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ABSTRACT

Reinforcement learning (RL) has exceeded human performance in many syn-
thetic settings such as video games and Go. However, real-world deployment
of end-to-end RL models is less common, as RL models can be very sensitive
to slight perturbation of the environment. The robust Markov decision process
(MDP) framework—in which the transition probabilities belong to an uncertainty
set around a nominal model—provides one way to develop robust models. While
previous analysis shows RL algorithms are effective assuming access to a gen-
erative model, it remains unclear whether RL can be efficient under a more re-
alistic online setting, which requires a careful balance between exploration and
exploitation. In this work, we consider online robust MDP by interacting with
an unknown nominal system. We propose a robust optimistic policy optimization
algorithm that is provably efficient. To address the additional uncertainty caused
by an adversarial environment, our model features a new optimistic update rule
derived via Fenchel conjugates. Our analysis establishes the first regret bound for
online robust MDPs.

1 INTRODUCTION

The rapid progress of reinforcement learning (RL) algorithms enables trained agents to navigate
around complicated environments and solve complex tasks. The standard reinforcement learning
methods, however, may fail catastrophically in another environment, even if the two environments
only differ slightly in dynamics (Farebrother et al., 2018} [Packer et al., 2018} |Cobbe et al., 2019
Song et al., |2019; Raileanu & Fergus, 2021). In practical applications, such mismatch of environ-
ment dynamics are common and can be caused by a number of reasons, e.g., model deviation due
to incomplete data, unexpected perturbation and possible adversarial attacks. Part of the sensitivity
of standard RL algorithms stems from the formulation of the underlying Markov decision process
(MDP). In a sequence of interactions, MDP assumes the dynamic to be unchanged, and the trained
agent to be tested on the same dynamic thereafter.

To model the potential mismatch between system dynamics, the framework of robust MDP is intro-
duced to account for the uncertainty of the parameters of the MDP (Satia & Lave Jr, [1973;|White 11
& Eldeib, |1994; Nilim & El Ghaouil, 2005 [Tyengar, |2005). Under this framework, the dynamic of
an MDP is no longer fixed but can come from some uncertainty set, such as the rectangular uncer-
tainty set, centered around a nominal transition kernel. The agent sequentially interacts with the
nominal transition kernel to learn a policy, which is then evaluated on the worst possible transition
from the uncertainty set. Therefore, instead of searching for a policy that may only perform well
on the nominal transition kernel, the objective is to find the worst-case best-performing policy. This
can be viewed as a dynamical zero-sum game, where the RL agent tries to choose the best policy
while nature imposes the worst possible dynamics. Intrinsically, solving the robust MDPs involves
solving a max-min problem, which is known to be challenging for efficient algorithm designs.

More specifically, if a generative model (also known as a simulator) of the environment or a suitable
offline dataset is available, one could obtain a e-optimal robust policy with O(e~?) samples under a
rectangular uncertainty set (Q1i & Liaol [2020; [Panaganti & Kalathill [2022; Wang & Zou, |2022; | Ma
et al.l 2022). Yet the presence of a generative model is stringent to fulfill for real applications. In a
more practical online setting, the agent sequentially interacts with the environment and tackles the
exploration-exploitation challenge as it balances between exploring the state space and exploiting
the high-reward actions. In the robust MDP setting, previous sample complexity results cannot
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directly imply a sublinear regret in general Dann et al.|(2017)) and so far no asymptotic result is
available. A natural question then arises:

Can we design a robust RL algorithm that attains sublinear regret under robust MDP with
rectangular uncertainty set?

In this paper, we answer the above question affirmatively and propose the first policy optimization
algorithm for robust MDP under a rectangular uncertainty set. One of the challenges for deriving a
regret guarantee for robust MDP stems from its adversarial nature. As the transition dynamic can
be picked adversarially from a predefined set, the optimal policy may be randomized (Wiesemann
et al.l 2013)). This is in contrast with conventional MDPs, where there always exists a deterministic
optimal policy, which can be found with value-based methods and a greedy policy (e.g. UCB-VI
algorithms). Bearing this observation, we resort to policy optimization (PO)-based methods, which
directly optimize a stochastic policy in an incremental way.

With a stochastic policy, our algorithm explores robust MDPs in an optimistic manner. To achieve
this robustly, we propose a carefully designed bonus function via the dual conjugate of the robust
bellman equation. This quantifies both the uncertainty stemming from the limited historical data
and the uncertainty of the MDP dynamic. In the episodic setting of robust MDPs, we show that our
algorithm attains sublinear regret O (/K ) for both (s, @) and s-rectangular uncertainty set, where K
is the number of episodes. In the case where the uncertainty set contains only the nominal transition
model, our results recover the previous regret upper bound of non-robust policy optimization (Shani
et al., |2020). Our result achieves the first provably efficient regret bound in the online robust MDP
problem, as shown in Table[I] We further validated our algorithm with experiments.

Table 1: Comparisons of previous results and our results, where S, A are the size of the state space and action
space, H is the length of the horizon, K is the number of episodes, p is the radius of the uncertainty set and € is
the level of suboptimality. We shorthand « = log(SAH?K*/%(1 + p)). The regret upper bound by Panaganti
& Kalathil| (2022) are obtained through converting their sample complexity results and the sample complexity
result for our work is converted through our regret bound. We use “GM” to denote the requirement of a
generative model. The superscript * stands for results obtained via batch-to-online conversion. The reference
to the previous works are [A]:|Panaganti & Kalathil|(2022), [B]:|Wang & Zou|(2021), [C]: Badrinath & Kalathil
(2021), [D]:|Yang et al.{(2021}).

Algorithm | Requires | Rectangular Regret Sample Complexity
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Ours It))zlslgg i (s,a) 0] (SH AKL) 0] ( : EZ : )
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2 RELATED WORK

RL with robust MDP Different from conventional MDPs, robust MDPs allow the transition ker-
nel to take values from an uncertainty set. The objective in robust MDPs is to learn an optimal robust
policy that maximizes the worst-case value function. When the exact uncertainty set is known, this
can be solved through dynamic programming methods (Iyengar, [2005; [Nilim & EI Ghaoui, 2005
Mannor et al.l |2012). Yet knowing the exact uncertainty set is a rather stringent requirement for
most real applications. If one has access to a generative model, several model-based reinforcement
learning methods are proven to be statistically efficient. With the different characterization of the
uncertainty set, these methods can enjoy a sample complexity of O(1/¢2) for an e-optimal robust
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value function (Panaganti & Kalathil, [2022; [Yang et al.,|2021). Similar results can also be achieved
if an offline dataset is present, for which previous works |Q1 & Liao| (2020); [Zhou et al.| (2021));
Kallus et al. (2022); |[Ma et al.| (2022) show the O(1/e?) sample complexity for an e-optimal policy.
In addition, [Liu et al.| (2022) proposed distributionally robust policy Q-learning, which solves for
the asymptotically optimal Q-function.

In the case of online RL, the only results available are asymptotic. In the case of discounted MDPs,
Wang & Zou| (2021); Badrinath & Kalathil| (2021) study the policy gradient method and show an
O(e™?) convergence rate for an alternative learning objective (a smoothed variant), which could be
equivalent to the original policy gradient objective in an asymptotic regime. These results in sample
complexity and asymptotic regimes in general cannot imply sublinear regret in robust MDPs (Dann
et al.,[2017).

RL with adversarial MDP  Another line of works characterizes the uncertainty of the environment
through the adversarial MDP formulation, where the environmental parameters can be adversarially
chosen without restrictions. This problem is proved to be NP-hard to obtain a low regret (Even-Dar,
et al., 2004). Several works study the variant where the adversarial could only modify the reward
function, while the transition dynamics of the MDP remain unchanged. In this case, it is possible
to obtain policy-based algorithms that are efficient with a sublinear regret (Rosenberg & Mansour,
2019; Jin & Luol 2020; Jin et al., 2020; |Shani et al., |2020; (Cai1 et al.l |2020). On a separate vein,
it investigates the setting where the transition is only allowed to be adversarially chosen for C' out
of the K total episodes. A regret of O(C’2 +VK ) are established thereafter (Lykouris et al., {2021}
Chen et al., [2021b; [Zhang et al.,[2022).

Non-robust policy optimization The problem of policy optimization has been extensively inves-
tigated under non-robust MDPs (Neu et al.| 2010;|Cai et al.,2020; |Shani et al., [ 2020; Wu et al., 2022
Chen et al.,[2021a). The proposed methods are proved to achieve sublinear regret. The methods are
also closely related to empirically successful policy optimization algorithms in RL, such as PPO
Schulman et al.|(2017) and TRPO [Schulman et al.| (2015)).

3  ROBUST MDP AND UNCERTAINTY SETS
In this section, we describe the formal setup of robust MDP. We start with defining some notations.

Robust Markov decision process We consider an episodic finite horizon robust MDP, which can
denoted by a tuple M = (S, A, H, {Py}L,, {r}_,). Here S is the state space, A is the action
space, {r}th1 is the time-dependent reward function, and H is the length of each episode. Instead
of a fixed time-dependent uncertainty kernels, the transitions of the robust MDP is governed by
kernels that are within a time-dependent uncertainty set {P),}/_,, i.e., time-dependent transition
P, € P, C Ag at time h.

