemma 16. Let {1, - - ,z,} be n random variables sampled from Gaussian distribution N (0, 02).

Then
E Lrgagx |xl|} < o+/2log 2n,

2
P <{ max |z;| > t}) < Ine 2.7
1<i<n

t2
Particularly, if n = 1, we have P ({|x;| > t}) < 2e” 202
Lemma 17 (Hoeffding’s inequality). Let X1, --- , X,, be independent random variables bounded by

the interval [a,b]. Then, for any t > 0,
>t | <2e 2t
xp |- .

1 n 1 n
P(n;Xi—n;E[Xi]

Lemma 18 (Bernstein’s inequality for bounded random variables). Let X1, Xs, - -- , X,, be indepen-
dent centered bounded random variables, i.e. | X;| < M and E [X;] = 0, with variance E [ X?] = o*.

Then, for any t > 0,
]P (

n
DX
=1
Lemma 19 (Bernstein’s inequality for sub-exponential random variables). Let z1,--- ,z, be n i.i.d.
realizations of (-subexponential random variable X with zero mean. Then,

P(| le| >t) < 2exp(—cmin{t7 t 1.

2 a2, Tl

Lemma 20. (Non-communicative Matrix Bernstein inequality (Vershynin, |2011))) Consider a finite
sequence X; of independent centered symmetric random d x d matrices. Assume we have for some
numbers K and o that

> E[X7]

7

2Mt
> V2no?t + 3) < 2¢7 %

1Xil, < K, <o’

2
Then, for every t > 0 we have

t2/2
? 2

Lemma 21. (Jain et al.,|2014) For any 6 € R* and an integer s < k, if 0; = Trunc (0, s) then for
any 0* € R* with ||0*||, < s, we have |0, — 0|, < £== | 6* — 0|3
Lemma 22. Let K be a convex body in RP, and v € RP. Then for every u € K, we have

[P (v) = ully < lJo—ulls

where P is the operator of projection onto K.
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E OMITTED PROOFS

E.1 OMITTED PROOFS IN[3.1]

Proof of Theorem[I} We consider the hard distribution class Pr,d,2, where for each instance Py ¢ €
Pr,d.2, its random noise ¢ satisfies E[¢] = 0, || < 2, and [|0||; < 1 and ||0]|op < k hold. We denote

N = \}/E and define a vector 0, where 0, ; = vz; fori € [d], {z;}¢_, are realizations of the random

variable Z € {+1,0, —1}9, where each coordinate Z; is independent to others and has the following
distribution:

k k k
P{Zl_+1}_4d’ P{Z = 1]_4d, P{Z, =0}=1 5"
We first show that 6, satisfies the conditions that ||||; and ||#]|o < k. The resulting . has an expected
(k/2)-sparsity and E [Z;] = 0, 0% = E [Z2] = k/2d for all i € [d]. By utilizing a Chernoff bound,
we can conclude that 6, is k-sparse with probability at least 1 — k/4d if k > 4log d. This will be
enough for our purposes and allows us to consider the random prior of hard instances above instead
of enforcing k-sparsity with probability one (see the followings for details). When 6, is k-sparse, we

can also see |6, ||; < vkv < 1 as we assume v < ﬁ

Next, we construct the random noise ¢, for each . We first pick z randomly from {—1,0, +1}¢ as
above. For each z we let:

-1 — (=, wp. 1-— —<I’202>
Note that since |(z,6.)| < vk -v < 1.

The above distribution is well-defined and |.| < 2, E[¢|z] = 0 (thus E[(] = 0). Thus we can see

our for (6, (), with probability at least 1 — 4—kd, we have Py_ . € Py.q,2. Morevoer, we can see that

density function for (x,y) is Py, ¢((z,v)) = % for (z,y) € {+1, —1}%+1. Then, for the i-th
user who has the data sample (z;, y;) from the distribution Py - with mean vector 6, he/she sends
his/her through a private algorithm A getting a message S;.

C = 1_<m59z> W.p. 1+<%TOZ>
z 92>

Next, we will introduce the Lemma [23|to show that supposing the accuracy of the algorithm is v,
then it will provide sufficient mutual information I(Z; A S™), where S™ is the tuple of messages
received from the private algorithm A. The idea of the proof follows|[Acharya et al|(2022).

Lemma 23. Given 0 < € < 1, if algorithm A is an e-NLDP algorithm such that, for any n-size
dataset D = {(x;,y;)}7—, consisting of i.i.d. samples from Py, , with the random variable Z
has the above probabilities, and its output 0" satisfies E[[|0P""" — 6* 2] < %, then we have

Zle I(Z; A S™) = Q(klog ). Therefore, I(Z N\ S™) = Q(klog &) holds.

Proof of Lemma[23] Consider the estimator § = 0 (S™), we define another estimator Z for Z by
choosing

Z = argmin |0, — 0|
2€{—1,0,41}4

Specifically, |6, — 07]|, < 2 HO HZH with probability 1, and

v: ok ov? 3v?
E(l67 - 0zll;) <E[l167 ~ 021131 (0, }] Jqmax 16 — 0]} < 4 T = S0

In light of the fact that fisa good estimator with regards to the ¢ loss and has a deviation of no
more than v/4, provided that 0 is k-sparse, and considering the bound on the probability that 7 is

not k-sparse, as well as the fact that the maximum difference between any two mean vectors 6., 6./

l/2

derived from our construction is v//v/k, it follows that ||, — 04|? = % S 7,42, As aresult,
it implies:
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Also, we consider the Markov chain:
Zi — S™ — 7.
We could derive: .
SN I(ZinZi) <Y T(ZinS™).
i=1 i=1
Next we will bound Z?Zl I(Z; A Z;). By Fano’s inequality, we have for all i:

12 2) = 1(Z) - 1 (21 2) 2 0 (&) ~heelz £ 20)

where h(z) = —zlogz — (1 — z)log(1 — z) is the binary entropy. Thus, we could complete the
proof by the subsequent inequalities, where the penultimate inequality arises from the concavity and
monotonicity of h.

i=1

% )> 3 klog%

8d)) = 100 d
where the last one is established by noting that inf ¢ [g 1 %@fg/& > 0.03. O

In the following, we will present Lemma[24]to connect the relationship between Z and data size.

Lemma 24. Given 0 < € < 1, under the above setting, for any e-NLDP algorithm A, we have

2.2

I(ZASY) =0 (%)

Proof of Lemma[Z4} Since Si,--- , S, are mutually independent conditionally on Z, this implies
that

I(ZAS™) <Y I(ZiNS:)
=1

Thus, it is sufficient to bound each term I (Z A S;) = O ("Zfz) Let fix any 1 < ¢ < n, denote

u be any uniformly distribution over {—1, +1}d+1. For the LDP algorithm for the ¢-th user, A; :
{=1, 41} = {—1,4+1}%1, let A]Z be the distribution on A := {—1, +1}%*! induced by the
input V= (x4, y,) drawn from Py, ¢, :

APz — B [A4(a| V)], ac A

V~Py, ¢,

We also denote A%‘ as the distribution on A := {—1, +1}9*! where u is any uniformly distribution
over {+1, —1}4+1;
AP = E [Ai(a |u)], ac€ A

u~uniform{+1,—1}4+1

Hence the mutual information for each user ¢ could be formulated as:
I1(ZAS,) =Ey, [KL (Afz HA;‘)} <E, [X2 (Afz ||A;1)} .