The uncertainty set 7 is constructed around a nominal transition kernel {7}, and all transition
dynamics within the set are close to the nominal kernel with a distance metric of one’s choice.
Different from an episodic finite-horizon non-robust MDP, the transition kernel P may not only
be time-dependent but may also be chosen (even adversarially) from a specified time-dependent
uncertainty set P. We consider the case where the rewards are stochastic. This is, on state-action
(s, a) at time h, the immediate reward is Ry, (s,a) € [0, 1], which is drawn i.i.d from a distribution
with expectation (s, a). With the described setup of robust MDPs, we now define the policy and
its associated value.

Policy and robust value function A time-dependent policy 7 is defined as 7 = {wh}{le, where
each 7, is a function from S to the probability simplex over actions, A(.A). If the transition kernel
is fixed to be P, the performance of a policy 7 starting from state s at time h can be measured by its
value function, which is defined as

H

Vil (s) =Eqp Z Th(snyan) | sp=s
h'=h
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In robust MDP, the robust value function instead measures the performance of 7 under the worst
possible choice of transition P within the uncertainty set. Specifically, the value and the Q-value
function of a policy given the state action pair (s, a) at step h are defined as

Vi (s) = min Vﬂ’{P} s),
T SR
H
7'r = i Eﬂ' ) 4 ) = )
QF (s,a) (p i En ) h/z::hrh(sh an) | (sn,an) = (s,a)

The optimal value function is defined to be the best possible value attained by a policy

V*(s) = max V" (s) = ma min V7).,
i (8) lax i (3) WX{Ph}El{Ph} h (s)

The optimal policy is then defined to be the policy that attains the optimal value.

Robust Bellman equation Similar to non-robust MDP, robust MDP has the following robust bell-
man equation, which characterizes a relation to the robust value function (Ho et al.| 2021} [Yang
et al.,[2021).

QZ(&G) = T(S’ a) +op, (V}ZTJrl)(Sva)’ V}ZT(S) = <QZ(S’ ')7 7Th('v S)> ’

where

op, (Vip)(s,0) = min Pu(-| s,0)Viiyy, Pl [ 5,0)V = D P [s,0)V(s). (D
' s'eS

Without additional assumptions on the uncertainty set, the optimal policy and value of the robust
MDP are in general NP-hard to solve (Wiesemann et al., |2013). One of the most commonly as-
sumptions that make solving optimal value feasible is the rectangular assumption (Iyengar, |2005;
Wiesemann et al.|[2013;|Badrinath & Kalathill 2021} [Yang et al., 2021 |Panaganti & Kalathil, 2022]).

Rectangular uncertainty sets To limit the level of perturbations, we assume that the transition
kernels is close to the nominal transition measured via ¢; distance. We consider two cases.

The (s, a)-rectangular assumption assumes that the uncertain transition kernel within the set takes
value independently for each (s, a). We further use ¢; distance to characterize the (s, a)-rectangular
set around a nominal kernel with a specified level of uncertainty.

Definition 3.1 ((s, a)-rectangular uncertainty set|Tyengar| (2005)); [Wiesemann et al.|(2013)). For all
time step h and with a given state-action pair (s, a), the (s, a)-rectangular uncertainty set Pp(s, a)
is defined as

Pu(s,a) = {{|Pn(- [ s,a) = B(- [ s,0) [y < p, Pu(- | s,0) € A(S)},

where P¢ is the nominal transition kernel at h, PP(- | s,a) > 0,Y(s,a) € S x A, p is the level of
uncertainty and A(S) denotes the probability simplex over the state space S.

With the (s, a)-rectangular set, it is shown that there always exists an optimal policy that is deter-
ministic |Wiesemann et al.| (2013)).

One way to relax the (s, a)-rectangular assumption is to instead let the uncertain transition kernels
within the set take value independent for each s only. This characterization is then more general and
its solution gives a stronger robustness guarantee.

Definition 3.2 (s-rectangular uncertainty set Wiesemann et al.|(2013)). For all time step h and with
a given state s, the s-rectangular uncertainty set Py (s) is defined as

Pu(s) = {Z 1Pu(- | s,a) = PR(- | s,a)lly < Ap, Pu(- | s,-) € A(5)“4} :

acA

where P¢ is the nominal transition kernel at h, PP(- | s,a) > 0,Y(s,a) € S x A, p is the level of
uncertainty, and A(S) denotes the probability simplex over the state space S.
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Different from the (s, a)-rectangular assumption, which guarantees the existence of a deterministic
optimal policy, the optimal policy under s-rectangular set may need to be randomized (Wiesemann
et al.l [2013). We also remark that the requirement of P7(- | s,a) > 0 is mostly for technical
convenience.

Equipped with the characterization of the uncertainty set, we now describe the learning protocols
and the definition of regret under the robust MDP.

Learning protocols and regret We consider a learning agent repeatedly interacts with the envi-
ronment in an episodic manner, over K episodes. At the start of each episode, the learning agent
picks a policy 7y, and interacts with the environment while executing 7. Without loss of generality,
we assume the agents always start from a fixed initial state s. The performance of the learning agent
is measured by the cumulative regret incurred over the K episodes. Under the robust MDP, the
cumulative regret is defined to be the cumulative difference between the robust value of 7, and the
robust value of the optimal policy,

K
Regret(K) = Y Vi’ (s1) = V™ (s}),
k=1

where s¥ is the initial state.

We highlight that the transition of the states in the learning process is specified by the nominal
transition kernel {P?}/ |, though the agent only has access to the nominal kernel in an online
manner. We remark that if the agent is asked to interact with a potentially adversarially chosen
transition from an arbitrary uncertainty set, the learning problem is NP-hard [Even-Dar et al.|(2004).

One practical motivation for this formulation could be as follows. The policy provider only sees
feedback from the nominal system, yet she aims to minimize the regret for clients who refuse to
share additional deployment details for privacy purposes.

4 ALGORITHM

Before we introduce our algorithm, we first illustrate the importance of taking uncertainty into con-
sideration. With the robust MDP, one of the most naive methods is to directly train a policy with the
nominal transition model. However, the following proposition shows an optimal policy under the
nominal policy can be arbitrarily bad in the worst-case transition (even worse than a random policy).

Claim 4.1 (Suboptimality of non-robust optimal policy). There exists a robust MDP M =
(S, A, P,r, H) with uncertainty set P of uncertainty radius p, such that the non-robust optimal
policy is Q(1)-suboptimal to the uniformly random policy.

The proof of Proposition [@.1] is deferred to Appendix [D} With the above-stated result, it implies
the policy obtained with non-robust RL algorithms, can have arbitrarily bad performance when
the dynamic mismatch from the nominal transition. Therefore, we present the following robust
optimistic policy optimization|[I]to avoid this undesired result.

4.1 ROBUST OPTIMISTIC POLICY OPTIMIZATION

With the presence of the uncertainty set, the optimal policies may be all randomized (Wiesemann
et al., |2013). In such cases, value-based methods may be insufficient as they usually rely on a
deterministic policy. We thus resort to optimistic policy optimization methods [Shani et al.| (2020),
which directly learn a stochastic policy.

Our algorithm performs policy optimization with empirical estimates and encourages exploration by
adding a bonus to less explored states. However, we need to propose a new efficiently computable
bonus that is robust to adversarial transitions. We achieve this via solving a sub-optimization prob-
lem derived from Fenchel conjugate. We present Robust Optimistic Policy Optimization (ROPO) in
Algorithm [T]and elaborate on its design components.
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To start, as our algorithm has no access to the actual reward and transition function, we use the
following empirical estimator of the transition and reward:

Sl R (s,a)T {s’fbl =s,af = a}

~k
rp(s,a) =
}L( ) N,’f(S,a) bl
k—1 . .
Po*(s,a,8) == ! {S}ﬁ' = 5.0 = a5, = 3'} )
s, a,s )=
" Nf(s,a) ’

where N (s, a) = max {22/_:11 I {sﬁl =s,af = a} ) 1} counts the number of visits to (s, a).

Optimistic Robust Policy Evaluation In each episode, the algorithm estimates ()-values with an
optimistic variant of the bellman equation. Specifically, to encourage exploration in the robust MDP,
we add a bonus term b} (s, a), which compensates for the lack of knowledge of the actual reward

and transition model as well as the uncertainly set, with order b¥ (s, a) = O (NF(s,a) /).

Qh(s,a) = min {#(s,a) + o, (ViTp1)(5.0) + i (s,0) HY o ViE(s) = (Qh(s, ), k(| 5)) -

Intuitively, the bonus term bfL desires to characterize the optimism required for efficient exploration

for both the estimation errors of P and the robustness of P. It is hard to control the two quantities
in their primal form because of the coupling between them. We propose the following procedure to
address the problem.

Note that the key difference between our algorithm and standard policy optimization is that
op, (Vi 1)(s) requires solving an inner minimization . Through relaxing the constraints with
Lagrangian multiplier and Fenchel conjugates, under (s, a)-rectangular set, the inner minimization

problem can be reduced to a one-dimensional unconstrained convex optimization problem on R
(Lemma[4).

(n— mln Vhﬂ+k1 (s)

+ ~ ~
sup7) - : p= P | sa) (n= V() (3)
n s +

The optimum of Equation (3) is then computed efficiently with bisection or sub-gradient methods.
We note that while the dual form has been similarly used before under the presence of a generative
model or with an offline dataset (Badrinath & Kalathil, |2021; [Panaganti & Kalathil, 2022} |Yang
et al.| 2021), it remains unclear whether it is effective for the online setting.

Similarly, in the case of s-rectangular set, the inner minimization problem is equivalent to a A-
dimensional convex optimization problem.

sup Zna/ - Z PR(s' | s,d (Tla/ ~{d = a}Vhﬂ”l ))+

s’,a’

, — — Tk /
iy 2000 T = V) “

where a ~ i (s).

In addition to reducing computational complexity, the dual form (Equation and Equation ()
decouples the uncertainty in estimation error and in robustness, as p and P}’ are in different terms.
The exact form of bfl is presented in the Equation (5) and @

Policy Improvement Step Using the optimistic ()-value obtained from policy evaluation, the al-
gorithm improves the policy with a KL regularized online mirror descent step,
78 € argmax B(VV,™ 1) — 7 + Dgcp(n||7F),

where £ is the learning rate. Equivalently, the updated policy is given by the closed-form solution
TR )y exp(BQ7 (s,0))

h ) >ar exp(BQF (s,07)) " ) i
damental inequality of online mirror descent presented in (Shani et al.| [2020). We suspect that
other online algorithms with sublinear regret could also be used in policy improvement.

als) = An important property of policy improvement is to use a fun-
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In the non-robust case, this improvement step is also shown to be theoretically efficient (Shani
et al., 20205 Wu et al., [2022). Many empirically successful policy optimization algorithms, such
as PPO (Schulman et al., |2017) and TRPO |Schulman et al.| (2015), also take a similar approach
to KL regularization for non-robust policy improvement. Putting everything together, the proposed
algorithm is summarized in Algorithm T}

Algorithm 1 Robust Optimistic Policy Optimization (ROPO)

Input: learning rate 3, bonus function bfl.
fork=1,...,K do
Collect a trajectory of samples by executing 7.
# Robust Policy Evaluation
forh=H,...,1do
for V(s,a) € S x Ado
Solve o, (Vh”+1)(s, a) according to Equation (3) for (s, a)-rectangular set
or Equation (@) for s-rectangular set.

Qﬁ(s, a) = min {f’(s, a) + Uﬁh’(Vﬁ_l)(s, a) + b’,j(s, a), H}.

end for
for Vs € Sdo
V() = (Qh(s.),mh(- | 9).
end for
end for

# Policy Improvement
for Vh,s,a € [H] x S x Ado
k+1(a ‘ S) _ TF;kL exp(ﬁ@ﬁ(s,a))

" TS e (BQ (e
end for .
Update empirical estimate 7, P with Equation .
end for

S5 THEORETICAL RESULTS

We are now ready to analyze the theoretical results of our algorithm under the uncertainly set.

5.1 RESULTS UNDER (s, a)-RECTANGULAR UNCERTAINTY SET

Equipped with Algorithm [T and the bonus function described in Equation[5] We obtain the regret
upper bound under (s, a)-rectangular uncertainty set described in the following Theorem.

2log A
H2K

bonus term b’fL as @), with probability at least 1 — 0, the regret incurred by Algorithm || over K
episodes is bounded by Regret(K) = O (HQS\/AK log (SAH2K?3/2(1 + p)/5)>

Theorem 1 (Regret under (s, a)-rectangular uncertainty set). With learning rate = and

Remark 5.1. When p = 0, the problem reduces to non-robust reinforcement learning. In such
case our regret upper bound is O (HQS\/ AK), which is in the same order of policy optimization
algorithms for the non-robust case Shani et al.|(2020).

While we defer the detailed proof to the appendix [Alwe sketch and highlight the challenges in the
proof below.

First, unlike policy optimization for non-robust MDP, classic lemmas such as the value difference
lemma (Shani et al., 2020) can be no longer applied, because the adversarial transition kernel are
policy dependent. Naively employing a recursive relation with respect to a fixed transition kernel
in a similar way to the value difference lemma may lead to linear regret. To address this issue, we
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propose the following decomposition,

Vir(s) = Vi (s) < B [(rn(5, @) = 7£(5,0)) + (0, .0 (ViThy)(5:0) = 0, (00 (Vi) (5,0)) = B 5, )
+Ex, {UPJ,,(s,a)(ij+1)(37 a) — UPh,(s,a)(V}Zrﬁﬂ(S’ a)}
+ <sz(87 ')77T*(' | S) - Trk(' | S)) .

In particular, we perform a recursion conditioned on varying transition kernel py(- | s,a) =
argmax Py, (- [ s,a) (V7 — Vi)
Ph E’Ph

However, this introduces another problem. Maintaining optimism is hard as the expectation of each
time step h is taken with respect to a different transition kernel. To establish an optimism bonus
for the uncertainty of the transition caused by limited interaction and the uncertainty set, we derive
the dual formulation of inner optimization problem TBea (V) . This allows us to decouple the

uncertainty and bound each source of uncertainty separately.
Notice that now the difference of Tp, )(V) — 0p(,.,, (V) is only incurred by the difference in

Yoo Pr(s’ ] s,a) (7] - Vhﬂjl(s’)> . We then show that 1 must be bounded at its optimum by
+

inspecting certain pivot points and by the convexity of the dual. When we have the desired bounds
of n, applying Hoeffding’s inequality with an e-net argument will yield the claimed regret bound.

Our algorithm and analysis techniques can also extend to other uncertainty sets, such as KL diver-
gence constrained uncertainly set. We include the KL divergence result in Appendix [C|

5.2 RESULTS UNDER s-RECTANGULAR UNCERTAINTY SET

Beyond the (s, a)-rectangular uncertainty set, we also extends to s-rectangular uncertainty set (Def-
inition [3.2)). Recall that value-based methods do not extend to s-rectangular uncertainty set as there
might not exist a deterministic optimal policy.

2log A
H2K
bonus term bﬁ as @, with probability at least 1 — 0, the regret of Algorithm || is bounded by

Regret(K) = O (SAQHQ\/K log(SA2H2K3/2(1 + p)/5))

Theorem 2 (Regret under s-rectangular uncertainty set). With learning rate § = and

Remark 5.2. When p = 0, the problem reduces to non-robust reinforcement learning. In such case
our regret upper bound is O (SA2H VK ) Our result is the first theoretical result for learning

a robust policy under s-rectangular uncertainty set, as previous results only learn the robust value
function (Yang et al.| 2021).

The analysis and techniques used for Theorem2]hold great similarity to those ones used for Theorem

The main difference is on bounding o, (S)(Vhﬂjl)(s, a) — p,(s)(Vit1)(s,a). We defer the
detailed proof to the appendix [B]

6 EMPIRICAL RESULTS

To validate our theoretical findings, we conduct a preliminary empirical analysis of our purposed
robust policy optimization algorithm.

Environment We conduct the experiments with the Gridworld environment, which is an early ex-
ample of reinforcement learning from Sutton & Barto| (2018). The environment is two-dimensional
and is in a cell-like environment. Specifically, the environment is a 5 x 5 grid, where the agent starts
from the upper left cell. The cells consist of three types, road (labeled with o), wall (labeled with x),
or reward state (labeled with +). The agent can safely walk through the road cell but not the wall cell.
Once the agent steps on the reward cell, it will receive a reward of 1, and it will receive no rewards
otherwise. The goal of the agents is to collect as many rewards as possible within the allowed time.
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The agent has four types of actions at each step, up, down, left, and right.
After taking the action, the agent has a success probability of p to move ac-
cording to the desired direction, and with the remaining probability of moving
o o x o o/ tootherdirections.

st | O o [¢] o

Experiment configurations To simulate the robust MDP, we create a nom-
inal transition dynamic with success probability p = 0.9. The learning agent
will interact with this nominal transition during training time and interact with
a perturbed transition dynamic during evaluation.Under (s, a)-rectangular set,
the transitions are perturbed against the direction is agent is directing with a
constraint of p. Under s-rectangular set, the transitions are perturbed against
the direction of the goal state. Figure[I]shows an example of our environment, where the perturba-
tion caused some of the optimal policies under nominal transition to be sub-optimal under robust
transitions. We denote the perturbed transition as robust transitions in our results. We implement our
proposed robust policy optimization algorithm along with the non-robust variant of it |Shani et al.
(2020). The inner minimization of our Algorithm [I]is computed through its dual formulation for
efficiency. Our algorithm is implemented with the rLberry framework (Domingues et al., [2021]).

Figure 1: Example
of the Gridworld envi-
ronment.

Results We present results with p = 0.1, 0.2, 0.3 under (s, a)-rectangular set here in Figure The
results with s-rectangular sets are included in the appendix. We present the averaged cumulative
rewards during evaluation. Regardless of the level of uncertainty, we observe that the robust variant
of the policy optimization algorithm is more robust to dynamic changes as it is able to obtain a
higher level of rewards than its non-robust variant.

—— PO with robust transition —— PO with robust transition —— PO with robust transition
101 —— Robust PO with robust transition —— Robust PO with robust transition —— Robust PO with robust transition

Averaged Episode Rewards

Averaged Episode Rewards
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Figure 2: Cumulative rewards obtained by robust and non-robust policy optimization on robust transition with
different level of uncertainty p = 0.1,0.2, 0.3 under ¢; distance, (s, a)-rectangular set.