To simplify the notions and make the proof clear, we omit the subscript ¢ for Wy, z;, and y; here. By
the definition of Chi-square divergence and suppose V' = (z,y), V' = (2/,y’) generated i.i.d from
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the distribution u, then:

B [ (A%)1ar)] = 2 lz (v Ala| V) (P£(V) = u(V))?

= T A Viu)
_ Eu[A(a| V) (y(,02)))°

=2 B | T vy

v [y [Ala | V)A(a | V') (S 22222 ))]
T Eu[A(a] V)

where the z* denotes the i-th coordinate of z.

We first focus on the last two terms of the molecule. Since Ez[Z;] = 0 and E4 [Zﬂ = 2% = ¢2 for
all i € [d], we could derive that:

[ )] Zoon

Now we combine the above results, the following will hold:

Eyvimu [Ala] V)A(a | V') (S, 02720 (@) )]

£ [x* (AF7| Ay }ZGEZA Ea[Aa | V)]

=™ ZA; & [aluvvn]

20272;222( = v v]>+1IIEEuuTy_—_11[A<(Z v iDQ) N

N
Pl

We introduce the Lemma to bound the above equation:

Lemma 25. (Acharya et al.| 2022) Let ¢; : R® — R, for i < 1, be a family of functions. If the
functions satisfy, for all i, 7,

[6i(2)¢; ()] = 1gizyy,

V =(=z,y)~uniform{+1,—1}d+1

then, for any e-LDP algorithm A and V' = (z,y), we have

DBy (04| VI < Varv (4G V)

k Evu [A(a] V)xi]Q Vary [A(a | V)]
St Y e S 5 * 2 B lA@l V) BT

6*1 Ey[A(a | V)]?
22 Afa [ V)]

I /\

V2

— (£ = 1)%.
5 (€~ 1)
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Hence, we could derive the conclusion of Lemma@

[(ZAS™) ZI Zins) < e

By combining the above lemmas, we could have the final results:

d nv?e?
klog(—) <
og() < ——;
which implies:
dklog(£)
n> e )
O
O
E.2 OMITTED PROOFS IN SECTION[3.2]
Proof of Theorem[Z]. For each user 1, it is easily to see that releasing z,z; satisfies (5, g) DP,
releasing 7;; satisfies (5 2) -DP. Thus, the algorithm is (¢, d)-LDP. Moreover, we case see it is
non-interactive. O

Proof of Theorem[3l Before giving theoretical analysis, we first prove that 3 < x 1s invertible with
high probability.
By Algorlthmm we can see that the noisy sample covariance matrix aggregated by the server can be

represented as 3. ¢ ¢ = =% sx+ N =2 Ly 7;ZF 4+ Ny, where Ny is a symmetric Gaussian matrix
r?log 1 5

with each entry sampled from A/ (O, o N1) and o2 N, =0 ( ) . We present the following lemma

ne?
to start our analysis.

Lemma 26. (Weyl’s Inequality(Stewart & Sun||1990)) Let X,Y € R¥*? be two symmetric matrices,
and E =X =Y. Then, foralli =1,--- ,d, we have

Ai(X) = X (V)] < [ B2,

where we take some liberties with the notation and use \;(M) to denote the i-th eigenvalue of the
matrix M.

To show X ¢ ¢ is invertible it is sufficient to show that | ¢ ¢ — 2|2 < ’\T(Z) This is due to that
by Lemma 26| we have

)‘min(z) - ||2XX - Z”2 < )‘Inin(SXX)~
Thus, if |25 x — 3l < 2255 we have Auin (S5 x) > 2253 > 0,

In the following, we split the term ||~ ¢ ¢ — ||,

X35 =Sl <INz +11Exx — Exxlla + 1Exx — 2
where we denote 3 ¢ = L 3" 7,27 and X5 ¢ = E[z;27 .
Lemma 27 (Corollary 2.3.6 in|Tao|(2012)). Let M € R? be a symmetric matrix whose entries m;;

are independent for j > i, have mean zero, and are uniformly bounded in magnitude by 1. Then,
there exists absolute constants Cs, ¢c1 > 0 such that with probability at least 1 — exp (—Cac1d), the

following inequality holds | M|y < CV/d.
By Lemma 27] we can see that with probability 1 — exp(—€(d)),

r?y/dlog %
[Ni][; €O | ——F=—

Vne
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Lemma 28. Ifn > Q (d||X||2), with probability at least 1 — &

VISl log nlog £
Ygx — ZXXHQ <0

vn

Proof. Note that ||z;z] — Sx x|, < ||Z:z]||, + [Sxxl2 < 2r*. And for any unit vector v € R?
we have the following if we denote X = z;z7

E(uTXTXv) =E [|&:]3 (272)°] <0 (r*).
Thus we have ||E [XTXMQ < O(r?). Since HIE(X)TE(X)||2 < |[E(X)||3 < 72, we have

|E[X — EX]TE[X — EX] ||2 < O (r?). Thus, by the Non-communicative Bernstein inequality
(Lemma[20) we have for some constant ¢ > 0 :

. 2 nt
P ( ‘Z;Q-( — ZXXHQ > t) < 2dexp (—cmin (7;2, Z)) .

Thus we have with probability at least 1 — £ and the definition of r we have,

|2 1og nlog £
Yxx EXXH o

<
2~ Vn

=113
n

We can also see that |5 ¢ — X2 < O( ).This is due to

ILxx = Dlla <|[E[(7:2] — ziz]) Laaz] ||, -

For any unit vector v € RP we have
- 2 _\2
V7B [(wia] — #ial) Tjappze] v = E [(0720)" = (07 2)°) Tjeozr]
T 32 Ty , 1213
<E | (72:) Tafozr | < (B |(0T2:)| Pllaill2 > 1] <O (=

where the last inequality is due to the assumption on sub-Gaussian where P(|z;| > r) <
2
2exp(—g5o3) = O(#)

.. . [I=113r®/dlog £ log } s
Thus, it is sufficient to show that A\p,in(X) > O NGE , which is true under the

. |2]|5dr* log € log L
assumption of n > Q 2’62/\2—(5)‘5

is invertible. In the following we will always assume that this event holds.

. Thus, with probability at least 1 — exp(—Q(d)) — &, it

To prove the theorem, we first introduce the following lemma on the estimation error of 6in equation

Lemma 29 (Theorem 2 in|Yang et al.| (2014)). Suppose we solve the problem of the form ming || —

0113 + \n||0||1 such that constraint term \,, is set as A, > H&* - 9” . Then, the optimal solution
o0

0=S5,, (5) satisfies:

Hé —0 || <2\,
Hé 0|, < avia,
Hé 0| <8k,

1
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Note that this is a non-probabilistic result, and it holds deterministically for any selection
of A\, or any distributional setting of the covariates x;. Our goal is to show that \, >

= (5e) " (50)],
\

under the assumptions specified in Lemma

(o) ()

0 _ ép’riv(D)H _

o0

. .

. -1 . ~
<[ ) M) o (Bsr 40|
where the vector Ny € R? is sampled from A/ (0, %I 4)- We first develop upper bound

of ¥ ¢ ¢. For any nonzero vector w € R?, Note that
HEXXUJH = HZXX’ZU—EU)-FE’LUH
> S0l — || (Sxx - %)

> (Koo = ||Exx = ) ltlle-

Our objective is to find a sufficiently large n such that HE X — EH is less than “g=.