7 CONCLUSION AND FUTURE DIRECTIONS

In this paper, we studied the problem of regret minimization in robust MDP with a rectangular
uncertainty set. We proposed a robust variant of optimistic policy optimization, which achieves sub-
linear regret in all uncertainty sets considered. Our algorithm delicately balances the exploration-
exploitation trade-off through a carefully designed bonus term, which quantifies not only the uncer-
tainty due to the limited observations but also the uncertainty of robust MDPs. Our results are the
first regret upper bounds in robust MDPs as well as the first non-asymptotic results in robust MDPs
without access to a generative model.

For future works, while our analysis achieves the same bound as the policy optimization algorithm
in |Shani et al.|(2020) when the robustness level p = 0, we suspect some technical details could be
improved. For example, we required P}’ to be positive for any s, a so that we could do a change
of variable to form an efficiently solvable Fenchel dual. However, the actual positive value gets
canceled out later and does not show up in the bound, suggesting that the strictly positive assumption
might be an artifact of analysis.

Furthermore, our work could also be extended in several directions. One is to consider other charac-
terization of uncertainty sets, such as the Wasserstein distance metric. Another direction is to extend
robust MDPs to a wider family of MDPs, such as the MDP with infinitely many states and with
function approximation.
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A PROOFS OF THEOREM 1

A.1 GOOD EVENTS

We first define the following good events, in which case we estimate the reward function and the
nominal transition functions fairly accurately.

A 2In(2SAH2K /o
g; = {v@,a,ht [ra(s,0) = (s, )] < V/ n(zvﬁ(s,a>/ )} |

g = {VS, a, h: O-Ph,(s,a)(vh+1)(9 Cl) Uﬁh(s7a)(‘7f?j1)(’9’ Cl) S CE(S,CL)} ’
45 10g(3SAH2K‘/2(4+/))/5’ 1
— i,/ + L

where CF (s, a)
(s,a)

When the two good events happens at the same time, we say the algorithm in inside the good event
G = (ﬂle Q};) N (ﬂszl gr ) The following lemma shows that G happens with high probability
by setting &’ properly.

Lemma 1 (Good event). Let 6 = 20', then the good event happens with high probability, i.e.
PG| >1-6.

Proof. By Hoeffding’s inequality and an union bound on all s, a, all possible values of Ny (s, a) and
k, we have P {ﬂszl g;;} >1-0". By Lemma we have P {ﬂszl Qz} > 1 — ¢’ Then set 6 = 2¢
and we have the desired result. O

A.2 DESIGN OF THE BONUS FUNCTION

In the case of (s, a)-rectangular uncertainty set, we use the following bonus function b% (s, a) to
encourage exploration.

2log(3SAH2K /§) 1S log(3SAH2K32(4 1 p)/6) 1
bl ) = V N, ) +H¢ NE(s.0) R @

N

A.3 REGRET ANALYSIS

Armed with the defined good event, we are now ready to present the anlysis of Theorem |1} which
establishes the regret of the Algorithm under (s, a)-uncertainty set.

Theorem 1 (Regret under (s, a)-rectangular uncertainty set). With learning rate 8 = 211,02%;4 and

bonus term bﬁ as (@) with probability at least 1 — 0, the regret incurred by Algorithm |I| over K
episodes is bounded by Regret(K) = O (HQS\/AK log (SAH2K?3/2(1 + ,0)/5))

Proof. We start with decomposing the regret as follows,

Regret( K Z Vit(s) — Vi™(s)

=3 (V= V) + (76 - Vo)
k=1

By Lemma[2]and Lemma [3] with probability at least 1 — &, we have

Regret(K) = O (Hzm) +0 (H2S\/AKlog (SAH?2K3/2(1 + p)/5)>

=0 (HQS\/AK log (SAH2K3/2(1 + p)/5)> .

12
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Lemma 2. With probability at least 1 — §, we have

Zvl — VT (s) =0 (H%/KlogA) .

Proof. For any h € [1, H|, we have
Vii(s) = Vi (s)
= (@Qh(s, ) - | ) — (@ (s, ), me(- | 8))
= (Qn(5,) = QP (5, ) (- | ) + (Q (s, ), ma (- | 8) = mil- | 9))
= Er. [(ra(s,0) = 75 (5,0)) + (0, (50 (Viis2) (5, @) = 7, oy (V1) (5, @) = Bh(5,.0)|
QR (s, ), ma(- | 8) = mil- | 9))
= Ex. [(ra(s,0) = 75 (5,0)) + (0, (00 (V1) (5, @) = 7, o) (V1) (5, @) = Bh(5,.0)]

B [, 0.0 (Vi 1)(5:0) = 0, s, (V) (5,0) | + (@R (50, ma - |5) = - | ).
where the third equality is by the update rule of our algorithm and the robust bellman equation.

By the design of our bonus function, conditioned on the good event, we have
(ra(s,a) = 7 (s,0)) + (09, (s,0) (Viiz1) (5, 0) = 0p, (o oy (Vi1 )(s5,a)) = i (s,0) < 0.
Let gp(- | s,a) = argmin Py, (- | s,a)V}erl, then we have
P, Py,
Uph(s,a)(vlj+1)(57 a) — 0Py (s,a) (Vhﬁ—ﬁl)(sv a)
— - P . * _ ] P . Tk
Auin Pu(|s,0)Vip — min Pu(-|s, a)V

h+1

= min Pl | 5,0V = anl- | s @)V

<an(- [ s,a)(Viipy = Vity)

< Joax Pa(- ] s,a)(Vilyr = Vi) -

Let pp(- | s,a) = argmax Pp(- | s,a)(V;,.;)(s,a), Then we have the following relation hold
h€Ph
conditioned on the good event:

Vil(s) = Vi (s)

<E., [ sup Pp(-|s,a) (Vi — V}ffl)] ( AZ‘“(S,~),7T*(~ | ) — mx(- | 8))
Py, €P,

= En o [Vitia (8) = Vs ()] + (@R (s, ), 7 ) = 7l | 9)).

Then, by applying above relation recursively and with the fact that for any policy 7 and state s,
Vira(s) = VHmll(S) = 0, we have

Vit(s) = V™ (s) <

M=

B, gyt [(QF (50wl [ 9) = mil- | 5))]

>
Il
—

Summing over k, we get

M=

IN

K
D Vi(s) = Vi (s) LU Lo {@Z’“(Sv')aﬂ*(' | s) — k(- | S)>}
k=1

-

=1

K
L L [Z< D (s,), mal- | 8) = (- | s)>] :
k=1

M= T

>
[
—
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By standard results for online mirror descent (Lemma|[T3)), we have

K

SO (5, )l | 8) — (- | ) < 0B ﬁzzwhws J(OF (5,0))%

k=1 6 k=lacA
<

By the update rule of Algorithm EI, we have 0 < Q}*(s,a) < H, for all h,k. Then take § =

2log A
H2K >

Q7% (5,), (- | 8) — mi(- | 8)) < /2H2K log A.

] >

~
Il

1

Finally, we have

K
S Vi(s) - V™ (s) < HV2H?Klog A = O (H%/K log A) .
k=1

Lemma 3. With probability at least 1 — 0, we have
K

> (V= V) (s) =0 <H2S\/AK log (SAH2K3/2(1 + p)/5)) :

k=1

Proof. By the algorithm’s update rule and the robust bellman equation, we have
(Vi = Vi )(s) = (Q7(s,7) = QR (s,), mal- | 9))
= (#h(s,) = 1h(s,) + (0p,, (V). = op, (ViE)(s,)) + B (s, ), el | 9))
= Ex, [#1(5,0) = (5, 0) + (05, (4 0 (V1) (5:0) = 0, (0. (Vi1 ) (5. @) + B (5, )]
(s,a), we have

By adding and subtracting a term op, (s,q) (

= 05, (s.0) Vit 1) (8:0) = 0, (5,00 (ViTE1) (5, 0) + 0, (5,0) (V1) (5,0) = 0y (s,0) (Vi1 ) (5, 0)

1)
Uﬁh(s,a)(vhﬂﬁ)(sva) Py, (s,a) Vigk1)(s,a)
t1)(s,a)

< p, (5.0 (Vit1)(5,@) = 0, (s.0) (Vi1 ) (5, 0) + Anax. Pi(- | s,0) (V) = Vi)

Let p(- | s,a) = arg max Py (- | s,a)(Vhﬁ’fl — Vi), we have
P, ePy

(V7 = V) ()
< En, [fﬁ(s,a) - Tﬁ(s, a) + TPy (s,a) (Vhﬂfl)(s, a) — UPh(s,a)(Vhﬂfﬂ(sv a) +pu(-| s, a)(f/}gh - Vhﬂf1) + bl}i(sa a)}

= En o [75(5,0) = rh(5,0) + 0, () (V1) (5:0) = 0, o0y (Vi) (5:.0) + VT2, () = Vi () + B (s, )

By applying the above relation recursively and with the fact that for any policy = and state s,
Vgil(S) = VHﬂil(S) = 0, we have

VP V6 S > Bt [74(5,0) = 75(5,0) + 05, (o (V1) (5,0) = 0, (0,00 (V1) (5, @) + Vi (s, )] -
h=1

Conditioned on the good even and by the design of our bonus function, we have

#E(5,0) = r(5,0) + 0, (o) (V1) (5,0) = 0, (0.0 (V78 ) (5, @) < B (s,0).
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Then, with probability at least 1 — §, we have
K

Z(Vlﬂ—k - Vrlﬂ-lC Z Tk, {pf}h 21)2(57@)]

k=1 k=1h=1

K H
<HVE+0 (H \/Slog(SAH2K3/2(4 + p)/ ‘”) 2 2 Brutoatc l Nk(lsa)
h )

k=1h=1

By Lemma([I2] we have the bound of the visitation counts:

Z Z < 2HVSAK

k=1h=1
Combining everything, with probability at least 1 — ¢

K
Z(f/{% —V™)(s) =0 (HZS\/AK log (SAH2K3/2(1 + p)/5)> .
k=1
O
Lemma 4. For any h, k, s, a, the following inequality holds with probability at least 1 — ¢/,
. . 4S10g(3SAH3K3/2(4 + p) /&) 1
P (s,0)(Vig1)(s:a) = 0p, (o o) (Vi) (s,0) < H\/ NE(s, ) + VR

Proof. By the definition of 0p, (5,q) (Vhﬂ_ﬁl)(s, a) = Prhneigh Yoo Pu(s’ | s, a)V,ﬁl(s’), we have the

following optimization problem:
yin D2 |8, 0) VT )
S

S 1Pu(s | 5,0) — PY(s' | ,a)| < p,
S.t. ZS/ Ph(S/ | s,a) = ]_7
P2(-|s,a) >0,Py(-|s,a) >0.

~ PL A . . . .
Define P (s" | s,a) = %, we can rewrite the above optimization problem as
h )

miny  Py(s’ | s,a)P2(s" | s,a)VE (s
Ph;h(| )h(| )h+1()

Yoo |ﬁ(’|s,a)—1|P,‘;(s'|s,a)§p,
s.t. Zs, Pn(s' | s,a)P2(s" | s,a) =1,
Pu(s'|s,a) >0 Vs eS.

Using the Lagrangian multiplier method, we have the following Lagrangian L(Ph, 7, A) with La-
grangian multiplier n € R, A > 0,

L(Puyn, \)(s,a) = D Pu(s" | s,a) PR(s" | s, a) Ve (s) + A (Z |Pu(s" | s,a) = 1[PY(s" | 5,a) — p)

s/

-1 (th(s’ | s,a)PP(s" | s,a) — 1>

s/

s/

=== AY P | 5,0) (Zﬁh@' [ 5,0) = | Bas' | 5,0) — 1] - :

nff/”‘ (s) =, -
(’;\HP;L(S | s,a) — |Pu(s' | s,a) — 1] ] .

Py(s'| S,G)VJL(S’))

zn—Ap—AZPﬁ(S’ | 5,a)

s/
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We define f(z) = |z — 1| and the convex conjugate is f*(y) = max(z, y) — f(x). Let z be P, and

by using f*, we can optimize over P, and rewrite the Lagrangian as

5 _ V?Tk /
L(n,X)(s,0) = min L(Py,m )(s,0) = = A= A3 (' | s, 0)f° (W) |

s/

Notice that conditioned on = > 0, f(x) = |z — 1| s convex conjugate has the following closed form:

f*(y) = max(z,y) — f(x) = y yel-11],
400 y>1.

Let 7 = n + A, then using the closed form of f*(y), the equality max {a,b} = (¢ — b)4+ + b and

condition on

—VTE (s . L.
nhfﬂ(s) < 1, we can rewrite the optimization problem as

LA s @) =0 =Xp = 2D Fi(s' | 5,0)f" (VT()>

ry

_Vﬂ‘k A
:ﬁ—A—)\p—)\ZP,;’(s' | s,a)max{w,—l}
s/

=i—A=XAp =AY P(s'|s,a) ((W —(—1)) +(—1)>
+

ry

=i A—Ap— Zpg(s' | s,a) (i — Vit ()4 + A
=7— )\p th s’ |S a)( szrf1( ))+

with the constraint of \ being

A>0, 7—minVF (s) < 2A

Then we discuss the constraint of 77 = 77 + A and show that 7 € R. We discuss this by cases.
For any z < min ‘A/,;’fl(s), taking n = x, A = 0, then we have 77 = x.
S

. O T Lo
x-‘rmln Vh+1( s) z—min Vhfr”l (s)

For any 2 > min f/,ﬂ‘l(s), taking 1 = 5 LA = 5 , then we have 77 = x.
S

Then we have 77 € R. Fixing any 7, from the definition of L, we need to choose A\ =

(ﬁfmin \% 71“1 (s))+
—————— to achieve the maximum of L. Then by directly optimizing it over A, we can

reduce the problem to

(7 — manh 1(8))
L(77)(s,0) = 7 - . SRR )i = Vit ()
with the constraint 77 € R.
Define the function g as
Y _ o) S _ (ﬁ—rr;sinvh”jl(s))+
90, PP) = ~L(D)(s,0) = Y PL(S [ s,0) (7= Vit () | — i+ 5 p.

Then we investigate the optimum of g. First notice that g(0) = 0, when 77 < 0, g(7, P?) = —1) > 0.
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On the other hand, when > H,

5 (77 — min Vhﬂﬁ(s))
90, Py) = ZP;‘Z(S’\s,a)(ﬁ—Vh“j;l(s’))—ﬁ-i- - 2 p

, (7 — min Vit (5))
=D B s,V () + 5 p.

Note that now g is directly proportional to 7}, therefore g achieves the minimum within the range
of 7 € [0, H]. We remark that the same form is also used for analyzing robust policy evaluation
(Lemma B.1 (Yang et al.}[2021)).

With this, we can rewrite

70000 (T)(5,0) =07, 0 () (5,0) = = min glom, BY) & muin, g (o, )

< ma (,P )— P9)|.
_ngoigl]lg n g(n, Py

To upper bound o5, a)(V,ﬂ“l)(s, a) — op, (s, a)(VhH)(s a), we first upper bound |g (77, P" k) -
g, Pp) .

lg (77, ﬁﬁ’k> —g(n, P)|

+

$ 1sa) (0= V() = B [ ssa) (=T ()

0,k o s
HPh (1sa) = P | s,0)||  max|n = Vit ()]

IN

< H | BPH L s,a) = P s,0)]|
1
where the first inequality is by Cauchy-Schwarz inequality, the second inequality follows from n €
[0, H].

By Hoeffding’s inequality and an union bound over all s, a, the following inequality holds with
probability at least 1 — ¢’

|2 180 = P 5.0 < \/451%53;&?”&) |

To upper bound the error with maximum over 7, we first create an e-net N (n) with g overn) € [0, H|
such that

max _|g (n,Pok) —g(n, P)| < max |g (n,POk> —g(n, P?)| + 2e.
n€(0,H] nEN(n)

By taking an union bound over N,(n), we have

4S1og(3SAH2K|N,(n)|/5")
P _ PO <H 2
ngﬁn\g(n, ) =g P < \/ NFGe.a) 12

7

where | N(n)] is the size of the e-net.

It now remains to bound the size of |N¢(n)|,
that

| 772|
70

9071, P2) — g0, PO)| < 37 P’ |5, 0l — 1l + iy — 1] +

s’/

4+p
——m =2/,
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where the first inequality is by the absolute inequality and |(a); — (b)+] < |a — b].

Then ¢ is a 4g—”—Lipschitz function over n € [0, H], thus combined with Lemma we have

|Ne(m)| = O (m). Hence, we have the following inequality happens with at least 1 — ¢’ probabil-

2e
1ty:

L ) 4S1og(3SAH2K (4 + p)/2¢'
max |g (777Ph7k>_g(naph)|§H\/ B Ut/ )+2€-

nelo, H Nf(s,a)
Take € = ﬁ, we have the following inequality happens with at least 1 — &’ probability:
SN Cr TR Ho,k o
P (s,0)(Vig1)(s:a) = 0p, (s o) (Vit1)(s,0) < s lg (n, Py ) —g(n, Py

4S1og(3SAH2K3/2(4 + p)/&") 1
<H + .
- \/ NF(s,a) VK
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B PROOF OF THEOREM 2

B.1 GOOD EVENTS

We first define the following good events, in which case we estimate the reward function and the
nominal transition functions fairly accurately.

) N 2In(2SAH2K /6"
G = {VS,a,hi (s, a) — 7 (s,a)| < \/ Nji(s,a) } 7

P = {VS, a,h: op, (Vi) (s,a) = op, o (Vi) (s,a) < Ch(s, a)} :

where

4SAlog(3SA2H3K3/2(4 o' 1
Cr(s,a) = AH o8( : (4+0)/?) + .
Nh (57 a) H\/F
When the two good events happens at the same time, we say the algorithm in inside the good event
g= (ﬂszl g,;‘) N (ﬂszl gr ) The following lemma shows that G happens with high probability.

Lemma 5 (Good event). Let 6 = 20', then the good event happens with high probability, i.e.
PG| >1-6.

Proof. By Hoeffding’s inequality and an union bound on all s, a, all possible values of Ni(s,a) and
k, we have P [ﬂi(:l g,g} >1-4". By Lemma we have P [ﬂszl gi] > 1 — 4§’ Then set § = 24’
and we have the desired result. O

B.2 DESIGN OF THE BONUS FUNCTION

In the case of s-rectangular uncertainty set, we use the following bonus function b’fb(s, a) to encour-
age exploration.