O,

From above we see that, we have | N,||z < O(Vdoy,) = O(TT
indicates the following holds:

N

7 2
o

ol

) by Lemma [2 l which

1xx —Zl2 < 1Zxx — Zll2 + |V ]l2

dlog dlog 1 25

where the second inequality comes from [Tropp et al.|(2015). The following inequality always hold

) Y r?+/log dlog 1:25 2,4 0o dlos L
Exx = Zlleo < Vd|[Exx — Z2 < O(£ %ga). Thus, when n > Q (%)’
: 3 -1
we have HEX X wH > #52||w|oo, which implies (E X 5() < -2 Given sufficiently large n,

from Eq.equation [§] we have: o
ool
2 L /e
< | Exx) 0= By )|
)
2 = . i}
< HE)?Y/ - E;}?H +255 — Svx| + H (Exx - E) 0|+ [Nl
e} S | S [e’e) N’
T T T N3
! 3

We will bound the above four terms one by one.

We first consider term T7. Since x and y are both O(1)-sub-Gaussian, we denote their t)5-norm

by kx and Ky, respectively. For 1 < j < d, we have Var(g;Z;;) < ]E[(ﬂﬁw)Q] < E[(ym])Q] <
k—1

(Ellyil?)Elley]?]) < Ellyl =) F (E szgl" T < ndrd ()2 = o1 < oo, We have

vy = O(1). Therefore, according to Lemma|[18] we have:

P (’0?5_7 — Oy,

209t cmTot

Z + ) S eXp(ft),

n n
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where & Oyz, = 1 Z 1 UiZij, Oyz, = E[g;x;;] and ¢ is a certain constant. Then by the union bound,
the following can be derived:

21t t
P <T1| > %1 + —CTlnTQ > < dexp(—t).

Next, we give an estimation of 75. Note that for 1 < j < d, by lemmawe have:
E[9:%:;] — E [yivij] = E[g:745] — E [Gizis] + B [§ivij] — E [yizi]
=E[5i (Zij — 2ij)] + E[(§i — vi) @45]

< \/E (2 @i — 23| P (gl = ) + \/E (G5 = ) 2| P (Il = 72)
T]? T22
< v (26%2 + 26%2> ,

which shows that Ty < /o7 (26—232 + 26—552).

To upper bound term T3, we need to evaluate ||Xgg — %|/oc.co. It can be seen that Ygg =
N xx +TNi=>" 7;77 4+ Ny. Therefore by Lemma 13|and Lemma |16/ with probability at least
— Cd=8,forall 1 <i,j < d, and for some constants v and C' that depends on oy, ,

1 128r,/21og12510g‘d log dlog L
(Gazr 15 = Oaur i3] < 1Y) 2 oz o R e ()

We can see that 75 is bounded by O(dlogn (%)). Here we used the fact that ||(X g g —

ne?

)0 loo < 1X 5% — Blloc.soll0* [ < O (%)) [|6*||, given the selection of r, where the

= ne2

last inequality is from Eq[I0}
The last term of Eq.equation[9]can be bounded by Gaussian tail bound by lemma|[I6] With probability

1 — O(d~®), we have:
T1T21/d10g log d
[N2]l, <O

evn

(1)

Finally combining all pieces, we can find that 73 is the dominating term. Since A\, >
. -1 /.
‘ 0* — (EXX) (Eg;,) , Lemmaimplies that with probability at least 1 — O(d~8) — e~
o0
dlogn\/klogdlog%
<0
‘ 5 V/ne ’

which completes our proof of Theorem. O

o — [ZXX} B (i)}f, +N2)

Proof of Theorem[d. We basically follow the same ideas in the proof of Theorem 3]

First using similar argument, we can show that (f)g’;l;()*l exists with high probability.
The following lemma is the concentration result on sub-Gaussian matrix.

Lemma 30. (Theorem 4.7.1 in|Vershynin|(2018) ) Let x be a random vector in R? that is sub-Gaussian
< Ky. Then, with probability at least 1 — exp(—d), the

P2

. . . 1
with covariance matrix > and HZ 2 x’

empirical covariance matrix X x x = % 2?21 xzsz satisfies

. d
HEX)(—ZH SCKi\/>||E||2
2 n
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Algorithm 3 Non-interactive LDP algorithm for Sparse Linear Regression with public but unlabeled
data

1: Input: Private data {(v;,3:)},—; € (R? x R)". Predefined parameters 71, 7, .

2: for Each user i € [n] do

3: forj e [d]do

4: Coordinately shrink z;; = sgn (x;;) min {|z;;|, 71 }

5: end for o

6:  Clip §; := sgn (y;) min {\yz| 79 }. Add noise &;§; = ;§; + na,i, where the vector ng; € R?

is sampled from A/ (0, %I 4). Release :@ to the server.

7: end for ) - .

8: The server aggregates ¥ gy = = > ' | &;; and compute Shb = L Z;j::_l zjx] using
dataset

9: The server outputs 07"*(D) = Sy ([Z%%] "S55 ).

By Lemma 26| and Lemma 30} with probability at least 1 — exp(—Q(d)),

. d
Amin (E3%) = Amin(Z) = O <ni||z||2\/m>.>

relIZl3d
Amin (2)

0 ('{ Hikf) Thus, with probability at least 1 — exp(—£2(d)), it is invertible. In the following we
will always assume that this event holds.

We know that under the assumption of m > €2 ( ) it is sufficient to show that A, (2)

v

With the benefit of Lernma we need to show that \,, > ||6* — (i]’;?fbx)*l(i])z?) lloo-

We know fromtheproofofTheorern4inCai&Zhou(2012 ) that |2 g 5 —2lee < Vd|[Egg—2|2 <

(4[“\2;0g ). Therefore when n > Q(d logd) we have |35 wl|e > ”2°° |lw]|s0, Which implies

I (Z’;?[;() Hio < % Given this sufficiently large n, from Eq.equatlon we have that

* éprw(D)H
S\pU -1 N *
<) 5) 7 _(Bex) o = (B 20)
%)
2 S\ *
< () 0 - Bes )| (12
2 a u *
Sﬁi HE)?Y,—E)?)N,H +H2)~( ny” +H( pb —2)9 +||N2HOO
o0 o ﬁ—/ [e'e) N e’
T T T N2

It is easy to see that only 73 term is different from Equatlon@ By Lemma|[I6|we can get the following,
with probability at least 1 — O(d~%), for all 1 < i, j < d, for some constant y

1
<0 (7 0gd>
n

By similar argument in the proof of Theorem we have that T3 is bounded by O(4/ (%)) eIl
given the selection of r.

Therefore taking 7, = O(oy/logn), 72 = O(oy/Iogn),r = O(oy/dlogn), A, = O(M),

ne
we can see that the dominating terms are 75 and N, thus the result follows.

~ pub
zxT ij

— OgaT ij

O
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Proof of Theorem[5| We follow basically the same techniques as in the proof of Theorem 3] With
. -1 /.
0" — (EXX) (E;ﬂ;) H . From the proof

oo

the benefit of Lemma |29, we need to show that \,, >

d’r*logdlog L
€2 Koo

of Theorem , when n > Q) ( ), we have HZ;(XwH > = ||w|| o, Which implies

. -1
(Z P X) < % Given this sufficiently large n, from Eq.equation the following can be

obtained:

-

<[ (S20)_[Bax)o - (Bxr + )]
Sii”(zﬁf)e*‘(if?*”W)Hw (13)
S% Hii?_EX?H +HE;~<?—EYXHOO+H(2XX —E) 01|+ V2l
o0 oo N — oo N’
Ty T2 T Ny

Since the new assumption is made on y;, T3 is not affected by this difference. Therefore, we only
need to examine 73 and 7T5.
Using similar arguments, we can see that 7} is bounded by O(™2) and N3 is still bouneded by

1
O(@) with high probability.
We bound the terms E [yf:?:fj] JE [gj?mfj] by

p—1

1 p—1
max(E [y?7%] . E [7723]} < B [yfa3)] < (B [u77])" (Elou]?™T) 7 <2MFWdp/(p—1) < oo

which is a constant that we denote by v. Note that for 1 < j < d, by lemma |12 and Markov’s
inequality, the following holds:

E [glgw] —-E [yzfﬂzg]
=E [9:2;;] — E [gsxij] + E [gs245] — E [ys245]
=E[g; (Zij — xi5)] + E[(9: — i) 24y

S\/E [%2 (@ij — xij)z} P (lwi] 2 71) + \/]E {(ﬂi —:)* 22| P (|yi| > 72)

e El|y;]]2P
&6G5ﬁ+ [@}>

Ty
-2 /M
<V (%‘ﬁ + ) :

2

which shows that Ty < /v <26_2<712 + 2;/21,M>
2

TI,62

1
log4) completes the proof.

Taking 75 = (

E.3 OMITTED PROOFS IN SECTION [4.1]

Before presenting the full proof of Theorem[6] we first introduce several necessary definitions and
assumptions.
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Definition 7. For distributions Py, Py over sample space X, denote their Kullback-Leibler divergence
(in nats) by KL (Py || P2), and their Hellinger distance by

2
1 /AP, [dP:

Definition 8. Let Z = (Z1,...,Z4) be a random variable over Z = {—1,+1}% such that
P(Z; = lcl = 7 for all i € [d] and the Z; s are all independent; we denote this distribution by
Rad(7)®%. For z € Z, we denote 2%° € Z as the vector obtained by flipping the sign of the i-th
coordinate of z.
Assumption 4 (Densities Exist). For every z € Z and i € [d] it holds that P,e: < P, (we refer to
Py, simply as Pz), and there exist measurable functions ¢ ; : R? — R such that

dPZ@i

dP,

Assumption 5 (Orthogonality). There exists some a® > 0 such that, for all z € Z and distinct
i,j € [d],Ep, [¢i- ¢ ;] =0and Ep, [¢?,] < o?.

Assumption 6 (Additive loss). Forevery z,2' € Z = {—1,+1}¢,

dHam (Za Zl) 1/
Td

=1+ ¢z,i~

05 (0.,0.) :4y(

where dgam (2, 72') = 27:1 1{z; # 2.} denotes the Hamming distance, where T = k/2d, k and v
denotes sparsity and error rate respectively.

Proof of Theorem[6l Similar to the non-interactive setting, we consider the hard distribution class
Ph,d,2, where for each instance Py ¢ € P, 4,2, its random noise ¢ satisfies E[¢ | ] = 0, |¢| < 2, and

|0]1 < 1and ||0]|o < k hold. By setting v = % and defining 0, ; = w fori € [d], {z}L,

are realizations of the random variable Z € {—1,+1}¢, where each coordinate Z; is independent to
others and has the following distribution:

P{Z = +1} = k/2d, P{Z =—-1]=1-k/2d

We will first show that 6, satisfies the conditions that ||0||; and ||0||o < k and 6, is k-sparse with
probability of 1 — 7, where 7 = k/2d by the following fact.

Fact 1. (Acharya et al.,2020) For Z ~ Rad(7) and 7d > 4logd, then we have P (|| Z || < 27d) >
1 —71/4, where | Z||+ = {i € {d}|z = 1}.

1
42k

Next, we construct the following generative process, we first pick z randomly from {—1, +1}% as
above. For each Z we let:

When 6, is k-sparse, we can also see ||0,]]1 < 4v2kv < 1 as we assume v <

z,0,
sz{ 1—(x,0,) W.p. 1+ﬁ
—1—(z,0.) wp. 11—
Note that since |(z,0,)| < Vk -~y = 4y/2v < 1. The above distribution is well-defined and

|| < 2. We can see that density function for (z,y) is P, = Py_ . ((z,y)) = % for

(z,y) € {1, +1}9+1,

In the subsequent, we will confirm that P, under the above constructions could satisfy the Assump-

tions [ [3]

dP,ee  1+y (x,0,0i) y{x,0,0i —0,)

dP,  1+y/(x,0.) 1+y(x,0,)
S| 1
az@i—az=<0,---o,7( ZQZJ’ )—7(21; ),o,---())

:(0707_72’17070)
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Thus, we could simplify the previous formulations as:

dpz@i —1_ YYTiZ;
dP. — 1+4y(,0)

Let ozi = (g0~ Since [y(z,6)| < VE[|z| 0oy < 1/2, we have ar,, < 42\&”,where the right

hand side is denoted as «.

Now there exists a measurable function ¢,; = yx;z;, with E[¢, ;- ¢, ;] = 0if ¢ # j and
E [yz?22] = 1if i # j, indicating that assumptionsandhold.

Lemma 31 ((Acharya et al.| [2020)). For a e-sequentially interactive LDP algorithm A and any
family of distributions {P, = Py__((x,y))} satisfying Assumptions @ and[3] let Z be a random
variable on Z = {—1,+1}¢ with distribution Rad(1)®%. Let S™ be the tuple of messages from the
algorithm A when the input Vi = (21,9y1), ..., Voo = (Xn,Yn) is i.i.d. with common distribution
Py, ., then we have:

(o) )
=1

where sz =E [PHSZT,LCZ | Z; = —&-1} ,PS =E [P(_i':cz | Z; = —1}. In Eg.equation |14 the left-
hand side is defined as the average discrepancy, which represents the average amount of information
that the transcript conveys about each coordinate of Z.

With the assumptions holding and introducing the Lemmg31] we have the following conclusions for

our LDP algorithm and constructed distribution: (% Zf_l drv (sz ,PS")) < Tna’e?, where
2fu
vk’

a = Next, we will verify the remaining assumptions that should be satisfied for the lower

bound of (3 ¢ drv (P, PS] )) . Since

3202 d 5 dHam(z,.%) 12
||92 — GZ/” = k Z ]l{Z,L 7é Zz} = 4V (Td) 3

i=1
thus the assumption@holds forany z, 2’ € {—1,+1}¢ with 7 = k/2d.

Lemma 32 ((Acharya et al., 2020)). Assume that Py, . ((z,y)) satisfy Assumption @ and T =
k/2d € [0,1/2]. Let Z be a random variable on Z = {—1,+1}? with distribution Rad(7)®%. if
algorithm A is an e- sequentially interactive LDP algorithm such that, for any n-size dataset D =
{(zi,y;)} 7, consisting of i.i.d. samples from Py, ¢, with the probability Pz [Py, ¢, € P a,2] >
1 — 7/4, and its output OP"" satisfies E[||0P""" — 0*||2] < v, then the tuple of messages S™ from the
algorithm A satisfies

yM»—'

HM&

1S (%)

With the fact of 6, is k-sparse w.p. 1 — 7/4 and assumption |§|holdmg, it is easy to obtain that lemma

[32]is applicable for our sequentially interactive LDP algorithm.

Combining the above results, we have:

2.2
i (5,7 <

<

L'M&

1
d

»-lkM—‘

which implies n > O(-%%; ).

29



Published as a conference paper at ICLR 2024

E.4 OMITTED PROOFS IN SECTION 4]

Proof of Theorem[7l We first show the guarantee of e-LDP. First, we will show that
||‘7~31T (((Zi)01-1)) — ij)HQ < Vdr (VKT + 73), this is due to that

175 (24, 0-1) = G0),
<Nl (3, 011} = Gil)
= HizTHg (VE||Zilloo|0c—1ll2 — %)) < Vdr(VET + ),
where the last inequality is due to that 8, _; is k'-sparse, ||0;—1]|2 < 1 and each ||Z;||co < 71.