45 A1 A2H2K3/2(4 ) 1 21 AH2K/§
hs.a) = ap [SSAVSBSARIERR (4 9))0) | 1 [2logBSARK]G)
Ny (s, a) VK Nj (s,a)
B.3 REGRET ANALYSIS
Theorem 2 (Regret under s-rectangular uncertainty set). With learning rate f = Qéozg; and

bonus term bﬁ as (@, with probability at least 1 — 0, the regret of Algorithm |l| is bounded by
Regret(K) = O (SA2H2 VE log(SAZH2K2(1 + p) /5)).

Proof. Similar to the case of (s, a)-rectangular set, we start with decomposing the regret as follows,

Regret(K) = 3 Vi'(s) — V™ (s)

11 I

(V) = () + (V) = Vi () -
By Lemma[2]and Lemmal(6] with probability at least 1 — 6, we have

Regret(K) = O (H%/K log A) 1o (5A2H2 \/K log(SA2H2K3/2(1 + p) /5)>

~0 (SAQHQ\/Klog(SA2H2K3/2(1 + p)/5)> .
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Lemma 6. With Algorithm[l} we have
K
> (= V™)(s) =0 (SA2H2 \/K log(SAZH2K3/2(1 + p) /5)) :
k=1

Proof. Similar to the case with (s, a)-rectangular uncertainty set, for any k, we can decompose
(W™ = V™) (s) as,

(Vf“k — V™)(s)

<Y B o N si0) = (s, ) + (o, ) (Vi) (s.0) = om0 (Vi) (500)) + Bh(s,0)]

h=1

Thus by the design of our bonus function and with probability at least 1 — J, we have
K
(W™ =Vim™)(s)
k

<
—QZZ T {pe oy bh(s’a)]
k=1h=1

K H
= HVK +0 (HA\/SA log(SA2H?K3/2(1 + p) /0) > S B e, [ !

k
k=1h=1 Ny (s,a)

By Lemma[I2] we have the bound of visitation counts:

Z Z Nk < 2HVSAK

k=1h=1
Combining everything, conditioned on the good event we have

K

> (V= V)(s) =0 <SA2H2 \/K log(SA2H2K3/2(1 + p)/é)) .

k=1

O
Lemma 7. For any h, k, s, a, the following inequality holds with probability at least 1 — 6,
o o 4SAlog(3SA2H2K3/2(4 4 p)/d) 1
Uﬁ;L(s)(Vhf1)(5v a) — UPh(S)(Vthk1)(3v a) < AH\/ N,’f(s, a) + \/7 .

Proof. By the definition of oph(s)(V}fJ’;l)(s, a) = Phirelfph Yoo Pu(s | s, a)V,ﬂ“l(s’), we consider

the following optimization problem:

mm ZPh s’ | s,a) h-s—1< s')

ZS',U«' ‘P}L(S/ | 5,4 ) - P]g(S/ | Saa/)| < Ap7
s.t. ZS/ Py(s | s,a')=1,Vd € A,
PY(-|s,a") > 0,Py(- | s,a") > 0,Va' € A.

~ ’
Let Py(s' | s,a) = %, we can rewrite the above optimization problem as
h k)

min Y Py(s’ | s,a)P0(s | s,a)V;*

5, %: h( | ) h( ‘ ) h+1< )
Zsl,a/ |(]5h(8/ | s,a’) —1|PP(s" | s,a’) < Ap,

s.t. ZS, ph(sl | s,a)P(s' | s,a')=1, Vd' €A
Pu(-|s,d)>0, Va e€A.
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Use the Lagrangian multiplier method and f(z) = |« — 1|, we have the Lagrangian L(P,, 7, \) with
multiplier n = {na}a€A7 Na € R, A >0,

L (I:’h,n,)\) (s,a)

=Y Bl | 5. ) PE(s' | s, )V (s) + A | S0 ‘(Ph(sl |s,a’) — 1‘ Pe(s | s,d') — Ap

_ Z/’Ua’ (Z/ ]Sh(sl | s7a’)P,‘;(s’ | S,a/) — 1)
- —)\Ap+2na +ADP(s | s,a) (f (ﬁh(s' | s,a')) ~ Bl | 5,a) (m/ —]I{a’z)\a}V,fjl(s’)>> |

s’ a

The convex conjugate of f is f*(y) = max{(x,y) — f(x). Using f*, we can thus optimize over P,

and rewrite the Lagrangian over as

L(n, M)(s,a)

II}%H L (Ph, , A) (s,a)

o —H{ad =a}V™ (s
M+ e =AY P | s.a) f (" 4 . Wit )>.

s’,a’

Conditioned on = > 0, f(z) = |z — 1], notice that the conjugate f*(y) has the following closed
form,

f(y) = max(z,y) - f(z) =y yel[-L1],
+oo y>1.

Let 7, = nq + A, using the closed form of f*(y), the equality max {a,b} = (a — b)4 + b and

cer ol — —I =
conditioned on {a’ )‘\1} e (57)

< 1, we can rewrite the optimization problem as

BN 5.0) = Mo 3 e =3 B e (”ﬂ"“a — Vi >>

Na —Ha' = a}Vy7¥, (s')
— _Ap— A E:a,— S P )
Mp—-AA+ ) 17 )\sa hs|sa)max{ y
= —M\p+ E Tar — E PP(s' | s,d) (ﬁa/ - {d :(J}Vhﬂr’“l(s’))+ )

where constraint of \ is

A>0, 7o —I{d =a}V(s) <2X, Vd',s".

Note that the above Lagrangian is inversely proportional to A\ and it achieves the maximum when
(flar —H{a’ fa} Vieky (s")+

A= ma, . Directly optimize over A\, we can reduce the problem to
. 0 _ . Ap(ile — " = a}V;TF, (8))+
@) = Zn“/ B Z LACHEND (”a’ —{d' = a}Vhﬂ—kl(S/))+ B g}%ﬁ( 92 = )
Define g (7, Py) = —L(7)(s, a) as
Ap(Me —H{a' = a} V™ (s
90, ) = Zna + 3PS | 5,0) (e — Ha' = a}ViEy (), + max (a =1 . Wit (5))+

s’,a’!
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Assume g achieves its minimum when 7 = {7, ,74}. Suppose 7} has a component 7, < 0.
Consider ' = {#1,--+,0, - , 74}, where we change the zero element 7, to 0 and keep other
components unchanged. Then we have

9, Py) = g(n', P) = —ija > 0,
which contradict with the hypothesis that g achieves its minimum in 7.

On the other hand, suppose 7 has a component 7j, > H. Then consider = {7}y,--- , H 2 Tats
where we change corresponding 7, to 0 and keep other components unchanged. Denote f (ﬁ) =

AP(%/ H{a —a}Vh+1(S ))+

max 3

s’,a’l

, and we have

9@ P =g, Py = —ia+H+>_ P(s' | 5,0)(fla — H)+ f(7) — f(n)

s/

—ia+H+> P | 5,0) (i — H)

ry

Y

=0.

Therefore, g achieves its minimum with 7, with 0 < n, < H,Va € A. We remark that a similar
form and technique are also used for analyzing robust policy evaluation (Lemma C.1 (Yang et al.,
2021)).

‘We can now rewrite

N N~ _ . pHo.k : o
T (s) (Vhfl) (s,0) = op, () (Vhfl) (s,a) = omn 9(m, B") — ein 9(n2, P)
< max ‘9(777P0k>_9(77»Ph)’
nelo,HlAl

To upper bound op, () (V,ZZF"J (s,a) — op,(s) (Vﬂ“l) (s,a), we first consider the bound of
Ho.k o
’g (n,Ph ) =9 (B,

g (n,ﬁﬁ’k) -9 (n,PfZ)‘

= DB | s,d)) (e =T = a}ViTE (), — D PR | s,0) (ne — H{a' = a} Vi (5) |

= ZZ(ngk(s’|s,a/)—P;;(s/|s,a/)) (o —Ha' = a} Vi, (),

Ho,k ° _
< ZHPh ( ‘ 870‘/)_Ph(' | S,a/)le?Ea;(’na, _H{a/:a}Vh_ﬁl( )‘

<HY ||| s.a) = PeC- | sa))

< Z WL sia) = PR s d)|

where the first inequality is by Cauchy-Schwarz inequality, the second inequality follows from 7, €
[0, H], Ya € A.

By Hoeffding’s inequality and an union bound over all s, a’, N }’f (s, a), the following inequality holds
with probability at least 1 — 4,

PYE(- | s,a’) = PR(- | s,d)|| <

\/ 45 log(SAH2K/5)
Ni(s,a) '

To upper bound max, ¢ (o, 4l ‘g (77, P,‘Z’k) — g, Py,
71 € [0, H] such that

s o (0 77) 0091 s, b (055°) o7
nE[O,H]’g(n h g(n, B)| < max g (n, By g(n.Fy)

(n) with g over

+ 2e.
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Taking an union bound over N,(7), we have

2
< HA 4Slog(3SAkH K|Nc(n)l/9) L2
Ni(s,a)

Ho,k
max , P ) — , PP
ne[oﬁ}‘g (77 h 9(n. Py)

where | N,(n)| is the size of the e-net.