Based on this and Lemma [8] we can easily see Algorithm [2]is e-LDP. Due to the partition of the
dataset, we can see it is sequentially interactive.

Next, we consider the utility. Without loss of generality, we assume each |S;| = m = % From the
randomizer R (-) and Lemma, we can see that V, = L > ies, 7T ((Z4,04—1) — §i) + ¢+, where
dff<k/712+r§))

each coordinate of ¢, is a sub-Gaussian vector with variance = O ( —%

Let §* = supp (#*) denote the support of 6*, and k = |S*|. Similarly, we define S' = supp (61),
and =1 = S US' US*. Thus, we have | F'| < 2k" + k. Let 0,1 denote as the following:

at—% =01 — Vi1 i1,
where v£:—1 means keeping v; for i € F*~1 and converting all other terms to 0 . By the definition of

F'=1, we have 0, = Trunc (ét,%,k").

For each iteration ¢, we also denote VL, ;(f;_i) = % > ies, i ((Ziy Oi-1) — Ti)s
VL1 (0i-1) = 5 Yies, i (20, 0:-1) —yi), and VLp (0, 1) = Elz((z,0,-1) — y)].
Denote by A, the difference of §; — 8*. We have the following:

s

2

= A1 = nVill2 = |Ai—1 = 9V 711l

<A = VL1 (- )]Fe [l 47 Ve Fer = VL1 (0 1)] 7o |2 -
A B

We first bound the term B. Specifically, we have
Ve Fi-1 = [VLi—1(0—1)] re-rll2 = [[[Ve = VLi—1(61—1)] 71 |2
< VIFTUIIVE = VL1 (8e-1)lloo
< VIF(IVLe=1(8-1) = VL1 (8e-1)lloo + | 61ll o)
——

B1 B2

For term B, by Lemma we have with probability at least 1 — ¢’

(r2Vdk! + 11719/ d)/1og £
\/me

By <O 15)

For By, we have

By < sup [[VLi1(0) = VLp(0)|oo+ sup [VLi-1(0) = VLp(0)]|oo -
6l2<1 loll2<1

Bl,l B1.2

Next we bound the term B ;, we have

- 1 & 1
sup [[VLi—1(0) = VLp(0)|oo < sup [[= > #& —Elza"]|0]lc + sup [[— Y &fi — Elzy]l|oo
el <1 6]l <1 m; 6]l <1 m;
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< D05~ Elaa e + | 3 Fu— Bl

i=1 i=1

We consider the first term [|[= 37" | ;7] — E[z27]]||os,00, for simplicity for each j, k € [d]
denote & = (5 Y21y Zi] gk = 3 iy Figik. Ojn = (E[227])j6 = E[&;24] and ojp =
(E[zzT))x = E[z;x5]. We have

16k — 0kl <165k = Tkl + |Gk — ojkl-
We know that |7;7)| < 77 and Var(z;3)) < Var(z;zg) < E(zjz,)? < O(c*). By Bernstein’s
inequality we have

P(max |6; |<C’\/U4t—|—7—izt)>1—d2 xp(—t) (16)
j% Ok ~ Ok m m - b

Moreover, we have
6k — ojkl = [E[|Z;(Zr — 2p)l(|zx| = 7)) + [ElJox(Z; — 25)1(|2;| > 71)]

< VB — 20))2P(fek| > )+ \E((@; — 25)00) 2P (] > )
<o),

n

where the last inequality is due to the assumption on sub-Gaussian where P(|z;| > m)
2
2exp(—5 ) = O(%), E(z;(Zk — x))? < 4E(xjxk))2 < O(o*) and E((z; — ch):zjk)Q

4E(x]xk)) < O(o?). In total we have with probability at least 1 — &’

IN A

o?lognlog %
vm

We can use the same technique to term || > | #;7; — E[zy]|| ., for simplicity for each j € [d]
denote 6; = L 3" | §;i;, 6; = E[§F;] and 0; = E[yx;]. We have

Il > 3T — Bl < O )

165 — 051 <165 — 5 + 105 — 75-
Since |Z;y| < 7172 and we have the following by the Holder’s inequality
Var(z;§) < Var(z;y) < Elafy?] < (Ely*])? (Ellz;*))? < O(0*)
Thus, by Bernstein’s inequality we have for all j € [d]

4¢ t
B(|6; = 6] < O/ 2= + T25)) > 1 — dexp(—t).

Moreover
|65 — o5l < [E[§(Z; — 2)I(|lz;]) = ]| + IE[%(.@ —y)I(lyl = )]

< \/IE — ;)12 > ) + \/E(2; (7 — )Pyl > 72)

0.2 2

<o+ Z)<o%)

we can easily see that with probability at most 1 — ¢’,

o?lognlog %

) (17)

”7 Zl’v% - Iy ”oo < O(

Thus with probability at least 1 — ¢’

o?lognlog %

B <O i

)

). (18)
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Next, we consider B; o, similar to By ; we have

”;}lglllvhfl(e)—v% Moo < l[= Zw Elza Hlloooo+||fza?zyz E[zy][lco-

Forterm |[L Y1 | z;27 —E[z27]]|| o000, by Lemmawe have with probability at least 1—O(d~%)
we have
logd

).

m

1 n
1> wial = Bz, < O
i=1

For term ||-= > | @;y; — E[2y]||o, we consider each coordinate, - " | x; ;y; — E[z;y]. Noted
that z; is o2-sub-Gaussian and y is o2-sub-Gaussian, thus, by Lemma we have z;y is sub-
exponential with ||z;y|l4, < O(c?). Thus, by Bernstein’s inequality, we have with probability at

least 1 — ('
\/logl/é’
thmyz— iyl < O(—=72),

Thus, with probability at least 1 — ¢’

\/logd/é’

- LTiYi — xy e’} < O
I Z il —

3

Thus, with probability at least 1 — O(d~®) we have

Vlogd
Bi2 <O( T )-
and
Vlogd

Thus, we have

k(Tf\/W—&- 179V d)4/log %
Vme

In the following, we consider term A. Noted that we have y; = (x;, 0*) + (;, thus, we have

B<O 2k +

19)

1 m
A1 = N[V Li—1(01—1)]Fe-1ll2 < A1 — 7] - Z i (24, 001 — 07)) + 2:G) | pe1 |2
" i

1 & 1 &
<Ai-1 =17 EZ wi((24,0p—1 — 0%))] Fer]l2 + ‘V}_t_lmgzxigz’”oo
i=1 =1

We first consider the term ||-2 "7 | 2;(;||oo. Specifically, we consider each coordinate j € [d],
|-L S @;,;¢)|. Since E[¢;] = 0 and is independent on « we have E[(;z;] = 0. Moreover, we have

[Gillws < @i 0%) [l + [19illg, < Oo) = O(1).

Thus, [|¢z]|y, < O(c?) by Lemma By Bernstein’s inequality we have

HZ%@KO ”Ofi/ ). (20)

Thus, with probability 1 — O(d~¢) we have

]

log

Jm

||7Zx1<1||00<0( )
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Finally, we consider the term || A, — 52 > (2; ({4, ;-1 — 0%))] 71 ||2:

1" . -
801 =1l Sl b — 6 rs e = I = D) s ]
i=1
where D'~ = L5 o x;xl € R Since Supp (D'"'A;;) C F'~' (by assumption), we

m

have HAt_l — nD;_._tfl PAVER

| (I =nDgi-1 Fi-1) ||2, where I is the | F*~! |-dimensional identity matrix.

’2 < ||(I- 77D]:t—1}]:t—1)H2 |A¢—1],. Next we will bound the term

Before giving analysis, we show that each of the partitioned dataset safisfies the Restriced Isometry
Property (RIP) defined as follows.

Definition 9. We say that a data matrix X € R"*? satisfies the Restricted Isometry Property (RIP)
with parameter 2k’ + k, if for any v € RP with ||v||o < 2k’ + k, there exists a constant A which

satisfies (1 — A)[Jv[|? < L[| Xv]3 < (1+ A)|v]3

The following lemma states that with high probability, where c is some constant each X, on
our algorithm satisfies Definition [9] and thus we can make use of this property to bound the term

t—1
D].‘t—lj]:t—l-

Lemma 33. (Theorem 10.5.11 in\Vershynin|(2018)). Consider an n X d matrix A whose rows (A;)
are independent, isotropic, and sub-gaussian random vectors, and let K := max; || A;||,,,. Assume
that

n > CK*slog(ed/s).
Then, with probability at least 1 — 2 exp (—cn /K 4), the random matrix A satisfies RIP with parame-
ters s and A = 0.1.

Thus, since {z;} are isotropic and | z;|/y, < O(c), we have with probability at least 1 —
2T exp (—em/o?), {Xg,}1_, all satisfy RIP when m > Q(0*(2k” + k)). By the RIP property

and | F'~!| < 2k’ + k, we obtain the following using Lemmafor any | F*~!|-dimensional vector
v

0.9][v]l3 < " DL, oo < L1Ju]3.

Thus, (I — nth_il }_t,1> H <max{l—n-0.9,7-1.1 — 1}. This means that we can take =
’ 2
O(1) such that

- 2
|

In total we have with probability at least 1 — O(d~°)

Our next task is to bound |6 —60*|, by

(7’12\/%4- 7172\/6?)\/@

_ B
/me

~ 2
gtf ) < ?HAt71”2+O V2K 4+ k

21

1
2

9}7% — 9*H2 by Lemma . Thus, we have

~ 2 |]'_t71‘7k:/ - . 2 k:/ . B . 9
’9; N ot_% 2 m et—% 79 9 S 2;:/ et—% 79 H2
Taking k' = 8k, we get
- 30~
/ *
‘9t—9t12§1’9t7%—0 2
and
2 d
g 1 (r2Vdk + 1172V d) [/ log &
/ * %
16 = "1l < § [Py = 07|, < 510l + O | VE e
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Finally, we need to show that [|A[|, = [|6; — 6% ||, < [|§; — 6*||,, which is due to the Lemma 22}
Putting all together, we have the following with probability at least 1 — O(d~°),

\/glog n+/Tdklog d) '

1
80 < 5 18l +0 (VERERE

Thus, with probability at least 1 — O(T'd~¢) we have

1 klogn+y/T'dlogd
< (Z T * rogny1aosdl
Iarl, < ()7 6°], + 0 (LREmIIRED)

Take T' = O(logn). We have the result. O

F UPPER BOUND OF LDP-IHT FOR GENERAL SUB-GAUSSIAN
DISTRIBUTIONS

Algorithm 4 LDP Iterative Hard Thresholding

1: Input: Private data {(z;,y;)};_, € (R? x R)n. Iteration number T, privacy parameter €, step
size 7, truncation parameters T, 71, T2, threshold &’. Initial parameter 6y = 0.
2: For the i-th user with ¢ € [n], truncate his/her data as follows: shrink x; to Z; with z;; =
sgn (z;;) min {|x;;|, 7} for j € [d], and §; := sgn (y;) min {|y;| , 72 }. Partition the users into
T groups. Fort = 1,--- , T, define the index set Sy = {(t — 1) | %] +1,--- ;¢ | 2] };ift =T,
thenSt ZStU{t L%J +1, ,n}
3: fort=1,2,---,7 do
4:  The server sends #;_; to all the users in S;. Each user ¢ € S; perturbs his/her own gradient:
let V; = &7 ({(6;_1,%;) — §:), compute z; = R’ (V;), where R is the randomizer defined
in equationlglwith r=+dn (2\/@ 71 + 72) and send back to the server.
5:  The server computes Vi1 = ﬁ > z; and performs the gradient descent update 6, =

1E€ES}
0r—1—n0Vi-1.
0, = Trunc(f;_1, k).
0: = arggem, (2) 16 — Ol

end for

Output: 61

LR

Theorem [7]establishes the upper bound specifically for isotropic sub-Gaussian distributions. However,
we can also demonstrate that the aforementioned upper bound also holds for general sub-Gaussian
distributions, albeit with different parameters. Notably, for general sub-Gaussian distributions, we
need to slightly modify the LDP-IHT algorithm (Algorithm[2). Specifically, rather than projecting
onto the unit /5-norm ball, here we need to project onto the centered ¢5-norm ball with radius 2
(actually, we can project onto any centered ball with a radius larger than 1). See Algorithm |4| for
details. Such a modification is necessary for our proof, as we can show that with high probability,
[16:ll2 < 2 for all t € [T], which implies there is no projection with high probability. Since we
use a different radius, the /2-norm sensitivity of V; also has been changed to ensure e-LDP. In the
following, we present the theoretical result assuming that the initial parameter 6 is sufficently close
to 6*.

Theorem 34. For any € > 0, Algorithm[d|is e-LDP. Moreover, under Assumptions [I|and 2] if the

= 102
initial parameter 0y satisfies |0y — 6% || < %% and n is sufficiently large such that n > k;2d ),

setting no = %, kK = 723—2/@, with probability at least 1 — 0" we have

Vdk log? n,/log%
Or — 0%||2 <
H T H2 = O( \/56 )v

where ¥ = Amax (E[z27T]), pt = Amin(E[zzT]), big-O and big-Q) notations omit the terms of o,~y
and .

34



Published as a conference paper at ICLR 2024

Proof of Theorem The proof of privacy is almost the same as the proof of Theorem|[7] The only

difference is that here we have ||V; |2 < v/d7 (2Vk'T) 4 72). In the following, we will show the
utility. We first recall two definitions and one lemma.

Definition 10. A function f is L-Lipschitz w.r.t the norm || - || §
Ljjw —w'||.

Definition 11. A function f is a-smooth on W if for all w,w’ € W, f(w') < f(w)+(Vf(w),w" —

w) + §lw" — wll3.

(w) = f(w')] <

Lemma 35 (Lemma 1 in Jain et al.| (2014} ). For any index set I, any v € R fet 5 = Trunc(v, k).
Then for any v* € R such that ||v*||o < k* we have

1= ollz < gl = vl (22)

For simplicity we denote L(0) = E[((z,0) — y)?], VL;_1 = L > wep, TUZ,01—1) = §), VL1 =
VL(0;—1) = Elz((z,0;—1) —y), St~ 1 = supp(6;—1), S* = supp(6;), S* = supp(f*) and I' =
StJSt1JS*. We can see that |S'™ 1| < K, |SY < K and |I*| < 2K + k. Welety =
Amax (Elzz"]), tt = Amin (E[z2"]) and no = 2 for some 1. We can easily see that L(-) is y-strongly
convex and y-smooth.