It now remains to find the size of the e-net, which can be easily obtained if g is Lipschitz. Notice
that

90, P) — 9(i2, P

max Wl,a' - ﬁQ,a"
a

< OB | s, — el + Y e — foar| + 5 Ap
s’,a’ a’
Ad+p), -

< ———m — 72l

2

where the first inequality is by the absolute inequality, the property of maximum function and
[(a)+ — (b)+] < |a — b], the second inequality follows from the definition of infinity norm.

Therefore ¢ is a W—Lipschitz function over n € [0, H]. Thus combining with Lemma we

A
have |N.(n)| < (%ﬁ) . Hence, we have the following inequality happens with at least 1 — ¢’

probability:
70t (V) (5:0) =07, 0 (T2 (5,0 < g (n P2%) =g o, )|
< An \/45,4 logBSAHPK (4 +p)/28) |,
Ni(s,a)
Take ¢ = ﬁ then
05, () (Vi1 ) (5.0) = 0, () (Viky ) (5,0) < AH \/ 454 10%(3SA;?( iKa 3)/2(4 +0)/Y) % _

O
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C EXTENSION TO UNCERTAINTY SET WITH KL DIVERGENCE

In this section, we extend our algorithm and analysis to uncertainty sets with KL. divergence as a
distance metric. We first formally define the uncertainty set considered, which is similar to the one
in Definition [3.1]

Definition C.1 ((s, a)-rectangular uncertainty set Iyengar (2005); [Wiesemann et al.|(2013)). For all
time step h and with a given state-action pair (s, a), the (s, a)-rectangular uncertainty set Pp(s, a)
is defined as

Ph(57a) = {DKL (Ph(' | 87a)>Pf(L)(' ‘ 87(1)) < p7Ph(' | 37@) € A(S)} ’
where Py is the nominal transition kernel at h, P (- | s,a) > 0,V(s,a) € S x A, p is the level of

uncertainty and Dicy, (p(- | 5,),q(- | 5,0)) = Syes 05’ | 5,) log (23,

With the above described uncertainty set, our algorithm solves o5 (VhT,r+1)(5> a) by solving the fol-
lowing sub-problem,

min Ap + Aog | > PP(s' | s,a) exp Vi) .
> — A

Our algorithm also uses the following bonus function in the robust policy evaluation step,

21og(3SAH?K/§)
bfl(87a) = 05(87 a‘) + \/ NS(S, a) :

With these modifications to algorithm [I] the following theorem states the formal regret guarantee.

Theorem 3 (Regret under KL divergence (s, a)-rectangular uncertainty set). Setting the learning

rate B = 4/ 2;2%'}?, then with probability at least 1 — 0, the regret incurred by Algorithm over K

episodes is bounded by
SH
Regret(K) = O (pc\/AK log(SAH4K3/2/6)) )

where 0 < ¢ < 1 the minimal element of Py, over all h € [H].
In the following, we present the detailed analysis of Theorem 3]

C.1 GOOD EVENTS

We first define the following good events, in which case we estimate the reward function and the
nominal transition functions fairly accurately.

gg = {Vs,a,hf |Th(57a') _’Fﬁ(s’a‘” S \/

2In(2SAH2K/§')
Ni(s,a) ’

= {Vs,a,h : aph(s)(v,fjl)(s,a) =05, (5)(Vat1)(s,a) < C’f(s,a)} )

where

2H [4S51 AH*K?/§ 1
Choay = 2 \/ Slog(8S /8'p)

pc Nma VR

and c is the minimal element of Pp, over all h € [H]. When the two good events happens at the
same time, we say the algorithm in inside the good event G = (ﬂkK:l Qg) N (ﬂszl gg). The
following lemma shows that G happens with high probability.

Lemma 8 (Good event). Let 6 = 24', then the good event happens with high probability, i.e.
P[G] >1-6.

Proof. By Hoeffding’s inequality and an union bound on all s, a, all possible values of Ny (s, a) and
k, we have P [ﬂle Qg] >1-¢. By Lemma we have P [ﬂkK:l Q,’:] > 1—¢" Then set § = 26’
and we have the desired result. ]
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C.2 REGRET ANALYSIS

Proof. Similar to the case of (s, a)-rectangular set, we start with decomposing the regret as follows,

K
Regret(K) = ZVI* — V™ (s)
k=1

K
= > (Vi) = V() + (7 () = Vi (s) -
k=1

By Lemma[2]and Lemma[9] with probability at least 1 — §, we have

Regret(K) = O (HQ«/Klog A) +0 (ijj \/AK log(SAHAK3/2 /5))

SH
= —/AK1 AHAK3/?
0 (25 /artox(s /).

where c is the minimal element of Py, over all h € [H]|. O
Lemma 9. With Algorithm[l} we have
S 1
> (V= V™)(s) =0 <pSH\/AK log(SAH4K3/2/6)> .
c
k=1

Proof. Similar to the case with (s, a)-rectangular uncertainty set, for any k, we can decompose
(V™ = V™) (s) as,

H
(Ve — e Z]Empt}f 0 si0) = s, @) + (o, ) (V) (5.0) = om0 (Vi) (5,0)) + Bh(s,0)]

Thus by the design of our bonus function and with probability at least 1 — J, we have

K A
> (™ = Vi) (s)
k=1
K H
= ZZZEM {pe}t [bh(s a)]
k=1h=1
:H@Jro( /S og( SAH4K3/2/5)ZZ1E%{M l (1) ,
k=1h=1 - 5a

where c is a problem dependent constant.

By Lemma(I2] we have the bound of visitation counts:

ZZ N’f <2H\/SA

k=1h=1
Combining everything, conditioned on the good event we have
K
. SH
SO (VT — V) (s) = O ([)C\/AK 1og(SAH4K3/2/6)) .
k=1

Lemma 10. For any h, k, s, a, the following inequality holds with probability at least 1 — 0,

4510g(SSAHK2[0'p) | 1
Ni(s,a) vi‘g

O o) (V1) (5:0) = 0, o (Vi) (5,0) < ;

where c is the minimal element of Py,.
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Proof. By the definition of op, ) (V,ﬁfl) (s,a) = Pingj Yoo Pu(s’ | s, a)Vﬂ“l(s’), we consider
h€Ph
the following optimization problem:

Hlljihn Z:Ph(s’ | s,a)Vit,(s")

o Pals' | 5,0)log (Pt ) <o,
s.t. Yoo Pu(s’ | s,a) =1,
P2(-|s,a) > 0,Py(- | s,a) >0.

Let P (s | s,a) = %, we can rewrite the above optimization problem as
h )

min Y P(s' | s,a)PP(s | s,a)V}fJ’;l(S’)
h s’
o Puls' |5, ) P(s' | 5,0 og (Pa(s' | 5,0)) < p,
Sy S Pl | s.a)PR(s | s.a) =1,
Pu(-]s,a) >0.
Use the Lagrangian multiplier method and f () = x log z, we have the Lagrangian L(Py, 7, \) with
multiplier n € R, A > 0,
L(phv n, )‘)(Sv a’)

= Zﬁh(s/ | s,a)PP(s" | 5,@) Vi, (') + A (Z Pu(s" | s,a")PP(s' | s,a’)log(Pu(s' | s,a)) — p)

s’

-7 <Z Pu(s' | s,a)P2(s" | s,a) — 1)

= A ) (1 (At 1 20) =t L) (D))

ry

The convex conjugate of f is f*(y) = max(z,y) — f(x). Using f*, we can thus optimize over P,

and rewrite the Lagrangian over as

Py,

L(n,A\)(s,a) = min L(Py,m, \)(s,a) = —Ap + 1 — )\ZP;‘;(S' | s,a)f* (W) .

Conditioned on x > 0, f(z) = zlogx, notice that the conjugate f*(y) has the following closed
form,

f*(y) = max(z,y) — f(z) = exp(y - 1).

Using the closed form of f*(y), we can rewrite the optimization problem as

L(n, N)(s,a) = =Ap+1 - XY PY(s | 5,0)f* (’”Vgﬁl(s))

— V7 (s — A\
:—)\erT]f/\ZP,’f(s’ | 5,a)exp <77 h+)1\( ) > :

S

Taking the derivative of 7,

L _Vﬂ'k I_)\
277:1—;P]3(5/|87a)eXp(n h+/1\(3) >:0,

—V (s
— )=\l Po(s' _ h41\" )
n=2A A0g<§: T (5 Is,a)eXp( 3
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Directly optimize over 7, we can reduce the problem to

B0 (e0) =30 =) Vi (1 o () )

_V™E (g
= —Ap— Alog (Z PP(s' | s,a) exp (h;l(s)>> :

Define g(\, P) = —L(\)(s,a) as
Ve ()
PO = 1 PO(s h+1 )
90 P) = o+ Mog <Z | saen (5

Note that the Lagrangian multiplier A > 0. Then we prove ¢ is bounded within [—H, H] over
[0, H/p].

—VE (s")
A PP) =Ap+ Al Po(s’ —
9O P) = Ao+ g<z 6 | saen () )

< Ap+ Alog <ZP§($’ | 5,a) exp <_)\())> :

s/

=A< H,

where the first inequality follows from V"¢, (s") > 0 and the second inequality is by A < H /p.

_Vﬂ'k /
g\, P2) = Xp+ Alog <Zpﬁ(8/|s7a)exp <h+/\1(s)>> 7

> Ap+ Alog <ZP,‘L’(S’ | 5,a) exp <_;I>> ,

ry

where the first inequality follows from V"¢, (s") < H and the second inequality is by A > 0.