Then from the smooth property we have

L(6;) ~ L(Bi-1)
< (6 — 011, VLi1) + 216, — 0111

={ 271’5 =010, VL1 10) + ||9f It — 9t—1,1t||g

\g

< S0 g0 — 011 + gVLt—l,It 13— %HVLt—l,If 13+ (L =n)(0; — 01, VLi—1)  (23)

[\

First, let us focus on the third term of (23). By Lemma and the definition, we know that 8} can be
written as 0] = F)t st + ¢ st, Where Ht (Ht 1— nOVLt 1)st and ¢ is a sub-Gaussian vector with

variance = O (M) Thus,

me2

(0, — 041, VLi—1) = {050 — 0150, VL 1 5t)
+ (pr,50, VLi_1,50) — (0y—1,5t-1\5t, VLi_1,5t-1\g¢)- 24
For the first term in (24) we have

(B,50 —0; 1.5, VLi_150) = (=10VLi_15,VLi_15) = _g<@Lt71,S‘7VLt71,S‘>

—gnvm_w = gmt_w — Vi 1,50, VEi 1)
< NVLiorsel3 + oIV sell3 + o[V Leo1st — V1,5t 13
vy 2y ’ 2y
n 2 U= 2
=L |VL,_; st VL1 gt — VI g2 25
27|| t—1,5t|l2 + 27|| t—1,8 t—1,5¢[|2 (25)
Take (23)) into (24) we have for ¢; > 0

(0 = 01, VLe-1) < = SL VL1534 5o VE1se = VEioa,se 3
Y 2y

2 1 2 (26)

+ClH¢t,S””2 + TclHVLtfl,Sf' 3 — <9t71,5‘*1\3t7VLtfl,Stfl\S’)-

For the last term of (26) we have

—{0s—1,50-1\5t, VL1 g-1\51)
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IN

%(Hot,l,ww - gvm,LSH\StH% = <§>2||VLt,1,SH\St||§>
v n n
= —uet,l,sm\y ~IVL s B - 5 IV L s B

< S0+ IVL s 1||2+2—<1+c1>uwt seysiot = VLo sn g — b0 st 3
- EHVLt—l,stfl\Sszv 27
where the last inequality comes from

[0¢—1,5t-1\5t — gVLt—Lstfl\Sf\h - gHVLt—Lstfl\st — VL 1 si-1\5t — $p5t-1\5¢ |12

< Op—1,50-1\5t — g(@Lt—l,St—l\St + ¢r5t-1\5t) |2

< ||0s—1,50\50-1 — g(@Lt—l,St\S“l + ¢, s0\5t-1)|l2 = %”@Lt—l,st\st—l + @150\ 5012

< gHVLtﬂ,st\st—l 2 + %HVLtq,st\st—l = VLi_1sn8-1 — ¢p50\80-1]|2,

where the second inequality is due to the fact that [S*\S*~!| = [S*""\S'|. the definitions of
hard thresholding, 0; = (6;—1 — 2(VLi—1 + ¢¢))st, S* and S*~'; the first equality is due to
Supp(6;_1) = S*~! Thus we have

v n
27”91&71,5‘*1\5“ - ;VLtq,Stfl\stH%

2n
< ?( )HVLt 1,5t\ St~ 3+ 5 (1+Cl)||VLt 1,5\ St— 1 —VL,_ 1,50\ 5t-1 — g gt\ 5t 13
We can easily see that

n n n

EHVLt—l,St\Sf*lH% - %HVLt—l,sH\StH% - EHVLthstH%

n n
=— %Hv[’t—l,sf*l\St”% - %HVLt—LStnSt*ng

n
== %HVL:&—LSt Ust-t ||§
In total
(03 — 01,V Li_1)

7 1 N e
< *%HVLFLStUSHHg (z + 7)HVLt Lsell3 + WHVLthst — VL1553

21
+cllgesell3 + 7(1 +¢1)|[VLi—1 50501 — VL1 g0\5t-1 — dpgnse-1l3 (28)

Take (28) into (23) we have
2
L(8;) = L(Bi-1) < 2116} e = v + gwt_utné - %nwt_l,pn% + (1= n)(0) — 0,1, VLi1)

A=)

2
n n
Het =01+ *VLt—l,ltHg - ﬂHth—l,PHg B IVLi_1,5tyse—1 I3

77 ~
+ (1 - 77)(? + F)HVLt—l,St 13+ @1 - U)[ZHVLt—l,St — VL1513 + c1llde,se I3

2n ~
+ 7(1 + Cl)||VLt_17St\St71 — VLt_LSt\St—l - ¢t75t\5t71 H%}

n 2
6 t 9_ t - L_ t -
th t—1,1 +WV t—1,1t[|2 9
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27
2

2
- QHVLtfl’(SHUS*) THVLthstUSt—le

1 n
1— _
+ (1 =n)( 10 + Ser

VL1 sell5 + (1= 77)[%”@[4—1,51 = VLe-ysil3 + erllbese |13

2n -
+ 7(1 + Cl)HVLt—l}St\St*l — VLt,LSt\St—l — ¢t’st\st—1 ||§]

Y n 2 772 2 772 2
< 5\\9271t =011 + ;VLtfl,Ifsz - %HVLFLN\(SH UsHlla — ZHVLtfl,(Si*l usHlla
~ D9, s usn B+ (L= (e + =) VL sl

2y =5 4deq 2vc ’

URTES 2n -
+(1- n)(EHVLt—l,St — VL1535 + el desell3 + 7(1 +¢1)||[VLi—1 s0\st-1 — VLi_1 g0\st-1 — by st\st-113),

N§
(29)

where the last inequality is due to S*\(S* [JS'~1) C StJS?~!. Next we will analyze the term
2in .

Let R be a subset of S*=1\S? such that |R| = [I*\(S*JSt71)| = |SI\(S*~1{JS*)|. By the
definition of hard thresholding, we can easily see

2
3107 ;¢ = 011t + 2V L1 123 — F IV L1 ey (s0-1J 57

16:—1.8 — L(VLi—1,z + b3 <N (Bt — L(VLio1 + 66)) 1oy (s- U st lI2
Y v
2o ; (30)
:?H(VLt,l + &)1\ (s= U st lla-

Thus we have

n
(;)HVLtfl,It\(S* Ust-ll2

> 160i—1,r — %VLt—l,R||2 —%(H@Lt—l,}% —VLi_1,r+ ¢url2
b

(3D

a

+ ||VLt71,It\(S* Ust-1) — @Ltfl,lt\(s* Ust-1) — d’t,["\(s* USt—l)HQ)

c

Then we have for any c5 > 0

v 7 s 1 5
/
g I0hse = Ouvre + 2V Lenrllf = S IV L sy sl
2
04 Ui v,n 2n
< 5\\92,1t =011+ ;VLt—l.,It 13 - 5(?(5 +c)’+a®— 7(1? +¢)a)

7

1 1,72
1— =)a® 4 (2¢5 — =)= (b+c)?
S(1= et 2 - 5) T+

Y n
< 5\\9@ =01 + ;VLt—LNH% - 3

g v
= Sl¥hrmm = Orrvn + VLm0 r = VLol

2 -
+ (4eg — 1)%(||VL25—1,R —VLi1,r+ b1t ]13 + VL1, 10\ (5 U st-1) — VLi—1,10\ (5% U st-1) — Pr.1m\(s+ Ust—1)l13)

N{
(32)
i n ¥ N ,=
< 5\\9271”\3 =01,k + ~ VL1 \rl3+ —0i—1,r — = (VLi—1,r + é0.8) |5
0 C2 Y
2
+ Czi,yHVLt—LF\R —(VLi—1,r + ¢.r)||3 + NY (33)

Ny
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Hot ang — -1 R+ QVLt—l,N\RH% + N3, (34)

where (32) is due to that 6} _ 1.r = 0, thus 16;_4 R — (0i-1.m — %th_17R)||2 = ||0i=1,r —
IV Li—1,r|2- In the following, we will consider the first term in .