Moreover, from the induction above we know that for any P, g(0, P) < 0 and for A > H/p,
g (A, P) > Ap+ Alog(exp(—H/N)) > 0.

Therefore, g achieves its minimum over A € [0, H/p]. We remark that the same form is also used
for sample complexity results ( (Badrinath & Kalathil, 2021} |Yang et al., 2021)).
We can now rewrite
O SN . o,k . o
Tpuio (Wta) () =m0 (Vi) () = _pin, o (M. F00) = _min g (%, PY)

< )\15"”“)— A, PO .
_Ogr;?g/p‘g(7 ) g\, Py)

By Nilim & El Ghaoui (2005) (Appendix C), when A\ = 0, g (,\,15;;7’“) = g\ PP) =
g (Aap}?k) 79()‘7PI;))

[l

minges V) (s).  Therefore, it suffice to bound over max.< <y,
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where ¢ > 0. We now have

o (L BY) o0 P)

= |Mog (Z Pt(s' | s,a) exp (W)) — Mog <Z Po(s' | 5,a) exp <_V'f§1(s’))> ’

s’ s

~ _ vk s/
S (BYF(s' | s,a) — Po(s' | s,a)) exp (Vhi“ )>

= [Alog | 1+ E—
. P | sca)exp (2 )

S (BPE(s' | s,0) — PR(s' | 5,a)) ex (—%?f1<s'>)
s'\" h ) h ) p by

_VTk (g
S Po(s | s,a)exp <Vh§1()>

PYt(s' | s,a) — Pe(s' | s,a)
P(s" | s,a)

<2A

< 2\ max
S/

where the first inequality follows from |log(1 + )| < 2|z| and the second inequality follows from
the Holder’s inequality.

By Hoeffding’s inequality and an union bound over all s, a’, N }f (s, a), the following inequality holds
with probability at least 1 — 4,

4Slog(SAH?K/6)
N (s, a)

S

mac | PPE(s" | 5,0) = PG’ | s,0)| < || BR¥C T s.a) = PR 15,0, < \/
’ 1

Then we create an e-net N.(\) with g over A € [0, H/p| such that
ma: X, PO"Y — g(\, P?)| < ma A, PORY — g\, P2)| + 2.
sanax g BT =g Bl < max 1g(h B7) = g(A Pl 2¢
Then we know that | N.()\)| is bounded by the area of the rectangle [0, H/p] x [—H, H] over €2,
2H?

N.(V)| < .
NI < 2

Taking an union bound over N, () and denote ¢ = min P (- | s, a), we have the following inequal-

ity happens with at least 1 — ¢’ probability:

o) (Vi) (5:@) = 0m, () (Vi) ) (s,0) € max |g(h, BP) = g(A, PY)]

AE[0,H/p]
< X POFY — g\, PP)| + 2
= /\gll\/%)(()\)|g( ' % h ) g( 9 h)|+ €
ok (1 _ po(l
SQEIH&X By (s |3;a)/ Pp(s" | s,a) 12
p s Pp(s' | s,a)
H [4Slog(2SAH4K /' pe?
<o S'log( Sk / p6)+2€7
e NE(s, )
_
Take € = W,then
- - H [4S1log(8SAH*K?/d'p) 1
5 Ve — (VR (s,a) <2— —_—.
Tue) (Vi) (5:0) = oy ) (ViTEy ) (510) < pc\/ N VK
O
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D PROOF OF PROPOSITION 1

Claim 4.1 (Suboptimality of non-robust optimal policy). There exists a robust MDP M =
(S, A, P,r, H) with uncertainty set P of uncertainty radius p, such that the non-robust optimal
policy is Q(1)-suboptimal to the uniformly random policy.

Proof. We consider a robust MDP with three states sg, s1, S2 and two actions ag, a1. Without loss of
generality, we let sq be the initial state. On the initial state sq, both actions will lead to a reward of 0.
On state s, areward of 1/(H — 1) is given for both actions. On state so, areward of —1/(H —1) is
given for both actions. The nominal transition dynamic of the MDP is the following. Taking action
ag on s will be transited to s; with a probability of € and be transited to so with a probability of e,
while € > 0.5. Taking the other action a; will have equal probability of transiting to s; and s2. The
states s and so are absorbing, in the sense that taking any action on these two states will be transited
by to the same state. The transition of the MDP is also illustrated in Figure [3] where a dashed line
denotes a probabilistic transition and a solid line denotes deterministic transition. With the nominal

s U ‘,_,::_‘;;_,11-;\.7&? U
O

Figure 3: The left figure describes the nominal transition dynamic of the MDP. The right figure describes the
robust transition dynamic of the MDP.

transition, it is clear that an optimal policy would be always taking ao. Denote this policy as 7, «,
the value for this policy under nominal transition over K episodes is

1

V™o (sg) = K(H — 1) (E.—(l—e)

71 >:26—1>07

"H-1
where the last inequality is due to € > 0.

However, consider the uncertainty radius p and the robust transition denoted by the right figure of
Figure 3] That is, taking ag on so will leads to a transition to s; with probability ¢ — p/2 and to s9
with probability 1 — € 4+ p/2. Note that as e > 0.5, p < 1, € — p/2 > 0. Moreover, this transition

is indeed the worst case transition for any non-uniform policy. Let V' denotes the robust value under
the above described transition. With a uniform policy 7, the value of it under this transition is

T (s) _ VAU S S N S R
V7 (s0) = K(H 1)(0.5(e 2) - 0.5(1 e+2)) H1>_e p/2—0.5.
The value of 7, , is, however,
v P 1 4 1
V"’*(so):K(H—l)((e—2>-H_1—<1—6+2))~H_1>:26—,0—1.

For any 2¢ — 1 < p < 1, we have V”O’*(so) < f/”(so). Since € > 0.5 is arbitrary, the optimal
policy under the nominal transition is non-robust even under the slightest perturbation.
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E AUXILIARY LEMMAS

Lemma 11 (Bartlett| (2013)). An e-cover of a subset T of a pseudometric space (S, d) is a set TcT
such that for each t € T there is at € T such that d(t,t) < e. The e-covering number of T is

N(e, T, d) = min {|T| : T is an e-cover ofT} :

Let F; be the set of L-Lipschitz functions (wrt || - ||oo ) mapping from [0,1]% to [0, 1]. Then

log N (e, Fuy | - [ln) = © ((L)> .

Lemma 12 (Lemma 7.5 |Agarwal et al| (2019)). For arbitrary K sequence of trajectories
{sk af}i [ k=1,..., K, we have

Z < 2HVSAK .

k=1h=1 N,’f(sh,ai)

Proof. We have

k=1h=1/NF (sﬁ,ah) h=1(s,a)eSxA i=1

H
<2y Ni(s,a)
h=1(s,a)eSx.A
H
< Z SAZN,?(S,@)
h=1 s,a
= HVSAK,

where the first inequality is by Zl 1 % < 2v/N and the second inequality follows by Cauchy-

Schwarz inequality. O
Lemma 13 (Fundamental inequality of Online Mirror Descent for RL (Lemma 17 |Shani et al.
(2020))). Let 3 > 0. Let (- | s) be the uniform distribution. Then, by updating with OMD

and with KL divergence regularization, for any k € [K|,h € [H| and s € S, the following holds for
any stationary policy T,

. k k logA B = k k 2
D QR s) (| s) —mu(- ] 5)) < +5 2 > milals) (Qh(s,a)” . (D)

k=1 6 k=1 a
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F MORE EXPERIMENTAL DETAILS

Other configurations and set up The episode length is set to 20 and all algorithms are trained
with 3000 episodes. The evaluation results are averaged over 20 runs and is presented with 1 stan-
dard deviation. All experiments are conducted with 64 core ADM 3990X.

Results with ¢/, distance constrained s-rectangular uncertainty sets With the uncertainty set
described with ¢; distance with s-rectangular set, we present the following experimental results.

—— PO with robust transition —— PO with robust transition —— PO with robust transition
—— Robust PO with robust transition —— Robust PO with robust transition —— Robust PO with robust transition

IS o ® 5

Averaged Episode Rewards

Averaged Episode Rewards
Averaged Episode Rewards

o 500 1000 1500 2000 2500 3000 o 500 1000 1500 2000 2500 3000 o 500 1000 1500 2000 2500 3000
Number of Episodes Number of Episodes Number of Episodes

(ap=0.1 (b) p=0.2 (©)p=0.3

Figure 4: Cumulative rewards obtained by robust and non-robust policy optimization on robust transition with
different level of uncertainty p = 0.1, 0.2, 0.3 under ¢; distance, s-rectangular set.

Results with KL divergence constrained (s, a)-rectangular uncertainty sets With the uncer-
tainty set described with KL divergence, we present the following experimental results. All other
configurations and set up remains the same with those for uncertainty set with ¢; distance.

—— PO with robust transition —— PO with robust transition 109 —— PO with robust transition
—— Robust PO with robust transition 101 —— Robust PO with robust transition —— Robust PO with robust transition
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0 500 1000 1500 2000 2500 3000 o 500 1000 1500 2000 2500 3000 0 500 1000 1500 2000 2500 3000
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Figure 5: Cumulative rewards obtained by robust and non-robust policy optimization on robust transition with
different level of uncertainty p = 0.1, 0.2, 0.3 under KL divergence.
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