In Lemma take v = 0y ;1\r — %(@Lt,ut\R + ¢4—1,11\r)> © = Trunc(v, k") = 0;_, IR
I=TI"\R,v* = 9},\3 = 0*, we have

) I"\R .

e =01 R— 7 (VLey i r @1 mp)lla < Trnpr—7 e (VD rmat dermp)llz-
16 100 ULt < T 16 O Lt e sl
Then we have

n
(1- )||9t ang — i1, p + ;VLtfl,It\RHg (e3 = 1) HVLt 1,IN\R — VL, 1\R — bi—1,1\rl3
< ||9t ang — 1R+ g@Lt—l,If\RH%
[INR| K, = 2
= m”e - et—l,lt\R + 7VLt—1,It\RH2
I'\R| — k' 2 }
< ||It\\R||—k <(1 + )Ha — b1 mpt VLt Linells + 1+ 03)%||VL1671,F\R = VL 1R — ¢t1,I‘\R§)
Since [I*\R| < 2k’ + k and k' > k, we have % < bk < k+k,. Thus
2k c3+1, . n 9
168,70 r — Or—1.10\R + VLt Ll < R k’ || — i1, R+ ;VLtfl,It\RHz
2k = 2
+((1+e3)— T ot 1)?||th71,It\R = VL 10\r— ¢i-1,10\Rl2
Take c¢3 = 5 and k' = O(k), we have
3 %
108,70 — Or—1.10\R + VLt Ll < 5 k+k’”9 =0 110\R+ VLt Lngl3
O(?HVLt—l,P\R - @Lt—l,lt\R — dr—1,\rl3) - (35)

N

Take (33) into (34) we have

H@t R TR A ) Y TLQHVLtq I\ (St-
) ,y 9 2/y )

e
- 2k4+F

Take (36) into (29) we have
L(0;) — L(6;—1)

21070~ o+ IV L1 B~ VL
gl 2y '

10" —0;_1, 10\ + gVLtfl,I*\RH% + N3 + N3, (36)

772 2
T IVLi_1 (st-1 sl

1—n)n 1

——( 1Ly s Uson 3+ (1= Mo+ =) VLo se]3 + N
27y 4cq 270

3y k . n
< ?k’—&—k”e —at—l,It\R+;VLFLN\RHg—*HVLt—l,(Stfl usHllz

A=—mm oy 2 L N 4+ NI+ Nt

—1, - 2 2 0 2 3

B IVLi—1,50\ (s Usell +(1—77)(4C +276 WVLi—1,s5¢ll5 + N§ + N3+~

(37)
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Note that when 7 > 1, there exists a sufficiently large c; is such that ﬁ + 2;761 < %, we have
1 n(l—mn) 2
1-— — VL ——2 ||V L1 gt
( 77)(401 + 270 VL1553 < Iy IVLi—1,s5¢ |3
2
n 2, (L—m)n 2
< HHVLtfl,(Sf*l usHllz + THVLtfl,Sﬁ\(S* ustlla
Thus
L(6;) — L(6;-1)
Sk «
< 2 T k”a — 01, 1\R + gVLt—l,If\RHg -
(=) 0y
T VL stys-usen I3+ 1 |2 4+ N§ + N+ 4N
ke U >
S Tk 10" — 61, 1\r + ;VLtfl,I‘\RHg - EHVLtfl,(St*lUS*)H%
1 —
_<4,>/)||VLt—1,Sf\(S* usnll3 + Ng + Ny + N3
It is notable that by strong convexity
3y k. n
Wik 10" — 01,10\ + ;VLtq,It\RH%
< 3y k

< S gl? Ot ngt_l,]tHg

3y k . 2 20, .
= S 10 = bnrarlE+ G IVE B+ T~ O VE )
3y ok . 2 2 .
= S 10 = O nanal + TSIV LB+ HO— 0, VL))
3k v N \ M
STk (§||9 — 013 + %HVLt—l,I‘H% +n(L(0") — L(0:-1)) — 7“9 —0i-113)

Taken = 2, k' = 727 k so that 25 we have

L(0) = L(6:-1)

2
<K<l
+k = 247(7 np) = 8’

3k . V= o 1 >
ék w (n(L(0") — L(0;—1)) + TH@ — 015+ ZHVLt—l,ItHz)
(I—m)n
- THVLtA,St\(S*USt—l)H% + N§ + N3 + yN3
2k p 2 1 2
<—(L(6*) — L(6,_ — 0% — 06,_ — ||V Ly_q1 ¢
< O) = L)) + 18" =l + g VLl
1
@”vzﬁ%l,st\(s* ust-l3 + N§+ N3+ yNj
2k . 3 0o
Sk—s—k’(L(é) ) — L(6;-1)) (I 2‘1”9 — 0:_1113) + N + N3 + vN§
(38)
<( 2k + L N(L(0%) = L(:_1)) + Nt + Nt + N2 (39)
k4K 24y 0 3
Where (38) is due to the following lemma:
Lemma 36. [Lemma 6 inlJain et al. (20]4)]
IVLi_1,(st-1y sl H9 — 0,43 > ( (01—1) — L(67)). (40)
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Thus

5 .
L(#;) — L(6") < (1 - EE)(L(@_Q — L(6%)) + N§ + Ni + NL.
Next, we will bound the term N + N& + v Ni. For N} we have

T) ~
Ny =(1- 77)(2*HVLt71,St —VLi_153
Y
2, 27 = 2
+ c1llge st + 7(1 +c1)[[VLi_1 g0\st-1 — VL1 g0\gt-1 — ¢p g\ 5¢-1][3)

1 .
= 0(;k’IIVLt—1 = VL% + 7K |¢el%)-

By equation (18] we know that with probability at least 1 — §’

o?lognlog &

VL1 — VLi—1]oe < O N (41)
Moreover, by Lemmawe have with probability at least 1 — ¢’
(T2Vdk' + 7'17'2\/3)\/10’37%
D¢llcc < O (42)

/e
Thus, with probability at least 1 — 6" we have

otdk”? log d/é" log® n

NS =0l me2

)-

Similarly, we have
otdk’* log d/é log? n
me2

N3, N3 = O( )-

Thus we have with probability at least 1 — ¢’
otdk’* log d/é' log® n
me2

L) — L67) < (1 = “)(L(0-) — L(07)) + O

72+ )- (43)

In the following we will assume the above event holds. We note that by our model for any 6
YO 0% > L(9) — L(O) = |6 — 67]3.

In the following we will show that 6, = 6; for all ¢. We will use induction, assume 6; = 6, holds for

all i € [t — 1], we will show that it will also true for £. Use { (@3) for i € [t — 1] we have

oddk’* log d/é" log® n

me2

= 071 < L0 = L(0) < (1= ) (E(010) = L87) + O

< (1= 52y (L00) — 1) + O

)

oldk’* log d/é' log®n

me2

)

5 fhpq v otdk'? log dlog® n
1——= 6o — 6" 0
<91 gy e - 07+ 0L T TOE T,
When |6y — 6%||2 < %‘; and n is large enough such that
~ v k?do*T
Q(MQ —a )

Then ||6]|2 < [|6*]|2 + /4 + & < 2. Thus 6; = ;. So we have with probability at least 1 — &’

4dk"*T1og 4T |
pll0; — 013 < L") — L(6*) < (1 - %%)T(L(Ho) — L(6%)) + O(ga el

Thus, take T' = O(% logn) and k' = O((%)Zk) we have the result.

)

ne2
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